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MOMENT MAP FLOWS AND THE HECKE CORRESPONDENCE FOR
QUIVERS

GRAEME WILKIN

ABSTRACT. In this paper we investigate the convergence properties of the upwards gradient flow
of the norm-square of a moment map on the space of representations of a quiver. The first main
result gives a necessary and sufficient algebraic criterion for a complex group orbit to intersect the
unstable set of a given critical point. Therefore we can classify all of the isomorphism classes which
contain an initial condition that flows up to a given critical point. As an application, we then show
that Nakajima’s Hecke correspondence for quivers has a Morse-theoretic interpretation as pairs of
critical points connected by flow lines for the norm-square of a moment map. The results are valid
in the general setting of finite quivers with relations.

1. INTRODUCTION

There is a well-known correspondence between quotients in symplectic and algebraic geometry.
For example, the Kempf-Ness theorem relates GIT quotients and symplectic quotients of affine
spaces [16] and the Donaldson-Uhlenbeck-Yau theorem relates moduli spaces of polystable holo-
morphic bundles to moduli spaces of Yang-Mills minima [7, 8, 33].

In many examples of interest, there is also a symplectic-algebraic correspondence between GIT
unstable points and critical points of a moment map functional, given by taking the limit of the
downwards gradient flow of the norm-square of a moment map. This originated in Kirwan’s work
[18] for projective varieties, and the case of the Yang-Mills flow is studied in [5], [6] and [30]. A
version of this theorem for quiver varieties is proved in [9, Thm. 3|, which has since been generalised
in [14] to the case of reductive group actions on affine spaces.

The goal of this paper is to further extend this correspondence between symplectic and algebraic
geometry to spaces of flow lines between critical sets on the space of representations of a quiver with
relations. The symplectic side of the picture determines the critical points and the flow lines for
the norm-square of the moment map and one of the main theorems of this paper gives an algebraic
criterion for the existence of a flow line connecting two critical points. Using this criterion we
then show that critical points connected by flow lines can be interpreted in terms of the Hecke
correspondence for quivers defined in [22], [23].

The setup is explained in detail in Section 2.1; here we provide a summary of the points relevant to

the rest of the introduction. The vector space Rep(Q, v) of complex representations of a quiver with
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a fixed dimension vector v has a natural symplectic structure determined by the Hermitian structure
on the complex vector space at each vertex of the quiver. Associated to this is a Hamiltonian action
of a group K, and a moment map which we denote by p. The complexification of K is denoted
G'y. In the paper [9] we studied the downwards gradient flow of ||z — «|? for any stability parameter
«a and showed the existence of a Morse stratification which coincides with the algebraic Harder-
Narasimhan stratification defined by Geometric Invariant Theory (cf. [28]). The main theorem of
[9] identifies the isomorphism class of the limit of the downwards flow with the graded object of
the Harder-Narasimhan-Jordan-Holder filtration associated to the initial condition.

The entire setup described above restricts to any closed subset Z C Rep(Q, v) which is preserved
by the action of Gy. An important special case of this is the variety of representations of a quiver
satisfying a finite set of relations in the path algebra. Moreover, the critical sets of the norm-
square of the moment map have a simple interpretation in terms of representations which are the
direct sum of subrepresentations of different slopes minimising the norm-square of the moment
map (cf. (2.15)). Therefore the critical sets can be classified by the dimension and slope of each of
the subrepresentations in this splitting in analogy with the classification of the critical sets of the
Yang-Mills functional described by Atiyah and Bott in [1].

Given a critical point z, let W, denote the unstable set of initial conditions for which the
upwards flow of || — a||? converges to z. Associated to the critical point is another space called
the negative slice S, , which is defined in terms of a group action around the critical point (cf.
Definition 3.22). When the ambient space is smooth then S, is simply the exponential image of
the negative eigenspace of the Hessian. Given a critical set C, we have fibrations 7, : W, — C
and 75 : S; — C for which ' (z) = W, and n;'(z) = S;. The first main result of the paper is
Theorem 4.22.

Theorem 1.1. There are neighbourhoods U andV of C' C Z and a K -equivariant homeomorphism
Y SoNU — W5 NV. Moreover, for each y € Sy NU there exists g(y) € Gy such that

Y(y) =gy) - yeWsnNV.

Since the negative slice S, is defined algebraically and the critial point z is a direct sum of
polystable representations (cf. (2.28)), then it is possible to classify the isomorphism classes of
representations in S, in terms of filtrations for which the quotients are polystable, the slopes are
increasing and the graded object is isomorphic to the critical point  (cf. Lemma 3.27). Therefore,

using the above theorem we can completely classify the isomorphism classes in W .

Theorem 1.2. Let = be a critical point of || — a||*> on v=(0) and let x = 1 © - @ z,, be the
decomposition as a direct sum of polystable representations as in (2.28), ordered so that slope, (z;) <
slope, (k) for all j < k. Then every y € W, admits a filtration y; C --- C y, such that each
quotient y /yr_1 is isomorphic to xy, fork =1,...,n. Conversely, lety € v=1(0) be a representation
admitting a filtration y3 C --- C yp such that each quotient yx/yx—1 is isomorphic to xy for
k=1,...,n. Then there exists g € Gy such that g-y € W, .
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In contrast to the Harder-Narasimhan filtration, where the slopes of the semistable quotients are
decreasing, filtrations of the type in the above theorem are not necessarily unique. This reflects the
fact that a single isomorphism class may contain different initial conditions that flow up to different
critical points. Equivalently, if y € W then there may exist g € G such that g-y € W, for some
higher critical point 2/, or perhaps the upwards flow with initial condition g -y may not converge
to any critical point. Therefore we see the difference between the properties of the upwards and
downwards flow: the results of [9] show that the isomorphism class of the limit of the downwards
flow is an isomorphism invariant of the initial condition, however Theorem 1.2 shows that the
upwards flow is more delicate in the sense that a small perturbation within an isomorphism class
may completely change the convergence properties of the upwards flow.

Together with known results on the limit of the downwards flow from [9], Theorem 1.2 leads
to an algebraic criterion for two critical points to be connected by a flow line, which we can then
exploit to give a Morse-theoretic construction of the Hecke correspondence in Theorem 1.3 below.

The precise statement is as follows. Let (Q be a finite quiver, choose a dimension vector v, and let
a denote the stability parameter from [22], [23] (cf. Definition 3.6). Let Rep(Q, v) denote the affine
space of representations with dimension vector v, let Gy be the associated complex reductive group
acting on Rep(Q,v) (cf. (2.2)) and let Z C Rep(Q, v) be any closed subset such that Gy - Z C Z.
As mentioned above, a particular case of interest is when Z is the subvariety of representations
satisfying a finite set of relations on the quiver. Define f : Rep(Q,v) — R by f(z) = ||u(z) — «||*.
The gradient flow for f is the solution of (2.18).

The above choice of stability parameter implies that any critical point x for f splits into two
subrepresentations which we denote x = x1 @ x2, where x; is stable of negative slope, and x5 is
polystable of positive slope. Given dimension vectors v < v{ < v, let Cyu (resp. C’v{) denote the
critical sets on Z for which the associated stable subrepresentation of negative slope has dimension
vector v¥ (resp. v¥). Since v¥ < v¢ then f(Cy, w) > f(Cvf). Now let Pyu e C Cyy x Cye denote the
subset of pairs of critical points which are Connected by a gradient flow line. There are projection
maps (quf’vzi/ — Cyu and ’.PV%’V{ — Cv{ defined by projecting a flow line to its upper and lower
endpoints. Lemma 3.15 shows that there are also natural projection maps Cyu — M(Q, vY) (resp.

Cye — M(Q, v%)) onto the moduli space of a-stable representations with dimension vector v{ (resp.

vi).

Since the flow is equivariant with respect to the maximal compact subgroup Ky, C Gy, then

there is an induced correspondence variety quf’v{ which fits into the diagram below
Vl 7V1
/ | \
i

Qavl Q’Vl)
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Now suppose that v{ = v{ — ey, where ey denotes the dimension vector which is equal to one

at the k™ vertex of @ and zero elsewhere. The following is the main result of the paper.
Theorem 1.3 (Theorem 4.35). J\/[vzlwtf 1s the Hecke correspondence.

In the case where v¥ < v¢ — ey, one has to distinguish between broken and unbroken flow lines.
For the Yang-Mills-Higgs flow on the space of Higgs bundles, this was done in [35] in terms of
certain secant varieties of the space of Hecke modifications inside the negative slice at a critical
point. For the Yang-Mills flow, this involves studying secant varieties of the projectivisation of
the underlying bundle inside a space of bundle extensions, and for the Yang-Mills-Higgs flow the
corresponding picture involves studying secant varieties of the spectral curve.

To distinguish between broken and unbroken flow lines in the space of representations of quivers,
the analogous idea also involves secant varieties of the space of Hecke modifications, and it is
natural to ask whether one can use algebraic methods to explicitly describe the compactification
of the space of unbroken flow lines by broken flow lines. In [34] we further develop the methods of

this paper to answer this question.

1.1. Organisation of the paper. Section 2 contains the background theory for the properties of
the norm-square of the moment map on the vector space of complex representations of a quiver. In
Section 3 we show how these properties restrict to a singular subset invariant under the group action
and define the moduli spaces of flow lines. Section 4 contains the main results of the paper leading
to the classification of critical points connected by flow lines in terms of the Hecke correspondence.

Acknowledgements. The author would like to thank George Daskalopoulos, Richard Went-
worth and Matthew Young for useful discussions and Hiraku Nakajima for pointing out the stability

parameter from Definition 3.6, as well as the referee for useful comments and suggestions.

2. BACKGROUND RESULTS FOR QUIVERS WITHOUT RELATIONS

This section contains the basic results and notational setup used in the rest of the paper. The
goal is to study the gradient flow, the structure of the critical sets and the eigenspaces of the
Hessian for the function || — |2 on the vector space Rep(Q,v) (where we can apply theorems for
smooth manifolds) before restricting to the singular subvariety associated to a quiver with relations
in Section 3. In Sections 2.1-2.3 we set up the notation and summarise known results used in the
rest of the paper, in Section 2.4 we derive some useful formulae for the gradient flow on the space
of metrics and in Section 2.5 we prove results about the Hessian of || — «||? at a critical point and

construct the unstable bundle and negative slice bundle over a critical set.
2.1. Quiver varieties.

Definition 2.1. A quiver @ is a directed graph, consisting of vertices J, edges &, and head/tail
maps h,t: & — 7.
A complex representation of a quiver consists of a collection of complex vector spaces {V;};eg,

and C-linear homomorphisms {z4 : Vi(a) = Vi(a) }ace- The dimension vector of a representation is
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the vector v := (dim¢ V;);eqg € ijo- The vector space of all representations with fixed dimension

vector is denoted
Rep(Q, v) := EP Hom(V;(a), Viy(a))-

a€cé
The group
(2.1) Gy =[] 6L(V;, C)
1€]

acts on the space Rep(Q, v) via the induced action on each factor Hom(V;(,), Vi(a))

(2.2) (9i)ies - (Ta)ace = (gh(a)xagii)) ace

The infinitesimal action of the Lie algebra gy, at a representation z € Rep(Q,v) is denoted
oS gy — T Rep(Q,v) = Rep(Q, v). A calculation shows that

d
(2.3) Py (u) == iR D (un()ra — Tatir(a)) € P Hom(Via), Via)-
t=0 acé acé

The direct sum of all the vector spaces is denoted
Vect(Q,v) := @ Vi.
i€J
Given a representation = € Rep(Q, V), we can consider each component z, as a homomorphism
Vect(Q, v) — Vect(Q, v) via the inclusion Hom(V}(q), Vi(a)) € End (Vect(Q, v)).

There is a notion of slope-stability for quivers introduced by King in [17], which corresponds
to the usual definition of stability from GIT. Recall from [17, Lemma 2.2] that GIT-stability on
Rep(Q,v) is equivalent to defining a lift of the Gy-action to a line bundle over Rep(Q,v). In
contrast to the case of GIT on a projective variety (where the line bundle is determined by the
projective embedding), in this case the line bundle is the trivial bundle Rep(Q,v) x C, and the lift
of the action is determined by the choice of a stability parameter.

Given a = (a4);eg € Z’, define the lift of the Gy-action to Rep(Q, v) x C by

where the character y, : Gy — C is defined to be
Xa(g9) = [ ] (det ;)™
1eJ

Definition 2.2. An admissible stability parameter for Rep(Q,v) is a choice of o = (a;)ie7 € 77

such that

Z ;U = 0.

€]
Remark 2.3. The subgroup {(A-idy;)ies : A € C*} C Gy acts trivially on Rep(Q,v). An
equivalent definition of admissibility is that « is an admissible stability parameter if and only if the

subgroup of scalar multiples of the identity in Gy also acts trivially on the line bundle Rep(Q, v) xC
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via (2.4). This is essential for the definition of stability in Definition 2.4, since all points would be

unstable if the parameter is not admissible.

The definition of GIT stability and semistability with respect to an admissible stability parameter
« is then the usual one (first described for representations of quivers in [17]), which we recall in

the following.

Definition 2.4. A representation x € Rep(Q, V) is a-semistable if, for all nonzero { € C, the
closure of the Gy-orbit of (z,&) in the trivial line bundle Rep(Q, v) x C does not intersect the zero

section, i.e.
Gy - (z,§) N (Rep(Q,v) x {0}) = 0.
A representation x € Rep(Q, V) is a-polystable if x is a-semistable and the Gy-orbit of (z,§) in
Rep(@, v) is closed for all nonzero ¢ € C, .
A representation z € Rep(Q, v) is a-stable if  is a-polystable and the isotropy group of = in Gy,

consists only of the scalar multiples of the identity.

The space of a-stable (respectively a-semistable and a-polystable) representations is denoted
Rep(Q, v)*~* (respectively Rep(Q,v)*™** and Rep(Q, v)* Polust),

Definition 2.5. The GIT quotient of Rep(Q,v) by G with respect to the stability parameter «
is

Ma(Q,v) =Rep(Q,v)// ,Gv := Rep(Q, v)* * /Gy = Rep(Q, v)* ¥ /G,
where the quotient // identifies S-equivalent orbits (those whose closures intersect) in the usual

way.

Remark 2.6. It is sometimes more convenient to divide out by the scalar multiples of the identity
(which act trivially) and use the projectivisation PGy instead. The quotients Rep(Q,v)®~ 5 // Gy
and Rep(Q,v)*™** // PGy have the same underlying topological space, although when computmg

a—Ss

the equivariant cohomology of Rep(Q,v) with respect to Gy one has to remember the extra

factor of C* that acts trivially.

When a = 0, then the lift of the Gy action to Rep(Q,v) x C is the trivial one, hence all
representations x € Rep(Q, v) are semistable. Therefore, in this case the GIT quotient My (Q, v)
is just the affine quotient Rep(Q, v // Gy. Every Gy orbit in Rep(Q,v) has a unique closed orbit
in its closure (see [21, Theorem 4, p19] and [20, Sec. 8]), and the points in the affine quotient

correspond to these closed orbits. Therefore there is a well-defined projection map

(25) ™ MQ(Q,V) — MO(Q7V)

taking an orbit to the unique closed orbit in its closure (where we take the closure in Rep(Q,v)).
In analogy with holomorphic bundles, one can also define slope-stability of a representation in
terms of the degree and rank (cf. [17]).
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Definition 2.7. A subrepresentation of a representation x € Rep(Q,Vv) consists of vector spaces
!

{V/! C Vi}ieg such that :ca(V;’(a)) - Vé(a) for all edges a € €, and homomorphisms {z/, : Vi —
V,{(a)}aeg such that z/, is the restriction of z, to Vt’(a) for all a € €.

For a given subrepresentation 2’ of 2 € Rep(Q,v), let v/ := (dim¢ V}/),.4 be the associated
dimension vector. Then 2’ € Rep(Q,v’) C Rep(Q,v). We can now define the degree and rank of a

subrepresentation.

Definition 2.8. Let @ be a quiver, a = («;);c5 an admissible stability parameter, and v/ =
(vi)ies € ZL, a dimension vector. The a-degree of (Q,V') is
deg,, (Q, V') := Z Q;v;,

€]

and the rank is
rank(Q, v') := Zvi.

€]

The a-slope of (Q,V') is

slope,, (Q, V') := deg,(Q,Vv')/ rank(Q, v').
Remark 2.9. The stability parameter « is admissible for Rep(Q, v) if and only if deg, (Q,v) = 0.

The following theorem of King then shows that, in analogy with holomorphic bundles, a-stability

and a-semistability have an interpretation in terms of the slopes of subrepresentations.

Proposition 2.10 (Proposition 3.1 of [17]). Let Q be a quiver, v a dimension vector, and o an
admissible stability parameter. A representation x € Rep(Q, V) is a-stable (resp. a-semistable) if

and only if every proper non-zero subrepresentation satisfies
slope, (Q,Vv') < 0  (respectively, slope, (Q,v') <0).

When classifying the critical sets of || — a|? in Sections 2.4 and 3.2 it is necessary to choose
a stability parameter for a given subrepresentation. In general it is not possible to use the same
stability parameter «, since deg, (@, v') may not be zero, and therefore v may not be admissible for
(Q,V'). Instead, the correct definition involves subtracting a scalar multiple of the vector (1),eg,

where the scalar is chosen so that (@, v’) has degree zero with respect to the new parameter.

Definition 2.11. Let Q be a quiver, v a dimension vector, and o = (o) jeg an admissible stability
parameter for (@, v). Given any dimension vector v/ < v, the induced stability parameter on (Q, V')

1S

o = (a5 — slopea(Q,V’))jej.

Note that it is easy to see that the induced stability parameter is admissible on Rep(Q, v’), since

dega’(Q? V/) = dega(Qv V,) - dega(Q7 Vl) = 0.
Finally, we show that the operation of taking Hermitian adjoint of a representation preserves

stability with respect to a change in parameter from «a to —a.
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Lemma 2.12. Let Q be a quiver and let Q denote the quiver with the same vertices, but with
the direction of all edges reversed. Fir Hermitian structures on the vector spaces {Vi}reg. Then
x € Rep(Q, v) is a-stable (resp. semistable, polystable) if and only if the adjoint x* € Rep(Q, V) is
—a-stable (resp. semistable, polystable).

Proof. Suppose that there is a subrepresentation with dimension vector v’ preserved by z* and let
u = slope_,(Q,v') = —slope, (Q,v’). Then the orthogonal complement of the subrepresentation
is preserved by z and so slope,(Q,v — v') < 0 (resp. < 0) since x is a-stable (resp. semistable).
Therefore, since « is an admissible stability parameter, then slope,(Q,v’) > 0 (resp. > 0) and
so slope_,(Q,Vv') < 0 (resp. < 0). Therefore  is a-stable (resp. semistable) if and only if z* is
—a-stable (resp. semistable).

Since x is a direct sum of subrepresentations if and only if the adjoint x* is also a direct sum,

then the above argument shows that = is a-polystable iff * is —a-polystable. O

2.2. The algebraic stratification. The Harder-Narasimhan stratification for quivers is defined
in analogy with the case of holomorphic bundles (see [1] and [10] for holomorphic bundles, and [28,

Section 2] for quivers). The filtration is denoted by the sequence
(2.6) O=20C21 C---Caxp=2

of subrepresentations such that for each j = 1,...,n, the quotient x;/2;_1 is the maximal semistable
subrepresentation of z/z;_; (where the stability parameter is the one induced on the quotient using

Definition 2.11). The associated dimension vectors induce a canonical filtration
(2.7) {0} = Vect(Q, vp) C Vect(Q,v1) C --- C Vect(Q, vy,) = Vect(Q, v)

called the Harder-Narasimhan filtration, and the dimension vectors v* = (v, ve—vVi,...,V,—Vy_1)
form a vector called the Harder-Narasimhan type of the filtration. Note that the inclusion maps
in (2.7) are induced from the representation x, so that the spaces Vect(Q, v;) C Vect(Q,v) are all

r-invariant.

Definition 2.13. The length of the Harder-Narasimhan filtration (2.7) is equal to n, the number

of non-trivial terms in the filtration.

Definition 2.14. The Harder-Narasimhan stratum with Harder-Narasimhan type v* is
(2.8) By« :={x € Rep(Q, V) : = has H-N type v} C Rep(Q, v).

Since the filtration is canonical then a representation belongs to exactly one Harder-Narasimhan
stratum, and so we have a disjoint union
Rep(Q,v) = U By+.
HN types v*

There is a partial ordering on the strata given in [28, Definition 3.6] (analogous to that for holo-
morphic bundles described by Shatz in [29]), and [28, Proposition 3.7] shows that the stratification
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has good properties in the sense that the closure of each stratum By« is contained in the union of
all By« such that w* > v*.

Any semistable representation also has a Jordan-Holder filtration, given by the following

Definition 2.15. Let z € Rep(Q, v)®*® be an a-semistable representation. A filtration
{0} = Vect(Q, vo) C Vect(Q,vy1) C --- C Vect(Q, vi,) = Vect(Q, v)
with induced subrepresentations of x
O=2z9gC21C - Cxpp = 2,

is called a Jordan-Hélder filtration if each quotient representation x;/x;_; is stable with respect
to the stability parameter on Rep(Q, v; — vj—1) induced by «, and each subrepresentation has the

same slope.

In contrast to the Harder-Narasimhan filtration, the Jordan-Hélder filtration is not necessarily

unique, but the graded object
m
Crifi(z) = @wj/mj,l
j=1

is unique up to isomorphism. Combining the Harder-Narasimhan filtration with the Jordan-Ho6lder
filtration, for any representation x € Rep(Q,v) we obtain a double filtration called the Harder-
Narasimhan-Jordan-Hélder filtration (cf. [9, Sec. 5] for quivers and [6] for holomorphic bundles).

HNJH(x)

Again, this is not necessarily unique, but the graded object Gr is unique up to isomorphism.

2.3. The symplectic quotient. Another theorem of King ([17, Theorem 6.1]) identifies the GIT
quotient of Rep(Q, v) with the symplectic quotient. Since this equivalence is central to this paper,
then we recall the details here.

Let @ be a quiver with dimension vector v = (v;);eg, and fix a Hermitian structure on the vector
spaces V; = C%. There is an associated symplectic structure on Rep(Q,v), defined as follows.
Given tangent vectors dx1,0x2 € T, Rep(Q,v) = Rep(Q, v), define the metric
(2.9) (0w, 0x9) := Y RTr ((21)a(022)]) ,

acé
and symplectic structure
(2.10) w(dz1,0x2) =Y STr ((621)a(0x2)]) -

a€cl
Note that w(dx1,0x2) = g(idx1,dxe), in other words the complex structure I =i - id is compatible
with the metric. With this complex structure and metric, the space Rep(@, v) has the structure of
a Kéahler manifold.

With respect to the Hermitian structure on each V;, one can define the unitary group U(V;) C
GL(V;,C), and therefore the compact subgroup

Ky :=]JuW) cG..

i€
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The induced action of Ky on Rep(Q,v) is given by

(9j)jer - (Ta)ace = (gh(a)xagtzi))aee’

and the infinitesimal action of the Lie algebra ¢, denoted p, : ¢, — T, Rep(Q,v) = Rep(Q, v), is
given by

e 0 = P (un(@a — ratia) -

t=0 acé

(2.11) pr(u) = —

This action is Hamiltonian, i.e. it preserves the symplectic structure and has an associated

moment map
1 Rep(Q,v) — &

2.12 1 «
(2.12) (Pa)ace = 5: 3l 2
ackE

that satisfies du(dz) - u = w(pz(u),dx) for all dx € Rep(Q,v) = T, Rep(Q,v) and all u € ¢&,.

*

In the above definition the commutator [z, x}:

] is defined via the inclusion Hom(Vy(4), Vi) <
End (Vect(®,v)). In the following we fix an Ad-invariant inner product on €, and use this to
identify €, = €, so that we can consider p as a map into &,.

Note also that the above definition implies that Tru(z) = 0, since p(z) is constructed from

commutators. Therefore, for the symplectic quotient to make sense, we need the following definition.

Definition 2.16. Let @ be a quiver, and v = (vj) e € ijo a dimension vector. The central
element a = (ia; - idy,)jeg € Z(¥*) is an admissible central element if Zajvj =0.
j€J
The symplectic quotient with respect to an admissible central element « is

Ma(Q, V) = #_1(0‘)/Kv-

Remark 2.17. (1) The parameter « is admissible if and only if « is a central element of the
dual of the Lie algebra of PK.

(2) Given an admissible stability parameter (o) ec7 € 7’ one can construct an admissible central

element (icv; -idy; ) jeg € Z(£*) and vice-versa. In the rest of the paper both of these will be

denoted «, and the meaning will be clear from the context.

A result of King from [17] shows that the GIT quotient and the symplectic quotient are bijective
and that there is a continuous map p () /Ky — Rep(Q, v)* ** //Gy. Using the gradient flow of

|t — |?, Hoskins has shown in [14, Theorem 4.2] that the inverse of this map is also continuous.

Proposition 2.18. Let Q) be a quiver, v a dimension vector, and o an admissible stability pa-

rameter. Then the GIT quotient Rep(Q,V)O‘*SS//GV 1s homeomorphic to the symplectic quotient
p (o) /Ky
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2.4. Critical points of || — a? and the gradient flow. Recall from [9, Sec. 3.2] that a
representation z € Rep(Q, V) is a critical point for ||u — || if and only if the infinitesimal action
of K, satisfies

(2.13) pz(p(z) —a) =0 forallae€é.
More explicitly, this is equivalent to the condition that
(2.14) Ta () — )pa) — (1(T) — Q) p(a)Ta =0 foralla € €.

This equation implies that the representation z splits into subrepresentations, each of which
corresponds to an eigenspace of i(u(x) — a) (the factor of i is used so that the eigenvalues are real;
see (2.16) below). In other words, if Aj,..., A, are the eigenvalues of i(u(x) — «), then for each

eigenvalue \; there exists a dimension vector v; such that vi +---+ v, = v, and

(2.15) T = @x], Vect(Q, v @Vect Q,vj)

j=1 j=1
where z; € Rep(Q, v;) for each j. Since p(x) is constructed from commutators, then Tr pu(z) = 0

on each subrepresentation, and therefore taking the trace of i(u(x) — «) shows that
(2.16) Aj = slope, (@, v;).

Moreover, restricting to a subrepresentation with dimension vector v; induces a new stability
parameter o; on Rep(Q, v;) (see Definition 2.11), and a direct sum of representations such as that
described in (2.15) is critical if and only if each x; is a minimum for ||x — «||? on Rep(Q, v;). See
[9, Proposition 1] for more details.

For each critical set there is a corresponding decomposition v = vy + -+ + v,,. The critical
type of a critical point is the vector v* = (vq,...,v,), where the dimension vectors are ordered by
decreasing slope, i.e. slope, (Q,Vv;) > slope, (Q, v;) if and only if ¢ < j. The set of all critical points
with critical type v* is denoted Cy«

In terms of the infinitesimal action of Gy on Rep(Q, V), the gradient of f(z) = ||u(x) — a|? has
the form

(217) grad f(z) = Ipa(u(x) — a).
Definition 2.19. Let ¢(x9,t) € Rep(Q,v) denote the solution to the downwards gradient flow
equation
d
(2.18) aﬁﬁ(l’ovt) = —1pg(o,t) (1(P(20,1))) — @)
with initial condition ¢(zo,0) := zo € Rep(Q, v).
The Ky-equivariance of a solution to (2.18) follows immediately from the Ky-equivariance of the

moment map. In the same way as for moment map flows on Kéahler manifolds studied by Kirwan
n [18], the flow is generated by the action of Gy. Given zy € Rep(Q, V), let g(t) be the solution of

990671 = ilu(g(t) - x0) — @), g(0) = id

(2.19) 7
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A calculation then shows that ¢(zg,t) = g(t) -z satisfies (2.18).

It follows from Sjamaar’s compactness result in [32, Lem. 4.10] and the Lojasiewicz inequality
technique of Simon in [31] that the flow ¢(zg,t) exists for all time ¢ > 0 and converges to a unique
limit o = tli)r& ¢(zo,t). The main theorem of [9] gives an algebraic description of the limit of the
downwards gradient flow of ||u — a|? (see also [14]) and the main result of this paper is to give
conditions on xo such that lim;_,_~ ¢(zo,t) exists. This will be used in Section 4.2 to characterise

the pairs of critical points connected by a flow line.

Theorem 2.20. Let QQ be a quiver and « a stability parameter for Q. Given a dimension vector v
for Q, let © € Rep(Q, V). Then
(1) (19, Theorem 8, p336]) The limit xoo := limy_,o0 P(x0,t) is isomorphic to the graded object
of the Harder-Narasimhan-Jordan-Hélder double filtration of x.
(2) (19, Proposition 2, p320]) The gradient flow defines a continuous Ky -equivariant deforma-

tion retract of each Harder-Narasimhan stratum By« onto the associated critical set Cy+.

The remaining results of this section are related to the flow on Gy /Ky induced by (2.19). Let
H(n) denote the space of n x n Hermitian matrices and let H(n)" denote the subset of positive
definite Hermitian matrices. Given a quiver () with set of vertices J and dimension vector v =
(v;)ies, define Hy 1= X;e9H (v;) and HY := x;e9H (v;)". Recall from [19, Sec. VI.1] that there is
an identification H} = Gy /K. Given two metrics hi, hy € H, let A; ¢ denote the eigenvalues of
hl_lhg at vertex ¢ € J for £ = 1,...,v;. Then the geodesic distance between hy and hg is (cf. [19,
Sec. VI.1])

(2.20) dlhnhe) = 303 ((log he)?)

icd (=1
Define 0 : Hf = Gy /K, — R>g by
(2.21) o(h) = Tr(h) + Tr(h™!) — 2rank(Q, v).
In the sequel we will use the following two properties of o
(1) o(h) =0 if and only if h = id, and
(2) limy_yo0 0(hehl) = 0 if and only if hy — hoo with respect to the metric (2.20).
The function ¢ is more convenient than the distance measure on Gy /Ky given by (2.20) since it
has better properties with respect to the gradient flow (2.19). This was first observed by Donaldson

[7] in the context of the Yang-Mills flow on Kéhler manifolds. Given any x € Rep(Q,v) and any
g € Gy, define h = g*¢g and

(2.22) pn(x) = Adg-1 u(g - )
Note that the Ky-equivariance of the moment map implies that pp(x) depends only on h € Gy /K.
Then the results of [9, Sec. 3.3] show that

20T () — pu(2)h)

<0
(2.23) 2i Tr (b (un(z) — p(x))) <0
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Let z € Rep(Q,v) and gy € Gy. Then the flow (2.19) with initial conditions x and go - = has
respective solutions g1 (t) and go(t). Define g; := g2(t)gog1(t)~! and hy = g} g;. In analogy with the
Yang-Mills flow studied in [7], the result of [9, Thm. 5] shows that

(2.24) %a(ht) <.

As explained in the proof of Corollary 15 in [7], the geodesic distance d in the homogeneous
space GL(n,C)/U(n) compares uniformly with o, in the sense that there exist continuous monotone
functions f,F : R>g — R>g with f(0) = F(0) = 0 such that d(id,h) < F(o(h)) and o(h) <
f(d(id, h)). In Section 4.1 we need a more precise estimate, which is contained in the following

lemma.

Lemma 2.21. Given x € Rep(Q, V) and a bounded neighbourhood U of x there exists a bounded
neighbourhood V' of the identity in Gy /Ky and a positive constant C' such that

(2.25) [un(y) — n@)ll < C/a(h)

forallye U and h € V.

Proof. Since pp(z) : Rep(Q, v) x Gy /Ky — gy is a smooth function and the derivative with respect
to h is uniformly bounded in a bounded neighbourhood U of x, then puy is uniformly Lipschitz in
h on U. Therefore ||un(y) — u(y)|| < C'd(id, h) for some constant C’, where d denotes the geodesic
distance in the homogeneous space Gy /K. Let {v} C Rsg be the eigenvalues of h. Then the
calculation in [19, Ch. VI.1] shows that

d(id, h) = (Z(log uk)2> 2 .

k

There is a neighbourhood V of id in Gy/K, and a constant K < % such that for all metrics

h in V the eigenvalues satisfy |y, — 1| < K for all k, and so there is a constant C' such that
|logvk| < Clyg — 1| for all k. Therefore there is a constant C such that

(2.26) d(id, h) < [log k| <> | — 1] < C1y/Tr((h — id)?)

k k

We also have
(2.27) o(h) =Tr(h+h™' —2id) = Tr (b~ (h —id)?) > Oy Tr((h — id)?)

for some constant Cy since h™! is positive and bounded below in the given neighbourhood V of the

identity. Combining all of these estimates gives us a positive constant C' = (\j/,% such that

l1n(y) — p(y)l| < C'd(id, h) < C'C1y/Tr((h —id)?) < Cv/a(h)

for all h e V. O
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2.5. The eigenspaces of the Hessian at a critical point. Recall from (2.13) that the critical
point equation for ||u — a|? on Rep(Q, V) is

Ipy(u(z) —a)=0 < [(u(z)—a),zs) =0 forallaccé,

and recall from (2.15) that any representation satisfying this equation must split into the direct

sum of subrepresentations
(2.28) =219 Dy,

where each z; € Rep(Q,v;), and vi + --- 4+ v, = v. In addition, each x; minimises the function
| — a;]|? on Rep(Q,v;), where «; is the stability parameter on Rep(Q,v;) induced from «, and
so each x; is polystable with respect to the induced stability parameter «;.

Also recall from (2.16) that i(u(z;) — o) = slope,(Q,V; ) - id for each j = 1,...,n, and so
i(p(x) — ) has the block-diagonal form

Ar-id 0 0 0
0 Ao-id 0 0
(2.29) i(p(r) —a) = 0 0 Ag-id .- 0 7
0 0 0 e Ap-id
where \; = slope,(Q,v;) for each j = 1,...,n. The eigenvalues in (2.29) are ordered so that

A1 < Ay < - < A, (ie. the slope increases with j).

Definition 2.22. The derivative of the infinitesimal action is
0ps : &y X Ty Rep(Q,v) — T, Rep(Q, V)
(2.30)

d
(u, X) = — Pattx (w).
dt |,

An explicit formula for §p is

(2.31) 5 (u)(X) = 3 [, X).

a€é

Remark 2.23. (1) Note that the tangent bundle of Rep(Q,v) is trivial, and therefore we can
use the trivial connection on T'Rep(Q, v) in the above definition.
(2) From the definition of the complex structure I in (2.10) we have dpz(u)(IX) = Idpg(u)(X).

Lemma 2.24. At a critical point x € Rep(Q, V), the Hessian Hy : T, Rep(Q,v) — T, Rep(Q, v)
has the form

Hy(652) = —TpapiI6s + Topu(u(x))(62).
Proof. Recall that the gradient of f = %||u — || at a representation z € Rep(Q, v) is given by

grad f(z) = Ipz(p — ).
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Differentiating the gradient of f at z € Rep(Q,v) in the direction of a tangent vector X €
T, Rep(Q, v) gives us

Hy(@)(X) = Vx grad f(z) = [9p, (u(x) — 0) (X) + [padp(X)
— I8p.(n(x) — @) (X) — Ip,plIX,

where again we use the trivial connection on the tangent bundle of Rep(Q,v). ([l

(2.32)

The next two lemmas contain some identities that will be useful in characterising the negative
eigenspace of the Hessian. In order to be completely clear about the sign conventions then all the
details are included.

Lemma 2.25. For any x € Rep(Q,v) and X € T, Rep(Q,Vv) we have
(2.33) dpe(X) = —ppI1X,
where we use the inner product on £y to identify €, = €. For any u € &, we also have
(2.34) pad po(u) = [p(z), u].
Proof. Using the moment map equation, we know that
dp(X) v = w(pe(v), X) = g(Ip2(v), X) = = <w, ppIX >

for all v € &, where we use du(X)-v to denote the dual pairing ¢} x ¢, — C and < -,- > to denote
the inner product on ¢,. This proves (2.33). Setting X = p,(u) gives us

— <0, Pl pa(u) >= dp(pz(u)) - v

for all v € ¢y, and so we can identify p}lp;(u) = —du(pz(u)) (where we use the inner product on
¢, to identify ¢, with €}). Equivariance of the moment map with respect to the action of K gives

pae ™ = du(px(U))Zit_oet“M(x)et”=[u,/~t(ﬂf)]-

Therefore pilp,(u) = [u(x),ul, as required. O

M(etu . x) — etu

Differentiating this result at a critical point x gives us
(0pz)" (Ipz(u), X) + prldpz(u)(X) = [du(X), ul
Using the fact that [dp,(u)(X) = dp,(u)(IX) then gives us
Pz (6pa(u) (X)) = —pglops(u)(IX) = [pp X, u] = (6p2)" (1 pe(u), X).

Therefore, we have proven

Lemma 2.26.
(2.35) 0 T8pu(u) (X) =~ X, u]
(2‘36) ,0; (5px(u)(X)) = [p;X, u] - (5/)31)*(‘[/)3}(“)7)()

The next lemma will be used in the proof of Lemma 2.31.
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Lemma 2.27. Let z be a critical point of f(x) = ||u(z) — a||®>. Then for any v € & we have
(237) pu([(2),0]) = 37 () — ) (pa(v)).

Proof. Firstly note that [u(x),v] = [u(z) — a, v] since « is central. Therefore

p([p(x) = a, v]) = pz(ady@)—a(v))

0
- ot 0 px(AdeXp(t(u(fE)*a))(v))
_ 82 t(pu(z)—a) sv —t(p(z)—a)
Qs 5.t=0 (e €€ ) X
8 Sv
= a5l (peralu(z) —a) =™ - pp(u(z) — @),
s=0

where €*¥ - p,(u(x) — a) denotes the action of e®¥ € K, on the tangent vector p,(u(x) — «a) €
T, Rep(Q, v), which maps it to an element of Tesv., Rep(Q,v). Since z is a critical point then
pz(p(z) — ) = 0 by (2.13), and so the above equation simplifies to

pellie) = atl) = 5| preslile) ~a)
= pu(u(x) — )(pu(0)

as required. ]

Since Hy is self-adjoint then the tangent space splits into the orthogonal direct sum of eigenspaces

and each eigenvalue is real. The next lemma describes the negative eigenspace of the Hessian.

Lemma 2.28. Let € Rep(Q,v) be a critical point of f(z) = i[|u(z) — af?, and let X €
T Rep(Q,v). Suppose that Hp(X) = AX for some X\ # 0. Then X € ker p},. Moreover, if A <0
then X € kerpil and so the negative eigenspaces of the Hessian are orthogonal to the Gy -orbit
through x.

Proof. Since f(z) = |u(xz) — af?* is Ky-invariant then the non-zero eigenspaces of H(X) are
orthogonal to the tangent space T, (Kv-) of the Ky-orbit through x and therefore 0 = }p5H(X) =
psX. One can also see this explicitly by applying p; to both sides of the equation H¢(X) = AX
and using equations (2.34) and (2.35) to obtain

pel0pz(p — a)(X) — polpaprl X = App X
(2.38) & eI X p—a] = [p— o, pp I X] = App X
& 0=M\prX.
Since A # 0 then p; X = 0. Now suppose that H;(X) = AX for some A\ < 0. Applying p3/ to both
sides of the eigenvalue equation and using (2.36) and the critical point equation gives us
—Pp0pa(p — @)(X) + prpappl X = AppIX

(2.39) . . . .
= _[sz7:U’_a]+p:ppu’C(szX) :ApIIX
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Since we have already shown that p; X = 0, then
PPz (P X) = ApgI X,
and so piIX = 0, since A < 0 and the operator p}p, is non-negative definite. 0

Corollary 2.29. The Hessian Hy preserves ker(p$)*.

Proof. Note that im p = im p, + im Ip, and so ker(p$)* = (im p$)+ = (imp,)t N (imIp,)*+ =
ker p¥ Nker(p:l). Let X € ker(pS)*. Then (2.38) shows that

prHp(X) = pplops(p — a)(X) — prlpaprl X = —[ppI X, p— o] — [0 — a, prIX] = 0.
Moreover, (2.39) shows that
PRl Hy(X) = —[pp X, 1 — o] + prpa(pz1X) = 0,

since X € ker p% Nker p%I. Therefore H(X) € ker p% Nker p%I = ker(p$)*. O

Definition 2.30. Given XA € R, let V, » = {X € T, Rep(Q,Vv) : Hf(X) = AX} denote the \-

eigenspace of the Hessian at a critical point x. The negative eigenspace is denoted V1= @ oV x-

Lemma 2.31. p, (&) C Vi and im p$ splits into eigenspaces for Hy, with im pg - @ V-
A>0

Proof. The statement that im p, C Vp follows from the fact that the function ||y — o is Ky-

invariant. One can also explicitly see this from the calculation

Hy(pz(u)) = I0pe(p(x) — a)(pa(u)) — Ipapid pz(u)
= 1ops(p(@) = @) (pa(w)) = Ipz([p(z),ul) by (2.34)
= 16pa(1() — a)(pa(u)) = 16pa(pi(x) — ) (pa(w)) by (2.37)
=0.
Since H; is self-adjoint and preserves ker(p$)* by Corollary 2.29, then im p$ = (ker(pS)*)* is

preserved also, and therefore it splits into eigenspaces for Hy. Lemma 2.28 then shows that each

eigenvalue must be non-negative. O

Given dimension vectors v; and vy, with corresponding collections of vector spaces {Vkl}keg and

{V;?}eg, define the spaces

(2.40) Hom’(Q, v1,v2) := @) Hom(V;, V)
kel

(2.41) Hom'(Q, v1,v2) := @ Hom(Vy(,), Vii))-
a€cé

The final result of this section is a characterisation of the negative eigenspace of the Hessian in

terms of homomorphisms between the subrepresentations that appear in the splitting (2.28).
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Proposition 2.32. Let = be a critical point of f(x) = ||pu(x) — o> on Rep(Q, V) corresponding to
a decomposition (2.28). For j,k=1,...,n, define \j 1 := X\j — A\, = slope,(Q, vi) — slope,(Q, v;),
where \j and N\, are as in (2.29). Then if A < 0 we have
(2.42) Ve = @ (ker pg)* N Hom!(Q, Vi, Vi)

{7k x5 6=}
Therefore the dimension of the negative eigenspace is equal to

(2.43) dimcV, = Z dime Vg = Z (dim(c Homl(Q, v, Vi) — dimg HornO(Q7 vy, vk))
A<0 j,k:)\j,k<0

Proof. Lemma 2.28 shows that when A < 0 the negative eigenspace equation reduces to
16pa(u(x) — ) (X) = AX.
Applying equations (2.29) and (2.31) completes the proof of (2.42).

For each j, k, the infinitesimal action defines a homomorphism
C
HomO(Q,vj,vk) L=, Homl(Q, Vi, VL)

and (2.42) shows that Vl’j)\j,k is the cokernel of this homomorphism. Moreover, since © = x1®- - -®x,
splits into polystable subrepresentations and A;; < 0 implies that slope, (Q,v;) > slope,(Q, V),
then ker p$ = {0} by [28, Lem. 2.3], and so
dimc coker(pg) = Z (dim@ Hom!(Q, vj,vi) — dimg Hom?(Q, vy, Vk>)
ok A k<0
which gives us (2.43). O

Definition 2.33. Given a critical point = € Rep(Q, v), define the unstable manifold
W, ={y € Rep(Q,v) | lim ¢(y,1) = z}.

We conclude this section with some remarks about the relationship between the unstable manifold
and the negative slice to motivate the constructions of Section 4.1. Standard ODE theory (cf. [3],
[11]) shows that W is a manifold and that the negative eigenspace of the Hessian is isomorphic
to the tangent space T, W_ = V_~. Therefore a neighbourhood of x in W is diffeomorphic to a
neighbourhood of zero in V. Moreover, when the critical sets are compact then the methods of
Kirwan in [18] (see also [12, Thm. 4.1]) show that for each critical set C, the unstable manifolds
{W, | = € C} glue together to form a disk bundle over C, which we call the unstable bundle of
the critical set C, denoted W . Similarly, the negative eigenspaces V. glue together to form the
negative slice bundle Sy, := {V,; | x € C}. In a neighbourhood of the zero section C, these two
bundles are homeomorphic. This homeomorphism is defined abstractly and it is not clear whether
it remains a homeomorphism on restricting to a singular subset. In addition, one would also like
to relate the isomorphism classes in W, to those in V- (which can be classified algebraically).
The main technical result of this paper is Theorem 4.22, which shows that one can construct
a Ky-equivariant homeomorphism S = W using the action of Gy and that this remains a

homeomorphism on restriction to any closed Gv-invariant subset of Rep(Q, V).
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3. LOCAL STRUCTURE OF THE SPACE OF REPRESENTATIONS OF QUIVERS WITH RELATIONS

This section contains the basic setup for quivers with relations and extends the results of the
previous section to this setting in preparation for the classification of flow lines in Section 4.
Throughout the section we allow for any stability parameter satisfying the admissibility condi-
tion of Definition 2.2, except for Lemma 3.7, Section 3.2.1 and Lemma 3.29, where we derive some

stronger results for the case of the canonical stability parameter from Definition 3.6.

3.1. Moduli spaces of quivers with relations. In this section we define and study the basic
properties of moduli spaces of quivers with relations. The definition given here is for unframed
quivers, which is also valid for framed quivers by Crawley-Boevey’s construction in [4]. In partic-
ular, the definition includes Nakajima quiver varieties from [22], [23], [24] and the handsaw quiver

varieties from [25]. A good reference for quivers with relations is [2].

Definition 3.1. A relation of a quiver () is a subspace of the path algebra k(@) spanned by linear
combinations of paths of length at least 2 having a common head and common tail.

A quiver with relations is a pair (Q,R), where @ is a quiver and R is a two-sided ideal of kQ
generated by relations. The path algebra of (@, R) is the quotient algebra kQ/R. In the sequel R

is also used to denote the corresponding set of relations in the path algebra.

Now fix a dimension vector v for ). A relation in @ (denoted r) with tail ¢(r) € J and head

h(r) € J determines a vector space homomorphism
(3.1) v : Rep(Q, v) — Hom(Vy(), Vi)
given by composing homomorphisms along the paths in the relation.

Example 3.2. (1) Let @ be a quiver with vertices J and edges &, and Q the “doubled” quiver

with vertices J and edges € U € introduced in [22]. For each vertex k € I there is a relation
) RERTEED D
a€l s.t. h(a)=k acl s.t.t(a)=k

This induces the homomorphism

vk - Rep(Q,v) — Hom(Vy, Vi)

T = E Talg — E Tala

a€ls.t. h(a)=k a€€ s.t. t(a)=k

The direct sum of these maps over all the vertices is the complex moment map pc associated

to the hyperkéhler structure.
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(2) Let @ be a “handsaw” quiver as in [25] with edges labeled as below.

Bl 32 Byt
O Bl B? -2 O
v .V2 .Vn 1
a1l -
bl n 2 n 1
.Wl .WZ .Wn 1 Wn
For each k= 1,...,n — 2 there is a relation

BYBY — BET'BY + apy1b, =0

Each relation induces a map vy, : Rep(Q,v) — Hom(Vj, Viy1) and the direct sum of these
maps for k =1,...,n — 2 is the map u from [25, Sec. 2].

Given a relation r, let Rel(Q,v,r) denote the subspace of Hom(Vy(,), Vj(;)) consisting of homo-
morphisms that can be written as the composition of homomorphisms along the path defining the

relation.

Example 3.3. For the quiver

.Vl _— .V2 —_— .VB

let r be the relation corresponding to the unique path from V; to Vi. Then Rel(Q,v,r) is the
subspace of Hom(V1, V3) consisting of homomorphisms that factor through V5. Note that if dim Va <
min{dim V7, dim V3} then Rel(Q, v, r) will be a proper subspace of Hom(V7, V3).

Given a set of relations R, let Rel(Q, v,R) denote the vector space

(3.2) Rel(Q, v, R) := P Rel(Q,v,7)

reR
All of the relations together induce a Gy-equivariant map
v:Rep(Q,v) = Rel(Q,v,R)
(3-3) x> Z vy ()
reR

where v, is the map defined in (3.1).

Remark 3.4. (1) The examples above show that the construction of v specialises to the com-
plex moment map associated to a representation of a doubled quiver from [22], and the
analogous construction for handsaw quivers in [25].

(2) The space v~1(0) is always Gy-invariant. To see this, note that the composition of homo-
morphisms 4, - - - 4,74, along a path ay,as,...,ar becomes Ih(ag)Tay " xalg;(;l) under the
action of g € G. Each relation r consists of a linear combination of paths with the same

head and tail vertex, denoted h(r) and t(r) respectively. Therefore v,.(g-7) = gp () gt_(rl).
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(3) If each relation r» € R is generated by paths of the same length ¢(r) then each v, is a
homogeneous polynomial of degree ¢(r) and so the space v~1(0) is invariant under scalar
multiplication = +— Az. This is true for Examples 3.2 (1) & (2) where each relation is
generated by paths of length two.

Definition 3.5. Given an admissible stability parameter «, the moduli space of representations of

(Q,R) is
(3.4) Mo (Q,v,R) := (Rep(Q,v)O‘_SS N 1/_1(0)) /|Gy

Proposition 2.18 shows that the GIT quotient M, (Q, v,R) is homeomorphic to the symplectic
quotient (1~ *(a) Nv~1(0)) /K.

There is a special choice of stability parameter which reproduces Nakajima’s stability condition

for framed quiver varieties from [22, Prop. 3.5].

Definition 3.6. Let Q be a quiver with vertices J and edges €, and let v = (v;);cy a dimension
vector such that one vertex (which we label co) has dimension 1. Define ' = J\ {oco} be the set
of remaining vertices of ). For such a quiver () and dimension vector v, the canonical stability
parameter a(Q,v) 1= (a;)iey is given by

L - Zjej/ Uj 1= 00
(3.5) Q= { A icq

In this case we define

(3.6) Vecto(Q,v) = EB Vie

kel

to be the direct sum of all the vector spaces except for the one at the vertex oco.
Lemma 3.7. The a-semistable points are all a-stable for this choice of stability parameter.

Proof. Note that a proper subrepresentation satisfies exactly one of the following conditions: (a)
the subrepresentation does not contain the vertex co and so it must have strictly positive slope, or
(b) the subrepresentation contains the vertex co and so it must have strictly negative slope.

A subrepresentation of an a-semistable representation cannot be in case (a) and therefore the

slope of any subrepresentation must be strictly negative, so the representation is in fact a-stable. [J

When the quiver is an affine Dynkin diagram with “doubled” edges then the quiver varieties
associated to two generic stability parameters are diffeomorphic (see [22, Corollary 4.2]). In the
sequel we need the following result relating moduli spaces where the stability parameters differ by
a scalar multiple, which is valid for any set of relations where each relation is generated by paths
of the same length.

Lemma 3.8. Let QQ be any quiver and suppose that each relation r € R is generated by paths of
the same length ¢(r). If B = ko for some real scalar k > 0 then Mz(Q,v,R) = M, (Q,v,R).
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Proof. Let z € p~'(a). Then u(vVkx) = B, since p is a homogeneous quadratic polynomial of
degree two. Remark 3.4 shows that the condition on the path lengths implies that the space v~1(0)
is preserved by the transformation z — vkz and so we have a continuous map Mo (Q,v,R) —
Mp(Q, v, R). Similarly, the inverse map is continuous and so Mg(Q, v, R) = My (Q, v, R).
Equivalently, one can also note that the stability condition from Definition 2.4 is preserved if
we multiply the stability parameter by a positive non-zero scalar. The same is true for the slope-

stability condition from Proposition 2.10. O

Remark 3.9. (1) Definition 3.5 differs slightly from that given by Nakajima in [22], which also
involves a framing of the quiver. It was first pointed out by Crawley-Boevey in [4] that
these framed quiver varieties can be interpreted as a quiver variety of the form described
above. We briefly recall this construction in the notation of this paper since it is relevant
to the current section. Given a quiver @' with vertices J' and edges &', dimension vector
v = (v;);e9, and framed dimension vector w' = (w;);ey in the notation of [22], let @ be a
new quiver with vertices 3 = J' U {oo} and edges &€ = & U F, where F consists of w; edges
from oo to each vertex i € J'. Also let v = (v’,1) be the dimension vector obtained from
v’/ by adjoining a 1 for the new vertex oo. Since the construction of (@, v) described above
has a vertex with dimension one, then it has a stability parameter a(Q,v) as defined in
Definition 3.6. Crawley-Boevey then shows in [4] that the quotient M, (Q, v, R) is the same
as Nakajima’s definition of quiver variety M(Q, v/, w’) and the method works in exactly the
same way for framed quivers with relations.

(2) Crawley-Boevey also shows that the stability parameter a(Q), v) induces the same stability
condition on v~!(0) as Nakajima’s stability condition for the framed quiver (Q',v',w’)
from [23, Sec. 3.ii]. To see this, note that the stability condition induced by «(Q,v) is
that x € pg 1(O) is a-stable if and only if every subrepresentation has negative slope, which
occurs if and only if every subrepresentation contains the vertex co. This is equivalent to
condition (2) of [23, Lemma 3.8].

3.2. Structure of the critical sets. In this section we describe the structure of representations
that are critical points of || — a||? on v~1(0). First, we define what it means for a representation

to be critical for || — a/|? on the singular space v~(0) C Rep(Q, V).

Definition 3.10. A point x € v~1(0) C Rep(Q, v) is critical for || — ||? if and only if z is critical
for ||u — a|* on the ambient smooth space Rep(Q, v).

Since v~1(0) is singular then this definition needs some justification. Returning to the smooth
space Rep(Q, v) for the moment, recall from (2.19) that the gradient flow of || — a|* on Rep(Q, v)
is generated by the action of Gy. Therefore, for any Gy-invariant closed subset Z C Rep(Q, V)
(for example Z = v~1(0)), if x € Z then the flow satisfies ¢(z,t) € Z for all ¢ such that ¢(x,t) is
defined. Since Z is closed, then any limit point of the flow is also contained in Z. Therefore we can

define the gradient flow on the subset to be the restriction of the gradient flow on the smooth space
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Rep(Q, v) and Theorem 2.20 will apply. In particular, if we define the critical points of || — «a/|? on
v~1(0) as in Definition 3.10, then we have a Morse stratification of the space v~1(0) by Theorem
2.20.

We also have the following property of critical points on the smooth space Rep(Q,v).

Lemma 3.11. (1) Let x € Rep(Q, V) be a critical point of | — «|>. Then x minimises the
value of || — ||? on the orbit Gy - z.

(2) Given any x € Rep(Q, V), consider the orbit closure Gy - x. There is a unique Ky-orbit

K, - T of critical points in Gy - x that contains the limit Too of the downwards gradient

flow of ||u—«||? with initial condition x. The representations minimising ||u—al|/? on Gy - x

are precisely those in this K -orbit.

Proof. Recall that the Harder-Narasimhan type is Gy-invariant and so Gy - x is contained in the
Harder-Narasimhan stratum of z. The result of [9, Corollary 2, p334] shows that the critical point
x minimises the value of || — @||? on the Harder-Narasimhan stratum and therefore it must do so
on the Gy-orbit also.

Recall Reineke’s result [28, Prop. 3.7] which says the closure of a Harder-Narasimhan stratum

Rep(Q, v)y+ is contained in the union

Rep(Q,v)v» C | J Rep(Q,v)w-.

wH*>v*

Therefore the closure Gy - = is also contained in this union.

To see that this is minimised by a unique Ky-orbit, first note that the minimum of ||z — «/|* on
Gy - x is not attained by any point in Rep(Q, v)w+ for w* > v*, since (a) the minimum of ||u—a||? on
Rep(Q, v)w~ is strictly greater than the value of || —a/||? on the set of critical points in Rep(Q, v)y+,
and (b) applying Theorem 2.20 to the gradient flow with initial condition = € Rep(Q, v)y+ shows
that the minimum of ||z — a||? on Gy - z is attained by a critical point in Rep(Q, v)y+.

Theorem 2.20 shows that gradient flow induces a deformation retract of Rep(Q, v)y+ onto the
associated critical set and that the image of the subset Gy - z under this deformation retract is
a single Ky-orbit containing the limit of the flow with initial condition x. Therefore, since the
deformation retract is continuous, then Gy - x N Rep(Q, v)y+ deformation retracts onto the closure
of this K-orbit. Since the orbit is closed then this completes the proof. O

As a consequence of the above lemma and the fact that the flow is contained in a G,-orbit, we

see that the critical points defined in Definition 3.10 have the following properties.

Corollary 3.12. (1) Let x € v1(0) C Rep(Q,Vv) be a critical point of ||u — «||?>. Then x
minimises the value of ||u — a||* on the orbit Gy - C v=1(0).

(2) Given any x € v=1(0), consider the orbit closure Gy - x. The minimum of |u — o||* on

Gy - x is precisely the K-orbit of critical points in Gy - x that contains the limit of the

downwards gradient flow of ||u — a||* with initial condition x.
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3.2.1. Critical points for the canonical stability parameter for framed quivers. The rest of this sec-
tion contains more details about the structure of critical points in ~1(0) for the special case of the
stability parameter a(Q,v) from Definition 3.6. Let € v~1(0) be a critical point. Recall from
(2.28) that = must split into subrepresentations and from (2.29) that the value of the moment map
on each subrepresentation is determined by the slope. Each of the subrepresentations is semistable
with respect to the induced stability parameter.

Since the vertex oo has dimension 1 then only one of the subrepresentations (call it z;) in
the decomposition (2.28) can have non-zero dimension vector at this vertex. Let vi = (v});e5 be
the dimension vector for this subrepresentation. A calculation shows that the induced stability

parameter is

1+Zj€j/ vj Z e J/
/ 142 e v)
(3.7) o = 3 g v)
_ Z U/- jed’ Vi i = oo
SR 1+Zj€3’ U;v

which is a positive scalar multiple of the stability parameter o(Q,v'). Lemma 3.7 then shows that
x1 is stable with respect to the induced stability parameter and Lemma 3.8 shows that the induced
stability parameter is equivalent to the parameter from Definition 3.6.

From (3.5) we see that all of the other subrepresentations must then have the same slope. Let
x2 denote the sum of all the subrepresentations in (2.28) that do not contain the vertex oco. Then

(2.29) shows that p(z2) = 0. The above argument is summarised in the following proposition.

Proposition 3.13. Let x € v=1(0) be a critical point of || — ||?. Then x splits into two sub-

representations x1 and xo with respective dimension vectors vi and vo. The induced values of the
14> 5eq )
1437 e V)
(3.7). The subrepresentation x1 is stable with respect to the induced stability parameter.

moment map are u(x1) = ka(Q,v1) and p(xe) = 0, where k = > 0 is the scalar from
Moreover, any representation x € v=1(0) of the form x = x1 ® x2 where u(z1) = ka(Q,v1) and

p(xa) =0 is a critical point of ||u — .

Definition 3.14. Let Cy, denote all of the critical points of || — «||> on v~1(0) for which the
stable subrepresentation containing the vertex oo from the decomposition in Proposition 3.13 has
dimension vector vj.

Given a dimension vector vi = (v});eg < v and associated vector spaces {V/};es such that

dime V;/ = v}, fix an inclusion V/ < V; for each i € J. Let C9 C Cy, be the subset consisting of

!

representations of the form z1 @ z9 with z9 = 0 such that x preserves @iej Vi

Lemma 3.15. Given the fized inclusion V' — V; for each i € J from Definition 3.14, let Ky,
denote the associated subgroup of K. Then

C’vl/I(v = Ma(QavlaR) X MO(Q7V - VlaR), and Cgl/Kv1 = MQ(Q7V17R)'

Moreover, if each relation in R is generated by paths of the same length £(r) then there is a Ky, -

equivariant deformation retraction of Cy, onto 031.
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Proof. On the space Rep(Q,v), [9, Prop. 12] describes the fibre bundle structure of the critical
sets. Restricting this to »~1(0) and applying Proposition 3.13 shows that Cy, /Ky = M4 (Q, vi, R) x
Mo(Q, v — vi,R). Similarly, we obtain C9 /Ky, = Ms(Q,v1,R) x {[0]}.

If the paths defining each relation all have the same length £(r) then the equation v(x2) = 0
is invariant under scaling by a real parameter (see Remark 3.4). The moment map pu(ze) is a
homogeneous polynomial in z2 and so a Ky,-equivariant deformation retract of Cy onto CY is
given by (z1,x2) — (z1,txs) for 0 <t < 1. O

Lemma 3.16. For each 0 < vy < v, the critical set Cy, is a union of connected components of the

set of critical points of || — o||?. In the hyperkihler case studied in [22], each Cy, is connected.

Proof. Using the estimate in [9, Lemma 14], we can construct a neighbourhood around each point
in Cy, that does not intersect Cv’1 for any v} # vq. Taking the union of these neighbourhoods gives
an open neighbourhood of Cy, in v~1(0) that does not intersect C’V/1 for any v} # vi. Therefore
Cy, is open in val Cy; (which has the subspace topology induced from v=1(0)).

This is also true for every other critical set, and so the complement of Cy, is open in Uv/l Cv’l .
Therefore CYy, is open and closed in this set and so it must be a union of connected components of
Uv’l CV’l'

In the hyperkdhler case of a doubled quiver with relations as in [22], Crawley-Boevey’s result
from [4] shows that M4 (Q, v1,R) is connected for each vi. Lemma 3.15 shows that C9, fibres over
this space with connected fibres and so it must also be connected. Therefore Cy, is connected,

since it deformation retracts onto 091. u

3.3. Local slices around the critical points. Returning to the smooth space Rep(Q,v) and
the case of a general admissible stability parameter for the moment, recall that the Hermitian
structure on each of the vector spaces {Vj}res defines a Hermitian structure on Rep(Q,v) and
gv (cf. [9, Sec. 2.2]). We use g(-,-) to denote the inner product on T, Rep(Q,v) and (-,-) to
denote the inner product on gy. The adjoint of the infinitesimal action is then a homomorphism
(p©)* : T, Rep(Q,v) — gy that defines an orthogonal direct sum decomposition T, Rep(Q, v) =
im p¢ @ ker(pS)* = (ker pS)* @ ker(pS)*. The space im pC is the tangent space at 2 of the orbit

*

Gy -z, and the space ker(p$)* is the orthogonal complement. The following local slice theorem is

in [9, Lemma 18|.
Lemma 3.17. Let x € Rep(Q,v). The map
¢+ (ker pS)* @ er(p)* — Rep(Q, v)
(u,dz) — exp(u) - (z + 0x)
is a diffeomorphism from a neighbourhood of (0,0) in (ker pS)* @ ker(pS)* to a neighbourhood of x
in Rep(Q, V).

The next result is a restriction of Lemma 3.17 from Rep(Q, v) to a closed Gy-invariant subset
Z C Rep(Q,v). The local slices in Lemma 3.17 are sufficiently small neighbourhoods of zero in
ker(p$)*. On the space Z, we replace ker(pS)* with the slice S, defined below.
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Definition 3.18. Let z € Z C Rep(Q,v) and let p¢ denote the infinitesimal action of Gy on
T, Rep(Q, v) = Rep(Q, v). The slice through x is defined to be

Sy = {x + 0z € Rep(Q, V) : 0z € ker(pS)* and z + 6z € Z} .
We then have the following result.

Lemma 3.19. Let x € Z. The map
C:(ker pS)t x S, = Z
(u,x + 0zx) — exp(u) - (x + 0x)

is a homeomorphism from a neighbourhood of (0,x) in (ker pS)* x S, to a neighbourhood of x in

Z.

Proof. Let y € Z be sufficiently close to x such that Lemma 3.17 applies in Rep(@, v). Therefore

we can write

y =exp(u) - (x + ox)
for unique u € (ker p$)* and 6z € ker(pS)*. Since z+dz = exp(—u)-y € Z, then §x € S,.. Therefore
¢ surjects onto a neighbourhood of x € Z. Since it is the restriction of a local diffeomorphism then

it is injective, continuous and has a continuous inverse. Therefore ( is a local homeomorphism. [

Since the slice consists of representations orthogonal to the G, orbit through x, then the equation

for the moment map simplifies.
Lemma 3.20. Let = be a critical point with = p(x) and let y = x + dx € S,. Then

(33) py) — 8 = 5. 3 [670,07]

acl
and there exists a constant C > 0 such that

(3.9) lu(y) = Bl < Clly — =|?

Proof. Since the moment map p(x + dx) is quadratic in dx, then we have

ply) — 8 = o) — ) = dpaG2) + o S [0 )

aclk
The defining equation for the moment map says that for any u € £ we have

i (52) - w = w(po (), 6) = g(Ipa(u),62) = (u, —piIow) = 0

since 6z € ker(p$)*. This completes the proof of (3.8). The inequality (3.9) then follows from (3.8)
and the inequality ||[4, B]|| < C||A]|||B|| for matrices A and B. O

In order to understand the group action on the slice, we need the following lemma.

Lemma 3.21. Let z be a critical point, and let B = u(xz). Then for any x+dx € S, and anyt € R
we have Pt - (z + dz) € S,
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Proof. First note that the critical point equations (2.13) for z imply that ¢ . 2 = z for all ¢t € R.
Given any u € g and any X € T, Rep(Q, v), we have
P pl(u) = B e (up()Ta — Tattya))e "
acé
= @ (ewtuh(a)e_iﬂt) T — Tq <ewtut(a)e_wt> (since €' . & = x when x is critical)
acé
S ACE))
Therefore, since et is self-adjoint, we have for any u € g and any X € T, Rep(Q, v)
(S (70 X) su) = g (5 X, pEw)) = g (X, pE(w)
=g (%05 (7 u)) = ()X, u)

and so (p$)*X = 0 if and only if (p$)* (e’’*- X) = 0. Since the Gy-action preserves the space
v~1(0) then this implies that x + 6z € S, if and only if e - (x 4+ dz) € S, for all t € R. O

Definition 3.22. Recall that 5 := p(z). The negative slice is

T

. Tim o8 5 —
(3.10) S .—{x—l—(S:cESgc.tlggoe ox O}.

Remark 3.23. In [18, Sec. 4.3 & 4.6], Kirwan uses the downwards gradient flow of the function
pg(x) = p(zx) - f to define a stratification associated to the norm-square of a moment map. Here

we define the negative slice using the upwards gradient flow of j13 with initial condition in the slice
S

Next we study the subset of the slice corresponding to the negative eigenspace of the Hessian.
Recall from Section 2.5 that we have the following description of the tangent space at a critical

point on the ambient smooth space Rep(Q, v).

e Since the Hessian is self-adjoint, then the tangent space splits into eigenspaces for the
Hessian at x.
e The tangent space also decomposes according to the splitting of the representation into

subrepresentations from (2.15). This has the form

n
T, Rep(Q,v) = Rep(Q,v) = @ Homl(Q,vj,vk).
Gok=1
e The negative eigenspaces of the Hessian are characterised by homomorphisms from the
subrepresentations of large slope into subrepresentations of small slope. If we order the
subrepresentations by increasing slope as in (2.29), then Proposition 2.32 shows that the

negative eigenspaces of the Hessian are

(3.11) V(z)” = @Homl(Q,vj,vk) N ker(p$)*.
J>k
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Next we show that the negative slice corresponds to the intersection of the exponential image of
the negative eigenspace of the Hessian with the singular subset Z, where the exponential map takes
dz € V(x)~ to z+dx € Rep(Q, v). Therefore Definition 3.25 below gives an equivalent definition of
the negative slice. When studying the singular subset Z, the negative slice is more natural since it
is defined in terms of the group action, however for the purpose of doing computations the negative
eigenspace of the Hessian is easier to deal with since we can describe it explicitly.

We first consider the case where the slice and negative eigenspace are defined on the vector space
Rep(Q, v), and then restrict to the singular subset Z C Rep(Q, v) after Lemma 3.24. Recall that
Proposition 2.32 shows that X € V, ) with A\ < 0 implies that X € ker(p$)*. Therefore there is an

inclusion V,, y < S, for each A\ < 0. Moreover, the negative eigenspace equation reduces to
I5pa(B)(X) = AX
and since z is fixed by " and Ad,is:(8) = B3, we have
I6p,(B) (ewt . X) = (ewt : X) .

Therefore Pt X € Ve if and only if X € V, , and so the action of et preserves the decomposition
@D, Vz\. Moreover, we have
d
dt|,_
If X € V., then this expression is negative if and only if A < 0. Since there are only finitely

. 2
¢ x| = 29 (169.(8)(X), X) .

many negative eigenvalues A\; < --- < A\ < 0 < A < -~ < Ay, then X € @/\<0 V,» implies
2R (I65p.(B)(X), X) < M\||X]|? < 0, and so € - X converges exponentially to zero if and only if
X € @,.g Ve Therefore we have proved the following equivalence for the slice on the smooth

space Rep(Q, V).
Lemma 3.24. Let x be a critical point for || — af* on Rep(Q,v). Then Sy = @, Var.

Therefore, on restricting this result to the subset Z = v~1(0) C Rep(Q, v), we have the following

equivalent definition of the negative slice.

Definition 3.25. Let 2 € Z be a critical point for || —a|? and let V(z)™ = @, Va,» denote the
negative eigenspace of the Hessian at x on the smooth space Rep(Q, v). The negative slice through
T € Zis

S, :={z+ 0z €Rep(Q,v) : bz € V(z) andz+dz € Z}.

There is also a local slice theorem for the restriction to the negative slice, which we use in Section

4.2. Here we order the subrepresentations for the critical point by the condition that j > k if and
only if slope, (Q,Vvj) > slope, (Q, Vi) (see (2.29)).

Lemma 3.26. Let x € Z be critical for ||u — «||* and let dz € D, Hom'(Q,v;,vg) such that
T+ dx € Z is in the neighbourhood from Corollary 3.19. Then there exists g € Gy such that

g-(z+dr)—zeS,.
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Proof. Let p; denote the restriction of p$ to the subspace g = @j>k Hom"(Q, vj,vi). Note that
Py 8¢ — @Homl(Q,vj,vk)
>k
We have the orthogonal decomposition B, Hom!'(Q,v;,vi) = im p; @ ker(p,)* as well as the

a priori results

(3.12) im pg = @ im pg N Homl(Q, Vi, Vi)
j?k
(313) im P; =im Pg N @ HOHll(Q? Vi, Vk)
>k
(3.14) ker(p; )* D ker(p$)* N @Homl(Q,vj,vk).
>k

Note that any X € @, Hom!(Q, v;, vi) can be written X = X; + Xo with X; € im p$ and X, €
ker(p$)*. The equality (3.12) shows that X7 = X; + X" with X; € im pgﬂ@j>k Hom!(Q, v, V)
and X" € im pS N D, < Hom!(Q, v;,vi). Therefore we have X;" L X, X;" 1 X; and X;" L X,
which implies that

0= (X", X = X7) = (X, X{" + Xo) = (X7, X{)
and so X;" =0 and Xy = X — X; € ker(p$)* N D,-r Hom!(Q, v;,vk). Therefore

@Homl(vijvvk) = lmp([:p: N @Homl(Q7Vjavk) ©® ker(pg)* N @Homl(Qavjvvk)

>k i>k i>k
Putting all of this together gives us
im p, @ ker(p, )" = @ Hom!(Q, vj, vy
>k

= (im oS & ker(p%)*) N @ Hom'(Q,v;, vy)
>k

= | impf NEPHom' (Q, v;,vi) | & | ker(p5)* N ED Hom'(Q, v, vi)
>k >k

C im p; @ ker(p)".
Therefore (3.14) must be an equality, and so ker(p; )* = ker(pg)*ﬂ@pk Hom'(Q,v;,vi) = V(z)~,
which implies that the function

¢ (kerp;)L xV(r)” — @Homl(Q,vj,vk)
>k
(u, 6y) = e - (2 + dy)

is a local diffeomorphism. Therefore, if dz € @j>k Homl(Q,vj,vk) is small enough, then e* -
(x4 0y) = x + 6z € Z for some u € (kerp; )+ and dy € V(z)~. Therefore z + dy € Z and so
T4y €S, . O
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From the definition of the negative slice, we can classify the isomorphism classes in .S . Corollary

4.23 then shows that this classification also applies to W .

Lemma 3.27. Let x be a critical point of ||u—a||* on Z and let x = 1@ - @y, be the decomposition
as a direct sum of polystable representations as in (2.28), ordered so that slope,(x;) < slope, (k)
for all j < k. Then every y € Sy admits a filtration y; C - -+ C y, such that each quotient yy/yx—1
is isomorphic to xy, fork =1,...,n. Conversely, lety € Z be a representation admitting a filtration
y1 C -+ C ypn such that each quotient yy/yi—_1 is isomorphic to xy for k = 1,...,n. Then there
exists g € Gy such that g -y € S, .

Proof. Given y € S, the existence of the filtration follows directly from the definition of S as
a subset of V7 C Rep(Q,v) (cf. (3.11)). Conversely, given a representation y € Z admitting a
filtration y; C - -+ C y, such that each quotient yx/yx_1 is isomorphic to xy for k = 1,...,n, there
exists g1 € Gy such that g; - y is in the neighbourhood where Lemma 3.26 applies, and so there
exists go € Gy such that go- g1 -y €S, . O

Definition 3.28. Let C C Rep(Q,v) be a critical set for ||z — a|* and let Z be a closed G-
invariant subset. The negative slice bundle is S, := V5, N Z and the unstable bundle is W, N Z
(which we also denote by W ).

For the special case of the stability parameter from Definition 3.6, the critical point x induces
a decomposition Vect(Q,v) = Vect(Q,vi) @ Vect(Q, ve) as in Proposition 3.13. The next lemma
shows that the negative slice equations simplify on the space v~1(0) associated to a set R of
relations. In particular, the space S, (which a priori is a singular subset of the vector space V)
is an affine space for this choice of stability parameter.

Lemma 3.29. Let a = a(Q, V) be the stability parameter from Definition 3.6. Then
S = Hom!(Q, v, vi) N ker(pg)* N ker dv,.

Proof. The definition of S; together with (3.11) shows that
S, =z + {&v e Hom'(Q, va,v1) Nker(p$)* : x4 6z € 1/*1(0)} .
The polynomial v(x + éx) has the following expansion.
v(z 4 6x) = v(x) + dvg(dx) + (terms quadratic or higher in dx).
Since dz € Hom!(Q, v, v1) then imdz C kerdx and so all the higher order terms vanish. Since

x € v~1(0) then the condition v(x + dx) = 0 simplifies to dv,(dz) = 0. O

4. GRADIENT FLOW LINES BETWEEN CRITICAL POINTS

This section contains the main results of the paper relating flow lines in symplectic geometry
to the Hecke correspondence in algebraic geometry. Section 4.1 contains the bulk of the analysis
to show that the isomorphism classes of representations in the unstable set W are in one-to-

one correspondence with the isomorphism classes in the negative slice S (Corollary 4.23). The



MOMENT MAP FLOWS AND THE HECKE CORRESPONDENCE FOR QUIVERS 31

methods used to prove this result also lead to a proof that a neighbourhood of the zero section in the
negative slice bundle S is homeomorphic to a neighbourhood of the zero section in the unstable
bundle W, and that this statement remains true on restricting to any closed Gy-invariant subset
(Theorem 4.22 and Corollary 4.24). These results are valid for any admissible stability parameter.

After dealing with the analytic preliminaries, in Section 4.2 we restrict to the case of the stability
parameter from Definition 3.6 and use the homological algebra of representations of quivers to give
an algebraic criterion for two critical points to be connected by a flow line and interpret the Hecke
correspondence in terms of pairs of critical points at adjacent critical levels which are connected by
a flow line (Theorem 4.35).

4.1. The relationship between the unstable set and the negative slice. The goal of this
section is to construct a Ky-equivariant homeomorphism between the negative slice bundle S, and
the unstable bundle W (Theorem 4.22). Since the construction is done purely in terms of the Gy
action then it is sufficient to prove the result first on the manifold Rep(Q, v) and then afterwards

restrict to a closed Gy-invariant subset Z C Rep(Q, v).

4.1.1. The modified flow in a neighbourhood of a critical point. In this section we define a new flow
called the modified flow which is Ky-related to the gradient flow (2.18). The reason for doing this
is that in addition to the distance-decreasing formula for the metric flow (2.24), the modified flow
also satisfies a distance-decreasing result for the action of e~ (cf. Lemma 4.1) which we need to
carry out the procedure of Section 4.1.4.

Let o be a critical point of ||u — ||? on Rep(Q,v) and let U be a neighbourhood of = on
which the local slice result of Lemma 3.17 applies, so that there is a neighbourhood V' of (0,0)
in (ker p$)* @ ker(p,)* and a diffeomorphism ¢ : V' — U given by ((u,dx) = e* - (z + dz). Let
B=plx) et =t

Let K3 C Ky denote the isotropy subgroup of 5 € £ via the adjoint action of Ky on €. The critical
point x has an associated Harder-Narasimhan filtration and we define P3 C G+ as the subgroup
preserving this filtration. Kp is the maximal compact subgroup of the Levi subgroup of Pg. Let
(Gv)z denote the isotropy subgroup of Gy at the point z, and let (gy), be the corresponding Lie
algebra. The following is the analog of the distance-decreasing property of the flow from (2.24).

Lemma 4.1. Given g € Pg, let g; = e"PtgetPt and define hy = g} gi. Then %a(ht) <0.

The group Gy can be written as a fibre product Gy = Ky Xk, Pg. Any homomorphism from
a semistable representation of slope 17 to a semistable representation of slope v < v; must be
zero (cf. [28, Lem. 2.3]) and so (gv)z C pg (see [9, Lem. 20]). Therefore (pg)t C (gv)z-
Define (pg)L := (gv)i Npg. Since the slice equations are Ky-invariant then k - S, = Sj., for
all £ € Ky and so we can define Sg := Kz Xk, S;. Then Kg acts on Ky x Sz x (pﬁ)j by
kg (k, [k, x4+ dx],u) = (kkgl, (kgk'kyt kg - (x4 dx)], Ady, (u)). The local slice result Lemma 3.17
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can then be refined to show that the map

Ky iy (S5 % (p)) 5 Rep(Q.v)
[k, k' x + 0z ul — k- K -e* - (z + dx)

(4.1)

is a Ky-equivariant local diffeomorphism in a neighbourhood of (id,0,0), where ¥” € K, acts on
Ky XK, (Sg x (pg)y) by K" - [k, K @ + 0z, u] = [K"k, K, 4 6z, u].

On the image ¢ (Ss x (pg)z) C U, define y(y)— as the component of iu(y) in (pg)*. Note
that since the action of Ky preserves ¢ (Sg X (p/g)j) and conjugation by Kz preserves (pg)l then
v(k-y)— = Adgv(y)— for all k € Kg. Now define

(4.2) YY) =v(y)- —v(y)L € ty.

Again we see that v is Kg-equivariant. Using the fibre product structure of (4.1) we can extend ~y
to a Ky-equivariant map U — . Note also that —iu(y) +v(y) € pg for all y € U.

The following lemma shows that ~ satisfies a Lipschitz bound analogous to that of Lemma 2.21.

Lemma 4.2. Fir a critical point x for | — o||?>. Given any g € Gy define h = g*g. Then there
exist neighbourhoods U of x in Rep(Q,v) and N of Ky in Gy, and a constant C such that y € U
and g € N implies that

(4.3) [Adg-1 (v(g-y)) =)l < CV/a(h)
where o(h) = Tr(h + h~! — 2id) is the distance function from (2.21).

Proof. Given g € Gy = Xye;GL(ng, C), the Cartan decomposition determines k € Ky, and u € it

such that g = ke*. The Ky-equivariance of v then gives us

Adg-17(g-y) =(y) = Ade—uy(e" - y) —(y)

which is a C* function of u and y, which is zero when u = 0. Therefore, for each y there exists a

neighbourhood N’ of zero in i, and a constant C’(y) (depending continuously on y) such that

| Ade—u y(e" - y) —v(w)|| < C'(y)d(id, e*)

for all u € N’, where d denotes the geodesic distance in Gy, with respect to the left-invariant metric
determined by the norm |lu|| = Tr(uu*) on the Lie algebra gy. Since C’(y) depends continuously
on y then (2.26) and (2.27) imply that there is a neighbourhood U of = in Rep(Q, v) and a uniform
constant C' such that

| Ade-—uv(e” - y) =)l < CV/a(h)
forally e U. g

From the definition of v(y) as a sum of components of p(y), we have the inequality

(4.4) Y@l = [v(y) —v(@) < lu(y) — p(@)|| = [luly) — Bl
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Definition 4.3. Given yg € U, the modified flow with initial condition yq is the solution to

(45) W Ly () — @) + (o (00).

for all ¢ such that y; € U.

Note that if = is a critical point of ||u — c||? then u(x) = B € €5 C pg and so y(x) = 0. Therefore
x is also a stationary point for the modified flow. Define
W

mod,x

:={yo € Rep(Q, V) : y; solves (4.5) on (—o0,0] and tl}ir_n yr =}

Given a critical set C, define W .~ :=U,cc Wiodo
In a similar way to the downwards gradient flow of ||x — a|? (cf. (2.19)), a solution y; to (4.5)

satisfies 4 = g+ - Yo, where g; is a solution of

dgs _ . .
ngt b= —i(p(gt - yo) — @) + (gt - vo0), go = id.

Note that since —i(u(y) — o) +v(y) € pg for all y € U, then g; € Ps for all ¢ such that g; - yo € U.

(4.6)

Lemma 4.4. Let yo € U, let 4% be a solution to the modified flow (4.5) with initial condition
yo and let yfrig be a solution to the original downwards gradient flow of | — |? given by (2.18).
Then yod = s, -y where s, € Ky is the solution of

ds orig

(4.7) ast_l =v(st-y, 7), so=id.

Proof. Let g7 be the solution to (2.19) such that 3™ = g7 . yo. Define g™t = s, - g7, We

then have

dgi? o1 ds g™ origy -
ctit (9 d) 1:dt8t1+AdSt< ctlt <9t g) !

= (st ") — i Ady, (™) - @)

mod mod

= (9" - yo) — i (u(gt Yo) — a)
and so gi"°? is a solution to (4.6), hence 3% := g% .y, is a solution to (4.5). O

4.1.2. Ezponential convergence of the reverse flow. In this section we prove that a solution to the
modified flow (4.5) which converges to a critical point as ¢ — —oo must converge at an exponential
rate. The idea of the proof is similar to the case of the Yang-Mills-Higgs flow studied in [35], however
there are some simplifications here since for the Yang-Mills-Higgs flow we prove convergence in the
Li norm for all k£, but for the finite-dimensional space Rep(Q, v) we only need to prove convergence
in the topology induced by the metric on Rep(Q,v). We can then use the exponential convergence
to prove Proposition 4.10, which shows that the unstable bundles for the gradient flow (2.18) and
the modified flow (4.5) are Ky-equivariantly homeomorphic.

Let = be a non-minimal critical point of f = ||u — a||? on Rep(Q, v) and let 3 = p(x). The local
slice result of (Lemma 3.17) proves the existence of a neighbourhood U of z such that any y € U

can be written y = e - (x + z) for u € gj and z € S;. Moreover, this description is unique if we
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restrict to a neighbourhood of zero in g3 x S,. Further decompose z = z>0 + z_ according to the
eigenspaces for the action of €® on S,.
The following lemma collects some results of Kirwan [18, Sec. 10] which will be used in the

sequel.

Lemma 4.5. With respect to the decomposition y = €" - (x + z>0 + 2—) we have
(1) f(e- (@ + 220)) > f(a),
(2) grad f(e" - (z + z>0)) is tangent to {z— =0}, and
(3) [18, (10.14)] Let y; be a solution to the gradient flow (2.18) which converges to x ast — —oo,
and write y; = e - (x + 2L+ 21). Then there exists 6 > 0 and positive constants K1 and
Ky such that if ||yo — || < § then |24 || < K1ef2t for all t < 0.

Using this, we can show that the quantity f(x) — f(y:) decreases exponentially.

Lemma 4.6. There exists a neighbourhood U of x and positive constants K| and K} such that
if yr is a solution to (2.18) with initial condition yy € U which converges to x as t — —oo, then
f(@) = fy) < KjeFot for all t < 0.

Proof. Let y = e"- (x4 2>0+ 2_) as above. Since x is a critical point then for all € > 0 there exists
d > 0 such that ||y — z|| < J implies that

fle" (w4 220+ 2-)) = f(e" - (z + 220)) > —¢]z—]|.

Therefore
fle (x4 220+ 2-)) = f2) = fe" - (x+ 220 + 2-)) = fe" - (x + 220))
+ f(e" - (24 220)) = f(2)
> f(e" - (x4 220 + 2-)) = fe" - (z + 220))
> —¢l=-|
> —aKleKQt
and so the result follows after setting K| = ¢K; and Kj = K». a

Lemma 4.7. There exists a neighbourhood U of x and positive constants Cy and Co such that if
yr 18 a solution to (2.18) with initial condition yo € U which converges to x as t — —oo, then
ly: — x| < Cre2t for all t < 0.

Proof. After possibly shrinking the neighbourhood U of the previous lemma, we can apply the
Lojasiewicz inequality method of Simon [31] to show that there exist constants C' > 0 and 6 € (0, 1)
such that

(18) ool < [ lerad flu)lds < o (7() = Flwn))’

—0o0

and the previous lemma shows that

(1.9 @) = F)) < (D),
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The result then follows by combining (4.8) and (4.9). O

Now we can show that this result also applies to the modified flow. Let y; be a solution to the
gradient flow which converges to a critical point x as ¢t — oo and let z; be the associated solution
to the modified flow (4.5) with initial condition yg. Lemma 4.4 shows that z; = s; - y; for s; € K.

Since the metric is K-invariant and both v and p are K, -equivariant then

% | |t (o)~ @) + )
= [[st (~Lpy, (u(ye) — ) + py (v () 57|
= I Toutu) = ) + o)) < |2+ o)

Since «y is smooth and satisfies v(z) = 0, then (after possibly shrinking the neighbourhood U)

there exists a Lipschitz constant C’ such that
(4.10) Iyl < C'lly —all forall y € U.

Since y; is in the bounded neighbourhood U, then p,, is a uniformly bounded operator and so
py(Y(W))|| < C"||ly — x|| for all y € U. Therefore, along the solution y; to (2.18) we have
y

1y, (7 (we))|| < C"C1e?t, and so there are positive constants C} and C% such that

(4.11) /_too ‘ dzs

ds
Proposition 4.8. Let y; be a solution to the downwards gradient flow (2.18) that converges to a

dys

t
ds <
<[ %

t
ds —I—/ C”Clec2s ds < C’{ecét.

—0o0

critical point x ast — —oo and let zz = sy -y be the associated solution to the modified flow with
initial condition yo. Then limy,_ oo 8¢ =: Soo € Ky exists and there exist positive constants C and
Cy such that

21 — o - ]| < OO

for allt <0.

Proof. The inequality (4.11) shows that the length of the flow line {z; : ¢ < 0} converges to zero
exponentially as ¢ — —oo. Therefore z; converges exponentially to a unique limit z,,. Since
zt € Ky -y forall t, yy — x ast — —oo and Ky -z is closed then z, € Ky -z also. Choose k € K,
such that zo = k- z. Note that this implies v(zo0) = 0.

Since %5;1 =(z) and ||7(z)]| = |7(21) — Y(200)|| < C'||2t — 2o ]| is exponentially decreasing,

then s; also converges to a unique limit s, € Ky. Since s¢-ys — Soo - then zoo = k-2 = so0-x. U

Now we use the limit s to define a map between the unstable sets for the gradient flow (2.18)
and the modified flow (4.5).

Lemma 4.9. Letyg € W, and let s; be the solution of (4.7) fort € (—oo, 0] with initial condition yo
od,z- Moreover, if k € Ky then soo(k-yo) = Adk Seo(¥0)-
This defines a continuous Ky-equivariant map n: Wy — W_ . .

and limit so0(y0). Then soo(y0) *-yo € w.
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Proof. Proposition 4.8 shows that the solution z; to the modified flow (4.5) with initial condition

Yo converges to Soo - ¢ as t — —oo. The K-equivariance of the flow then implies that sgol -2

is a solution to (4.5) with initial condition s} - yo. Therefore s;} -2 — s3!- 20 = o and so
s yo € W

mod,xr"
The K,-equivariance of the flow also implies that for any k& € K, the curve k - z; is a solution of

(4.5) with initial condition k - 9. The equation for s¢(k - yo) then becomes

dsi(k - _ ds _
t(dtyO)St(k yo) =k 2) = Adpy(z) = Ady, ( tcl(fo)st(yo) 1)
and so s¢(k - yo) = Adyg s¢(yo). Therefore the limits also satisfy so(k - yo) = Adk Soo(%0)- -

Finally, we prove that the unstable sets for the gradient flow (2.18) and the modified flow (4.5)

are Ky-equivariantly homeomorphic.

Proposition 4.10. The map 0 defines a K -equivariant homeomorphism of pairs ¢ : (Wg, W5\
C) = Woa.cr Winoac \ CO)-

Proof. Lemma 4.9 shows that n is well-defined and continuous. Therefore the proof reduces to
showing that there is a continuous inverse.

let z; denote the solution of (4.5) for ¢t € (—o0,0], let y; denote the
solution of the gradient flow of || — a||? given by (2.18). Then Lemma 4.4 shows that z; = s; - y;
for s; solving (4.7) and that s (20) - 20 € W, .

Given any 29 € W

od,r’

The same argument as in Lemma 4.9 then shows that this defines a continuous Ky-equivariant
map n' : W, .~ — W . Given any yo € W, we compute
1 0 n(yo) = 1’ (500 (y0) ™" - o)
= 300(300(3/0)71 “Yo) - SOO(yO)il " Yo
= (500 (40) ™"+ S00(¥0) - 500 (¥0)) * Soc(y0) " - yo by Lemma 4.9

= Yo-
An analogous calculation shows that n o n/(z9) = 29. Therefore 7' is a continuous inverse to
n:Wg = W_ .o and sonis a Ky-equivariant homeomorphism. O

4.1.3. Conwvergence of the scattering method. In this section we show how to use the Gy action to

construct a map S, — W for each critical point z € C. The method is to first use the time ¢

od,x
linearised gradient flow on S, to flow towards the critical point x (this is the upwards gradient flow
of the function pg used by Kirwan in [18]), and then to flow down for time ¢ using the modified
flow (4.5). The main result of this section is Proposition 4.13 which shows that the composition
of these two flows converges as t — co. The same idea will also work if we use the gradient flow
(2.18) instead of the modified flow, however we need the modified flow for the reverse construction
in the next section and so for consistency we use the modified flow throughout both sections.

A similar process is called the scattering method in [15] and [27], since it originates in the study

of wave operators in quantum mechanics. The method in this section is different to that in [15] and
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[27], since here we define the linearised flow intrinsically on the negative slice S (the method of
[15] projects the gradient flow onto the negative eigenspace of the Hessian) and we use the action
of Gy and the distance-decreasing formula (2.24) in place of the coordinate transformations and
the estimates of [15]. The reason for this is so that the entire process is defined intrinsically on
any closed Gy-invariant subset Z C Rep(Q, v), which is not the case for the method of [15] since it
requires the subset Z to be smooth in order to (a) define the projection onto the negative eigenspace
of the Hessian and (b) define the coordinate transformations which map the gradient vector field
to a vector field which differs from the linearised flow by a term of high enough order to make the
scattering method converge (cf. [15, Sec. 3]).

Throughout this section we fix a critical point = and define 8 = p(z) — « € ,. For any point
Yo = v+ 0z € S5, let yp = ¢™%(yo,t) = g; - yo denote the time ¢ modified flow (4.5) with initial
condition gy, where g; solves (4.6). Now define f; = g; - €% so that y; = f; - e7%* . yy and let
hi == f} fi € Gv/Ky be the associated change of metric.

x
Yo
efiﬁt gt
e—i,@’t.yol 7 g yo = fe-e Py
t
Si

The same calculation as in [35, Lem. 3.14] shows that

d
(412 Yo = —iilon-w0) — o) + (a1 - w0) + S S
and
(4.13) % = —2ih(pn (e yo) — ) + iBhy + ihef3.

Next we derive a uniform bound on o(h;) in terms of ||yo — z||.

Lemma 4.11. There exists ¢ > 0 such that if ||e=T - yo — z||? < & then there exists a constant K

(which is uniform over the critical set containing x) such that
(4.14) o(h) < Klle T .y — z||%

Proof. Taking the trace of (4.13) leads to

d . i
p Tr(hy) = —2iTr ((uh(e Bt yo) — o — B)ht) .
Therefore we can rewrite the derivative as

%Tr(ht) =—2iTr ((,u,h(e_iﬁt o) — p(e Pt yo))ht> —2iTr ((u(e_’ﬂt “Yp) — o — ﬁ)ht> :
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Since h; is positive definite, then the inequality (2.23) shows that
d , —iBt
= Tr(he) < 20 Tr ((u(e™™ - yo) — a = B)hy)

< Cllp(e™™" - yo) — a = B|| Tr(hy)
< Clle™®t . yo — || Tr(hy) by (3.9).

The same idea with Tr(h; ') shows that

2 Te(h ) < Clle o — )P Te(hy )

Now write the eigenvalues of ¢8 in increasing order \; < --- < A\ <0< A1 <--- < Ay On each
critical set 5 = p(z) — a is unique up to conjugation by Ky, and so these eigenvalues are constant
on the critical set containing x (we use this below to show that the constant K is uniform on the

critical set). The following estimate holds for any yp € S; and any ¢t < T
€755 -y = = [T T Ly — ] < T T gy ],
Therefore the derivative of o(hs) = Tr(hg) + Tr(h; ') — 2rank(Q, v) satisfies the inequality

d , _
() < 20T 0 e Ty — g2 (Te(hy) + Te(h; )

= 20T 17T . yo — 2|20 (hy) 4 4C rank(Q, v)e? T~ #T . y) — 2|2

An application of Gronwall’s inequality then shows that for all 0 < ¢ < T we have

¢ t
o(hy) < <4C’ rank(Q, v)|le=T . yo — :1:||2/ ?M(T=9) ds> exp (QC'He_’BT Yo — 33]\2/ 2 (T=9) ds>

0
, , 1
: <4C rank(Q, v) e - yo - asu2> o (20 e -0 - :c\|2>

K 2|\

Therefore if ||e=*7 . yg — z||?> < € then there exists a constant K such that
o(hy) < Klle T . yg —z||? forall0<t<T.

Moreover, since the constant K depends only on ¢, rank(Q, v) and the eigenvalue A\, which are all

constant on each critical set, then K is uniform over the critical set containing z. O

Now we can use this estimate to derive a bound on the distance from f; to the identity in Gy.
In the following we fix a norm on g, given by ||u/|? := Tr(uu*), and use d(g1,g2) to denote the
geodesic distance between g1, g2 € G, with respect to the left-invariant metric on G associated to

the norm on gy .

Lemma 4.12.

(4.15) d(id, f;) < Cille™" - yo — x| + Colle™"" - yo — |?
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Proof. Equation (4.12) shows that

ftfldfﬁ = —if,  (uge - yo) — ) fe + fiv(ge - o) fi ' + i

dt
= —i(,uht(@*iﬁt . y()) _ a) 4 ft’}/(gt . yo)ft—l +ip
=t ('uht(e_wt ~yo) — p(e” Pt yo)) — (N(G_iﬁt “Yo) —a — 5)
* (fW(gt “yo) fi (e y0)> + (et yp)
From the bounds (2.25), (4.3), (3.9) and (4.4), there exist constants K; and Ko such that
q .
L < Kot + Kalle " yo — s

fe =
Now the inequality (4.14) implies that for all 0 <¢ < T

dt
: N df
(4.16) d(id, f;) < /0 L

fr dt < Cifle™ -y — || + Calle™" - yo — ||

O

Now fix yo € S such that |lyo — z|| < ¢ (where ¢ is defined in the previous lemma) and define
yr = Pt yy for t > 0. Let gs(y;) € Gy be the curve in G, generating the time s modified flow
(4.6) with initial condition y;, i.e. ¢ (ys, 8) = gs(yz) - ye. Define f(y) = gs(yz) - €% € Gy and
let hs(ye) = fs(yr)* fs(y) be the associated change of metric. This is summarised in the following

diagram.

yt1 — eiﬁtl . yOJ

Ui, = btz Yo Gt1—t (ytl) Yoo = fro—taWta) * Yto

9t (Y1) - Y, = fr. (Yo) - Yo

Yo 9
9t,(Ytz) - Y, = f2(Y0) - Yo

G-

T

Using this notation, the estimate (4.14) now becomes
(4.17) o(hs(yr)) < Kllye — x| < K |yo — x|,
and (4.15) becomes
(4.18) d(id, fs(u)) < Cillye — = + Callye — |
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Now we can use the estimate from the previous lemma to prove that the sequence f;(yo) converges
in Gy. The limit of this sequence defines the map v, : S, — W used in Section 4.1.5.

Proposition 4.13. The sequence fi(yo) is Cauchy in Gy. Let fo(yo) denote the limit. Then
ft(yo) - yo converges to foo(yo) - yo in Rep(Q,v).

Proof. Consider the gradient flow with initial conditions y, = €% -yg and fi, 4, (Yt,) Yo = 60 Ytos
where 0o = fi,—t,(yt,) € Gv. The estimate (4.18) shows that

(4.19) d(id, 8) < Cillye, — || + Callye, — 2||* < Cre™™2|lyg — || + Coe® 2 |yo — 2.

Denote the respective solutions by Y;(I) = ggl) -Yt, and Yt(2) = g§2) fri—to(Uty) - Yty = Ot - K(l), where

0y = géQ) - 0g - (g,gl))_1 as shown in the diagram below.

yr, = ey,

Yo, = €812 yo 300 Uts = Jrito (Yt2) * Yts

Yo

Let hy = 6;0;. Then

(2) (1)
5t_ld<5t) — st (dgt (9(2))—1> 5 — dg; (g(l))—l

da 't dt 7t dt "t

= 5;1 <_i (u(gg) ’ ftl*tQ (th) ’ th) - a) + 7(9152) : ft1*t2 (th) : ytz)) ot

+i(u(g™ - y) — a) = (g™ - ury)

= —i (uht (9 - yis) — (g™ 'ytz)) + (5{17((% gty — (gt - ym))

where in the last step we use the fact that d,ad; 1 — o since a is central. Applying the Lipschitz
bounds (2.25) and (4.3) and then the distance decreasing formula (2.24) gives us

1d(%) < Cyo(h) < Cy/o(hy).

K
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The estimate from (4.17) shows that o(hg) < K||e®#*2 - yg — 2||2. Therefore, for any T such that
1>t >T > —i, the geodesic distance d(do, dy,) in Gy is bounded above by

/t2
0

Combining this with the estimate (4.19) shows that

_,d(5)
5t151tt

to . .
‘ dt < C’\/K||e’ﬂt2 'yo—JIHdt:tQC/Heth Yo — x|
0

< 620" K |yo — 2| < TN Csllyo — 2

(4.20) d(ft,(yo), fto (o)) = d(id, os,) < d(id, dg) + d(do, 0¢,)
< C1eMT|yo — z|| + Coe® T |lyo — z||2 + C3T e ||lyo — =

which can can be made arbitrarily small by making 7' large. Therefore the sequence f;(yo) is
Cauchy in Gy. Let fo(yo) denote the limit. Since the action of Gy on Rep(Q,v) is continuous,
then fi(yo) - yo converges to foo(yo) - yo in Rep(Q, v). O

As a consequence of the methods used above, we can derive the following estimate which is used
in Theorem 4.22.

Corollary 4.14. Let C' be a critical set. Then there exist constants K1 and Ky such that for any
x € C and any yo € S, , we have

(421 |fulo) v = Foowo) - oll < (EaeM! (¢ 4+ 1)llyo — 2l + Koe™ ! lyo — 21 1yoll-
Proof. Since {fi(yo)} is Cauchy, then the inequality (4.20) shows that

d(fe(yo), foo(y0)) < CLEM(t+ 1)||yo — 2| + Coe™*lyo — .

Since the action of Gy is continuous then there exists a constant K such that || f;(y0) - o — foo(¥0) -
Yol < Kd(fi(y0), foo(y0))||yol|- The result then follows after combining these two estimates. O

Next we show that fo(yo) - yo lies in W

od,x"

Lemma 4.15. Let € > 0 be as in Lemma 4.11. For each yo € Sy such that ||yo — x| < €, we have
foo(yO) “Yo € Wéod,m'

Proof. Since fi(y0) - yo — foo(t0) - yo and the finite-time flow ¢™°%(-,t) : Rep(Q,v) — Rep(Q,V)
depends continuously on the initial condition, then for each T > 0, we have ¢™°¢(f;(yo) - yo, —T) —
"% foo(y0) - 4o, —T). Therefore we can choose t large so that ¢t > T and

(4.22) 164 (foo (90) - w0, =T) = 6™ (f2(y0) - yo, =T)|| < 1€ - yo — ]|

Moreover, since f;(yo) - yo = ¢™°% (et - yo,t) by definition, for all ¢ > T we have

" fi(yo)-yo, —T) = ¢ (Pt yo, t—T) = ¢l (PED) BTy - T) = fr_r (T yo)- (e ).
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In particular, the bound of (4.15) applies, and so we have
19" (fe(yo) - yo, =T) — € - yoll = |l fr—r (€™ - o) - (7 - yo) — ™7 - |
(4.23) <Cd (id, feer (P - yo)) 17" yo
< C (7 - yo =l +1le™T - yo — all?) 7 - yol
for some positive constant C'. Combining (4.22) (4.23) gives us

1™ foo (y0) - w0, =T) = [ < (6™ (foo(90) - y0, =T) = " (fs(w0) - yo, =T
+ 6™ fi(yo) - yo, =T) — €T ol + || - yo — x|
< T - yo — || + [T - yo — =]
+C (1177 - yo = all + =T - yo = a2 T - o]
Since the right-hand side converges to zero as T — oo then limy_, o ¢(foo (Y0) - Y0, —1') = x and so

foo(yO) “Yo € WT;Od,x' O

Let ¢y : S — W

mod,x
that ¢, is continuous.

be the map ¥, (yo) = foo(yo) - yo. The final result of this section shows

Lemma 4.16. There exists a neighbourhood U of x in Sy such that fi(yo)-yo converges uniformly
to foo(Y0) - yo for all yo € U. Therefore foo(yo) - yo depends continuously on yq.

Proof. To simplify the notation, given yg € Sy set f; = fi(yo) for each t € R>p. The inequality
(4.20) shows that in a neighbourhood U of = in S we have for all t; > to > T

d(fry, frz) < Cre™ T |lyo — | + Coe®|yo — z||* + CsT e T ||yo — 2|
and so there exists a constant K such that

(4.24) I1fer =50 — feo - woll < KeMT (Chllyo — 2| + Callyo — l|* + C3T ||yo — | |lyol|

Therefore if yg is in a fixed neighbourhood of z then || f;, - yo — fi, - ol < K{eMT + KjTeMT and
so the sequence f; - yg is uniformly Cauchy with respect to the variable yg, and therefore uniformly
convergent. Since the finite-time terms f; - yo depend continuously on yg, then this implies that

Y2 (Y0) = foo - Yo also depends continuously on yg. d

4.1.4. The inverse of the scattering method. In this section we carry out the inverse of the procedure

described in the previous section. Given yo € W let y+ = g¢ - yo denote the solution to the time

od,x
t modified flow (4.5) and define f; = g; - €!. The goal is to show that f; converges to the inverse
of the map defined in the previous section. The key to the proof is that f; € Pg for all ¢, and so
the distance decreasing formula of Lemma 4.1 applies (this is the reason for using the modified flow
instead of the original gradient flow).

First we derive a uniform bound on the metric h; in analogy with Lemma 4.11. The proof differs
slightly from Lemma 4.11, since the point g is not necessarily in the negative slice and so we need

to derive some extra estimates after finding the bound (4.27).
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X
Yo
e—iBt| \9Jt
; gt - Yo
—ift |
© T
WT;Od,QE

Lemma 4.17. There exists € > 0 and a constant K such that for any initial condition yo € W .

ift

and any t > 0 satisfying |le=""" - yo — z|| + |lg+ - yo — z|| < € we have

o(h) < K (e - yo — ] +llgi -0 — =] .

Proof. The same calcuation as (4.12) and (4.13) shows that

(4.25) Ve g = o 0) — o)+ 10 w) + S8 S
and

dht o . —ift . .
(4.26) = = —2ihy(pn (e - yo) — ) + iBhy + il .

Taking the trace in the same way as the proof of Lemma 4.11 gives us the estimates
d . —ipt —ipt
ZTr(he) < 20 Tr ((u(e ™ - yo) = a = B)he) < CTe(he) e - yo — a]

and

d - . - i - i
ﬁTr(ht 1) < =27 Tr (ht 1(,u,(e At Yo) — . — 6)) < CTr(h, 1)He Bt yo — x|

and so

d —i —i
530 (he) < Co(hy)lle Pt yo — x| + 2C rank(Q, v)[le™" - yo — |

Therefore Gronwall’s inequality implies that

t ) t )
(4.27) o(hy) < 2Crank(Q,v) </ e=% - yo — 2| ds) exp </ Clle™™* . yo — || ds>
0 0

and so the problem of finding a bound for o(h;) reduces to the problem of finding a bound for
~yo — |-
To find this bound we decompose yy — x into eigenspaces (yo — =)+, (Yo — ) and (yo — x)—

fg |le™%55 . yo — z|| ds in terms of ||g; - yo — || and ||e~*P*

according to whether the action of e~ is has eigenvalues greater than one, equal to one, or less
than one. Since ||(e7%% - yg — 2)| is exponentially increasing with s then there exists a constant
(1 such that

/H o —2)4 | ds < Cul (e - yo — 2)4 ]| < Culle™ - yo — .
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Since ||(e7%% - yo — x)o|| is constant then
t ‘ )
/ 1™ - yo — 2)oll ds = t]|(yo — @)oll < Cte™="|lge - yo — z||.
0

where we use the bound ||yo — | < Cfe~%\g; - yo — z|| from Proposition 4.8 (note that here ¢ > 0
and so the exponent is —C%t). The term (e~ -yo —2)_|| is exponentially decreasing with s, and

so there is a constant Cy such that
t
/ (€% - yo — ) || ds < Chl|(yo — x)—|| < CCoe™ "l gs - yo — .
0

Substituting these into (4.27) and noting that the exponential terms are bounded if e - yo —
x| + ||g¢ - yo — x|| < € for small enough & shows that

(4:28) o(he) < K ([l yo = ]| + lge - 3o — o))
for some positive constant K. ]

Now we prove a uniform bound on f;.

Lemma 4.18. With the same conditions as Lemma 4.17 we have
(4.29) d(id, fy) < Chlle™" - yo — ]| 2 + Colle™" - yo — a.

Proof. After conjugating (4.25) by f;, we obtain the same bound as in the proof of Lemma 4.12

F Y i e o) — a0 fi 4 Fr(an - wo) S+ B

dt
= —i(pn, (e yo) — @) + fiv(ge - yo) £t +iB
— =i (e (™ o) = (e ) ) =i (e o) — a - B)
+ (ft'y(gt cyo)fy = (e yo)) +y(e™H o)

and therefore the Lipschitz bounds (4.3), (4.10) and the moment map bound (2.25) lead to the
inequality
h

Therefore Lemma 4.17 implies

t

14fe

gl = K1\/o(he) + Kolle ™" - yo — 2

_.d . 1 .
I 1dJ;H dt < C1lle™" - yo — z||2 + Cafle™ " - yo — .
O

Now we use the uniform bound on the metric together with the distance-decreasing formula to

show that the sequence is Cauchy. Fix yo € W and for all ¢ < 0 let y; = g+(yo) - yo be the

od,x

solution to (4.5) and define fi(yo) = P - g;(yo). This is summarised in the diagram below.

Lemma 4.19. There exists € > 0 such that the limit fso(y) := limy—,_oo f(y) exists in Py for any
ye W, .. suchthat ||y —z| <&

od,r
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X \
Yt, = ¢, (o) - Yo

) Yt, = Gt (Z/o) “Yo
eiB(ti—t2) . Yt 2 2

N

mod,x

Yo

fe(yo) - yo = €1 - gy, fra (o) - yo = €72 -y,

Proof. First we show that for any € > 0 there exists ¢ > 0 such that ||yo — z|| < & implies that
| fe(yo) - yo — z|| + ||yo — z|| < €, and therefore we can apply the estimate of Lemma 4.18.

First suppose that ||yo — z|| = e. If || fi(y0) - yo — z|| < 3¢ for all such yo then we are done. If
not, then there exists ¢ > 0 such that ||’ - f(yo) - yo — z|| = e, Let g_y - yo denote the time
t' upwards flow with initial condition yo. Note that [[g_y - yo — || < ie. Then e - fi(yo) - yo =
fe—r(g—¢ - y0) - g—v - yo by definition. Since ||g_¢ - yo — || + || fi—t' (9—¢ - Y0) - g—¢' - Yo — || < € then
the bound of Lemma 4.18 applies.

Therefore f;_y(g—y¢ - yo) is in a bounded neighbourhood of the identity in Gy. We also know
that 2 € Gy - yo \ (Gv - yo) and that || fi—y (9 - Yo) - 9—v - Yo — x| = 3¢ and so there exists § > 0
such that ||g_¢ - yo — x|| > 0. Since f;_¢(g_¢ - yo) is uniformly bounded by Lemma 4.18 then 0 is
uniform with respect to the choice of yo € W, . such that |y — z|| < %s. Therefore there exists
T such that ¢ < T for any such yj.

Therefore given any ¢ > 0 such that ||g_7-yo—x| < &' forallyg € W,

od,x

such that |lyo—z| < ie,

od,x

for any y € W such that ||y — z|| < & we have ||fi(y) -y — x| + ||y — z|| < € and now we can

mod,x

use the estimate of Lemma 4.18 for any initial condition y satisfying |y — z|| < £’
Choose yo € W, such that [lyo — z[| < &". Given t1 <ty <0, let 5 = eBlti=t) . g, ~g[21
and 8y, = fi, (y0) fro (o) ™' = €P26pe7F*2. Lemma 4.18 shows that there exists T < 0 such that
t1,to < T implies that d(id, dp) < €. Since t2 < 0 then the distance-decreasing formula of Lemma

4.1 then shows that
d(ftl (y0)7 ft2 (yO)) = d<id7 5152) = d<id7 eiﬁtz&)e—iﬂtz) < d(id7 50) <e&.

Therefore the sequence f;(yo) is Cauchy and so it has a unique limit in Pg. O

For each zg € W . define ¢,(y0) = foo(y0) - yo- The same proof as Lemma 4.16 shows that

the sequence f;(yp) is uniformly Cauchy for yp in a bounded neighbourhood of = in W_

mod.x and so
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@z is continuous. The next result shows that ¢, is a left inverse of the map ¢, : S, — W .

defined in the previous section.
Lemma 4.20. ¢, 0¥, (yo) = yo for all yo € S .

Proof. Let zg = 1, (yo). Then 2o = foo (y0)-yo and for all € > 0 there exists T such that d(id, fuo (e
yo)) < e forall t > T. Since foo(€?'-yg) € Pg then d(id, e foo (€%t -yp)-et) < d(id, foo (€ -10))
by the distance-decreasing property of Lemma 4.1. Therefore for all t > T we have

e - foo (et - o) - €t - yo — o < Ce

for a constant C' which is uniformly bounded when gy is in a fixed neighbourhood of . This is true
for all € > 0 and so

(4.30) lim e~ . foo(ezﬂt “Yo) - e - yo = yo.

t—o00

Since v, (yo) is the time ¢ downwards flow of fuo (e - yg) - €P - yg then
02 (tx(y0)) = lm e 1™ (4 (yo), —t) = lim e~ fog (€™ - o) - €' - yo = wo.
t—o00 t—o00
and so ¢, is a left inverse to 1. O

The standard graph transform approach to constructing unstable manifolds (see for example [12])

determines a local homeomorphism S, — W . in a neighbourhood of . The next result shows

od,x
that in fact there is a local homeomorphism determined by the action of Gy via the map .. The
point of using 1, is that (a) the standard methods do not work on a singular space, however the
method used here does work since 1, remains a homeomorphism after restricting to any singular
subset Z C Rep(Q, v) preserved by Gy, and (b) this allows us to classify the isomorphism classes in
the unstable set in terms of those in the negative slice, which is used in the next section to interpret

critical points connected by a flow line in terms of the Hecke correspondence.

Proposition 4.21. There is a neighbourhood U of x in S, and a neighbourhood V' of x in W
such that vy defines a homeomorphism of pairs (U,U \ {0}) = (V,V \ {z}).

od,x

Proof. Choose a ball U centred at 0 in S, of radius small enough such that the conditions of
Lemma 4.16 are satisfied and so the map v, is defined and continuous, and define V' := ¢, (U).
Then v, : U — V has a continuous left inverse by Lemma 4.20, and so it is a homeomorphism onto
its image V. Therefore it only remains to show that V' is a neighbourhood of x in W od.a

First note that since fo(yo) is uniformly bounded by Lemma 4.12 and = € Gy - 4o \ (G - yo)
then there exists r > 0 such that if yo € OU then ¢, (yo) ¢ By, where B, is the ball of radius r in
Wonod,a-

Since 1. (e - yo) = ¢™% (2, (yo), —t) then we can define a continuous map OU — 9B, by using
the modified flow to flow the image ¢, (0U) up to dB,. This is is injective since 1, is injective and
e (Pt y0) = ¢™°% (P, (10), —t). Therefore we have a continuous injective map between two spheres
of the same dimension, which must also be surjective, since if there exists a point which is not in

the image then we have a continuous map from a sphere into a ball of the same dimension from
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which the Borsuk-Ulam theorem contradicts injectivity. Therefore the image V' = 1, (U) contains
the ball of radius » in W

od.z» and so it is a neighbourhood of zero. O

4.1.5. The negative slice is homeomorphic to the unstable manifold. Fix a critical set C, and for

each z € C define ¢, : S — W ;. by ¥2(y0) := foo(yo) - yo. Since ¢, is surjective and ¢, is
a left-inverse then ¢, : Wmod,x — S, . Recall the definition of the negative slice bundle S, and
the unstable bundle W from Definition 3.28. The goal of this section is to show that v, can be
extended to a homeomorphism ¢ : S, — W,. We first prove this result on the smooth space
Rep(Q,v) where S, and W are bundles over C' with smooth fibres, and then note that since
this homeomorphism ) is defined using the action of Gy, then it remains a homeomorphism on
restriction to any closed Gy-invariant subset of Rep(Q, v).

Lemma 4.16 shows that ) and ¢ are continuous on each fibre of S;. The next result shows that

¢ and ¢ are continuous on S and hence define a homeomorphism.

Theorem 4.22. There is a Ky-equivariant homeomorphism of a neighbourhood of C' in S;, with
a neighbourhood of C' in W, .

Proof. Proposition 4.10 shows that it is sufficient to show that ¢ : So — W_

mod,C 18 @ homeo-

morphism in a neighbourhood of C'. The results of the previous section show that ¢ is injective,
surjective and the restriction to each fibre of S is continuous. Therefore it only remains to show
that ¢ is continuous on all of S, and that ¢ is continuous on all of W, .

Given e > 0 and yg € S, use Corollary 4.14 to choose T such that || fr(vo)-yo—1(yo)|| < €. Since
the action of ¢T
then there exists § such that for all y € S, such that ||[y—yo| < d we have || fr(y)-y— fr(yo)-yoll < €.

is continuous and the time 7" flow depends continuously on the initial condition,

Since the constants in Corollary 4.14 are uniform over the critical set, then (after shrinking ¢ if
necessary) we can arrange it so that || fr(y) -y — ¥(y)|| < 2¢ for all y such that ||y — yo| < .

In conclusion, given € > 0 we have constructed § > 0 such that ||y — yo|| < ¢ implies that

(y) — P (yo)ll < ll(y) — fry) -yl + I1fr(y) -y — fr(yo) - yoll + Il fr(vo) - yo — P (vo)l|
< 2e+¢e+e=4e.

Therefore v is continuous. Since the constants in Lemma 4.18 are uniform over the critical set then
the same proof shows that ¢ is also continuous.

This shows that S; is homeomorphic to the unstable set W, ', - for the modified flow (4.5).
Together with the result of Proposition 4.10 this shows that S, is homeomorphic to the unstable
set for the gradient flow (2.18). The K,-equivariance of this homeomorphism follows from the
K -equivariance of the modified flow (4.5), the linearised flow e’?* = ¢#®)! and the negative slice
k-S; =S5, forall k€ K,. O

Corollary 4.23. The isomorphism classes in S, are in bijective correspondence with the isomor-

phism classes in W .
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Proof. Since the map v, is defined using the action of Gy, then the previous lemma together with
Proposition 4.10 shows that the statement is true in a neighbourhood of x. Since et .y — x for
all y € S, then any representation in S is isomorphic to one in this neighbourhood. Similarly,
lim; o ¢(y,t) = x for all z € W and so the same is true for W_. Therefore the isomorphism

classes of S, are in bijective correspondence with those of W . O

Since ¥(y) € Gy -y for all y € S7, then % is still a homeomorphism on restriction to any subset
of Rep(Q, v) which is a union of Gy-orbits. An important special case is the subset v~!(0), where
v:Rep(Q,v) = Rel(Q, v,R) is the function from (3.3) determined by a set of relations in the path
algebra of Q.

Corollary 4.24. Let Z C Rep(Q,Vv) be a closed Gy-invariant subset. Then the restriction v :
SeNZ — WgaNZis a Ky-equivariant homeomorphism of a neighbourhood U of C in Sy N Z with
a neighbourhood V' of C' in W5 N Z. This determines a Ky-equivariant homeomorphism of pairs
Uly U.UN\C) = (V,V\O).

Remark 4.25. The condition that Z C Rep(Q, v) is closed and Gy-invariant is sufficient to apply
this result to the subset of representations satisfying a given set of relations. More generally, we
only need that the subset Z is preserved by (a) the gradient flow of || — || and (b) the action
of P, where 8 = u(z) — o for some critical point z. Therefore the above result also applies after
reducing the structure group of Gy to a subgroup (for example when studying real structures in

analogy with the work of Hitchin on real Higgs bundles in [13]).

4.2. Gradient flow lines and the Hecke correspondence. The goal of this section is to clas-
sify the gradient flow lines connecting critical points in the space of representations of a quiver.
Throughout this section, « is the stability parameter from Definition 3.6 with respect to a fixed
dimension vector v. Since the gradient flow is generated by the action of Gy, then these results
remain valid on restricting to any closed Gy-invariant subset of Rep(Q, v).

Let x, and zy be two critical points connected by a flow line. Therefore there exists y € W,
such that lim;—,_o ¢(y,t) = z, and limy_,o ¢(y,t) = z4. Theorem 4.22 shows that there exists a
corresponding z, + 0z € S and g € Gy such that y = g- (2, + dz) and that every x, + dz € S
corresponds to some y € W, in this way. Since Gy-equivalent initial conditions have Ky-equivalent
limits for the downwards flow (cf. [9]), then we can determine the possible limits xp = lim;_0 ¢(y, t)
up to Ky-equivalence by classifying the possible graded objects of the Harder-Narasimhan-Jordan-
Holder filtration of the representations x,, + dx for dz € S, (cf. Lemma 4.33). This leads to the
main result of Theorem 4.35, which interprets the Hecke correspondence in terms of pairs of critical
points connected by a flow line.

In summary, the analytic question of classifying critical points connected by flow lines has been

reduced to an algebraic question, which we will address in this section using homological algebra.

4.2.1. Homological algebra for quivers with relations. In this section we recall some results from

homological algebra and use these to prove some preliminary results which will be used to study
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gradient flow lines in Section 4.2.2. Fix a finite set of relations on the quiver and consider the
subset v~ 1(0) C Rep(Q,v) defined in (3.3). Let z be a critical point in »~(0). Recall from
Proposition 3.13 that x is the direct sum of subrepresentations x; @ xs with respective dimension
vectors vi and vo9 = v — vy. Let v; be the dimension vector which is non-zero at the vertex
oo from Definition 3.6. Proposition 3.13 shows that z; is stable with p(z1) = ka(Q,v1) - id,
where a(@,v1) < 0, and that xo is semistable with p(z2) = 0. Now Lemma 3.29 shows that
S- = Hom!(Q, v2,v1) Nker(p$)* Nker dv,. Therefore S is isomorphic to the middle cohomology

of the complex
C
(4.31) Hom®(Q, v, v1) Le, Hom!(Q, v2,v1) e, Rel(Q, v, R)

Denote the cohomology groups of this complex by H°(Q,va,vi) = ker p& and H'(Q,va,vi) =

ker dv, /im p

= ker(p$)*Nker dv,. Given two representations z; € Rep(Q,vs) and zq € Rep(Q, vy),
the extensions 0 — z, — =z — x4, — 0 are parametrised up to isomorphism by ker(pg)* C
Homl(Q,vq,vs) and each extension class has a canonical representative in ker(p$)* by Lemma
3.26, analogous to the harmonic representative of an extension class of holomorphic bundles. In the
presence of a set of relations R, we impose the extra condition that the homomorphisms =5 < =

and x — x4 are compatible with the relations. This is summarised in the following lemma.

Lemma 4.26. Each extension class has a canonical representative in the affine space
S =z +Hom!(Q, va, v1) Nker(pS)* Nker dv, = HY(Q, va, v1).

Consider a representation z € v~1(0) C Rep(Q,v) given by an extension 0 — x5 — 2 — x4, — 0
and let v = v, + v, be the corresponding decomposition of the dimension vector v. Now let
' € v~10) C Rep(Q,Vv') be another representation. Then there is a long exact sequence of

cohomology groups
(432) %O(Qa Vla VS) — j_(0(627 V/a V) — %O(Qa Vla Vq) — Hl(Q? Vlv Vs) — %1(Q7 V,’ V) —

In an analogous way to extensions of holomorphic bundles, the extension class e € H!(Q, Vg, Vs)
is the image of the identity homomorphism in H°(Q, Vg, Vq) by the connecting homomorphism in
the long exact sequence (4.32) with 2/ = x,. Similarly, e is also the image of id € H%(Q, vs, vs) by

the connecting homomorphism in the long exact sequence
%O(Q7vq7vs) — }CO<Q7V7VS) — %O(qu&vs) — :}Cl(viqva) — }Cl(Q7V7VS) —

The following lemma is a quiver analog of [26, Lem. 3.1] for holomorphic bundles.

Lemma 4.27. Let x € v~1(0) C Rep(Q, V) be an extension of representations 0 — xs — x — Tq —
0 with extenston class e € 5{1(Q,Vq,vs), and let v = v + vy be the corresponding decomposition
of the dimension vector of the representation x. Given a positive dimension vector d, let x; be
a subrepresentation of xq with dimension vector v,/ = v4 — d and associated inclusion map i €
HU(Q, vy, vq). Then g, lifts to a subrepresentation of x if and only if the extension class e is in
the kernel of the pullback map i* : HY(Q, vy, vs) = HYQ, v, Vs).
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In the same way, if x4 is a subrepresentation of ', with dimension vector vy’ = vs+d then 2, is

a quotient representation of x if and only if the extension class e is in the kernel of HY(Q, vy, vs) —
le(Q, Vg, Vs/)'

Proof. We have the following commutative diagram of long exact sequences associated to iU:] < Zq.

:H:O(Q7anvq) —_— %I(Q,Vq,vs) _ ...

| |

T }CO(Q,V;,VS) - :H:O(Q,VZI,V) - :H:O(Q7V:]7Vq) — %1(Q>V;7V8) —

The extension class e € H'(Q, vy, vs) and the inclusion i € S{O(Q,V’q,vq) are the images of
id € HO(Q, vy, vq) in HY(Q, Vg, vs) and HO(Q, vy, Vq) respectively. The long exact sequence above
shows that i lifts to a homomorphism 7 € U{O(Q,V;, v) iff it maps to zero in H! (Q, vy, Vvs), which
occurs iff the extension class e maps to zero in H1(Q, vfl, V).

The second statement follows from an analogous argument with the long exact sequences asso-

ciated to x5 — 2.

J_CO(Q7V87VS) - le(Q,Vq,VS) —

| |

T~ :H:O(viqvvfs) - %O(Q7V7V{9) - :}CO(Q,VS,VQ) - g{l(Q?anvfs) -

Now we can define Hecke modifications of quivers with relations. First consider the case of a
one-dimensional Hecke modification at a single vertex of Q. In analogy with [36] we call these
miniscule Hecke modifications. For each vertex k € J, we use ex to denote the dimension vector

equal to 1 at vertex k and zero at all other vertices.

Definition 4.28. Let k € J be a vertex of the quiver @). A pair of representations (z1,z2) €
u;ll_ek(O) x vy 1(0) is related by a Hecke modification if 21 is a subrepresentation of x5 (cf. [22, Sec.

10], [23, Sec. 5]). Therefore we have the subset

Bi(Q,v1,R) =
{(z1,22) € I/‘fll_ek(O)o‘_St x vg1(0)*™ | 71 and x5 are related by a Hecke modification}.
The Hecke correspondence Br(Q,v1,R) (see [22], [23]) is the subvariety of M(Q,vi — ek, R) X
M(Q, v1,R) induced from the quotient maps vy - o (0)* % — M(Q, v1 — ey, R) and vg t(0)2 75 —

1—€k
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M(Qavlaﬁ)
Bi(Q,v1,R)
v11 ek a / Qalvly\ a st
(Q7V]_ ek7 Qavlv )

Equivalently, a miniscule Hecke modification corresponds to a choice of surjective homomorphism
Vi — C at a single vertex k € J such that the following diagram commutes. The subrepresentation

x2 is the induced representation in Rep(Q, vi — ek).

0 — Vect(Q, v1 — ex) — Vect(Q,v;) —C =0

|
| T2 lzl iid
y
0 —— Vect(Q,v1 — ex) — Vect(Q, v1) X .C—=0

More generally, one can define multiple Hecke modifications associated to a dimension vector d =
(nk)kes > 0 as follows (see also [22], [23]). Given z1 € 15 '(0)* ! and a subrepresentation z, €
—1

Vo, d(O)a_St, at each vertex k € J, choose a homomorphism Vj &y €™ such that the following

diagram commutes.

0 —— Vect(Q,v1 —d) — Vect(Q, v1) Soe, PregC* ——0

\
| 2 lrl iid
4
0 — Vect(Q,v1 —d) — Vect(Q, v1) LN PreyC* ——0

Given a stable representation x; (here we are using the stability parameter from Definition 3.6
such that slope,(Q,v1) = 0) and a Hecke modification @5 vy : Vect(Q, v) — @, s C™ as above,
the stability of x5 follows automatically, since if x5 is unstable then there exists a subrepresentation
a2’ of x9 with dimension vector v/ such that slope, (Q,v’) > 0, and so 2’ is also a subrepresentation
of z1 with slope, (@, v') > slope, (Q, v1) = 0, which contradicts the fact that z is stable.

This is summarised in the following lemma.

Lemma 4.29. Let d > 0 be a dimension vector and let z1 € vy '(0) and z9 € v o L 4(0) be two

representations related by a Hecke modification. Then x1 stable implies xo stable.

Conversely, if xo is stable, then 1 is not necessarily stable (for example, it could be the direct

sum of zo with the trivial representation).

Lemma 4.30. Let d > 0 be a dimension vector and let 1 € vy (0)* %" and # € V;llfd(O)a*St
be two stable representations related by a Hecke modification such that slope,(z}) < slope,(z1) <
0. Let zo € V;zl(())a_ss be a semistable representation with positive slope. Then the kernel of
HYQ,va,v1 —d) = HYQ, va,v1) is isomorphic to H°(Q,va,d). In particular, this has non-zero

dimension if and only if H°(Q,v2,d) has non-zero dimension.
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Proof. Since x1 and x| are related by a Hecke modification, then there is an exact sequence
0—2) =2 —a1/2] >0
This induces a long exact sequence in cohomology
HQ, va, vi — d) = H(Q, va,v1) = H(Q,v2,d) = H(Q,va,vi —d) = H(Q,va,v1) = -

Since 1 and xy are semistable and slope,(Q,v1) < 0 = slope,(Q, v2) then H’(Q,vs,v1) = 0.
Therefore the kernel of H'(Q,va,vi —d) — HY(Q, va, v1) is isomorphic to H(Q, va,d). O

Now we give a simple condition for H°(Q,va,d) to have non-zero dimension which applies in
the case of Theorem 4.35. Let d = ey for some vertex k € J and let 2} € Rep(Q,v1 — ek) be a
subrepresentation of 1 € Rep(Q, v1). If the quiver @ has no loops at the vertex k (i.e. there are no
edges e € € such that h(e) = t(e) = k), then let x5 € Rep(Q, va) be the zero representation. Then
the map pC from (4.31) is zero, and so H°(Q, va, ex) = CV2)k where (vo); denotes the dimension
of vo at the vertex k € J.

If the quiver has loops e1,...,e; at the vertex k, then z1/x) € Rep(Q,ex) = C’. Write
(A1,...,Ay) := x1 /2 with each A; € C. Then define 25 € Rep(Q, v2) as a representation which
is equal to A; - id on the edge e;, and zero elsewhere. Note that any relation in the path algebra
satisfied by z1/2] is also satisfied by x5 and vice-versa. Then once again, the map p$ from (4.31)
is zero, and so H2(Q, va, ey) = CV2)k,

These results are summarised in the following lemma.

Lemma 4.31. Let 2 € Rep(Q, v1 — ek) be a subrepresentation of x1 € Rep(Q,v1). If Q has no

loops at k € 3, then let x5 € Rep(Q, va) be the zero representation. If Q has at least one loop at k,
then define x2 as above. Then H°(Q,v2,ey) = Cv2)k,

4.2.2. Spaces of gradient flow lines. In this section we relate the homological algebra of the previous
section to the problem of constructing gradient flow lines between critical points. The main theorem
is Theorem 4.35 which shows that critical points connected by flow lines determine the Hecke
correspondence.

Throughout this section we fix a dimension vector v and consider the subvariety v=1(0) C
Rep(Q, v) determined by a finite set of relations on the quiver. Consider a pair of critical points
Ty = 2} @ xY and xy = 2{ © 28 connected by a flow line {y; : t € R} € v71(0). Let v = v} + v} =
v% +v5 be the corresponding decomposition of the dimension vector. We always use the convention
that v and v! are non-zero on the vertex oo from Definition 3.6.

Theorem 4.22 shows that there exists ¢ such that y; € W, is isomorphic to a representation
z € S, . Lemma 4.26 shows that for the stability parameter of Definition 3.6, the representation
z € S5, = Hom"(Q, v¥,v{) Nker(pS )* Nker dv,, determines an extension 0 — z% — z — 2% — 0.
Let e € HY(Q, v¥,v¥) be the extension class of 0 — 2% — 2z — 2% — 0.

Since zy is the downward limit of the flow with initial condition z, then x, is isomorphic to
the graded object of the HNJH filtration of z (Theorem 2.20) and therefore we have an extension

0 — (z85) — z = (2}) — 0, where (24) is the maximal semistable subrepresentation of z and x4
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is isomorphic to the graded object of the Jordan-Hélder filtration of (x5)’. Note that by the choice
of stability parameter from Definition 3.6, the quotient (a;{)/ is stable and isomorphic to ar‘i.

Since x,, is critical then z¥ is stable and z¥ is semistable. Since f(z,) > f(x¢) then slope(Q, v) <
slope(Q, v{) < slope(Q, v4) < slope(Q, vY) and so H(Q,v5, v}) = 0. Therefore (z5) is a subrep-
resentation of x§.

If the image of 2} — z intersects with the image of (x5)’ — z then, since (25)" — z¥ is injective,
we have a non-zero map x} — x4 contradicting the fact that 0 — z} — 2z — 2§ — 0 is a short exact
sequence. Therefore the image of £ — z maps injectively to (1:‘{)’ and so z{ is a subrepresentation

of (z{)’. This is summarised in the diagram below.

¥ z
e

(1)

/

0
The result of Lemma 4.27 shows that the extension class e is in the kernel of the pullback map
HYQ, VY, v¥) — HY(Q, vY,vE). Therefore we have proved

Lemma 4.32. Ifz, = 2% @ 2% and vy = 2§ S b are connected by a flow line then x is isomorphic
to a Hecke modification of z{. Moreover, there exists an extension 0 — z} — z = z§ — 0 such
that the extension class e € HY(Q, v¥,vY) pulls back to zero in HY(Q, vy, vi).

Conversely, suppose that z{ and azl{ are stable and related by a Hecke modification, and that v{ =
vitex. If dime HO(Q, vy, ex) > 0 then Lemma 4.30 shows that ker (H'(Q, v¥,v}) — HY(Q, v¥, v{))
is non-trivial, and so we can choose an extension 0 — z{ — z — x§ — 0 such that the extension
class e pulls back to zero in U—fl(Q,vg,vg ). Lemma 4.31 shows that there always exists =¥ such
that dime H°(Q, v¥, ex) > 0 if v¥ has non-zero dimension at the vertex k € J, which is always true
since v§ = v¥ + ey implies v = v — ey > 0.

Since z is a nontrivial extension, then the Harder-Narasimhan type of z is strictly less than that
of z, = z{ ® z§. Moreover, since e pulls back to zero in J—Cl(Q,Vg,V{) then x‘i is a quotient of

¢ — 2z — 2{ — 0 and using the same

z by Lemma 4.27. Therefore there is an extension 0 — =z
argument as the proof of Lemma 4.32 we can show that a?g is a subrepresentation of z§. If xg is
unstable, then the maximal semistable subrepresentation of :L“g has slope greater than slope(:cg).
Since v§ = vi — ey, then this contradicts the fact that the Harder-Narasimhan type of z is strictly
less than that of x,,. Therefore 2§ is the maximal semistable subrepresentation of z. If 4 is not
polystable, then replace ;Ug by the graded object of the Jordan-Hélder filtration of 335. Therefore
xy = x| ® x4 is isomorphic to the graded object of the HNJH filtration of x. Therefore we have

proved
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Lemma 4.33. Let 2% be a minimiser of ||u — a? on 1/;11}(0), let % € 1/;11}+6k(0)5t be a Hecke

modification of z% and choose 2% such that dimec H°(Q, vy, ex) > 0 and x,, = 2% ® 2¥ is critical for
e — al|? on v51(0) where v = v +vY. Then there exists x4 such that x, = x| ® x4 is isomorphic

to a critical point connected by a flow line to x,.

Now we can use Lemmas 4.32 and 4.33 to show that the Hecke correspondence is determined by

pairs of critical points connected by a flow line.

Definition 4.34. Let Cy and C\, be two critical sets with f(Cy) < f(Cy). First define the space of
representations that flow up to C, and down to Cp

Fou:={y € v (0) | lim é(y,1) € Cr, lim_¢(y, 1) € Cu}.

The gradient flow ¢(y, -) defines a natural R-action on C;"g’u. The space of flow lines connecting Cp
and Cy, is Ty, := gjg’u/R. The space of pairs of critical points connected by a flow line is

Pow ={(ze,2) €Cox Cy | Iy € Fy. such that tlim o(y,t) = :L“g,tLiEn o(y,t) = zy}

The canonical projection maps taking a flow line to its upper and lower endpoints fit into the

following commutative diagram

(4.33)

Lemma 3.15 shows that in the special case of the stability parameter from Definition 3.6, each

critical set (modulo isomorphism) splits as a product
Cyr /Ky = Ma(Q, v, R) x Mo(Q, v — v, R)

and so there is a projection map C’V{ — MQ(Q,Vf,R). Given a vertex k € J such that V{ has
positive dimension at k, the critical sets Ce and Cyr_,, ~satisfy f (Cv{) < f (Cv{_ek). Since the

v
gradient flow is Ky-equivariant, then there is an induced subvariety Mv{ vie, C Mo (Q, vE, R) x
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M (@, v{ — e, R) such that the following diagram commutes

V{,V{ —€x
¢ / l \
C\L vl,vl—ek V —€ek
(Q7V17 7vli _ekvm)

Theorem 4.35. va o is the Hecke correspondence.

—ex
Proof. Lemma 4.32 shows that if 2, = 2% @ 2% and 2, = 2! ® 24 are connected by a flow line, then

the pair of isomorphism classes ([x¢], [zY]) is in the Hecke correspondence B (Q, v{,R). Conversely,

if ([(z4)], [(z])]) € Br(Q, V%, R) then Lemma 4.33 shows that there exist representatives x% and z{
for [(x%)’] and [(z{)'] respectively, and there exist 2% and 24 such that z,, = 2} ® 2% and z, = 2§ @b

are critical points connected by a flow line. O
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