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❖♣t✐♠❛❧ st♦♣♣✐♥❣ ✇✐t❤ f ✲❡①♣❡❝t❛t✐♦♥s✿ t❤❡ ✐rr❡❣✉❧❛r ❝❛s❡

▼✐r②❛♥❛ ●r✐❣♦r♦✈❛❛✱∗✱ P❡t❡r ■♠❦❡❧❧❡r❜✱ ❨♦✉ss❡❢ ❖✉❦♥✐♥❡❝✱ ▼❛r✐❡✲❈❧❛✐r❡ ◗✉❡♥❡③❞

❛ ❙❝❤♦♦❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ▲❡❡❞s✱ ▲❡❡❞s✱ ❯❑
❜■♥st✐t✉t ❢ür ▼❛t❤❡♠❛t✐❦✱ ❍✉♠❜♦❧❞t ❯♥✐✈❡rs✐tät ③✉ ❇❡r❧✐♥✱ ❯♥t❡r ❞❡♥ ▲✐♥❞❡♥ ✻✱ ✶✵✵✾✾ ❇❡r❧✐♥✱ ●❡r♠❛♥②
❝❉é♣❛rt❡♠❡♥t ❞❡ ▼❛t❤é♠❛t✐q✉❡s✱ ❋❛❝✉❧té ❞❡s ❙❝✐❡♥❝❡s ❙❡♠❧❛❧✐❛✱ ❯♥✐✈❡rs✐té ❈❛❞✐ ❆②②❛❞✱ ▼❛rr❛❦❡❝❤✱

▼♦r♦❝❝♦
❞▲P❙▼✱ ❯♥✐✈❡rs✐té P❛r✐s✲❉✐❞❡r♦t✱ ❇♦ît❡ ❝♦✉rr✐❡r ✼✵✶✷✱ ✼✺✷✺✶ P❛r✐s ❈❡❞❡① ✵✺✱ ❋r❛♥❝❡

❆❜str❛❝t

❲❡ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ ♥♦♥✲❧✐♥❡❛r f ✲❡①♣❡❝t❛t✐♦♥ ✭✐♥❞✉❝❡❞ ❜② ❛

❇❙❉❊✮ ✇✐t❤♦✉t ♠❛❦✐♥❣ ❛♥② r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♣❛②♦✛ ♣r♦❝❡ss ξ ❛♥❞ ✐♥ t❤❡ ❝❛s❡

♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ✈❛❧✉❡ ❢❛♠✐❧② ❝❛♥ ❜❡ ❛❣❣r❡❣❛t❡❞ ❜② ❛♥ ♦♣t✐♦♥❛❧

♣r♦❝❡ss Y ✳ ❲❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣r♦❝❡ss Y ❛s t❤❡ Ef ✲❙♥❡❧❧ ❡♥✈❡❧♦♣❡ ♦❢ ξ✳ ❲❡ ❛❧s♦ ❡st❛❜❧✐s❤

❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss Y ✐♥ t❡r♠s ♦❢ ❛ ❘❡✢❡❝t❡❞ ❇❙❉❊ ✇✐t❤

ξ ❛s t❤❡ ♦❜st❛❝❧❡✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ✜rst ❡st❛❜❧✐s❤ s♦♠❡ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ♦❢ ✐rr❡❣✉❧❛r ❘❇❙❉❊s✱

✐♥ ♣❛rt✐❝✉❧❛r ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ❛♥❞ ❛ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠✳

❑❡②✇♦r❞s✿ ❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ♦♣t✐♠❛❧ st♦♣♣✐♥❣✱ f ✲❡①♣❡❝t❛t✐♦♥✱

♥♦♥✲❧✐♥❡❛r ❡①♣❡❝t❛t✐♦♥✱ ❛❣❣r❡❣❛t✐♦♥✱ ❞②♥❛♠✐❝ r✐s❦ ♠❡❛s✉r❡✱ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥✱ str♦♥❣

Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✱ ❙♥❡❧❧ ❡♥✈❡❧♦♣❡✱ r❡✢❡❝t❡❞ ❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱

❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠✱ ❚❛♥❛❦❛✲t②♣❡ ❢♦r♠✉❧❛✱ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❡♠ ✇✐t❤ ❧✐♥❡❛r ❡①♣❡❝t❛t✐♦♥s ❤❛s ❜❡❡♥ ❧❛r❣❡❧② st✉❞✐❡❞✳
●❡♥❡r❛❧ r❡s✉❧ts ♦♥ t❤❡ t♦♣✐❝ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❊❧ ❑❛r♦✉✐ ✭✶✾✽✶✮ ✭❬✶✷❪✮ ✇❤❡r❡ ♥♦ r❡❣✉❧❛r✐t②

❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ r❡✇❛r❞ ♣r♦❝❡ss ξ ❛r❡ ♠❛❞❡✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠

✇❤❡r❡ t❤❡ ❧✐♥❡❛r ❡①♣❡❝t❛t✐♦♥ ✐s r❡♣❧❛❝❡❞ ❜② ❛ ♣♦ss✐❜❧② ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧✱ t❤❡ s♦✲❝❛❧❧❡❞

f ✲❡①♣❡❝t❛t✐♦♥ ✭f ✲❡✈❛❧✉❛t✐♦♥✮✱ ✐♥❞✉❝❡❞ ❜② ❛ ❇❙❉❊ ✇✐t❤ ▲✐♣s❝❤✐t③ ❞r✐✈❡r f ✳ ❋♦r ❛ st♦♣♣✐♥❣

t✐♠❡ S s✉❝❤ t❤❛t 0 ≤ S ≤ T ❛✳s✳ ✭✇❤❡r❡ T > 0 ✐s ❛ ✜①❡❞ t❡r♠✐♥❛❧ ❤♦r✐③♦♥✮✱ ✇❡ ❞❡✜♥❡

V (S) := ess sup
τ∈TS,T

Ef
S,τ (ξτ ), ✭✶✳✶✮

∗❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ❛♥❞ t❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s ▼❛② ✼✱ ✷✵✶✾



✇❤❡r❡ TS,T ❞❡♥♦t❡s t❤❡ s❡t ♦❢ st♦♣♣✐♥❣ t✐♠❡s ✈❛❧✉❡❞ ❛✳s✳ ✐♥ [S, T ] ❛♥❞ Ef
S,τ (·) ❞❡♥♦t❡s t❤❡

❝♦♥❞✐t✐♦♥❛❧ f ✲❡①♣❡❝t❛t✐♦♥✴❡✈❛❧✉❛t✐♦♥ ❛t t✐♠❡ S ✇❤❡♥ t❤❡ t❡r♠✐♥❛❧ t✐♠❡ ✐s τ ✳

❚❤❡ ❛❜♦✈❡ ♥♦♥✲❧✐♥❡❛r ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✻❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❇r♦✇♥✐❛♥

✜❧tr❛t✐♦♥ ❛♥❞ ❛ ❝♦♥t✐♥✉♦✉s ✜♥❛♥❝✐❛❧ ♣♦s✐t✐♦♥✴♣❛②✲♦✛ ♣r♦❝❡ss ξ ❛♥❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ✭♥♦♥✲

❧✐♥❡❛r✮ ♣r✐❝✐♥❣ ♦❢ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥s✳ ■t ❤❛s t❤❡♥ ❛ttr❛❝t❡❞ ❝♦♥s✐❞❡r❛❜❧❡ ✐♥t❡r❡st✱ ✐♥ ♣❛r✲

t✐❝✉❧❛r✱ ❞✉❡ t♦ ✐ts ❧✐♥❦s ✇✐t❤ ❞②♥❛♠✐❝ r✐s❦ ♠❡❛s✉r❡♠❡♥t ✭❝❢✳✱ ❡✳❣✳✱ ❬✷❪✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛

✜♥❛♥❝✐❛❧ ♣♦s✐t✐♦♥✴♣❛②♦✛ ♣r♦❝❡ss ξ✱ ♦♥❧② s✉♣♣♦s❡❞ t♦ ❜❡ r✐❣❤t✲❝♦♥t✐♥✉♦✉s✱ t❤✐s ♥♦♥✲❧✐♥❡❛r

♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✸✼❪ ✭t❤❡ ❝❛s❡ ♦❢ ❇r♦✇♥✐❛♥✲P♦✐ss♦♥ ✜❧tr❛t✐♦♥✮✱

❛♥❞ ✐♥ ❬✶❪ ✇❤❡r❡ t❤❡ ♥♦♥✲❧✐♥❡❛r ❡①♣❡❝t❛t✐♦♥ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❝♦♥✈❡①✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r

❦♥♦✇❧❡❞❣❡✱ ❬✶✾❪ ✐s t❤❡ ✜rst ♣❛♣❡r ❛❞❞r❡ss✐♥❣ t❤❡ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✶✳✶✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛

♥♦♥✲r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ξ ✭✇✐t❤ ❛ ❇r♦✇♥✐❛♥✲P♦✐ss♦♥ ✜❧tr❛t✐♦♥✮❀ ✐♥ ❬✶✾❪ t❤❡ ❛ss✉♠♣t✐♦♥

♦❢ r✐❣❤t✲❝♦♥t✐♥✉✐t② ♦❢ ξ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❧✐t❡r❛t✉r❡ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥

♦❢ r✐❣❤t✲ ✉♣♣❡rs❡♠✐❝♦♥t✐♥✉✐t② ✭r✳✉✳s✳❝✳✮✳

■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ✇❡ st✉❞② ♣r♦❜❧❡♠ ✭✶✳✶✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥ ❛♥❞

✇✐t❤♦✉t ♠❛❦✐♥❣ ❛♥② r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ ξ✱ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r ♠♦r❡ ✢❡①✐❜✐❧✐t② ✐♥ t❤❡

♠♦❞❡❧❧✐♥❣ ✭❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❛s❡s ♦❢ ♠♦r❡ r❡❣✉❧❛r ♣❛②♦✛s ❛♥❞✴♦r ♦❢ ♣❛rt✐❝✉❧❛r ✜❧tr❛t✐♦♥s✮✳

❚❤❡ ✉s✉❛❧ ❛♣♣r♦❛❝❤ t♦ ❛❞❞r❡ss t❤❡ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✐✳❡✳✱ t❤❡ ❝❛s❡

f ≡ 0 ✐♥ ✭✶✳✶✮✱ ♦r t❤❡ ❝❛s❡ ✇❤❡♥ f ✐s ❧✐♥❡❛r✮ ✐s ❛ ❛ ❞✐r❡❝t ❛♣♣r♦❛❝❤✱ ❜❛s❡❞ ♦♥ ❛ ❞✐r❡❝t st✉❞②

♦❢ t❤❡ ✈❛❧✉❡ ❢❛♠✐❧② (V (S))S∈T0,T ✳
✶ ❆♥ ✐♠♣♦rt❛♥t st❡♣ ✐♥ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❡ ❛❣❣r❡❣❛t✐♦♥

♦❢ t❤❡ ✈❛❧✉❡ ❢❛♠✐❧② ❜② ❛♥ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss✳

❚❤❡ ❛♣♣r♦❛❝❤ ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t♦ ❛❞❞r❡ss t❤❡ ♥♦♥✲❧✐♥❡❛r ❝❛s❡ ✭✇❤❡r❡ f ✐s ♥♦t

♥❡❝❡ss❛r✐❧② ❧✐♥❡❛r✮ ✐s ❛♥ ❘❇❙❉❊✲❛♣♣r♦❛❝❤✱ ❜❛s❡❞ ♦♥ t❤❡ st✉❞② ♦❢ ❛ r❡❧❛t❡❞ ♥♦♥✲❧✐♥❡❛r ❘❡✲

✢❡❝t❡❞ ❇❙❉❊ ❛♥❞ ♦♥ ❧✐♥❦✐♥❣ ❞✐r❡❝t❧② t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ❘❡✢❡❝t❡❞ ❇❙❉❊ ✇✐t❤

t❤❡ ✈❛❧✉❡ ❢❛♠✐❧② (V (S), S ∈ T0,T ) ✭❛♥❞ t❤✉s ❛✈♦✐❞✐♥❣✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♠♦r❡ t❡❝❤♥✐❝❛❧ ❛❣❣r❡✲

❣❛t✐♦♥ q✉❡st✐♦♥s✮✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✻❪ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ r❡✇❛r❞

♣r♦❝❡ss ✐s ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ❧❛t❡r ✉s❡❞ t♦ st✉❞② t❤❡ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❝❛s❡ ✭❝❢✳ ❬✸✼❪✮ ❛♥❞ t❤❡

r✐❣❤t✲✉♣♣❡rs❡♠✐❝♦♥t✐♥✉✐t② ✭❝❢✳ ❬✶✾❪✮✳ ✷

◆❡✐t❤❡r ♦❢ t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s ✐s ❛♣♣❧✐❝❛❜❧❡ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♣r❡s❡♥t

♣❛♣❡r ❛♥❞ ✇❡ ❛❞♦♣t ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ❝♦♠❜✐♥❡s s♦♠❡ ❛s♣❡❝ts ♦❢ ❜♦t❤ t❤❡ ❛♣♣r♦❛❝❤❡s✳

❖✉r ❝♦♠❜✐♥❡❞ ❛♣♣r♦❛❝❤ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❋✐rst✱ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ s♦♠❡ r❡s✉❧ts ❢r♦♠ t❤❡

❣❡♥❡r❛❧ t❤❡♦r② ♦❢ ♣r♦❝❡ss❡s✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ✈❛❧✉❡ ❢❛♠✐❧② (V (S), S ∈ T0,T ) ❝❛♥ ❜❡ ❛❣❣r❡✲

❣❛t❡❞ ❜② ❛ ✉♥✐q✉❡ r✐❣❤t✲✉♣♣❡rs❡♠✐❝♦♥t✐♥✉♦✉s ✭r✐❣❤t✲✉✳s✳❝✳✮ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss (Vt)t∈[0,T ]✳ ❲❡

❝❤❛r❛❝t❡r✐③❡ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss (Vt)t∈[0,T ] ❛s t❤❡ Ef ✲❙♥❡❧❧ ❡♥✈❡❧♦♣❡ ♦❢ ξ✱ t❤❛t ✐s✱ t❤❡ s♠❛❧❧❡st

✶❚❤✐s ❞✐r❡❝t ❛♣♣r♦❛❝❤ ✇❛s ❧❛t❡r ✉s❡❞ ✐♥ ❬✶❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♥✈❡① ♥♦♥✲❧✐♥❡❛r ❡①♣❡❝t❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐t

✐s ♥♦t ❛❞❛♣t❡❞ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ♥♦♥✲❝♦♥✈❡① ❝❛s❡✱ ❛s ♥♦t❡❞ ✐♥ ❘❡♠❛r❦ ✾✳✶✳
✷❆❝t✉❛❧❧②✱ t❤✐s ❘❇❙❉❊ ❛♣♣r♦❛❝❤ ✐s ♥♦t ❛♣♣r♦♣r✐❛t❡ t♦ t❤❡ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ❝❛s❡ ✭❝❢✳ ❘❡♠❛r❦ ✶✵✳✶✮✳

✷



str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ξ✳ ❚❤❡♥✱ ✇❡ t✉r♥ t♦ ❡st❛❜❧✐s❤✐♥❣ ❛♥

✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss (Vt)t∈[0,T ] ✐♥ t❡r♠s ♦❢ ❛ ❘❇❙❉❊ ✇❤❡r❡

t❤❡ ♣❛②✲♦✛ ♣r♦❝❡ss ξ ❢r♦♠ ✭✶✳✶✮ ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❛ ❧♦✇❡r ♦❜st❛❝❧❡✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤✐s

❘❇❙❉❊✲♣❛rt ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✐s ❢❛r ❢r♦♠ ♠✐♠✐❝❦✐♥❣ t❤❡ ♦♥❡ ❢r♦♠ t❤❡ r✳✉✳s✳❝✳ ❝❛s❡❀ ✇❡ ❤❛✈❡

t♦ r❡❧② ♦♥ ✈❡r② ❞✐✛❡r❡♥t ❛r❣✉♠❡♥ts ❤❡r❡ ❞✉❡ t♦ t❤❡ ❝♦♠♣❧❡t❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ ♣r♦❝❡ss ξ✳

▲❡t ✉s r❡❝❛❧❧ t❤❛t ❘❡✢❡❝t❡❞ ❇❙❉❊s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❊❧ ❑❛r♦✉✐ ❡t ❛❧✳ ✐♥ t❤❡

s❡♠✐♥❛❧ ♣❛♣❡r ❬✶✸❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❇r♦✇♥✐❛♥ ✜❧tr❛t✐♦♥ ❛♥❞ ❛ ❝♦♥t✐♥✉♦✉s ♦❜st❛❝❧❡✱ ❛♥❞

t❤❡♥ ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♦❜st❛❝❧❡ ❛♥❞✴♦r ❛ ❧❛r❣❡r st♦❝❤❛st✐❝ ❜❛s✐s

t❤❛♥ t❤❡ ❇r♦✇♥✐❛♥ ♦♥❡ ✐♥ ❬✷✸❪✱ ❬✹❪✱ ❬✶✼❪✱ ❬✷✹❪✱ ❬✸✼❪✳ ■♥ ❬✶✾❪✱ ✇❡ ❤❛✈❡ ❢♦r♠✉❧❛t❡❞ ❛ ♥♦t✐♦♥

♦❢ ❘❡✢❡❝t❡❞ ❇❙❉❊ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♦❜st❛❝❧❡ ✐s ♦♥❧② r✐❣❤t✲✉✳s✳❝✳ ✭❜✉t ♣♦ss✐❜❧② ♥♦t

r✐❣❤t✲❝♦♥t✐♥✉♦✉s✮ ❛♥❞ t❤❡ ✜❧tr❛t✐♦♥ ✐s t❤❡ ❇r♦✇♥✐❛♥✲P♦✐ss♦♥ ✜❧tr❛t✐♦♥ ❛♥❞ ✇❡ ❤❛✈❡ s❤♦✇♥

❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❡①✐st❡♥❝❡

❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ❢r♦♠ ❬✶✾❪ st✐❧❧ ❤♦❧❞s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡ ❛♥❞

❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✳ ■♥ t❤❡ r❡❝❡♥t ♣❛♣❡r ❬✷✽❪✱ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ✭✐♥

t❤❡ ❇r♦✇♥✐❛♥ ❢r❛♠❡✇♦r❦✮ ✐s s❤♦✇♥ ❜② ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✱ ♥❛♠❡❧② ❛ ♣❡♥❛❧✐③❛t✐♦♥

♠❡t❤♦❞✳

❲❡ ❛❧s♦ ❡st❛❜❧✐s❤ ❛ ❝♦♠♣❛r✐s♦♥ r❡s✉❧t ❢♦r ❘❇❙❉❊s ✇✐t❤ ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡s ❛♥❞ ❣❡♥❡r❛❧

✜❧tr❛t✐♦♥✳ ❉✉❡ t♦ t❤❡ ❝♦♠♣❧❡t❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ ♦❜st❛❝❧❡s ❛♥❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❥✉♠♣s✱

✇❡ ❛r❡ ❧❡❞ t♦ ✉s✐♥❣ ❛♥ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ❞✐✛❡rs ❢r♦♠ t❤♦s❡ ❡①✐st✐♥❣ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥

❝♦♠♣❛r✐s♦♥ ♦❢ ❘❇❙❉❊s ✭❝❢✳ ❛❧s♦ ❘❡♠❛r❦ ✾✳✷✮❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✜rst ♣r♦✈❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥

♦❢ ●❛❧✬❝❤♦✉❦✲▲❡♥❣❧❛rt✬s ❢♦r♠✉❧❛ ✭❝❢✳ ❬✶✽❪ ❛♥❞ ❬✸✷❪✮ t♦ t❤❡ ❝❛s❡ ♦❢ ❝♦♥✈❡① ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤

✇❡ t❤❡♥ ❛st✉t❡❧② ❛♣♣❧② ✐♥ ♦✉r ❢r❛♠❡✇♦r❦ ✐♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠✳ ❲❡

❛❧s♦ s❤♦✇ ❛♥ Ef ✲▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡s✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s

t♦ ♦✉r ❢r❛♠❡✇♦r❦ t❤❡ ♦♥❡s ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❝❢✳ ❬✶✾❪ ♦r ❬✸❪✮✳ ❚❤✐s r❡s✉❧t✱ t♦❣❡t❤❡r

✇✐t❤ ♦✉r ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠✱ ❤❡❧♣s ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣❡r❛t♦r Reff ✇❤✐❝❤

♠❛♣s ❛ ❣✐✈❡♥ ✭❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r✮ ♦❜st❛❝❧❡ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❇❙❉❊ ✇✐t❤ ❞r✐✈❡r f ✳

❇② ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r Reff ✱ ✇❡ s❤♦✇ t❤❛t Reff [ξ]✱ t❤❛t ✐s✱ t❤❡ ✭✜rst

❝♦♠♣♦♥❡♥t ♦❢ t❤❡✮ s♦❧✉t✐♦♥ t♦ t❤❡ r❡✢❡❝t❡❞ ❇❙❉❊ ✇✐t❤ ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡ ξ ❛♥❞ ❞r✐✈❡r f ✱ ✐s

❡q✉❛❧ t♦ t❤❡ Ef ✲❙♥❡❧❧ ❡♥✈❡❧♦♣❡ ♦❢ ξ✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡r✐✈❡ t❤❛t ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✈❛❧✉❡

♣r♦❝❡ss (Vt)t∈[0,T ] ♦❢ ♣r♦❜❧❡♠ ✭✶✳✶✮✳

❋✐♥❛❧❧②✱ ✇❡ ✐❧❧✉str❛t❡ ❤♦✇ t❤✐s r❡s✉❧t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣r✐❝✐♥❣ ♦❢ ❆♠❡r✐❝❛♥

♦♣t✐♦♥s ✇✐t❤ ✐rr❡❣✉❧❛r ♣❛②✲♦✛ ✐♥ ❛♥ ✐♠♣❡r❢❡❝t ♠❛r❦❡t ♠♦❞❡❧ ✇✐t❤ ❥✉♠♣s✳ ❙♦♠❡ ❡①❛♠♣❧❡s ♦❢

❞✐❣✐t❛❧ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥s ❛r❡ ❣✐✈❡♥ ❛s ♣❛rt✐❝✉❧❛r ❝❛s❡s✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❣✐✈❡ s♦♠❡ ♣r❡❧✐♠✐♥❛r②

❞❡✜♥✐t✐♦♥s ❛♥❞ s♦♠❡ ♥♦t❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ r❡✈✐s✐t t❤❡ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜✲

❧❡♠ ✇✐t❤ ✐rr❡❣✉❧❛r ♣❛②✲♦✛ ♣r♦❝❡ss ξ ❛♥❞ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✳ ❲❡ ✜rst ❣✐✈❡ s♦♠❡ ❣❡♥❡r❛❧

r❡s✉❧ts s✉❝❤ ❛s ❛❣❣r❡❣❛t✐♦♥✱ ▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss✱ ❙❦♦r♦❦❤♦❞ ❝♦♥❞✐✲

✸



t✐♦♥s s❛t✐s✜❡❞ ❜② t❤❡ ❛ss♦❝✐❛t❡❞ ♥♦♥ ❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss❡s❀ t❤❡♥✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✈❛❧✉❡

♣r♦❝❡ss ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♣r♦❜❧❡♠ ✐♥ t❡r♠s ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❘❇❙❉❊ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛

❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✱ ✇✐t❤ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡ ❛♥❞ ✇✐t❤ ❛ ❞r✐✈❡r f ✇❤✐❝❤ ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ t❤❡ s♦❧✉t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ♣r♦✈❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ❢♦r

❣❡♥❡r❛❧ ▲✐♣s❝❤✐t③ ❞r✐✈❡r f ✱ ❛♥ ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡ ξ ❛♥❞ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✺✱

✇❡ ♣r❡s❡♥t t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♦✉r ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✶✳✶✮✳ ■♥ ❙❡❝t✐♦♥

✻✱ ✇❡ ♣r♦✈✐❞❡ s♦♠❡ r❡s✉❧ts ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ t❤❡ ♣❛②♦✛ ξ ✐s r✐❣❤t✲✉✳s✳❝✳✱ ❢r♦♠
✇❤✐❝❤ ✇❡ ❞❡r✐✈❡ ❛♥ Ef ✲▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Ef ✲str♦♥❣ s✉♣❡r♠❛rt✐♥❣❛❧❡s ✐♥ t❤❡ ✭❣❡♥✲

❡r❛❧✮ ❢r❛♠❡✇♦r❦ ♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥ ✭❝❢✳ ❙❡❝t✐♦♥ ✼✮✳ ❲❡ t❤❡♥ t✉r♥ t♦ t❤❡ st✉❞② ♦❢ t❤❡

❝❛s❡ ✇❤❡r❡ ξ ✐s ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r✳ ❙❡❝t✐♦♥ ✽ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞✐r❡❝t ♣❛rt ♦❢ ♦✉r ❛♣♣r♦❛❝❤

t♦ t❤✐s ♣r♦❜❧❡♠❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♣r❡s❡♥t t❤❡ ❛❣❣r❡❣❛t✐♦♥ r❡s✉❧t ❛♥❞ t❤❡ ❙♥❡❧❧ ❝❤❛r❛❝t❡r✲

✐③❛t✐♦♥✳ ❙❡❝t✐♦♥ ✾ ✐s ❞❡✈♦t❡❞ t♦ ❡st❛❜❧✐s❤✐♥❣ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❘❇❙❉❊s ✇✐t❤ ❝♦♠♣❧❡t❡❧②

✐rr❡❣✉❧❛r ♦❜st❛❝❧❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❡st❛❜❧✐s❤ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡

✈❛❧✉❡ ♣r♦❝❡ss ♦❢ ♦✉r ♣r♦❜❧❡♠ ✭✶✳✶✮ ✐♥ t❤❡ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ❝❛s❡❀ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✜rst

♣r♦✈✐❞❡ ❛ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ✭❙✉❜s❡❝t✐♦♥ ✾✳✷✮❀ t❤❡♥✱ ✉s✐♥❣ t❤✐s r❡s✉❧t t♦❣❡t❤❡r ✇✐t❤ t❤❡

Ef ✲▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❡ ❡st❛❜❧✐s❤ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣❡r❛t♦r Reff

✭❙✉❜s❡❝t✐♦♥ ✾✳✸✮✳ ■♥ ❙❡❝t✐♦♥ ✶✵✱ ✉s✐♥❣ t❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ❞❡r✐✈❡

t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠

✭✶✳✶✮ ✇✐t❤ ❛ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♣❛②♦✛ ξ ✐♥ t❡r♠s ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♦✉r ❣❡♥❡r❛❧ ❘❇❙❉❊

❢r♦♠ ❙❡❝t✐♦♥ ✹✳ ■♥ ❙❡❝t✐♦♥ ✶✶ ✇❡ ❣✐✈❡ ❛ ✜♥❛♥❝✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ♣r✐❝✐♥❣ ♦❢ ❆♠❡r✐❝❛♥

♦♣t✐♦♥s ✇✐t❤ ✐rr❡❣✉❧❛r ♣❛②✲♦✛ ✐♥ ❛♥ ✐♠♣❡r❢❡❝t ♠❛r❦❡t ♠♦❞❡❧❀ ✇❡ ❛❧s♦ ❣✐✈❡ ❛ ✉s❡❢✉❧ ❝♦r♦❧❧❛r②

♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ ♥❛♠❡❧②✱ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✇✐t❤ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts ❢♦r

❘❇❙❉❊s ✇✐t❤ ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡s ❛♥❞ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✳

✷✳ Pr❡❧✐♠✐♥❛r✐❡s

▲❡t T > 0 ❜❡ ❛ ✜①❡❞ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r✳ ▲❡t E = R
n\{0},E = B(Rn\{0})✱ ✇❤✐❝❤ ✇❡

❡q✉✐♣ ✇✐t❤ ❛ σ✲✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ν✳ ▲❡t (Ω,F , P ) ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤

❛ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❝♦♠♣❧❡t❡ ✜❧tr❛t✐♦♥ IF = {Ft : t ∈ [0, T ]}✳ ▲❡t W ❜❡ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

IF ✲❇r♦✇♥✐❛♥ ♠♦t✐♦♥W ✱ ❛♥❞ ❧❡t N(dt, de) ❛♥ IF ✲P♦✐ss♦♥ r❛♥❞♦♠ ♠❡❛s✉r❡ ✇✐t❤ ❝♦♠♣❡♥s❛t♦r

dt⊗ ν(de)✱ s✉♣♣♦s❡❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ W ✳ ❲❡ ❞❡♥♦t❡ ❜② Ñ(dt, de) t❤❡ ❝♦♠♣❡♥s❛t❡❞

♠❡❛s✉r❡✱ ✐✳❡✳ Ñ(dt, de) := N(dt, de)−dt⊗ν(de). ❲❡ ❞❡♥♦t❡ ❜② P t❤❡ ♣r❡❞✐❝t❛❜❧❡ σ✲❛❧❣❡❜r❛

♦♥ Ω × [0, T ]✳ ❚❤❡ ♥♦t❛t✐♦♥ L2(FT ) st❛♥❞s ❢♦r t❤❡ s♣❛❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡

FT ✲♠❡❛s✉r❛❜❧❡ ❛♥❞ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡✳ ❋♦r t ∈ [0, T ], ✇❡ ❞❡♥♦t❡ ❜② Tt,T t❤❡ s❡t ♦❢ st♦♣♣✐♥❣

t✐♠❡s τ s✉❝❤ t❤❛t P (t ≤ τ ≤ T ) = 1. ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r ❛ ❣✐✈❡♥ st♦♣♣✐♥❣ t✐♠❡ S ∈ T0,T ✱

✇❡ ❞❡♥♦t❡ ❜② TS,T t❤❡ s❡t ♦❢ st♦♣♣✐♥❣ t✐♠❡s τ s✉❝❤ t❤❛t P (S ≤ τ ≤ T ) = 1.

❲❡ ✉s❡ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

• L2
ν ✐s t❤❡ s❡t ♦❢ (E ,B(R))✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ℓ : E → R s✉❝❤ t❤❛t ‖ℓ‖2ν :=

∫

E |ℓ(e)|2ν(de) <

✹



∞. ❋♦r ℓ ∈ L2
ν ✱ k ∈ L2

ν ✱ ✇❡ ❞❡✜♥❡ 〈ℓ, k 〉ν :=
∫

E ℓ(e)k (e)ν(de)✳

• IH2 ✐s t❤❡ s❡t ♦❢ R✲✈❛❧✉❡❞ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss❡s φ ✇✐t❤ ‖φ‖2IH2 := E
[

∫ T
0 |φt|

2dt
]

< ∞.

• IH2
ν ✐s t❤❡ s❡t ♦❢ R✲✈❛❧✉❡❞ ♣r♦❝❡ss❡s l : (ω, t, e) ∈ (Ω × [0, T ] × E) 7→ lt(ω, e) ✇❤✐❝❤ ❛r❡

♣r❡❞✐❝t❛❜❧❡✱ t❤❛t ✐s (P⊗E ,B(R))✲♠❡❛s✉r❛❜❧❡✱ ❛♥❞ s✉❝❤ t❤❛t ‖l‖2IH2
ν
:= E

[

∫ T
0 ‖lt‖

2
ν dt

]

< ∞.

• ❆s ✐♥ ❬✶✾❪✱ ✇❡ ❞❡♥♦t❡ ❜② S2 t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ R✲✈❛❧✉❡❞ ♦♣t✐♦♥❛❧ ✭♥♦t ♥❡❝❡ss❛r✐❧② ❝❛❞❧❛❣✮

♣r♦❝❡ss❡s φ s✉❝❤ t❤❛t |||φ|||2S2 := E[ess supτ∈T0,T |φτ |
2] < ∞. ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶ ✐♥ ❬✶✾❪✱ t❤❡

♠❛♣♣✐♥❣ |||·|||S2 ✐s ❛ ♥♦r♠ ♦♥ S2✱ ❛♥❞ S2 ❡♥❞♦✇❡❞ ✇✐t❤ t❤✐s ♥♦r♠ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✳

• ▲❡t M2 ❜❡ t❤❡ s❡t ♦❢ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡s M = (Mt)t∈[0,T ] ✇✐t❤ M0 = 0✳

❚❤✐s ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t (M,M ′)M2 := E[MTM
′
T ] (=

E[ 〈M,M ′〉T ] = E( [M,M ′]T ))✱ ❢♦r M,M ′ ∈ M2 ✭❝❢✳✱ ❡✳❣✳✱ ❬✸✺❪ ■❱✳✸✮✳ ❋♦r ❡❛❝❤ M ∈ M2✱

✇❡ s❡t ‖M‖2M2 := E(M2
T )✳

• ▲❡t M2,⊥ ❜❡ t❤❡ s✉❜s♣❛❝❡ ♦❢ ♠❛rt✐♥❣❛❧❡s h ∈ M2 s❛t✐s❢②✐♥❣ 〈h,W 〉· = 0✱ ❛♥❞ s✉❝❤ t❤❛t✱

❢♦r ❛❧❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss❡s l ∈ IH2
ν ✱

〈h,

∫ ·

0

∫

E
ls(e)Ñ(ds, de)〉t = 0, 0 ≤ t ≤ T a.s. ✭✷✳✶✮

❘❡♠❛r❦ ✷✳✶✳ ◆♦t❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✷✳✶✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ sq✉❛r❡ ❜r❛❝❦❡t
♣r♦❝❡ss [h ,

∫ ·
0

∫

E ls(e)Ñ(ds, de) ]t ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✭❝❢✳ t❤❡ ❆♣♣❡♥❞✐① ❢♦r ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts
♦♥ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✮✮✳

❘❡❝❛❧❧ ❛❧s♦ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ 〈h,W 〉· = 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ h ✭✐♥
t❤❡ s❡♥s❡ ♦❢ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t (·, ·)M2✮ ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s ♦❢ t❤❡ ❢♦r♠
∫ ·
0 zsdWs✱ ✇❤❡r❡ z ∈ IH2 ✭❝❢✳ ❡✳❣✳ ✱ ❬✸✺❪ ■❱✳ ✸ ▲❡♠♠❛ ✷✮✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✮
✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ h ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s ♦❢ t❤❡ ❢♦r♠
∫ ·
0

∫

E ls(e)Ñ(ds, de)✱ ✇❤❡r❡ l ∈ IH2
ν ✭❝❢✳✱ ❡✳❣✳ ✱ ▲❡♠♠❛ ✶✷✳✶ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✮✳

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦♣❡rt② ♦❢ ♠❛rt✐♥❣❛❧❡s ✐♥M2 ✭❝❢✳ ▲❡♠♠❛

■■■✳✹✳✷✹ ✐♥ ❬✷✻❪✮✳

▲❡♠♠❛ ✷✳✶✳ ❋♦r ❡❛❝❤ M ∈ M2✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ tr✐♣❧❡t (Z, l, h) ∈ IH2 × IH2
ν ×M2,⊥

s✉❝❤ t❤❛t

Mt =

∫ t

0
ZsdWs +

∫ t

0

∫

E
lt(e)Ñ(dt, de) + ht , ∀ t ∈ [0, T ] a.s. ✭✷✳✷✮

❉❡✜♥✐t✐♦♥ ✷✳✶ ✭❉r✐✈❡r✱ ▲✐♣s❝❤✐t③ ❞r✐✈❡r✮✳ ❆ ❢✉♥❝t✐♦♥ f ✐s s❛✐❞ t♦ ❜❡ ❛ ❞r✐✈❡r ✐❢
f : Ω × [0, T ] × R

2 × L2
ν → R❀ (ω, t, y, z, k ) 7→ f(ω, t, y, z, k ) ✐s P ⊗ B(R2) ⊗ B(L2

ν)−

♠❡❛s✉r❛❜❧❡✱ ✇✐t❤ E[
∫ T
0 f(t, 0, 0, 0)2dt] < +∞✳

❆ ❞r✐✈❡r f ✐s ❝❛❧❧❡❞ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r ✐❢ ♠♦r❡♦✈❡r t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K ≥ 0 s✉❝❤
t❤❛t dP ⊗ dt✲❛✳❡✳ ✱ ❢♦r ❡❛❝❤ (y1, z1, k1) ∈ R

2 × L2
ν ✱ (y2, z2, k2) ∈ R

2 × L2
ν ✱

|f(ω, t, y1, z1, k1)− f(ω, t, y2, z2, k2)| ≤ K(|y1 − y2|+ |z1 − z2|+ ‖k1 − k2‖ν).

✺



❉❡✜♥✐t✐♦♥ ✷✳✷ ✭❇❙❉❊✱ ❝♦♥❞✐t✐♦♥❛❧ f✲❡①♣❡❝t❛t✐♦♥✮✳ ❲❡ ❤❛✈❡ ✭❝❢✳✱ ❡✳❣✳✱ ❘❡♠❛r❦ ✶✷✳✶
✐♥ t❤❡ ❆♣♣❡♥❞✐①✮ t❤❛t ✐❢ f ✐s ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r ❛♥❞ ✐❢ ξ ✐s ✐♥ L2(FT )✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛
✉♥✐q✉❡ s♦❧✉t✐♦♥ (X,π, l, h) ∈ S2 × IH2 × IH2

ν ×M2,⊥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❇❙❉❊✿
−dXt = f(t,Xt, πt, lt)dt− πtdWt −

∫

E lt(e)Ñ(dt, de)− dht; XT = ξ.

❋♦r t ∈ [0, T ]✱ t❤❡ ✭♥♦♥✲❧✐♥❡❛r✮ ♦♣❡r❛t♦r Ef
t,T (·) : L2(FT ) → L2(Ft) ✇❤✐❝❤ ♠❛♣s ❛ ❣✐✈❡♥

t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥ ξ ∈ L2(FT ) t♦ t❤❡ ♣♦s✐t✐♦♥ Xt ✭❛t t✐♠❡ t✮ ♦❢ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❇❙❉❊ ✐s ❝❛❧❧❡❞ ❝♦♥❞✐t✐♦♥❛❧ f ✲❡①♣❡❝t❛t✐♦♥ ❛t t✐♠❡ t✳ ❆s ✉s✉❛❧✱ t❤✐s
♥♦t✐♦♥ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✭❞❡t❡r♠✐♥✐st✐❝✮ t❡r♠✐♥❛❧ t✐♠❡ T ✐s r❡♣❧❛❝❡❞ ❜②
❛ ✭♠♦r❡ ❣❡♥❡r❛❧✮ st♦♣♣✐♥❣ t✐♠❡ τ ∈ T0,T ✱ t❤❡ t✐♠❡ t ✐s r❡♣❧❛❝❡❞ ❜② ❛ st♦♣♣✐♥❣ t✐♠❡ S s✉❝❤
t❤❛t S ≤ τ ❛✳s✳ ❛♥❞ t❤❡ ❞♦♠❛✐♥ L2(FT ) ♦❢ t❤❡ ♦♣❡r❛t♦r ✐s r❡♣❧❛❝❡❞ ❜② L2(Fτ )✳

❲❡ ♥♦✇ ♣❛ss t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❘❡✢❡❝t❡❞ ❇❙❉❊✳ ▲❡t T > 0 ❜❡ ❛ ✜①❡❞ t❡r♠✐♥❛❧ t✐♠❡✳ ▲❡t f

❜❡ ❛ ❞r✐✈❡r✳ ▲❡t ξ = (ξt)t∈[0,T ] ❜❡ ❛ ♣r♦❝❡ss ✐♥ S2✳

❲❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss (ξt)t∈(0,T ] ❜② ξt := lim sups↑t,s<t ξs, ❢♦r ❛❧❧ t ∈ (0, T ]. ❲❡ r❡❝❛❧❧

t❤❛t ξ ✐s ❛ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ✭❝❢✳ ❬✻✱ ❚❤♠✳ ✾✵✱ ♣❛❣❡ ✷✷✺❪✮✳ ❚❤❡ ♣r♦❝❡ss ξ ✐s ❧❡❢t✲✉✳s✳❝✳ ❛♥❞

✐s ❝❛❧❧❡❞ t❤❡ ❧❡❢t ✉♣♣❡r✲s❡♠✐❝♦♥t✐♥✉♦✉s ❡♥✈❡❧♦♣❡ ♦❢ ξ✳

❉❡✜♥✐t✐♦♥ ✷✳✸ ✭❘❡✢❡❝t❡❞ ❇❙❉❊✮✳ ❆ ♣r♦❝❡ss (Y, Z, k, h,A,C) ✐s s❛✐❞ t♦ ❜❡ ❛ s♦❧✉t✐♦♥
t♦ t❤❡ r❡✢❡❝t❡❞ ❇❙❉❊ ✇✐t❤ ♣❛r❛♠❡t❡rs (f, ξ)✱ ✇❤❡r❡ f ✐s ❛ ❞r✐✈❡r ❛♥❞ ξ ✐s ❛ ♣r♦❝❡ss ✐♥ S2✱
✐❢✱ (Y, Z, k, h,A,C) ∈ S2 × IH2 × IH2

ν ×M2,⊥ × S2 × S2,

− dYt = f(t, Yt, Zt, kt)dt+ dAt + dCt− − ZtdWt −

∫

E
kt(e)Ñ(dt, de)− dht, 0 ≤ t ≤ T,

✭✷✳✸✮

YT = ξT ❛✳s✳✱ ❛♥❞ Yt ≥ ξt ❢♦r ❛❧❧ t ∈ [0, T ], ❛✳s✳✱

A ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ✇✐t❤ A0 = 0 ❛♥❞ s✉❝❤ t❤❛t
∫ T

0
1{Yt−>ξt}

dAc
t = 0 ❛✳s✳ ❛♥❞ (Yτ− − ξτ )(A

d
τ −Ad

τ−) = 0 ❛✳s✳ ❢♦r ❛❧❧ ♣r❡❞✐❝t❛❜❧❡ τ ∈ T0,T ,

✭✷✳✹✮

C ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛❞❛♣t❡❞ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ✇✐t❤ C0− = 0

❛♥❞ s✉❝❤ t❤❛t (Yτ − ξτ )(Cτ − Cτ−) = 0 ❛✳s✳ ❢♦r ❛❧❧ τ ∈ T0,T . ✭✷✳✺✮

❍❡r❡ Ac ❞❡♥♦t❡s t❤❡ ❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ t❤❡ ♣r♦❝❡ss A ❛♥❞ Ad ✐ts ❞✐s❝♦♥t✐♥✉♦✉s ♣❛rt✳

❊q✉❛t✐♦♥s ✭✷✳✹✮ ❛♥❞ ✭✷✳✺✮ ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ♠✐♥✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ♦r ❙❦♦r♦❦❤♦❞ ❝♦♥❞✐t✐♦♥s✳
❋♦r r❡❛❧✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X ❛♥❞ Xn✱ n ∈ IN ✱ t❤❡ ♥♦t❛t✐♦♥ ✧Xn ↑ X✧ st❛♥❞s ❢♦r

✧t❤❡ s❡q✉❡♥❝❡ (Xn) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ X ❛✳s✳✧✳

❋♦r ❛ ❧❛❞❧❛❣ ♣r♦❝❡ss φ✱ ✇❡ ❞❡♥♦t❡ ❜② φt+ ❛♥❞ φt− t❤❡ r✐❣❤t✲❤❛♥❞ ❛♥❞ ❧❡❢t✲❤❛♥❞ ❧✐♠✐t ♦❢

φ ❛t t✳ ❲❡ ❞❡♥♦t❡ ❜② ∆+φt := φt+ − φt t❤❡ s✐③❡ ♦❢ t❤❡ r✐❣❤t ❥✉♠♣ ♦❢ φ ❛t t✱ ❛♥❞ ❜②

∆φt := φt − φt− t❤❡ s✐③❡ ♦❢ t❤❡ ❧❡❢t ❥✉♠♣ ♦❢ φ ❛t t✳

✻



❘❡♠❛r❦ ✷✳✷✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ ξ ❤❛s ❧❡❢t ❧✐♠✐ts✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡ ♣r♦❝❡ss (ξt)
❜② t❤❡ ♣r♦❝❡ss ♦❢ ❧❡❢t ❧✐♠✐ts (ξt−) ✐♥ t❤❡ ❙❦♦r♦❦❤♦❞ ❝♦♥❞✐t✐♦♥ ✭✷✳✹✮✳

❘❡♠❛r❦ ✷✳✸✳ ■❢ (Y, Z, k, h,A,C) ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❘❇❙❉❊ ❞❡✜♥❡❞ ❛❜♦✈❡✱ ❜② ✭✷✳✸✮✱ ✇❡
❤❛✈❡ ∆Ct = Yt − Yt+✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Yt ≥ Yt+✱ ❢♦r ❛❧❧ t ∈ [0, T )✳ ❍❡♥❝❡✱ Y ✐s r✳✉✳s✳❝✳
▼♦r❡♦✈❡r✱ ❢r♦♠ Cτ − Cτ− = −(Yτ+ − Yτ )✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❙❦♦r♦❦❤♦❞ ❝♦♥❞✐t✐♦♥ ✭✷✳✺✮✱
✇❡ ❞❡r✐✈❡ (Yτ − ξτ )(Yτ+ − Yτ ) = 0✱ ❛✳s✳ ❢♦r ❛❧❧ τ ∈ T0,T ✳ ❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ Yτ ≥ ξτ ❛♥❞
Yτ ≥ Yτ+ ❛✳s✳✱ ❧❡❛❞s t♦ Yτ = Yτ+ ∨ ξτ ❛✳s✳ ❢♦r ❛❧❧ τ ∈ T0,T ✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ▲❡t τ ∈ T0,T ✳ ❆♥ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss (φt) ✐s s❛✐❞ t♦ ❜❡ r✐❣❤t ✉♣♣❡r✲s❡♠✐❝♦♥t✐♥✉♦✉s
✭r❡s♣✳ ❧❡❢t ✉♣♣❡r✲s❡♠✐❝♦♥t✐♥✉♦✉s✮ ❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s ✐❢ ❢♦r ❛❧❧ st♦♣♣✐♥❣ t✐♠❡ τ ∈ T0,T ❛♥❞
❢♦r ❛❧❧ ♥♦♥ ✐♥❝r❡❛s✐♥❣ ✭r❡s♣✳ ♥♦♥ ❞❡❝r❡❛s✐♥❣✮ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (τn) s✉❝❤ t❤❛t
τn ↓ τ ✭r❡s♣✳ τn ↑ τ✮ ❛✳s✳ ✱ φτ ≥ lim supn→∞ φτn a.s.✳

❘❡♠❛r❦ ✷✳✹✳ ■❢ ξ ✐s ❧❡❢t✲✉✳s✳❝✳ ❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✱ t❤❡♥ t❤❡ ♣r♦❝❡ss A ✐s ❝♦♥t✐♥✉♦✉s✳✸

■♥❞❡❡❞✱ ❧❡t τ ∈ T0,T ❜❡ ❛ ♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡✳ ❋♦r ❡❛❝❤ ♠❛rt✐♥❣❛❧❡ M ✱ ✇❡ ❤❛✈❡
E[∆Mτ/Fτ− ] = 0 ❛✳s✳▼♦r❡♦✈❡r✱ s✐♥❝❡ A ✐s ♣r❡❞✐❝t❛❜❧❡✱ ✇❡ ❤❛✈❡ E[∆Aτ/Fτ− ] = ∆Aτ ❛✳s✳
❇② ✭✷✳✸✮✱ ✇❡ ❣❡t

E[∆Yτ/Fτ− ] = −∆Aτ = −∆Aτ1{Y
τ−

=ξτ}
a.s. ✭✷✳✻✮

❍❡♥❝❡✱ ♦♥ {Yτ− = ξτ}✱ ✇❡ ❤❛✈❡ E[Yτ/Fτ− ]−Yτ− = E[∆Yτ/Fτ− ] = −∆Aτ ≤ 0 ❛✳s✳ ❙✐♥❝❡ ξ
✐s ❧❡❢t✲✉✳s✳❝✳ ❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✱ ✇❡ t❤✉s ❞❡r✐✈❡ t❤❛t ξτ ≤ E[ξτ/Fτ− ] ≤ E[Yτ/Fτ− ] ≤ Yτ−
❛✳s✳ ♦♥ {Yτ− = ξτ}✱ ❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ❡✈❡♥ ❡q✉❛❧✐t✐❡s✳ ❍❡♥❝❡✱ E[Yτ/Fτ− ] = Yτ− ❛✳s✳
♦♥ {Yτ− = ξτ}✳ ❇② ✭✷✳✻✮✱ ✇❡ ❞❡r✐✈❡ t❤❛t ∆Aτ = 0 ❛✳s✳ ❚❤✐s ❡q✉❛❧✐t② ❜❡✐♥❣ tr✉❡ ❢♦r ❡✈❡r②
♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ τ ∈ T0,T ✱ ✐t ❢♦❧❧♦✇s t❤❛t A ✐s ❝♦♥t✐♥✉♦✉s✳

✸✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐s✐t t❤❡ ❝❧❛ss✐❝❛❧ ✭❧✐♥❡❛r✮ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ ✐rr❡❣✉❧❛r

♣❛②✲♦✛ ♣r♦❝❡ss ❛♥❞ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✳

✸✳✶✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ r❡✈✐s✐t❡❞

▲❡t (ξt)t∈[0,T ] ❜❡ ❛ ♣r♦❝❡ss ❜❡❧♦♥❣✐♥❣ t♦ S2✱ ❝❛❧❧❡❞ t❤❡ r❡✇❛r❞ ♣r♦❝❡ss ♦r t❤❡ ♣❛②✲♦✛
♣r♦❝❡ss✳ ❋♦r ❡❛❝❤ S ∈ T0,T ✱ ✇❡ ❞❡✜♥❡ t❤❡ ✈❛❧✉❡ v(S) ❛t t✐♠❡ S ❜②

v(S) := ess sup
τ∈TS,T

E[ξτ | FS ]. ✭✸✳✶✮

✸❚❤✐s ♣r♦♣❡rt② ✭t♦❣❡t❤❡r ✇✐t❤ ♦✉r ♠❛✐♥ r❡s✉❧t ❚❤❡♦r❡♠ ✶✵✳✶✮ ❣❡♥❡r❛❧✐③❡s ❛ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧t s❤♦✇♥
✉♥❞❡r ❛♥ ❛❞❞✐t✐♦♥❛❧ ✭r✐❣❤t✲✉✳s✳❝✳✮ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ♣r♦❝❡ss ξ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ♦♣t✐♠❛❧
st♦♣♣✐♥❣ ♣r♦❜❧❡♠s ✭❝❢✳ ❬✶✷❪ ♦r Pr♦♣♦s✐t✐♦♥ ❇✳✶✵ ✐♥ ❬✷✾❪✮✱ ❛♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ r❡✢❡❝t❡❞ ❇❙❉❊s ✭❝❢✳
❚❤❡♦r❡♠ ✸✳✹ ✐♥ ❬✶✾❪✮✳

✼



▲❡♠♠❛ ✸✳✶✳ ✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ❧❛❞❧❛❣ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss (vt)t∈[0,T ] ✇❤✐❝❤ ❛❣❣r❡❣❛t❡s t❤❡ ❢❛♠✲
✐❧② (v(S))S∈T0,T ✭✐✳❡✳ vS = v(S) ❛✳s✳ ❢♦r ❛❧❧ S ∈ T0,T ✮✳
▼♦r❡♦✈❡r✱ t❤❡ ♣r♦❝❡ss (vt)t∈[0,T ] ✐s t❤❡ s♠❛❧❧❡st str♦♥❣ s✉♣❡r♠❛rt✐♥❣❛❧❡ ❣r❡❛t❡r t❤❛♥ ♦r
❡q✉❛❧ t♦ (ξt)t∈[0,T ]✳

✭✐✐✮ ❲❡ ❤❛✈❡ vS = ξS ∨ vS+ ❛✳s✳ ❢♦r ❛❧❧ S ∈ T0,T ✳

✭✐✐✐✮ ✹ ❋♦r ❡❛❝❤ S ∈ T0,T ❛♥❞ ❢♦r ❡❛❝❤ λ ∈ (0, 1)✱ t❤❡ ♣r♦❝❡ss (vt)t∈[0,T ] ✐s ❛ ♠❛rt✐♥❣❛❧❡ ♦♥
[S, τλS ]✱ ✇❤❡r❡ τλS := inf{t ≥ S , λvt ≤ ξt}✳

Pr♦♦❢✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❞✉❡ t♦ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ♦❢ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t❤❡♦r②✳ ❋♦r ❛ s❦❡t❝❤

♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst t✇♦ ❛ss❡rt✐♦♥s✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥

❆✳✺ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ♦❢ ❬✶✾❪ ✭✇❤✐❝❤ st✐❧❧ ❤♦❧❞s ❢♦r ❛ ❣❡♥❡r❛❧ ♣r♦❝❡ss ξ ∈ S2✮✳ ❚❤❡ ❧❛st

❛ss❡rt✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡s✉❧t ♦❢ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t❤❡♦r② ✭❝❢✳ ❬✸✸❪✱ ❬✶✷❪ ♦r ▲❡♠♠❛ ✷✳✼

✐♥ ❬✷✾❪✮✳ ■ts ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ❛ ♣❡♥❛❧✐③❛t✐♦♥ ♠❡t❤♦❞ ✭✉s❡❞ ✐♥ ❝♦♥✈❡① ❛♥❛❧②s✐s✮✱ ✐♥tr♦❞✉❝❡❞

❜② ▼❛✐♥❣✉❡♥❡❛✉ ✭✶✾✼✽✮ ✭❝❢✳ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ✐♥ ❬✸✸❪✮✱ ✇❤✐❝❤ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥②

r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ r❡✇❛r❞ ♣r♦❝❡ss ξ✳ �

❘❡♠❛r❦ ✸✳✶✳ ■t ❢♦❧❧♦✇s ❢r♦♠ (ii) ✐♥ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ t❤❛t ∆+vS = 1{vS=ξS}∆+vS ❛✳s✳

❘❡♠❛r❦ ✸✳✷✳ ▲❡t ✉s ♥♦t❡ ❢♦r ❢✉rt❤❡r r❡❢❡r❡♥❝❡ t❤❛t ▼❛✐♥❣✉❡♥❡❛✉✬s ♣❡♥❛❧✐③❛t✐♦♥ ❛♣♣r♦❛❝❤
❢♦r s❤♦✇✐♥❣ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ♦♥ [S, τλS ] ✭♣r♦♣❡rt② ✭✐✐✐✮ ✐♥ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛✮ r❡❧✐❡s
❤❡❛✈✐❧② ♦♥ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠✳

▲❡♠♠❛ ✸✳✷✳ ✭✐✮ ❚❤❡ ✈❛❧✉❡ ♣r♦❝❡ss V ♦❢ ▲❡♠♠❛ ✸✳✶ ❜❡❧♦♥❣s t♦ S2 ❛♥❞ ❛❞♠✐ts t❤❡ ❢♦❧❧♦✇✐♥❣
✭▼❡rt❡♥s✮ ❞❡❝♦♠♣♦s✐t✐♦♥✿

vt = v0 +Mt −At − Ct−, ❢♦r ❛❧❧ t ∈ [0, T ] ❛✳s✳, ✭✸✳✷✮

✇❤❡r❡ M ∈ M2✱ A ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss s✉❝❤ t❤❛t
A0 = 0✱ E(A2

T ) < ∞✱ ❛♥❞ C ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛❞❛♣t❡❞ ♣✉r❡❧②
❞✐s❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss s✉❝❤ t❤❛t C0− = 0✱ E(C2

T ) < ∞✳

✭✐✐✮ ❋♦r ❡❛❝❤ τ ∈ T0,T ✱ ✇❡ ❤❛✈❡ ∆Cτ = 1{vτ=ξτ}∆Cτ ❛✳s✳

✭✐✐✐✮ ❋♦r ❡❛❝❤ ♣r❡❞✐❝t❛❜❧❡ τ ∈ T0,T ✱ ✇❡ ❤❛✈❡ ∆Aτ = 1{vτ−= ξτ}
∆Aτ ❛✳s✳

✹◆♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♥♦t ♥❡❝❡ss❛r✐❧② ♥♦♥✲♥❡❣❛t✐✈❡ ♣❛②✲♦✛ ♣r♦❝❡ss ξ t❤✐s r❡s✉❧t ❤♦❧❞s ✉♣ t♦ ❛
tr❛♥s❧❛t✐♦♥ ❜② t❤❡ ♠❛rt✐♥❣❛❧❡ XS := E[ess supτ∈T0,T

ξ−τ |FS ] ✭❝❢✳ ❡✳❣✳ ❆♣♣❡♥❞✐① ❆ ✐♥ ❬✸✶❪✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

t❤❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ṽ := v +X ❛♥❞ ξ̃ := ξ +X✳

✽



Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✸✳✶ ✭✐✮✱ t❤❡ ♣r♦❝❡ss (vt)t∈[0,T ] ✐s ❛ str♦♥❣ s✉♣❡r♠❛rt✐♥❣❛❧❡✳ ▼♦r❡♦✈❡r✱ ❜②

✉s✐♥❣ ♠❛rt✐♥❣❛❧❡ ✐♥❡q✉❛❧✐t✐❡s✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t E[ess supS∈T0,T |vS |
2] ≤ c|||ξ|||2S2 . ❍❡♥❝❡✱

t❤❡ ♣r♦❝❡ss (vt)t∈[0,T ] ✐s ✐♥ S2 ✭❛ ❢♦rt✐♦r✐✱ ♦❢ ❝❧❛ss ✭❉✮✮✳ ❆♣♣❧②✐♥❣ ▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r

str♦♥❣ s✉♣❡r♠❛rt✐♥❣❛❧❡s ♦❢ ❝❧❛ss ✭❉✮ ✭❝❢✳✱ ❡✳❣✳✱ ❬✼✱ ❆♣♣❡♥❞✐① ✶✱ ❚❤♠✳✷✵✱ ❡q✉❛❧✐t✐❡s ✭✷✵✳✷✮❪✮

❣✐✈❡s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✸✳✷✮✱ ✇❤❡r❡ M ✐s ❛ ❝❛❞❧❛❣ ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡✱ A ✐s ❛

♥♦♥❞❡❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss s✉❝❤ t❤❛t A0 = 0✱ E(AT ) < ∞✱ ❛♥❞ C ✐s

❛ ♥♦♥❞❡❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛❞❛♣t❡❞ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss s✉❝❤ t❤❛t C0− = 0✱

E(CT ) < ∞✳ ❇❛s❡❞ ♦♥ s♦♠❡ r❡s✉❧ts ♦❢ ❉❡❧❧❛❝❤❡r✐❡✲▼❡②❡r ❬✼❪ ✭❝❢✳✱ ❡✳❣✳✱ ❚❤❡♦r❡♠ ❆✳✷ ❛♥❞

❈♦r♦❧❧❛r② ❆✳✶ ✐♥ ❬✶✾❪✮✱ ✇❡ ❞❡r✐✈❡ t❤❛t A ∈ S2 ❛♥❞ C ∈ S2✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❛ss❡rt✐♦♥ ✭✐✮✳

▲❡t τ ∈ T0,T ✳ ❇② ❘❡♠❛r❦ ✸✳✶ t♦❣❡t❤❡r ✇✐t❤ ▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✸✳✷✮✱ ✇❡ ❣❡t ∆Cτ =

−∆+vτ ❛✳s✳ ■t ❢♦❧❧♦✇s t❤❛t ∆Cτ = 1{vτ=ξτ}∆Cτ ❛✳s✳ ✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ✭✐✐✮✳

❆ss❡rt✐♦♥ ✭✐✐✐✮ ✭❝♦♥❝❡r♥✐♥❣ t❤❡ ❥✉♠♣s ♦❢ A✮ ✐s ❞✉❡ t♦ ❊❧ ❑❛r♦✉✐ ✺ ✭❬✶✷✱ Pr♦♣♦s✐t✐♦♥ ✷✳✸✹❪✮

■ts ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❡q✉❛❧✐t② AS = Aτλ
S
❛✳s✳ ✱ ❢♦r ❡❛❝❤ S ∈ T0,T ❛♥❞ ❢♦r ❡❛❝❤ λ ∈ (0, 1)

✭✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✶ ✭✐✐✐✮ t♦❣❡t❤❡r ✇✐t❤ ▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✸✳✷✮✮✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐♥✐♠❛❧✐t② ♣r♦♣❡rt② ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s ♣❛rt Ac ✐s ✇❡❧❧✲❦♥♦✇♥ ❢r♦♠ t❤❡

❧✐t❡r❛t✉r❡ ✐♥ t❤❡ ✧♠♦r❡ r❡❣✉❧❛r✧ ❝❛s❡s ✭❝❢✳✱ ❡✳❣✳✱ ❬✸✵❪ ❢♦r t❤❡ r✐❣❤t✲✉✳s✳❝✳ ❝❛s❡✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢

❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ξ✱ t❤✐s ♠✐♥✐♠❛❧✐t② ♣r♦♣❡rt② ✇❛s ♥♦t ❡①♣❧✐❝✐t❧② ❛✈❛✐❧❛❜❧❡✳ ❖♥❧② r❡❝❡♥t❧②✱

✐t ✇❛s ♣r♦✈❡❞ ❜② ❬✷✽❪ ✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✸✳✼✮ ✐♥ t❤❡ ❇r♦✇♥✐❛♥ ❢r❛♠❡✇♦r❦✳ ❍❡r❡✱ ✇❡ ❣❡♥❡r❛❧✐③❡

t❤❡ r❡s✉❧t ♦❢ ❬✷✽❪ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥ ❜② ✉s✐♥❣ ❞✐✛❡r❡♥t ❛♥❛❧②t✐❝ ❛r❣✉♠❡♥ts✳

▲❡♠♠❛ ✸✳✸✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ♣❛rt Ac ♦❢ A s❛t✐s✜❡s t❤❡ ❡q✉❛❧✐t②
∫ T
0 1{vt−>ξt}

dAc
t = 0 ❛✳s✳

Pr♦♦❢✳ ❆s ❢♦r t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ A✱ t❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ▲❡♠♠❛ ✸✳✶ ✭✐✐✐✮ ✱ ❛♥❞

❛❧s♦ ♦♥ s♦♠❡ ❛♥❛❧②t✐❝ ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❉✶✸ ✐♥ ❬✷✼❪✳

❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t
∫ T
0 (vt− − ξt)dA

c
t = 0 ❛✳s✳ ▲❡♠♠❛ ✸✳✶ ✭✐✐✐✮ ②✐❡❧❞s t❤❛t ❢♦r ❡❛❝❤

S ∈ T0,T ❛♥❞ ❢♦r ❡❛❝❤ λ ∈ (0, 1)✱ ✇❡ ❤❛✈❡ AS = Aτλ
S

a.s. ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡

❝❛♥ ❛ss✉♠❡ t❤❛t ❢♦r ❡❛❝❤ ω✱ t❤❡ ♠❛♣ t 7→ Ac
t(ω) ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❛t t❤❡ ♠❛♣ t 7→ vt(ω) ✐s

❧❡❢t✲❧✐♠✐t❡❞✱ ❛♥❞ t❤❛t✱ ❢♦r ❛❧❧ λ ∈ (0, 1) ∩Q ❛♥❞ t ∈ [0, T ) ∩Q✱ ✇❡ ❤❛✈❡ At(ω) = Aτλt
(ω)✳

✺◆♦t❡ t❤❛t t❤❡ ♣r♦♦❢ ✐♥ ❊❧ ❑❛r♦✉✐ ❬✶✷❪ ✐s ❣✐✈❡♥ ❢♦r ♥♦♥♥❡❣❛t✐✈❡ ♣❛②✲♦✛ ξ✳ ❚♦ ♣❛ss ❢r♦♠ t❤✐s t♦ t❤❡

♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ ξ ♠✐❣❤t t❛❦❡ ❛❧s♦ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✱ ✇❡ ❛♣♣❧② t❤❡ r❡s✉❧t ❜② ❊❧ ❑❛r♦✉✐ ❬✶✷❪ ✇✐t❤

ξ̃ := ξ + X ✭✇❤✐❝❤ ✐s ♥♦♥✲♥❡❣❛t✐✈❡✮ ❛♥❞ ṽ := v + X✱ ✇❤❡r❡ t❤❡ ♣r♦❝❡ss X = (Xt) ✐s ❞❡✜♥❡❞ ❜② Xt :=

E[ess supτ∈T0,T
ξ−τ |Ft]✳ ❲❡ t❤❡♥ ♥♦t✐❝❡ t❤❛t t❤❡ ▼❡rt❡♥s ♣r♦❝❡ss (A,C) ❢r♦♠ t❤❡ ▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥

♦❢ v ✐s t❤❡ s❛♠❡ ❛s t❤❡ ▼❡rt❡♥s ♣r♦❝❡ss ✭Ã✱ C̃✮ ❢r♦♠ t❤❡ ▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ṽ ✭✐♥❞❡❡❞✱ ♦♥❧② t❤❡

♠❛rt✐♥❣❛❧❡ ♣❛rts ♦❢ t❤❡ t✇♦ ❞❡❝♦♠♣♦s✐t✐♦♥s ❞✐✛❡r ❜② X✮✳ ▼♦r❡♦✈❡r✱ ✇❡ s❡❡ t❤❛t t❤❡ s❡t {vτ− = ξτ} ✐s t❤❡

s❛♠❡ ❛s t❤❡ s❡t ✇❤❡r❡ v ✐s r❡♣❧❛❝❡❞ ❜② ṽ ❛♥❞ ξ ✐s r❡♣❧❛❝❡❞ ❜② ξ̃ ✭t❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t X ✐s ❛ ♠❛rt✐♥❣❛❧❡

❛♥❞ t❤✉s ❤❛s ❧❡❢t ❧✐♠✐ts❀ s♦ Xt = Xt−✮✳

✾



▲❡t ✉s ❞❡♥♦t❡ ❜② J (ω) t❤❡ s❡t ♦♥ ✇❤✐❝❤ t❤❡ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ t 7→ Ac
t(ω) ✐s ✏✢❛t✑✿

J (ω) := {t ∈ (0, T ) , ∃δ > 0 ✇✐t❤ Ac
t−δ(ω) = Ac

t+δ(ω)}✳ ❙✐♥❝❡ t❤❡ s❡t J (ω) ✐s ♦♣❡♥✱ ✐t ❝❛♥

❜❡ ✇r✐tt❡♥ ❛s ❛ ❝♦✉♥t❛❜❧❡ ✉♥✐♦♥ ♦❢ ❞✐s❥♦✐♥t ✐♥t❡r✈❛❧s✿ J (ω) = ∪i(αi(ω), βi(ω))✳ ❲❡ ❝♦♥s✐❞❡r

Ĵ (ω) := ∪i(αi(ω), βi(ω)] = {t ∈ (0, T ] , ∃δ > 0 ✇✐t❤ Ac
t−δ(ω) = Ac

t(ω)}. ✭✸✳✸✮

❲❡ ❤❛✈❡
∫ T
0 1Ĵ (ω)dA

c
t(ω) =

∑

i(A
c
βi(ω)

(ω) − Ac
αi(ω)

(ω)) = 0. ❍❡♥❝❡✱ t❤❡ ♥♦♥❞❡❝r❡❛s✐♥❣

❢✉♥❝t✐♦♥ t 7→ Ac
t(ω) ✐s ✏✢❛t✑ ♦♥ Ĵ (ω)✳ ❲❡ ✐♥tr♦❞✉❝❡

K(ω) := {t ∈ (0, T ] s.t. vt−(ω) > ξt(ω)}

❲❡ ♥❡①t s❤♦✇ t❤❛t ❢♦r ❛❧♠♦st ❡✈❡r② ω✱ K(ω) ⊂ Ĵ (ω), ✇❤✐❝❤ ❝❧❡❛r❧② ♣r♦✈✐❞❡s t❤❡ ❞❡s✐r❡❞

r❡s✉❧t✳ ▲❡t t ∈ K(ω)✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t t ∈ Ĵ (ω)✳ ❇② ✭✸✳✸✮✱ ✇❡ t❤✉s ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡r❡

❡①✐sts δ > 0 s✉❝❤ t❤❛t Ac
t−δ(ω) = Ac

t(ω)✳ ❙✐♥❝❡ t ∈ K(ω)✱ ✇❡ ❤❛✈❡ vt−(ω) > ξt(ω)✳ ❍❡♥❝❡✱

t❤❡r❡ ❡①✐sts δ > 0 ❛♥❞ λ ∈ (0, 1) ∩Q s✉❝❤ t❤❛t t− δ ∈ [0, T ) ∩Q ❛♥❞ ❢♦r ❡❛❝❤ r ∈ [t− δ, t)✱

λvr(ω) > ξr(ω)✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ τλt−δ(ω)✱ ✐t ❢♦❧❧♦✇s t❤❛t τλt−δ(ω) ≥ t✳ ◆♦✇✱ ✇❡ ❤❛✈❡

Ac
τλ
t−δ

(ω) = Ac
t−δ(ω)✳ ❙✐♥❝❡ t❤❡ ♠❛♣ s 7→ Ac

s(ω) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ✇❡ ❣❡t Ac
t(ω) = Ac

t−δ(ω)✱

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t ∈ Ĵ (ω)✳ ❲❡ t❤✉s ❤❛✈❡ K(ω) ⊂ Ĵ (ω)✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

❘❡♠❛r❦ ✸✳✸✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ❢r♦♠ ❛ss❡rt✐♦♥ (iii) ♦❢ ▲❡♠♠❛ ✸✳✶ ✐s
❝r✉❝✐❛❧ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠✐♥✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♣r♦❝❡ss A ✭♥❛♠❡❧②✱ ❢♦r t❤❡ ♣r♦♦❢s
♦❢ ▲❡♠♠❛ ✸✳✷ ❛ss❡rt✐♦♥ (iii)✱ ❛♥❞ ❢♦r ▲❡♠♠❛ ✸✳✸✮✳

✸✳✷✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✐♥st❛♥t❛♥❡♦✉s r❡✇❛r❞

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts t♦ t❤❡ ❝❛s❡ ✇❤❡r❡✱ ❜❡s✐❞❡s t❤❡ r❡✇❛r❞

♣r♦❝❡ss ξ✱ t❤❡r❡ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ r✉♥♥✐♥❣ ✭♦r ✐♥st❛♥t❛♥❡♦✉s✮ r❡✇❛r❞ ♣r♦❝❡ss f ∈ IH2✳ ▼♦r❡

♣r❡❝✐s❡❧②✱ ❧❡t (ξt)t∈[0,T ] ❜❡ ❛ ♣r♦❝❡ss ❜❡❧♦♥❣✐♥❣ t♦ S2✱ ❝❛❧❧❡❞ t❤❡ r❡✇❛r❞ ♣r♦❝❡ss ♦r t❤❡ ♣❛②✲♦✛

♣r♦❝❡ss✳ ▲❡t f = (ft)t∈[0,T ] ❜❡ ❛ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ✇✐t❤ E[
∫ T
0 f2

t dt] < +∞✱ ❝❛❧❧❡❞ t❤❡

✐♥st❛♥t❛♥❡♦✉s r❡✇❛r❞ ♣r♦❝❡ss✳ ❋♦r ❡❛❝❤ S ∈ T0,T ✱ ✇❡ ❞❡✜♥❡ t❤❡ ✈❛❧✉❡ V (S) ❛t t✐♠❡ S ❜②

V (S) := ess sup
τ∈TS,T

E[ξτ +

∫ τ

S
fudu | FS ]. ✭✸✳✹✮

❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ V (S) +
∫ S
0 fudu := ess supτ∈TS,T E[ξτ +

∫ τ
0 fudu | FS ]. ❍❡♥❝❡✱ t❤❡

r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✇✐t❤ ξ· r❡♣❧❛❝❡❞ ❜② ξ· +
∫ ·
0 fudu ❛♥❞ v(S)

r❡♣❧❛❝❡❞ ❜② V (S) +
∫ S
0 fudu✳ ❍❡r❡ ✐s ❛ ❜r✐❡❢ s✉♠♠❛r②✳

▲❡♠♠❛ ✸✳✹✳ ✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ❧❛❞❧❛❣ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss (Vt)t∈[0,T ] ✇❤✐❝❤ ❛❣❣r❡❣❛t❡s t❤❡ ❢❛♠✲
✐❧② (V (S))S∈T0,T ✭✐✳❡✳ VS = V (S) ❛✳s✳ ❢♦r ❛❧❧ S ∈ T0,T ✮✳

▼♦r❡♦✈❡r✱ t❤❡ ♣r♦❝❡ss (Vt +
∫ t
0 fudu)t∈[0,T ] ✐s t❤❡ s♠❛❧❧❡st str♦♥❣ s✉♣❡r♠❛rt✐♥❣❛❧❡

❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ (ξt +
∫ t
0 fudu)t∈[0,T ]✳

✶✵



✭✐✐✮ ❲❡ ❤❛✈❡ VS = ξS ∨ VS+ ❛✳s✳ ❢♦r ❛❧❧ S ∈ T0,T ✳

❘❡♠❛r❦ ✸✳✹✳ ■t ❢♦❧❧♦✇s ❢r♦♠ (ii) ✐♥ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ t❤❛t ∆+VS = 1{VS=ξS}∆+VS ❛✳s✳

▲❡♠♠❛ ✸✳✺✳ ✭✐✮ ❚❤❡ ✈❛❧✉❡ ♣r♦❝❡ss V ♦❢ ▲❡♠♠❛ ✸✳✹ ❜❡❧♦♥❣s t♦ S2 ❛♥❞ ❛❞♠✐ts t❤❡ ❢♦❧❧♦✇✐♥❣
✭▼❡rt❡♥s✮ ❞❡❝♦♠♣♦s✐t✐♦♥✿

Vt = V0 −

∫ t

0
fudu+Mt −At − Ct−, ❢♦r ❛❧❧ t ∈ [0, T ] ❛✳s✳, ✭✸✳✺✮

✇❤❡r❡ M ∈ M2✱ A ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss s✉❝❤ t❤❛t
A0 = 0✱ E(A2

T ) < ∞✱ ❛♥❞ C ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛❞❛♣t❡❞ ♣✉r❡❧②
❞✐s❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss s✉❝❤ t❤❛t C0− = 0✱ E(C2

T ) < ∞✳

✭✐✐✮ ❋♦r ❡❛❝❤ τ ∈ T0,T ✱ ✇❡ ❤❛✈❡ ∆Cτ = 1{Vτ=ξτ}∆Cτ ❛✳s✳

✭✐✐✐✮ ❋♦r ❡❛❝❤ ♣r❡❞✐❝t❛❜❧❡ τ ∈ T0,T ✱ ✇❡ ❤❛✈❡ ∆Aτ = 1{Vτ−= ξτ}
∆Aτ ❛✳s✳

▲❡♠♠❛ ✸✳✻✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ♣❛rt Ac ♦❢ A s❛t✐s✜❡s t❤❡ ❡q✉❛❧✐t②
∫ T
0 1{Vt−>ξt}

dAc
t = 0 ❛✳s✳

✸✳✸✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❘❇❙❉❊

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ s❤♦✇✱ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛s✱ t❤❛t t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss V ♦❢

t❤❡ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✸✳✹✮ s♦❧✈❡s t❤❡ ❘❇❙❉❊ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✸ ✇✐t❤

♣❛r❛♠❡t❡rs t❤❡ ❞r✐✈❡r ♣r♦❝❡ss (ft) ❛♥❞ t❤❡ ♦❜st❛❝❧❡ (ξt)✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢

t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❘❇❙❉❊✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ✜rst ♣r♦✈✐❞❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r ❘❇❙❉❊s

✐♥ ♦✉r ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳

▲❡♠♠❛ ✸✳✼ ✭❆ ♣r✐♦r✐ ❡st✐♠❛t❡s✮✳ ▲❡t (Y 1, Z1, k1, h1, A1, C1) ✭r❡s♣✳ (Y 2, Z2, k2, h2, A2, C2)✮
∈ S2×IH2×IH2

ν×M2,⊥×S2×S2 ❜❡ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❘❇❙❉❊ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞r✐✈❡r f1(ω, t)
✭r❡s♣✳ f2(ω, t)✮ ❛♥❞ ✇✐t❤ ♦❜st❛❝❧❡ ξ✳ ❲❡ s❡t Ỹ := Y 1 − Y 2✱ Z̃ := Z1 − Z2✱ Ã := A1 − A2✱
C̃ := C1 − C2✱ k̃ := k1 − k2✱ h̃ := h1 − h2✱ ❛♥❞ f̃(ω, t) := f1(ω, t)− f2(ω, t)✳ ❚❤❡r❡ ❡①✐sts
c > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ ε > 0✱ ❢♦r ❛❧❧ β ≥ 1

ε2
✇❡ ❤❛✈❡

‖Z̃‖2β ≤ ε2‖f̃‖2β , ‖k̃‖2ν,β ≤ ε2‖f̃‖2β ❛♥❞ ‖h̃‖2β,M2 ≤ ε2‖f̃‖2β . ✭✸✳✻✮

|||Ỹ |||
2

β ≤ 4ε2(1 + 12c2)‖f̃‖2β . ✭✸✳✼✮

❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

❯s✐♥❣ t❤❡s❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✱ t❤❡ ❧❡♠♠❛s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ❛♥❞ t❤❡ ♦r✲

t❤♦❣♦♥❛❧ ♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭▲❡♠♠❛ ✷✳✶✮✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✧✐♥✜♥✐t❡s✐♠❛❧

❝❤❛r❛❝t❡r✐③❛t✐♦♥✧ ♦❢ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss V ✳

✶✶



❚❤❡♦r❡♠ ✸✳✶✳ ▲❡t V ❜❡ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss ♦❢ t❤❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✸✳✹✮✳ ▲❡t A
❛♥❞ C ❜❡ t❤❡ ♥♦♥ ❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✸✳✺✮
♦❢ V ✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ tr✐♣❧❡t (Z, k, h) ∈ IH2 × IH2

ν × M2,⊥ s✉❝❤ t❤❛t t❤❡ ♣r♦❝❡ss
(V,Z, k, h,A,C) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❇❙❉❊ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✸ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞r✐✈❡r
♣r♦❝❡ss f(ω, t, y, z, k ) = ft(ω) ❛♥❞ t❤❡ ♦❜st❛❝❧❡ (ξt)✳ ▼♦r❡♦✈❡r✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❘❇❙❉❊
✐s ✉♥✐q✉❡✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✸✳✹ ✭✐✐✮✱ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss V ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣

♣r♦❜❧❡♠ ✭✸✳✹✮ s❛t✐s✜❡s VT = V (T ) = ξT ❛✳s✳ ❛♥❞ Vt ≥ ξt, 0 ≤ t ≤ T ✱ ❛✳s✳ ❇② ▲❡♠♠❛ ✸✳✺ ✭✐✐✮✱

t❤❡ ♣r♦❝❡ss C ♦❢ t❤❡ ▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ V ✭✸✳✺✮ s❛t✐s✜❡s t❤❡ ♠✐♥✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥

✭✷✳✺✮✳ ▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✸✳✺ ✭✐✐✐✮ ❛♥❞ ▲❡♠♠❛ ✸✳✻✱ t❤❡ ♣r♦❝❡ss A s❛t✐s✜❡s t❤❡ ♠✐♥✐♠❛❧✐t②

❝♦♥❞✐t✐♦♥ ✭✷✳✹✮✳ ❇② ▲❡♠♠❛ ✷✳✶✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ tr✐♣❧❡t (Z, k, h) ∈ IH2 × IH2
ν ×M2,⊥

s✉❝❤ t❤❛t dMt = ZtdWt +
∫

E kt(e)Ñ(dt, de) + dht. ❚❤❡ ♣r♦❝❡ss (V,Z, k, h,A,C) ✐s t❤✉s ❛

s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❇❙❉❊ ✭✷✳✸✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞r✐✈❡r ♣r♦❝❡ss (ft) ❛♥❞ t❤❡ ♦❜st❛❝❧❡ ξ✳

❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✭❝❢✳ ▲❡♠♠❛ ✸✳✼✮✱

t♦❣❡t❤❡r ✇✐t❤ ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥ts ✭❝❢✳ st❡♣ ✺ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸ ✐♥ ❬✶✾❪✮✳ �

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❣❡♥❡r❛❧✐③✐♥❣ t❤✐s r❡s✉❧t t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠

✭✶✳✶✮ ✇✐t❤ ♥♦♥✲❧✐♥❡❛r f ✲❡①♣❡❝t❛t✐♦♥ ✭❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♥♦♥✲❧✐♥❡❛r ❞r✐✈❡r f(ω, t, y, z, k )✮✳ ❚♦

t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✜rst ❡st❛❜❧✐s❤ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ❢♦r t❤❡ ❘❇❙❉❊ ❢r♦♠

❉❡✜♥✐t✐♦♥ ✷✳✸ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ✭♥♦♥✲❧✐♥❡❛r✮ ▲✐♣s❝❤✐t③ ❞r✐✈❡r f(ω, t, y, z, k )✳

✹✳ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❇❙❉❊ ✇✐t❤ ❛♥ ✐rr❡❣✉❧❛r

♦❜st❛❝❧❡ ❛♥❞ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ❞r✐✈❡r

■♥ ❚❤❡♦r❡♠ ✸✳✶✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞r✐✈❡r ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥

y, z, ❛♥❞ k ✱ t❤❡ ❘❇❙❉❊ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✸ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❯s✐♥❣ t❤✐s r❡s✉❧t t♦✲

❣❡t❤❡r ✇✐t❤ t❤❡ ❛❜♦✈❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢r♦♠ ▲❡♠♠❛ ✸✳✼✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✐st❡♥❝❡

❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ▲✐♣s❝❤✐t③ ❞r✐✈❡r f(t, y, z, k )✳

❇② t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢r♦♠ ▲❡♠♠❛ ✸✳✼ ❛♥❞ ✉s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts t♦ t❤♦s❡ ✉s❡❞

✐♥ t❤❡ r✐❣❤t✲✉✳s✳❝✳ ❝❛s❡ ✭❝❢✳ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✹ ✐♥ ❬✶✾❪✮✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✹✳✶ ✭❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss✮✳ ▲❡t ξ ❜❡ ❛ ♣r♦❝❡ss ✐♥ S2 ❛♥❞ ❧❡t f ❜❡ ❛
▲✐♣s❝❤✐t③ ❞r✐✈❡r✳ ❚❤❡ ❘❇❙❉❊ ✇✐t❤ ♣❛r❛♠❡t❡rs (f, ξ) ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✸ ❛❞♠✐ts ❛ ✉♥✐q✉❡
s♦❧✉t✐♦♥ (Y, Z, k, h,A,C) ∈ S2 × IH2 × IH2

ν ×M2,⊥ × S2 × S2.

❘❡♠❛r❦ ✹✳✶✳ ■♥ ❬✷✽❪✱ t❤❡ ❛❜♦✈❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ❛ ❇r♦✇♥✐❛♥ ❢r❛♠❡✇♦r❦ ❜② ✉s✐♥❣ ❛ ♣❡✲
♥❛❧✐③❛t✐♦♥ ♠❡t❤♦❞✳ ❖✉r ❛♣♣r♦❛❝❤ ♣r♦✈✐❞❡s ❛♥ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t✳

❲❡ ♥♦✇ ♣r♦✈✐❞❡ ❛ ✉s❡❢✉❧ ♣r♦♣❡rt② ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❘❇❙❉❊✳

✶✷



▲❡♠♠❛ ✹✳✶ ✭Ef ✲♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ♦❢ Y ✮✳ ▲❡t ξ ❜❡ ❛ ♣r♦❝❡ss ✐♥ S2 ❛♥❞ ❧❡t f ❜❡ ❛
▲✐♣s❝❤✐t③ ❞r✐✈❡r✳ ▲❡t (Y, Z, k, h,A,C) ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ r❡✢❡❝t❡❞ ❇❙❉❊ ✇✐t❤ ♣❛r❛♠❡t❡rs
(f, ξ) ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✸✳ ❋♦r ❡❛❝❤ S ∈ T0,T ❛♥❞ ❢♦r ❡❛❝❤ ε > 0✱ ✇❡ s❡t

τ εS := inf{t ≥ S , Yt ≤ ξt + ε}. ✭✹✳✶✮

❚❤❡ ♣r♦❝❡ss (Yt) ✐s ❛♥ Ef ✲♠❛rt✐♥❣❛❧❡ ♦♥ [S, τ εS ]✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐♥ ♦✉r ❝❛s❡ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❛t ♦❢ ▲❡♠♠❛ ✹✳✶ (ii) ✐♥ ❬✶✾❪ ✭✇❤✐❝❤ ❞♦❡s

♥♦t r❡q✉✐r❡ ❛♥② r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥ ♦❢ ξ✮✳ ■t ✐s t❤❡r❡❢♦r❡ ♦♠✐tt❡❞✳ �

❘❡♠❛r❦ ✹✳✷✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ξ ✐s ♥♦♥♥❡❣❛t✐✈❡✱ t❤❡ ❛❜♦✈❡ r❡s✉❧t ❤♦❧❞s tr✉❡ ❛❧s♦ ♦♥ t❤❡
st♦❝❤❛st✐❝ ✐♥t❡r✈❛❧ [S, τλS ]✱ ✇❤❡r❡ λ ∈ (0, 1) ❛♥❞ τλS := inf{t ≥ S : λYt ≤ ξt}✳ ◆♦t❡ t❤❛t ✐♥
t❤❡ ❝❛s❡ ✇❤❡r❡ ξ ≥ 0 ✱ ✇❡ ❤❛✈❡ Y ≥ 0 ✭❛s Y ≥ ξ ≥ 0✮❀ ❤❡♥❝❡✱ λYT ≤ YT = ξT ❛✳s✳ ❛♥❞ τλS
✐s ✜♥✐t❡ ❛✳s✳

✺✳ ❖♣t✐♠❛❧ st♦♣♣✐♥❣ ✇✐t❤ ♥♦♥✲❧✐♥❡❛r f✲❡①♣❡❝t❛t✐♦♥✿ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

▲❡t (ξt)t∈[0,T ] ❜❡ ❛ ♣r♦❝❡ss ✐♥ S2✳ ▲❡t f ❜❡ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r✳ ❋♦r ❡❛❝❤ S ∈ T0,T ✱ ✇❡

❞❡✜♥❡ t❤❡ ✈❛❧✉❡ ❛t t✐♠❡ S ❜②

V (S) := ess sup
τ∈TS,T

Ef
S,τ (ξτ ). ✭✺✳✶✮

❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❞r✐✈❡r ✭❝❢✳✱ ❡✳❣✳✱ ❚❤❡♦r❡♠ ✹✳✷ ✐♥ ❬✸✻❪✮✳

❆ss✉♠♣t✐♦♥ ✺✳✶✳ ❆ss✉♠❡ t❤❛t dP ⊗ dt✲❛✳❡✳ ❢♦r ❡❛❝❤ (y, z, k1, k2) ∈ R2 × (L2
ν)

2✱

f(t, y, z, k1)− f(t, y, z, k2) ≥ 〈θy,z,k1,k2t , k1 − k2〉ν ,

✇❤❡r❡ θ : [0, T ]×Ω×R2 × (L2
ν)

2 → L2
ν ; (ω, t, y, z, k1, k2) 7→ θy,z,k1,k2t (ω, ·) ✐s ❛ P ⊗B(R2)⊗

B((L2
ν)

2)✲♠❡❛s✉r❛❜❧❡ ♠❛♣♣✐♥❣✱ s❛t✐s❢②✐♥❣ ‖θy,z,k1,k2t (·)‖ν ≤ C ❢♦r ❛❧❧ (y, z, k1, k2) ∈ R2 ×

(L2
ν)

2✱ dP ⊗dt✲❛✳❡✳ ✱ ✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✱ ❛♥❞ s✉❝❤ t❤❛t θy,z,k1,k2t (e) ≥ −1, ❢♦r ❛❧❧
(y, z, k1, k2) ∈ R2 × (L2

ν)
2✱ dP ⊗ dt⊗ dν(e)− a.e.

❲❡ r❡❝❛❧❧ t❤❛t ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✺✳✶ ♦♥ t❤❡ ❞r✐✈❡r f ✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ Ef
S,τ (·) ✐s ♥♦♥❞❡✲

❝r❡❛s✐♥❣ ✭❝❢✳ ❬✸✻✱ ❚❤♠✳ ✹✳✷❪ ❛♥❞ ❘❡♠❛r❦ ✶✷✳✶ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✮✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ❛❜♦✈❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ ❧❛r❣❡❧②

st✉❞✐❡❞✿ ✐♥ ❬✶✻❪✱ ❛♥❞ ✐♥ ❬✷❪✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ♣❛②✲♦✛ ♣r♦❝❡ss ξ❀ ✐♥ ❬✸✼❪ ✐♥ t❤❡ ❝❛s❡

♦❢ ❛ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♣❛②✲♦✛❀ ❛♥❞ r❡❝❡♥t❧② ✐♥ ❬✶✾❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ r✐❣❤t✲✉✳s✳❝✳ ♣❛②✲♦✛ ♣r♦❝❡ss

ξ✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞♦ ♥♦t ♠❛❦❡ ❛♥② r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ ξ ✭❝❢✳ ❛❧s♦ ❘❡♠❛r❦ ✷✳✷✮✳

✶✸



❲❡ ❜❡❣✐♥ ❜② ❛❞❞r❡ss✐♥❣ t❤❡ s✐♠♣❧❡r ❝❛s❡ ✇❤❡r❡ t❤❡ ♣❛②♦✛ ✐s ❛ss✉♠❡❞ t♦ ❜❡ r✐❣❤t ✉✳s✳❝✳
❚❤✐s ♣r❡❧✐♠✐♥❛r② st✉❞② ♦❢ t❤❡ r✐❣❤t ✉✳s✳❝✳ ❝❛s❡ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❡st❛❜❧✐s❤ ❛♥ Ef ✲▼❡rt❡♥s

❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥ ✭❡①t❡♥❞✐♥❣

t❤❡ ❡①✐st✐♥❣ r❡s✉❧ts ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡❀ ❝❢✳ ❬✸❪ ❛♥❞ ❬✶✾❪✮✳ ❚❤✐s ✇✐❧❧ ❜❡ ❛♥ ✐♠♣♦rt❛♥t r❡s✉❧t

❢♦r t❤❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♠♣❧❡t❡❧②
✐rr❡❣✉❧❛r ♣❛②✲♦✛✳

✻✳ ❖♣t✐♠❛❧ st♦♣♣✐♥❣ ✇✐t❤ ♥♦♥✲❧✐♥❡❛r f✲❡①♣❡❝t❛t✐♦♥✿ t❤❡ r✐❣❤t ✉✳s✳❝✳ ❝❛s❡

▲❡t f ❜❡ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t r❡❧✐❡s ❝r✉✲

❝✐❛❧❧② ♦♥ ❛♥ ❛ss✉♠♣t✐♦♥ ♦❢ r✐❣❤t✲✉♣♣❡rs❡♠✐❝♦♥t✐♥✉✐t② ♦❢ ξ✳

▲❡♠♠❛ ✻✳✶✳ ▲❡t ξ ∈ S2✱ s✉♣♣♦s❡❞ t♦ ❜❡ r✐❣❤t ✉✳s✳❝✳ ▲❡t (Y, Z, k, h,A,C) ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦
t❤❡ r❡✢❡❝t❡❞ ❇❙❉❊ ✇✐t❤ ♣❛r❛♠❡t❡rs (f, ξ) ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✸✳ ▲❡t S ∈ T0,T ❛♥❞ ❧❡t ε > 0✳
▲❡t τ εS ❜❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡ ❞❡✜♥❡❞ ❜② ✭✹✳✶✮✱ t❤❛t ✐s✱ τ εS := inf{t ≥ S , Yt ≤ ξt+ ε}✳ ❲❡ ❤❛✈❡

Yτε
S
≤ ξτε

S
+ ε a.s. ✭✻✳✶✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐♥ ♦✉r ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❛t ♦❢

❬✶✾✱ ▲❡♠♠❛ ✹✳✶✭✐✮❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❇r♦✇♥✐❛♥✲P♦✐ss♦♥ ✜❧tr❛t✐♦♥✳ �

❇② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✹✳✶✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✻✳✶ ✭❈❤❛r❛❝t❡r✐③❛t✐♦♥ t❤❡♦r❡♠ ✐♥ t❤❡ r✳✉✳s✳❝✳ ❝❛s❡✮✳ ▲❡t (ξt)t∈[0,T ] ❜❡ ❛ ♣r♦✲
❝❡ss ✐♥ S2✱ s✉♣♣♦s❡❞ t♦ ❜❡ r✐❣❤t ✉✳s✳❝✳ ▲❡t (Y, Z, k, h,A,C) ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ r❡✢❡❝t❡❞
❇❙❉❊ ✇✐t❤ ♣❛r❛♠❡t❡rs (f, ξ) ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✸✳
✭✐✮ ❋♦r ❡❛❝❤ st♦♣♣✐♥❣ t✐♠❡ S ∈ T0,T ✱ ✇❡ ❤❛✈❡ ✻

YS = ess sup
τ∈TS,T

Ef
S,τ (ξτ ) a.s. ✭✻✳✷✮

✭✐✐✮ ▼♦r❡♦✈❡r✱ t❤❡ st♦♣♣✐♥❣ t✐♠❡ τ εS✱ ❞❡✜♥❡❞ ❜② τ εS := inf{t ≥ S, Yt ≤ ξt + ε}✱ s❛t✐s✜❡s

YS ≤ Ef
S,τε

S
(ξτε

S
) + Lε a.s. , ✭✻✳✸✮

✇❤❡r❡ L ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ T ❛♥❞ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t K ♦❢ f ✳
■♥ ♦t❤❡r ✇♦r❞s✱ τ εS ✐s ❛♥ Lε✲♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡ ❢♦r ♣r♦❜❧❡♠ ✭✻✳✷✮✳

✻■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣r♦❝❡ss (Yt) ❛❣❣r❡❣❛t❡s t❤❡ ✈❛❧✉❡ ❢❛♠✐❧② (V (S), S ∈ T0,T ) ❞❡✜♥❡❞ ❜② ✭✺✳✶✮✱ t❤❛t ✐s
YS = V (S) ❛✳s✳ ❢♦r ❛❧❧ S ∈ T0,T ✳

✶✹



Pr♦♦❢✳ ▲❡t ✉s s❤♦✇ t❤❡ ✐♥❡q✉❛❧✐t② ✭✻✳✸✮✳ ❙✐♥❝❡ ❜② ▲❡♠♠❛ ✹✳✶✱ t❤❡ ♣r♦❝❡ss (Yt) ✐s ❛♥

Ef ✲♠❛rt✐♥❣❛❧❡ ♦♥ [S, τ εS ]✱ ✇❡ ❣❡t YS = Ef
S,τε

S
(Yτε

S
) ❛✳s✳ ❙✐♥❝❡ ξ ✐s r✐❣❤t ✉✳s✳❝✳ ✱ ✇❡ ❝❛♥ ❛♣♣❧②

▲❡♠♠❛ ✻✳✶✳ ❯s✐♥❣ t❤✐s✱ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ f ✲❡①♣❡❝t❛t✐♦♥ ❛♥❞ t❤❡

❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r ❇❙❉❊s ✭❝❢✳ ❬✸✻❪ ✇❤✐❝❤ st✐❧❧ ❤♦❧❞ ✐♥ ♦✉r ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✮✱ ✇❡

❞❡r✐✈❡ t❤❛t YS = Ef
S,τε

S
(Yτε

S
) ≤ Ef

S,τε
S
(ξτε

S
+ ε) ≤ Ef

S,τε
S
(ξτε

S
) + Lε a.s., ✇❤❡r❡ L ✐s ❛ ♣♦s✐t✐✈❡

❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ T ❛♥❞ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t K ♦❢ t❤❡ ❞r✐✈❡r f ❀ t❤✐s ❣✐✈❡s

t❤❡ ❞❡s✐r❡❞ ✐♥❡q✉❛❧✐t② ✭✻✳✸✮✳ ▼♦r❡♦✈❡r✱ ❛s ε ✐s ❛♥ ❛r❜✐tr❛r② ♥♦♥♥❡❣❛t✐✈❡ ♥✉♠❜❡r✱ ✇❡ ❣❡t

YS ≤ ess supτ∈TS,T Ef
S,τ (ξτ ) ❛✳s✳

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ❝♦♥✈❡rs❡ ✐♥❡q✉❛❧✐t②✳ ▲❡t τ ∈ TS,T ✳ ❇② ▲❡♠♠❛ ✶✷✳✷ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱

t❤❡ ♣r♦❝❡ss (Yt) ✐s ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳ ❍❡♥❝❡✱ ❢♦r ❡❛❝❤ τ ∈ TS,T ✱ ✇❡ ❤❛✈❡ YS ≥

Ef
S,τ (Yτ ) ≥ Ef

S,τ (ξτ ) ❛✳s✳✱ ✇❤❡r❡ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥❡q✉❛❧✐t② Y ≥ ξ

❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ♦❢ Ef (·)✳ ❇② t❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r τ ∈ TS,T ✱ ✇❡ ❣❡t

YS ≥ ess supτ∈TS,T Ef
S,τ (ξτ ) ❛✳s✳ ❲❡ t❤✉s ❣❡t t❤❡ ❡q✉❛❧✐t② ✭✻✳✷✮✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳ �

❲❡ ♥♦✇ ✐♥✈❡st✐❣❛t❡ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡s ❢♦r t❤❡

♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✻✳✷✮✳ ❲❡ ✜rst ♣r♦✈✐❞❡ ❛♥ ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐♦♥✳

▲❡♠♠❛ ✻✳✷ ✭❖♣t✐♠❛❧✐t② ❝r✐t❡r✐♦♥✮✳ ▲❡t ξ ❜❡ ❛ ♣r♦❝❡ss ❜❡❧♦♥❣✐♥❣ t♦ S2✱ ❛♥❞ ❧❡t f ❜❡ ❛
▲✐♣s❝❤✐t③ ❞r✐✈❡r s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶✳ ▲❡t S ∈ T0,T ❛♥❞ τ∗ ∈ TS,T . ■❢ Y ✐s ❛ str♦♥❣
Ef ✲♠❛rt✐♥❣❛❧❡ ♦♥ [S, τ∗] ✇✐t❤ Yτ∗ = ξτ∗ ❛✳s✳✱ t❤❡♥ t❤❡ st♦♣♣✐♥❣ t✐♠❡ τ∗ ✐s ♦♣t✐♠❛❧ ❛t t✐♠❡
S ✭✐✳❡✳ YS = Ef

S,τ∗(ξτ∗) ❛✳s✳✮✳ ❚❤❡ ❝♦♥✈❡rs❡ st❛t❡♠❡♥t ❛❧s♦ ❤♦❧❞s tr✉❡✱ ✐❢✱ ✐♥ ❛❞❞✐t✐♦♥✱ t❤❡

✐♥❡q✉❛❧✐t② ❢r♦♠ ❆ss✉♠♣t✐♦♥ ✺✳✶ ✐s str✐❝t ✭t❤❛t ✐s✱ θy,z,k1,k2t > −1✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❇r♦✇♥✐❛♥✲P♦✐ss♦♥

✜❧tr❛t✐♦♥✱ ❣✐✈❡♥ ✐♥ ❬✶✾✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶ ❪ ✭✇❤✐❝❤ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥② r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥

♦♥ ξ✮✳ ■t ✐s t❤❡r❡❢♦r❡ ♦♠✐tt❡❞✳ �

❲❡ ♥♦✇ s❤♦✇ t❤❛t ✐❢ ξ ✐s ❛ss✉♠❡❞ t♦ ❜❡ r✳✉✳s✳❝✳ ❛♥❞ ❛❧s♦ ❧✳✉✳s✳❝✳ ❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✱

t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡✳ ▲❡t S ∈ T0,T ✳ ▲❡t ✉s r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ τ εS
❢r♦♠ ❜❡❢♦r❡✿ τ εS := inf{t ≥ S , Yt ≤ ξt + ε}. ❲❡ ♥♦t✐❝❡ t❤❛t τ εS ✐s ♥♦♥✲✐♥❝r❡❛s✐♥❣ ✐♥ ε✳ ▲❡t

(εn) ❜❡ ❛ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ♣♦s✐t✐✈❡ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ t♦ 0✳ ❲❡ s❡t

τ̂S := lim
n→∞

↑ τ εnS .

❚❤❡ r❛♥❞♦♠ t✐♠❡ τ̂S ✐s ❛ st♦♣♣✐♥❣ t✐♠❡ ✐♥ TS,T ✳ ❲❡ ❛❧s♦ s❡t

τ0S := inf{t ≥ S , Yt = ξt}.

❲❡ ♥♦t✐❝❡ t❤❛t τ εnS ≤ τ0S ❛✳s✳ ❢♦r ❛❧❧ n✳ ❍❡♥❝❡✱ ❜② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t✱ ✇❡ ❣❡t τ̂S ≤ τ0S ❛✳s✳

✶✺



■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❡ s❤♦✇ t❤❛t✱ ✉♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t ξ ✐s ❧✳✉✳s✳❝✳
❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✱ t❤❡ st♦♣♣✐♥❣ t✐♠❡ τ̂S ✐s ❛♥ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡ ❛t t✐♠❡ S✳ ❲❡ ❛❧s♦

s❤♦✇ t❤❛t t❤❡ st♦♣♣✐♥❣ t✐♠❡s τ̂S ❛♥❞ τ0S ❝♦✐♥❝✐❞❡✳

❚❤❡♦r❡♠ ✻✳✷ ✭❊①✐st❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡✮✳ ▲❡t (ξt, 0 ≤ t ≤ T ) ❜❡ ❛♥ r✳✉✳s✳❝✳
♣r♦❝❡ss ✐♥ S2 ❛♥❞ ❧❡t f ❜❡ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶✳ ❲❡ ❛ss✉♠❡✱ ✐♥ ❛❞✲
❞✐t✐♦♥✱ t❤❛t (ξt) ✐s ❧✳✉✳s✳❝✳ ❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✳ ❚❤❡♥✱ t❤❡ st♦♣♣✐♥❣ t✐♠❡ τ̂S ✐s S✲♦♣t✐♠❛❧✱
✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ❛tt❛✐♥s t❤❡ s✉♣r❡♠✉♠ ✐♥ ✭✻✳✷✮✳ ▼♦r❡♦✈❡r✱ τ̂S = τ0S ❛✳s✳

Pr♦♦❢✳ ❇② ❛♣♣❧②✐♥❣ ❋❛t♦✉✬s ❧❡♠♠❛ ❢♦r ❇❙❉❊s ✭❝❢✳ ▲❡♠♠❛ ❆✳✺ ✐♥ ❬✶✶❪ ✼✮✱ ✇❡ ♦❜t❛✐♥

lim sup
n→∞

Ef
S,τεn

S

(

ξτεn
S

)

≤ Ef
S,τ̂S

(

lim sup
n→∞

ξτεn
S

)

≤ Ef
S,τ̂S

(

ξτ̂S
)

❛✳s✳✱ ✭✻✳✹✮

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧✳✉✳s✳❝✳ ✭❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✮ ♣r♦♣❡rt② ♦❢ ξ

❛♥❞ ❢r♦♠ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ Ef
S,τ̂S

(·). ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ ❊q✳ ✭✻✳✸✮ ✐♥ ❚❤❡♦r❡♠

✻✳✶✱ ✇❡ ❤❛✈❡ YS ≤ lim supn→∞ Ef
S,τεn

S

(

ξτεn
S

)

❛✳s✳ ❋r♦♠ t❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ✭✻✳✹✮✱ ✇❡ ❣❡t

YS ≤ Ef
S,τ̂S

(

ξτ̂S
)

❛✳s✳✱ ✇❤✐❝❤ s❤♦✇s t❤❛t τ̂S ✐s ❛♥ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡✳

▲❡t ✉s ♥♦✇ ♣r♦✈❡ t❤❡ ❡q✉❛❧✐t② τ̂S = τ0S ❛✳s✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② ♥♦t✐❝❡❞ t❤❛t τ̂S ≤ τ0S
❛✳s✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ❝♦♥✈❡rs❡ ✐♥❡q✉❛❧✐t②✳ ◆♦t❡ t❤❛t ❢♦r ❡❛❝❤ S ∈ T0,T ✱ YS ✐s

❡q✉❛❧ ❛✳s✳ t♦ t❤❡ ✈❛❧✉❡ ❛t t✐♠❡ S ♦❢ t❤❡ ❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤

t❤❡ ♣❛②✲♦✛ ♣r♦❝❡ss (ξt) ❛♥❞ t❤❡ ✐♥st❛♥t❛♥❡♦✉s r❡✇❛r❞ ♣r♦❝❡ss (f̄t) ❞❡✜♥❡❞ ❜② f̄t(ω) :=

f(ω, t, Yt−(ω), Zt(ω), kt(ω))✱ t❤❛t ✐s

YS = ess sup
τ∈TS,T

E[ξτ +

∫ τ

S
f̄udu | FS ] ❛✳s✳. ✭✻✳✺✮

■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t τ̂S ✐s ❛❧s♦ ♦♣t✐♠❛❧ ❢♦r t❤✐s ❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠✳

◆♦✇✱ ❢r♦♠ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ♦♥ ❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣✱ τ0S ✐s t❤❡ ♠✐♥✐♠❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣

t✐♠❡ ❢♦r ♣r♦❜❧❡♠ ✭✻✳✺✮❀ ❤❡♥❝❡✱ ✇❡ ❤❛✈❡ τ̂S ≥ τ0S ❛✳s✳✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

✼✳ E
f ✲▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ str♦♥❣ E

f ✲s✉♣❡r♠❛rt✐♥❣❛❧❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛

❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥

❇② ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❇❙❉❊ ✇✐t❤ ❛♥ r✳✉✳s✳❝✳ ♦❜st❛✲

❝❧❡ ❛s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✺✳✶✮ ✭❝❢✳ ❚❤❡♦r❡♠ ✻✳✶✮✱

✼◆♦t❡ t❤❛t ❋❛t♦✉✬s ❧❡♠♠❛ ❢♦r ✭♥♦♥✲r❡✢❡❝t❡❞✮ ❇❙❉❊s✱ s❤♦✇♥ ✐♥ ❬✶✶❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❇r♦✇♥✐❛♥✲P♦✐ss♦♥

✜❧tr❛t✐♦♥✱ st✐❧❧ ❤♦❧❞s tr✉❡ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦ ♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✳

✶✻



✇❡ ❞❡r✐✈❡ ❛♥ Ef ✲▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡s✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s

t❤❡ ♦♥❡ ♣r♦✈✐❞❡❞ ✐♥ ❬✶✾❪ ✭❝❢✳ ❚❤❡♦r❡♠ ✺✳✷ ✐♥ ❬✶✾❪✮ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✳✽

❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❤✐❝❤ ✇✐❧❧ ❛❧❧♦✇

✉s t♦ ❛❞❞r❡ss t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ❝❛s❡ ✭❝❢✳

❙❡❝t✐♦♥ ✾✳✸✱ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✶✱ ❛♥❞ ❛❧s♦ ❚❤❡♦r❡♠ ✶✵✳✶✮✳

❚❤❡♦r❡♠ ✼✳✶ ✭Ef ✲▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥✮✳ ▲❡t (Yt) ❜❡ ❛ ♣r♦❝❡ss ✐♥ S2✳ ▲❡t f ❜❡ ❛
▲✐♣s❝❤✐t③ ❞r✐✈❡r s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶✳ ❚❤❡ ♣r♦❝❡ss (Yt) ✐s ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss A ✐♥ S2 ✇✐t❤
A0 = 0 ❛♥❞ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛❞❛♣t❡❞ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss C ✐♥ S2

✇✐t❤ C0− = 0✱ ❛s ✇❡❧❧ ❛s t❤r❡❡ ♣r♦❝❡ss❡s Z ∈ IH2✱ k ∈ H2
ν ❛♥❞ h ∈ M2,⊥✱ s✉❝❤ t❤❛t

−dYt = f(t, Yt, Zt, kt)dt+dAt+dCt−−ZtdWt−

∫

E
kt(e)Ñ(dt, de)−dht, 0 ≤ t ≤ T. ✭✼✳✶✮

❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✉♥✐q✉❡✳ ▼♦r❡♦✈❡r✱ ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ✐s ♥❡❝❡ss❛r✐❧② r✳✉✳s✳❝✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t (Yt) ✐s ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥

❬✶✾❪ ✭❝❢✳ ▲❡♠♠❛ ✺✳✶ ✐♥ ❬✶✾❪✮✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ♣r♦❝❡ss (Yt) ✐s r✳✉✳s✳❝✳ ▲❡t S ∈ T0,T ✳

❙✐♥❝❡ (Yt) ✐s ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✱ ✇❡ ❤❛✈❡ YS ≥ Ef
S,τ (Yτ ) ❛✳s✳ ❢♦r ❛❧❧ τ ∈ TS,T ✳ ❲❡

❞❡r✐✈❡ t❤❛t YS ≥ ess supτ∈TS,T Ef
S,τ (Yτ ) ❛✳s✳ ◆♦✇✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡ss❡♥t✐❛❧ s✉♣r❡♠✉♠✱

YS ≤ ess supτ∈TS,T Ef
S,τ (Yτ ) ❛✳s✳✱ s✐♥❝❡ S ∈ TS,T ✳ ❍❡♥❝❡✱ YS = ess supτ∈TS Ef

S,τ (Yτ ) ❛✳s✳ ❇②

❚❤❡♦r❡♠ ✻✳✶✱ t❤❡ ♣r♦❝❡ss (Yt) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t❡❞ ❇❙❉❊ ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ ✭r✳✉✳s✳❝✳✮ ♦❜st❛❝❧❡ (Yt)✱ ❛♥❞ t❤✉s ❛❞♠✐ts t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✼✳✶✮✳

❚❤❡ ❝♦♥✈❡rs❡ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✶✷✳✷ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳ �

✽✳ ❖♣t✐♠❛❧ st♦♣♣✐♥❣ ✇✐t❤ ♥♦♥✲❧✐♥❡❛r f✲❡①♣❡❝t❛t✐♦♥ ✐♥ t❤❡ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r

❝❛s❡✿ t❤❡ ❞✐r❡❝t ♣❛rt ♦❢ t❤❡ ❛♣♣r♦❛❝❤

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✺✳✶✮ ✐♥ t❤❡ ♠♦r❡

❞✐✣❝✉❧t ❝❛s❡ ✇❤❡r❡ (ξt) ✐s ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r✳ ❙✐♥❝❡ t❤❡ ♣r♦❝❡ss (ξt) ✐s ♥♦t r✳✉✳s✳❝✳ ✱ t❤❡

✐♥❡q✉❛❧✐t② Yτε
S
≤ ξτε

S
+ ε ✭✐✳❡✳ ✐♥❡q✉❛❧✐t② ✭✻✳✶✮✮ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤♦❧❞ ✭♥♦t ❡✈❡♥ ✐♥ t❤❡

s✐♠♣❧❡st ❝❛s❡ ♦❢ ❧✐♥❡❛r ❡①♣❡❝t❛t✐♦♥s❀ ❝❢✳✱ ❡✳❣✳✱ ❬✶✷❪✮✳ ❚❤✐s ♣r❡✈❡♥ts ✉s ❢r♦♠ ❛❞♦♣t✐♥❣ ❤❡r❡

t❤❡ ❛♣♣r♦❛❝❤ ✉s❡❞ ✐♥ t❤❡ r✳✉✳s✳❝✳ ❝❛s❡ t♦ ♣r♦✈❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡

♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✐♥ t❡r♠s ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❘❇❙❉❊✳ ❚❤✉s✱

✽❆♥ Ef ✲▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❛s ❛❧s♦ s❤♦✇♥ ✐♥ ❬✸❪ ✭❛t t❤❡ s❛♠❡ t✐♠❡ ❛s ✐♥ ❬✶✾❪✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❞r✐✈❡r

f(t, y, z) ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ k ❜② ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✳

✶✼



✇❤❡♥ ξ ✐s ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r✱ ✇❡ ❤❛✈❡ t♦ ♣r♦❝❡❡❞ ❞✐✛❡r❡♥t❧②✳ ❲❡ ✉s❡ ❛ ❝♦♠❜✐♥❡❞ ❛♣♣r♦❛❝❤

✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❛ ❞✐r❡❝t ♣❛rt ❛♥❞ ❛♥ ❘❇❙❉❊✲♣❛rt✳ ❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞✐r❡❝t
♣❛rt ♦❢ ♦✉r ❛♣♣r♦❛❝❤ t♦ t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✺✳✶✮✳

✽✳✶✳ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts ♦♥ t❤❡ ✈❛❧✉❡ ❢❛♠✐❧②

▲❡t ✉s ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❛❞♠✐ss✐❜❧❡ ❢❛♠✐❧② ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥❞❡①❡❞

❜② st♦♣♣✐♥❣ t✐♠❡s ✐♥ T0,T ✭♦r T0,T ✲s②st❡♠ ✐♥ t❤❡ ✈♦❝❛❜✉❧❛r② ♦❢ ❉❡❧❧❛❝❤❡r✐❡ ❛♥❞ ▲❡♥❣❧❛rt ❬✺❪✮✳

❉❡✜♥✐t✐♦♥ ✽✳✶✳ ❲❡ s❛② t❤❛t ❛ ❢❛♠✐❧② U = (U(S), S ∈ T0,T ) ✐s ❛❞♠✐ss✐❜❧❡ ✐❢ ✐t s❛t✐s✜❡s t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s

✶✳ ❢♦r ❛❧❧ S ∈ T0,T ✱ U(S) ✐s ❛ r❡❛❧✲✈❛❧✉❡❞ FS✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳
✷✳ ❢♦r ❛❧❧ S, S′ ∈ T0,T ✱ U(S) = U(S′) ❛✳s✳ ♦♥ {S = S′}✳

▼♦r❡♦✈❡r✱ ✇❡ s❛② t❤❛t ❛♥ ❛❞♠✐ss✐❜❧❡ ❢❛♠✐❧② U ✐s sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ✐❢ ❢♦r ❛❧❧ S ∈ T0,T ✱ U(S)
✐s sq✉❛r❡✲✐♥t❡❣r❛❜❧❡✳

▲❡♠♠❛ ✽✳✶ ✭❆❞♠✐ss✐❜✐❧✐t② ♦❢ t❤❡ ❢❛♠✐❧② V ✮✳ ❚❤❡ ❢❛♠✐❧② V = (V (S), S ∈ T0,T ) ❞❡✲
✜♥❡❞ ✐♥ ✭✺✳✶✮ ✐s ❛ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ❛❞♠✐ss✐❜❧❡ ❢❛♠✐❧②✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✉s❡s ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✉s❡❞ ✐♥ t❤❡ ✧❝❧❛ss✐❝❛❧✧ ❝❛s❡ ♦❢ ❧✐♥❡❛r

❡①♣❡❝t❛t✐♦♥s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ f ✲❡①♣❡❝t❛t✐♦♥s✳

❋♦r ❡❛❝❤ S ∈ T0,T ✱ ❱✭❙✮ ✐s ❛♥ FS✲♠❡❛s✉r❛❜❧❡ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ ❞✉❡ t♦ t❤❡

❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ f ✲❡①♣❡❝t❛t✐♦♥ ❛♥❞ ♦❢ t❤❡ ❡ss❡♥t✐❛❧ s✉♣r❡♠✉♠✳ ▲❡t ✉s ♣r♦✈❡

Pr♦♣❡rt② ✷ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❞♠✐ss✐❜✐❧✐t②✳ ▲❡t S ❛♥❞ S′ ❜❡ t✇♦ st♦♣♣✐♥❣ t✐♠❡s ✐♥ T0,T ✳

❲❡ s❡t A := {S = S′} ❛♥❞ ✇❡ s❤♦✇ t❤❛t V (S) = V (S′)✱ P ✲❛✳s✳ ♦♥ A✳ ❋♦r ❡❛❝❤ τ ∈ TS,T ✱

✇❡ s❡t τA := τ1A + T1Ac ✳ ❲❡ ❤❛✈❡ τA ≥ S′ ❛✳s✳ ❇② ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t S = S′ ❛✳s✳ ♦♥ A✱

t❤❡ ❢❛❝t t❤❛t τA = τ ❛✳s✳ ♦♥ A✱ ❛♥❞ ❛ st❛♥❞❛r❞ ♣r♦♣❡rt② ♦❢ ❝♦♥❞✐t✐♦♥❛❧ f ✲❡①♣❡❝t❛t✐♦♥s ✭❝❢✳✱

❡✳❣✳✱ Pr♦♣♦s✐t✐♦♥ ❆✳✸ ✐♥ ❬✷✶❪ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✇✐t❤♦✉t ❞✐✣❝✉❧t② t♦ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢

❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✮✱ ✇❡ ♦❜t❛✐♥

1AE
f
S,τ [ξτ ] = 1AE

f
S′,τ [ξτ ] = Efτ

1A

S′,T [ξτ1A] = EfτA1A

S′,T [ξτA1A] = 1AE
f
S′,τA

[ξτA ] ≤ 1AV (S′),

✇❤❡r❡ f τ (t, y, z, k ) := f(t, y, z, k )1{t≤τ}. ❇② t❛❦✐♥❣ t❤❡ ess sup ♦✈❡r TS,T ✱ ✇❡ ❣❡t 1AV (S) ≤

1AV (S′). ❲❡ ♦❜t❛✐♥ t❤❡ ❝♦♥✈❡rs❡ ✐♥❡q✉❛❧✐t② ❜② ✐♥t❡r❝❤❛♥❣✐♥❣ t❤❡ r♦❧❡s ♦❢ S ❛♥❞ S′✳ �

▲❡♠♠❛ ✽✳✷ ✭❖♣t✐♠✐③✐♥❣ s❡q✉❡♥❝❡✮✳ ❋♦r ❡❛❝❤ S ∈ T0,T ✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (τn)n∈N
♦❢ st♦♣♣✐♥❣ t✐♠❡s ✐♥ TS,T s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ (Ef

S,τn
(ξτn))n∈N ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞

V (S) = limn→∞ ↑ Ef
S,τn

(ξτn) ❛✳s✳

✶✽



Pr♦♦❢✳ ❉✉❡ t♦ ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ♦♥ ❡ss❡♥t✐❛❧ s✉♣r❡♠❛✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t✱ ❢♦r

❡❛❝❤ S ∈ T0,T ✱ t❤❡ ❢❛♠✐❧② (ES,τ (ξτ ), τ ∈ TS,T ) ✐s st❛❜❧❡ ✉♥❞❡r ♣❛✐r✇✐s❡ ♠❛①✐♠✐③❛t✐♦♥✳ ▲❡t

✉s ✜① S ∈ T0,T ✳ ▲❡t τ ∈ TS,T ❛♥❞ τ ′ ∈ TS,T ✳ ❲❡ ❞❡✜♥❡ A := { Ef
S,τ ′(ξτ ′) ≤ Ef

S,τ (ξτ ) } ❛♥❞

ν := τ1A+τ ′1Ac ✳ ❲❡ ❤❛✈❡ A ∈ FS ❛♥❞ ν ∈ TS,T ✳ ❲❡ ❝♦♠♣✉t❡ 1AE
f
S,ν(ξν) = Efν

1A

S,T (ξν1A) =

Efτ
1A

S,T (ξτ1A) = 1AE
f
S,τ (ξτ ) ❛✳s✳ ❙✐♠✐❧❛r❧②✱ ✇❡ s❤♦✇ 1AcEf

S,ν(ξν) = 1AcEf
S,τ ′(ξτ ′)✳ ■t ❢♦❧❧♦✇s

t❤❛t Ef
S,ν(ξν) = Ef

S,τ (ξτ )1A + Ef
S,τ ′(ξτ ′)1Ac = Ef

S,τ (ξτ )∨ Ef
S,τ ′(ξτ ′)✱ ✇❤✐❝❤ s❤♦✇s t❤❡ st❛❜✐❧✐t②

✉♥❞❡r ♣❛✐r✇✐s❡ ♠❛①✐♠✐③❛t✐♦♥ ❛♥❞ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

❉❡✜♥✐t✐♦♥ ✽✳✷ ✭Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❢❛♠✐❧②✮✳ ❆♥ ❛❞♠✐ss✐❜❧❡ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ❢❛♠✐❧② U :=
(U(S), S ∈ T0,T ) ✐s s❛✐❞ t♦ ❜❡ ❛♥ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❢❛♠✐❧② ✐❢ ❢♦r ❛❧❧ S, S

′

∈ T0,T s✉❝❤ t❤❛t
S ≤ S

′

❛✳s✳✱ ✇❡ ❤❛✈❡ Ef
S,S′(U(S′)) ≤ U(S) ❛✳s✳

❉❡✜♥✐t✐♦♥ ✽✳✸ ✭❘✐❣❤t✲✉♣♣❡rs❡♠✐❝♦♥t✐♥✉♦✉s ❢❛♠✐❧②✮✳ ❆♥ ❛❞♠✐ss✐❜❧❡ ❢❛♠✐❧② U := (U(S), S ∈
T0,T ) ✐s s❛✐❞ t♦ ❜❡ ❛ r✐❣❤t✲✉♣♣❡rs❡♠✐❝♦♥t✐♥✉♦✉s ✭❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✮ ❢❛♠✐❧② ✐❢✱ ❢♦r ❛♥②
(τn) ♥♦♥✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ✐♥ T0,T ❛♥❞ ❛♥② τ ✐♥ T0,T s✉❝❤ t❤❛t τ = lim ↓ τn✱ ✇❡ ❤❛✈❡
U(τ) ≥ lim supn→∞ U(τn) ❛✳s✳

▲❡♠♠❛ ✽✳✸✳ ▲❡t U := (U(S), S ∈ T0,T ) ❜❡ ❛♥ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❢❛♠✐❧②✳ ❚❤❡♥✱ (U(S), S ∈
T0,T ) ✐s ❛ r✐❣❤t✲✉♣♣❡rs❡♠✐❝♦♥t✐♥✉♦✉s ✭❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✮ ❢❛♠✐❧②✳

Pr♦♦❢✳ ▲❡t τ ∈ T0,T ❛♥❞ ❧❡t (τn) ❜❡ ❛ ♥♦♥✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s s✉❝❤

t❤❛t limn→+∞ τn = τ ❛✳s✳ ❛♥❞ ❢♦r ❛❧❧ n ∈ IN ✱ τn > τ ❛✳s✳ ♦♥ {τ < T}✱ ❛♥❞ s✉❝❤ t❤❛t

limn→+∞ U(τn) ❡①✐sts ❛✳s✳ ❆s U ✐s ❛♥ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❢❛♠✐❧② ❛♥❞ ❛s t❤❡ s❡q✉❡♥❝❡

(τn) ✐s ♥♦♥✐♥❝r❡❛s✐♥❣✱ ✇❡ ❤❛✈❡ Ef
τ,τn(U(τn)) ≤ Ef

τ,τn+1
(U(τn+1)) ≤ U(τ) ❛✳s✳ ❍❡♥❝❡✱ t❤❡

s❡q✉❡♥❝❡ (Ef
τ,τn(U(τn)))n ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ U(τ) ≥ lim ↑ Ef

τ,τn(U(τn)). ❍❡♥❝❡✱ ❜② t❤❡

♣r♦♣❡rt② ♦❢ ❝♦♥t✐♥✉✐t② ♦❢ ❇❙❉❊s ✇✐t❤ r❡s♣❡❝t t♦ t❡r♠✐♥❛❧ t✐♠❡ ❛♥❞ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥

✭❝❢✳ ❬✸✻✱ Pr♦♣✳ ❆✳✻❪ ✇❤✐❝❤ st✐❧❧ ❤♦❧❞s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✮✱ ✇❡ ❣❡t U(τ) ≥

limn→+∞ Ef
τ,τn(U(τn)) = Ef

τ,τ (limn→+∞ U(τn)) = limn→+∞ U(τn) ❛✳s✳ ❇② ▲❡♠♠❛ ✺ ♦❢

❉❡❧❧❛❝❤❡r✐❡ ❛♥❞ ▲❡♥❣❧❛rt ❬✺❪ ✾✱ t❤❡ ❢❛♠✐❧② U ✐s t❤✉s r✐❣❤t✲✉✳s✳❝✳ ✭❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✮✳ �

❚❤❡♦r❡♠ ✽✳✶✳ ❚❤❡ ✈❛❧✉❡ ❢❛♠✐❧② V = (V (S), S ∈ T0,T ) ❞❡✜♥❡❞ ✐♥ ✭✺✳✶✮ ✐s ❛♥ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡
❢❛♠✐❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ V = (V (S), S ∈ T0,T ) ✐s ❛ r✐❣❤t✲✉✳s✳❝✳ ✭❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✮ ❢❛♠✐❧②
✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✽✳✸✳

✾❚❤❡ ❝❤r♦♥♦❧♦❣② Θ ✭✐♥ t❤❡ ✈♦❝❛❜✉❧❛r② ❛♥❞ ♥♦t❛t✐♦♥ ♦❢ ❬✺❪✮ ✇❤✐❝❤ ✇❡ ✇♦r❦ ✇✐t❤ ❤❡r❡ ✐s t❤❡ ❝❤r♦♥♦❧♦❣②

♦❢ ❛❧❧ st♦♣♣✐♥❣ t✐♠❡s✱ t❤❛t ✐s✱ Θ = T0,T ❀ ❤❡♥❝❡ [Θ] = Θ = T0,T ✳

✶✾



Pr♦♦❢✳ ❲❡ ❦♥♦✇ ❢r♦♠ ▲❡♠♠❛ ✽✳✶ t❤❛t V ✐s ❛ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ❛❞♠✐ss✐❜❧❡ ❢❛♠✐❧②✳ ▲❡t

S ∈ T0,T ❛♥❞ S′ ∈ TS,T ✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t Ef
S,S′(V (S′)) ≤ V (S) ❛✳s✳✱ ✇❤✐❝❤ ✇✐❧❧ ♣r♦✈❡

t❤❛t V ✐s ❛♥ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❢❛♠✐❧②✳ ❇② ▲❡♠♠❛ ✽✳✷✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (τn)n∈N
♦❢ st♦♣♣✐♥❣ t✐♠❡s s✉❝❤ t❤❛t τn ≥ S′ ❛✳s✳ ❛♥❞ V (S′) = limn→∞ ↑ Ef

S′,τn
(ξτn) ❛✳s✳ ❇② t❤❡

❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt✐❡s ♦❢ f ✲❡①♣❡❝t❛t✐♦♥✱ ✇❡ ❣❡t

Ef
S,S′(V (S′)) = Ef

S,S′( lim
n→∞

↑ Ef
S′,τn

(ξτn)) = lim
n→∞

Ef
S,S′(E

f
S′,τn

(ξτn)) = lim
n→∞

Ef
S,τn

(ξτn) ≤ V (S).

❍❡♥❝❡✱ V ✐s ❛♥ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❢❛♠✐❧②✳ ❚❤✐s ♣r♦♣❡rt②✱ t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✽✳✸✱ ②✐❡❧❞s

t❤❛t V ✐s ❛ r✐❣❤t✲✉✳s✳❝✳ ✭❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✮ ❢❛♠✐❧②✳ �

✽✳✷✳ ❆❣❣r❡❣❛t✐♦♥ ❛♥❞ ❙♥❡❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥

❯s✐♥❣ t❤❡ ❛❜♦✈❡ r❡s✉❧ts ♦♥ t❤❡ ✈❛❧✉❡ ❢❛♠✐❧② V = (V (S), S ∈ T0,T )✱ ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣

t❤❡♦r❡♠✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s s♦♠❡ r❡s✉❧ts ♦❢ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t❤❡♦r② ✭♠♦r❡ ♣r❡❝✐s❡❧②✱

▲❡♠♠❛ ✸✳✹ ✭✐✮✮ t♦ t❤❡ ❝❛s❡ ♦❢ ❛♥ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ f ✲❡①♣❡❝t❛t✐♦♥✳

❚❤❡♦r❡♠ ✽✳✷ ✭❆❣❣r❡❣❛t✐♦♥ ❛♥❞ ❙♥❡❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✮✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ r✐❣❤t✲
✉♣♣❡rs❡♠✐❝♦♥t✐♥✉♦✉s ♦♣t✐♦♥❛❧ ♣r♦❝❡ss✱ ❞❡♥♦t❡❞ ❜② (Vt)t∈[0,T ]✱ ✇❤✐❝❤ ❛❣❣r❡❣❛t❡s t❤❡ ✈❛❧✉❡
❢❛♠✐❧② V = (V (S), S ∈ T0,T )✳ ▼♦r❡♦✈❡r✱ (Vt)t∈[0,T ] ✐s t❤❡ Ef ✲❙♥❡❧❧ ❡♥✈❡❧♦♣❡ ♦❢ t❤❡ ♣❛②✲♦✛
♣r♦❝❡ss ξ✱ t❤❛t ✐s✱ t❤❡ s♠❛❧❧❡st str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ξ✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✽✳✶✱ t❤❡ ✈❛❧✉❡ ❢❛♠✐❧② V = (V (S), S ∈ T0,T ) ✐s ❛ r✐❣❤t✲✉✳s✳❝✳ ❢❛♠✐❧② ✭♦r

❛ r✐❣❤t✲✉✳s✳❝✳ T0,T ✲s②st❡♠ ✐♥ t❤❡ ✈♦❝❛❜✉❧❛r② ♦❢ ❉❡❧❧❛❝❤❡r✐❡✲▲❡♥❣❧❛rt ❬✺❪✮✳ ❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠

✹ ♦❢ ❉❡❧❧❛❝❤❡r✐❡✲▲❡♥❣❧❛rt ✭❬✺❪✮✱ ❣✐✈❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ ✭✉♣ t♦ ✐♥❞✐st✐♥❣✉✐s❤❛❜✐❧✐t②✮

r✐❣❤t✲✉✳s✳❝✳ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss (Vt)t∈[0,T ] ✇❤✐❝❤ ❛❣❣r❡❣❛t❡s t❤❡ ✈❛❧✉❡ ❢❛♠✐❧② (V (S), S ∈ T0,T )✳

❋r♦♠ t❤✐s ❛❣❣r❡❣❛t✐♦♥ ♣r♦♣❡rt②✱ ♥❛♠❡❧② t❤❡ ♣r♦♣❡rt② VS = V (S) ❛✳s✳ ❢♦r ❡❛❝❤ S ∈ T0,T ✱ ❛♥❞

❢r♦♠ ❚❤❡♦r❡♠ ✽✳✶✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ♣r♦❝❡ss (Vt)t∈[0,T ] ✐s ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ VS = V (S) ≥ ξS ❛✳s✳ ❢♦r ❡❛❝❤ S ∈ T0,T ✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Vt ≥ ξt✱ ❢♦r

❛❧❧ t ∈ [0, T ]✱ ❛✳s✳

▲❡t ✉s ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❝❡ss (Vt)t∈[0,T ] ✐s t❤❡ s♠❛❧❧❡st str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡

❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ξ✳ ▲❡t (V ′
t )t∈[0,T ] ❜❡ ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ s✉❝❤ t❤❛t V ′

t ≥ ξt✱

❢♦r ❛❧❧ t ∈ [0, T ]✱ ❛✳s✳ ▲❡t S ∈ T0,T ✳ ❲❡ ❤❛✈❡ V ′
τ ≥ ξτ ❛✳s✳ ❢♦r ❛❧❧ τ ∈ TS,T ✳ ❍❡♥❝❡✱ E

f
S,τ (V

′
τ ) ≥

Ef
S,τ (ξτ ) ❛✳s✳✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ f ✲❡①♣❡❝t❛t✐♦♥✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✉s✐♥❣ t❤❡ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ♦❢ t❤❡ ♣r♦❝❡ss (V ′
t )t∈[0,T ]✱

✇❡ ❤❛✈❡ V ′
S ≥ Ef

S,τ (V
′
τ ) ❛✳s✳ ❢♦r ❛❧❧ τ ∈ TS,T ✳ ❍❡♥❝❡✱ V ′

S ≥ Ef
S,τ (ξτ ) ❛✳s✳ ❢♦r ❛❧❧ τ ∈

TS,T ✳ ❇② t❛❦✐♥❣ t❤❡ ❡ss❡♥t✐❛❧ s✉♣r❡♠✉♠ ♦✈❡r τ ∈ TS,T ✐♥ t❤❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t V ′
S ≥

ess supτ∈TS,T Ef
S,τ (ξτ ) = V (S) = VS ❛✳s✳ ❍❡♥❝❡✱ ❢♦r ❛❧❧ S ∈ T0,T ✱ ✇❡ ❤❛✈❡ V ′

S ≥ VS ❛✳s✳✱

✇❤✐❝❤ ②✐❡❧❞s t❤❛t V ′
t ≥ Vt✱ ❢♦r ❛❧❧ t ∈ [0, T ]✱ ❛✳s✳ ❚❤❡ ♣r♦♦❢ ✐s t❤✉s ❝♦♠♣❧❡t❡✳ �
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✾✳ ◆♦♥✲❧✐♥❡❛r ❘❡✢❡❝t❡❞ ❇❙❉❊ ✇✐t❤ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡ ❛♥❞ ❣❡♥❡r❛❧

✜❧tr❛t✐♦♥✿ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s

❖✉r ❛✐♠ ♥♦✇ ✐s t♦ ❡st❛❜❧✐s❤ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss ♦❢ t❤❡

♥♦♥✲❧✐♥❡❛r ♣r♦❜❧❡♠ ✭✺✳✶✮ ✐♥ t❡r♠s ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥✲❧✐♥❡❛r ❘❇❙❉❊ ✭t❤✉s ❣❡♥❡r❛❧✐③✐♥❣

❚❤❡♦r❡♠ ✸✳✶ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❝❛s❡ t♦ t❤❡ ♥♦♥✲❧✐♥❡❛r ❝❛s❡✮✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦✱ ✇❡ ✜rst

♥❡❡❞ t♦ ❡st❛❜❧✐s❤ s♦♠❡ r❡s✉❧ts ♦♥ ♥♦♥✲❧✐♥❡❛r ❘❇❙❉❊s ✇✐t❤ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡s✱

✐♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❝♦♠♣❛r✐s♦♥ r❡s✉❧t ❢♦r s✉❝❤ ❘❇❙❉❊s✳ ❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡s❡ r❡s✉❧ts

✭t❤✐s ✐s t❤❡ ❘❇❙❉❊✲♣❛rt ♦❢ ♦✉r ❛♣♣r♦❛❝❤ t♦ ♣r♦❜❧❡♠ ✭✺✳✶✮✮✳ ❚❤❡ r❡s✉❧ts ❢r♦♠ t❤✐s s❡❝t✐♦♥

❡①t❡♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ♦✉r ✇♦r❦ ❢r♦♠ ❬✶✾❪✱ ✇❤❡r❡ ❛♥ ❛ss✉♠♣t✐♦♥ ♦❢ r✐❣❤t✲✉♣♣❡rs❡♠✐❝♦♥t✐♥✉✐t②

♦♥ t❤❡ ♦❜st❛❝❧❡ ✐s ♠❛❞❡✳ ▲❡t ✉s ♥♦t❡ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ❢r♦♠ ❬✶✾❪

❝❛♥♥♦t ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ❢r❛♠❡✇♦r❦ ❝♦♥s✐❞❡r❡❞ ❤❡r❡❀ ✐♥st❡❛❞✱ ✇❡ r❡❧②

♦♥ ❛ ❚❛♥❛❦❛✲t②♣❡ ❢♦r♠✉❧❛ ❢♦r str♦♥❣ ✭✐rr❡❣✉❧❛r✮ s❡♠✐♠❛rt✐♥❣❛❧❡s ✇❤✐❝❤ ✇❡ ❛❧s♦ ❡st❛❜❧✐s❤✳

❘❡♠❛r❦ ✾✳✶✳ ✭❆ ✧❜♦tt❧❡✲♥❡❝❦✧ ♦❢ t❤❡ ❞✐r❡❝t ❛♣♣r♦❛❝❤✮ ❖♥❡ ♠✐❣❤t ✇♦♥❞❡r ✇❤❡t❤❡r t❤❡
✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✺✳✶✮ ❝❛♥ ❜❡ ♦❜✲
t❛✐♥❡❞ ❜② ♣✉rs✉✐♥❣ t❤❡ ❞✐r❡❝t st✉❞② ♦❢ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss (Vt) ♦❢ ♣r♦❜❧❡♠ ✭✺✳✶✮✱ s✐♠✐❧❛r❧② t♦
✇❤❛t ✇❛s ❞♦♥❡ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❝❛s❡ ✐♥ ❙✉❜✲s❡❝t✐♦♥ ✸✳✶✳ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡✱ ✇❡ ❛♣✲
♣❧✐❡❞ ▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ t♦ (Vt)❀ t❤❡♥✱ ✇❡ s❤♦✇❡❞ ❞✐r❡❝t❧② t❤❡ ♠✐♥✐♠❛❧✐t② ♣r♦♣❡rt✐❡s ❢♦r
t❤❡ ♣r♦❝❡ss❡s Ad ❛♥❞ Ac ✭❝❢✳ ▲❡♠♠❛s ✸✳✷ ❛♥❞ ✸✳✸✮ ❜② ✉s✐♥❣ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ♦♥
t❤❡ ✐♥t❡r✈❛❧ [S, τλS ] ❢r♦♠ ▲❡♠♠❛ ✸✳✶✭✐✐✐✮✱ ✇❤✐❝❤ ✐ts❡❧❢ r❡❧✐❡s ♦♥ ▼❛✐♥❣✉❡♥❡❛✉✬s ♣❡♥❛❧✐③❛t✐♦♥
❛♣♣r♦❛❝❤ ✭❝❢✳ ❛❧s♦ ❘❡♠❛r❦s ✸✳✸ ❛♥❞ ✸✳✷✮✳ ■♥ t❤❡ ♥♦♥✲❧✐♥❡❛r ❝❛s❡✱ ▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥
✐s ❣❡♥❡r❛❧✐③❡❞ ❜② t❤❡ Ef ✲▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ✭❝❢✳ ❚❤❡♦r❡♠ ✼✳✶✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❛♥❛✲
❧♦❣✉❡ ✐♥ t❤❡ ♥♦♥✲❧✐♥❡❛r ❝❛s❡ ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ♦❢ ▲❡♠♠❛ ✸✳✹❬✭✐✐✐✮❪ ✭♥❛♠❡❧②✱ t❤❡
Ef ✲♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt②✮ ❝❛♥♥♦t ❜❡ ♦❜t❛✐♥❡❞ ✈✐❛ ▼❛✐♥❣✉❡♥❡❛✉✬s ❛♣♣r♦❛❝❤ ✭♥♦t ❡✈❡♥ ✐♥ t❤❡
❝❛s❡ ♦❢ ♥♦♥♥❡❣❛t✐✈❡ ξ ❛♥❞ ✉♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ f(t, 0, 0, 0) = 0 ✇❤✐❝❤ ❡♥s✉r❡s
t❤❡ ♥♦♥✲♥❡❣❛t✐✈✐t② ♦❢ Ef ✮ ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ Ef ✳

✾✳✶✳ ❚❛♥❛❦❛✲t②♣❡ ❢♦r♠✉❧❛

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ❢♦r ❘❇❙❉❊s

✇✐t❤ ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡s✳ ❚❤❡ ❧❡♠♠❛ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻✻ ♦❢ ❬✸✺✱

❈❤❛♣t❡r ■❱❪ ❢r♦♠ t❤❡ ❝❛s❡ ♦❢ r✐❣❤t✲❝♦♥t✐♥✉♦✉s s❡♠✐♠❛rt✐♥❣❛❧❡s t♦ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢

str♦♥❣ ♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡s✳

▲❡♠♠❛ ✾✳✶ ✭❚❛♥❛❦❛✲t②♣❡ ❢♦r♠✉❧❛✮✳ ▲❡t X ❜❡ ❛ ✭r❡❛❧✲✈❛❧✉❡❞✮ str♦♥❣ ♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥✲
❣❛❧❡ ✇✐t❤ ❞❡❝♦♠♣♦s✐t✐♦♥ X = X0+M+A+B✱ ✇❤❡r❡ M ✐s ❛ ❧♦❝❛❧ ✭❝❛❞❧❛❣✮ ♠❛rt✐♥❣❛❧❡✱ A ✐s ❛
r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛❞❛♣t❡❞ ♣r♦❝❡ss ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ s✉❝❤ t❤❛t A0 = 0✱ B ✐s ❛ ❧❡❢t✲❝♦♥t✐♥✉♦✉s
❛❞❛♣t❡❞ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ s✉❝❤ t❤❛t B0 = 0✳ ▲❡t f : R −→ R

❜❡ ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥✳ ❚❤❡♥✱ f(X) ✐s ❛ str♦♥❣ ♦♣t✐♦♥❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡✳ ▼♦r❡♦✈❡r✱ ❞❡♥♦t✐♥❣
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❜② f ′ t❤❡ ❧❡❢t✲❤❛♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ f ✱ ✇❡ ❤❛✈❡

f(Xt) = f(X0) +

∫

(0,t]
f ′(Xs−)d(As +Ms) +

∫

[0,t)
f ′(Xs)dBs+ +Kt,

✇❤❡r❡ K ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❛❞❛♣t❡❞ ♣r♦❝❡ss ✭✇❤✐❝❤ ✐s ✐♥ ❣❡♥❡r❛❧ ♥❡✐t❤❡r ❧❡❢t✲❝♦♥t✐♥✉♦✉s ♥♦r
r✐❣❤t✲❝♦♥t✐♥✉♦✉s✮ s✉❝❤ t❤❛t

∆Kt = f(Xt)− f(Xt−)− f ′(Xt−)∆Xt ❛♥❞ ∆+Kt = f(Xt+)− f(Xt)− f ′(Xt)∆+Xt.

Pr♦♦❢✳ ❖✉r ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✻ ♦❢ ❬✸✺✱ ❈❤❛♣t❡r ■❱❪ ✇✐t❤ s✉✐t❛❜❧❡

❝❤❛♥❣❡s✳

❙t❡♣ ✶✳ ❲❡ ❛ss✉♠❡ t❤❛t X ✐s ❜♦✉♥❞❡❞❀ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts N ∈ IN

s✉❝❤ t❤❛t |X| ≤ N ✳ ❲❡ ❦♥♦✇ ✭❝❢✳ ❬✸✺❪✮ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (fn) ♦❢ t✇✐❝❡ ❝♦♥t✐♥✉✲

♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t (fn) ❝♦♥✈❡r❣❡s t♦ f ✱ ❛♥❞ (f ′
n) ❝♦♥✈❡r❣❡s t♦

f ′ ❢r♦♠ ❜❡❧♦✇✳ ❇② ❛♣♣❧②✐♥❣ ●❛❧✬❝❤♦✉❦✲▲❡♥❣❧❛rt✬s ❢♦r♠✉❧❛ ✭❝❢✳✱ ❡✳❣✳✱ ❚❤❡♦r❡♠ ❆✳✸ ✐♥ ❬✶✾❪✮

t♦ fn(Xt)✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛❧❧ τ ∈ T0,T

fn(Xτ ) = fn(X0)+

∫

(0,τ ]
f ′
n(Xs−)d(As+Ms)+

∫

[0,τ)
f ′
n(Xs)dBs++Kn

τ , ❛✳s✳✱ ✇❤❡r❡ ✭✾✳✶✮

Kn
τ :=

∑

0<s≤τ

[

fn(Xs)− fn(Xs−)− f ′
n(Xs−)∆Xs

]

+
∑

0≤s<τ

[

fn(Xs+)− fn(Xs)− f ′
n(Xs)∆+Xs

]

+
1

2

∫

(0,τ ]
f ′′
n(Xs−)d〈M

c,M c〉s ❛✳s✳

✭✾✳✷✮

❲❡ s❤♦✇ t❤❛t (Kn
τ ) ✐s ❛ ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ♦t❤❡r t❡r♠s ✐♥ ❊q✉❛t✐♦♥

✭✾✳✶✮ ❝♦♥✈❡r❣❡✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡
∫

(0,τ ] f
′
n(Xs−)d(As + Ms) −→

n→∞

∫

(0,τ ] f
′(Xs−)d(As + Ms)

✐s s❤♦✇♥ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✸✺✱ ❚❤♦r❡♠ ✻✻✱ ❈❤✳ ■❱❪✳ ❚❤❡

❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ t❡r♠
∫

[0,τ) f
′
n(Xs)dBs+✱ ✇❤✐❝❤ ✐s s♣❡❝✐✜❝ t♦ t❤❡ ♥♦♥✲r✐❣❤t✲❝♦♥t✐♥✉♦✉s

❝❛s❡✱ ✐s s❤♦✇♥ ❜② ✉s✐♥❣ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t (Kn
τ ) ❝♦♥✈❡r❣❡s ❛♥❞

✇❡ s❡t Kτ := limn→∞Kn
τ ✳ ❚❤❡ ♣r♦❝❡ss (Kt) ✐s ❛❞❛♣t❡❞ ❛s t❤❡ ❧✐♠✐t ♦❢ ❛❞❛♣t❡❞ ♣r♦❝❡ss❡s✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❢r♦♠ ❊q✳ ✭✾✳✷✮ ❛♥❞ ❢r♦♠ t❤❡ ❝♦♥✈❡①✐t② ♦❢ fn t❤❛t✱ ❢♦r ❡❛❝❤ n✱ Kn
t ✐s

♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ t✳ ❍❡♥❝❡✱ t❤❡ ❧✐♠✐t Kt ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳

❙t❡♣ ✷✳ ❲❡ tr❡❛t t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡X ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❜♦✉♥❞❡❞ ❜② ✉s✐♥❣ ❛ ❧♦❝❛❧✐③❛t✐♦♥

❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤❛t ✉s❡❞ ✐♥ ❬✸✺✱ ❚❤✳ ✻✻✱ ❈❤✳ ■❱❪✳ �

✾✳✷✳ ❈♦♠♣❛r✐s♦♥ t❤❡♦r❡♠

❚❤❡♦r❡♠ ✾✳✶ ✭❈♦♠♣❛r✐s♦♥✮✳ ▲❡t ξ ∈ S2✱ ξ′ ∈ S2 ❜❡ t✇♦ ♣r♦❝❡ss❡s✳ ▲❡t f ❛♥❞ f ′ ❜❡ ▲✐♣✲
s❝❤✐t③ ❞r✐✈❡rs s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶✳ ▲❡t (Y, Z, k, h,A,C) ✭r❡s♣✳ (Y ′, Z ′, k′, h′, A′, C ′)✮

✷✷



❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❇❙❉❊ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦❜st❛❝❧❡ ξ ✭r❡s♣✳ ξ′✮ ❛♥❞ ✇✐t❤ ❞r✐✈❡r f ✭r❡s♣✳
f ′✮✳ ■❢ ξt ≤ ξ′t✱ 0 ≤ t ≤ T ❛✳s✳ ❛♥❞ f(t, Y ′

t , Z
′
t, k

′
t) ≤ f ′(t, Y ′

t , Z
′
t, k

′
t)✱ 0 ≤ t ≤ T dP ⊗ dt✲❛✳s✳✱

t❤❡♥✱ Yt ≤ Y ′
t , 0 ≤ t ≤ T ❛✳s✳

Pr♦♦❢✳ ❲❡ s❡t Ȳt = Yt − Y ′
t ✱ Z̄t = Zt − Z ′

t✱ k̄t = kt − k′t✱ Āt = At − A′
t✱ C̄t = Ct − C ′

t✱

h̄t = ht − h′t✱ ❛♥❞ f̄t = f(t, Yt−, Zt, kt)− f ′(t, Y ′
t−, Z

′
t, k

′
t)✳ ❚❤❡♥✱

−dȲt = f̄tdt+ dĀt + dC̄t− − Z̄tdWt −

∫

E
k̄t(e)Ñ(dt, de)− dh̄t, ✇✐t❤ ȲT = ξT − ξ′T .

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✾✳✶ t♦ Ȳ +
t ❛♥❞ ♥♦t✐❝✐♥❣ t❤❛t Ȳ +

T = 0 ✭❛s ξT ≤ ξ′T ✮✱ ✇❡ ♦❜t❛✐♥

Ȳ +
t =−

∫

(t,T ]
1{Ȳs−>0}Z̄sdWs −

∫

(t,T ]

∫

E
1{Ȳs−>0}k̄s(e)Ñ(ds, de)−

∫

(t,T ]
1{Ȳs−>0}dh̄s

+

∫

(t,T ]
1{Ȳs−>0}f̄sds+

∫

(t,T ]
1{Ȳs−>0}dĀs +

∫

[t,T )
1{Ȳs>0}dC̄s + (Kt −KT ).

✭✾✳✸✮

❲❡ s❡t δt :=
f(t,Yt−,Zt,kt)−f(t,Y ′

t−,Zt,kt)

Yt−−Y ′
t−

1{Ȳt− 6=0} ❛♥❞ βt :=
f(t,Y ′

t−,Zt,kt)−f(t,Y ′
t−,Z′

t,kt)

Zt−Z′
t

1{Z̄t 6=0}✳

❉✉❡ t♦ t❤❡ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉✐t② ♦❢ f ✱ t❤❡ ♣r♦❝❡ss❡s δ ❛♥❞ β ❛r❡ ❜♦✉♥❞❡❞✳ ❲❡ ♥♦t❡ t❤❛t f̄t =

δtȲt + βtZ̄t + f(Y ′
t−, Z

′
t, kt)− f(Y ′

t−, Z
′
t, k

′
t) +ϕt✱ ✇❤❡r❡ ϕt := f(Y ′

t−, Z
′
t, k

′
t)− f ′(Y ′

t−, Z
′
t, k

′
t)✳

❯s✐♥❣ t❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ❆ss✉♠♣t✐♦♥ ✺✳✶✱ ✇❡ ♦❜t❛✐♥

f̄t ≤ δtȲt + βtZ̄t + 〈γt , k̄t〉ν + ϕt 0 ≤ t ≤ T, dP ⊗ dt− a.e., ✭✾✳✹✮

✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t γt := θ
Y ′
t−,Z′

t,k
′
t,kt

t . ❋♦r τ ∈ T0,T ✱ ❧❡t Γτ,· ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ ❢♦r✇❛r❞ ❙❉❊ dΓτ,s = Γτ,s−[δsds+βsdWs+
∫

E γs(e)Ñ(ds, de)] ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥

✭❛t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ τ✮ Γτ,τ = 1. ❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ ❞❡♥♦t❡ Γτ,s ❜② Γs ❢♦r s ≥ τ ✳

❇② ❛♣♣❧②✐♥❣ ●❛❧✬❝❤♦✉❦✲▲❡♥❣❧❛rt✬s ❢♦r♠✉❧❛ t♦ t❤❡ ♣r♦❞✉❝t (ΓtȲ
+
t )✱ ❛♥❞ ❜② ✉s✐♥❣ t❤❛t

〈hc,W 〉 = 0✱ ✇❡ ❣❡t

Γτ Ȳ
+
τ = −(MT −Mτ )−

∫ T

τ
Γs(Ȳ

+
s−δs + Z̄s1{Ȳs−>0}βs − f̄s1{Ȳs−>0})ds

+

∫ T

τ
Γs−1{Ȳs−>0}dĀ

c
s +

∑

τ<s≤T

Γs−1{Ȳs−>0}∆Ās −

∫ T

τ
Γs−dK

c
s −

∫ T

τ
Γs−dK

d,−
s

+

∫ T

τ
Γs1{Ȳs>0}dC̄s −

∫ T

τ
ΓsdK

d,+
s −

∑

τ<s≤T

∆Γs∆Ȳ +
s .

✭✾✳✺✮

✇❤❡r❡ t❤❡ ♣r♦❝❡ssM ✐s ❞❡✜♥❡❞ ❜②M := MW+MN+Mh✱ ✇✐t❤MW
t :=

∫ t
0 Γs−(1{Ȳs−>0}Z̄s+

Ȳ +
s−βs)dWs✱ ❛♥❞MN

t :=
∫ t
0

∫

E Γs−(k̄s(e)1{Ȳs−>0}+Ȳ +
s−γs(e))Ñ(ds, de)✱ ❛♥❞Mh

t :=
∫ t
0 Γs−1{Ȳ

s−
>0}dh̄s✳

◆♦t❡ t❤❛t ❜② ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥ts ✭✇❤✐❝❤ ✉s❡ ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t✐❡s✮✱ t❤❡

✷✸



st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s MW ✱ MN ❛♥❞ Mh ❛r❡ ♠❛rt✐♥❣❛❧❡s✳ ❍❡♥❝❡✱ M ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✭❡q✉❛❧

t♦ ③❡r♦ ✐♥ ❡①♣❡❝t❛t✐♦♥✮✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ Γ✱ ✇❡ ❤❛✈❡ Γτ = 1✱ ✇❤✐❝❤ ❣✐✈❡s t❤❛t Γτ Ȳ
+
τ = Ȳ +

τ ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡
∫ T
τ Γs1{Ȳs>0}dC̄s =

∫ T
τ Γs1{Ȳs>0}dCs −

∫ T
τ Γs1{Ȳs>0}dC

′
s✳ ❋♦r t❤❡ ✜rst t❡r♠✱ ✐t ❤♦❧❞s

∫ T
τ Γs1{Ȳs>0}dCs = 0✳ ■♥❞❡❡❞✱ {Ȳs > 0} = {Ys > Y ′

s} ⊂ {Ys > ξs} ✭❛s Y ′
s ≥ ξ′s ≥ ξs✮✳

❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❙❦♦r♦❦❤♦❞ ❝♦♥❞✐t✐♦♥ ❢♦r C ❣✐✈❡s t❤❡ ❡q✉❛❧✐t②✳ ❋♦r t❤❡ s❡❝♦♥❞

t❡r♠✱ ✐t ❤♦❧❞s −
∫ T
τ Γs1{Ȳs>0}dC

′
s ≤ 0✱ ❛s Γ ≥ 0 ❛♥❞ dC ′ ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♠❡❛s✉r❡✳

❍❡♥❝❡✱
∫ T
τ Γs1{Ȳs>0}dC̄s ≤ 0✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ♦❜t❛✐♥

∫ T
τ Γs−1{Ȳs−>0}dĀ

c
s ≤ 0✳ ■♥❞❡❡❞✱

∫ T
τ Γs−1{Ȳs−>0}dĀ

c
s =

∫ T
τ Γs−1{Ȳs−>0}dA

c
s −

∫ T
τ Γs−1{Ȳs−>0}dA

′c
s . ❋♦r t❤❡ ✜rst t❡r♠✱ ✇❡

❤❛✈❡
∫ T
τ Γs−1{Ȳs−>0}dA

c
s = 0✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t {Ȳs− > 0} = {Ys− > Y ′

s−} ⊂

{Ys− > ξs} ✭❛s Y ′
s ≥ ξ′s ≥ ξs✱ ❛♥❞ ❤❡♥❝❡ Y ′

s− ≥ ξs✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❙❦♦r♦❦❤♦❞ ❝♦♥✲

❞✐t✐♦♥ ❢♦r Ac✳ ❋♦r t❤❡ s❡❝♦♥❞ t❡r♠✱ ✇❡ ❤❛✈❡ −
∫ T
τ Γs−1{Ȳs−>0}dA

′c
s ≤ 0. ❲❡ ❛❧s♦ ❤❛✈❡

−
∫ T
τ Γs−dK

c
s ≤ 0 ❛♥❞ −

∫ T
τ ΓsdK

d,+
s ≤ 0✳ ❍❡♥❝❡✱

Ȳ +
τ ≤− (MT −Mτ )−

∫ T

τ
Γs(Ȳ

+
s−δs + Z̄s1{Ȳs−>0}βs − f̄s1{Ȳs−>0})ds

+
∑

τ<s≤T

Γs−1{Ȳs−>0}∆Ās −

∫ T

τ
Γs−dK

d,−
s −

∑

τ<s≤T

∆Γs∆Ȳ +
s .

✭✾✳✻✮

❲❡ ❝♦♠♣✉t❡ t❤❡ ❧❛st t❡r♠
∑

τ<s≤T ∆Γs∆Ȳ +
s ✳

▲❡t (ps) ❜❡ t❤❡ ♣♦✐♥t ♣r♦❝❡ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ P♦✐ss♦♥ r❛♥❞♦♠ ♠❡❛s✉r❡ N ✭❝❢✳ ❬✼✱

❱■■■ ❙❡❝t✐♦♥ ✷✳ ✻✼❪✱ ♦r ❬✷✺✱ ❙❡❝t✐♦♥ ■■■ ➓❞❪✮✳ ❲❡ ❤❛✈❡ ∆Γs = Γs−γs(ps) ❛♥❞ ∆Ȳ +
s =

1{Ȳs−>0}k̄s(ps)− 1{Ȳs−>0}∆Ās +∆Kd,−
s + 1{Ȳs−>0}∆h̄s. ❍❡♥❝❡✱

∑

τ<s≤T

∆Γs∆Ȳ +
s =

=
∑

τ<s≤T

Γs−1{Ȳs−>0}γs(ps)k̄s(ps)−
∑

τ<s≤T

Γs−γs(ps)(1{Ȳs−>0}∆Ās −∆Kd,−
s − 1{Ȳs−>0}∆h̄s)

=

∫ T

τ

∫

E
Γs−1{Ȳs−>0}γs(e)k̄s(e)N(ds, de)−

∑

τ<s≤T

Γs−γs(ps)(1{Ȳs−>0}∆Ās −∆Kd,−
s − 1{Ȳs−>0}∆h̄s)

=

∫ T

τ

∫

E
Γs−1{Ȳs−>0}γs(e)k̄s(e)Ñ(ds, de) +

∫ T

τ
Γs−1{Ȳs−>0}〈γs, k̄s〉νds

−
∑

τ<s≤T

Γs−1{Ȳs−>0}γs(ps)∆Ās +
∑

τ<s≤T

Γs−γs(ps)∆Kd,−
s +

∑

τ<s≤T

Γs−1{Ȳs−>0}γs(ps)∆h̄s.

✭✾✳✼✮

❇② ♣❧✉❣❣✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✾✳✻✮ ❛♥❞ ❜② ♣✉tt✐♥❣ t♦❣❡t❤❡r t❤❡ t❡r♠s ✐♥ ”ds”✱
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t❤❡ t❡r♠s ✐♥ ”dKd,−
s ”✱ ❛♥❞ t❤❡ t❡r♠s ✐♥ ”∆Ās”✱ ✇❡ ❣❡t

Ȳ +
τ ≤− (MT −Mτ )−

∫ T

τ
Γs−(Ȳ

+
s−δs + Z̄s1{Ȳs−>0}βs + 1{Ȳs−>0}〈γs, k̄s〉ν − f̄s1{Ȳs−>0})ds

+
∑

τ<s≤T

Γs−1{Ȳs−>0}(1 + γs(ps))∆Ās −
∑

τ<s≤T

Γs−(1 + γs(ps))∆Kd,−
s

− (M̃T − M̃τ )−

∫ T

τ
d[ h̄ ,

∫ ·

0

∫

E
Γs−1{Ȳs−>0}γs(e)Ñ(ds, de) ]s,

✭✾✳✽✮

✇❤❡r❡ M̃t :=
∫ t
0

∫

E Γs−1{Ȳs−>0}γs(e)k̄s(e)Ñ(ds, de)✳ ◆♦t❡ t❤❛t ❜② ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥ts ✭❛s

❢♦r M ❛❜♦✈❡✮✱ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ M̃ ✐s ❛ ♠❛rt✐♥❣❛❧❡✱ ❡q✉❛❧ t♦ ③❡r♦ ✐♥ ❡①♣❡❝t❛t✐♦♥✳

❲❡ ❤❛✈❡ −
∫ T
τ Γs−(Ȳ

+
s−1{Ȳs−>0}δs+ Z̄s1{Ȳs−>0}βs+1{Ȳs−>0}〈γs, k̄s〉ν − f̄s1{Ȳs−>0})ds ≤

∫ T
τ Γs−1{Ȳs−>0}ϕsds, ❞✉❡ t♦ t❤❡ ✐♥❡q✉❛❧✐t② ✭✾✳✹✮✳ ❚❤❡ t❡r♠−

∑

τ<s≤T Γs−(1+γs(ps))∆Kd,−
s

✐s ♥♦♥♣♦s✐t✐✈❡✱ ❛s 1 + γs ≥ 0 ❜② ❆ss✉♠♣t✐♦♥ ✺✳✶✳ ❚❤❡ t❡r♠
∑

τ<s≤T Γs−1{Ȳs−>0}(1 +

γs(ps))∆Ās ✐s ♥♦♥♣♦s✐t✐✈❡✱ ❞✉❡ t♦ 1 + γs ≥ 0✱ t♦ t❤❡ ❙❦♦r♦❦❤♦❞ ❝♦♥❞✐t✐♦♥ ❢♦r ∆As ❛♥❞

t♦ ∆A′
s ≥ 0 ✭t❤❡ ❞❡t❛✐❧s ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ❢♦r dC̄ ✐♥ t❤❡ r❡❛s♦♥✐♥❣ ❛❜♦✈❡✮✳ ❙✐♥❝❡ h̄ ∈

M2,⊥✱ ❜② ❘❡♠❛r❦ ✷✳✶✱ ✇❡ ❞❡r✐✈❡ t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❧❛st t❡r♠ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥✲

❡q✉❛❧✐t② ✭✾✳✽✮ ✐s ❡q✉❛❧ t♦ 0✳ ▼♦r❡♦✈❡r✱ t❤❡ t❡r♠
∫ T
τ Γs−1{Ȳs−>0}ϕsds ✐s ♥♦♥♣♦s✐t✐✈❡✱ ❛s

ϕs = f(Y ′
s , Z

′
s, k

′
s)− f ′(Y ′

s , Z
′
s, k

′
s) ≤ 0 dP ⊗ ds✲❛✳s✳ ❜② t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡♠✳ ❲❡

❝♦♥❝❧✉❞❡ t❤❛t E[Ȳ +
τ ] ≤ 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s Ȳ +

τ = 0 ❛✳s✳ ❚❤❡ ♣r♦♦❢ ✐s t❤✉s ❝♦♠♣❧❡t❡✳ �

❘❡♠❛r❦ ✾✳✷✳ ◆♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ ✐rr❡❣✉❧❛r✐t② ♦❢ t❤❡ ♦❜st❛❝❧❡s✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣r❡s❡♥❝❡
♦❢ ❥✉♠♣s✱ ✇❡ ❝❛♥♥♦t ❛❞♦♣t t❤❡ ❛♣♣r♦❛❝❤❡s ✉s❡❞ ✉♣ t♦ ♥♦✇ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡ ❡✳❣✳ ❬✶✸❪✱
❬✹❪✱ ❬✸✼❪ ❛♥❞ ❬✶✾❪✮ t♦ s❤♦✇ t❤❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ❢♦r ♦✉r ❘❇❙❉❊✳

✾✳✸✳ ◆♦♥✲❧✐♥❡❛r ♦♣❡r❛t♦r ✐♥❞✉❝❡❞ ❜② ❛♥ ❘❇❙❉❊✳ Ef ✲❙♥❡❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣❡r❛t♦r Reff ✭❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣✐✈❡♥ ♥♦♥✲❧✐♥❡❛r ❞r✐✈❡r

f✮ ❛♥❞ ♣r♦✈✐❞❡ s♦♠❡ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s✳

❉❡✜♥✐t✐♦♥ ✾✳✶ ✭◆♦♥✲❧✐♥❡❛r ♦♣❡r❛t♦r Reff✮✳ ▲❡t f ❜❡ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r✳ ❋♦r ❛ ♣r♦❝❡ss
(ξt) ∈ S2✱ ✇❡ ❞❡♥♦t❡ ❜② Reff [ξ] t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❘❡✢❡❝t❡❞ ❇❙❉❊
✇✐t❤ ✭❧♦✇❡r✮ ❜❛rr✐❡r ξ ❛♥❞ ✇✐t❤ ▲✐♣s❝❤✐t③ ❞r✐✈❡r f ✳

❚❤❡ ♦♣❡r❛t♦r Reff [·] ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❞✉❡ t♦ ❚❤❡♦r❡♠ ✹✳✶✳ ▼♦r❡♦✈❡r✱ Reff [·] ✐s ✈❛❧✉❡❞

✐♥ S2,rusc✱ ✇❤❡r❡ S2,rusc := {φ ∈ S2 : φ ✐s r✳✉✳s✳❝✳} ✭❝❢✳ ❘❡♠❛r❦ ✷✳✸✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣♦s✐t✐♦♥ ✇❡ ❣✐✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r Reff ✳ ◆♦t❡ t❤❛t ❡q✉❛❧✐t✐❡s ✭r❡s♣✳

✐♥❡q✉❛❧✐t✐❡s✮ ❜❡t✇❡❡♥ ♣r♦❝❡ss❡s ❛r❡ t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ✧✉♣ t♦ ✐♥❞✐st✐♥❣✉✐s❤❛❜✐❧✐t②✧✲

s❡♥s❡✳ ❲❡ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳
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❉❡✜♥✐t✐♦♥ ✾✳✷✳ ▲❡t φ ❜❡ ❛ ♣r♦❝❡ss ✐♥ S2✳ ▲❡t f ❜❡ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r✳ ❚❤❡ ♣r♦❝❡ss φ ✐s
s❛✐❞ t♦ ❜❡ ❛ str♦♥❣ E

f
✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ✭r❡s♣✳ ❛ str♦♥❣ E

f
✲♠❛rt✐♥❣❛❧❡✮ ✱ ✐❢ E

f

σ,τ
(φτ ) ≤ φσ

❛✳s✳ ✭r❡s♣✳ E
f

σ,τ
(φτ ) = φσ ❛✳s✳✮ ♦♥ σ ≤ τ ✱ ❢♦r ❛❧❧ σ, τ ∈ T0,T ✳

❯s✐♥❣ t❤❡ ❛❜♦✈❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ❛♥❞ t❤❡ Ef ✲▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r str♦♥❣

✭r✳✉✳s✳❝✳✮ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥ ✭❝❢✳ ❚❤❡♦r❡♠ ✼✳✶✮✱ ✇❡ s❤♦✇

t❤❛t t❤❡ ♦♣❡r❛t♦r Reff s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✾✳✶ ✭Pr♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r Reff✮✳ ▲❡t f ❜❡ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r s❛t✲
✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶✳ ❚❤❡ ♦♣❡r❛t♦r Reff : S2 → S2,rusc✱ ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✾✳✶✱ ❤❛s
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
✭✐✮ ❚❤❡ ♦♣❡r❛t♦r Reff ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ t❤❛t ✐s✱ ❢♦r ξ, ξ′ ∈ S2 s✉❝❤ t❤❛t ξ ≤ ξ′ ✇❡ ❤❛✈❡
Reff [ξ] ≤ Reff [ξ′]✳
✭✐✐✮ ■❢ ξ ∈ S2 ✐s ❛ ✭r✳✉✳s✳❝✳✮ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✱ t❤❡♥ Reff [ξ] = ξ.
✭✐✐✐✮ ❋♦r ❡❛❝❤ ξ ∈ S2✱ Reff [ξ] ✐s ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❛♥❞ s❛t✐s✜❡s Reff [ξ] ≥ ξ✳

Pr♦♦❢✳ ❚❤❡ ❛ss❡rt✐♦♥ ✭✐✮ ❢♦❧❧♦✇s ❢r♦♠ ♦✉r ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ❢♦r r❡✢❡❝t❡❞ ❇❙❉❊s ✇✐t❤

✐rr❡❣✉❧❛r ♦❜st❛❝❧❡s ✭❚❤❡♦r❡♠ ✾✳✶✮✳ ▲❡t ✉s ♣r♦✈❡ ✭✐✐✮✳ ▲❡t ξ ❜❡ ❛ ✭r✳✉✳s✳❝✳✮ str♦♥❣ Ef ✲

s✉♣❡r♠❛rt✐♥❣❛❧❡ ✐♥ S2✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Reff ✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ξ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

r❡✢❡❝t❡❞ ❇❙❉❊ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞r✐✈❡r f ❛♥❞ ♦❜st❛❝❧❡ ξ✳ ❇② t❤❡ Ef ✲▼❡rt❡♥s ❞❡❝♦♠♣♦s✐t✐♦♥

❢♦r str♦♥❣ ✭r✳✉✳s✳❝✳✮ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥ ✭❚❤❡♦r❡♠ ✼✳✶✮✱

t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✷✳✶✱ t❤❡r❡ ❡①✐sts (Z, k, h,A,C) ∈ IH2×IH2
ν×M2,⊥×S2×S2 s✉❝❤ t❤❛t

−dξt = f(t, ξt, Zt, kt)dt− ZtdWt −

∫

E

kt(e)Ñ(dt, de)− dht + dAt + dCt−, 0 ≤ t ≤ T,

✇❤❡r❡ A ✐s ♣r❡❞✐❝t❛❜❧❡ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤ A0 = 0✱ ❛♥❞ C ✐s ❛❞❛♣t❡❞

r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s✱ ✇✐t❤ C0− = 0✳ ▼♦r❡♦✈❡r✱ t❤❡

❙❦♦r♦❦❤♦❞ ❝♦♥❞✐t✐♦♥s ❛r❡ ❤❡r❡ tr✐✈✐❛❧❧② s❛t✐s✜❡❞✳ ❍❡♥❝❡✱ ξ = Reff [ξ]✱ ✇❤✐❝❤ ✐s t❤❡ ❞❡s✐r❡❞

❝♦♥❝❧✉s✐♦♥✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ ✭✐✐✐✮✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ♣r♦❝❡ss Reff [ξ] ✐s ❡q✉❛❧ t♦ Y ✱

✇❤❡r❡ (Y, Z, k, h,A,C) ✐s t❤❡ s♦❧✉t✐♦♥ ♦✉r r❡✢❡❝t❡❞ ❇❙❉❊✳ ❍❡♥❝❡✱ Reff [ξ] = Y ❛❞♠✐ts

t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✼✳✶✮✱ ✇❤✐❝❤✱ ❜② ❚❤❡♦r❡♠ ✼✳✶✱ ✐♠♣❧✐❡s t❤❛t Reff [ξ] = Y ✐s ❛ str♦♥❣

Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥✱ Reff [ξ] = Y ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ξ✳ �

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♣r♦❝❡ss Reff [ξ] ✐s ❝❤❛r❛❝t❡r✲

✐③❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ s♠❛❧❧❡st str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ξ✳

❚❤❡♦r❡♠ ✾✳✷ ✭❚❤❡ ♦♣❡r❛t♦r Reff ❛♥❞ t❤❡ Ef ✲ ❙♥❡❧❧ ❡♥✈❡❧♦♣❡ ♦♣❡r❛t♦r✮✳ ▲❡t ξ ∈
S2 ❛♥❞ ❧❡t f ❜❡ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶✳ ❚❤❡ ✜rst ❝♦♠♣♦♥❡♥t Y =
Reff [ξ] ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❘❇❙❉❊ ✇✐t❤ ♣❛r❛♠❡t❡rs (ξ, f) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ Ef ✲❙♥❡❧❧
❡♥✈❡❧♦♣❡ ♦❢ ξ✱ t❤❛t ✐s✱ t❤❡ s♠❛❧❧❡st str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡ ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ξ✳
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Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✾✳✶ ✭✐✐✐✮✱ t❤❡ ♣r♦❝❡ss Y = Reff [ξ] ✐s ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡

s❛t✐s❢②✐♥❣ Y ≥ ξ✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ♠✐♥✐♠❛❧✐t② ♣r♦♣❡rt②✳ ▲❡t Y ′ ❜❡ ❛ str♦♥❣ Ef ✲

s✉♣❡r♠❛rt✐♥❣❛❧❡ s✉❝❤ t❤❛t Y ′ ≥ ξ✳ ❲❡ ❤❛✈❡ Reff [Y ′] ≥ Reff [ξ]✱ ❞✉❡ t♦ t❤❡ ♥♦♥❞❡❝r❡❛s✲

✐♥❣♥❡ss ♦❢ t❤❡ ♦♣❡r❛t♦r Reff ✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✾✳✶ ✭✐✮✮ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ Reff [Y ′] = Y ′

✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✾✳✶ ✭✐✐✮✮ ❛♥❞ Reff [ξ] = Y ✳ ❍❡♥❝❡✱ Y ′ ≥ Y ✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❧❡❢t✲❧✐♠✐t❡❞ ♦❜st❛❝❧❡ ξ t❤❡ ❛❜♦✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❤❛s

❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✸✼❪❀ ✐t ❤❛s ❜❡❡♥ ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ r✐❣❤t✲✉♣♣❡r✲s❡♠✐❝♦♥t✐♥✉♦✉s

♦❜st❛❝❧❡ ✐♥ ❬✶✾✱ Pr♦♣✳ ✹✳✹❪✳ ▲❡t ✉s ♥♦t❡ ❤♦✇❡✈❡r t❤❛t t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢s ❣✐✈❡♥ ✐♥

❬✸✼❪ ❛♥❞ ✐♥ ❬✶✾❪ ❝❛♥♥♦t ❜❡ ❛❞❛♣t❡❞ t♦ ♦✉r ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳

✶✵✳ ■♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss ✐♥ t❡r♠s ♦❢ ❛♥ ❘❇❙❉❊

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❚❤❡♦r❡♠s ✾✳✷ ❛♥❞ ✽✳✷✳ ■t ❣✐✈❡s

✧❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✧ ♦❢ t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss (Vt)t∈[0,T ] ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ♣r♦❜❧❡♠

✭✺✳✶✮ ✐♥ t❤❡ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ❝❛s❡✳

❚❤❡♦r❡♠ ✶✵✳✶ ✭❈❤❛r❛❝t❡r✐③❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛♥ ❘❇❙❉❊✮✳ ▲❡t (ξt)t∈[0,T ] ❜❡ ❛ ♣r♦✲
❝❡ss ✐♥ S2 ❛♥❞ ❧❡t f ❜❡ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶✳ ❚❤❡ ✈❛❧✉❡ ♣r♦❝❡ss
(Vt)t∈[0,T ] ❛❣❣r❡❣❛t✐♥❣ t❤❡ ❢❛♠✐❧② V = (V (S), S ∈ T0,T ) ❞❡✜♥❡❞ ❜② ✭✺✳✶✮ ❝♦✐♥❝✐❞❡s ✭✉♣ t♦
✐♥❞✐st✐♥❣✉✐s❤❛❜✐❧✐t②✮ ✇✐t❤ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t (Yt)t∈[0,T ] ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♦✉r ❘❇❙❉❊ ✇✐t❤
❞r✐✈❡r f ❛♥❞ ♦❜st❛❝❧❡ ξ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ S ∈ T0,T ✱

YS = VS = ess sup
τ∈TS,T

Ef
S,τ (ξτ ) ❛✳s✳ ✭✶✵✳✶✮

❘❡♠❛r❦ ✶✵✳✶✳ ▲❡t ✉s s✉♠♠❛r✐③❡ ♦✉r t✇♦✲♣❛rt ❛♣♣r♦❛❝❤ t♦ t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣
♣r♦❜❧❡♠ ✭✺✳✶✮ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ξ ✐s ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r✿ ❋✐rst✱ ✇❡ ❤❛✈❡ ❛♣♣❧✐❡❞ ❛ ❞✐r❡❝t
❛♣♣r♦❛❝❤ t♦ t❤❡ ♣r♦❜❧❡♠ ✭✺✳✶✮✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ s❤♦✇✐♥❣ t❤❛t t❤❡ ✈❛❧✉❡ ❢❛♠✐❧② (V (S))S∈T0,T
❝❛♥ ❜❡ ❛❣❣r❡❣❛t❡❞ ❜② ❛♥ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss (Vt)t∈[0,T ] ❛♥❞✱ t❤❡♥✱ ✐♥ ❝❤❛r❛❝t❡r✐③✐♥❣ (Vt) ❛s t❤❡
Ef ✲❙♥❡❧❧ ❡♥✈❡❧♦♣❡ ♦❢ t❤❡ ✭❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r✮ ♣❛②✲♦✛ ♣r♦❝❡ss (ξt)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡
❤❛✈❡ ❛♣♣❧✐❡❞ ❛♥ ❘❇❙❉❊✲❛♣♣r♦❛❝❤ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❡st❛❜❧✐s❤✐♥❣ s♦♠❡ r❡s✉❧ts ♦♥ ❘❇❙❉❊s
✇✐t❤ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡s ✭✐♥ ♣❛rt✐❝✉❧❛r✱ ❡①✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss✱ ❛♥❞ ❛ ❝♦♠♣❛r✐s♦♥
r❡s✉❧t✮ ❛♥❞ s♦♠❡ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r Reff ✱ ✶✵ ❛♥❞ t❤❡♥ ✐♥ ✉s✐♥❣ t❤❡s❡ ♣r♦♣❡rt✐❡s
t♦ s❤♦✇ t❤❛t t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (Yt) ♦❢ t❤❡ ❘❇❙❉❊ ✐s ❡q✉❛❧ t♦ t❤❡ Ef ✲❙♥❡❧❧ ❡♥✈❡❧♦♣❡ ♦❢ t❤❡
❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♦❜st❛❝❧❡✳ ❲❡ ❤❛✈❡ t❤❡♥ ❞❡❞✉❝❡❞ ❢r♦♠ t❤♦s❡ t✇♦ ♣❛rts ✭t❤❡ ❞✐r❡❝t ♣❛rt ❛♥❞
t❤❡ ❘❇❙❉❊✲♣❛rt✮ t❤❛t (Yt) ❛♥❞ (Vt) ❝♦✐♥❝✐❞❡✱ ✇❤✐❝❤ ❣✐✈❡s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
❢♦r t❤❡ ✈❛❧✉❡ ♣r♦❝❡ss (Vt)✳

✶✵❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ t❤❡s❡ ♣r♦♣❡rt✐❡s ✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✾✳✶✮ r❡❧✐❡s ❤❡❛✈✐❧② ♦♥ t❤❡ Ef ✲▼❡rt❡♥s
❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡s ✭❝❢✳ ❚❤❡♦r❡♠ ✼✳✶✮✱ ✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❛s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡
♦❢ t❤❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧t ✭❚❤❡♦r❡♠ ✻✳✶✮ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ r✳✉✳s✳❝✳ ❝❛s❡✳
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❋✐♥❛❧❧②✱ ❧❡t ✉s ♣✉t t♦❣❡t❤❡r s♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠❛❧ st♦♣♣✐♥❣

♣r♦❜❧❡♠ ✭✺✳✶✮✿

✐✮ • ❋♦r ❛♥② r❡✇❛r❞ ♣r♦❝❡ss ξ ∈ S2✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥

Vt = Yt = Reff
t [ξ]✱ ❢♦r ❛❧❧ t✱ ❛✳s✳ ✭❚❤❡♦r❡♠ ✶✵✳✶✮✳

• ❆❧s♦✱ (Vt)t∈[0,T ] ✐s t❤❡ Ef ✲❙♥❡❧❧ ❡♥✈❡❧♦♣❡ ♦❢ t❤❡ ♣❛②✲♦✛ ♣r♦❝❡ss ξ ✭❚❤❡♦r❡♠ ✽✳✷✮✳

✐✐✮ ■❢✱ ♠♦r❡♦✈❡r✱ ξ ✐s r✐❣❤t✲✉✳s✳❝✳ ✱ t❤❡♥✱ ❢♦r ❛♥② S ∈ T0,T ✱ ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts ❛♥ Lε✲

♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡ ❢♦r t❤❡ ♣r♦❜❧❡♠ ❛t t✐♠❡ S✳ ✭❚❤❡♦r❡♠ ✻✳✶✮✳

✐✐✐✮ ■❢✱ ♠♦r❡♦✈❡r✱ ξ ✐s ❛❧s♦ ❧❡❢t✲✉✳s✳❝✳ ❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s✱ t❤❡♥✱ ❢♦r ❛♥② S ∈ T0,T ✱ t❤❡r❡

❡①✐sts ❛♥ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡ ❢♦r t❤❡ ♣r♦❜❧❡♠ ❛t t✐♠❡ S ✭❚❤❡♦r❡♠ ✻✳✷✮✳

✶✶✳ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✵✳✶

✶✶✳✶✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥s ✇✐t❤ ❛ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♣❛②♦✛

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✱ ✇❡ s❡t E := R✱ ν(de) := λδ1(de)✱ ✇❤❡r❡ λ ✐s ❛ ♣♦s✐t✐✈❡

❝♦♥st❛♥t✱ ❛♥❞ ✇❤❡r❡ δ1 ❞❡♥♦t❡s t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ❛t 1✳ ❚❤❡ ♣r♦❝❡ss Nt := N([0, t]× {1})

✐s t❤❡♥ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ♣❛r❛♠❡t❡r λ✱ ❛♥❞ ✇❡ ❤❛✈❡ Ñt := Ñ([0, t]× {1}) = Nt − λt.

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✜❧tr❛t✐♦♥ ✐s t❤❡ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ W ❛♥❞ N ✳

❲❡ ❝♦♥s✐❞❡r ❛ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ♦♥❡ r✐s❦✲❢r❡❡ ❛ss❡t✱ ✇❤♦s❡ ♣r✐❝❡ ♣r♦❝❡ss

S0 s❛t✐s✜❡s dS0
t = S0

t rtdt✱ ❛♥❞ t✇♦ r✐s❦② ❛ss❡ts ✇✐t❤ ♣r✐❝❡ ♣r♦❝❡ss❡s S1, S2 s❛t✐s❢②✐♥❣✿

dS1
t = S1

t− [µ
1
tdt+ σ1

t dWt + β1
t dÑt]; dS2

t = S2
t− [µ

2
tdt+ σ2

t dWt + β2
t dÑt].

❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ♣r♦❝❡ss❡s σ1, σ2, β1, β2, r, µ1, µ2 ❛r❡ ♣r❡❞✐❝t❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞✱ ✇✐t❤

βi
t > −1 ❢♦r i = 1, 2✳ ▲❡t µt := (µ1, µ2)′ ❛♥❞ ❧❡t Σt := (σt, βt) ❜❡ t❤❡ 2× 2✲♠❛tr✐① ✇✐t❤ ✜rst

❝♦❧✉♠♥ σt := (σ1
t , σ

2
t )

′ ❛♥❞ s❡❝♦♥❞ ❝♦❧✉♠♥ βt := (β1
t , β

2
t )

′✳ ❲❡ s✉♣♣♦s❡ t❤❛t Σt ✐s ✐♥✈❡rt✐❜❧❡

❛♥❞ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ Σ−1
t ❛r❡ ❜♦✉♥❞❡❞✳

❲❡ ❝♦♥s✐❞❡r ❛♥ ❛❣❡♥t ✇❤♦ ❝❛♥ ✐♥✈❡st ❤✐s✴❤❡r ✐♥✐t✐❛❧ ✇❡❛❧t❤ x ∈ R ✐♥ t❤❡ t❤r❡❡ ❛ss❡ts✳

❋♦r i = 1, 2✱ ✇❡ ❞❡♥♦t❡ ❜② ϕi
t t❤❡ ❛♠♦✉♥t ✐♥✈❡st❡❞ ✐♥ t❤❡ it❤ r✐s❦② ❛ss❡t✳ ❆ ♣r♦❝❡ss

ϕ = (ϕ1, ϕ2)′ ❜❡❧♦♥❣✐♥❣ t♦ H2 ×H2
ν ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ ♣♦rt❢♦❧✐♦ str❛t❡❣②✳

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♣♦rt❢♦❧✐♦ ✭♦r ✇❡❛❧t❤✮ ❛t t✐♠❡ t ✐s ❞❡♥♦t❡❞ ❜② Xx,ϕ
t ✭♦r s✐♠♣❧②

❜② Xt✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❡r❢❡❝t ♠❛r❦❡t✱ ✇❡ ❤❛✈❡ dXt = (rtXt+ϕ′
t(µt−rt1))dt+ϕ′

tσtdWt+

ϕ′
tβtdÑt, ✇❤❡r❡ 1 = (1, 1)′✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ✇✐❧❧ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ♠❛② ❜❡ s♦♠❡

✐♠♣❡r❢❡❝t✐♦♥s ✐♥ t❤❡ ♠❛r❦❡t✱ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✈✐❛ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡

✇❡❛❧t❤ ❛♥❞ ❡♥❝♦❞❡❞ ✐♥ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r f s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶ ✭❝❢✳ ❡✳❣✳ ❘❡♠❛r❦

✻✳✶ ✐♥ ❬✷✵❪ ✐♥ ♦✉r ♠❛r❦❡t ♠♦❞❡❧✱ ❬✶✻❪ ❛♥❞ ❬✾❪ ✐♥ ♦t❤❡r ❢r❛♠❡✇♦r❦s✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡

s✉♣♣♦s❡ t❤❛t t❤❡ ✇❡❛❧t❤ ♣r♦❝❡ss Xx,ϕ
t ✭❛❧s♦ Xt✮ s❛t✐s✜❡s t❤❡ ❢♦r✇❛r❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

−dXt = f(t,Xt, ϕt
′σt, ϕt

′βt)dt−ϕt
′σtdWt−ϕt

′βtdÑt✱ ✇✐t❤ X0 = x✱ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ s❡tt✐♥❣

✷✽



Zt = ϕt
′σt ❛♥❞ kt = ϕt

′βt✱

−dXt = f(t,Xt, Zt, kt)dt− ZtdWt − ktdÑt; X0 = x. ✭✶✶✳✶✮

◆♦t❡ t❤❛t (Zt, kt) = ϕt
′Σt✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ϕt

′ = (Zt, kt) Σ
−1
t ✳

❚❤✐s ♠♦❞❡❧ ✐♥❝❧✉❞❡s t❤❡ ❝❛s❡ ♦❢ ❛ ♣❡r❢❡❝t ♠❛r❦❡t✱ ❢♦r ✇❤✐❝❤ f ✐s ❛ ❧✐♥❡❛r ❞r✐✈❡r ❣✐✈❡♥ ❜②

f(t, y, z, k) = −rty − (z, k) Σ−1
t (µt − rt1).

❘❡♠❛r❦ ✶✶✳✶✳ ◆♦t❡ t❤❛t t❤❡ ✇❡❛❧t❤ ♣r♦❝❡ss Xx,ϕ ✐s ❛♥ Ef ✲♠❛rt✐♥❣❛❧❡✱ s✐♥❝❡ Xx,ϕ ✐s t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❇❙❉❊ ✇✐t❤ ❞r✐✈❡r f ✱ t❡r♠✐♥❛❧ t✐♠❡ T ❛♥❞ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥ Xx,ϕ

T ✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❡r♠✐♥❛❧ t✐♠❡ T ❛♥❞ ♣❛②♦✛ ❣✐✈❡♥

❜② ❛ ♣r♦❝❡ss (ξt) ∈ S2✳ ❋♦r ❡❛❝❤ ✐♥✐t✐❛❧ ✇❡❛❧t❤ x✱ ✇❡ ❞❡♥♦t❡ ❜② A(x) t❤❡ s❡t ♦❢ ❛❧❧ ♣♦rt❢♦❧✐♦

str❛t❡❣✐❡s ϕ ∈ H2 ×H2
ν s✉❝❤ t❤❛t Xx,ϕ

t ≥ ξt✱ ❢♦r ❛❧❧ t ∈ [0, T ] ❛✳s✳ ❚❤❡ s✉♣❡r❤❡❞❣✐♥❣ ♣r✐❝❡ ♦❢
t❤❡ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥ ❛t t✐♠❡ 0 ✐s ❞❡✜♥❡❞ ❜②

u0 := inf{x ∈ R, ∃ϕ ∈ A(x)}. ✭✶✶✳✷✮

❯s✐♥❣ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✭✺✳✶✮ ✭❝❢✳ ❚❤❡♦r❡♠ ✶✵✳✶✮✱ ✇❡

❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡ s✉♣❡r❤❡❞❣✐♥❣ ♣r✐❝❡ u0✱ ❛s ✇❡❧❧ ❛s t❤❡ ❡①✐st❡♥❝❡

♦❢ ❛ s✉♣❡r❤❡❞❣✐♥❣ str❛t❡❣②✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳ ▲❡t (ξt) ❜❡ ❛♥ ♦♣t✐♦♥❛❧ ♣r♦❝❡ss s✉❝❤ t❤❛t E[ess supτ∈T0,T |ξτ |
2] < ∞.

✭✐✮ ❚❤❡ s✉♣❡r❤❡❞❣✐♥❣ ♣r✐❝❡ u0 ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥ ✇✐t❤ ♣❛②♦✛ (ξt) ✐s ❡q✉❛❧ t♦ t❤❡ ✈❛❧✉❡
❢✉♥❝t✐♦♥ V (0) ♦❢ ♦✉r ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✶✳✶✮ ❛t t✐♠❡ 0✱ t❤❛t ✐s

u0 = sup
τ∈T0,T

Ef
0,τ (ξτ ). ✭✶✶✳✸✮

✭✐✐✮ u0 = Y0✱ ✇❤❡r❡ (Y, Z, k, h,A,C) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❇❙❉❊ ✭✷✳✸✮ ✭✇✐t❤ h = 0✮✳
✭✐✐✐✮ ❚❤❡ ♣♦rt❢♦❧✐♦ str❛t❡❣② ϕ̂✱ ❞❡✜♥❡❞ ❜② ϕ̂t

′ = (Zt, kt) Σ
−1
t ✱ ✐s ❛ s✉♣❡r❤❡❞❣✐♥❣ str❛t❡❣②✱ t❤❛t

✐s✱ ❜❡❧♦♥❣s t♦ A(u0)✳

❘❡♠❛r❦ ✶✶✳✷✳ ❚❤✐s r❡s✉❧t ❣❡♥❡r❛❧✐③❡s ❚❤❡♦r❡♠ ✸✳✹ ✐♥ ❬✶✵❪ ✇❤✐❝❤ ❝♦♥❝❡r♥s t❤❡ ❝❛s❡ ✇❤❡♥
t❤❡ ♣❛②♦✛ ♣r♦❝❡ss ξ ✐s r✐❣❤t✲❝♦♥t✐♥✉♦✉s✳ ◆♦t❡ ❛❧s♦ t❤❛t✱ ❡✈❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❧✐♥❡❛r ♠❛r❦❡t✱
♦✉r r❡s✉❧t ❢♦r ❛ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♣❛②✲♦✛ ✐s ♥❡✇✳ ❙♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts r❡❧❛t✐✈❡ t♦
t❤✐s r❡s✉❧t ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ✭❝❢✳ ❘❡♠❛r❦ ✶✷✳✷✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ ❚❤❡♦r❡♠ ✶✵✳✶ ❛♥❞ s✐♠✐❧❛r ❛r❣✉♠❡♥ts t♦ t❤♦s❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢

♦❢ ❚❤❡♦r❡♠ ✸✳✹ ✐♥ ❬✶✵❪ ✐♥ t❤❡ ❝❛s❡ ✇✐t❤ ❘❈▲▲ ♣❛②♦✛✳

❲❡ ✜rst s❤♦✇ t❤❛t u0 ≥ supτ∈T0,T Ef
0,τ (ξτ )✳ ▲❡t x ∈ R ❜❡ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ϕ ∈

A(x)✳ ❲❡ s❤♦✇ t❤❛t x ≥ Y0✳ ❙✐♥❝❡ ϕ ∈ A(x)✱ ✇❡ ❤❛✈❡✱ ❢♦r ❡❛❝❤ τ ∈ T0,T ✱ X
x,ϕ
τ ≥ ξτ ❛✳s✳

✷✾



❋r♦♠ t❤✐s ❛♥❞ ❘❡♠❛r❦ ✶✶✳✶✱ ✇❡ ❣❡t x = Ef
0,τ (X

x,ϕ
τ ) ≥ Ef

0,τ (ξτ ). ❍❡♥❝❡✱ x ≥ supτ∈T0,T Ef
0,τ (ξτ )

❇② ❞❡✜♥✐t✐♦♥ ♦❢ u0 ✭❝❢✳ ✭✶✶✳✷✮✮✱ ✇❡ ❣❡t t❤❡ ❞❡s✐r❡❞ ✐♥❡q✉❛❧✐t②✱ t❤❛t ✐s✱ u0 ≥ supτ∈T0,T Ef
0,τ (ξτ )✳

❙✐♥❝❡ ❜② ❚❤❡♦r❡♠ ✶✵✳✶✱ Y0 = supτ∈T0,T Ef
0,τ (ξτ )✱ ✇❡ t❤✉s ❤❛✈❡ u0 ≥ Y0✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡

t❤❡ t❤r❡❡ ✜rst ❛ss❡rt✐♦♥s ♦❢ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠✱ ✐t ✐s t❤✉s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ϕ̂ ∈ A(Y0)✱

✇❤✐❝❤✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ u0✱ ✐♠♣❧✐❡s t❤❛t Y0 ≥ u0 ✭❛♥❞ ❤❡♥❝❡✱ s✐♥❝❡ u0 ≥ Y0✱ t❤❡ ❡q✉❛❧✐t②

Y0 = u0✮✳ ◆♦✇✱ ❜② ✭✶✶✳✶✮✱ t❤❡ ✈❛❧✉❡ XY0,ϕ̂ ♦❢ t❤❡ ♣♦rt❢♦❧✐♦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥✐t✐❛❧ ✇❡❛❧t❤

Y0 ❛♥❞ str❛t❡❣② ϕ̂ s❛t✐s✜❡s✿ dXY0,ϕ̂
t = −f(t,XY0,ϕ̂

t , Zt, kt)dt+ dMt, ✇✐t❤ XY0,ϕ̂
0 = Y0✱ ✇❤❡r❡

Mt :=
∫ t
0 ZsdWs +

∫ t
0 ksdÑs✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ Y ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t❡❞ ❇❙❉❊ ✭✷✳✸✮

✭✇✐t❤ h = 0✮✱ ✇❡ ❤❛✈❡ dYt = −f(t, Yt, Zt, kt)dt+dMt−dAt−dCt−✳ ❆♣♣❧②✐♥❣ t❤❡ ❝♦♠♣❛r✐s♦♥

r❡s✉❧t ❢♦r ❢♦r✇❛r❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✇❡ ❞❡r✐✈❡ t❤❛t XY0,ϕ̂
· ≥ Y·✳ ❙✐♥❝❡ Y· ≥ ξ·✱ ✇❡ t❤✉s

❣❡t XY0,ϕ̂
· ≥ ξ·✳ ■t ❢♦❧❧♦✇s t❤❛t ϕ̂ ∈ A(Y0)✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳ �

❊①❛♠♣❧❡ ✶✶✳✶✳ ✭s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥s ✇✐t❤ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♣❛②✲♦✛✮
❲❡ ❝♦♥s✐❞❡r ❛ ♣❛②✲♦✛ ♣r♦❝❡ss (ξt) ♦❢ t❤❡ ❢♦r♠ ξt := h(S1

t )✱ ❢♦r t ∈ [0, T ]✱ ✇❤❡r❡ h : R → R ✐s
❛ ✭♣♦ss✐❜❧② ✐rr❡❣✉❧❛r✮ ❇♦r❡❧ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t t❤❡ ♣r♦❝❡ss (h(St)) ✐s ♦♣t✐♦♥❛❧ ❛♥❞ (h(S1

t )) ∈
S2✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ♣❛②✲♦✛ (ξt) ✐s ❛ ❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ♣r♦❝❡ss✳ ❇② t❤❡ ✜rst t✇♦ st❛t❡♠❡♥ts
♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✱ t❤❡ s✉♣❡r❤❡❞❣✐♥❣ ♣r✐❝❡ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥ ✐s ❡q✉❛❧ t♦ t❤❡ ✈❛❧✉❡
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✶✶✳✸✮✱ ❛♥❞ ✐s ❛❧s♦ ❝❤❛r❛❝t❡r✐③❡❞ ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ r❡✢❡❝t❡❞ ❇❙❉❊ ✭✷✳✸✮ ✇✐t❤ ♦❜st❛❝❧❡ ξt = h(S1

t )✳
■❢ h ✐s ❛♥ ✉♣♣❡rs❡♠✐❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ R✱ t❤❡♥ t❤❡ ♣r♦❝❡ss (h(S1

t )) ✐s ♦♣t✐♦♥❛❧✱ s✐♥❝❡
❛♥ ✉✳s✳❝✳ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ❧✐♠✐t ♦❢ ❛ ✭♥♦♥ ✐♥❝r❡❛s✐♥❣✮ s❡q✉❡♥❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥s✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r♦❝❡ss (h(S1

t )) ✐s r✐❣❤t✲✉✳s✳❝✳ ❛♥❞ ❛❧s♦ ❧❡❢t✲✉✳s✳❝✳ ❛❧♦♥❣ st♦♣♣✐♥❣
t✐♠❡s✳ ❚❤❡ r✐❣❤t✲✉♣♣❡rs❡♠✐❝♦♥t✐♥✉✐t② ♦❢ (ξt) ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦❝❡ss S1 ✐s
r✐❣❤t✲❝♦♥t✐♥✉♦✉s❀ t❤❡ ❧❡❢t✲✉♣♣❡rs❡♠✐❝♦♥t✐♥✉✐t② ❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s ♦❢ (ξt) ❢♦❧❧♦✇s ❢r♦♠ t❤❡
❢❛❝t t❤❛t S1 ❥✉♠♣s ♦♥❧② ❛t t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ st♦♣♣✐♥❣ t✐♠❡s✳ ■♥ ✈✐rt✉❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✱
❧❛st st❛t❡♠❡♥t✱ t❤❡r❡ ❡①✐sts ✐♥ t❤✐s ❝❛s❡ ❛♥ ♦♣t✐♠❛❧ ❡①❡r❝✐s❡ t✐♠❡ ❢♦r t❤❡ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥
✇✐t❤ ♣❛②♦✛ ξt = h(S1

t )✳ ❆ ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❆♠❡r✐❝❛♥ ❞✐❣✐t❛❧ ❝❛❧❧ ♦♣t✐♦♥
✭✇✐t❤ str✐❦❡ K > 0✮✱ ✇❤❡r❡ h(x) := 1[K,+∞)(x)✳ ❚❤❡ ❢✉♥❝t✐♦♥ h ✐s ✉✳s✳❝✳ ♦♥ R✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♣❛②♦✛ ♣r♦❝❡ss ξt := 1S1

t ≥K ✐s t❤✉s r✳✉✳s✳❝ ❛♥❞ ❧❡❢t✲✉✳s✳❝✳ ❛❧♦♥❣ st♦♣♣✐♥❣ t✐♠❡s
✐♥ t❤✐s ❝❛s❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ♦♣t✐♠❛❧ ❡①❡r❝✐s❡ t✐♠❡✳

■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❞✐❣✐t❛❧ ♣✉t ♦♣t✐♦♥ ✭✇✐t❤ str✐❦❡ K > 0✮✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♣❛②♦✛ ξt := 1S1

t <K ✐s ♥♦t r✳✉✳s✳❝✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♣❛②✲♦✛ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❞✐❣✐t❛❧ ❝❛❧❧ ❛♥❞
♣✉t ♦♣t✐♦♥s ✐s ✐♥ ❣❡♥❡r❛❧ ♥❡✐t❤❡r ❧❡❢t✲❧✐♠✐t❡❞ ♥♦r r✐❣❤t✲❧✐♠✐t❡❞✳

✶✶✳✷✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❘❇❙❉❊s

❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✭❚❤❡♦r❡♠ ✶✵✳✶✮ ✐s ❛❧s♦ ✉s❡❢✉❧ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❘❇❙❉❊s ✐♥ ✐ts❡❧❢✿ ✐t

❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✇✐t❤ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts ❢♦r ❘❇❙❉❊s ✇✐t❤ ❝♦♠♣❧❡t❡❧②

✐rr❡❣✉❧❛r ♦❜st❛❝❧❡s✳

✸✵



Pr♦♣♦s✐t✐♦♥ ✶✶✳✷ ✭❆ ♣r✐♦r✐ ❡st✐♠❛t❡s ✇✐t❤ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts✮✳ ▲❡t ξ ❛♥❞ ξ′ ❜❡ t✇♦
♣r♦❝❡ss❡s ✐♥ S2✳ ▲❡t f ❛♥❞ f ′ ❜❡ t✇♦ ▲✐♣s❝❤✐t③ ❞r✐✈❡rs s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶ ✇✐t❤ ❝♦♠✲
♠♦♥ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t K > 0✳ ▲❡t (Y, Z, k) ✭r❡s♣✳ (Y ′, Z ′, k′)✮ ❜❡ t❤❡ t❤r❡❡ ✜rst ❝♦♠♣♦♥❡♥ts
♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t❡❞ ❇❙❉❊ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞r✐✈❡r f ✭r❡s♣✳ f ′✮ ❛♥❞ ♦❜st❛❝❧❡ ξ ✭r❡s♣✳
ξ′✮✳ ▲❡t Y := Y − Y ′✱ ξ := ξ − ξ′✱ ❛♥❞ δfs := f ′(s, Y ′

s , Z
′
s, k

′
s)− f(s, Y ′

s , Z
′
s, k

′
s)✳

▲❡t η, β > 0 ✇✐t❤ β ≥ 2K + 3/η ❛♥❞ η ≤ 1/K2✳ ❋♦r ❡❛❝❤ S ∈ T0,T ✱ ✇❡ ❤❛✈❡

YS
2
≤ eβ(T−S)E[ess sup

τ∈TS,T

ξτ
2
|FS ] + ηE[

∫ T

S
eβ(s−S)(δfs)

2ds|FS ] a.s. ✭✶✶✳✹✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ st❡♣s✳

❙t❡♣ ✶✿ ❋♦r ❡❛❝❤ τ ∈ T0,T ✱ ❧❡t (Xτ ✱ πτ , lτ ) ✭r❡s♣✳ (X
′τ ✱ π

′τ , l
′τ )✮ ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

❇❙❉❊ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞r✐✈❡r f ✭r❡s♣✳ f ′✮✱ t❡r♠✐♥❛❧ t✐♠❡ τ ❛♥❞ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥ ξτ ✭r❡s♣✳

ξ′τ ✮✳ ❙❡t X
τ
:= Xτ −X

′τ ✳ ❇② ❛♥ ❡st✐♠❛t❡ ♦♥ ❇❙❉❊s ✭❝❢✳ Pr♦♣♦s✐t✐♦♥ A.4 ✐♥ ❬✸✻❪✮✱ ✇❡ ❤❛✈❡

(X
τ
S)

2 ≤ eβ(T−S)E[ξ
2
| FS ] + ηE[

∫ T

S
eβ(s−S)[(f − f ′)(s,X

′τ
s , π

′τ
s , l

′τ
s )]2ds | FS ] a.s.

❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡r✐✈❡

(X
τ
S)

2 ≤ eβ(T−S)E[ess sup
τ∈TS,T

ξτ
2
|FS ] + ηE[

∫ T

S
eβ(s−S)(f s)

2ds|FS ] a.s., ✭✶✶✳✺✮

✇❤❡r❡ f s := supy,z,k |f(s, y, z, k)− f ′(s, y, z, k)|✳ ◆♦✇✱ ❜② ❚❤❡♦r❡♠ ✶✵✳✶✱ ✇❡ ❤❛✈❡

YS = ess supτ∈TS,T Xτ
S ❛♥❞ Y ′

S = ess supτ∈TS,T X
′τ
S ✳ ❲❡ t❤✉s ❣❡t |Y S | ≤ ess supτ∈TS,T |X

τ
S |✳

❇② ✭✶✶✳✺✮✱ ✇❡ ❞❡r✐✈❡ t❤❡ ✐♥❡q✉❛❧✐t② ✭✶✶✳✹✮ ✇✐t❤ δfs r❡♣❧❛❝❡❞ ❜② f s✳

❙t❡♣ ✷✿ ◆♦t❡ t❤❛t (Y ′, Z ′, k′) ✐s t❤❡ s♦❧✉t✐♦♥ t❤❡ ❘❇❙❉❊ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦❜st❛❝❧❡ ξ′ ❛♥❞

❞r✐✈❡r f(t, y, z, k) + δft✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ r❡s✉❧t ♦❢ ❙t❡♣ ✶ t♦ t❤❡ ❞r✐✈❡r f(t, y, z, k) ❛♥❞ t❤❡

❞r✐✈❡r f(t, y, z, k) + δft ✭✐♥st❡❛❞ ♦❢ f ′✮✱ ✇❡ ❣❡t t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳ �

❘❡♠❛r❦ ✶✶✳✸✳ ❲❡ ♥♦t❡ t❤❛t ❛ s✐♠✐❧❛r r❡s✉❧t ❤♦❧❞s ❢♦r ❛ ❞♦✉❜❧② r❡✢❡❝t❡❞ ❇❙❉❊ ✭❝❢✳ Pr♦♣♦✲
s✐t✐♦♥ ✻✳✻ ✐♥ ❬✽❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❘❈▲▲ ❜❛rr✐❡rs✱ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✷ ✐♥ ❬✷✵❪ ✐♥ t❤❡ ❝❛s❡ ♦❢
❝♦♠♣❧❡t❡❧② ✐rr❡❣✉❧❛r ❜❛rr✐❡rs✮✳

✶✷✳ ❆♣♣❡♥❞✐①

▲❡t M,M ′ ∈ M2✳ ❘❡❝❛❧❧ t❤❛t MM ′ − [M,M ′] ✐s ❛ ♠❛rt✐♥❣❛❧❡✱ ❛♥❞ t❤❛t 〈M,M ′〉 ✐s

❞❡✜♥❡❞ ❛s t❤❡ ❝♦♠♣❡♥s❛t♦r ♦❢ t❤❡ ✐♥t❡❣r❛❜❧❡ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss [M,M ′]✳ ❯s✐♥❣ t❤❡s❡

♣r♦♣❡rt✐❡s ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t st❛t❡♠❡♥ts ✭❝❢✳✱ ❡✳❣✳✱❬✸✺❪ ■❱✳✸ ❢♦r ❞❡t❛✐❧s✮✿

〈M,M ′〉t = 0✱ 0 ≤ t ≤ T ❛✳s✳ ⇔ [M,M ′]· ✐s ❛ ♠❛rt✐♥❣❛❧❡ ⇔ MM ′ ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ✶✶

✶✶■♥ t❤✐s ❝❛s❡✱ ✉s✐♥❣ ❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ ❬✸✺❪ ■❱✳✸✱ M ❛♥❞ M ′ ❛r❡ s❛✐❞ t♦ ❜❡ str♦♥❣❧② ♦rt❤♦❣♦♥❛❧✳

✸✶



❋♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ r❡❛❞❡r✱ ✇❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡s✱ ✇❤✐❝❤✱ t♦ ♦✉r

❦♥♦✇❧❡❞❣❡✱ ❛r❡ ♥♦t ❡①♣❧✐❝✐t❧② s♣❡❝✐✜❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

▲❡♠♠❛ ✶✷✳✶✳ ❋♦r ❡❛❝❤ h ∈ M2✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✿
✭✐✮ ❋♦r ❛❧❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss l ∈ IH2

ν ✱ ✇❡ ❤❛✈❡ 〈h ,
∫ ·
0 ls(e)Ñ(dsde) 〉t = 0✱ t ∈ [0, T ] ❛✳s✳

✭✐✐✮ ❋♦r ❛❧❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss l ∈ IH2
ν ✱ ✇❡ ❤❛✈❡ (h ,

∫ ·
0

∫

E ls(e)Ñ(dsde) )M2 = 0✳
✭✐✐✐✮ MP

N (∆h· |P̃) = 0✱ ✇❤❡r❡ MP
N ( . |P̃) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❣✐✈❡♥ P̃ := P ⊗ E

✉♥❞❡r t❤❡ ❉♦❧❡❛♥s✬ ♠❡❛s✉r❡ MP
N ❛ss♦❝✐❛t❡❞ t♦ ♣r♦❜❛❜✐❧✐t② P ❛♥❞ r❛♥❞♦♠ ♠❡❛s✉r❡ N ✳✶✷

Pr♦♦❢✳ ▲❡t ✉s s❤♦✇ t❤❛t ✭✐✮ ⇔ ✭✐✐✮✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t (·, ·)M2 ✱ ✇❡ ❤❛✈❡

(h ,
∫ ·
0

∫

E ls(e)Ñ(dsde) )M2 = E[ 〈h ,
∫ ·
0

∫

E ls(e)Ñ(dsde) 〉T ]. ❍❡♥❝❡✱ ✭✐✮ ⇒ ✭✐✐✮✳ ▲❡t ✉s s❤♦✇

t❤❛t ✭✐✐✮ ⇒ ✭✐✮✳ ■❢ ❢♦r ❛❧❧ l ∈ IH2
ν ✱ E[ 〈h ,

∫ ·
0 ls(e)Ñ(dsde) 〉T ] = 0✱ t❤❡♥✱ ❢♦r ❡❛❝❤ ❜♦✉♥❞❡❞

♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ϕ ∈ IH2✱ ✇❡ ❤❛✈❡

E[

∫ T

0
ϕt d〈h,

∫ ·

0

∫

E
ls(e)Ñ(dsde) 〉t] = E[ 〈h ,

∫ ·

0

∫

E
ϕsls(e)Ñ(dsde) 〉T ] = 0.

s✐♥❝❡✱ ❢♦r ❡❛❝❤ M ∈ M2✱ ϕ · 〈h,M〉 = 〈h, ϕ.M〉 ✭✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❬✼❪ ♦r ❬✷✺❪✮✳ ❇②

❬✼❪ ✭❈❤❛♣ ✻ ■■ ❚❤✳ ✻✹ ♣✶✹✶✮✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♥t❡❣r❛❜❧❡✲✈❛r✐❛t✐♦♥ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss

A· := 〈h ,
∫ ·
0 ls(e)Ñ(dsde)〉· ✐s ❡q✉❛❧ t♦ 0✱ ✇❤✐❝❤ ❣✐✈❡s t❤❛t ✭✐✐✮ ⇒ ✭✐✮✳ ❍❡♥❝❡ ✭✐✮ ⇔ ✭✐✐✮✳

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t ✭✐✐✮ ⇔ ✭✐✐✐✮✳ ◆♦t❡ ✜rst t❤❛t (h ,
∫ ·
0

∫

E ls(e)Ñ(dsde) )M2 =

E([h ,
∫ ·
0

∫

E ls(e)Ñ(dsde) ]T ) = E(
∫

[0,T ]×E ∆hsls(e)N(dsde)) = MP
N (∆h· l·)✳ Pr♦♣❡rt② ✭✐✐✮

❝❛♥ t❤✉s ❜❡ ✇r✐tt❡♥ ❛s MP
N (∆h· l·) = 0 ❢♦r ❛❧❧ l· ∈ IH2

ν ✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t MP
N (∆h· |P̃) = 0✳

❍❡♥❝❡✱ ✭✐✐✮ ⇔ ✭✐✐✐✮✳ �

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✼✿ ▲❡t β > 0 ❛♥❞ ε > 0 ❜❡ s✉❝❤ t❤❛t β ≥ 1
ε2
✳ ❲❡ ♥♦t❡ t❤❛t ỸT =

ξT−ξT = 0;♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ −dỸt = f̃(t)dt+dÃt+dC̃t−−Z̃tdWt−
∫

E k̃t(e)Ñ(dt, de)−dh̃t.

❚❤✉s ✇❡ s❡❡ t❤❛t Ỹ ✐s ❛♥ ♦♣t✐♦♥❛❧ str♦♥❣ s❡♠✐♠❛rt✐♥❣❛❧❡ ✐♥ t❤❡ ✈♦❝❛❜✉❧❛r② ♦❢ ❬✶✽❪ ✇✐t❤

❞❡❝♦♠♣♦s✐t✐♦♥ Ỹ = Ỹ0 + M + A + B✱ ✇❤❡r❡ Mt :=
∫ t
0 Z̃sdWs +

∫ t
0

∫

E k̃s(e)Ñ(ds, de)+h̃t✱

At := −
∫ t
0 f̃(s)ds− Ãt ❛♥❞ Bt := −C̃t−✳ ❲❡ s❡t

M̃t := 2

∫

(0,t]
eβs Ỹs−Z̃sdWs + 2

∫

(0,t]
eβs

∫

E
Ỹs−k̃s(e)Ñ(ds, de) + 2

∫

(0,t]
eβs Ỹs−dh̃s. ✭✶✷✳✶✮

❆♣♣❧②✐♥❣ ●❛❧✬❝❤♦✉❦✲▲❡♥❣❧❛rt✬s ❢♦r♠✉❧❛ ✭♠♦r❡ ♣r❡❝✐s❡❧② ❈♦r♦❧❧❛r② ❆✳✷ ✐♥ ❬✶✾❪✮ t♦ eβt Ỹ 2
t ✱ ❛♥❞

◆♦t❡ ❛❧s♦ t❤❛t✱ ✐❢ M,M ′ ∈ M2✱ ✉s✐♥❣ t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ ❬✸✺❪ ■❱✳✸✱ t❤❡ ♠❛rt✐♥❣❛❧❡s M ❛♥❞ M ′ ❛r❡ s❛✐❞

t♦ ❜❡ ✇❡❛❦❧② ♦rt❤♦❣♦♥❛❧ ✐❢ (M ,M ′ )M2 = 0✱ t❤❛t ✐s E[MTM
′
T ] = 0✳

✶✷❋♦r t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ MP
N ❛♥❞ MP

N ( . |P̃) s❡❡✱ ❡✳❣✳ ✱ ❝❤❛♣t❡r ■■■✳✶ ✭✸✳✶✵✮ ❛♥❞ ✭✸✳✷✺✮ ✐♥ ❬✷✺❪✳

✸✷



✉s✐♥❣ t❤❛t ỸT = 0✱ ❛♥❞ t❤❡ ♣r♦♣❡rt② 〈hc,W 〉 = 0✱ ✇❡ ❣❡t✱ ❛❧♠♦st s✉r❡❧②✱ ❢♦r ❛❧❧ t ∈ [0, T ]✱

eβt Ỹ 2
t +

∫

(t,T ]
eβs Z̃2

sds+

∫

(t,T ]
eβs d〈h̃c〉s = −

∫

(t,T ]
β eβs(Ỹs)

2ds+ 2

∫

(t,T ]
eβs Ỹsf̃(s)ds

+ 2

∫

(t,T ]
eβs Ỹs−dÃs − (M̃T − M̃t)−

∑

t<s≤T

eβs(∆Ỹs)
2 + 2

∫

[t,T )
eβs ỸsdC̃s −

∑

t≤s<T

eβs(Ỹs+ − Ỹs)
2.

✭✶✷✳✷✮

❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ❬✶✾❪ ✭❝❢✳ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷ ✐♥ ❬✶✾❪ ❢♦r ❞❡t❛✐❧s✮✱ s✐♥❝❡

β ≥ 1
ε2
✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r t❤❡ s✉♠ ♦❢ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡

r✳❤✳s✳ ♦❢ ❡q✉❛❧✐t② ✭✶✷✳✷✮✿ −
∫

(t,T ] β eβs(Ỹs)
2ds+ 2

∫

(t,T ] e
βs Ỹsf̃(s)ds ≤ ε2

∫

(t,T ] e
βs f̃2(s)ds.

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t
∫

[t,T ) e
βs ỸsdC̃s ≤ 0 ❛♥❞

∫

(t,T ] e
βs Ỹs−dÃs ≤ 0. ❲❡ ❣✐✈❡ t❤❡ ❞❡t❛✐❧❡❞

❛r❣✉♠❡♥ts ❢♦r t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✭t❤❡ ❛r❣✉♠❡♥ts ❢♦r t❤❡ ✜rst ❛r❡ s✐♠✐❧❛r✮✳ ❲❡ ❤❛✈❡
∫

(t,T ] e
βs Ỹs−dÃs =

∫

(t,T ] e
βs Ỹs−dA

1
s −

∫

(t,T ] e
βs Ỹs−dA

2
s✳ ❋♦r t❤❡ ✜rst t❡r♠✱ ✇❡ ✇r✐t❡

∫

(t,T ]

eβs Ỹs−dA
1
s =

∫

(t,T ] e
βs(Y 1

s− − Y 2
s−)dA

1
s =

∫

(t,T ] e
βs(Y 1

s− − ξs)dA
1
s +

∫

(t,T ] e
βs(ξs − Y 2

s−)dA
1
s✳

❚❤❡ s❡❝♦♥❞ s✉♠♠❛♥❞ ✐s ♥♦♥♣♦s✐t✐✈❡ ❛s Y 2
s− ≥ ξs ✭✇❤✐❝❤ ✐s ❞✉❡ t♦ Y 2

s ≥ ξs, ❢♦r ❛❧❧ s✮✳

❚❤❡ ✜rst s✉♠♠❛♥❞ ✐s ❡q✉❛❧ t♦ 0 ❞✉❡ t♦ t❤❡ ❙❦♦r♦❦❤♦❞ ❝♦♥❞✐t✐♦♥ ❢♦r A1✳ ❍❡♥❝❡✱
∫

(t,T ]

eβs Ỹs−dA
1
s ≤ 0✳ ❇② s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ✇❡ s❡❡ t❤❛t −

∫

(t,T ] e
βs Ỹs−dA

2
s ≤ 0✳ ❍❡♥❝❡✱

∫

(t,T ]

eβs Ỹs−dÃs ≤ 0. ❚❤❡ ❛❜♦✈❡ ♦❜s❡r✈❛t✐♦♥s✱ t♦❣❡t❤❡r ✇✐t❤ ❡q✉❛t✐♦♥ ✭✶✷✳✷✮✱ ②✐❡❧❞ t❤❛t

eβt Ỹ 2
t +

∫

(t,T ]
eβs Z̃2

sds+

∫

(t,T ]
eβs d〈h̃c〉s ≤ ε2

∫

(t,T ]
eβs f̃2(s)ds− (M̃T − M̃t)−

∑

t<s≤T

eβs(∆Ỹs)
2,

✭✶✷✳✸✮

❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡r✐✈❡ ❡st✐♠❛t❡s ❢♦r ‖Z̃‖2β ✱ ‖k̃‖
2
ν,β ✱ ‖h̃‖

2
β,M2 ✱ ❛♥❞ t❤❡♥ ❛♥ ❡st✐♠❛t❡ ❢♦r |||Ỹ |||

2

β .

❊st✐♠❛t❡ ❢♦r ‖Z̃‖2β✱ ‖k̃‖
2
ν,β ❛♥❞ ‖h̃‖2β,M2✳ ◆♦t❡ ✜rst t❤❛t ✇❡ ❤❛✈❡✿

∑

t<s≤T

eβs(∆h̃s)
2 +

∫

(t,T ]
eβs ||k̃s||

2
νds−

∑

t<s≤T

eβs(∆Ỹs)
2 = −

∑

t<s≤T

eβs(∆Ãs)
2

−

∫

(t,T ]
eβs

∫

E
k̃2s(e)Ñ(ds, de)− 2

∑

t<s≤T

eβs∆Ãs∆h̃s − 2
∑

t<s≤T

eβs k̃s(ps)∆h̃s,

✇❤❡r❡✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦❝❡ss❡s A· ❛♥❞ N(·, de) ✧❞♦ ♥♦t ❤❛✈❡ ❥✉♠♣s ✐♥

❝♦♠♠♦♥✧✱ s✐♥❝❡ A ✭r❡s♣✳ N(·, de)✮ ❥✉♠♣s ♦♥❧② ❛t ♣r❡❞✐❝t❛❜❧❡ ✭r❡s♣✳ t♦t❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡✮

st♦♣♣✐♥❣ t✐♠❡s✳ ❇② ❛❞❞✐♥❣ t❤❡ t❡r♠
∫

(t,T ] e
βs ||k̃s||

2
νds +

∑

t<s≤T eβs(∆h̃s)
2 ♦♥ ❜♦t❤ s✐❞❡s

♦❢ ✐♥❡q✉❛❧✐t② ✭✶✷✳✸✮✱ ❜② ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❡q✉❛❧✐t② [h̃]t =

✸✸



〈h̃c〉t +
∑

(∆h̃)2s✱ ✇❡ ❣❡t

eβt Ỹ 2
t +

∫

(t,T ]
eβs Z̃2

sds+

∫

(t,T ]
eβs ||k̃s||

2
νds+

∫

(t,T ]
eβs d[h̃]s ≤ ε2

∫

(t,T ]
eβs f̃2(s)ds− (M ′

T −M ′
t)

− 2
∑

t<s≤T

eβs∆Ãs∆h̃s − 2

∫ T

t
d[h̃ ,

∫ ·

0

∫

E
eβs k̃s(e)Ñ(ds, de) ]s,

✭✶✷✳✹✮

✇✐t❤ M ′
t = M̃t +

∫

(t,T ] e
βs

∫

E k̃2s(e)Ñ(ds, de) ✭✇❤❡r❡ M̃ ✐s ❣✐✈❡♥ ❜② ✭✶✷✳✶✮✮✳

❇② ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥ts✱ ✇❤✐❝❤ ✉s❡ ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲●✉♥❞② ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t

t❤❡ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ M ′ ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ h̃ ∈ M2,⊥✱ ❜② ❘❡♠❛r❦ ✷✳✶✱ ✇❡

❞❡r✐✈❡ t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❧❛st t❡r♠ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ✭✶✷✳✹✮ ✐s ❡q✉❛❧ t♦

0✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ h̃ ✐s ❛ ♠❛rt✐♥❣❛❧❡✱ ❢♦r ❡❛❝❤ ♣r❡❞✐❝t❛❜❧❡ st♦♣♣✐♥❣ t✐♠❡ τ ✱ ✇❡ ❤❛✈❡

E[∆h̃τ/Fτ−] = 0 ✭❝❢✳✱ ❡✳❣✳✱ ❈❤❛♣t❡r ■✱ ▲❡♠♠❛ ✭✶✳✷✶✮ ✐♥ ❬✷✺❪✮✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ Ã ✐s ♣r❡✲

❞✐❝t❛❜❧❡✱ ∆Ãτ ✐s Fτ−✲♠❡❛s✉r❛❜❧❡ ✭❝❢✳✱ ❡✳❣✳✱ ❈❤❛♣ ■ ✭✶✳✹✵✮✲✭✶✳✹✷✮ ✐♥ ❬✷✺❪✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

E[∆Ãτ∆h̃τ/Fτ−] = ∆ÃτE[∆h̃τ/Fτ−] = 0✳ ❲❡ t❤✉s ❣❡t E[
∑

0<s≤T eβs∆Ãs∆h̃s] = 0.

❇② ❛♣♣❧②✐♥❣ ✭✶✷✳✹✮ ✇✐t❤ t = 0✱ ❛♥❞ ❜② t❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ r❡s✉❧t✐♥❣

✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ Ỹ 2
0 + ‖Z̃‖2β + ‖k̃‖2ν,β + ‖h̃‖2β,M2 ≤ ε2‖f̃‖2β . ❲❡ ❞❡❞✉❝❡ t❤❛t ‖Z̃‖2β ≤

ε2‖f̃‖2β ✱ ‖k̃‖
2
ν,β ≤ ε2‖f̃‖2β ❛♥❞ ‖h̃‖2β,M2 ≤ ε2‖f̃‖2β ✱ ✇❤✐❝❤ ❛r❡ t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡s ✭✸✳✻✮✳

❊st✐♠❛t❡ ❢♦r |||Ỹ |||
2

β✳ ❋r♦♠ ✐♥❡q✉❛❧✐t② ✭✶✷✳✸✮ ✇❡ ❞❡r✐✈❡ t❤❛t✱ ❢♦r ❛❧❧ τ ∈ T0,T ✱ ❛✳s✳✱

eβτ Ỹ 2
τ ≤ ε2

∫

(τ,T ] e
βs f̃2(s)ds− (M̃T − M̃τ ), ✇❤❡r❡ M̃ ✐s ❣✐✈❡♥ ❜② ✭✶✷✳✶✮✳

❯s✐♥❣ ✜rst ❈❤❛s❧❡s✬ r❡❧❛t✐♦♥ ❢♦r st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s✱ t❤❡♥ t❛❦✐♥❣ t❤❡ ❡ss❡♥t✐❛❧ s✉♣r❡♠✉♠

♦✈❡r τ ∈ T0,T ❛♥❞ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

E[ess sup
τ∈T0,T

eβτ Ỹ 2
τ ] ≤ ε2‖f̃‖2β + 2E[ess sup

τ∈T0,T

|

∫ τ

0
eβs Ỹs−Z̃sdWs|] + 2E[ess sup

τ∈T0,T

|

∫ τ

0
eβs Ỹs−dh̃s|]

+ 2E[ess sup
τ∈T0,T

|

∫

(0,τ ]
eβs

∫

E
Ỹs−k̃s(e)Ñ(ds, de)|].

✭✶✷✳✺✮

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ t❤✐r❞ t❡r♠ ♦❢ t❤❡ r✳❤✳s✳ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✭✶✷✳✺✮✳ ❇② ❇✉r❦❤♦❧❞❡r✲❉❛✈✐s✲

●✉♥❞② ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❤❛✈❡ E[ess supτ∈T0,T |
∫ τ
0 eβs Ỹs−dh̃s|] ≤ cE[(

∫ T
0 e2βs Ỹ 2

s−d[h̃]s)
1/2].

❚❤✐s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ tr✐✈✐❛❧ ✐♥❡q✉❛❧✐t② ab ≤ 1
2a

2 + 1
2b

2 ❧❡❛❞ t♦

2E[ess sup
τ∈T0,T

|

∫ τ

0
eβs Ỹs−dh̃s|] ≤ E[(

1

2
ess sup
τ∈T0,T

eβτ Ỹ 2
τ )

1/2(8c2
∫ T

0
eβs d[h̃]s)

1/2] ≤
1

4
|||Ỹ |||

2

β+4c2‖h̃‖2β,M2 .

❇② ✉s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ✇❡ ❣❡t 2E[ess supτ∈T0,T
∫ τ
0 eβs Ỹs−Z̃sdWs] ≤

1
4 |||Ỹ |||

2

β+4c2‖Z̃‖2β ,

❛♥❞ ❛ s✐♠✐❧❛r ❡st✐♠❛t❡ ❢♦r t❤❡ ❧❛st t❡r♠ ✐♥ ✭✶✷✳✺✮✳ ❇② ✭✶✷✳✺✮✱ ✇❡ t❤✉s ❤❛✈❡ 1
4 |||Ỹ |||

2

β ≤

✸✹



ε2‖f̃‖2β+4c2(‖Z̃‖2β+‖k̃‖2ν,β+‖h̃‖2β,M2). ❯s✐♥❣ t❤❡ ❡st✐♠❛t❡s ❢♦r ‖Z̃‖2β ✱ ‖k̃‖
2
ν,β ❛♥❞ ‖h̃‖2β,M2✭❝❢✳

✭✸✳✻✮✮✱ ✇❡ t❤✉s ❣❡t |||Ỹ |||
2

β ≤ 4ε2(1 + 12c2)‖f̃‖2β , ✇❤✐❝❤ ✐s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳ �

❘❡♠❛r❦ ✶✷✳✶✳ ❲❡ ♥♦t❡ t❤❛t t❤✐s ♣r♦♦❢ s❤♦✇s t❤❛t t❤❡ ❡st✐♠❛t❡s ✭✸✳✻✮ ❛♥❞ ✭✸✳✼✮ ❛❧s♦ ❤♦❧❞
✐♥ t❤❡ s✐♠♣❧❡r ❝❛s❡ ♦❢ ❛ ♥♦♥ r❡✢❡❝t❡❞ ❇❙❉❊✳ ❋r♦♠ t❤✐s r❡s✉❧t✱ t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✷✳✶✱
❛♥❞ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ ✇❡ ❡❛s✐❧② ❞❡r✐✈❡ t❤❡ ❡①✐st❡♥❝❡
❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ r❡✢❡❝t❡❞ ❇❙❉❊ ✇✐t❤ ❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥ ❢r♦♠
❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ s❤♦✇ t❤❡ ❝♦♠♣❛r✐s♦♥ r❡s✉❧t ❢♦r ♥♦♥ r❡✢❡❝t❡❞ ❇❙❉❊s ✇✐t❤
❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥ ✉♥❞❡r t❤❡ ❆ss✉♠♣t✐♦♥ ✺✳✶✳

▲❡♠♠❛ ✶✷✳✷✳ ▲❡t f ❜❡ ❛ ▲✐♣s❝❤✐t③ ❞r✐✈❡r s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✺✳✶✳ ▲❡t A ❜❡ ❛ ♥♦♥❞❡✲
❝r❡❛s✐♥❣ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss ✐♥ S2 ✇✐t❤ A0 = 0 ❛♥❞ ❧❡t C ❜❡ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣
r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛❞❛♣t❡❞ ♣✉r❡❧② ❞✐s❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ✐♥ S2 ✇✐t❤ C0− = 0✳
▲❡t (Y, Z, k, h) ∈ S2 ×H2 ×H2

ν ×M2,⊥ s❛t✐s❢②

−dYt = f(t, Yt, Zt, kt)dt+ dAt + dCt− − ZtdWt −

∫

E
kt(e)Ñ(dt, de)− dht, 0 ≤ t ≤ T.

❚❤❡♥ t❤❡ ♣r♦❝❡ss (Yt) ✐s ❛ str♦♥❣ Ef ✲s✉♣❡r♠❛rt✐♥❣❛❧❡✳

❚❤❡ ♣r♦♦❢ ✐s ♦♠✐tt❡❞ s✐♥❝❡ ✐t r❡❧✐❡s ♦♥ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s t❤♦s❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢

t❤❡ s❛♠❡ r❡s✉❧t s❤♦✇♥ ✐♥ ❬✶✾❪ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡♥ t❤❡ ✜❧tr❛t✐♦♥ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤

W ❛♥❞ N ✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ❆✳✺ ✐♥ ❬✶✾❪✮✱ ❛s ✇❡❧❧ ❛s ♦♥ s♦♠❡ s♣❡❝✐✜❝ ❛r❣✉♠❡♥ts✱ ❞✉❡ t♦ t❤❡

❣❡♥❡r❛❧ ✜❧tr❛t✐♦♥✱ ✇❤✐❝❤ ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✳

❘❡♠❛r❦ ✶✷✳✷✳ ✭t❤❡ ♥♦♥✲❧✐♥❡❛r ❝❛s❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✮ ❘❡❝❛❧❧ t❤❛t t❤❡ ✜rst st✉❞✐❡s ♦♥ t❤❡
♣r✐❝✐♥❣ ♦❢ ❆♠❡r✐❝❛♥s ♦♣t✐♦♥s ✐♥ t❤❡ ♥♦♥✲❧✐♥❡❛r ❝❛s❡ ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ✐♥ ❬✶✺❪ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥
f ✐s ❝♦♥✈❡①✱ ❛♥❞ ✐♥ ❬✶✻❪ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ f ♥♦♥✲❧✐♥❡❛r ♥♦♥✲❝♦♥✈❡① ✭❜♦t❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛
❝♦♥t✐♥✉♦✉s ♣❛②♦✛✮✳ ■♥ t❤❡s❡ ♣❛♣❡r✱ t❤❡ ❛✉t❤♦rs ❞❡✜♥❡ t❤❡ ✐♥✐t✐❛❧ ♣r✐❝❡ v0 ♦❢ t❤❡ ❆♠❡r✐❝❛♥
♦♣t✐♦♥ ✇✐t❤ ♣❛②♦✛ (ξt) ❜② v0 := supτ∈T0,T Ef

0,τ (ξτ )✱ ❛♥❞ s❤♦✇ t❤❛t ✐t ✐s ❡q✉❛❧ t♦ t❤❡ s♦❧✉t✐♦♥
❛t t✐♠❡ 0 ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♥♦♥✲❧✐♥❡❛r r❡✢❡❝t❡❞ ❇❙❉❊ ❜② ✉s✐♥❣ t❤❡ ❘❇❙❉❊ ❛♣♣r♦❛❝❤✳❚❤✐s
r❡s✉❧t ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ ✐♥ ❬✸✼❪ t♦ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❘❈▲▲ ♣❛②♦✛✳ ▼♦r❡ r❡❝❡♥t❧②✱ ✐♥ ❬✶✵❪✱ t❤❡
❛✉t❤♦rs ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ s❡❧❧❡r✬s s✉♣❡r❤❡❞❣✐♥❣ ♣r✐❝❡ u0 ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥ ✐s ❡q✉❛❧
t♦ v0(= supτ∈T0,T Ef

0,τ (ξτ )) ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❘❈▲▲ ♣❛②♦✛✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❚❤❡ ❛✉t❤♦rs ❛r❡ ✈❡r② ❣r❛t❡❢✉❧ t♦ ❑❧é❜❡rt ❑❡♥t✐❛ ❢♦r ❤✐s ❤❡❧♣❢✉❧ r❡♠❛r❦s✳ ❚❤❡

❛✉t❤♦rs ❛r❡ ❛❧s♦ ✐♥❞❡❜t❡❞ t♦ ❙✐❣✉r❞ ❆ss✐♥❣ ❢♦r ❤✐s ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✱ ❛♥❞ t♦ ▼❛r❡❦ ❘✉t❦♦✇s❦✐✱

❚✐❛♥②❛♥❣ ◆✐❡ ❛♥❞ ◆✐❝♦❧❡ ❊❧ ❑❛r♦✉✐ ❢♦r ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥s✳ ▼✳ ●r✐❣♦r♦✈❛ ❛❝❦♥♦✇❧❡❞❣❡s ✜♥❛♥❝✐❛❧

s✉♣♣♦rt ❢r♦♠ t❤❡ ❙❋❇ ✶✷✽✸✱ ❢✉♥❞❡❞ ❜② t❤❡ ●❡r♠❛♥ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥✳
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