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Abstract

This work investigates a vibration isolation energy harvesting (VI-EH) system and studies its
design to achieve an optimal performance. The system uses a combination of elastic and
magnetic components to facilitate its dual functionality. A prototype of the VI-EH device is
fabricated and examined experimentally. A mathematical model is developed using first
principle and analyzed using Output Frequency Response Function (OFRF). Results from model
analysis show an excellent agreement with experiment. Since the VI-EH systems are required to
perform two functions simultaneously optimization of the system is carried out to maximize
energy conversion efficiency without jeopardizing the system’s vibration isolation performance.
To the knowledge of the authors, this work is the first effort to tackle the issue of simultaneous
vibration isolation energy harvesting using an analytical approach. Explicit analytical
relationships describing VI-EH system transmissibility and energy conversion efficiency are
developed. Results exhibit a maximum attainable energy conversion efficiency in the order of
1%. Results suggest that for low acceleration levels, lower damping values are favorable and
yield higher conversion efficiencies and improved vibration isolation. At higher acceleration,
there is a trade-off where lower damping values worsen vibration isolation but yield higher
conversion efficiencies.
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1- Introduction

Lately, there has been growing interest in developing dual function systems that
are capable of both vibration isolation and energy harvesting (Tang and Zuo, 2012; Ali
and Adhikari, 2013; Gonzalez-Buelga et al., 2014; Davis and McDowell, 2017; Li et al.,
2017; Hu et al., 2017; Chen et al., 2014; Kwon and Oh, 2016; Shen et al., 2018a;
Mofidian and Bardaweel, 2019; Yuan et al., 2018). This interest is driven by the
continuous improvement in electronics manufacturing which led to deployment of
onboard low-power sensors and gadgets (Patel et al., 2012; Knight et al., 2008; Seah et
al., 2009; Nammairi et al., 2018; Nammairi et al., 2017). For instance, onboard sensing
units are currently installed on equipment and structures, such as highway bridges and
moving vehicles, to monitor their health conditions including temperature, pressure,
stress, strain, and humidity (Sazonov et al., 2009; Park et al., 2008; Priya and Inman,
2009; Seah et al.,, 2009). Undesired vibrations in form of continuous and semi-
continuous oscillations are also present in these structures as a result of their dynamic
interaction and engagement with the surroundings. While it is desirable to isolate these
vibrations and prevent them from traveling through the structure, nonetheless, these
oscillations represent free form of kinetic energy. Thus, creating dual function systems
that are capable of isolating undesired vibrations while simultaneously converting some
of the kinetic energy contained in these oscillations into electric power has been sought
(Tang and Zuo, 2012; Ali and Adhikari, 2013; Gonzalez-Buelga et al., 2014; Davis and
McDowell, 2017; Li et al., 2017; Hu et al., 2017; Chen et al., 2014; Kwon and Oh, 2016;

Shen et al., 2018a; Mofidian and Bardaweel, 2019).
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Li et al. developed a mechanical metamaterial dual function system
compromising a square array of free-standing piezoelectric cantilevers to
simultaneously harvest energy and isolate undesired vibrations (Li et al., 2017). Hu et
al. presented an analytical model of a vibration isolation energy harvesting acoustic-
elastic metamaterial structure (Hu et al., 2017). The proposed structure exhibited a stop
band gap for wave transmission while simultaneously achieving energy harvesting by
integrating the metamaterial with piezoelectric energy-harvesting element. Davis and
McDowell proposed a passive vibration isolation device that harvests energy using post-
buckled beam and piezoelectric elements (Davis and McDowell, 2017). Approximately,
0.36 uW electric power was harvested at 2% transmissibility. Li et al. proposed an
energy harvesting shock damper system to attenuate vibrations transferred from
vehicle-road interaction while simultaneously generating power using a unidirectional
rotational mechanism using a mechanical motion rectifier rather than an electrical
rectifier to generate DC current (Li et al., 2012). Similarly, Ali and Adhikari studied,
theoretically, the performance of a vibration absorber device supplemented with a
piezoelectric stack for power recovery (Ali and Adhikari, 2013). In Ref. (Madhav and Ali,
2016) the feasibility of integrating vibration absorber with piezoelectric stack for power
generation under random excitations was investigated using probabilistic linear random
vibration theory. Results from this theoretical study showed that the recovered power
increases with the increase in the mass of structure. Moreover, a device was developed
to isolate micro vibrations and harvest energy from micro-jitters for space applications
(Kwon and Oh, 2016). The vibration isolation energy harvesting device was able to

isolate the desired mass and recovered 5.84 pW. Also, a semi-active energy harvesting
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vibration suppression system using piezoelectric platform was proposed (Makihara et
al.,, 2007). Additionally, a VI-EH system was developed using a combination of
magnetic and mechanical springs (Mofidian and Bardaweel, 2019). While the study was
focused on fabrication and proof-of-concept experiments results showed that the
fabricated device was able to attenuate oscillations higher than 12.5 [Hz] and recover

0.115 [mW] at 9.81 m.s2.

The work presented in this article uses theoretical models and experiments to
analyze a unique VI-EH system and studies the system optimal design to achieve
maximum performance. This work is driven by the growing interest and the rising need
for VI-EH systems. Therefore, the main focus is to study how to carry out the optimum
VI-EH system design. This is needed since VI-EH systems are required to perform two
functions simultaneously: Vibration isolation (primary function) and energy harvesting
(secondary function). Thus, optimization of the system is a mandate to ensure that
maximum amount of energy contained in these oscillations is recovered without
jeopardizing the ability of the system to prevent these oscillations from traveling through
the structure and causing serious damage (Shen et al., 2018b). To the knowledge of
the authors, this work is the first effort to tackle the issue of simultaneous vibration
isolation energy harvesting using an analytical approach. By exploiting the OFRF, an
approach for the frequency analysis of nonlinear systems, this work provides an explicit
analytical relationship between the design objectives (primary and second functions of
the VI-EH system) and system design parameters. This can significantly facilitate the
VI-EH system’s optimal design. Recovered energy (secondary function) had been

measured for different VI-EH systems described in literature (For example, 0.36 [pW],
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5.84 [uW], and 0.115 [mW] in (Davis and McDowell, 2017), (Kwon and Oh, 2016), and
(Mofidian and Bardaweel, 2019), respectively). However, these articles did not report
any details about the vibration isolation effectiveness and power conversion efficiency of
the dual function systems. The work presented here formulates transparent
performance metrics by developing explicit analytical relationship between all design
objectives and system parameters. This is expected to be able to fundamentally
resolve the problem of how to simultaneously address vibration isolation and energy
harvesting requirements for a VI-EH system.

Description of the VI-EH device and basic measurements are presented in
Section. 2. The model formulation and OFRF representation are described in Section.
3. System design, optimization process, and analysis are presented in Section. 4.

Conclusions are reached in Section. 5.

2- Experiment

This section describes the hardware design of the VI-EH device adopted in this
work, fabrication, and experimental work carried out to characterize the device and
obtain necessary parameters that are needed to perform an optimal design for the VI-

EH system.

2.1 VI-EH Device: Hardware Design and Fabrication

Figure 1 (a-c) shows the VI-EH device fabricated and adopted in this work. A
group of magnets, an elastic planar mechanical spring, coils, and air holes constitute
the major components of the adopted VI-EH device. The three magnets are arranged in
a repulsive configuration causing the solid magnet to float between the top and bottom

fixed ring magnets. The mechanical spring guides the movement of the levitated
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magnet and prevents it from realigning itself with the top and bottom fixed ring magnets.
A rod is used to connect the mechanical and magnetic springs to the isolated mass as
shown in Figure 1.

External disturbance of the system causes the levitated magnet to move
vertically. Viscous damping is then the result of air being pushed through the air holes.
Energy harvesting is achieved using stationary coils fixed around the rest position of the
levitated magnet. As the levitated magnet moves, voltage is induced in the coil. Thus,
the kinetic energy from the oscillations is converted into electric energy. The coils not
only serve as a mechanism for power extraction but also introduce additional damping
force as a result of eddy currents induced in the coil because of variation in magnetic
flux as the levitated magnet is displaced (Sodano et al., 2005). Thus, the dual-
functionality of the device is achieved through a combination of elastic and magnetic
springs as well as viscous damping due to airflow, and magnetically-induced damping
due to levitated magnet movement inside the coil. The damping (viscous and magnetic)
and stiffness (mechanical and magnetic spring) form the platform for vibration isolation.
Simultaneously, the levitated magnet movement inside the coil forms the base for
converting the kinetic energy of vibrations into electric charge.

This VI-EH design shown in Figure 1 is adopted because it offers unique
features that are essential for vibration isolation and energy harvesting. Of these unique
features is the use of magnetic components to achieve its dual-functionality. For
example, an essential limitation of piezoelectrics is their inherently large internal
resistance (Gao et al., 2018). Consequently, large load resistance is required to obtain

optimum power transfer. This results in very small output currents that are well below

http://mc.manuscriptcentral.com/jimss

Page 8 of 43



Page 9 of 43

oNOYTULT D WN =

Journal of Intelligent Material Systems and Structures

Analysis and Optimal Design of a Vibration Isolation System Combined
with Electromagnetic Energy Harvester

the threshold of currents required to operate onboard sensors, i.e. 10-50 mA (Gao et al.,
2018). Unlike electrostatic and piezoelectric-based devices, electromagnetic-type
devices have significantly lower output impedance (Rahimi et al., 2012). This results in
no further required impedance matching at the output stage and, therefore, simpler
circuitry. On the other hand, magnetic field-based devices offer larger energy densities
(Zahn, 2001). In addition, electromagnetic energy harvesters do not need external
voltage supply necessary for electrostatic energy harvesters. The mass of the magnet
itself also reduces the resonant frequency of the device which further enables low
frequency specialization (Zorlu et al.,, 2011). Therefore, the use of electromagnetic
based energy harvesting unit, instead of piezoelectric, in the VI-EH design makes it ,
arguably, most suitable type for real-world applications (Liu et al., 2018; Zhang et al.,
2016).

Additive manufacturing was used to fabricate the exterior casing and the
mechanical spring using Polylactic acid (PLA) thermoplastic filament and Thermoplastic
Poly-Urethane (TPU) rubber-like filament, respectively. Neodymium iron boron (NdFeB)
magnets were used to build the magnetic spring. The stationray coil was 40 AWG
copper coil positioned around the static position of the levitated magnet. Detailed

geometry, dimensions, and design specfications are shown in Figure 1c.

2.2- Force measurements and system parameters

Essential for model development and validation, and device optimization shown
in Figure 1, is obtaining system parameters including stiffness and damping
characteristics. Figure 2 shows the experiment setup used to estimate restoring forces

of both mechanical and magnetic springs. A test stand (SHIMPO FGS-250W),
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displacement sensor (KEYENCE IL-100), digital force sensor (SHIMPO FG-3006), data
acquisition system (NI myDAQ), power supply, and a PC consitute the experiment setup
used to measure restoring forces. Figure 3 shows the total restoring force of both
mechanical and magnetic springs measured using the experiment setup shown in

Figure 2. The total restoring force was then fit to a third order polynomial of the form k;
z + k323, where z is the relative displacement of the VI-EH device, and the respective
linear and nonlinear stiffness coefficients, k; and k; were then extracted. Natural
frequency, w,, and total damping,c;, of the system were also estimated. This was done

by holding the VI-EH device firmly in place, bringing it to a predetermined height, and
then releasing it. In this experiment, no external excitation was applied, and therefore,
the dual-purpose device acted as damped un-driven oscillator. The logarithmic

decrement method was then used to estimate the total damping,c;, of the system and
natural frequency, w,. Measured system parameters of the fabricated VI-EH device and

its properties are summarized in Table |. These measured values were then used in

model validation and system optimization.

3- Theory: Model and Analysis

Dynamic Model formulation and performance metrics for the VI-EH system are
described in this section. Additionally, the OFRF method is used to analyze the dynamic
performances of the VI-EH system. Relative displacement transmissibility, absolute
displacement transmissibility, energy conversion efficiency, input power, and output
power needed for system optimization are introduced and described using the OFRF

concept.
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3.1 Model Formulation

Figure 4 shows model schematic of the VI-EH device. The system represents a
single-degree-of-freedom (SDOF) with mass, m connected to a linear damper of
damping coefficient c¢; and nonlinear spring characterized by linear, k; and nonlinear, ks
stiffness coefficients, respectively. It is assumed that lateral vibrations are absent and,
therefore, the effective mass, m is displaced vertically in response to ground excitation,

y(t). Therefore, the equation of motion of the moving mass is given by:
mz + 1z + kyz + k3z® = —my (1)

where z=x—y, and c¢; = ¢, + ¢, iS the total magnetic and mechanical damping in the
system, i.e. ¢, and c,, respectively. For a ground harmonic excitation input, i.e.y = Ysin(
wt), where w and Y are the excitation frequency and amplitude of the ground excitation
input respectively. Therefore, Eq. (1) becomes

mz + ¢,z + k1z + k32> = mw?Ysin(wt) (2)

Absolute displacement transmissibility, T, and energy conversion efficiency, 7, are the

two main performance metrics sought in this work. Displacement transmissibility is a

measure of the effectiveness of vibration isolation and relates the amount of oscillations

Z+Y

transmitted from the source of excitation to the isolated mass, i.e. T, = |T The

average amount of mechanical power input to the VI-EH system from ground harmonic
excitation is given as (Wang et al., 2013; Palagummi et al., 2015; Palagummi and Yuan,

2015; Palagummi and Yuan, 2016):

Py, =-mY?w3 . 3)

10
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For the electromagnetic transduction unit shown in Figure 1, coil resistance, R is

responsible for energy harvesting in the VI-EH system, the average output (harvested)

power across a load resistance, R; is given by

1 k.wZ 2
Pout=§‘[m] ‘R, (4)

where k., = BNl and, [ is the length of the coil per turn, N is the number of coil turns, and
B is the average magnetic flux density in the air gap between the moving magnet mass
and the coil. Considering the average output power, P,,;, produced by the VI-EH system
when subject to ground harmonic excitation with average input mechanical power of P,,,

the energy conversion efficiency 1, of the VI-EH system is, then, given by

out

p
n(%) = 5 x 100 (5)

In order to achieve an optimal design for the VI-EH system, in next subsection, the
OFRF approach will be used to analyze the dynamic model of the VI-EH system given
in Eq. (2). The OFRF representation of the relative displacement transmissibility,
absolute displacement transmissibility, average output power, and energy conversion
efficiency are derived; providing for the first time, analytical expressions for both the
displacement transmissibility and energy conversion efficiency of the VI-EH device.
These explicit analytical expressions which correlate the design objectives (primary and
second functions of the VI-EH system) and design parameters can be used to optimize
the performance of the system and maximize its energy conversion efficiency while

maintaining vibration isolation characteristics of the device.

11
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3.2 Output Frequency Response Function (OFRF)

The dynamic model of the VI-EH system described in Equation (2) is
representative of the duffing-equation. Such equation has previously been studied
using several mathematical tools including the method of multiple scales (Hu et al.,
1998), direct numerical integration (Erturk and Inman, 2011) , nonlinear normal forms
(Cammarano et al., 2014), and harmonic balance method (Souayeh and Kacem, 2014;
Mofidian and Bardaweel, 2018). In the current study, the OFRF will be employed for the
analysis, design and optimization of the VI-EH system. The advantage of the OFRF is
that the method can provide an explicit analytical relationship between the design
objective and system parameters. This can significantly facilitate the system design and
optimization. An extensive study of the OFRF concept can be found in (Lang et al.,

2007; Lang and Billings, 1996; Lang et al., 2013).

Consider the Volterra systems described by the differential equation

> N
M m el p dz()qm dy®)
Zm = 1Zp = ozll,...lﬁ =oSpim— p(ll"“lﬁ)ni =1 gl Hi =p+1 gl — 0 (6)

where L is the order of the derivative and M is the maximum degree of nonlinearity in
terms of the system input and output, y(t) and z(t), respectively. According to the
OFRF method (Lang et al., 2007), the output frequency response of system (6) can be
represented by a polynomial function in terms of the system nonlinear characteristic

parameters as

Z(jw) = 5" 0"'ZZ;N= 0Pl ) GO ES (7)

12
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where m; are the maximum order of ¢, i =1,..,Sy in the polynomial expression of the
output spectrum, Z(jw) of system (6). Here, ¢(jl,...,jsN)(j‘U) are complex-valued frequency
functions (also called OFRF coefficients) dependent on the system linear parameters
and input, where j; =0,..,m; and i = 1,....Sy. Also, f’f...{éi” is a set of monomials (OFRF

structure) in terms of the system nonlinear characteristic parameters. Let the set of
monomials in the OFRF representation of the nth-order output spectrum be denoted as

I and the frequency function vector be denoted as ®(jw), the OFRF can be described

as
Z(w) = M- d(jw)" (8)
where
N
Mm=U__ M, (9)

Here, N is the maximum order of nonlinearity taken into account and the monomials, M,,
can be determined using (Lang and Billings, 1996) as

Page 14 of 43

_ L n—1 n—(m—p),L
Mn - [Ull‘.__,lnzO[CO,n(ll,---,ln)]] U [Um_pz 1Up= 1 Ull'“_’lnz0([Cp,(7’71—p)(lli"-ll7’71)] ® Mn _(m_p),p)]

U [U;l - 2U1L1,...,zn = o([Cp,o(lp---,lm)] (%) Mn‘p)]
(10)

where the character ‘ Q ' is the Kronecker product and given by

—p+1
My, =Ul 2P M @M, )My =M, My =[1] (11)

Then the set of monomials can be obtained as M = ng M,

1

13
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3.3 VI-EH System Analysis

In this section, the OFRF method is used in the analytical study of the VI-EH
system described by Eq. (2). Dynamic model of the VI-EH system (2) is a special case
of Eq. (6) where L =2 and M =3 with system parameters obtained as c¢;((2) =m, ¢y
(1) =c1, ¢10(0) = ki, ¢30(000) = k3, ¢01(0) = —mw?Y, else c,_,=0. Applying the
algorithm for obtaining the OFRF structure (monomials) as presented in Eq. (10) and
Eq. (11) to system in Eq. (2) up to 7th-order i.e.N = 7, yields the following monomials in

terms of the system’s nonlinear parameter k3
M= U\ _ M, = [1ksg kB k3 K kS kS K] (12)

Using the method developed by Lang et al. (Lang et al., 2007) the frequency function

vector @ (jw) is computed from a training set k; = [0:0.1:1.4] x 106 [N.m3] as

Po(jw) Z (j)lieyc1y
$1(w) ) Z(0)liy2)
o(jw) = | - T (13)
0) Pe(jw) vy Z(jw)l k14
¢P7(jw) Z(jw)lk,a5)
where
1 ks(1) k351 - KS(1)  k3(D)
1/)=:1 {<3(2) {Cé(z) {fg(z) ffg(z) (14)

1 }<3(15) }<§(15) " }cg(15) }cg(15)

and Z(jw)lx,) represents the output spectrum of the system when k3 = k3(i) = (i—1) x 1

0°.

14
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Therefore, the OFRF of dynamic system in Eq. (2) derived for each (four) excitation

level, s = 0.25g, 0.5g, 0.75g and 1g [m/s?], is given as
Z9(w,ks) = Zf: 9 (w)ks where R =7 and s = 0.25g,0.5g,0.75g and 1g[m/s*] (15)

where ¢ (jw) are the frequency functions dependent on the sth system input level and
linear characteristic parameters, c¢; and k;. Moreover, the squared magnitudes of the
output response of Eq. (15) are described as (Jing et al., 2008)

29 Gwks)|” = 29 Gwks) - 2O —jwks) = (EF_ (6O G0)kE)(EF_ 109 (— jw) i)

= " + 20 (kXL _ (0 Pp(27)
= 66 + 6(ks + 85K3 + - + SIKE? + Sk
= Zfz 06$S)(w)k§ where R = 14 and s = 0.25g,0.5g,0.75g and 1g[m/s?]

(16)

where 89 (w), r = 0,1,2,---,R, are the OFRF coefficients of the squared magnitude of the

output response given in Eq. (16) for sth system input level, at excitation frequency, w.

Substituting Eq. (16) in Eq. (4) yields

1 kt(l)RL 2 2
rpt()i)t(w:k?)) = 2R, [RC+RL] ) |Z(S)|
1 kiwR, 2 R
=gt [resm) (B o8 @K (17)
R 1 k.wR, 12
\ =a(w) - [Zr _ 05$s)(w)k§] where a(w) = w |rrr

Similarly, substituting Eq. (3) and Eq. (17) in Eq. (5) yields

15
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’ 1 [ kwRy, 12

) . [rorm) B0 @K
S —
Ne (w'kS)_ %maﬁYZ
o kR 12 o ; (18)
= ZmRL(wZY)Z ’ [RC+RL] ) [Zr=06£5)(w)k§]
7 2

_ PR s®) 7 _ mw '[kt“’RL]

=) [2F_ 69 (@)ki| where A(w) = e

From Eq. (17) and Eq. (18), the following representations for P,, and n, can be
obtained:

R
PSh(wks) =2, _ 0P (w) - k5 {where o (w) = a(w) - §)(w)}

N (wks) =I5 _ (@)K {where f9(w) = A(w) - 69)(w)) 19)

Eq. (19) shows the OFRF representation for the average output power, P, and the
energy conversion efficiency, n, of the VI-EH system in Eq. (2), respectively for each

acceleration level, s. The corresponding OFRF for the absolute displacement

transmissibility, T,, under excitation s, is then given as
T (wks) = Iy o () - 5 (20)

where ¢ (w),(w) and p(w) are frequency functions dependent on the system
input and linear characteristic parameters and w is the driving frequency of interest. It
should also be noted that, ¢! (w),8(w) and p!(w) are the OFRF coefficients of the
average output power, P{), energy conversion efficiency, n’?, and absolute

displacement transmissibility, 7', of the VI-EH system, for sth system input level, at

excitation frequency, w. It should be noted that the OFRF representation of the system
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performance indices of interest is each unique for one of the four specific input

acceleration levels of s = 0.25¢g, 0.5g, 0.75g and 1g [m/s?] considered in this work.

A comparison of the OFRF results with that obtained using the Runge-kutta algorithm
(ODE45 in MATLAB) over the system parameter values outside the OFRF training
range (in this case, k; = 1.5 x 10° Nm ~3) is shown in Figure 5(a-c) indicating that the

OFRF provides a very good representation for the actual system performance.

3.4 Model Validation

In order to validate the developed model both displacement transmissibility, T,
and energy conversion efficiency,n, of the VI-EH device were measured simultaneously.

The apparatus used for these tests is shown in Figure 6. The experiment setup
consisted of a shaker table (VT-500, SENTEK DYNAMICS), power amplifier (LA-800,
SENTEK DYNAMICS), vibration controller (S81B-P02, SENTEK DYNAMICS), two
accelerometers (PCB333B30 model, PCB Piezotronics), data acquisition system (NI
myDAQ), and a PC. The VI-EH device was firmly fixed on the shaker table top and
driven at accelerations of 0.5g [m/s2]. The voltage output from the VI-EH device across

load resistance,R; and the acceleration level transmitted to the isolated mass were

simultaneously measured. Induced voltage was measured across a load resistance

using decade box (GLOBAL SPECIALTIES RDB-10) and extracted power, P, was

then estimated.
Measured displacement transmissibility, and power extracted by the VI-EH
device are shown in Figures 7 and 8, respectively. Additionally, model predictions are

compared to measured data as shown in Figure 7-8. Results reveal good agreement
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between experimental data and model simulations. Figure 7 demonstrates that

transmissibility of the VI-EH device drops to less than unity, i.e. T, < 1 at corresponding

w

non-dimensional frequency, . = — = 1.42 when loading level is 0.5g [m s2]. The ability

=, =
of the device to extract electric power from the ground excitation during the dynamic
operation is also evident in Figure 8. The power extracted during the dynamic operation
of the VI-EH device was measured across a load resistance, R, = 1280[ohms]. The
power produced by the device when transmissibility dropped to unity, i.e. T,=1 was

approximately 0.34 [mW] at 0.5g [m/s?]. This demonstrates the ability of the device to
simultaneously isolate the mass and scavenge kinetic energy from these oscillations.

Optimization process of the VI-EH system is discussed next.

4 System Design and Optimization

A simulation study of the performance of the VI-EH system subject to variation in

linear damping, c; around the experimentally measured value of ¢; = 2.7[N s m-'] while
keeping k5 fixed as 1.368 x 10° [N m-3] is shown in Figure 9(a-c). In designing the VI-EH
system over the isolation region (w > w,~/2), it is apparent, as presented in Figure 9a
that at low levels of acceleration, i.e. 0.25g and 0.5g, transmissibility, T,, increased
slightly as the linear damping c; increased. On the other hand, at higher level of
acceleration (0.75g and 1.0g), an increase in linear damping, ¢, leads to decrease in

transmissibility values. This becomes an important feature of the nonlinear VI-EH
system in comparison to a linear system. That is, an inherent limitation of typical linear
isolation systems (k; = 0) is that its absolute displacement transmissibility increases as
linear damping is increased for all acceleration levels. Figure 9b suggests that, for fixed

18
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acceleration level, the average output power decreases at higher linear damping.
Nonetheless, as the linear damping, c; increases the rate of decay in output power P,
is larger at higher levels of excitations. It also reveals that, for fixed damping, the
average output power increases as the excitation level increases. Nonetheless, a
closer inspection of Figure 9c shows that while the energy conversion efficiency, 7., is
sensitive to linear damping,cy, it is independent of the excitation level. This is possibly

due to the fact that an increase in input mechanical power at higher acceleration is
accompanied by increase in the output power. Overall, for low acceleration levels,
lower damping values are favorable and yield higher energy conversion efficiencies
(Figure 9c) and improved vibration isolation (Figure 9a.) At higher acceleration levels,
there is a trade-off where lower damping values worsen vibration isolation
characteristics of the VI-EH system (Figure 9a) but yield higher energy conversion

efficiencies (Figure 9c).

Next, the linear damping parameters are, first, designed under low base-

excitation and, then, used to design and optimize the nonlinear stiffness k; at different
excitation levels using the OFRF approach. Using the measured natural frequency, w,

= 55.6[rad/s] and design criteria for the system, i.e.
T,=0.9855 when w = w,n/2, or @ = = = 1.42

k4 and c, are obtained as:
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ki = mw?

c1 = 2&mw,
where ¢ is determined from equation (21)
1+ (28Q)?
Ta= @ -0+ esay
Using the system linear parameters k; and c;, thus determined, the OFRF in terms of

the nonlinear parameter k5 is employed for the design and optimization of the VI-EH

system as follows.

From the OFRF representation for the energy conversion efficiency and the
absolute displacement transmissibility obtained in Section 3, the optimization problem

for nonlinear parameter kscan be formulated as;

max ne(w,k3)
ks
ky— 1.4 x10°<0 (22)
subject to

SR o) K5 —1<0

where o = w,n2 =79[rad/s], which is essential constraint for vibration isolation

characteristics of the VI-EH system (primary function). The solution to the optimization
problem (22) under each of the four levels of ground acceleration inputs of s = 0.25g,

0.5g, 0.75g and 1g [m/s?] is presented in Table II.

From Table Il, it is evident that the maximum nonlinear stiffness coefficient k;
= 1.4 x 10° Nm =3 results in a maximum conversion efficiency, ne,.. at the first three
levels of acceleration, that is, 0.25g, 0.5g and 0.75g [ms?], respectively. Nonetheless,
at acceleration level of 1.0g [ms™], increasing the nonlinear stiffness coefficient, k;

beyond 0.8 x 10°[N m-3] causes the transmissibility to grow beyond unity, which violates

the second constraint of design. Therefore, the optimal solution is k5 = 0.8 x 10® Nm .
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Overall, the maximum energy conversion efficiency of the VI-EH system is less than
1%, which is relatively low. This is because the primary function (vibration isolation) of
the VI-EH system is to maintain transmissibility to be less than unity, i.e. T,<1.
However, it is worth pointing out that even though the conversion efficiency is low,
converting some of the free and abundant kinetic energy using a stack of VI-EH devices

could still be useful for onboard low-power sensors and gadgets.

The above optimization problem (22) was solved for each of the four input levels.
If a design needs to take into account all the four input levels, a weighted sum of the

objective functions associated with each input level such that

TK =k - T258) 4 4, - TO58) 4 gy - TOT758) 4 e, - TS
Pgut = K1 - PS8 + ¢ - PRR® + ie3 - P8 + 1y - PGP (23)
ne =ty - 28 + 1z - 5O + 1y - 7O + iy - (1S

where k; + k, + k3 + k, = 1 can be used. Eq (23) can be further written as

r

R
P =2 _ [k191%°9(w) + 12078 (w) + K30L°7°8) (w) + 14018 (w)] - K5 (24)
R
& =3 _ [k1B9%58(w) + k28058 (w) + k3758 (w) + kBB (w)] - K

R T
T =%"_ [k1pL"%°O(w) + k2" (w) + K3p 075 (w) + Kap{'® ()] - K}

Consider, for example, the conversion efficiency as the design objective. Then, the
optimization of the VI-EH system taking into account all four loading conditions into

account can be formulated as

max nX

ks
k3 —1.4x10°<0 (25)

S.t{ R
%, ol1pP?0 (@) + 120 (@) + K37 (@) + kap{!® ()] - Ky — 1< 0

r=

where w = w,/2 = 79[rad/s].
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The solutions to the optimization problem (25) under the following three choices of
weights

K1 =Ky =K3=1Ik4=0.25

Ki=K; =05, k3=K4=0
and

Ki=K,=0, k3=K4=0.5
are shown in Table Ill. The results indicate that the conversion efficiency is almost the
same in all the cases. However, in the case of k; =k, = 0.5,k3 = k4 =0, where two

lowest input levels are considered for the optimal design, the average power output is

the lowest. In the case of k; =k, = k3 = k4, = 0.25 where all the four loading levels are
considered, the average power output become larger. In the case of k; =k, = 0,k3 = K4

= 0.5 where the two largest input levels are considered, the average power output is

the highest.

The optimal designs introduced above were conducted based on an OFRF
representation of the transmissibility, conversion efficiency, and output power of the VI-

EH system in terms of the system’s nonlinear stiffness coefficient, k;. The advantage of

this design approach over other techniques is that an explicit relationship between the
design objective and design parameter is exploited to find an optimal solution to the

design. Fig 10 shows these OFRF representations.

In Figure 10a, the effect of k; on transmissibility T, is evident. For a fixed
acceleration, an increase in k3 yields higher transmissibility, T, (Figure 10a) and higher
efficiency (Figure 10c). Also, the rates of increase in transmissibility T, and efficiency,

n., become larger (steeper) as the acceleration level is increased. This is primarily due
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to the stiffness hardening nonlinearity effects which manifest itself at higher

accelerations. It is worth mentioning that for the case of linear stiffness (k; = 0), the VI-
EH transmissibility, T, is independent of the excitation level as depicted in Figure 10a.

On the other hand, Figure 10b suggests that, at all excitation levels, the output power,

P,.: is insensitive to nonlinear stiffness coefficient, k;. However, Figure 10b shows that
the output power, P, is very sensitive to the excitation level, making significant

improvement in harvested power when increasing the excitation level. Overall, Figure
10 reveals that for fixed acceleration level, increasing the nonlinear stiffness coefficient,
ks, results in higher conversion efficiencies (Figure 10c) but worsens the vibration
isolation of the VI-EH system, transmitting more vibration to the isolated mass (Figure
10a). These observations further confirm the validity of the optimal solutions that have
been obtained above by solving optimization problems (22) and (25), respectively, and
demonstrate that the OFRF based optimization has good potential to be applied for the

optimal design of the VI-EH systems in practice.

5 Conclusions

Driven by the growing interest in simultaneous vibration isolation and energy
harvesting this work was focused on investigating optimal design of dual function VI-EH
systems. The adopted VI-EH system uses a combination of elastic and magnetic
components to facilitate its dual functionality, i.e. Vibration isolation (primary function)
and energy harvesting (secondary function). A prototype of the VI-EH device was
fabricated and used for model validation and design optimization. A mathematical model

of the VI-EH system has been developed and analyzed using a nonlinear system
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frequency analysis approach known as Output Frequency Response Function (OFRF).
Explicit analytical relationships between the design objectives (primary and second
functions of the VI-EH system) and system design parameters, were developed. To the
knowledge of the authors, this work is the first effort to tackle the issue of simultaneous
vibration isolation energy harvesting using an analytical approach. Results have shown
that the maximum attainable energy conversion efficiency of the VI-EH system was in
the order of 1%. Nonetheless, since the primary function (vibration isolation) of the VI-
EH system was achieved, harvesting some of the free and abundant kinetic energy
contained in these oscillations (secondary function) could be useful in the future as
power requirements for onboard sensors is continuously dropping. Other design
improvements may lead to improved power metrics. For example, future work will focus
on investigating VI-EH systems with nonlinear damping element as well as softening
stiffness nonlinearities as possible route to improve performance metrics of the VI-EH

system.
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Figure 1: VI-EH device fabricated this work: a) Fully fabricated and assembled VI-EH
device, b) Cross-sectional view of the VI-EH device, and c) 2D sketch of the VI-EH
device with detailed geometries and dimensions.
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Figure 4: Model schematic of the VI-EH device.
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27 Figure 9: Model simulation of the performance of the VI-EH device subject to variation
in linear damping, ¢, while keeping k, fixed: a) Transmissibility, b) Output power, and c)

30 Energy conversion efficiency at four acceleration levels 0.25¢g, 0.50g, 0.75g, and 1.0g
31 [m.S'2].
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Figure 10: Design criteria for the nonlinear stiffness coefficient, k,: a) Transmissibility,

b) Output power, and c) Energy conversion efficiency at four acceleration levels 0.25g,
0.50g, 0.75g, and 1.0g [m.s™].
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Table I. Measured systems parameters and properties of the fabricated VI-EH device.

Parameter Properties
Coil resistance (. ) [Ohms] 1280
Load resistance (R, ) [Ohms] 1280
Coil turns 2000
Coil material Copper, 40 AWG
Isolated mass (kg) 0.2

Mechanical spring material

Thermoplastic poly-
Urethane (TPU)

k, [N m=3] 1.368e+06
k, IN m] 618
¢,[NsmT] 2.7
@, [rads™] 55.61

B [T] 0.0286
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Table II: Maximum energy conversion efficiency attainable at w= 79rad s™ (W= 1.42) subject to

the system constraints at predetermined base accelerations.

Base Absolute Max. Energy Average output Nonlinear
acceleration displacement conversion power, P, (mW) | stiffness, k,(Nm”)
Level [m.s-2] transmissibility, efficiency,

L Mo (70)
0.25¢g 0.9869 0.7624 0.037 1.4x10°
0.50g 0.9914 0.7659 0.148 1.4x10°
0.75¢g 0.9996 0.7723 0.336 1.4x10°
1.00g 0.9999 0.7724 0.598 0.8x10°
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Table III: Maximum energy conversion efficiency attainable at specific nonlinear stiffness value

subject to the system constraints considering the normalized weight contribution of each

excitation.
Set of normalized weight Absolute Max. Energy Average Nonlinear
contributions displacement conversion output stiffness,
transmissibility, efficiency, power, k,(Nm™)
e 7% (%) P, (mW)

k =k =k =k =025 0.9974 0.7705 0.282 1.4x108
k=+k=05k=k=0 0.9891 0.7641 0.0925 1.4x108

k=k=0,k=k=05 0.9996 0.7722 0.471 1x108
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