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The understanding of magma ascent dynamics is essential in forecasting the scale, style

and timing of volcanic eruptions. The monitoring of near-field deformation is widely used

to gain insight into these dynamics, and has been linked to stress changes in the upper

conduit. The ascent of magma through the conduit exerts shear stress on the conduit

wall, pulling up the surrounding edifice, whilst overpressure in the upper conduit pushes

the surrounding edifice outwards. How much shear stress and pressure is produced

during magma ascent, and the relative contribution of each to the deformation, has

until now only been explored conceptually. By combining flow and deformation modeling

using COMSOL Multiphysics, we for the first time present a quantitative model that links

magma ascent to deformation. We quantify how both shear stress and pressure vary

spatially within a cylindrical conduit, and show that shear stress generally dominates

observed changes in tilt close to the conduit. However, the relative contribution of

pressure is not insignificant, and both pressure and shear stress must be considered

when interpreting deformation data. We demonstrate that significant changes in tilt can

be driven by changes in the driving pressure gradient or volatile content of the magma.

The relative contribution of shear stress and pressure to the tilt varies considerably

depending on these parameters. Our work provides insight into the range of elastic

moduli that should be considered when modeling edifice-scale rock masses, and we

show that even where the edifice is modeled as weak, shear stress generally dominates

the near field deformation over pressurization of the conduit. While our model addresses

cyclic tilt changes observed during activity at Tungurahua volcano, Ecuador, between

2013 and 2014, it is also applicable to silicic volcanoes in general.

Keywords: shear stress, tilt, pressure, numerical modeling, magma ascent, Tungurahua

1. INTRODUCTION

Being able to understand what drives temporal variations in seismicity and deformation at
volcanoes is essential in interpreting how volcanic systems evolve through time. Tiltmeters are
sensitive to deformation, and at basaltic volcanoes they have long since been used to infer pressure
changes in a shallow magma reservoir (e.g., Hreinsdóttir et al., 2014). More recently at silicic
volcanoes, tiltmeters deployed close to the summit of the volcano have been used to infer pressure
variations in or surrounding a volcanic conduit. However, modeling of such deformation by
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realistic pressure variations often requires the source radius to
far exceed that of the assumed conduit (e.g., Voight et al., 1999).
Therefore, shear stress has been suggested in several studies as an
alternative source of deformation (Beauducel et al., 2000; Green
et al., 2006; Neuberg et al., 2018).

The ascent of highly viscous magma generates sustained shear
traction at the conduit walls, which pulls up the surrounding
edifice and causes deformation at the surface. It thereby provides
an important link between ascent dynamics and deformation
(Figure 1). Shear stress σs is a function of the ascent velocity v
and viscosity η of the magma, such that

σs = ε̇η =
∂v

∂r
η (1)

where ε̇ is strain rate, which can be written as ∂v/∂r, the
lateral gradient of the magma ascent velocity across the conduit
(Neuberg et al., 2006). r is the horizontal distance from the center
of the conduit. Therefore, if deformation is driven predominantly
by a shear stress source, and the viscosity of the magma and the
mechanical properties of the edifice are known, the amount of
deformation can be used to estimate the ascent velocity of the
magma, a vital parameter in forecasting eruption style.

Where shear stress reaches a critical value, brittle failure of the
melt occurs, triggering low frequency seismicity (Neuberg et al.,
2006). Brittle failure occurs where the shear stress σs is greater
than the shear strength of the magma, τm. Shear stress in the
conduit cannot exceed the value at whichmagma fractures, hence
the shear stress is limited by the shear strength at the depth that
low frequency seismicity is observed.

There have been several attempts to conceptually link
the shear stress or pressure necessary to achieve observed
deformation as magma ascends. Green et al. (2006) showed that
shear stress of 0.5MPa in the upper 1 km of the conduit can
explain tilt of 20 µrad at the tiltmeter at Chances Peak, Soufriére
Hills volcano, whereas a pressure in excess of 40MPa is required
to model the same tilt using a realistic conduit radius. More
recently, Neuberg et al. (2018) showed that shear stress of 20MPa
along a 4.5 km conduit can explain 480 µrad of tilt at the RETU
tiltmeter at Tungurahua, whereas an overpressure of several
hundreds of MPa would be required. However, the key question
remains whether such stress levels are achieved and sustained in
a volcanic conduit during ascent of magma, or how shear stress
and pressure vary both spatially and temporally within a conduit
as a result of various volcanic phenomena.

Through flow modeling, it is possible to simulate realistic
magma ascent, where the governing parameters are based on
results of several disciplines within volcanology. This allows
us to quantify how both pressure and shear stress vary within
a volcanic conduit. Thomas and Neuberg (2012) showed that
variations in conduit geometry can significantly increase the
shear stress locally to potentially induce seismicity through brittle
failure of magma, and in further work (Thomas and Neuberg,
2014) identified volatile content and the driving pressure gradient
as key parameters in modulating the ascent dynamics and
therefore shear stress and pressure. Okumura and Kozono (2017)

demonstrated that the transition from viscous flow to friction-
controlled slip occurs at a greater depth if the crystal content is
higher, as strain localizes in the melt phase where crystals are
assumed rigid. However, there is a significant mismatch between
the shear stress and pressure values obtained in these studies
and the values required in modeling to explain the observed
deformation. Shear stress on the order of MPa is only modeled
in the uppermost section of the conduit if at all. This poses
the question; can shear stress sufficient to explain observed
deformation realistically be achieved during magma ascent?

Despite advances in both flow and deformation modeling,
few studies have attempted to couple the two. One exception by
Albino et al. (2011) demonstrated that the formation of a viscous
plug can lead to a localized increase in shear stress in the upper
part of the conduit, and induce near-field deformation. By using
a simple step function to define the viscosity as a function of
depth, due to the plug and underlying magma, they also obtained
a step function for shear stress as a function of depth. In reality,
the melt viscosity increases gradually as magma ascends and
volatiles exsolve.

Moving on from these studies, we investigate whether
observed deformation can be explained using realistic depth-
dependent pressure and shear stress profiles, obtained through
flow modeling. Here, we build upon the 3 phase, 2D
axisymmetric flow models of Collier and Neuberg (2006)
and Thomas and Neuberg (2014) to simulate more realistic
conditions during ascent of magma through a cylindrical
conduit. From this, we obtain depth-dependent pressure and
shear stress profiles at the conduit-edifice boundary, which we
use to drive our deformation modeling. In doing so, we for the
first time provide a quantitative model that links magma ascent
to observed deformation.

A reference conduit flow model is developed in section 2,
with parameters based on Tungurahua volcano, Ecuador, where
between July 2013 and June 2014, four Vulcanian explosions
coincided with cyclic tilt variations of around 170 µrad, recorded
at RETU (Figure 2), located 1 km vertically and 2 km laterally
from the summit (Figure 3). Other tiltmeters deployed further
down the flanks at Tungurahua are not sensitive to stress
changes in or around the conduit (Neuberg et al., 2018). This
striking correlation between the tilt and activity is seldom seen at
volcanoes, as for logistical reasons tiltmeters are rarely deployed
at such close proximity to the conduit at silicic volcanoes
with considerable relief. However, even a single strategically
deployed tiltmeter can be an invaluable addition to a monitoring
network. A considerable decrease in tilt at RETU, alongside
an increase in low frequency seismicity, was used to forecast
that an eruption was imminent at Tungurahua 3 days prior
to the Vulcanian explosion on February 1st, 2014 (Mothes
et al., 2015). Supplementary Information regarding the flow
model is included in the Supplementary Sections S1, S3, S4.
In section 2.4, we present depth-dependent pressure and shear
stress profiles extracted from our reference flow model, and use
these to drive our deformation models in section 3. Finally, in
section 4 we quantify how realistic changes in key parameters,
such as the volatile content or driving pressure gradient, can
influence pressure, shear stress and therefore tilt through time.
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FIGURE 1 | Schematic diagram illustrating how as magma ascends, shear stress is exerted on the conduit walls, inducing deformation. Shear fractures form where

the shear stress reaches a critical threshold, triggering low frequency seismicity. Once formed, these fractures move up with the ascending magma, allowing friction

controlled slip along them. The shear stress cannot exceed this critical threshold at which brittle failure is induced. The total shear stress is partitioned between low

frequency seismicity and the deformation.

FIGURE 2 | Daily averaged tilt (µrad) and long-period seismic event count recorded at RETU. Each marked period of eruptive activity includes a single Vulcanian

explosion.

We demonstrate how independently inferred processes, such as
the gradual solidification of a viscous plug (Hall et al., 2015) or the
injection of a volatile rich batch of magma at depth (Samaniego
et al., 2011; Andújar et al., 2017), can explain both the amplitude

and variations in tilt during the 2013–4 activity at Tungurahua.
However, whilst we use observed data at Tungurahua to constrain
the model, our findings provide important insight into the source
of near-field deformation at silicic volcanoes in general.
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FIGURE 3 | Elevation map showing the location of tiltmeters deployed at

Tungurahua volcano (blue dots). Note that due to its proximity to the conduit,

only RETU is sensitive to changes in stress in the conduit (Neuberg et al.,

2018).

2. FLOW MODEL SET-UP

The 2D axisymmetric flow modeling in this project builds
upon the work of Collier and Neuberg (2006) and Thomas
and Neuberg (2014), and is performed using the Laminar Flow
Module in the finite element software COMSOL Multiphysics
5.3. 1D models have been used successfully to discern volcanic
phenomena, such as lava dome extrusion (Melnik and Sparks,
1999) and plug formation (Diller et al., 2006). However, other
authors have highlighted the importance of radial changes within
conduit flow models (Llewellin and Manga, 2005; Collier and
Neuberg, 2006), and quasi 2D models of Tsvetkova and Melnik
(2018) have recently showed that the dependence of shear rate
on viscosity and therefore ascent dynamics can be significant.
The magma is considered a three-phase fluid comprising gas,
crystals and melt. While the melt is treated as a Newtonian
fluid, the magma viscosity is modulated by the gas and crystal
content and strain rate. A cylindrical conduit is represented in
2D axial symmetric domain space as a rectangle, through which
isothermal magma ascent is governed by the compressible form
of the Navier-Stokes equation

ρ
∂v

∂t
+ρ v · ∇ v = −∇P+∇ · (η

[

∇ v+ (∇ v)T
]

−
2

3
η [∇ · v] I)+ F

(2)

and the continuity equation

∂ρ

∂t
+ ∇ · (ρ v) = 0 (3)

where ρ is density, v is the velocity vector, P is pressure, η is the
viscosity, F is a volume force vector, in this case gravity, and I
is the identity tensor (Faber, 1995). We solve for an equilibrium

solution, and time dependent terms ρ
∂ v

∂t
and

∂ρ

∂t
are discarded.

Typically, finite element models use an unstructured mesh
(for example a triangular mesh). However, as a simple cylindrical
geometry is used for the conduit, a rectangular “mapped” mesh is
employed in this case, providing improved stability to the model
solver. This allows larger spatial variations in parameters to be
modeled, which would face convergence issues when using a
unstructured mesh. A mesh refinement study was performed to
determine the mesh resolution close to the conduit wall required
to model a solution for the shear stress at the conduit wall that is
independent of the mesh size. Anminimum element size as small
as 2 cm at the conduit wall was applied in some tests, increasing
toward the conduit center.

A summary of the parameters used in the flow model is
presented in Table 2. A no-slip boundary condition is applied
at the conduit wall. Pressure boundary conditions are set at the
top and base of the conduit as atmospheric and magmastatic
plus overpressure, respectively. ρe is the density of the edifice
surrounding the conduit, g is acceleration due to gravity, z is the
depth in the conduit, Pa is atmospheric pressure, and Pe is excess
pressure at the base of the conduit, which is varied between tests
(section 4) to account for overpressure in the system.

P = Pa + ρegz + Pe (4)

2.1. Magma Rheology
Magma is typically a multiphase suspension consisting of silicate
melt, crystals and bubbles. The relative proportion of these
three phases significantly influences the magma rheology, and
therefore the eruption dynamics (Dingwell, 1996). At low gas and
crystal volume fractions, magma can be considered to behave as
a Newtonian fluid, where the viscosity η0 is constant. However,
at moderate crystal and gas fractions, the apparent viscosity of
the suspension ηs is a function of the shear stress σs and strain
rate ε̇, such that ηs = σs/ε̇ (Mueller et al., 2011). This is often
normalized by the viscosity of the suspending melt η0, to give the
relative viscosity as ηr = ηs/η0.

The viscosity of the melt phase has been determined as a
function of melt composition and temperature, using the model
by Giordano et al. (2008). The melt composition we use has been
obtained by Myers et al. (2014) from averaging the composition
of matrix glass from scoria bombs of the 2010 eruption of
Tungurahua (Table 1).

2.1.1. Crystal Bearing Magma
Crystals increase the viscosity of magma due to energy
being dissipated through fluid-particle and particle-particle
interactions. The relative viscosity increases exponentially as the
crystal content increases, approaching the maximum packing
fraction, at which point the suspension becomes jammed
(Mueller et al., 2011). More elongate crystals with a higher
aspect ratio encompass a larger area during rotation, hence,
enhance the particle-particle interactions. From experiments
on suspensions of particles over a range of aspect ratios,
Mueller et al. (2011) derived the following empirical relationship
between the maximum packing fraction φmax

c and the particle
aspect ratio rp.
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TABLE 1 | Composition of melt phase, from matrix glass of scoria clasts from the

2010 eruption at Tungurahua volcano (Myers et al., 2014).

Sample 1 Sample 2 Sample 3 Average

SiO2 62.01 61.71 60.58 61.43

TiO2 1.28 1.26 1.28 1.27

Al2O3 15.77 15.70 15.81 15.76

FeOT 6.40 6.47 6.78 6.55

MnO 0.10 0.07 0.09 0.09

MgO 2.17 2.25 2.48 2.30

CaO 4.70 4.89 5.14 4.91

Na2O 4.01 4.12 4.48 4.20

K2O 3.26 3.13 2.97 3.12

P2O5 0.30 0.39 0.40 0.36

φmax
c = φ

sph
c exp

[

−
(log10 rp)

2

2b2

]

(5)

where the maximum packing fraction for spherical particles

φ
sph
c = 0.656, and a fitting parameter b = 1.08, have each been

experimentally derived by Mueller et al. (2011). Here, where we
assume an aspect ratio of 3 for a predominantly plagioclase and
pyroxene crystal phase, φmax

c = 0.595. Mueller et al. (2011) found
empirically that for diverse crystal suspensions over a range of
values for rp, ηr and the crystal volume fraction of the suspension
φc, that the theoretical model of Maron and Pierce (1956) is able
to accurately describe the relative viscosity, hence the rheology.

ηrc = ηr

(

1−
φc

φmax
c

)−2

(6)

Romero et al. (2017) assessed thin sections of pyroclastic density
current blocks from the February 2014 eruption on Tungurahua,
and estimated the crystal volume fraction as φc = 0.29. For
simplicity, we proceed with the constant value of φc = 0.29 in all
our models, making the assumption that the ascent time is short
relative to the time period of crystallization. Using this value, the
relative viscosity of the crystal-bearing suspension ηrc is a factor
of 4 greater than the relative viscosity of the melt phase ηr.

2.1.2. Bubbly Magma
The gas volume fraction at any point in the conduit is a function
of the solubility of volatiles in the melt, the initial content
dissolved in the melt at depth, and the amount of gas that has
been able to escape from the system. In our models, we consider
only H2O as the most volumetrically significant volatile phase
that exsolves from the melt, and use the law from Zhang et al.
(2007) to determine the weight percent of H2O, Cw, dissolved in
the melt phase:

Cw =
(

−0.231+
651.1

T

)√
P +

(

0.03424−
32.57

T
+ 0.02447AI

)

P

(7)
where T is temperature in degrees Kelvin, P is pressure in MPa,
and AI is the sum of the mole fractions of Na, K and Al.

An upper limit is placed upon Cw from estimates of the
initial concentration of water dissolved in the melt. Myers
et al. (2014) found that melt inclusions from eruptions in 2006
and 2010 contained as much as 4wt.% H2O. Samaniego et al.
(2011) performed a petrological analysis of juvenile blocks and
bombs from pyroclastic flow deposits of the 2006 paroxysmal
eruptions at Tungurahua. They stated that the observed absence
of amphibole suggests that the magmas evolved at a H2O content
<4wt.%, and temperatures higher than 950–1,000◦. Andújar
et al. (2017) propose that prior to the July 2006 eruption magma
was stored at 400MPa, at 1.000 ◦C, with an H2O content of
6wt.%, before ascending to a second storage reservoir at 200MPa.
For our reference model, we use an initial H2O content of 5wt.%,
and assess how varying this value by ±5wt.% influences the
ascent dynamics and associated deformation in section 4.

Equation (7) is valid where the water content dissolved in
the melt is in equilibrium with the exsolved water, and assumes
instantaneous and homogeneous nucleation and exsolution. This
yields a sharp variation in Cw at the nucleation depth. A more
gradual onset of exsolution is probably more realistic, and has
been implemented by applying a taper function as shown in the
Supplementary Section S3 (Equation S6).

Equation (7) provides the mass fraction of H2O that has been
exsolved. However, the gas volume fraction φg depends on the gas
density, which is also pressure and therefore depth dependent. To
quantify how φg varies with depth, first the number of moles of
exsolved H2O per cubic meter, n, must be calculated using the
melt density ρm and the molar mass of H2O,M = 0.018 kg

n =
Cwρm

M
(8)

The volume of exsolved H2O, Vg, can then be calculated using
the ideal gas equation:

Vg =
nCgT

P
(9)

where T is temperature in degrees Kelvin, P is pressure in MPa
and Cg is the ideal gas constant. The volume of melt from which
gas exsolves is reduced by the fraction of crystals within the
magma, therefore, Vg is weighted by the initial melt fraction,
φm = 1− φc. The gas volume fraction, φg, is calculated by

φg =
Vgφm

Vgφm + φm + φc
. (10)

The efficiency by which exsolved volatiles can be released from
a volcanic system plays a fundamental role on controlling the
eruption style. The gas volume fraction remaining in the magma
is a key factor in determining whether magma fragmentation
occurs, and therefore whether a subsequent eruption is effusive
or explosive (Dingwell, 1996). Additionally, the remaining gas
content influences both the viscosity (Llewellin andManga, 2005)
and density (Spera, 2000) of the bulk magma, and therefore
provides a top-down control on the magma ascent rate (Thomas
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FIGURE 4 | Depth profiles of key variables obtained from the reference flow model. (A–E) Have been extracted from the center of the conduit, (F,G) have been

extracted from the conduit wall. Note that the shear stress profile has been clipped at 1 MPa to accommodate low frequency seismicity.

and Neuberg, 2014). Therefore, it is important to be able to
quantify how much gas is lost from the system.

Independent ascent of bubbles through magma is not
considered in this highly viscous system, and therefore gas is
assumed to be lost only through permeable flow. Permeable
gas flow occurs where the porosity is sufficient for bubbles
to be interconnected (Klug and Cashman, 1996). Additionally,
gas loss may be facilitated by fractures in the magma (Gaunt
et al., 2014). The minimum porosity required for degassing
is unclear and varies with crystal volume fraction and strain
rate (Laumonier et al., 2011). Also, it is unclear how magma
permeability and degassing vary with depth. Therefore, in this
study, a simplified forced degassing approach is adopted, where
an empirical permeability depth profile is provided. We assume
that no permeable degassing pathways exist where φg < 0.2, a
reasonable compromise based on results of several studies (see
the Supplementary Section S4). This corresponds to a depth of
1.600m in the reference model. This depth is then set as the
maximum depth of degassing in all future models. This was
derived by iteratively adjusting the maximum gas loss depth and
assessing the φg depth profile. We assume that all the gas is lost
at the surface, to simulate in our flow model the presence of
an impermeable plug in the upper conduit (Hall et al., 2015).
This is supported by observations of negligible outgassing during
periods of quiescence at the Tungurahua (Hidalgo et al., 2015). A
cosine taper is used for the gas loss profile to achieve a smooth
variation with depth. Our resultant profile for the gas volume
fraction is in line with the numerical modeling of Diller et al.
(2006), who showed that if the magma and surrounding edifice
are permeable, a low vesicularity, dense region forms in the
upper conduit.

Bubbles can either increase or decrease the relative viscosity
of the bubble suspension ηrg depending on the capillary number

Ca, a ratio of the viscous stresses deforming the bubble to the
interfacial stresses restoring it (Rust and Manga, 2002).

Ca =
η0Rbε̇

Ŵ
(11)

where Ŵ is the bubble surface tension and Rb is the bubble
radius, where the computation of Rb is documented in
the Supplementary Section S1. Bubbles increase the relative
viscosity ηrg by distorting the flow paths of the melt, and decrease
ηrg by providing free-slip surfaces for flow. The zero shear-rate
viscosity ηr0 and infinite shear rate viscosity ηr∞ describe the
limits of the influence of bubbles on the viscosity, where the
bubbles are considered spherical or at the limit of elongation,
respectively, and are functions of the gas volume fraction φg, as
determined by Llewellin and Manga (2005) where φg is <0.5.

ηr0 = (1− φg)
−1 (12)

ηr∞ = (1− φg)
5/3 (13)

The relative viscosity between ηr0 and ηr∞ can be defined using

ηrg = ηr∞ +
ηr0 − ηr∞
1+ KCam

, (14)

where K = 6/5 and m = 2 (Mader et al., 2013). ηrg
tends asymptotically toward ηr0 at low strain rate, where the
bubbles are spherical, and toward ηr∞ at high strain rate, where
the bubbles approach the limit of elongation. Hence, spherical
bubbles impede flow while elongate bubbles facilitate flow.
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2.1.3. Three-Phase Magma
Three-phase suspension experiments from Truby et al. (2015)
presented a model for the relative viscosity of three-phase
magma. In this model, the bubble-bearing suspension is treated
as the “effective medium” in which crystals are suspended, and
hence Equations (12) and (6) have been combined to provide the
bulk viscosity.

ηrgc = (1− φg)
−1

(

1−
φc

φmax
c

)−2

(15)

This equation has been tested only for steady flow in the low
capillarity regime (spherical bubbles), for 0 ≤ φg ≤ 0.3 and 0
≤ φc ≤ 0.85, however Truby et al. (2015) state that the model’s
applicability is potentially much broader, although subject to
experimental validation. To our knowledge, this has not yet been
done, nor has an alternative model been suggested for higher
capillary numbers. By combining Equations (6) and (14), we
extrapolate the trend so it is usable for higher capillary numbers.

ηrgc =
(

ηr∞ +
ηr0 − ηr∞
1+ KCam

) (

1−
φc

φmax
c

)−2

(16)

Equation (16) is used within our flow models to provide
a spatially variant viscosity that accounts for melt, crystals
and bubbles.

2.1.4. Why the Bulk Viscosity Needs to Be Scaled Up
Equation (16) provides us with a good representation of how
the bulk magma viscosity varies spatially within the conduit.
However, this describes the classical flow dynamics within a
clean pipe. In reality, a volcanic conduit is filled with rubble
from previous eruptions that ascending magma must percolate
through and incorporate. For this reason, a Bingham rheology
is often used (e.g., Blake, 1990), where a yield strength must
be overcome for magma to ascend. Furthermore, based on the
available data for Tungurahua, we must consider in our models
a range of values for magma temperature, composition, crystal
content and aspect ratio, resulting in significant uncertainties in
the bulk viscosity. We adopt the concept of a Bingham rheology
by scaling up the bulk viscosity derived in Equation (16) by a
factor of 10.000, in order to yield suitable values for the ascent
velocity (millimeters per second) that are low enough for magma
to ascend from chamber depth (7.5–9.5 km, Samaniego et al.,
2011) to the surface without fragmentation over the 3 months
between each Vulcanian explosion. Due to the large uncertainties
in the bulk viscosity, we neglect a further fine-tuning that takes
crystallization during magma ascent into account (Melnik and
Sparks, 2005).

2.2. Magma Density
The density of themelt phase ρm has been calculated as a function
of the composition (Table 1), pressure and temperature, as in
Spera (2000), such that the melt density varies spatially within
the conduit. The bulk density ρb is a function of the gas volume

fraction φg and density ρg, and crystal volume fraction φc and
density ρc.

ρb = ρmφm(1− φg)+ ρgφg + φcρc(1− φg) (17)

As H2O is exsolved from the melt as it ascends, the melt density
ρm increases, whilst the bulk magma density ρb decreases due to
the increased gas volume fraction φg. The crystal volume fraction
φc has been taken from estimates of Romero et al. (2017), who
assessed thin sections from pyroclastic density current blocks
from the February 2014 eruption on Tungurahua. The crystal
assemblage was estimated to consist mainly of 17% plagioclase
(φplag), 10% clinopyroxene (φcpx), and 2% orthopyroxene (φopx).
Approximations of the density of each crystal phase (ρplag, ρcpx,
and ρopx) have been taken from Engineering Toolbox (2009).
Given that the density varies quite considerably within the
pyroxene group, an average density of 3334 kg/m3 is used for
both ρcpx and ρopx. Using this information, we calculate the
average crystal density ρc using.

ρc = ρplag
φplag

φc
+ ρcpx

φcpx

φc
+ ρopx

φopx

φc
. (18)

2.3. Accounting for Seismicity
Brittle failure of the magma occurs where the shear stress
exceeds the shear strength of the magma, triggering low
frequency seismicity (Neuberg et al., 2006). The occurrence of
this seismicity marks the critical depth where a crucial change
in the flow regime exists, from viscous flow below this level to
friction controlled slip above it along existing fractures. The shear
stress in the conduit cannot exceed the shear strength of the
magma, here assumed to be constant at 1 MPa for simplicity,
based on experiments on vesicular magma at low confining
pressures (Okumura et al., 2010). To accommodate this, the
shear stress profile obtained from our flow model is clipped at
1 MPa, which is reached only in the uppermost section of the
conduit in all of our models. As low frequency seismicity is only
observed at RETU, located at high elevation, this critical source
depth is poorly constrained, but probably in the upper section
of the conduit (Bell et al., 2018). A full investigation would also
take the depth-dependence of the shear strength of the magma
into account.

2.4. Resulting Reference Flow Model
Figure 4 shows how various parameters taken at the conduit
center (a–e) and wall (f,g) vary with depth in the solution of
the resulting reference flow model, parameterized as in Table 2.
The gas volume fraction increases as magma ascends, as volatiles
exsolve from the melt. Closer to the surface where gas loss is
significant, the gas volume fraction decreases toward zero. The
melt and therefore bulk viscosity increase by several orders of
magnitude as magma ascends and volatiles exsolve. The bulk
density is inversely proportional to the gas volume fraction.

2.5. Thermal Boundary Layer
Temperature gradients can develop in the conduit due to the
difference in temperature between the ascending magma and the
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TABLE 2 | Parameters and variables used in the flow model, based on Tungurahua volcano, Ecuador.

Symbol Variable Values in reference model

[range considered]

References

τm Shear strength of magma 1 MPa Okumura et al., 2010

T Magma temperature 950◦C [850, 1,000◦C] Samaniego et al., 2011

rp Crystal aspect ratio 3 [1, 20]

Ŵ Bubble surface tension 0.073 N/m Gardner et al., 2013

Rc Conduit radius 10 m Ruiz et al., 2006

L Conduit length 5 km Molina et al., 2005

Cg Ideal gas constant 8.314 JK−1mol−1

nb Bubble number density 1e10 m−3 Cluzel et al., 2008

P Pressure

Pa Atmospheric pressure 0.1 MPa

Pe Excess pressure at conduit base 20 MPa [0, 20 MPa] Sparks, 1997

ρe Density of edifice 2,650 kg/m3 Hall et al., 1999

ρplag Density of plagioclase crystals 2,570 kg/m3 Burgisser et al., 2010

ρopx Density of orthopyroxene crystals 3,300 kg/m3 Burgisser et al., 2010

ρcpx Density of clinopyroxene crystals 3,300 kg/m3 Burgisser et al., 2010

ρc Average crystal density Equation (18)

ρb Bulk density of magma Equation (17) Spera, 2000

φplag Plagioclase crystals volume fraction 17 vol.% Romero et al., 2017

φopx Orthopyroxene crystals volume fraction 2 vol.% Romero et al., 2017

φcpx Clinopyroxene crystals volume fraction 10 vol.% Romero et al., 2017

φc Crystal volume fraction 29 vol.% [10, 50 vol.%] φplag + φopx + φcpx

φ
sph
c Max. packing fraction spherical particles 0.656 Mueller et al., 2011

φmax
c Max. packing fraction 0.595 [Equation 5] Mueller et al., 2011

b Fitting parameter in Equation (5) 1.08 Mueller et al., 2011

Cwi Initial H20 content 5wt.% [0, 10 wt.%] Samaniego et al., 2011; Myers et al.,

2014; Andújar et al., 2017

g Acceleration due to gravity 9.81m/s2

K Constant in Equation (14) 6/5 Mader et al., 2013

σs Shear stress Equation (1) Neuberg et al., 2006

v Ascent velocity

r Horizontal distance from conduit center

z Depth in conduit

ε̇ Strain rate ∂v/∂r

η0 Melt viscosity Spatially variant Giordano et al., 2008; Myers et al., 2014

ηs Apparent viscosity σs/ε̇ Mueller et al., 2011

ηr Relative viscosity ηs/η0 Mueller et al., 2011

ηrc Relative viscosity crystal-bearing magma Equation (6) Maron and Pierce, 1956

Cw Weight percent of dissolved H2O Equation (7) Zhang et al., 2007

n Number of moles of exsolved H20 Equation (8)

M Molar mass of H20 0.018 kg

Vg Volume of exsolved H20 Equation (9)

φg Gas volume fraction Equation (10)

φm Initial melt fraction 1− φc

ηr0 Zero shear-rate viscosity bubbly magma Equation (12) Llewellin and Manga, 2005

ηr∞ Infinite shear-rate viscosity bubbly magma Equation (13) Llewellin and Manga, 2005

ηr∞ Relative viscosity bubbly magma Equation (14) Mader et al., 2013

m Constant in Equation (14) 2 Mader et al., 2013

ηrgc Relative viscosity three-phase suspension Equation (16)

Ca Capillary number Equation (11) Rust and Manga, 2002

Rb Bubble radius Equation (S3) Lensky et al., 2002

Range of values tested in section 4 in bold.
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surrounding edifice. Collier and Neuberg (2006) estimated the
temperature difference across a 0.3m thick thermal boundary
layer (TBL) at the conduit wall to be 50–200 K (depending on
the thermal conductivity of themagma, seeTable 2) calculated by
running a time-dependent model of constant fluid flow including
heat loss. Where a TBL with a temperature difference of 200K
is included in our model, we observe that the velocity and
therefore strain rate decreases within the TBL. However, this is
counteracted by an increase in viscosity to yield a similar shear
stress with or without the TBL (Figure 5). Therefore, a TBL
has been excluded from future model runs. We also discard a
vertical temperature gradient in the upper conduit in our model,
assuming this, similarly, does not extend far into the conduit and,
therefore, does not affect the ascent dynamics.

3. DEFORMATION MODEL

To investigate the deformation field at Tungurahua, we build
upon the 2D axisymmetric modeling of Neuberg et al. (2018)
using the Solid Mechanics Module in COMSOL Multiphysics
5.4. The edifice is represented by a homogeneous cone, with
the slope angle set to a constant of 26.6◦ to fix the location
of RETU to 1 km vertically and 2 km laterally away from the
summit. The base of the slope is 3 km below the summit. Beyond
this, the model is extended with a flat surface to a horizontal
distance of 100 km from the conduit, and a depth of 100 km
from the summit, to avoid numerical boundary effects. A six
node triangular mesh is used with an element size of around
50m across the edifice, extending with distance from the conduit
beyond the base of the slope. Roller boundary conditions are
applied to exterior lateral model boundaries, such that horizontal
displacement is constrained, allowing vertical displacement only.
The base of the model is fully constrained in all directions. No
constraints are applied to on the upper surface of the model. The
depth-dependent shear stress and pressure profiles at the conduit
wall, obtained from the flow modeling, are employed along the
conduit-edifice boundary to drive the deformation model.

To accurately model the amplitude of the deformation it
is imperative to assign realistic values for the mechanical
properties (most importantly the elastic modulus) of the volcanic
edifice. Volcanic edifices are formed from the deposits of
numerous eruptions, effusive and explosive, including lava
flows, ignimbrites and ash fall deposits. They are therefore
heterogeneous structures, assembled over geologically short time
scales of several thousands of years, whichmakes them inherently
unstable (McGuire, 1996). It is therefore very difficult to assign a
single overall value for the elastic modulus of a volcanic edifice.

The Young’s modulus of intact rock samples of lava flows
is often quoted to be on the order of tens of GPa (e.g.,
Heap et al., 2010). However, volcanic edifices are exposed
to successive fracturing due to stress perturbations, and are
therefore intersected by faults and fractures (Thomas et al., 2004),
which can drastically reduce the strength of the entire rock mass
(e.g., Heap et al., 2014). Cyclic stressing experiments by Heap
et al. (2010) on intact rock samples of both intrusive and extrusive
basalts showed that successive fracturing can reduce the Young’s

modulus by up to 32%. Additionally, after deposition, rocks are
subject to chemical alteration due to hydrothermal activity and
weathering, leading to the formation of primarily clay minerals
which are weak in strength (Pola et al., 2014). Heap et al. (2014)
sampled andesites from Colima volcano, Mexico, and found the
Young’s modulus to be as low as 6.38GPa. The Young’s modulus
is also known to be lower where the rock porosity is higher (Heap
et al., 2014).

Unlike intact rock samples, rock masses do not always behave
elastically, but deform and fail along fracture surfaces. Instead of
the Young’s modulus, we use the deformation modulus Em to
quantify how an entire rock mass deforms, similarly defined as
the ratio of applied stress to strain exerted, but accounting for
elastic and inelastic behavior (Hoek and Diederichs, 2006). The
deformation modulus of a volcanic edifice is poorly constrained,
in part due to the difficulty in determining Em in the laboratory,
as one needs to test a rock mass volume sufficiently large
to be a good representation of the heterogeneity in reality.
For this reason, the deformation modulus is generally smaller
when a larger sample size is used (Pinto de Cunha and
Muralha, 1990), and Em can be orders of magnitude lower than
the Young’s modulus (e.g., Hoek and Diederichs, 2006). Isik
et al. (2008) attempted to quantify the deformation modulus
of heavily jointed and highly weathered andesites underlying
northern Ankara, Turkey, and measured a mean value of
Em = 34.8MPa, with a standard deviation of 25.8MPa, obtained
from pressuremeter tests. Alternatively, Em can be estimated
empirically based on other properties of the rock (e.g., Hoek and
Diederichs, 2006). However, estimates of Em obtained through
any of the discussed methods are only representative of the area
around the test or sample site, whilst deeper in the edifice the
weakening effects of temperature and degree of alteration may be
considerably higher.

To address this uncertainty, the tilt induced by either shear
stress, pressure, or both, has been modeled using a suite of
different deformationmoduli (Figure 6). A Poisson’s ratio of 0.25
and edifice density of 2.650 kg/m3 (Hall et al., 1999) are used
in each test. Where the deformation modulus Em is 10MPa, a
tilt at RETU of 67 µrad is modeled using shear stress alone, 24
µrad through pressure alone, and 91 µrad where both sources
contribute. Where the deformation modulus is a factor of 10
larger, the tilt modeled is a factor of 10 smaller, as stated by
Hooke’s law. It has been suggested that conduit pressure is able
to explain observed changes in tilt if the conduit is surrounded
by a weak zone (Voight et al., 2006); however here we show that
regardless of the strength of the edifice, shear stress dominates the
tilt at Tungurahua. This is despite the shear stress obtained from
flowmodeling being several orders of magnitude smaller than the
pressure at most depths.

4. CHANGES IN TILT THROUGH TIME

In this section, we investigate how shear stress and conduit
pressure change as key factors to the ascent dynamics, such as
the volatile content and driving pressure gradient, are varied.
At Tungurahua an increase in tilt of around 140 µrad is
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FIGURE 5 | Horizontal profiles of (from top to bottom) temperature, ascent velocity, bulk viscosity, strain rate and shear stress at 2,000 m in the reference flow model.

Zoomed to within 1 m of the conduit wall (9 ≤ r ≤ 10). We compare flow models run with (solid) and without (dashed) a TBL of 0.3 m thickness, with a temperature

difference of 200 K. Dots show the location of mesh node points. Note that the shear stress at the conduit wall is similar in either case. Instabilities in the strain rate

modeled toward the conduit wall arise from the difficulty in modeling such steep changes in melt viscosity with a sufficiently fine mesh size in a FEM.

FIGURE 6 | (Left) Shear stress (blue dashed) and pressure (red solid) profiles obtained from the reference flow model. Note the difference in amplitude between the

shear and pressure stresses. (Right) Modeled tilt at RETU induced by shear stress (+), pressure (x), or both (star) for a suite of edifice deformation moduli. The tilt

modeled due to shear stress is a factor of 2.8 higher than due to pressure, regardless of the deformation modulus used. A deformation modulus of around 10 MPa is

required to model 170 µrad of tilt at RETU as observed (black dotted line) (Figure 2).

observed following the first major explosion in the period of
interest on July 14th 2013, before decreasing significantly in
the days leading up to the three proceeding major explosions
(Figure 2). We use a constant deformation modulus Em of

10MPa, required to model the observed amplitude of tilt
variations using both shear stress and pressure from the reference
flowmodel (Figure 6). In each test we vary only one parameter in
our flow model at a time.
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FIGURE 7 | Modeled variations in shear stress (A,D) and pressure (B,E) with depth from flow modeling, and modeled tilt at RETU (C,F), each as a function of the

excess pressure at the base of the conduit (A–C) and the initial H2O content (D–F).

Firstly, we consider the July 14th 2013 explosion to be the
first event in a sequence. Hall et al. (2015) suggested that
the cyclic Vulcanian explosions observed between 2013 and
2014 at Tungurahua were the result of pressurization below
tightly sealed viscous plugs. If friction at the conduit wall
where this plug has formed is sufficient to impede ascent of
magma, the magma ascent velocity and therefore shear stress
at the wall would be zero (Equation 1), assuming the magma
is behaving as a fluid. Shear stress would still be exerted
only in the uppermost section of the conduit where magma
completely solidifies. In a transitional regime, a viscoelastic
treatment would be appropriate. As pressure increases below
the plug, tilt would increase, but as the contribution of
pressure to the tilt is small, this change in tilt would be
small, as observed prior to the explosion on July 14th 2013
(Figure 2).

Consider that the conduit was vacated following the first
eruption, magma would again begin to ascend and fill up the
conduit due to the reduction in confining pressure. Pressure
and shear stress would be progressively exerted on a greater
proportion of the conduit walls, causing tilt to increase through
time. This could explain why tilt increases over the weeks
following each Vulcanian explosion. Tilt then decreases for
several days leading up to the next Vulcanian explosion. Hall
et al. (2015) suggested that each eruption is preceded by the
formation of a viscous plug in the upper conduit. Should this
occur, the ascending magma would decelerate, thus causing
shear stress to decrease. As shear stress tends to dominate

over pressure (Figure 7), this may explain why tilt decreases
prior to the three latter Vulcanian explosions, despite the
pressurization of the system. As viscosity continues to increase,
the magma goes through the ductile-brittle transition zone
and fails in a brittle manner, triggering seismicity and causing
shear stress to drop further (Neuberg et al., 2018). However,
to appropriately model these transient processes, and quantify
the resultant changes in tilt, time dependent models that
account for disequilibrium in the system must be developed in
future work.

Alternative explanations for what has previously triggered
major explosions at Tungurahua include the injection of a
fresh batch of mafic magma into the magma chamber prior
to the paroxysmal events in July and August 2006 (Samaniego
et al., 2011), which is potentially volatile rich (Myers et al.,
2014; Andújar et al., 2017). This could induce changes in the
volatile content of the magma and the pressure at the base
of the conduit, which Thomas and Neuberg (2014) previously
demonstrated can significantly influence ascent dynamics and
therefore pressure and shear stress. Here we attempt to
quantify how realistic variations in these parameters will
influence the tilt.

Figures 7A–C shows that the tilt induced by both shear
stress and pressure increases linearly as a function of the
excess pressure in the conduit. While the pressure contributes
directly—but little—to the tilt, the ascent velocity and therefore
the shear stress are proportional to the pressure gradient,
hence the pressure.
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An increase in the initial H2O content will result in a higher
gas volume fraction and a decrease in the bulk magma density.
This will facilitate magma ascent through increased buoyancy.
Our results suggest that shear stress is higher, despite the melt
viscosity being lower where the H2O content is greater. Again,
this points to the dominance of ascent rate over viscosity in
the trade-off between the two key parameters. Additionally, this
leads to an increase in the exsolved volatile content, hence
to a higher pressure in the conduit. Figures 7D–F shows that
changing the initial H2O content can significantly influence
the shear stress, pressure and resulting tilt, with a maximum
combined tilt of 188 µrad for the maximum H2O content of
10wt.%. Where the H2O content is below 1.5wt.%, a negative
radial tilt induced by pressure reduces the combined tilt to
only 13 µrad.

We have shown that observed changes in tilt at RETU, in
excess of 100 µrad, can be explained by moderate changes in
the volatile content or the increase of excess pressure in the
conduit. Interestingly, the relative contribution of shear stress
and pressure to the combined modeled tilt varies considerably
depending on the volatile content. However, the contribution
of shear stress to the combined tilt is always greater or
equal to the contribution of pressure in all of our models.
In some cases, the shear stress and pressure induce opposing
and almost counterbalancing tilts. In other cases, the combined
tilt is made up almost entirely of the contribution of shear
stress. Obviously there is a trade-off between the change in
stress required and the deformation modulus of the edifice,
to explain observed tilt variations. It is therefore challenging
to estimate how much the volatile content or excess pressure
did vary through time from the observed tilt variations alone.
However, we suggest that with additional information, such as
changes in gas flux or the broader deformation pattern, tilt
observations can be used to assess how these parameters are
varying through time.

5. CONCLUSIONS

• By quantitatively linking magma ascent to deformation for the
first time, we confirm that shear stress exerted on the conduit
walls generally dominates over pressurization as a deformation
source of tilt observed close to the conduit.Whilst ourmodel is
tuned to Tungurahua volcano, the contribution of both shear
stress and pressure should be considered at all silicic volcanoes.

• Previous attempts to link near-field changes in tilt to
overpressure or shear stress have used large values for the
applied stress. Here, we have used flow modeling to constrain
these values. Our results suggest that for tilt variations at
RETU to be the result of changes in either shear stress or
overpressure in the conduit, the deformation modulus of
Tungurahua’s edifice must be lower than previously assumed,
perhaps on the order of tens of MPa. This suggests that the
edifice is either heavily fractured, highly altered, or highly
porous, and most likely a combination of the three.

• Realistic variations in the driving pressure gradient and the
volatile content are key parameters in driving changes in

shear stress, pressure and therefore tilt through time. These
variations could be more pronounced due to the non-linear
relationships that exist between discharge rate and both
crystallization and gas loss (Melnik and Sparks, 1999). Given
the large uncertainties in parameters, such as crystal content
and permeability, we neglect crystallization during magma
ascent and keep the gas loss profile constant. The relative
contributions of shear stress and pressure to the tilt vary
considerably as a function of the volatile content.

• As magma refills the conduit following a major eruption,
shear stress and pressure are progressively exerted on a greater
proportion of the conduit wall. Therefore one may expect tilt
to increase as this occurs, as observed following Vulcanian
explosions at Tungurahua. However, to properly simulate this,
or other transient volcanic processes, fully time dependent
flow models must be developed, that are able to keep track of
changes in the ascent dynamics.

• A decrease in tilt prior to a major explosion can be explained
by a decrease in shear stress as ascending magma grinds
to a halt below a fixed plug and a pressurization in the
upper conduit. Alternatively, this decrease in tilt could be
explained by the onset of seismicity which leads to frictional
heating and a subsequent decrease in the magma viscosity.
This allows the magma column to accelerate to critical ascent
rates without transferring shear stress across the conduit wall.
This explanation would require further investigations into the
rheology of magma, including frictional heating, and strength
recovery of magma. Additionally it is important to quantify
how much shear stress reduction is achieved by a seismic
swarm and define the seismicity and tilt rates that point to
critical magma ascent.
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