The

University

yo, Of
Sheffield.

This is a repository copy of Donaldson—Thomas invariants versus intersection cohomology
of quiver moduli.

White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/151010/

Version: Published Version

Article:

Meinhardt, S. and Reineke, M. (2019) Donaldson—-Thomas invariants versus intersection
cohomology of quiver moduli. Journal fur die reine und angewandte Mathematik (Crelles
Journal), 2019 (754). pp. 143-178. ISSN 0075-4102

https://doi.org/10.1515/crelle-2017-0010

© 2019 Walter de Gruyter GmbH. Reproduced in accordance with the publisher's
self-archiving policy.

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

\ White Rose o
university consortium eprints@whiterose.ac.uk
/‘ Universities of Leeds, Sheffield & York —p—%htt s:/leprints.whiterose.ac.uk/



mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/

J. reine angew. Math. 754 (2019), 143-178 Journal fiir die reine und angewandte Mathematik
DOI 10.1515/crelle-2017-0010 © De Gruyter 2019

Donaldson—-Thomas invariants versus
intersection cohomology of quiver moduli

By Sven Meinhardt at Sheffield and Markus Reineke at Bochum

Abstract. The main result of this paper is the statement that the Hodge theoretic
Donaldson-Thomas invariant for a quiver with zero potential and a generic stability condi-
tion agrees with the compactly supported intersection cohomology of the closure of the stable
locus inside the associated coarse moduli space of semistable quiver representations. In fact,
we prove an even stronger result relating the Donaldson—Thomas “function’ to the intersection
complex. The proof of our main result relies on a relative version of the integrality conjecture
in Donaldson—Thomas theory. This will be the topic of the second part of the paper, where the
relative integrality conjecture will be proven in the motivic context.

1. Introduction

The theory of Donaldson—-Thomas invariants started around 2000 with the seminal work
of R. Thomas [36]. He associated integers to moduli spaces in the absence of strictly semistable
objects. Six years later D. Joyce [12—-17] and Y. Song [18] extended the theory, producing
(possibly rational) numbers even in the presence of semistable objects which is the generic
situation. Around the same time, M. Kontsevich and Y. Soibelman [23-25] independently pro-
posed a theory producing polynomials and even motives instead of simple numbers, also in the
presence of semistable objects. The technical difficulties occurring in their approach disappear
in the special situation of representations of quivers with zero potential. This case has been
intensively studied by the second author in a series of papers [31-33]. Notice that for quivers
without potential the motivic Donaldson—-Thomas invariants agree with the so-called refined
Donaldson—-Thomas invariants which according to the Integrality Conjecture are Laurent poly-
nomials. For simplicity we call the latter Donaldson-Thomas invariants throughout this paper.

Despite some computations of motivic or just numerical Donaldson-Thomas invariants
for quivers with or without potential (see [1, 6,7, 29]), the true nature of motivic, refined or
numerical Donaldson—Thomas invariants still remains mysterious.

This paper is a first step to disclose the secret by showing that the Donaldson—Thomas
invariants for representations of a quiver without potential compute the compactly supported
intersection cohomology of the closure of the stable locus inside the associated coarse moduli
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144 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

space of semistable representations. While trying to prove this result, the authors observed the
importance of the integrality conjecture, which was the reason to extend the paper by a second
part containing its proof.

We will actually prove an even stronger version by defining a Donaldson—Thomas func-
tion on the coarse moduli space M*. Strictly speaking, this “function” is an element in a suit-
ably extended Grothendieck group of mixed Hodge modules. The cohomology with compact
support of that element is the usual Hodge theoretic Donaldson-Thomas invariant - a class in
the Grothendieck group of mixed Hodge structures. Our main result is the following (we refer
to the following sections for precise notation):

Theorem 1.1. Let Q be a quiver with a stability condition {. If ¢ is generic, then the
Donaldson-Thomas function DT (Q, §) is the class of the intersection complex JC€3=(Q) of
the closure of the stable locus M* inside the coarse moduli space M of -semistable quiver
representations. In particular, by taking cohomology with compact support, we obtain for every
dimension vector d

DT, - {Iccmz;,@) = IC(M. Q)Y if M # 0,

0, otherwise,

in the Grothendieck ring of (polarizable) mixed Hodge structures.

As Donaldson-Thomas invariants for quiver representations can be computed with com-
puter power quite effectively, this theorem provides a quick algorithm to determine intersection
Hodge numbers. The previous algorithm to do that goes back to extensive work of F. Kirwan
around 1985 (see [19-22]) and is impracticale. Moreover, using wall-crossing formulas, we are
now able to understand the change of intersection Hodge numbers under variations of stability
conditions.

For the next corollary we mention that the moduli space of semistable quiver representa-
tions admits a proper map to the affine, connected moduli space of semisimple representations
of the same dimension vector. If the quiver is acyclic, there is only one such semisimple repre-
sentation. Thus, the moduli space M’} must be compact.

Corollary 1.2 (Positivity). If Q is acyclic and the stability condition generic, the (moti-
vic) Donaldson—-Thomas invariant DTy is a palindromic polynomial in the Lefschetz motive
with positive coefficients.

Indeed, it is not hard to see that DT, is always a rational function in the square root
IL1/2 of the Lefschetz motive. Due to our main result, it must actually be a polynomial in the
Lefschetz motive (up to normalization). By compactness (and normalization), 1ck (M3, Q)
carries a Hodge structure of weight k, and this can only happen for even k as there are no
Lefschetz motives in odd degree. The hard Lefschetz theorem implies that DT ; is a palindromic
polynomial.

The next result is a direct consequence of our main theorem, Proposition 6.11 and Corol-
lary 6.13.

Corollary 1.3 (Locality). Fix a generic stability condition and a closed point x € M*,
that is, a polystable complex representation V = Pcgx E;an of Q with stable pairwise non-
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Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli 145

isomorphic summands E}. If the moduli space also contains stable representations, then the
fiber at x of the intersection complex of the moduli space is given by the intersection cohomol-
o0gy of a moduli space associated to the Ext'-quiver of the collection (Ey)xek-

Finally, we will give, in Theorem 4.8, an explicit formula for the intersection Betti num-
bers of the classical spaces of matrix invariants (that is, the quotient of tuples of linear operators
by simultaneous conjugation), using the explicit formula for motivic DT invariants for loop
quivers in [33].

The paper is organized as follows. Section 2 provides some background on quivers and
their representations. The main purpose is to fix the notation. Although we will not use it,
Section 2.1 also contains a quick link to 3-Calabi—Yau categories — the natural environment of
Donaldson—Thomas theory. The most important result of Section 2 is Theorem 2.2, stating that
the so-called Hilbert—-Chow morphism from the moduli space MSS of framed representations
to the moduli space M’} of unframed representations is what we w111 call virtually small.

Theorem 1.4. For a generic stability condition and a dimension vector d, the Hilbert—
Chow morphism 1 : M;f — M7 is projective and virtually small, that is, there is a finite
stratification M? = |_|§ Sg with empty or dense stratum So = ,M“ such that I(SE) — S¢
is étale locally trivial and

1
dim Jt_l(xs) —dimP/471 < 3 codim S¢
for every x¢ € Sg with equality only for Sg = So # @ with fiber 7 (x0) = pfd-1,

The proof of this important technical result is postponed to Section 5 to keep Section 2
short.

Section 3 is devoted to intersection complexes and the Schur functor formalism. As we
need a nontrivial Lefschetz “motive” I, restricting to perverse sheaves is not sufficient. Hence,
we have to consider mixed Hodge modules, but there is no reason to be worried about that. We
only need that the Grothendieck group is freely generated as a Z[[L*!]-module by some sort of
intersection complexes. The (relative) hard Lefschetz theorem and some weight estimates for
virtually small maps will also play a role.

Taking direct sums of representations induces a commutative monoid structure on M*
and hence a symmetric monoidal tensor product on the category of mixed Hodge modules
on M* by convolution. Using some general machinery (see [8]), one can introduce Schur
(endo)functors. Among them the symmetric and alternating powers are the most famous ones,
and we finally obtain a A-ring structure on the Grothendieck group of mixed Hodge structures.

The latter is used in Section 4 to define Donaldson—-Thomas functions. We will relate
Donaldson-Thomas functions to framed quiver representations my means of some sort of
DT/PT or framed/unframed correspondence proven in Section 6. Recall that Pandharipande—
Thomas invariants are “counting” certain torsion sheaves framed with a section, and similar
to our case they are related to Donaldson—Thomas invariants for certain torsion free sheaves
by means of some Hall algebra identities. See [3] for more details. Using this correspondence,
the virtual smallness of the Hilbert—-Chow morphism and the (relative) hard Lefschetz theo-
rem, we finally deliver the proof of our main theorem by comparing degrees of polynomials
in Z[L*1/2].
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146 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

While proving our main result in Section 4, we will observe that a certain integrality
condition is crucial. It turns out that this condition is a relative version of the famous integrality
conjecture in Donaldson—Thomas theory. Fortunately, we can give a proof in our situation of
quiver representations by reducing the problem to a result of Efimov (see [9, Theorem 1.1]). In
fact, the arguments use only the cut and paste relation allowing us to generalize the setting to
motivic functions and to arbitrary ground fields of characteristic zero. Here is the main result
of the second part of our paper, that is, of Section 6.

Theorem 1.5 (Integrality Conjecture, relative version). For a generic stability condition
and a not necessarily closed point x € M there is a finite extension K D k(x) of the residue
field of x giving rise to amap X : Spec K — M such that the “value” DT ™ (%) := x* DT ™"
of the motivic Donaldson—Thomas function at X is in the image of the natural map

Ko(Var/K)[L™"2] = Ko(Var/K)[L™Y2, (L" = 1)~ : r > 1].

Ideally, we would like to replace K with k(x) and X with x, but we have good reasons to
belief that such a result cannot hold for “naive”” motives.

Similar to the Hodge realization, the Donaldson—-Thomas invariant DT;"t is a rational
function in L.1/2 with integer coefficients. Moreover, the coefficients are independent of the
ground field and remain the same in any “realization” of motives. Using our main result on
intersection complexes, we get the famous integrality conjecture.

Corollary 1.6 (Integrality Conjecture, absolute version). For a generic stability condi-
tion the motivic Donaldson—Thomas invariant DTE}IOt is in the image of the natural map

Ko(Var/k)[L™Y?] — Ko(Var/k)[L™Y2, (L" = 1)~ : r > 1].

This result has been obtained by Efimov for representations of symmetric quivers" and
trivial stability condition (see [9, Theorem 1.1]). A very complicated proof of the integrality
conjecture even for quivers with potential was sketched by Kontsevich and Soibelman (see
[25, Theorem 10]).

Acknowledgement. The main result of the paper was originally observed and conjec-
tured by J. Manschot while doing some computations. The first author is very grateful to him
for sharing his observations and his conjecture which was the starting point of this paper. The
authors would also like to thank V. Ginzburg, E. Letellier, M. Kontsevich and L. Migliorini for
interesting discussions on the results of this paper and Jorg Schiirmann for answering patiently
all questions about mixed Hodge modules.

2. Moduli spaces of quiver representations

2.1. Quiver representations. We fix a field K which might either be our ground field k
or, as in Section 6, a not necessarily algebraic extension of the latter. Let O = (Qo, 01,5,1)

D' A quiver is called symmetric if the matrix a = (ajj)i,j with a;; denoting the number of arrows from the
vertex i to the vertex j is symmetric.
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Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli 147

be a quiver consisting of a finite set Q¢ of vertices, a finite set Q; of arrows as well as
source and target maps s,7 : Q1 — Q. To any quiver we associate its path algebra K Q. The
underlying K-vector space is spanned by paths of arbitrary length with a path of length zero
attached to every vertex. Multiplication on K Q is given by K-linear extension of concatenating
paths. Equivalently, one could think of KQ as a K-linear category with set of objects Q¢ and
Homg ¢ (i, j ) being the K-vector space generated by all paths from i to j. Again, composition
is induced by K-linear extension of concatenation.

There is a second (dg-)algebra associated to Q, namely its Ginzburg algebra I'x Q. The
underlying algebra is the path algebra K Q®* associated to the extended quiver

0% = (Qo, 01U 07" U Qo,57,1%)
obtained from Q by adding to every arrow « : i — j of Q another arrow «™* : j — i with
opposite orientation, and a loop [; : i — i for every vertex i € Q. We make 'k Q into
a dg-algebra by introducing a grading such that deg(«) = 0, deg(ae™*) = —1, and deg(/;) = —2.
The differential is uniquely determined by putting

da =da®*=0 and dI; = Z afa — Z ao™.
o= o j—>i

Again, we can think of I'x Q as a dg-category with set of objects being Q¢. Furthermore,
H%Tk Q) = KQ can be interpreted as a dg-category with zero grading and trivial differential.

By looking at dg-functors V : KQ — dg-Vectg and W : ' Q — dg-Vecty into the cat-
egory of dg-vector spaces with finite-dimensional total cohomology, we get two dg-categories
with model structures and associated triangulated homotopy (A-)categories Db (KQ-Rep)
and D®(I'g Q-Rep). Each has a bounded t-structure with heart K Q-Rep being the abelian
category of quiver representations, that is, of functors V' : KQ — Vectk into the category of
finite-dimensional K-vector spaces. In particular,

Ko(D? (K Q-Rep)) = Ko(D?(I'k 0-Rep)) = Ko(K O-Rep).

There is a group homomorphism dim : Ko(K Q-Rep) — Z 20 associating to every represen-
tation respectively functor V' the tuple (dimk V;);cp, of dimensions of the vector spaces
V; := V(i). There are two pairings on Z2° defined by

(d,e) = Z d,-ei — Z dl-ej,

iEQ() lea:i—>j
(d,e) :=(d,e) —(e,d)

such that the pull-back of these pairings via the group homomorphism dim is just the Euler pair-
ing induced by D?(K Q-Rep) respectively D?(I'x O-Rep). The skew-symmetry of the latter
reflects the fact that D?(I'x Q-Rep) is a 3-Calabi—Yau category, that is, the triple shift functor
[3] is a Serre functor. This provides the link to Donaldson—Thomas theory.

2.2. Moduli spaces. The stack of Q-representations, that is, of objects in KQ-Rep,
can be described quite easily. To this end, fix a dimension vector d = (d;) € N20 and note
that G4 := [];eq, Autg (K9) acts on Ry := [To:is; Homp (K% ,K% ) in a canonical way
by simultaneous conjugation. The stack of Q-representations of dimension d is just the quo-
tient stack M, = R/ Gy. There are also derived (higher) stacks of objects in D? (K Q-Rep)
respectively D?(I'x O-Rep) containing M, as a substack, but we are not going into this
direction.
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148 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

Instead, we want to study semistable representations of Q. As the radical of the Euler
pairing contains the kernel of the group homomorphism dim : Ko(K Q-Rep) — Z 20, every
tuple ¢ = ({i)ico, € {rexp(ing) e C |r >0,0<¢ < 1120 ¢ €90 provides a numerical
Bridgeland stability condition on D?(KQ-Rep) and on D?(I'x O-Rep) with central charge
Z(V)=¢-dmV := Zier ¢ dimg V; of slope (V') := —Re Z(V)/Im Z(V') and standard
t-structure. Hence we get an open substack I = R/ G4 of semistable Q-representations.
For every u € (—oo, +o0] let A, C N €20 be the monoid of dimension vectors d (including
d =0)suchthat¢-d = Zier ¢id; € C has slope . We call ¢ u-generic if (d, e) = 0 for
all d,e € Ay, and generic if that holds for all . The non-generic “stability conditions” ¢ lie
on a countable but locally finite union of walls in {r exp(in¢) € C | r >0, 0 < ¢ < 1}20 of
real codimension one. Obviously every stability for a symmetric quiver is generic. Another
important class is given by complete bipartite quivers and the maximally symmetric stabilities
used in [34] to construct a correspondence between the cohomology of quiver moduli and the
GW invariants of [11].

As we wish to form moduli schemes, we begin with considering King stability conditions
= (-6; + \/—_l)ieQO for some 6 = (6;) € Z2° and discuss a more general case in the next
paragraph. A King stability condition gives rise to a linearization of the G, action on R; with
semistable points R7;. Let us denote the GIT quotient by M7} = R} //G 4. The points x in M7
correspond to polystable representations V = @ cx Ex defined over some finite extension of
the residue field of x. The obvious morphism p : M%7 — M’} maps a semistable representation
to the direct sum of its stable factors. We also have the open substack EUEZ} C I of stable
representations mapping to the open subvariety :MZ‘ C M7 of stable representations. Note that
Mg, M, sm;t, and M;t are smooth while M} is not. Moreover, M:} is either dense in M} or
empty. We call 0 (u-)generic if ¢ = (—0; + \/—_1)1‘er is (u-)generic in the previous sense.

The construction of coarse moduli spaces can also be done for so-called geometric
Bridgeland stability conditions, i.e. for { not lying on a (different) countable union of real codi-
mension one walls. Indeed, given ¢ and a dimension vector d, we can always perturb ¢ slightly
to ¢’ with rational real and imaginary part without changing R This is true because R will
only change if ¢ crosses a finite subset (depending on d) of these walls. Given ¢’ = a + b+/—1
witha, b € Q20, we may define 6 := N((a - d)b — (b - d)a) with N > 0 such that § € 720,
Then 6 -d = 0. Moreover, 6 -d’ <0 if and only if arg Z'(d") < arg Z'(d) if and only if
arg Z(d') < Z(d) for all nonzero dimension vectors d’ smaller than d . Hence, R is the open
subset of semistable points in the GIT sense, and a categorical quotient M := R} //G4 exists.
As the latter satisfies a universal property, it does not depend on the choice of ¢’ and r > 1.
From now on, we will always assume that ¢ is geometric so that moduli spaces exist.

We use the notation M;Slmp for the King stability condition 6 = 0. Points in Mf;lmp cor-
respond to semisimple representations of dimension d. For every stability condition there is
a projective morphisms M5 — M;""” mapping any (polystable) representation to the sum of
its Jordan—Holder factors taken in K Q-Rep.

Given two dimension vectors d, d’, we denote by R; 4+ the (linear) subvariety of R4/
corresponding to representations which preserve the subspace K¢ c K4 @ K9 = K4+,
Similarly, G4 4/ C G444 is the subgroup preserving this subspace. Then

Cxactg g = Ra,a'/Ga,a

is the stack of short exact sequences of representations with prescribed dimensions of the
outer terms. There are morphisms 71 X 2 X 73 : Gxactg g0 — Mg x My 47 x M4 map-
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Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli 149

ping a sequence to the corresponding entry. Note that 7, is the universal quiver Grassmannian
for O, hence representable and proper. In particular,

@xactd,d/ = Yd,d’/Gd—i—d/

forYg.ar = Ra,a’ X6, 4 Gd+a’-

Let us continue the present subsection with a simple but important observation. Given
a slope j € (—00, +00], the moduli stack M3} := | |;¢ A NS, respectively the moduli space
M:; = deA, ,MZ,S, is a commutative monoid in the category of stacks, respectively schemes,
with respect to direct sums of representations. The unit is given by the zero-dimensional rep-
resentation which is considered to be semistable with any slope. Obviously, the morphisms
p M, — M} and dim : Mj; — A, mapping every polystable representation to its dimen-
sion vector are monoid homomorphism.

Lemma 2.1.  The morphism & : M} X My — My is finite.
Proof.  As the isomorphism types and multiplicities of the stable summands of a poly-

stable object are unique, the morphism is certainly quasi-finite. It remains to show that & is
proper. There is a commutative diagram

SS Ss Ss
M X M M

| l

ssimp ssimp @ ssimp
_—
My " X M, M,

with proper vertical maps. Hence, it suffices to show that & : ,Miflmp X Mfflmp — Mfflmp is
proper. Consider the commutative diagram

@xactd’d/ = Yd,d//Gd+d/

T XT3 2
oo

Ri/Ga % Ra/Gar, Pa.a’ Rita/Ga+a

PaXPg Spec ]k[Yd,d/]deLd’ Pd+d’

T XT3 77[2
o

Speck[R;]%¢ x Speck[Rz/]%’ Spec k[Ry4q/]Ca+a’

@

with Yg g = Rg.a' X6, 4 Ga+ar = Cxactg g4/ X9, . Ra+a- Here, 0p maps a pair v, v
of representations to its direct sum V @& V' providing a right inverse of 7y x 73. Thus, &9
is also a section providing a closed embedding. It remains to show that 7, is proper. Note
that 75 : Yz 4o — Rg+4, being the pull-back of 2, must be proper with Stein factorization
Yg.a0 — Speck[Yg 4] = Rgyar as Rgyq is affine. Thus, k[Ry44/] — k[Y; 4] is finite,
hence integral. Applying the Reynolds operator of k[Y; 4/] to an integral equation for an
element a € k[Yd,d/]Gder/, we obtain that k[Rd+d/]Gd+d/ — k[Yd’d/]Gder/ is integral, too.
Thus 7, is finite, hence proper. |
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150 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

For later applications we also need framed Q-representations (see [10]). We fix a framing
vector f € N20 and consider representations of a new quiver

Qr = (QoU{oo}, Q1U{py, 100 —i|i€ Qo 1= < fi})

with dimension vector d’ obtained by extending d via doo = 1. We also extend ¢ appropri-
ately (see [10]) and get a King stability condition ¢’ for Qr. Let M}S be the moduli space
of {’-semistable Q -representations of dimension vector d’. It turns out that M7, = J\/{j} 4
and thus M}“ is smooth and py4 : zm — MY Fa @ principal bundle with structure group
P(G; x Gy,) = Gg4. There is an obv10us morphlsm T EM}S — M} obtained by restricting
a ¢’-(semi)stable representation of O to the subquiver Q which turns out to be {-semistable.
The following theorem will we crucial for proving our main result. To keep this section short,
we will postpone its proof to Section 5.

Theorem 2.2. Let [t be the slope of a dimension vector d with respect to a stability
condition §. If § is u-generic, the morphism 7t : M3 ; — M7 is projective and virtually small,
that is, there is a finite stratification Mj; = | | £ St wzth empty or dense stratum So = :MS‘ such
that o 1(Sé_-) — S¢ is étale locally trivial and

1
dim JT_I(XE) —dimP/471 < 3 codim S¢
for every xg¢ € Sg with equality only for Sg = So # @ with fiber 7 N (xo) = PS4,

Let us also introduce the notation M3 = | |zep, M7, and M := | |o2geno0 M-

3. Intersection complex

3.1. From perverse sheaves to mixed Hodge modules. The ground field in the next
two sections will be k = C. In this subsection we recall some standard facts about perverse
sheaves, intersection complexes and Schur functors. The interested reader will find more details
in [5] and [35]. Let X be a variety with quasiprojective connected components. We denote by
Perv(X) respectively MHM(X) the abelian categories of perverse sheaves respectively mixed
Hodge modules on X. There is a natural functor rat : MHM(X) — Perv(X) associating to
every mixed Hodge module its underlying perverse sheaf. For a morphism f : X — Y of
finite type we get two pairs (£ *, fx), (fi, f') of adjoint triangulated functors

fes 1 Db(PerV(X)) — Db(PCI'V(Y)) and ¥, f! : Db(PerV(Y)) — Db(Perv(X)),

and similarly for mixed Hodge modules, satisfying Grothendieck’s axioms of the four func-
tor formalism. Moreover, the functor rat is compatible with these functors in the obvious way,
and there are duality functors relating fix with f; and f* with f'. We also mention that for
each connected component X, of X, the categories Perv(Xy) and MHM(Xy) are of finite
length. Furthermore, there is an element T of MHM(C), called the Tate object. Since MHM(C)
acts on MHM (X)), we get an exact autoequivalence on D? (MHM (X)), abusing notation also
denoted with T, given by multiplication with T'. It commutes with all four functors and satisfies
ratoT = rat. In our case, X will carry the structure of a commutative monoid with unit 0 € X,
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Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli 151

and MHM(C) can be interpreted as the subcategory of mixed Hodge modules supported at 0.
The action of MHM(C) on MHM(X) is induced by the convolution product on MHM(X)
which we introduce later. The actions of T and IL := T[-2] on Ko(MHM(X)) coincide,
making it into a Z[L*!]-module. We denote by Ko(MHM(X))[L /2] the Z[L*!/2]-module
obtained by adjoining a square root of .. One can also categorify this, giving rise to a square
root T1/2 of T in an enlarged abelian category of mixed Hodge motives. Then we have
L=1/2 = T=1/2[1], and one should interpret the multiplication with L~1/2 as a refinement
of the shift functor [1] on D? (Perv(X)).

3.2. Intersection complex. Given a closed equidimensional subvariety Z C X and
a local system on a dense open subset Z° of the regular part Z., of Z, there is canoni-
cal perverse sheaf J€z (L) on X, called the L-twisted intersection complex of Z, such that
J€z(L)|zo = L[dim Z]. If Z and L are irreducible, then J€z(L) is an irreducible object
of Perv(X), and all irreducible objects are obtained in this way. For MHM(X), there is a sim-
ilar construction, with L replaced with a (graded) polarizable, admissible variation of (mixed)
Hodge structures L with quasi-unipotent monodromy at “infinity”. We will, however, use
the slightly non-standard normalization J'€ 7 (L)|zo = L™9MZ/2[, with the convention that
rat(L) is the unshifted local system given by L. As rat(L~%mZ/2) = Q[dim Z], the usual
shift in the de Rham functor is not lost but “absorbed” by the normalization factor. Note that an
irreducible variation of mixed Hodge structures is pure, and application of T—1/2 reduces the
weight by one. If Z has several connected components of different dimension, the construction
of J€z(L) generalizes accordingly. Applying this to the trivial variation Q of pure Hodge
structures of type (0,0) on Z,,, we obtain a distinguished intersection complex J€ z(Q).

3.3. Schur functors. Let us now specialize to X = M}, although everything in this
subsection remains true for arbitrary commutative monoids (X, @, 0) in the category of vari-
eties with quasiprojective connected components such that @ : X x X — X is finite. Due to
the last property, the higher derived direct images R’ @, vanish, and we obtain a symmetric
monoidal tensor product

® : MHM(M}}) x MHM(MS}) —> MHM(MS), € ® F := P(E K F),
3

and similarly for Perv(M};). The unit 1 is given by J€ M (Q), which is a skyscraper sheaf of
rank one supported at the zero-dimensional representation 0. More details can be found in [28].
We drop the ®-sign when dealing with the associated Grothendieck groups Ko (Perv(M};)) and
Ko(MHM(M3})), respectively. Using the fact that & is a small map, it is not hard to see that
JE€Z(L) ® €7/ (L") = d€g(zxz) (L") with L” being pure of weight zero if L and L’ were
pure of weight zero.

Given & € MHM(M3}) and n € N, the mixed Hodge module & ®”n carries a natural
action of the symmetric group S;. By general arguments (see [8]), we obtain a decomposition

%" = Pw; ® sH(€)
A-n
for certain mixed Hodge modules S ’1(8 ), where W, denotes the irreducible representation
of S, associated to the partition A of n. The tensor product used on the right-hand side can
be defined for every additive category, and should not be confused with the tensor product
explained above. However, after identifying vector spaces W with trivial variations of pure
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152 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

Hodge structures of type (0,0) over M, both tensor products agree. The decomposition is
functorial, giving rise to Schur functors S A MHM(M};) — MHM(M];) for every partition A.
The same construction also applies to Perv(:M};), and rat : MHM(M};) — Perv(M};) “com-
mutes” with Schur functors of the same type.

Example 3.1. (i) For A = (n), the representation W), is the trivial representation of S,
and we set SA(8) =: Sym” (). If E|py =0, we get Sym"(E)| 5y = 0 for every d € Ay
provided n > 0. In particular, Sym(&) = €p,, Sym" (&) is well defined.

(ii) For A = (1, ..., 1), the representation W), is the sign representation of S, and we set
S*(8) =: Alt*(€). As before Alt(E) = D, Alt"(€) is well defined provided €|z = 0.

The following proposition is a standard result.

Proposition 3.2. Let &, ¥ be in MHM(M}}) or in Perv(M3}) such that
Elug = Flmy =0.

Denote by P the set of all partitions of arbitrary size. Then

(3.D Sym(& & ) = Sym(E) ® Sym(F), in particular
Sym"(E @ F) = @ Sym' () ® Sym’ (%),
i+j=n
(3.2) Sym(é ® ) = @ SA(Q) ® SA(.(F), in particular
rEP
sym"(€ ® ¥) = P 5*(&) & S*(F).
Abn

Equations (3.1) and (3.2) are of course also true without the additional assumptions on &
and ¥ . The next result is also well known.

Proposition 3.3.  The Schur functors S* induce well-defined operations on the Grothen-
dieck groups Ko (Perv(M};)) and Ko (MHM(M};)), respectively, satisfying the analogs of (3.1)
and (3.2). In particular, both Grothendieck groups carry the structure of a (special) A-ring.

It is worth to mention the following technical detail. Although Sym(€) = &, Sym”" (&)
by definition, this equation cannot hold on the level of Grothendieck groups as we do not have
infinite sums. To define these, we need to complete the Grothendieck groups as follows. Let
F? C Ko(Perv(M};)) be the subgroup generated by all perverse sheaves & such that & | My =0
if d cannot be written as a sum of p nonzero dimension vectors, i.e. [d| =} ;co,di < p. It
is easy to these that FPF? Cc FP+4 and S*(FP) C F"? forall A 4 n and all n, p,q € N.
Hence, the F'? provide a A-ring filtration, and the corresponding completion

Ko(Perv(My)) = l_[ Ko(Perv(M}))
deAy

has a well-defined ring structure and action of S*. Moreover, > Sym" (&) is well defined and
agrees with the class of Sym(&) for & € F!. The completion of Ky (MHM(M}})) is done in
the same way.
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Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli 153

As T =L in Ko(MHM(C)) and Sym” (T *!) = T*" the A-ring structure of Proposi-
tion 3.3 can be extended to Ko (MHM(:sz))[}L_l/ 2], and even to

KoMHM(ML™2 (L7 = 1)t ir > 1]
= Ko(MHM(M}})) ® 1 Z[L™2 (L7 = )7 i r = 1]

such that
sharzy =[BT A=,
0, otherwise.

Again, we shall consider the filtration FP[L.~'/2], respectively FP[L~'/2 (L" 1)~ : r > 1],
defined accordingly and perform a completion as before. By abusing notation let us denote the
resulting A-ring with

Ko(MHMOAG)L ™2, (L7~ 1) 7 2 1]

= 1_[ (KO(MHM(MSJ)) ®Z[]Li] []L_l/z, (Lr — l)_l > 1])
deA,

which should not be confused with

( 1_[ KO(MHM(ij))) QzL1] Z[}L—l/z, L - =1
deA,

Remark 3.4. One reason for adjoining L.*!/2 and our convention for intersection com-
plexes is to symmetrize weight polynomials under Poincaré duality. Our choice of extending
S+ is done in such a way that T 1/2 jg again a line element. The various completions are needed

in the next section when we pass to stacks and define Donaldson—Thomas invariants.

The following result illustrates the nice behavior of intersection complexes with respect
to Schur functors.

Proposition 3.5. ~Given a dimension vector d with M;‘ # () and a natural number n,
let us denote by A and A the big diagonal in Sym” MZF and (MZE)” respectively. For an irre-
ducible representation W), of S, denote by W , the variation of Hodge structure of type (0, 0)
on Sym™ M3\ A given by (M$)" \ A) x5, Wy. Then

(3.3) SHIC p(Q) = J€2,(W3)

with A* being the conjugate partition of A ifdim M% = 1—(d, d) is odd and A* = A if dim M}
is even. Moreover, Zy is the irreducible closed image of @ : (M})" — M3},

Proof. Since & : (MZS)" — M, is a small map, it follows that

JE 45 (Q)®" = @ (JC 45 (Q)F") = JC7, (L)

for a suitable variation of Hodge structures L on the open smooth image Z; of the map
(,Mfl‘)” \ A — Z,. The latter map induces an isomorphism between the geometric points
of Sym” M\ A and of Z;;. By Zariski’s main theorem, Z;, = Sym” M?\ A. As the restriction
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154 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

of @ to (M) \ A is a left principal S,-bundle over Sym” M\ A = Z7, we can trivialize
it étale locally as U x S, with U — Z7 being the étale cover (M“)” \ A — Z7, showing
that the fiber of L is just L.™ —ndimMz/2 g HO(Sn, Q). The natural Sn action on J‘C’Mss Q)%
is induced by the left multiplication with S, on the second factor of U x S, while the right
multiplication on S, and on U corresponds to the Galois action of this étale cover giving rise to
a nontrivial monodromy of L. The S,-bimodule H°(S,,Q) decomposes as P a-n Wa @ Wy,
with the left and the right factor corresponding to the left and the right S, -action, respectively.
Moreover, by our convention, I " 4im Mi1/2 carries the dim Mf;-th power of the sign represen-
tation. Thus, L = @, 4, Wi+ @ W, = D, 4, Wi ® W« completing the proof. O

Remark 3.6. The occurrence of conjugate partitions looks rather unnatural but is
related to the fact that the naive permutation action of .S, on left D-modules needs to be twisted
by the sign representation depending on the dimension. See [28, Remark 1.6 (i)], for more
details.

We can also replace M), with N Q0 x Spec C considered as a zero-dimensional monoid
in the category of complex varieties with quasiprojective connected components. All of our
constructions go through, and it is not difficult to see that

Ko(MHM(N €0 x Spec C)[L~Y2, (L' —1)7' i r > 1]
= Ko(MHM(C)[L™Y2, ("~ 1) i r > 1][[t; 1 i € Qo]

is the ring of power series in [Q| variables. Since dim : M}} — N€0 x Spec C is a homo-
morphism of monoids with @ and + being finite, it follows that dims and dim, define triangu-
lated tensor functors D? (MHM(M}})) — DP(MHM (N Qo x Spec C)) commuting with Schur
functors of the same type. In particular, we get A-ring homomorphisms dim, and dim; from

Ko(MHMG) L2 (L7 = D)7 e r 2 1]
to
Ko(MHM(C)[L™2, (L7 = )™ r = 1[l1i : i € Qo]

commuting with the Schur operators, and similarly for perverse sheaves.

4. DT invariants and intersection complexes

4.1. Donaldson-Thomas invariants. In this subsection we will introduce a general-
ization of Donaldson—-Thomas invariants using the notation of the previous sections. Let us
fix a slope p € (—00, +-00] and consider the morphism p : MM} — M. Our first object is?
prdCapy (Q) in Kg(MHM(MEN[L™Y2 (L7 — 1)~ r > 1]. To deﬁne it properly, we should
develop a theory of mixed Hodge modules on Artin stacks along with a four functor formal-
ism. However, in our situation of smooth quotient stacks we will use a more direct approach
avoiding complicated machinery. First of all, I is smooth, motivating

J'egj}ss (Q) — ]L—dimm;s/ZQ — ]L(d’d)/zQ,
d

2) Note that py is the derived direct image with compact support, while py is the usual derived direct image.
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Recall that g : R} — 907 is a G4-principal bundle for every dimension vector d. By means
of the projection formula we would expect a formula like

H}(G4.Q) JCaps (Q) = qig™ I Caps (Q) = LG4/ 2g) 4 € ps (Q) = L'D/24,Q

in EO(MHM(Smif))[JL_l/Z, (L” —1)~': r > 1]. Hence, we will define prdCans (Q) as the
product in KO(MHM(M;S))[L_I/Z, L =D~ t:ir>1]of ]L(d’d)/zp!q!(@ with the inverse of
the class

d; d[
[T LG [T@ —1) e Z[L] € Ko(MHM(C))
i€Qo r=1
of HX (G4, Q). “Summing” over d € A, gives p1dCany; (Q). The following lemma is a stan-
dard fact in the theory of (filtered) A-rings.

Lemma4.1. There is an element DT |, € EO(MHM(Mif))[L_l/Z, L =D~ t:ir>1]
with DT |y = 0 such that

1 (oad
Py (Q) = Sym(m@J u)-

Definition 4.2. We call
DT € Ko(MHM(M*™)[L™V2 (L7 = 1)~ i r > 1]
with DT g = DT, for all u € (—o0, +00] the Donaldson-Thomas “function” and
DTy :=dim DT g = HX (M, DT 7) € Ke(MHM(C))[L™V2 (L" — 1)~ : r > 1]
the Donaldson—Thomas invariant of dimension vector d with respect to the given stability

condition ¢.

As dimy is a A-ring homomorphism and It} is non-singular, it follows that our defini-
tion of Donaldson—-Thomas invariants agrees with the usual one [25]. Recall that our stability
condition ¢ was called p-generic if (d,e) = 0 for all d,e € A, and generic if that holds for
all u € (—oo, +00]. The following result will be proved as Corollary 6.7.

Proposition 4.3. For a u-generic stability condition and a framing vector f € N2o
such that 2| f; for alli € Qg, we obtain the following formula with A;L = A, \ {0}:

AN, @ =it @ = Sm( X (P07,
deA),
in KO(MHM(M‘LS))[IL_I/z, (L"™ — 1)~Y : r > 1], using the shorthand

Lf~d/2 _]L—f-d/Z

fd—17  ._
[]P) ]Vlr L Ll/z _ ]L_l/z

Here 1 : M;}M — M, is the morphism forgetting the framing.
The parity assumption on the framing vector is made to avoid typical “sign problems”.
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156 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

4.2. The main result. We also need the following result proven in Section 6.

Theorem 4.4. If  is ju-generic and iy : Spec C — M, the embedding corresponding
to an arbitrary closed point x € M, the “value” DT (x) := i} DT of the Donaldson-Thomas
Sfunction DT is in the image of the natural map

Ko(MHM(C))[L™"2] = Ko(MHM(C))[L™V2, (L" = 1)~ : r > 1].

Remark 4.5. Recall that for every quasiprojective variety X the category of mixed
Hodge structures on X is artinian and noetherian with simple objects being the intersection
complexes for certain irreducible variations of pure Hodge structures. Moreover, every pure
Hodge structure is the Tate twist of a pure Hodge structure of weight zero or one. Hence,
Ko(MHM(X)) is free over Z[L*!] with a basis consisting of all (Grothendieck classes of)
intersection complexes €z (L), with Z running through all irreducible closed subvarieties
of X and L running through equivalence classes of all irreducible, polarizable, admissible vari-
ations of pure Hodge structures L supported on Z° C Z, with quasi-unipotent monodromy
at “infinity”” and weight zero or one. Two pairs (Z, L) and (Z’, L) define the same intersection
complex if Z = Z' and L|zonzo = L'|zonz00.

Remark 4.6. Adjoining L'/ has a categorification giving rise to a category of gen-
eralized mixed Hodge modules. The Grothendieck group of this enlarged category is given
by Ko(MHM(X))[L~'/2]. In this enlarged category the classical Tate twist has a square
root increasing weights by one. This corresponds to the multiplication with —LLY2 in the
Grothendieck group.® In particular, Ko(MHM(X))[L~/2] is a free Z[L*!/2]-module with
a basis given by J€z (L) as above with L being an irreducible variation of generalized pure
Hodge structures of weight zero. If the reader feels uncomfortable with this, he should keep in
mind that J€ 2 (L) is just a short notation for —L~1/24€ z (L) for some variation L of pure
Hodge structures of weight one.

By applying the aforementioned freeness to the ring extension
ZILTY?] & ZILBV2 @ - )7 > 1,
we conclude that the natural morphism
Ko(MHM(X))[L™2] — Ko(MHEM(X)[L™2 (L7 = )7h 7 2 1)

obtained by scalar extension is injective. In particular, the natural map in Theorem 4.4 is injec-
tive, too.

Theorem 4.7. Assume that { is ju-generic. Then

DT = I€5(Q)

3 By convention L'/2 is the class of the square root of the Tate object shifted by minus one in the derived
category of mixed Hodge structures.
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holds in K, (MHM(MZS))[]L_I/Z]. In particular, for generic ¢

DT, {ICC(M;;,@) = IC(M5. Q). if M # 0.

0, otherwise

holds in Ko (MHM(C))[L~Y2] for every dimension vectors d € A 1

Proof. We prove the theorem by induction over |d | starting with the trivial case d = 0
for which the theorem is obviously true as M = @. As before, & denotes the set of all parti-
tions of arbitrary size and A’M = A, \ {0}. We fix a framing vector f € N€o such that 2| f;
for all i € Q¢ and rewrite equation (4.1) from Proposition 4.3 equations (3.1) and (3.2):

medCus, = . ] S™PS e SM DT
AN, =P ecA),
S lhele=d

By induction over |d| = ZiEQ , di, we conclude using equation (3.3) that

wedCus, = P DT g+ Y (H shep/ 'e—l]vir)wzmm

fOrA,:Sd A,A;VL—N(P eGAQL

2 lAele=d
A#S8q
Lfd/2 _,—fd/2
= —a o DTat D @) gez,(Ly)
AN, —>P
Z|Ae|6=d
A#S8q

for some palindromic Laurent polynomials
ha(LY2) = by (L7Y2)

of degree at most f -d — ), |A¢| < f -d — 1, some irreducible closed subvarieties Z, and
some variations L} of Hodge structures of weight zero.

On the other hand, we can use Remark 4.6, the fact that 7 is virtually small (see Theo-
rem 2.2) and the relative hard Lefschetz theorem applied to the projective morphism 7 to
conclude

mdCup, =PI Cim @+ )0 gzLLYHIEZ(L)
(Z,L), Z# M

for certain palindromic Laurent polynomials gz 7 (L'/?) = gz 1 (L™1/2) of degree less than
S -d — 1. Here, J€(Q) is zero if MZ; = (. Combining both equations, we get
d
fd/2 _,—fd/2
L1/2_p,-1/2

(DTq~IC5=@) = >, fzrLY)Iez(L)
(Z.L), Z# M

for certain palindromic Laurent polynomials fz, L(LY?) = fz, £ (L™Y/2) of degree less than
f -d — 1. The sum on the right-hand side is taken over pairs (Z, L) as in Remark 4.6 (up
to equivalence). We claim that both sides of the equation are zero. If not, we pick among
all pairs (Z, L) with fz 1 # 0 one for which Z is of maximal dimension. Hence, we can
find a generic closed point x € Z° not contained in any other Z’ with fz/ 1/ # 0. Using
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158 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli
the notation iy : Spec C — M, we get ifd€z(L) = L™9mZ/2, = L =dmZ/29€ (L,)
in Ko(MHM(C)[L~/2] with L, := i} L being the fiber of L at x € Z. Moreover,

Lfd/2 _,~fd/2
L1/2 —,-1/2

(DT () = iF4C3(Q)) = L™ f7 1 (LV2) S (Ly)

which is now an equation in the free Z[L*1/2]-module Ko(MHM(C))[L~'/2] due to Theo-
rem 4.4. In particular, the coefficient in front of the basis vector 4 € x(ILx) on the right-hand
side of the equation must be divisible in Z[Lil/ 2] by the palindromic Laurent polynomial

Lfd/2 _1,~fd/2 fd—1 1—fd
[z -2 =L 2z 4+...4L 2

of degree fd — 1 in L'/2 which is impossible as the degree of fz,L is strictly smaller. Thus,
the claim is proven, and D7y = J€ - (Q) follows. m]
d

4.3. Application to matrix invariants. Since the motivic DT invariants of m-loop
quivers are computed explicitly in [33], our main result allows us to give an explicit formula
for the Poincaré polynomial in (compactly supported) intersection cohomology of the corre-
sponding moduli spaces, which are the classical spaces of matrix invariants.

So let O be the quiver with a single vertex and m > 2 loops (in the case of no loop,
or of one loop, the nonempty moduli spaces reduce to affine spaces). We consider the trivial
stability and a positive integer d, and fix an d-dimensional C-vector space V. Then the moduli
space M?(Q(m)) equals the invariant theoretic quotient Mglm) := Endc (V)™ )/ GLc (V) of m-
tuples of linear operators up to simultaneous conjugation. This is an irreducible normal affine
variety of dimension (m — 1)d? + 1, singular exceptincased = lorm = d = 2.

To formulate the explicit formula for the compactly supported intersection Betti numbers
of Ml(l,m), we need some combinatorial notions from [33]. Let U; be the set of sequences
(ai,...,aq) of natural numbers summing up to (m — 1)d, on which the cyclic group C; of
order d acts by cyclic permutation. We call a sequence a primitive if it is different from all its
cyclic permutations, and almost primitive if it is either primitive, or m is even, d = 2 mod 4,
and the sequence equals twice a primitive sequence of length d /2. We define the degree of
the sequence as Zﬁl:l (d —i)a; and the degree of a cyclic class of sequences as the minimal
degree of sequences in this class. Let Usp /C4 be the set of cyclic classes of almost primitive
sequences. Combining our main result with the formula for DT invariants in [33], we arrive at:

Theorem 4.8. Foralld > 1 and m > 2, we have

. ng2ag 1—v72 _
3 dimICZ (MY, Q)u? =y e I D

p CEU;p/Cd

5. Proof of Theorem 2.2

5.1. The stack of nilpotent quiver representations. As before, let Q be a finite quiver
and d € N0 a dimension vector for Q. Consider the action of the linear algebraic group G
on the vector space R;. Let p : Ry — R;// G4 be the invariant-theoretic quotient; in other
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words, Ry // G is the spectrum of the ring of G ;-invariants in Rz, which, by [27], is generated
by traces along oriented cycles in Q. We consider the nullcone of the representation of G4
on R, that is,

Na := p~'(p(0)).

By a standard application of the Hilbert criterion (see [26, Chapter 6] for a much finer
analysis of the geometry of N; using the Hesselink stratification), we can characterize points
in N, either as those representations such that every cycle is represented by a nilpotent oper-
ator, or as those representation admitting a composition series by the one-dimensional irredu-
cible representations S; concentrated at a single vertex i € Q¢ (and with all loops at i repre-
sented by 0).

The main observation of this section is that, under the assumption of Q being symmetric,
there is an effective estimate for the dimension of N .

Theorem 5.1. If Q is symmetric, we have
1 1
dim Ng —dim Gy < —2(d.d) + 5 > G.iydi —|d|.
i€Qo

Proof. For a decomposition d = d 14 ... 4 d%, denoted d*, we consider the closed
subvariety Rg+ of R; consisting of representations V' admitting a filtration

O=Vwchrc---CcVs=V

by subrepresentations such that Vi /Vi_; equals the zero representation of dimension vec-
tor d¥ forallk = 1,...,s. This subvariety being the collapsing of a homogeneous bundle over
a variety of partial flags in @iEQ o K9 , its dimension is easily estimated as

dim Ry« < dimGq — Y “(d'.d*) = " > (@f)*.
k<l i€eQo k

The above characterization of Ny allows us to write N4 as the union of all R+ for decompo-
sitions d* which are thin, that is, all of whose parts are one-dimensional (one-dimensionality
is obscured by the notation to avoid multiple indexing and to make the argument more trans-
parent). Thus dim N; — dim G is bounded from above by the maximum of the values

=y @.ah =37 > @y
k<l i€Qo k
over all thin decompositions. Since Q is symmetric, we can rewrite
1 1
I gky _ _ - k gk
> (@'d¥) = S(d.d)— 5y (dk.d").
k<l k
All dk being one-dimensional, we can easily rewrite
Yo @k =lal. Y (@ .a% =Y G.id.
i€Qo k k i€Qo

All terms now being independent of the chosen thin decomposition, we arrive at the required
estimate. ]
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160 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

5.2. Virtual smallness of the Hilbert-Chow map. We consider the Hilbert—Chow
map 7 : M;f — M} forgetting the framing datum; our aim is to prove a strong dimension
estimate for its ﬁbers when the stability is p-generic (cf. Section 2.2) for u being the slope
of d.

We consider the Luna stratification of M;': a decomposition type & for d consists of
a sequence ((d!,my),...,(d*, mg)) in A, x N such that ) myd* = d. Inside the moduli
space M’} parameterizing isomorphism classes of polystable representations of dimension vec-
tor d, we can consider the subset Sg of representations of the form P E »k for pairwise
non-isomorphic stable representations Ej of dimension vector d k and slope [L We thus have

dim Sg = Y " dim M3, (Q) = s — Y _(d*.d¥).
k k

By [10], S¢ is locally closed, and the map 7 is €tale locally trivial over Sg. We fix a point
x € Sg. This stratum being nonempty, Mf;k (Q) is nonempty, and thus

(d*.d*) =1 —dim M} (Q) < 1

for all k. The fiber 7! (x) over a point x € Sg can be described as follows.
Define the local quiver Q¢ with vertices i1, ...,is and §; — (d¥*,d") arrows from iy
to ;. Define a local dimension vector dg for Q¢ by (dg)i, = my, and a local framing datum f
by (fe)iy = f+d k We consider the trivial stability on O ¢. Then we have a local Hilbert-Chow
map
mg MSSlmp(Qg) - MSSImp(Qs) = Ry, //Ga,.

We denote the fiber over the class of the zero representation by M mlp (Qg) Then, by [10], w
have

-1 ~ nllp
(x) =~ fé dg (Q¢).
By construction, we have

dim M7 (Qg) = dim Ny, —dim G, + f; - dg.

Now assume ¢ to be u-generic, thus Q¢ is symmetric, and Theorem 5.1 estimates the dimen-
sion of the fiber 71 (x) as

dim 7~ (x) = dim Mmlp (Qg)
= dim Ny, —dim Gy, + f; - d

1 1 L
< —E(ds,ds)gg +3 Z(lk»lk)Qg(dE)ik — |de| + fe - ds.
k
Using the definition of Q¢, dg and fg, this simplifies to
1 1
dimz~'(x) < —5(d.d) + 5(azk,dk)mk ~ Xk:mk +f-d.

On the other hand, we can rewrite the dimension formula for S £ as

codim S = —(d.d) + Y (d*.d*)+1—s
k
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The inequality
1
dima '(x)—(f-d—1) < EcodimSg

(with equality only if 0 := & = ((d, 1))) claimed in Theorem 2.2 can thus be rewritten as
—l(d d)+ 12(41" dyme =Y my+1 < —l(d d)+ ! > (d*.d*) + l(1 — )
20 2 ’ - 2 2 ’ 2 '
k k k
This is easily simplified to

| 1
5 2 (@*.d") =2)me —1) = S(s = 1),
k

Since (d k ,d k ) < 1, the left-hand side is nonpositive, whereas the right-hand side is nonnega-
tive. Equality holds if both sides are zero, thus s = 1, proving virtual smallness.

6. Motivic DT-theory and the integrality conjecture

We prove a stronger version of Theorem 4.4 for arbitrary ground fields k with characteris-
tic zero and not necessarily closed k-points. Since it is not clear how to deal with mixed Hodge
modules on varieties defined over arbitrary fields, we will work in the motivic world using
motivic functions instead of mixed Hodge modules. The reader not familiar with motivic func-
tions might have a look at [16], where motivic functions are called stack functions. However, we
will also recall the main definitions below. The machinery used to define Donaldson—Thomas
functions will also work in this more general context, and we prove a couple of useful formulas.
There is a A-ring homomorphism from

Ko(Var/ M¥)[L™Y2 (L7 = 1)~ r > 1]

to
Ko(MHM(MS)[L™V2 (L —1)7 i r > 1],

. q S . .

induced by [X — M| — ¢1Q, giving rise to corresponding results for mixed Hodge modules.
As we will discuss at the end of this section, working with motivic functions has also some
limitations.

6.1. Motivic functions. Given an arbitrary Artin stack or scheme B with connected
components being of finite type over? K, we define the Grothendieck group Ko (Var/B)
to be the free abelian group generated by isomorphism classes [X — 8] of representable
morphisms of finite type such that X has a locally finite stratification by quotient stacks
Xi = Xi/ GLk (n;), subject to the cut and paste relation

X —>B]=[Z—>B]+[X\Z— B]

for every closed substack Z C X. In particular, [X — B] = [Xieq — B].

4 In practice, K will be our ground field k or some extension of k.
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162 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

Remark 6.1. Using the cut and paste relation, we arrive at the following conclusion:
if 8 = Spec B as an affine scheme of a finitely generated K-algebra B, then the group
Ko (Var/Spec B) can also be described as the abelian group generated by symbols [A] for each
finitely generated B-algebra A subject to the following two conditions.

(i) If A == A’ as B-algebras, then [A] = [4].

(1) Ifaq,...,ar € Ais afinite set of elements, then
[A] = [A/(ar.....an] + > DYINAR 6]
B£Jc{1,...,r}

The fiber product over K defines a ring structure on Ko (Var/K) and a Ko (Var/KK)-module
structure on Ko (Var/8). Taking the product over K defines an exterior product

X : Ko(Var/B) x Ko(Var/B') — Ko(Var/ B xg B).
Let us also introduce the module
Ko(Var/B)[L™V2,(L" - 1)~ . r > 1]
= Ko(Var/8) @z ZIL /> (L7 = 1) ir 2 1]
with IL denoting the Lefschetz motive L := [A]k] € Ko(Var/K).> We will also add the rela-

tions
[X/GLk(n) - B8] = [X — B]/[GLk (n)]

for every GL,-action on a scheme X . Here,

n
[GLi ()] =L& [Ta@ .
r=1
In particular, due to our assumption on X for a generator [X — B], the abelian group
Ko(Var/B)[L~'/2 (L”—1)"1 : r > 1]is generated as a Z[L~/2, (L"—1)"" : r > 1]-module
by morphisms [X — B], with X being a scheme. Because of this and [4, Lemma 3.9] which
easily generalizes to the relative situation, we see that the proper push-forward ¢, along mor-
phisms ¢ : B — B’ such that 7o(¢) : mo(B) — mo(B’) has finite fibers is well defined by
composition ¢y ([X — B]) = [X — B'].
We can also define

¢* 1 Ko(Var/B) L™V, " - 1)7:r > 1] > Ko(Var/B)[L™V2, L7 — 1)~  : r > 1]

forall¢ : B — B’ viagp*([X — B']) = [X x g B — B] on generators. This definition makes
even sense if B and B’ are defined over different ground fields K and K’. We will also introduce
the group

Ko (Var/B)L~Y2 (L' = 1)~ i > 1]

= [] (Ko(Var/B)HL™V2 (" =1)7":r=1)).
Bieno(B)

3) For 8 = SpecK, we simplify the notation by suppressing the structure morphism to Spec K.
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The pull-back and the push-forward satisfy a base change formula for every cartesian square.
Moreover, for every quotient stack p : X — X /G with G being a special linear algebraic
group, the formula

6.1) pp*(f) =1[G]- f

holds for all f € Ky(Var/B)[L™"2,(L" —1)~' : 7 > 1], and [G] is invertible. Indeed, if
u
[Y — X/G] is a generator, then

pp*[Y — X/G]l =[Y xx,6 X - Y — X/G]

with P =Y Xy,;g X being a principal G-bundle on Y. As G is special, P — Y is Zariski
locally trivial, and [P — Y] = [G][Y — Y] follows in K, (Var/ NHIL-Y2 @ -1~ r>1].
Hence,

pp*([Y = X/G)) =[P - Y 5 X/Gl =u([P > Y]) = [G][Y - X/G].
The principal G-bundle GLxk (n) — GLKk (1)/ G is Zariski locally trivial and
[GLk (n)] = [G][GLk (n)/G]

is invertible, proving the invertibility of [G].

6.2. A-ring structures. If the base B is a scheme and has an additional structure of
a commutative monoid with zero Spec K 2 Bandsum @ : B XKk B — B, then Ko(Var/B)
can be equipped with the structure of a A-ring by putting

X - B]-[Y - 8] = [X xg Y — B xg B> 8],
o"([X — B]) := [Symg (X) — Symy (B) g B

with
Symg (X) = X" " )/Sy, = X XK -+ XK X //Sh.
n

On can extend the A-ring structure to Ko(Var/B)[L =2, (L"—1)"! : r > 1] by defining —LL1/2
to be a line element, that is, " (—L'/2) := (—L1/2)". Moreover, the A-ring structure extends
to Ko (Var/8B)[L~V2, (L" = 1)~ r > 1].

Given a motivic function f € K, (Var/B)[L~Y2,(L" 1)~ : r > 1] such that 6" ( f) | 8;
vanishes for all but finitely many n € N depending on the connected component B; of 8B, the
sum

Sym(f) :=>_o"(f)

n>0
is well defined in KO(Var/JB)[JL_l/Z, (L™ —1)~!: r > 1] and satisfies
Sym(0) = 1 = [Spec K 5 B]

as well as

Sym(f + g) = Sym(f) - Sym(g).
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164 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

Formation of (direct) sums of semisimple objects in K Q-Rep and dimension vectors
in N0, provides Mj; and N Q0 % Spec K with the structure of a commutative monoid inducing

a A-ring structure on
Ko(Var/ ML~ L = D7 ir = 1]

and on
K (Var/N€0 x Spec K)[L ™2, (L = 1)™" - = 1],

Notice that the latter A-ring is isomorphic to the A-ring
Ko(Var/K)[L™Y2, (L" = D)™ o r = 1[[t; 1 i € Qo]
of power series. If a motivic function f on M, respectively on N0 x Spec K, is supported

away from the zero representation, the infinite sum Sym( /) is well defined.

Lemma 6.2. Let M and N be commutative monoids in the category of schemes over
fields k and K Dk, respectively, of characteristic zero. Assume that . : N — M induces a homo-
morphism N — M Qi Spec K (over K) of commutative monoids over K such that the map u,
in the diagram

NXJKn Un N XM MX]kn MX]K}’I

=T

is a closed embedding and an isomorphism between geometric points for every n € N. Then
F(fg) = () and (o™ (f)) = 0" (F(f)
foralln € N and all f,g € Ko(Var/ M)[L™V2, (L" = 1)~' . r > 1].

Proof. We will show (*(6™(f)) = o™ (1*(f)) for a generator [X — M| and leave the
rest to the reader. By definition, :*([X — M]) = [Y — N] using the shorthand Y := Nxp/ X.
By the properties of u, the map u), in the diagram

u/

YXKn n N XM XX]kn Xxkn
Sym (Y) ———— N xp Symf. (X) ——— Symf. (X)

[ S

is also a closed embedding inducing an isomorphism between geometric points. By general
GIT-theory, N xps Symy (X) is the categorical quotient of N x3s X %" with respect to the
induced Sj-action. It can be computed Zariski locally by taking Sj,-invariant functions. As
char(K) = 0, S, acts linearly reductive on K-vector spaces, and the map u), must also be a
closed embedding. Since u” induces a bijection between geometric points, the same must hold
for u), and Sym” (Y )req = (N xps Symy; (X ))req follows. Thus,

F([Symp (X) — M]) = [N xp Symg (X) — N] = [Symg(Y) — NJ. 0
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6.3. Convolution product and integration map. We fix a quiver O once again and
use the notation from Section 2. Throughout the next three subsections, all schemes and stacks
are defined over a field K which might be an extension of another fixed ground field k. Unless
otherwise stated, cartesian products are taken over Spec K. We define a “convolution” product,
the so-called Ringel-Hall product, on Ko (Var/S$$)[L™12 (L™ — 1)™" : r > 1] by means of
the diagram

SS

@xactM
SS SS SS
NS > I mss

via

f*xgi=m(m xw3)"(f W g),
where @xactij denotes the stack of short exact sequences 0 — V; — Vo — V3 — 0 of semi-
stable representations of slope u, and 7r; maps such a sequence to its i-th entry. It is well
known that the convolution product provides K, (Var/ Emij)[IL_l/ 2 (L" =1~ r > 1] with
a Ko(Var/k)[L™Y/2 (L" —1)~! : r > 1]-algebra structure with unit given by the motivic
function [Spec k 9 M1

Lemma 6.3. The “integration” map
I3 Ko(Var/IMMHIL™V2, (L7 = )7 o7 > 1] = Ko(Var/ ML ™V2 (L7 = 1) ir > 1]

given by
I3(f) = > L@D2p,(flms)

deA,
is a Ko(Var/k)[L~Y2, (L" — 1)~ : r > 1]-algebra homomorphism with respect to the convo-
lution product if € is |L-generic.

Proof.  We use the notation of the following commutative diagram:

ss
Xd,d’
T1X7T3 b2
Pd.a’
SS SS SS
X7 x X7, Xdvar
PdXpPq’ X;S’d,/Gd,d/ Pd+a’
% X
XZS/Gd X X(SIS,/Gd/ Xfls+d//Gd+d/
PaXpg’ Pd+a’
MSS x MSS @ MSS
d d’ d+d’”
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The first computation generalizes formula (6.1) to the map 71 X 73 by applying (6.1) to
the principal bundles p; 4/, 71 X 73 and pg X pgs with special linear structure groups

Ga.a P Homx(k“ k%) and Gy x Ggr.

Q13a:i—j

For h € K¢ (Var/IM% x ﬂﬁi;/)[L_l/z, L™ =171 :r > 1] we get

1
(1 x w3 (ry X w3)*(h) = m(m X T3)10d,d" 1Py g (1 % 703)* (h)
1 A A A
= Gaal (Pa X pa)1 (1 X A3 (71 X 73)*(pg X par)* (h)
de”—(d’,d)
= m([)d x pai(pa x par)*(h)
=L@y,
Thus, for
[ € Ko(Var/MHL™V2, (" = 1)~ o7 = 1]
and
g € Koy(Var/MS )L~V (L" =)7L :r > 1]
we have

L3S % g) = LOFOAT DR p gy (f % g)
= L@DRLEDRLED (pg grm)i(mr % 73)"(f B g)
= L@DRLEDRLED(@(pg x par)(m1 x 73)) (01 x 73)*(f B g)
= L@DPLEDN @) (pg x pan(f B g)
= I3(f) - 13(9)- 2

6.4. A useful identity. Fix a framing vector f € N0 and use the notation of Sec-
tion 2. Consider the motivic functions H := [Em;fu 5 Myland Tg 1= [X LEY X] for any Artin
stack X. Then

]Lfd
L—1

Indeed, consider the commutative diagram

i 72
X 1= Cxact(Qp)lony, xmy; ——— CGxact(Q)lmyxamy; ——— M}

lnif xm] lnlxrg
7T Xidgyyss
i

SS Ss SS Ss
M, x I, M > TS,

where the terms on the left-hand side correspond to Qs -representations with 9t} interpreted
as the space of all {’-semistable Q s-representations with dimension vector in A, x {0}. The
reader should convince himself that the square is cartesian and that X is the moduli stack of
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all Qr-representations of dimension vector in A, x {1} such that the restriction to the sub-
quiver Q is {-semistable. Indeed, any such representation V' has a unique semistable subrepre-
sentation V. of the same slope “generated” by Voo = k, i.e. a subrepresentation in EJJE}SM, and
the quotient V/ V. will be in MN}. By construction, V¢ | is the intersection of all (semistable)
subrepresentations V' C V| of slope u containing all framing vectors. The map 7 restricts
the short exact sequence 0 — V, — V — V/V, — 0to Q. We finally get
H * Lopy, = 121 (1 x 73)" (1 (Lgmy ) B Lopy; )

= 721 (71 % 73)* (7 x idgpy; )1 (Lawy | B3 Lops; )

= maviny(r] x )" (Lo, ;)

= (ma7)1(1x).

Looking at connected components, the map 7,7 is a stratification of

(X3 x A™)/(Gy x Gm) ™5 X3/ Gy

with Aﬁg parameterizing the matrix coefficients of the maps from Voo = k to V; = k% for
i € Qo,i.e. the coordinates of the framing vectors, and G, corresponds to basis change in V.
Applying equation (6.1) to the principal G4 respectively G; x G;,-bundles

s Pd

X7 — X7/Gq.
g @ X7 x Afd 5—d> X3 x AM/Gy x G,
yields
a1 (LxsxAt/GyxGp) = (T © Pa)(Lxsxan)/[Ga x Gml,

= (pa © prxs)1(Lxsxan)/[Ga x Gm],
Lfd
= pa1(lxs)/[Gal,

L—1
]Lfd

= ]1 ss
L—1 M

and the equation for the restriction of H x* Igps to 37 follows.

6.5. Donaldson-Thomas invariants. The following definition of Donaldson—Thomas
invariants is a simplified version of a more general and much more complicated one which
can be applied to triangulated 3-Calabi—Yau Ao-categories. We can embed k O-Rep into the
3-Calabi—Yau Ao-category Db (I'k O-Rep) introduced in Section 2.1, and the general version
reduces to the one given here.

For a smooth scheme or Artin stack X we define the motivic version of the intersection
complex E€Z* by the following motivic function on X

Jept =3 LTamE 2y, o ¥),
where the sum is over all connected components %; of X. Here, L.~ 4m%i/2 s the analog of the
normalization factor for mixed Hodge modules. In particular,
Jeg = Y LDy — 9
deA,
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168 Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli

as dim M7 = —(d, d). Taking the proper push-forward along the morphisms p : M7 — M3}
and dim : MSS — N 20 x Speck respectively, we can define the motivic Donaldson—Thomas
function

DT™ € Ko(Var/ MH)L™V2 (L — 1)~ i r > 1]

and the generating series
DT™! := dim; DT ™" € Ko(Var/k)[L™Y2, (L7 = D)7 :r = 1][[t; 1 i € o]l

of the motivic Donaldson-Thomas invariants by DT ™| s = DT * forall u € (o0, +00]
with !D'J'Em being the unique solution of the equation

1 q-mot
le€mss = Sym(m DT MO)

such that

@T[EOt|M€; =0.
As dim; is a A-ring homomorphism from the A-ring KO(Var/MSS)[L_l/Z, L -1t r>1]
to Ko(Var/k)[L™Y2, (L” — 1)~  : r > 1][[t; : i € Qo]], this implies

dim, p!ﬁf“ﬁﬁ% = Sym( dim :DTE(”)

1
L1/2 _1,-1/2

1 mot

We also use the notation DT = DT ™| sz and DTZ* for the coefficient of DT™ in
front of 9. Let us give an alternatlve deﬁnltlon of the Donaldson—Thomas function eT)"]’mot
using framed moduli spaces. Fix a p-generic stability condition . By applying the 1ntegrat10n
map” [} = HdeA“ 13 to the identity (6.2) and by using Sym(Lia) = 2 n>0 L™ Sym”(a),
we obtain

: O t
/2 _ 1 —1/2
L—1 OgédeAM]L L

ILfd
= D> [ PaERY)

]Lfd
__7ss
_IM( Z L_lﬂgﬁiﬁ)

deA,
= 1 (H)1; (lgny)

q-mot
: oy : f.d L1/2 _1,-1/2
EAp

i)(]-'mot
d.d)/2 ad
= (ﬂ! > L@ pﬁd!(ﬂm}f;’d)) Sym(m)
deA,

1 Lfd/ZJ*emOt i)T?/ZOt
- L—l(m Z M}S!d) Sym(Ll/z_L—l/z)’
“w

Brought to you by | University of Sheffield
Authenticated
Download Date | 9/18/19 12:52 PM



Meinhardt and Reineke, DT invariants vs. intersection cohomology of quiver moduli 169

where we applied (6.1) of Section 6.1 to the principal (G; x Gy,)-bundle X}S ; — MY, and
to the principal P(G4 X G;;) = Gg4-bundle X}S Pl }‘ ;4 once more to compute

prardams ) =1y, /(L =1).

Using the properties of Sym and % = LY2[Pf4=1] we get what we call a DT/PT
correspondence®

Proposition 6.4 (DT/PT correspondence). For every quiver Q and every ji-generic
stability condition { we get

fdj2 mot  __ 1/2p fd—1 4-mot
m Y L rens. —Sym( > LYAP/DTy )
delAy 0#deA,

for all framing vectors f € N2o,

If f € (2N)20, we have fd/2 € N, and the map

(@a)genoo = L77%ag) 4enoq
is an isomorphism of the A-ring KO(Var/eM;j)[L_l/z, L =1 1:r>1]as
Sym™(L=//2q,) = L7/ /2 gym™ (ay)

in this case. Applying this isomorphism to the DT/PT correspondence yields the alternative
form.

Corollary 6.5 (DT/PT correspondence, alternative form). For every quiver Q and every
u-generic stability condition { we get

m(EG ) =Sym( >, [Pfd—11virm£;°t)
0#£deA,
for all framing vectors f € (2N)20 with [P/471]y;, = fpra—1 JE€pra—1 = %.

Notice that P/4~1 is the fiber of 74 over any geometric point of Mfit.

mot

Corollary 6.6. If( is generic, the motivic Donaldson—Thomas function DT ™" is in the

image of the map
Ko(Var/ M¥)[L™Y2 [PV]71 2 r > 1] > Ko (Var/ MB) L2 (L7 = 1) i r > 1]

and similarly for DT™,

% From our point of view, a DT/PT correspondence relates DT-invariants of some “unframed” objects to
counting invariants of some “framed” objects by means of a finite number of Hall algebra identities. As in the case
of sheaves on a Calabi—Yau 3-manifold studied by Pandharipande and Thomas, we do not require that a “framed”
object is one of our “unframed” objects equipped with a framing. Counting invariants of “framed” objects will
be called Pandharipande—Thomas invariants, and they can often be interpreted as DT-invariants of objects in an
auxiliary category. If, as in our case of quiver representations, a “framed” object is just an “unframed” object
equipped with some sort of framing, the name “framed/unframed correspondence” is also very common.
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By applying the A-ring homomorphism from
Ko (Var/ M) IL™2 (L = D7 r = 1]

to
Ko(MHM(ME))L ™2, (L7 =)' or > 1],

mentioned at the beginning of this section, to the previous result, we obtain the corresponding
formula in KO(MHM(ij))[JL_I/Z, L =D~ tir>1].

Corollary 6.7. For every quiver Q and every -generic stability condition { we get

n*(ﬂm;;u)=m<ﬂms;#)=5ym( b [Pfd—llvirmd)
0#deA,

for all framing vectors f € (2N)<o.

6.6. The integrality conjecture. The so-called Integrality Conjecture plays a funda-
mental role in Donaldson—-Thomas theory. A proof for quivers with potential has been sketched
in [25] in the Hodge theoretic context. A rigorous proof for quivers without potential and non-
refined Donaldson-Thomas invariants can be found in [32]. A relative version, saying that
whenever the conjecture holds for one stability condition, it also holds for any other, has been
given in [18] (see also [32]). Our proof is different from the very complicated one given by
Kontsevich and Soibelman. In fact, we reduce the general situation of quiver representations to
a special situation for which the integrality conjecture has been proven by Efimov [9].

As we have seen in Corollary 6.6, the motivic Donaldson—-Thomas invariants can be spe-
cialized to Euler characteristics producing rational numbers. The classical integrality conjec-
ture claims that these rational numbers are actually integers. We will prove a relative version of
this in the motivic context. Let us assume char(k) = 0 for our ground field k. Unless otherwise
stated, all schemes and stacks are defined over k.

Theorem 6.8 (Integrality Conjecture, relative version). Let { be a ji-generic stability
condition and x € Mj; a not necessarily closed point with residue field k(x). Then there is
a finite separable extension K D k(x) depending on x with induced morphism

;. SS
i :SpecK — M,
such that i* DT ™" is in the image of the natural map

Ko (Var/K)[L™"2] - Ko(Var/K)[L™V2 (L" = 1)1 1 r > 1].

Corollary 6.9. If { is p-generic and x € M} is a closed point with k(x) = k(x),
then the “value” DT ™ (x) := @Tm°t|speck(x) of the Donaldson function DT™" at x is
in the image of Ko(Var/k(x))[L™12] — Ko(Var/k(x))[L™Y2, (L"—1)"1 : r > 1]. The same
applies to the value DT ™' (y) := y*DT ™" at any geometric point y : Spec K — M3, of M.

Proof of Theorem 6.8.  Letx € My be a point of M}; with residue field k(x) and dimen-
sion vector d. As R} — M7 is of finite type and surjective on (geometric) points, we can
certainly find alift ¥ € R’} with residue field k(x) D k(x) being a finite extension. The point x
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corresponds to a semistable representation V' of Q defined over k(x) along with a choice of
a basis of V' which is not important. By passing to a finite extension K D k(X), we can assume
that every stable Jordan—Holder factor of V' remains stable under any base change. Indeed, the
dimension of V' is finite and we cannot have an infinite chain of field extensions such that the
number of Jordan—Holder factors Ej of V strictly increases. Note that K D k(x) is separable
as char(k) = 0. The associated polystable representation for V is Pj_; EZ"' with pairwise
non-isomorphic stable representations Ej of dimension vector d k = dim Ej and multiplicity
ar € N\ {0}. Hence,d = Y 1 _, apd*, and we write E = (Ex)}—, for the s-tuple of simple
objects.

Changing the multiplicities, we get a family of polystable quiver representations on
N* x Spec K with @, E;* being the fiber over n = (ny,...,nx) € N*. Let

tg : N¥ x SpecK — M}

be the associated (coarse) classifying map. By construction, the point corresponding to the
sequence (ng) = (aj) maps to x.
Note that Ky (Var/N* x Spec K)[L™'/2, (L” — 1)~! : r > 1] can be identified with the
ring
Ko(Var/K)[L™Y2, @ = )" s r > 1[[t1, . ... 1s]]

of power series in s variables. We will prove that (7, @Trﬁm lies in the image of
Ko(Var/K)[L™V2|[[11, . ... 15]] = Ko(Var/K)L™Y2, (L™ = )7 . r > 1[[t1, ..., 4]

which implies the theorem after restriction to the component indexed by (ny) = (aj). Let us
form the following fiber product:

£

M i

d |
NS x SpecK —— % M3

The stack Mg = | |,ens M E,» can be seen as the stack of (semistable) representations defined
over K and having a decomposition series with factors in the collection £ = (Ex); _,- We
want to apply Lemma 6.2 to N = N* x SpecK and M = Mj;. By our construction and the
Krull-Schmidt theorem, u,, is a bijection between the points of the underlying schemes. More-
over, the local rings of N xps M %" are K-algebras with a map to K given by (* = 1%, Thus,
their residue field is K, and u,, is a closed embedding inducing a bijection between geometric
points. Hence, the lemma applies. Since p; commutes with base change, we finally get

e 1 —
id
Note that ZEJ‘C)HS}?% restricted to M g , is just L(d("%d(n))/z[m,;,n 5 INE n], where

dn) =Y nid"

k=1

is the dimension vector of Py _, EZ".
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Let us introduce the “Ext-quiver” Q¢ of the collection § = (d k)i=1 of dimension vec-
tors. Its vertex set is {1, ..., s}, and the number of arrows from k to / is given by

81 — (d*.d") = dimg Exty o_po (Exc. ).

For a dimension vector n € N* of Q¢, we denote by R, (Q¢) = AH%"“"_” "KM the affine space

parameterizing all representations of Q¢ on a fixed K-vector space of dimension n. Recall that
Ry (Q¢)/ Gy with G, = 13— GLK (ng) is the stack of n-dimensional K Q g-representations
on any vector space of dimension vector 7.

As (—,—) is symmetric by assumption on {, the quiver Q¢ is symmetric, and we can
apply the following result of Efimov to the quiver Q.

Theorem 6.10 ([9, Theorem 1.1]). Given any quiver Q with vertex set {1,...,s}, we
define for every n € N¥ \ {0} the “motivic” Donaldson-Thomas invariant

DT™Y(Q), € Z[LEY2 (L" = 1)~ i r > 1]

of O with respect to the trivial stability condition 0 = 0 by means of

w2 [Rn(Q)] ! mot n

neNs neNs\{0}
where ILY2 is a formal variable. If the quiver Q is symmetric, the invariant DT™(Q), is

contained in the Laurent subring Z[L*/2] of Z[L*Y2 (L" — 1)~ :r > 1].

When we apply Efimov’s theorem to Q¢ and specialize L to [Aﬁg], we use the notation
(_a _)Qi:v Rn(Qf) and

DTmot(Q%_) — Z DTmOt(QS)ntn

neNs\{0}

to distinguish the objects from their counterparts for Q. Theorem 6.8 is then a direct conse-
quence of the following result. O

Proposition 6.11. Let DT™Y(Q¢)|p1/2,,1,-1/2 be the series in ZILEV2[[t1, ..., 1]]
obtained by the indicated substitution. If € is |1-generic, then

DTmOt(QgH]LI/Z,_,]L—l/z = LE!DTEM.

In particular, LE!L)TE‘“ is an element of the subring Z[L¥Y2][[t1. . ... t5]] which also embeds

into the subring

Ko (Var/K)[L™2][[t1. ..., 1]]
of Ko(Var/K)[L=Y2, (L" — 1)~ 1 r > 1][[t1. . ... 15]]-

Remark 6.12. The substitution L/2 > L. ~1/2 has an intrinsic meaning. For any base
B there is a duality operation on K, (Var/ B)[L~Y2, (L" — 1)~ : r > 1] which can be seen
as a motivic version of (relative) Poincaré duality. See [2, Section 6] for more details on this.

Proof. As the substitution L'/2 > L=1/2 is compatible with the A-ring structure of
ZILEY2 (L7 — 1)~ r > 1][[r1. ..., ts]], which contains Z[LEY2][[r;,...,t]] as a A-sub-
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ring, it suffices to show the identity

6.3) (Z Lomo,/2[Rn(QD)] )
neNs [Gn] L1/251,—1/2
. ( 3 LEm-dem) 29y m]tm) 1
meNSs

in Ko(Var/K)[L=Y2, (L" — 1)~ : r > 1][[t1. . ... t5]]. Indeed, the factor on the left-hand side
is by definition

DTmot(QE)
Sym L1/2 _1,-1/2

( DTmOt(Qé)hLl/z;_,]Ll/z)
L1/2sL,—1/2 L2 _1,-1/2

On the other hand, the factor on the right-hand side is nothing else than

q-mot
~(Z* JB SS)_S m M

Consider the following two motivic functions on sm;; K ‘= M), xx Spec K.

= Z (_l)lnlLZ‘f(:l (nzk)[spec]K/Gn — EIJ}:;K] and g:=[Mg — MK]

neNs

where for n € N* the quotient stack Spec K/ G, maps to the object Py, E,’;k of dimension
vector d(n) and its automorphism group. In particular, the morphisms used to define f and g
correspond to closed substacks of EUEEZK We compute the convolution product f * g by means
of the diagram

T
Zg(n),d(m) @xact gy, dom) K ———— MG ) +-d(m) K

J mml

Spec ]K/Gn XK wE,d(m) —— Emj;(n),K XK E):nfj(m),]K’

with the square being cartesian and Exacty(,),q(m),x denoting the stack of short exact
sequences in KQ-Rep with prescribed dimensions for the first and third object in the
sequence. The morphisms 71, 72 and w3 map a sequence to the corresponding entries. Since
7 is representable, it follows that Z ;) ¢ (m) — N d(n)+d(m) K is representable, too. In fact,
Z d(n),d(m) Maps to the substack of 9t g parameterizing representations F that are extensions
of a representation with dimension vector d (m) and Jordan-Holder factors among the (Ex ) _,
by the polystable representation Py _; E n" . In particular, the Jordan—Holder factors of F are
also among the (Ey);_,, and @k 1 E must embed into the socle @k 1 ENk of F for
certain integers Ny depending on F. The space of such embeddings, that is, the fiber of the
map

Zam).dm) = Mgy +aom x
over F, is given by the product of finite Grassmannians [;_, Gr,llvkk over K. Hence, the con-
volution product f * g restricted to F € sm;;( )+ d(m) K 18

(f * g)|Spec]K(F) = Z l_[( l)nkIL( £) |:Nki|

0<ni <Ny k=1
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in Ko (Var/K(F)) since the IL-binomial coefficient [N k] are the motives of the Grassmann-
ians Gr,lfk This identity does not only hold pointwise. For any dimension vector [ € N¥ let
Rd(l) C Raoyx ‘= Raq) ¥k Spec K denote the atlas of M g ;. Itis a closed subset of Ry (1), k
containing only finitely many closed orbits for the group G4y x = G4y Xk Spec K. The
socle of the universal (trivialized) family # on R 5( 0 is the image of the monomorphism

s
@ Er @k Hom(Ep, ) — F.
k=1
The family Hom(Ey, F) of linear spaces is a vector bundle when restricted to a stratification
of RE 40) The G4(;) k-invariant strata Sy indexed by N € N* contain the points M € RE ()
with dimg Hom(Ey, )|y = Ny forall 1 <k < s.Forn+m = [, letis form the fiber product

)
Zam),dm),N — SN

l |

Zamy,dm) — My k-

The map 6 is just the product of the relative Grassmannians of the vector bundles Hom(Ey, )
on Sy. It is a Zariski locally trivial [z, Gr,]xf -fibration. The vertical maps are principal
G4(1),k-bundles over their image Zgn),d(m),n/Ga),k and Sy /Gga) k. respectively. The
images are locally closed substacks of Z;(,),q(m) and zmz;(l)’K respectively. Summing up over
allm,n, N € N* with fixed n + m = [ and using equation (6.1), we get

(f *Dlmsy, . = D ( 3 1‘[( 1y L(%) { D [SN/Gawyx = Mgy ]
NeNs \0<ny <Ny k=1

as we want. Note that the outer sum is finite as Sy # @ for only finitely many N. A standard
identity for LL-binomial coefficients shows that the term in the big brackets vanishes as soon
as N # 0. The case N = 0 can only give a nonzero contribution if / = d(/) = 0 as every
nontrivial representation has a nontrivial socle. One shows easily ( f * g)|§ms< =1, and the
formula f *g = 1is proven. Using Lemma 6.3, we get the identity 1 = I( f *g) =1(f)-1(g)
of motivic functions on M} Xk Spec K which are actually supported on the closed subscheme
N* x Spec K < M7} xk SpecK via the embedding induced by (g . Using

[Rn(Q{:)] — ]L—(n,n)Qé‘f‘Zi:] ni — L—(d(n),d(n))+2i=1 n%,

a simple computation shows that /( f) is the first factor in equation (6.3) while the second is
obviously /(g). O

Corollary 6.13. Let V = P, EZ“‘ be a polystable K Q -representation correspond-
ing to a K-point y : Spec K — M7. Assume that the stable representations Ey remain stable
under base change. As before, Q¢ denotes the Ext!-quiver of the collection (E k)i—, of stable
objects. Let DTmOt(QE)nllp = DT™(Q¢)(0m) be the “value” of DT ™ (Q¢) (wzth respect to
the trivial stability condition) at the “origin” in M(Q¢)m corresponding to the zero-represen-
tation Oy, of dimension m = (my); _,. If ¢ is j1-generic, then

i)TmOt(y) = y*@TmOt — DTmOt(QE)nmﬂp
Jfor the value of DT™" at y : Spec K — M.
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Proof.  The zero-representation 0, of dimension m is the semisimple Q g-representation
Dr_1 S ,'C" ¥, where Sy denotes the one-dimensional zero-representation of K Q¢ at vertex k.
We simply apply Proposition 6.11 to the category K Q¢-Rep and the collection (Sg); _,- One
should also take into account that the local Ext!-quiver of this collection is Q ¢ again. Thus,

DT™(Q¢)(Om) = DT™(Q¢)|p1/205p-1/2 = y DT ™. =

Corollary 6.14. If { is ji-generic, there is a stratification of M3} into connected strata
Sy and there are étale covers ji : Sk — Sk of the strata such that JOTmOt|§K = jrDT™is

in the image of the map
Ko(Var/S)[L™2] — Ko(Var/S)[L™"2, (L7 = )7 2 r = 1.

Proof. It is enough to construct such a stratification on each scheme M’ withd € A ;.
In order to prove the corollary, it suffices to construct an étale neighborhood of the generic point
x of M’ and to show the absence of denominators on this neighborhood. If that has been done,
we can restrict ourselves to the closed complement Z of the open image of this neighborhood
and proceed with the generic points of the irreducible components of Z. Continuing this way,
we get lots of étale neighborhoods S, inside closed subvarieties, and S, will denote their
locally closed image in M.

To show the absence of denominators on an étale neighborhood of the generic point x of
an irreducible subscheme inside M7}, we can use the alternative definition of Ko (Var/Spec B)
given in Remark 6.1. Write Spec A for a Zariski neighborhood of x and choose a finite sep-
arable extension K D k(x) as in Theorem 6.8. Denote by B the normalization of A C k(x)
inside K. Of course, K = Quot(B) is the quotient field of B. Replacing Spec A with an affine
open subscheme, we can assume that Spec B — Spec A is an étale cover, i.e. Spec B an étale
neighborhood of the generic point x. To prove the absence of denominators on Spec B, or
an open affine subscheme of Spec B, we have to show the following for arbitrary » > 1 and
arbitrary f € Ko(Var/Spec B): If there is an element g € Ky (Var/ Quot(B)) given by linear
combinations of finitely generated Quot(B)-algebras such that

f ®B Quot(B) = g(L" — 1) = g ®quot(p) Quot(B)[x1,...,x,] —g.

then one can find elements » € B and g € Ko(Var/Spec Bp) given by linear combinations of
finitely generated Bp-algebras such that

S ®p By =gIL" —1) =g ®g, Bylx1.....x] - 3.

In such a situation, we may replace the open neighborhood of x with Spec B and cancel
a denominator of the form " — 1.

As any finite set of finitely generated Quot(B) algebras is already defined over By for
some b’, we can certainly “lift” g to some g’. It remains to show that

f®B Bb :g/ ®Bb/ Bb/[xl,---,xr]_g/-

Over Quot(B) this is true due to the existence of a finite chain of relations presented in
Remark 6.1. But each of these relations does also lift to a relation over By, for some sufficiently
“large” b € B C Bp/. Then g := g’ ®p,, Bj, does what we want. m]
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The following result is also a consequence of Theorem 4.7, but the previous corollary
allows a more direct proof without any knowledge about mixed Hodge modules.

Corollary 6.15 (Integrality Conjecture, classical version). If ¢ is u-generic, the motivic
Donaldson-Thomas function DT, T has a realization in integer-valued constructible functions
on M. In particular; the Euler characterlstlc of DT?"t is an integer for all d € A*.

We can even refine the last statement of the corollary to motives.

Corollary 6.16 (Integrality Conjecture, absolute version). For a [-generic stability
condition { and arbitrary dimension vector d € Ay, the Donaldson-Thomas invariant DT‘;,1Ot
is in the image of the natural map

Ko(Var/k)[L™Y?] - Ko(Var/k)[L™Y2, (" — )~ : r > 1].

Proof.  Unfortunately, the previous statement holds only for an “étale stratification”.
If it were true for a Zariski stratification, i.e. one has S~,C = Sk, then we could just integrate
the Donaldson-Thomas function over M. As we do not have such a result, we need to argue
in a different way. By applying Lemma 6.3 and dim; to the formula of [30, Theorem 5.1],
one shows easily that DTm"t is an element of the subring Z[L*Y2][(L" —1)~!:r > 1] of
Ko(Var/k)[L™Y2 (L" — 1) 1. r > 1] with coefficients being independent of the ground field.
In particular, DTm"t can be identified with the weight “polynomial” of its Hodge realization
IC. (M5, Q) due to Theorem 4.7. So, DT} is indeed in ZILEY2] c Ko(Var/k)[L"V2]. o

As we have seen, it would be nice to improve Theorem 6.8 in such a way that integral-
ity holds already for DT ™ (x) = DT ™ |speck(x) at any point x € M. In this case, we can
even prove integrality of D7) 7™M following the arguments of Corollary 6.14 which of course
implies the result for points. However, we are rather skeptical that such an improvement exists
in the (naive) motivic world, due to the following argument. The map R% — M is in gen-
eral just an étale locally trivial principal PG; = G4 /Gy,-bundle, and PG, is not special
if ged(d; :i € Qo) # 1. Hence, its fiber F at the generic point x € M3 is a twisted form
of PGy. If relative integrality holds in the stronger form, we get a motive

M = T (x) € Ko(Var/k(x))[L~1/?]

with

[F]=[PGqIM.
After base change M becomes 1 which does, however, not imply M = 1. Similarly, working
with the Hilbert—-Chow morphism, we get

[0] = [P/ M

for all (even) /' € N0, where Q is a twisted form of P41 In general, (naive) motives of
twisted forms behave very differently. Over finite fields, the numbers of [F,-rational points,
which is a motivic invariant, do not coincide.

Due to the relative hard Lefschetz theorem, the Hodge realization cannot distinguish
between étale locally trivial PP/4=1_fibrations and the trivial one. This was definitely used to
prove the integrality of DT .
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