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FRACTIONAL QUANTUM NUMBERS VIA COMPLEX ORBIFOLDS
VARGHESE MATHAI AND GRAEME WILKIN

ABSTRACT. This paper studies both the conductance and charge transport on 2D orbifolds in a
strong magnetic field. We consider a family of Landau Hamiltonians on a complex, compact 2D
orbifold Y that are parametrised by the Jacobian torus J(Y') of Y. We calculate the degree of the
associated stable holomorphic spectral orbibundles when the magnetic field B is large, and obtain
fractional quantum numbers as the conductance and a refined analysis also gives the charge transport.
A key tool studied here is a nontrivial generalisation of the Nahm transform to 2D orbifolds.

INTRODUCTION

The fundamental work of Avron, Seiler, Zograf [6] studies a class of quantum systems for which
the transport coefficients simultaneously display quantization and fluctuation. More precisely,
these models may be thought of roughly as describing the quantum dynamics of a particle on a
two dimensional multiply connected compact surface which has no boundary. They consider the
non-dissipative transport in a constant magnetic field and 22 Aharonov-Bohm flux tubes that thread
the A handles of the surface. The two related notions of transport coefficients that they consider
are conductance and charge transport. The mathematical tool used in their work is a local families
index theorem due to Quillen [32, 2]]. It splits the conductances into two parts. The first is explicit
and universal, that is, it is, up to an integral factor, the canonical symplectic form on the space of
Aharonov-Bohm fluxes and is quantized, therefore providing a connection to the Integer Quantum
Hall effect (IQHE) [35} 5, [7]. For a deeper analysis of the IQHE, see [19], where the generating
functional, the adiabatic curvature and the adiabatic phase for the IQHE is studied on a compact
Riemann surface. The second piece in the formula is a complete derivative, hence it does not
affect charge transport. It affects however the conductance as a fluctuation term. In contrast to
the first, it depends on spectral properties of the Hamiltonian, as it is related to the zeta function
regularization of its determinant. In [6]], they study transport coefficients associated to the ground
state for any compact Riemann surface with ~ handles and where the magnetic field B is a large
constant. In [30] the general case is considered, again on a compact Riemann surface. In more
recent work, Klevtsov, S. and Wiegmann, P [[17, 18] argue that in addition to the Hall conductance
and the nondissipative component of the viscous tensor, there exists a third independent transport
coefficient, which is precisely quantized and takes constant values along QHE plateaus. They show
that it is the Chern number of a vector bundle over the moduli space of surfaces of genus 2 or higher
and therefore cannot change continuously along the QHE plateaus.
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In this paper, we both use and generalise the results in [6, 30]. We study a family of Landau
Hamiltonians associated to a holomorphic orbiline bundle L/G on a complex orbifold X /G, where
X is a compact Riemann surface and G a finite group acting holomorphically and isometrically
on X and L is a holomorphic line bundle over X with an induced holomorphic action of GG. This
family is parametrised by the Jacobian variety of X/G which is J(X)®, which is the invariant
part of the Jacobian variety of X. We next generalise the Nahm transform to 2D orbifolds which
requires a hypothesis on the action of the finite group G; see Remark It turns out that the
spectral bundles (P)§ — J(X)¢ associated to holomorphic Landau levels of the Landau Hamil-
tonians are stable holomorphic vector bundles over J(X)€. In fact, the spectral bundle (]S)g; is the
holomorphic Nahm transform of K¢ ® L for all ¢ > 0 such that deg(K ? ® L) > deg(Kx).

It is argued that the degree of the spectral bundles is equal to each other for any ¢ within a specific
range. The conductance is associated to a Fermi level is argued using the quantum adiabatic
theorem to be equal to an integer multiple of the degree of (p)f, which is a fraction described
in general in this paper as being ﬁ c1(15q), where the degree of the spectral bundle lf’q had been
calculated previously by Prieto [30]. The charge transport in this context is also studied in the
paper. We mention that the papers where this setting appears experimentally is the recent work of
N. Schine et al in Nature 2016 [33]], and in Nature 2019 [34]], where they construct lowest Landau
level/QHE states on conic surfaces with rational angle.

We mention alternate approaches to (fractional) quantum numbers on hyperbolic space. For
smooth surfaces [12, [11} [10], orbifolds [23] 22, 21]] bulk-boundary correspondence [25]], orbifold
symmetric products [24]. These papers use operator algebras and noncommutative geometry meth-
ods, in contrast to the holomorphic geometry methods used in this paper.

Acknowledgements. VM thanks the Australian Research Council for support via the Australian
Laureate Fellowship FL170100020. GW was supported by grant number R-146-000-264-114 from
the Singapore Ministry of Education Academic Research Fund Tier 1. This research was also
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like to thank the University of Adelaide for their hospitality during the development of this paper.

1. BACKGROUND ON ORBIFOLDS

1.1. Orbifolds and orbifold bundles. An orbifold Riemann surface is a compact Riemann sur-
face Y of genus gy, with marked points {p1, ..., p,} and an isotropy m;, € Z~, associated to each
pi. For each marked point py there is an orbifold chart locally modelled on C/Z,,,, where Z,,,,
acts on C by multiplication by e2™/™. We use Y °"® to denote the smooth surface Y together with
the marked points and isotropy data {(p1,m1), ..., (pn, my)}. The orbifold Euler characteristic
of Yot is .
orb (v orb 1
XYy =2—-2g n+kz:;mk
McOwen [28]] proved that this construction has an interpretation in the context of Riemannian

geometry: given marked points and isotropies as above, if x"* < 0, then there exists a metric of
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constant curvature X = —1 such that the metric has cone singularities at the marked points with
cone angle i—’;

If the orbifold Euler characteristic is negative, then the Riemann existence theorem (see for
example [13]) guarantees the existence of a compact Riemann surface X and a holomorphic map
m : X — Y such that the marked points are branch points and that 7 has order m,, at each branch
point py. If this ramified covering is Galois, then the finite group G of deck transformations acts
holomorphically on X, and we can identify Y°"* = X /G where the orbifold charts at the marked
points are induced from the action of GG on the charts of X. The Riemann surface X also depends
on a choice of monodromy data around each marked point, and different choices will produce
different pairs (X, G) with the same quotient Y"* = X /G. The genus of X is fixed, and is related
to the orbifold Euler characteristic of Y by

X(X) = |G| - X (Y).

A complex orbifold vector bundle E — Y °™ has local trivialisations around each marked point
pr. With charts

(U x C")/Z,

where Z,,, acts on U via the orbifold chart described above, and it acts on C" via a choice of
monodromy representation 7 : Z,,, — GL(r,C). Since representations of finite groups can be
completely reduced (cf. [[14, Cor. 1.6]), then 7 is equivalent to a choice of integers (dy.1, . . ., di)
such that 1 < d ; < my foreachj =1,...,7.

1.2. Equivalence between orbifold bundles and equivariant bundles. The group G acts by
holomorphic diffeomorphisms on X, and so it acts by pullback on the Jacobian J(X). Furuta
and Steer [15, Thm. 1.3] show that orbifold bundles over X /G are in one-to-one correspondence
with line bundles over X preserved by the G-action. Continuing from this, Nasatyr and Steer [29]
develop a theory of fractional divisors and prove a correspondence between equivalence classes of
these divisors and orbifold line bundles with given monodromy representations around the marked
points. To an orbifold line bundle with monodromy e*"*¥m,, around each marked point pj, is
associated a divisor

where D,,,; is an integral divisor on the underlying smooth surface Y. Conversely, such a divisor
determines an orbifold line bundle L°"® — Y°™ up to equivalence. The degree of this line bundle
is defined to be the degree of the divisor

" d
deg D = deg D;,,; + Z k.
1 Tk

For each marked point py, let {q1, . . ., qs, } = 7 (px.) and define the orbifold line bundle L,, —
Y " to be the quotient of Ox[q; + - - - go, | by the action of G. Note that |G| = ¢;my, and therefore

deg L, = mik This leads to a correspondence between holomorphic line bundles L — Y and
3



orbifold line bundles L°™® — Y® with given monodromy (di,...,d,). The correspondence is
given explicitly by

(1.1) L — LOTb ® Lp—1d1 ® e ® L;ndn’

which determines an isomorphism of sheaves Oy (L) = Oyors (L) (cf. [29} Prop. 1.5]).

Therefore we have a correspondence between line bundles on Y of degree d and orbifold line
bundles on Y = X/G with degree d°* = d + Y ,_, i—’;, which we write as Picg(Y) —
Picgor (YOr0).

The group G acts on the Jacobian .J(X ) by pullback, and [13, Thm. 1.3] shows that Picgor (Y °"%) =
J(X)¢ . If we suppose that the ramified cover f : X — Y does not factorise through an efale
cover, then the pullback f* : J(Y) — J(X) is injective (cf. [8] Prop. 11.4.3]), and so the following
map defines an isomorphism of abelian varieties

PlCd(Y) — PiCdorb|G|(X)G
L— f"L® ® Oxldi(q1 + -+ qq))-
k=1

Fixing divisors of degree d on Y and degree d°"*|G/| on X gives an isomorphism J(Y) = J(X)¢.

1.3. Orbifold Riemann-Roch and isotypic components. The canonical bundle of Y°'* is
Kyorb = KY[pl _|_ e +pn] ® L;ll ® e ® L;nl

The degree of the canonical bundle is then

"1 1
deg Kyorb — 29 - 2 + n — Z - = _XOTb(YOTb) = 1

= deg KX.
=1 |k G|

Using the correspondence of [15, Thm. 1.3], let L — X denote the G-equivariant bundle
corresponding to L°"* — X /G, and let L — Y denote the smooth bundle over the Riemann surface
Y corresponding to X /G via the construction of (I.1)). The orbifold Riemann-Roch theorem is

dim@ HO(Lorb) . dlm(c Hl(Lorb) —1— g+ degorb(Lorb) _ Z _J
(1.2) peiLy
=1—g+deg(L).
In particular, the correspondence of sheaves from [29, Prop. 1.5] shows that
H(L)% =: H/(L°™) = HI(L).

When the degree of L satisfies deg L > —x(X), or equivalently deg(L°?) > x(Y?), then
hY(L°™) = 0, in which case the orbifold Riemann-Roch formula (T.2)) computes the dimension
of HO(L)Y = H°(L™). One can also take this a step further and use the Atiyah-Bott fixed point

formula [3], [4] to compute the dimensions of the isotypic components.
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1.4. Holomorphic Landau levels. In this section we show that the holomorphic Landau levels,
which correspond to eigensections of the Laplacian on an equivariant bundle, are isomorphic to
spaces of holomorphic sections of an associated bundle, in analogy with the non-equivariant case
studied by Prieto [30], [31].

From the non-equivariant case (cf. [30, Sec. 2]), on the surface X with scalar curvature R, there
is a Schrodinger operator

. h? R
(1.3) H=— (V*V + —)
2m 6

defined on the line bundle L — X. By varying the flat connection, we obtain a Hilbert bundle
of sections H — Pic’(X) with fibre L2(X,L). Prieto [31, Thm. 7] shows that if ¢ > 0 and
deg(L ® Ky%) > 2gx — 2, then the eigensections of H with eigenvalue E, given by [31, Thm.
7] are precisely the holomorphic sections of L® K. Therefore the eigenvalues in this range are
discrete and their multiplicity can be computed by Riemann-Roch. The key to this calculation is
the following identity for smooth sections s € Q°(L) in terms of the operators Az := 9*0 and
Ay := 0*0, and the curvature Fy of the connection V = d + d on L

Aps — Azs =1 * Fys.

Then V*Vs = 2A5s + @ % Fys, and so if the curvature is constant we see that ¢ x Fy is a lower
bound for the eigenvalues of V*V, and that if 7 x Fy > 0 then this eigenvalue is achieved if and
only if s is holomorphic. The eigenvalue can be computed using the Chern-Weil theory, which

shows that ¢ x F'y = 213‘2%5).

If degf) > 2g — 2, then the next eigenvalue can also be expressed in this way. Write V(=)
for the induced connection on L ® Kix', dV" for the (1,0) part of V(1 and Agl) for the
associated O-Laplacian. On the orthogonal complement of ker 0, we can write s = oV "¢ for
some s’ € L ® K'. The identity

Ajzo vy — vl o Ag_l) +iaV " % Foe

then shows that s = 9V s’ is an eigensection of V*V with eigenvalue 2i x Fo1) + i * Fy if and
only if s’ € Qo(f/ ® Kx') is holomorphic. The dimension of the space of eigensections can then
be computed using Riemann-Roch. Repeating this process shows that if deg(i ® Ky?) > 0 for
some q € Z-q, then the low-lying eigenvalues of V*V are given by

2T

¢
((2e+ 1) deg L — £(f + 1)(2g — 2)) —ixFo+2 ixFyu
k=1
for any 0 < ¢ < ¢, and the multiplicity of each eigenvalue can be computed using Riemann-Roch.
On restricting to the G-equivariant setting, the Schrodinger operator (1.3)) on a G-invariant bun-
dle L — X descends to the orbifold Y°° = X /G, and the G-invariant eigensections become
G-invariant sections of the orbifold bundle L°™® — Y°™. The G-invariant holomorphic sections of

L® K * correspond to the G-invariant eigensections of the Schrédinger operator with the same
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eigenvalue £, given by (I.4), and the multiplicity can be computed using the orbifold Riemann-
Roch theorem (1.2). Let L, — Y be the smooth bundle associated to Lo @ K¢ by the corre-

Yorb
spondence of (T.T). Note that if L — Y is the smooth bundle associated to L°™, then
n d n
orb —q _ Sk _ _ i
deg(L™” ® K,,) = deg L + Z - q(2g —2) —gqn + Z —
k=1 k=1
and so
~ | dip+q
deg L, =deg L — q(2g — 2) —
og Ly = deg L — g(29 — 2) qn+;{ - J

where the floor function |x| denotes the largest integer less than or equal to z. The orbifold
Riemann-Roch theorem then shows that if deg(i ® K )_((qﬂ)) > 0, then the multiplicity M, of the
eigenvalue F, is

M, =1—g+deglL,.

We then have the following orbifold version of [30, Thm. 5]. The same proof as [30, Lem. 1]
then shows that we can apply the adiabatic theorem in this setting.

Lemma 1.1. Let L7* — Y°"* = X/G be an orbifold line bundle. If deg®* (L") > —x°"*(Yr?) =
ﬁ(Qg x — 2), then the orbifold eigensections of the Schridinger operator (1.3) with eigenvalue E,

given by (I4) correspond to orbifold holomorphic sections of L™ @ K;grb.

Corollary 1.2. In the orbifold setting, the conditions (Al)—(A3) from [30, Sec. 3] are satisfied. In
particular, the low-lying eigenvalues are separated by a spectral gap and the projection operator
to the eigenspaces is of finite rank.

2. FOURIER-MUKAI TRANSFORM OF AN ORBIFOLD LINE BUNDLE

Using the notation and setup of the previous section, let G be a finite group acting on X by
holomorphic diffeomorphisms, and let 7 : X — X /G denote the quotient map. In addition, we
assume that if G’ C G is a normal subgroup such that () := G//G’ is cyclic, then ) does not act
freely on X/G’. The group G then acts on the Jacobian J(X') by pullback. We also fix monodromy
data around the points with nontrivial isotropy group to fix the correspondence (I.1].

Let Y be the smooth Riemann surface underlying the quotient X/G. The above assumption
on the action of a cyclic quotient group () implies that the ramified cover f : X — Y does not
factorise through an étale cover (cf. [8, Prop. 11.4.3]), therefore the pullback f* : J(Y) — J(X)¢
is an isomorphism of abelian varieties.

The Poincare bundle Px — X x J(X) is uniquely characterised by the property that the restric-
tion to X x {L} is the bundle L — X. The pullback i*Px by the inclusion i : J(X)¢ < J(X)
6



satisfies the same property for G-invariant bundles. Therefore :*P x is the pullback of the orbifold
Poincaré bundle Py, — X/G x J(X )¢ by the projection w x id : X x J(X)¢ = X/G x J(X)“.
Using the identification J(Y) = J(X)%, we see that i*Px = (f xid)*Py. Therefore Py /¢ is the
pullback of Py by the cartesian product of the smoothing map X/G — Y with the isomorphism
J(X)% = J(Y). In particular, this defines an isomorphism of Poincaré bundles Py, = Py .

*Px

PxjG =mmmmmmmmm > Py

|
l TwaxJ( \de

X/G x J(X)C Y x J(Y)

Now we compare the different Fourier-Mukai transforms associated to these Poincaré bundles.
First consider a G-invariant line bundle L — X, with deg L > x(X).

X x J(X)©

e

Definition 2.1. The G-equivariant Fourier-Mukai transform of L is

LY = (o). (P} L ® i"Px).

X J(X)¢

This is a bundle over J(X)“, where the fibre over L' € J(X) is the space of G-invariant
sections H(L ® L').

Using the correspondence (I.1]) from the previous section, the G-invariant bundle L — X cor-
responds to an orbifold line bundle L — X /G, which is isomorphic as a sheaf to a holomorphic
bundle . — Y, satisfying deg L > —x(Y’). The ordinary Fourier-Mukai transform of L is the
spectral bundle L — J(Y) = J(X)%, where the fibre over L” € J(Y) is the space of sec-
tions H°(L ® L"). Let L' € J(X)® be the bundle corresponding to L” under the isomorphism
J(Y) = J(X)“. Then the correspondence (I.I)) shows that sections of L ® L” correspond to
orbifold sections of L @ L', which are G-invariant sections of L @ * L. Therefore the two spectral
bundles L — J(Y) and L¢ — J(X)¢ have isomorphic fibres.

Now we extend this to an isomorphism of bundles. Given an open set U C J(Y) = J(X)Y, the
sections of O; (U) are by definition the sections of p; L ® Py over p, ' (U). These are orbifold sec-
tions of p; Lo @ Py /G OF equivalently G-invariant sections of pi L ®i*Px over p;*(U). Therefore
the spectral bundles L := (py).(L ® Py) — J(Y) and L := (py), (L7 ® Px/c) = J(X)C are
isomorphic, since their sheaves of sections are isomorphic.

In particular, their degrees and ranks are the same. The calculation from [30, Prop. 4] then
shows that

er(L) = —[0y] € H(J(Y), Z),
7



and Lemma 12.3.1 of [§]] shows that [©y] = ﬁz* [©x]. Therefore we have proved

Proposition 2.2. Let X be a compact Riemann surface and G a finite group acting on X by
holomorphic diffeomorphisms, such that if G' C G is a normal subgroup such that () := G/G" is
cyclic, then Q) does not act freely on X/G'. Let L°™® — X /G be an orbifold line bundle of degree
greater than —x°"*(X/G). Then the rank of the spectral bundle L — J(X)© is given by (T.2)

. " d.
rank(L%) =1 — g + deg”?(L°"®) — Z L =1—g+deglL

m.

j=1

and the first Chern class is

e (£9) = —’—é”i*[@x] e H(J(X)%,2).
Remark 2.3. The condition that cyclic quotient groups ) = G/G’ do not act freely guarantees
that the ramified covering f : X — Y does not factor through a cyclic étale cover ' : X' — Y,
and hence f* : J(Y) — J(X)® is an isomorphism. The existence of such an étale cover implies
that f* is not injective (cf. [8, Prop. 11.4.3]).

A simple example to illustrate this is given as follows. Let Y = C/(Z+7Z) and X = C/(nZ+
7Z) be two elliptic curves, with n-fold covering p : X — Y induced from the identity map on C.
Let Dy := ), myy, € Div(Y') with deg D, = ), m;, = 0 be a divisor in the equivalence class
Srmiys =a+ L7 € J(Y) 2 Y. The pullback is p*Dy = 3, mk(ylil) +- 4 y,(cn)) € Div(X)

with y,(cj ) = y,(:) + 7 — 1 foreach 5 = 1,...,n. Then the equivalence class in the Jacobian is

k k k

which is independent of the choice of £ = 0,...,n — 1, and therefore p* : J(Y) — J(X) is not
injective.

3. MEAN TRANSPORT AND CONDUCTIVITY ON AN ORBIFOLD

Prieto [30, Thm. 7] gives a geometric formula for the mean adiabatic transport () 44) and mean
Hall conductivity (o) in terms of the geometry of the Jacobian of the underlying surface. In
order to apply Kato’s adiabatic theorem, the assumptions (A1)—(A3) from [30, Sec. 3] are needed,
in particular the existence of spectral gaps and finite rank eigenspaces, which Corollary [I.2] shows
are satisfied in the orbifold setting. Then the adiabatic transport is asymptotic to the mean adiabatic
transport <Q Ad(ﬁ)G> (cf. [30, Thm. 2]), which we now compute, following [30] and our earlier
constructions.

Theorem 3.1. Let X be a compact Riemann surface and G a finite group acting on X satisfying

the same conditions as Proposition[2.2] Let p : X — Y denote the associated ramified covering
8



map. For 3,0 € Hi(Y) = H,(J(Y)) = H,(J(X)%) & Hi(J(X)) = Hi(X) we have

3.1 (Qua(L)%) (8,8) = = (5, 1:0)x
- 1e
(32) (onL)) (56) =~z - (iaB ic0)x

Proof. A symplectic basis {ay, ..., as,} for H;(Y) determines a dual basis for H*(Y,Z) which
determines a basis {71, ...,7,} for Hy(J(Y)) = H,(J(X)¢) < H;(J(X)). The Pontryagin
product is denoted v;, x v; € Ho(J(X)Y). On J(X)Y, the mean adiabatic transport is written in
terms of the curvature of the spectral bundle

N i o
<QAd(L§)> ((Ik, ozj) = 6%/ Ok .
T

This integral can be written in terms of the first Chern class from Proposition [2.2]

{ ge - e e
A S S A
2 V*V; V*V; ! |G| Ve*V; |G| i (Vi) (75)
Therefore, for any 3,6 € Hy(Y) = H,(J(Y)) = H,(J(X)Y) we have
[C — % (g
(Qua(L)) (8,0) = 1506 i-0)x:

where (-, -) x is the intersection form on H;(X), isomorphic to the pairing on H;(J(X)) = H;(X)
determined by the theta divisor. The second identity is proved similarly (cf. [30, Rem. 5 & Thm.
7). O

CONCLUSIONS AND OUTLOOK

Both the papers by Avron, Seiler, Zograf [6] and Prieto [30] assume that the magnetic field B is
an integral 2-form on the compact Riemann surface X, such that | « B >> 0 is large positive. We
relax the integrality assumption in this paper where [ « B € Z/|G]| is rational but also assume that
S « B >> 0is large positive. Ideally, we would like to remove the rationality constraint on S < B
and we are discussing future work related to this. We also would like to extend our conclusions to
finite volume Riemann surfaces.

Another goal is to generalise the Hamiltonians considered here, by for instance adding an electic
potential term. This would allow for crossings in the spectral orbibundles, whose analysis could
be related to the study of semimetals (cf. [26, 27] in the Euclidean setting, and the fundamental
article [36] and review article [[1]) in the holomorphic setting.
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