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Abstract We construct a martingale solution of the stochastic nonlinear Schrodinger equation
(NLS) with a multiplicative noise of jump type in the Marcus canonical form. The problem is
formulated in a general framework that covers the subcritical focusing and defocusing stochastic
NLS in H'! on compact manifolds and on bounded domains with various boundary conditions. The
proof is based on a variant of the Faedo-Galerkin method. In the formulation of the approximated
equations, finite dimensional operators derived from the Littlewood-Paley decomposition com-
plement the classical orthogonal projections to guarantee uniform estimates. Further ingredients
of the construction are tightness criteria in certain spaces of cadlag functions and Jakubowski’s
generalization of the Skorohod-Theorem to nonmetric spaces.
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1 Introduction

In this paper, we study the stochastic nonlinear Schrodinger equation (NLS) with pure jump noise
in the Marcus form

N
du(t) = (—iAu(t) — iF (u(t))) dt — im; Bpu(t) o dLy,(t)  t>0, )

u(0) = uo.

Here, A is a selfadjoint nonnegative operator with a compact resolvent in an L2-space H and the
initial value ug is chosen from the energy space E4 := D(Az). Typical examples for this setting
are
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— the negative Laplace-Beltrami operator A = —A, on a compact riemannian manifold (M, g)
without boundary, E4 = H'(M),
— the negative Laplacian A = —A on a bounded domain M C R¢ with Neumann boundary

condition, i.e. E4 = H(M), or Dirichlet boundary conditions, i.e. E4 = H}(M)
— and fractional powers of the first two examples.

Moreover, F': E4 — E% is a nonlinear map generalizing the two most important examples, namely

— the defocusing power nonlinearity Ff (u) := |u|* 'u with subcritical exponents in the sense
that the embedding F4 — L®*! is compact

— and the focusing nonlinearity F, (u) := —|u|* 'u with an additional restriction to the power
.

The stochastic noise term is given by selfadjoint linear bounded operators B,, for m =1,..., N
and an RY — valued Lévy process L(t) := (L1(t),--- , Ly(t)) with pure jump defined as

L(#) —/Ot/Blﬁ(ds,dl) (1.2)

where B := {|I| <1} C R". Here, n represents a time homogeneous Poisson random measure with
o-finite intensity measure v such that

/B 120(dl) < oo.

Moreover, 1 := n — Leb ® v denotes the corresponding time homogeneous compensated Poisson
random measure (see Appendix A for details). Note that by the choice of L in (1.2), we restrict
ourselves to the case of small jumps. A generalization of the results of the present article to noise
with jumps of arbitrary size will be investigated. Using the abbreviation

N
B(l)=> lwBm, 1€RY,
m=1

the equation (1.1) including the Marcus product ¢ is understood in the sense of the associated
integral equation

u(t) = up — i /0 t (Au(s) + F(u(s))) ds + /0 t /B [67i6(l)u(57) - u(sf)} ii(ds, i)
+ /Ot/B{e_iB(l)u(s) —u(s) + iB(l)u(s)} v(dl)ds. (1.3)

Before we describe our approach and state our result in detail, we would like to give a general
overview of the literature on the stochastic NLS. In the two previous decades, existence and
uniqueness results for the stochastic NLS with Gaussian noise have been treated in many articles,
most notably [9],[10],[3],[4],[30] in the R?-setting, [20] for general 2D compact manifolds and [24] for
the d-dimensional torus T¢. In these articles, the authors applied Strichartz estimates in a fixed
point argument based on the mild formulation. Typically, this argument was either combined
with a transformation to a random NLS without stochastic integral or with a truncation of the
nonlinearities and suitable estimates of stochastic convolutions.

In their joint papers [15] and [16] together with Lutz Weis, the first and second named author
developed a different approach to the stochastic NLS with Gaussian noise. By complementing
the classical Faedo-Galerkin approximation with methods from spectral theory and particularly, a
general version of the Littlewood-Paley decomposition, they were able to prove the existence of a
martingale solution. In contrast to the argument based on Strichartz estimates, the construction
only employs the Hamiltonian structure of the NLS and certain compact Sobolev embeddings.
Therefore, the result could be formulated in a rather general setting including the stochastic NLS
and the stochastic fractional NLS on compact manifolds and bounded domains. Subsequently,
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the authors concentrated on the special case of 2D manifolds with bounded geometry and 3D
compact manifolds and proved pathwise uniqueness using appropriate Strichartz estimates from
[22] and [6]. For a slight generalization of the existence result from [15] allowing a certain class of
non-conservative nonlinear noise, we refer to the PhD thesis [29] of the second author.

In contrast to their Gaussian counterpart, stochastic nonlinear Schrédinger equations with
jump noise as in (1.1) are less well studied in the literature. Models of this type have been proposed
in [43] and [44] to incorporate amplification of a signal in a fiber at random isolated locations caused
by material inhomogeneities. In [11], de Bouard and Hausenblas considered a similar problem
as (1.1) on the full space R% and obtained the existence of a martingale solution. The authors
continued their work and in the recent preprint [12] with Ondrejat, and proved pathwise uniqueness
in the R%setting. The analysis of the noise in our present work is different compared to [11], [12]
and is motivated by the requirement that the noise must preserve the invariance property under
coordinate transformation. This issue is important for the norm-preserving condition, see (1.6)
below. Thus, one needs to find an analogue of the Stratonovich integral in the case of stochastic
integral with respect to compensated Poisson random measure. The work of Marcus [37], developed
later by Applebaum and Kunita, see e.g. Section 6.10 of Applebaum [2] and Kunita [34]; see also
Chechkin and Pavlyukevich [23]; provides a framework to resolve this technical issue. Surprisingly,
the literature on stochastic partial differential equations driven by Lévy noise in the “Marcus"
canonical form is very limited and such work has recently been initiated by the first and third
named authors in [17], [18] for the Landau-Lifshitz-Gilbert equation, and in [19] for nematic liquid
crystal model. The current paper is motivated by similar question and we believe that the theory
developed in this work may help in understanding analysis of many other constrained PDEs
(e.g. harmonic map flow) driven by jump noise or more general Lévy noise. Also, there are some
very recent works, see e.g. Chevyrev and Friz [25], where rough differential equations are studied
in the spirit of Marcus canonical stochastic differential equations by dropping the assumption of
continuity prevalent in the rough path literature. Therefore, we hope that Gubinelli’s [28] approach
of Lyons’ theory of integration over rough paths may be integrated with [25] and our approach to
gain newer insight into the analysis of constrained SPDEs.

The goal of the present study is to construct a martingale solution of the stochastic NLS
with pure jump noise in the Marcus canonical form. For that purpose, we transfer the argument
developed in [15] for the NLS with Gaussian noise to the present setting. Let us present our
reasoning in detail. First, we introduce a strictly positive operator S which commutes with A and
also has a compact resolvent. The operator S is used to present a unified proof for each example
and will chosen individually in the different concrete settings from Section 3. Typical choices are
S = Aor S =1d+A. By means of the functional calculus of S which is based on its series
representation, we define operators P, = p,(S) and S, = s,(S) for n € Ny. The functions p,
and s,, n € Ny are illustrated in Figure 1. For the precise definition, we refer to Section 5 and
particularly the proof of Proposition 10. To summarize the most important properties of these
operators, we remark that both P, and S,, have a finite dimensional range, P,, is an orthogonal
projection and the operators S, satisfy the uniform estimate sup,,cy, [|Snllz(re+1) < 00 since we
assume that S satisfies (generalized) Gaussian bounds. Let us remark that a similar construction
has been employed in [31] to construct a solution of a stochastic nonlinear Maxwell equation with
Gaussian noise. This indicates that using operators like S, n € Ny, significantly increases the field
of application of the classical Faedo-Galerkin method for both continuous and jump noise.

pn(A) sn(A)
1 1

0 on 2n+1 A 0 on 2n+1

Fig. 1 Plot of the functions p, and sy
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Let us denote B, (l) = ZN 1;SnBm Sy, for n € N and I € RY and

m=1

luoll &
= S TSnuolla Shug 7é 0,

O,n - —
0, SHUQ =0.

for n € N. Then, the finite dimensional approximation

un (t) = Pyug i/ot (Aun(s) + Py F(un(s))) der/Ot/B[eign(l)un(s) —un(s-)] A(ds, i)
+/Ot/B{e—iBn(l)un(S) — Un(s) +iBn(l)un(s)} v(dl)ds (1.4)

of problem (1.1) has a unique solution. Due to the properties of P, and S,, and the Hamiltonian
structure of the nonlinear Schréodinger equation combined with the Marcus structure of the noise,
we are able to prove the mass identity

[un(®)ll L2 = [[Pruol| 2

almost surely for all ¢ € [0,7] and the uniform estimate

supE[ sup ||un(t)||TEA} < 00 (1.5)
neN te[0,T]

for all r € [1,00). Using several compactness Lemmata for spaces of cadlag functions inspired by
[38] and [17], (1.5) leads to tightness of the sequence (uy),, oy in

Zr :=D([0,T], E4) N L0, T; LT (M)) N Dy, ([0,T], Ea) .

For the precise definition of Zp, we refer to Section 4. Subsequently, a limit argument based on
the Skorohod-Jakubowski Theorem shows the existence of a martingale solution. Altogether, we
prove the following result.

Theorem 1 Choose the operator A and the energy space Ea according to Assumption 2, the
nonlinearity F' according to Assumptions 5 and 4 and the noise according to Assumption 5. Then,
for any ug € H, the problem (1.1) has a martingale solution (.Q,]-", P, n, T, ﬁ) which satisfies

€ L2, L>®0,T;Ey))
for all q € [1,00). Moreover, the equality

la(®)l| = lluoll (1.6)
holds P-almost surely for all t € [0,T).

The article is organized as follows. In the second section, we fix the setting by stating the
general assumptions on the operator A, the nonlinearity F' and the noise term. These assumptions
are illustrated in the third section by concrete examples. The proof of the main Theorem 1 is
contained in the sections 4, 5 and 6 that deal with compactness results, the uniform estimates for
the Galerkin approximation and the limit procedure. In the appendix, we collect basic material
on Poisson random measures and Marcus noise.
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2 General Framework and Assumptions

In this section, we formulate the abstract framework for the stochastic nonlinear Schrédinger
equation we refer to in Theorem 1.

Let (]\;L XY, u) be a o-finite measure space with metric p satisfying the doubling property, i.e.
w(B(x,7)) < oo for all z € M and r > 0 and

n(B(z,2r)) S u(Blz,r)). (2.1)

Let M C M be an open subset with finite measure and LI(M) for ¢ € [1,00] the space of
equivalence classes of C-valued g—integrable functions. We further abbreviate H := L?(M) and
equip H with the standard complex L?-inner product.

Let A be a non-negative self-adjoint operator on H with domain D(A4). We set E4 := D((Id +A)%)
and call it energy space. Equipped with the inner product

(2,9) p, = (((d+A4)2z,(1d+4)7y) ,,

FE 4 is a complex Hilbert space. Moreover, we define the extrapolation space H_
of H with respect to the norm

1 as the completion

lol -y = 10 +A) 2], w€H,
and obtain a Hilbert space with the inner product

(z,y)_

for sequences (), cr s (Ym)men € H with 2, — x and y,, — y in H_
we can identify H -1 with £7% and the duality is given by

= lim ((Id+A) %z, (Id+A4)"3y,)

1 29
2 n,m—o0 L

T,y € H—%a

1 asn,m — oo. Note that

(x,y) := lim (x,yn)Lz, x € Fy, yEH,%7

1
2 n—00

1
2

with (4,),en C H such that y, — y in H_1 asn — oo. Often, we shortly write (-, ) for (-, -)
and write F% instead of H_1. Note that (E, H, E%) is a Gelfand triple, i.e.

Wl
D=

1.
2
Ey— H>H"— E}.

We point out that one can also treat H, E4, and H _1as real Hilbert spaces with scalar products
Re (o, ')H’ Re (~, .)EA and Re (~, ~)_%, respectively. Then, £ 4 and H_% are dual in the sense that

each real-valued continuous linear functional f on E4 has the representation f = Re(:,yys)
for some yy € H

11
27 2

1.
2

We continue with the main Assumption on the functional analytic setting for the stochastic
NLS.

Assumption and Notation 2 We assume the following:

i) There is a strictly positive self-adjoint operator S on H with compact resolvent commuting with
A and D(S%) < E4 for some k € N. Moreover, we assume that there exists py € [1,2), such
that S has generalized Gaussian (pg, pj))-bounds, i.e.

- 1\\55 776 pla,y)™\ "
||1B(z,t%)e tSlB(yJ%) |L(LPO,LP6) S C/,L(B(Jf,tm)) o o €Xp {_C (t ’ (22)

for allt >0 and (x,y) € M x M with constants ¢,C > 0 and m > 2.
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ii) Let o € (1,p}y — 1) be such that E4 is compactly embedded in L*T1(M). We set
Pmax = sup{p € (1,00] : E4 — LP(M) is continuous}

and note that pmax € [+ 1,00]. In the case Pmax < 00, we assume that B4 — LPmax(M) is
continuous, but not necessarily compact.

Remark 1 a) If pg = 1, then it is proved in [8] that (2.2) is equivalent to the usual upper Gaussian
estimate, i.e. for all ¢ > 0 there is a measurable function p(t,-, ) : M x M — R with

(5 f)(x) = / p(t 2, 9) f(Wuldy), ©>0, aexeM
M

for all f € H and

c o d e [Py T
'p“’x’y)'ﬁuw(%t;))”{ (A=) } (2.3

for all ¢ > 0 and almost all (z,y) € M x M with constants ¢, C > 0 and m > 2. In particular,
et can be extended to a Cy-semigroup on LP(M) for all p € [1,00).

b) In fact, in all our examples in the third section, the upper Gaussian estimate (2.3) holds and
therefore, the previous assumption is fulfilled with pg = 1.

The following Lemma contains some straightforward consequences of 2.

Lemma 1 a) There is a positive self-adjoint operator A on E% with D(/l) = E4 such that the
restriction of A to D(A) is equal to A. For simplicity of notation, we will denote the operator
A by A.

b) The embedding E4 — H is compact.

c¢) There is an orthonormal basis (hy),, oy and a nondecreasing sequence (Ap),, oy With A, > 0 and
Ap = 00 asn — oo and

St =2 A(#,hn) yhn, z€D(S) =Kz H: Y MN|(2,ha), > <oop.
H H
n=1

n=1

Assumption 3 Let o € (1,p;—1) be chosen as in Assumption 2. Then, we assume the following:
atl

i) Let F: LYY (M) — L& (M) be a function satisfying the following estimate

1P 22 ) < Crallulfossay,  w€ L) (24)

Note that this leads to F : Ex — E% by Assumption 2, because E5 < L*TY(M) implies
a+1

(LoTY(M))* = L™a (M) < E%. We further assume F(0) =0 and

Re(iu, F(u)) =0, € LT (M). (2.5)

atl

i) The map F : LoTY (M) — L« (M) is continuously real Fréchet differentiable with

1Pl es < Crallullfatiay, ue LoFH(A). (2.6)

LotloL

i11) The map F has a real antiderivative F, i.e. there exists a Fréchet-differentiable map F
Lot (M) — R with

F'[u)h = Re(F(u),h), wu,he Lo (M), (2.7)
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By Assumption 3 ii) and the mean value theorem, we get

F(x)—F a1 < Fllte + (1 —t — at1
| F(z) (y)IIL%(M)_tg%?I]II [tz + (1 = t)ylllllz — ylla+r(an)

a—1
< Cpa (lzllLorrary + 1YWl Los1an)” N2 = yll ot any (2.8)

for x,y € L®T1(M) which means that the nonlinearity is Lipschitz on bounded sets of LoT1(M).
We will cover the following two standard types of nonlinearities.

Definition 1 Let F satisfy Assumption 3. Then, F' is called

defocusing, if F'(u) > 0 for all u € LT (M)
and R
focusing, if F(u) <0 for all u € LoT1(M).

Assumption 4 We assume that either condition i) or condition i’) holds, where
i) The function F is defocusing and satisfies

1

@HUHCLY;FL(M) < F(u) < Cpg \ulliﬁl(My ue LoMH(M). (2.9)

i’) The function F is focusing and satisfies
—F(u) < CF,4||U||%:;}1(M)7 ue L*TH(M), (2.10)

and there exists 0 € (0, O%_l) such that !
(H,E4)y, — L*TH(M). (2.11)
The model nonlinearities are the defocusing power nonlinearity F.f (u) := |u|*~u with subcritical
exponents in the sense that the embedding 4 < L**! is compact and the focusing nonlinearity

F (u) := —|u|* 'u with an additional restriction to the power a.

Assumption 5 (a) Assume that (Q,F, F, IE”) is a filtered probability space, where F = (]:t)tZO 1
the filtration, and this probability space satisfies the so called usual conditions, i.e.

(i) P is complete on (£2,F),
(i) for each t >0, Fy contains all (F,P)-null sets,
(1) the filtration F is right-continuous.

(b) Assume that (L(t))i>0 is an RN -valued, (F;)-adapted Lévy process of pure jump type defined
on the above probability space with drift 0 and the corresponding time homogenous Poisson
random measure 1.

(c) Assume that the intensity measure Leb® v is such that suppry C B, where B is the closed unit
ball in RN

d) Let By,...,By € L(H) be self-adjoint operators on H with By, |g, € L(E4) and By,
L(LFYH(M)).

We abbreviate

Leti(n) €

N N N
boai= Y |Bulzm,ys  brevii= > IBuligesy,  bui= > [Bulig — (212)
m=1 m=1 m=1

and for [ € RV, we introduce the notation

N
B(l) =Y lmBp.

m=1

1 In below, the symbol (-, -).1 stands for the real interpolation functor with parameters 1 and oo, see for instance
[41].
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Remark 2 Note that by the Lévy-Khinchine formula, see [40], Theorem 4.23, the previous assump-
tion yields that the intensity measure v is a Lévy-measure on RY, i.e.

/ 120(dl) < oc. (2.13)
B

Moreover, we have the representation
t
:/ /lﬁ(ds,dl).
o JB

2.1 The Marcus Mapping

Let us define a generalized Marcus mapping

&:R, xRN x H— H, B(t,1,z) = e By

)

i.e. for each fixed I € RN, x € H, the function t + &(t,l,z) is the continuously differentiable
solution of

N
%(t) =i Y InBnu(t), t>0, (2.14)

with u(0) =z € H, and | = (I1,1la,...,ly) € RY. Equation (1.1) with notation ¢ is defined in the
integral form as following

u(t) = ug — i / t (Au(s) + ) ds + / / —IB“) —u(s —)} 7i(ds, dl)

//{ —iB(0y, +1Zz Buls }V(dl)ds, (2.15)

where 7 := 1 — Leb ® v denotes the compensated Poisson random measure induced by 7. In the
next definition, we define the notion of a solution used in the present article.

Definition 2 Let 7' > 0 and ug € E4. A martingale solution of the equation (1.1) is a system
(2,F,P,7,F,u) with

— a probability space (Q,f“, ]F’) ; -

— a time homogeneous Poisson random measure 7 on RY over 2 with intensity measure v,

a filtration F = (]—'t) +€[0.7] with the usual conditions;

an F-adapted, E%-valued cadlag process @ such that @ € L?(§2 x [0,7], E%) and P-almost all
paths of @ are in D, ([0, 7], E4),

such that

u(t) = uo 1/t (Au(s) + ds+// “BOg(s—) — a(s )} 7i(ds,dl)

//{ —1B(l) +12l Bmu }y(dl)ds, (216)

holds P-almost surely in E% for all t € [0, 7).

Let us remark that in Definition 2, the notation 7 := 77 — Leb ® v represents the compensated
Poisson random measure induced by 7.
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3 Examples

In this section, we collect concrete settings which are covered by the general framework of As-
sumptions 2, 3 and 4. We skip the proofs since they already appeared in [15], where the NLS with
Gaussian noise was considered in the same framework.

Corollary 1 Suppose that a) or b) or c) is true.

a) Let M be a d-dimensional compact manifold, A = —A,, E4x = H'(M).

b) Let M C R? be a bounded domain and A = —Ap be the Dirichlet-Laplacian, Ea = Hg (M).

¢) Let M C R? be a bounded Lipschitz domain and A = —Ap be the Neumann-Laplacian, E4 =
HY(M).

Choose the nonlinearity from i) or ii).
i) F(u) = |ul*tu with a € (1, 1+ ﬁ), i.e. F' is defocusing,
it) F(u) = —|u|*"'u with o € (1,1+ 3), i.e. F is focusing,

Set Bj,x = epx forx € H and m = 1,..., M with real-valued functions

HYY(M)NL(M), d>3,
em € F = HY(M), d=2, (3.1)
HY(M), d=1,

for some q > 2 in the case d = 2. Then, the problem

N
du(t) = (—idu(t) — iF(u(t)))dt 1Y Buu(t) o dLn(t),
P (3.2)

u(0) = ug € Ea,
has a martingale solution which satisfies ||[u(t)||g = l|uollm almost surely for all t € [0,T] and
we L(02,L°(0,T; Es))
for all q € [1,00).
Proof We refer to [15], Section 3, for the verification of the Assumptions in Theorem 1.

Additionally to the stochastic NLS, we can also cover the fractional NLS with the Laplacians
replaced by their fractional powers.

Corollary 2 Choose one of the settings a), b) or ¢) in Corollary. Let 8 > 0 and suppose that we
have either i) or ii) below.

i) F(u) = |u|*"tu with a € (1, 1+ ﬁ),
i) F(u) = —|u|* tu with o € (1, 1+ %) ,
Let B,, form=1,..., M as in Assumption 5. Then, the problem
N
du(t) = (—iAPu(t) — iF(u(t))) dt — i Zl Bpu(t) o dLn (t), 3.3
u(0) = up € D(A

has a martingale solution which satisfies ||u(t)||rr = ||uol|lzr almost surely for all t € [0,T) and

)

8
2

ue L9(02,L>=(0,T;D(A
for all g € [1,00).
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4 Compactness and Tightness Criteria

This section is devoted to the compactness results which will be used to get a martingale solution
of (1.1) by the Faedo-Galerkin method. We begin with a definition of the cadlag functions and a
generalization of the modulus of continuity to this class. Throughout the section, (S, d) denotes a
complete, separable metric space.

Definition 3 a) The space of all cadlag functions f :[0,T] — S, i.e. f is right-continuous with
left limit in every t € [0, 7], is called D([0,T],S).
b) For u € D([0,T],S) and 6 > 0, we define the modulus

ws(u,d0) :=infmax  sup  d(u(t),u(s)),
(u,0) = il e P (u(t), u(s))

where I1; is the set of all partitions Q@ = {0 =1ty <t; <--- <ty =T} of [0,T] with
tis1—t;>6,  j=0,...,N—1

¢) We denote the set of increasing homeomorphisms of [0, 7] by A and we equip D([0, T, S) with
the metric defined by

Alt) = Als)

plu,v) := inf | sup d(u(t),v(A(t))) + sup |t — A(t)| + sup P—

log
A€A | iel0,1] te[0,T) st

for w,v € D([0,T1,S).
The following Proposition is about the so-called Skohorod-topology on D([0,T],S).
Proposition 6 a) The pair (D([0,T],S),p) is a complete, separable metric space.

b) A sequence (uy), ey € D([0, T],S)N is convergent to u € D([0,T],S) in the metric p if and only
if there exists (An), ey € AV with

sup |An(t) —t] — 0, sup d(un(An(t)),u(t)) — 0, n — oo.
te[0,T] te[0,T]

Proof See [7], page 123 and following for a proof.

Definition 4 Let K € {R,C} and let X be a reflexive, separable K-Banach space and X* its
dual.

a) Then, we define D,, ([0, 7], X) as the space of all w: [0,7] — X such that
[0,7] 5t — (u(t),z*) € Kis cadlag for all z* € X*.
We equip D, ([0, 7], X) with the weakest topology such that the map
Dy, ([0, 7], X) 2 u— (u(-),z*) € D([0, T],K)

is continuous for all z* € X*.
b) For r > 0, we consider the ball B% := {u € X : |ul|x < r} and define

D([0,T],BY ) := {u €Dy, ([0,T],X) : sup |Ju(t)||x < r} .
t€[0,T]
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Remark 3 By the separability of X, the weak topology on B% is metrizable and we choose a
corresponding metric ¢g. The notation in Definition 4 is justified, i.e.

D([0,T],B%) coincides with D([0,T7],S) for (S, d) = (B, q). (4.1)

In particular, D(]0, 7], B% ) is a complete, separable metric space by Proposition 6. To show (4.1),
we note that the right-continuity of (u(-),z*) for all * € X* is equivalent to the right-continuity
of uin (B%, ¢) by the definition of ¢. It is also easy to see that the existence of left limits transfers
from (B, q) to (-,z*) for all z* € X*.

For the converse direction, let ¢, — ¢ — . Then, for each z* € X*, there is v, € K with
(u(tn), x*) — ~z«. Since X is reflexive, * + ~,~ is linear and |y,«| < 7||z*| x~, there is v € X
such that v,~ = (v,2*). Hence, q(u(t,),v) — 0.

Lemma 2 Let K € {R,C} and let X be a reflexive, separable K-Banach space and let u,,u €
Dy, ([0,T], X) with u, — w in Dy, ([0,T],X) as n — co. Then, we have

sup sup |jun(t)|x < oo.
neNte[0,T]

Proof From u, — u in D, ([0,7],X) as n — oo, we infer that for every z* € X*, we have
(U, %) = (u,z*) in D(]0, T], K) as n — oo. Proposition 6 therefore implies that for every z* € X*,
there exists (\,) € AN with

sup |An(t) —t| — 0, sup  [{(un,(An(¢)), z*) — (u(t), z*)| — 0, n — 00.
t€[0,7) t€[0,T]

In particular, we obtain

sup sup |[{un(t),2")| = sup sup |(un(An(t)),2")| < o0
neNte€[0,T) neNte(0,T]

for every z* € X*. The uniform boundedness principle yields

sup sup |jun(t)||x =sup sup sup  [{un(t), z%)] < oo.
neNte[0,T) neNte[0,T] ||lz*|| x+ <1

We recall that the energy space E4 is defined by E4 := D((Id+A)2). We continue with a
criterion for convergence of a sequence in D([0, 7], BY, ).

Lemma 3 Let r > 0 and u, : [0,T] — E4 functions such that

a) sup, ey SUPse(0,T7] [un(s)llEs <,
b) up, — w in D([0,T], E) for n — oo.

Then up,u € D([0,T],BY,) for alln € N and u, — u in D([0,T],BY,) for n — oo.
Proof See [38], Lemma 3.3.

We continue with a Lemma stated in Lions [36], p. 58.
Lemma 4 (Lions) Let X, Xy, X7 be Banach spaces with Xog < X < X; where the first em-
bedding is compact. Assume furthermore that Xy, X1 are reflexive and p € [1,00). Then, for each
e > 0 there is C: > 0 with

2l <ellel, + Cellzl,, =€ Xo.

Proof See [29], Lemma 2.34.
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We define a space Zr by
Zr =D([0,T], E%) N L0, T; L*TH(M)) N Dy, ([0, T], Ea) =: Z1 N Zo N Zs. (4.2)

We equip Zr with the supremum-topology, i.e. the smallest topology that contains U?:l Oj;, where
Oj is the trace of the Z;-topology in Z7.

In the next Proposition, we give a criterion for compactness in Zp. This result generalises
Theorem 2 of Section 3 from [38]. For a continuous version of this result see Proposition 4.2 of
[15]. Our proof is along the similar lines to Proposition 5.7 of the first and third named authours
[17].

Proposition 7 Let K be a subset of Zp and r > 0 such that

a) SUPze K SUPte(0,1) [z(llEs <73
b) lims_osup, ¢ wes (2,9) = 0.

Then, K is relatively compact in Zp.

Proof Let K be a subset of Zr such that the assumptions a) and b) are fullfilled and (z,,),cy C K.
Step 1: The relative compactness of K in D([0, 7], %) is an immediate consequence of Theorem
3.2 in [38]. Hence, we can take a subsequence again denoted by (2,),,cy and z € D([0,T7], E7) with
zn, — 2 inD([0, 77, 7). By Lemma 3, we infer that z, — 2z in Dy, ([0, 7], E4) and sup,¢(o 1) 12()[ 5.4
<r.
Step 2: We fix again € > 0. By the Lions Lemma 4 with X = E4, X = L*T1(M),

X1:E27p:a+1andeozmweget

ol o, < collolEE + Capllo]

e (4.3)
for all v € E4. Integration with respect to time yields

a+1

ll2n — Z||La+1(o,T;La+1(M)) < eollzn — 2| o s

Lo+1(0,T;E4) +Cell2n = ZHL““(O»T;EZ\);

+1 _ €
collzn = 2550 01y < E0TN2n = 278 0 115y S 20T (20)77 < 5.

By [7], p-124, equation (12.14), convergence in D([0, T], E%) implies z,(t) — u(t) in E% for almost
all t € [0, T]. By Assumption a), Lebesgue’s Theorem yields 2, — z in L*T1(0, T; E%). Hence,

. €
limsup ||z, — Z”(zjil(o,T;LaH(M)) < 3
n—oo

for all € > 0 and thus, the sequence (z,),,cy is also converges to u in L*+(0, T; L*+(M)).

In the following, we want to obtain a criterion for tightness in Z7. Therefore, we introduce the
Aldous condition.

Definition 5 Let (X, )nen be a sequence of stochastic processes in a Banach space E. Assume
that for every € > 0 and 7 > 0 there is 6 > 0 such that for every sequence (7, )nen of [0, T]-valued
stopping times one has

sup sup P{[|X;,((1, +0) AT) — Xon(mo)lle = n} <e.
neN0<0<s

In this case, we say that (X,),cn satisfies the Aldous condition [A].

The following Lemma (see [38], Lemma A.7) gives us a useful consequence of the Aldous
condition [A].
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Lemma 5 Let (X,)nen be a sequence of stochastic processes in a Banach space E, which satisfies
the Aldous condition [A]. Then, for every ¢ > 0 there exists a measurable subset A. C D([0,T], E)
such that

PXn(A) >1—¢, lim sup wg(u,d) =0.
6—0 u€A,

The deterministic compactness result in Proposition 7 and the last Lemma can be used to get
the following tightness criterion in Zp.

Proposition 8 Let (X,,)nen be a sequence of adapted E* -valued processes satisfying the Aldous

condition [A] in E% and

supE l sup ||Xn(t)||2EA] < o0.
neN t€[0,T)

Then, the sequence (}P’X")neN 18 tight in Zp.

=

Proof Let € > 0. With Ry := (% Sup,en E [SUPte[o,T} HXn(t)HQEAD , we obtain

1 €
P{ sup | X, (0)]lz > Rl} < B [ sup |Xn<t>|%A] <3
t€[0,T] 1 te[0,T7]

By Lemma 5, one can use the Aldous condition [4] to find a Borel subset A of D([0, 1], E%) such
that

. X € .
n > * == U.
IIelf P (A) 1 B 5 and (%IH%) ilelp wWE (U, 5) 0

We define K := AN B where B := {u € Zr : supsepo ) | Xn ()| Es < Rl} . This set K is compact
in Z7 by Proposition 7 and we can estimate

=1-¢

PX(K) > PX" (AN B) > PX" (4) = P*» (B°) > 1 —

| ™
NCRNO)

for all n € N.

In metric spaces, one can apply Prokhorov Theorem (see [39], Theorem I1.6.7) and Skohorod
Theorem (see 7], Theorem 6.7.) to obtain a.s.-convergence from tightness. Since Zr is not a metric
space, we use the following generalization due to Jakubowski [33] and Brzezniak et al [13] in the
variant of Motyl, [38], Corollary 7.3.

Proposition 9 Let X be a complete separable metric space and Xo a topological space such that
there is a sequence of continuous functions f,, : Xo — R that separates points of Xs. Define
X =X x Xy and equip X with the topology induced by the canonical projections m; : Xy X Xy —
Xj. Let (£2, F,IP) be a probability space and (xn),cy be a tight sequence of random variables in
(X,B(X) ® A), where A is the o-algebra generated by f.,, m € N. Assume that there is a random
variable n in X1 such that PT1°Xn = P77,

Then, there are a subsequence (Xn,)zen and random variables X, X in X for k € N on a
common probability space (f), F, P) with
i) PXk = PXnx for k € N,

it) Xk — X in X almost surely for k — oo,
iii) m o X = m o X almost surely.
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5 Energy Estimates for the solutions of the Galerkin approximation

In the following section, we formulate an approximation of (1.1) and prove existence and unique-
ness, conservation of the L?-norm as well as uniform bounds of the energy of the solutions to the
approximated equation.

Recall from Lemma 1, that S has the representation

Sz =" A (2, hm) yham, xEZXS)mMZXS):{m€1¥:E:A%K%hmh{2<oo},
m=1 m=1

with an orthonormal basis (h),,cy of the complex Hilbert space (H , (', ) , eigenvalues

Am > 0 such that \,, = oo as m — oo. For n € Ny, we set

w)

H, = span{hm :meN, A\, < 2”“}
and denote the orthogonal projection from H to H, by P,, i.e.

Pyx = T, hm) o R, x € H.
H

)\m<2n+1

Since S and A commute by Assumption 2, we deduce that ||P,| z(z,) < 1 and by density of H in
B, we can extend P, to an operator P, : £} — H, with ||P,| gy gy <1 and

(v, Pyv) € R, (v, Pyw) = (an,w) veE,, weEj,. (5.1)

H7

Unfortunately, the operators P,, n € Ny, are, in general, not uniformly bounded from L**!(M)
to L*t1(M). Therefore, we have to use another sequence operators introduced in [15] to cut off
the noise terms.

Proposition 10 There exists a sequence (S”)neNo of self-adjoint operators S, : H — H, for
n € Ng with Sy — ¢ in E4 for n — oo and ¥ € E4 and the uniform norm estimates

sup [|Sullccry <1, sup [Sullceay <1, sup [[Sullcpatry < oo (5.2)
n€Ny n€Np n

€Ng

A proof of this result can be in [15], Proposition 5.2. For convenience of the reader, we present
an alternative proof.

Proof Step 1. We take a function p € C2°(0,00) with suppp C [3,2] and 3, ., p(27™t) =1 for
all t > 0. For the existence of p with these properties, we refer to [5], Lemma 6.1.7. Then, we fix
n € Ny and define

n

$n 1 (0,00) = C, Sn(A) := Z p(27N).

m=—0oQ

Let k € Z and X € [2871,2F). From supp p C [3,2], we infer

[eS) k
L= > o7 N) = p2 N 427N = 3T p2 7).
In particular
1, A €(0,27),
sn(A) = p(27"A), A€ 2, 2n+1)7 (5.3)
0, A > ontl,

We define S,, := s,(5) for n € Ny. Since s,, is real-valued and bounded by 1, the operator S, is
selfadjoint with |[Sy||z(z) < 1. Furthermore, S, and A commute due to the assumption that S
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and A commute. In particular, this implies ||.Sy||z(z,) < 1 and S, — ¢ for all y» € E4 by the
convergence property of the Borel functional calculus. Moreover, the range of .S, is contained in
H,, since we have the representation

Spr= > (2. hm) phm+ D> pQ27"An) (2 b)) yhm, T € H,
Am <27 Am E€[27,2n+1)

as a consequence of (5.3).

Step 2. Next, we show the uniform estimate in L>*1 (M) based on a spectral multiplier theorem
by Kunstmann and Uhl, [35], for operators with generalized Gaussian bounds. In view of Theorem
5.3 in [35], Lemma 2.19 and Fact 2.20 in [42], it is sufficient to show that s, satisfies the Mihlin
condition

sup M sFI ()| < Gy, k=0,...,7, (5.4)
A>0

for some v € N uniformly in n € Ny. This can be verified by the calculation

e
sup WsD()) = sup W)= sup W p(2 ‘kﬂ < 2%)1p™ o
A>0 Ae[2n,2nt1) A€[27,27+1) d\
for all £ € Np.
We set

N
Bn(l) = Z by Sn B Sy, neN, e RY
m=1

and
llwoll z
o = | OO TSl Ontio 70, (5.5)
0, SnU() =0
From S,up — ug in H, we infer
Uo.n — U, n — oo. (5.6)
Moreover, there is Cy > 0 such that we have
| < ol (5.7)

~ ISnuollm —

for n > no(up) = min{n € N : S,up # 0} € NU {oo}. For n € N, we consider the Galerkin
equation

U = Ugn — 1 t Up (s Up (s s t e BrWy (s—) — up(s—)| 7i(ds
o) =53 [ (o) + PP (o) dst [0 [ O o) )] s )

+ /Ot/{llél}{e_ign(l)un(S) — up(s) +iBn(l)un(s)} v(dl)ds, te[0,T]. (5.8)

In order to prove the global wellposedness of (5.8) and estimates for the solution u,, uniformly in
n € N, we need some auxiliary Lemmata. We start with properties of the operators B,,(1).

Lemma 6 Letn € N and [ € RYN. Then, we have

1 1 1
1Ba(Dllcemy < [Ubgs  1Ba(Dlleea) < bE,,  I1Ba(Dlleerry < bata S‘égHSnH%(LaH)-
n
Moreover, (e‘itB”(l))teR s a group of unitary operators on H with
1 1
||€7itB7L(l)||L(EA) < €|t||l\b§A’ HefitBn(l)Hﬁ(La“) < e\tHl\biﬂ SUP, en ||Sn\|i(La+1)’ teR.



16 Zdzistaw Brzezniak et al.

Proof By the boundedness of (S,),,cy € K(LO‘H)N, we deduce that

N N 3
1Bl czosty < D 1S BmSnllc(zosry < 1| (Z ||Bm||2c(La+1)> SIéIR)IHSnH%(LaH)
n

m=1 m=1

1
= [Ubg41 sup I1SllZ(zosr)- (5.9)
n

The estimates of B, () in spaces H and E4 can be shown analogously using ||Sy,| sz = 1 and
|Snllz(e4) = 1. Since S, and B, are self-adjoint on H for n € Nand m € {1,..., M}, the Stone
Theorem yields that (e*itB"(l))teR is a unitary group on H. Moreover,

1
e O, < MEOleznal|p, < MWEa |2y, w€Ba teR

||€_it8n(l)$|‘La+1 S eltHan (l)HL(LuHrl) ||£C||La+1

1
2

. 2
< eltUbaty suPnen ISnllz oty lz|| Lo, ze LT (M), teR.

In the next Lemma inspired by Lemma 2.2 in [17] , we show how to control the differences in
(5.8) in the H-norm.

Lemma 7 For everyn € N, l € B and x € H, the following inequalities hold:

) 1
le 7B O g — |l < b2 [1][|2]

. . 1
le™ Wz — 2 +iB,(D)||n < bl
Proof The identities
1 1
e By g = / ge_itB"(l)avdt = —iBn(l)/ e Bz qt
o dt 0

and

1 s 2 1 s

. d . .

e By — o +iB, () = / / — e B ydrds = an(l)Q/ / e B pdids
0 Jo dt? o Jo

and Lemma 6 lead to

. 1 . 1
le™ 5D — |y < ||Bn(l)||£(H)/O le™ B D) rdt < b |1l .

1 s
. ) » 1
75O — o 38, Wl < 1Bu DIy [ [ e Ot < S liPle]

Next, we prove the well-posedness of the Galerkin equation. Moreover, we show that the Marcus
noise and the approximation do not destroy the mass conservation which is well-known for the
deterministic nonlinear Schrédinger equation.

Proposition 11 For each n € N, there is a unique global strong solution u, € D([0,T), H,) of
(5.8) and we have the equality

lun®) s = lluonllz = lluolla (5.10)

almost surely for all t € [0,T].
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Proof Step 1. We fix n € N. To obtain a global solution, we regard H,, as a finite dimensional real
Hilbert space equipped with the scalar product (u, v) := Re (u, v) and check the assumptions

of [1], Theorem 3.1 for the coefficients defined by

H, H

E=uopn,  o(u)=0,

b(u) = —iAu — iP, F(u) + / {e—iBnU)u —u+ iBn(l)u} v(dl),
{lu<1}

g(u,l) = [efiB"(l)u - u}
for u € H, and | € B. Let R > 0. We take u,v € H,, such that |u|| g, ||v||z < R and estimate

1b(u) = b(v) | <[|A

o ll e llv = vlla + [[1F(w) = F(0)l[m

—|—/ e B O (y — v) — (u—v) 4 1B (1) (u — )| v(dl). (5.11)
{l<1}
By Lemma 7 and (2.13)

e By —v) — (u—v) +iBu()(u—v v 1
/{l|<1}” (u = v) = (u=v) +iBp () (u = v)[|a v(d]) < 2bH/

{ll1<1
<l - oll. (5.12)

[Pv(dD)]u — vz
}

To estimate the nonlinearity, we use the equivalence of all norms in H,, and (2.8) to get

[1PnF(u) = PoF ()| Sn ([ PoF (u) = PoF(v)]

By S 1F(u) - F(”)HL&T“

a—1
|

S (lullosrany + ol arran) ™ lu—vllzars

a—1
S (el +llvlle)™ v — vl Sk llu—vlla. (5.13)

We insert (5.13) and (5.12) in (5.11) to get a constant C' = C(R) such that

[b(u) = b(v)||#r < Cllu —vllz. (5.14)
Moreover, we have
/ gt 1) — g, 1) Zw(dl) < by / 2wl — olf3y < Jlu— ol (5.15)
{l<1} {|<1}

where we used Lemma 7 and (2.13). To check the one-sided linear growth condition, we use (2.5)
and (5.12) for v = 0 and obtain a constant K; > 0 with

2(u,b(u) ;. + /{l|<1} g, DI (A1) <20\ Alm, e lullFr + 2Re (u, —iF (u))

+2||uHH/ e B0y — 4 3B, (1)ul i w(dl)
(<1
<Ki||ullF- (5.16)

In view of (5.14), (5.15) and (5.16), we can apply Theorem 3.1 of [1] and get a unique global strong
solution of (5.8) for each n € N.

Step 2. It remains to show (5.10). The function M : H,, — R defined by M(v) := ||v||% for
v € H,, is continuously Fréchet-differentiable with

M'[v]hy = 2Re (v, hy) , ,,
L
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for v, hq, ho € H,. By the It6 formula and (2.15), we get almost surely, for all ¢ € [0, T,
t
Hun(t)”?{ :HQO\;LH%I + 2/ Re (un(s), —1Aun(s) = iP, F (un(s)) )L2d5
0
' iB,, (I 2
e[ e (sl = (o) ] . ds)
0 J{JI<1}
t
[ e O ) = (o) ] s
{li<1}

72/ /{|z<1}Re Un (S 712[ Sy B Sntin (s )) v(dl)ds.

By
Re (v, —iAv),, = Re [iHA%vH%{} =0, Re (v, —iP,F (v)),, =0, Re (v,iBpv),, =0
for v € H,, and the fact that S,,B(1)S, is self-adjoint and hence, e~ B~ unitary, this simplifies to
lun )7 =lluonl = luollZ
almost surely for all ¢ € [0, 7.

Recall that by Assumption 3, the nonlinearity F' has a real antiderivative denoted by F. The
second ingredient for uniform estimates in F 4 is to control the energy associated to the NLS.

Definition 6 We define the energy £ function by
1 .
E(u) = §||A%u||§, +F(u), ueE,.

Note that £(u) is well defined for every u € E4 by the continuity of the embedding E4 <
Lo (M). The compactness of this embedding formulated in Assumption 2 is not needed here.
Before we estimate the energy of the solutions w,, of (5.8), we need some preparations.

Lemma 8 a) There is a constant C = C(bg, ,bat1,, F) > 0 such that for every n € N, we have
£ (e W) — E(x)| <Ol (ll2l|, + lllIFE)

for all x € H,, and | € RN with || < 1.
b) There is a constant C' = C(bg,,ba+1,q, ¢, F) > 0 such that for every n € N, we have

[E(e™ W) — (@) + '] (1Ba(D2)| <CIII? (Il F, + |2l 3E)
for all x € H,, and | € RN with || < 1.
Proof ad a): The map &£ is twice continuously Fréchet-differentiable with

E'v]h =Re(Av + F(v), h),
E"[v](h1, ha) =Re (AZhy, AZhy) ,, + Re(F'[v]hy, ho)

for v, hi,ho € H,. Let us fix x € H, and | € B. Then, we get

1
5( IBn(l) / itB"(l):E)dt:/ S'[e_itB"(l)x] (—iBn(l)e_itB"(l)w) dt
@t 0
= / Re <Ae’“8"(l)x+F( —itBn(D ), —iB,, (I)e 1t3n<l>x>dt. (5.17)
0
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We define f : [0,1] x RN — [0, 00) by
1 1
f(t,1) == max {1, PEdULEN + 6(a+1)t‘l|b§“ SUPnen lS"lzﬂ(La“)} , te[0,1], 1eRY,

and by the properties of B, (I) from Lemma 6, we estimate the integrand of (5.17):
|(Ae*it3"(l)x7 —iBn(l)efitB”(l)x)LA < ||A%e*it3"(l)x||L2||A%Bn(l)efit3”(l)x||L2

1
2 1 .
< MR ol 1103, e O s,

< MR8}, ol (5.18)
and
(F(e 5 O), —iB, (1) B O )| < P B )| asa [By (D5 O s
< CrallBa()ll gz e B Oz 3EL,
< Ol 5up S0l oo ol 22
e(a+1)t|l\béﬂ subnen I1SnllZ Loty (5.19)
We obtain

1
) 1 1
E(e7 18 Og) — £(a)] |1 max {bgA,cF,lb;H sup ||sn|%<m+l>} (2%, + lelsth,) / F(t,0at
and the assertion follows from

1 1 1 1
/ ft,Ddt = / max {1, (PO, y (oD oy suPne1Snl ety } dt
0 0

1 1
2 2 2
< max {1, 254 4 {1 Pass SUPnen |S"|£(L”+1>} < o0, 7] < 1. (5.20)

) ds
s=0

ad b): Let us fix v € H, and | € B. We start with the identity

g(e—iBn(l)l‘) _ 5(1‘) + 8/[$](18n(l))x = /O (cis

bd? itB., (1)
= —E(e7 P Wr)dtds
|| e )
1 s . .
:/ / El[eﬂtg"(l)x] (—Bn(l)QeﬂtB"(l)z) dtds
o Jo

1 s
+/ / £ e By (—iBn(l)e_itB"(l)x, —iBn(l)e_itB”(l)x) dtds
o Jo

= Il + .[2.

ig(e—ian(l)x)

g(e_iSB"(l).’I]) _ 1
S

As above

1
1] §|l|2maX{bEA,CF,1ba+1 Slélgllsnllﬁ(mu)} (1%, + ||x||%i+11)/0 [t D)dt.

We further decompose Iy = I 1 + I 2 with

1 s
I“:/ / 1A% B, (e~ B D)3 ,dtds,
0 0
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1 s
Ly = / / Re<F’[e_w"(l)x]Bn(l)e_“B"(l)x,Bn(l)e_“B"(l)x>dtds.
0 0

By Lemma 6,

1 s 1
al < [ [ Wb e Oal deds < o, 1Por, [ 1tk
0 0 0
Moreover, the estimate
’<F1 [eiitB"(l)x]Bn(l)eiitB"(l):L', B, (l)efitBn(l)x>
< ||F’[€_i“3”(”96]Bn(l)e_itg”(”ﬂc||Laf+1 1By (1)e "B D] o

< Crall B2 o le™ B O L,

< Crallf*ba+ sup 1S ll2(pasny f (& DIzl
ne

yields

1 s
| 15,2 S/ /
0o Jo

1
<CrallBasr 5D | Sull sy 21| 2HL, / F(t)dt
neN 0

(F'le” B OB, (1)e B Dy, B, (1)e B V) ‘ dtds

and finally, we find a constant C' = C(bay1,08,,5UP,en [|[Snll c(pa+1y, F) such that

1
E(eBrz) — £(z) + 5’[x](18n(l)x)] < Ol (2%, + IIwII‘Zﬂl)/0 ¢, Ddt

and the second assertion also follows from (5.20).

The next observation will be useful to simplify the following arguments based on the Gronwall
Lemma to estimate of the energy. It has already appeared in [15], Lemma 5.6, but we need it in
a slightly more general form.

Lemma 9 Letr € [l,00), g € (1,00),e>0,T >0 and X € L"(£2,L>(0,T)). Then,

B 1 1 q—1 t
1 X (2, La0,6)) < el XN Lr(2,004)) + € qg <1 - q> /0 [ X1 L (2,02 (0,5))dS; te[0,7].

Proof As a consequence of Young’s inequality, we obtain

1-1.1 1-o1 1\

a " dbds <ea+eTI-(1— -~ b, a,b>0, &>0. (5.21)
q q

Then, interpolation of L4(0,t) between L°°(0,t) and L'(0,¢) and (5.21) yield

11 1 1 1\
XN < IX0 00X 0 < X m@o + 702 (1-2) 71Xl

Now, we take the L"(§2)-norm and apply Minkowski’s inequality to get
a1 1\ gt
1Xllzr (@ Loy < el XLri, 0 T (1 - q) / IX ()| (2)ds
0
1
q

B 1 q—1 t
< el Xz Lo 0,0y +€ 7 (1 - q) / X 2 (2, Lo (0,5)) 5
0
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Now, we are ready prove that the solutions of (5.8) have uniform energy estimates and satisfy the
Aldous condition.

Proposition 12 Let us assume Assumption 4 i). Then, the following assertions hold:

a) For all ¢ € [1,00) there exists C = C(E(up), T, bg,,bat1,q, a, F) > 0 such that

supE| sup [llun(t)|% + E(un(t)]?] < C.
neN t€[0,T]

b) The sequence (up)nen satisfies the Aldous condition [A] in EY.
c¢) The sequence (P""), _\ is tight in Zr.

Proof Ad c¢): Follows from the two other parts by applying Proposition 8.

Ad a): Since ug,, = 0 already implies u,, = 0, we may assume ug,, # 0 without loss of generality.
Furthermore, we only prove the assertion for ¢ > 2. The case ¢ € [1,2] is a simple consequence
of the Holder inequality. Recall that the energy £ is twice Frechet differentiable. In particular,
the function £’ is Holder continuous. Hence, we can use Proposition 11 and the It6 formula 15 to
deduce

Shn() s + € (un(5)) =3 Nzl + € (752)
+ /0 Re(Aun(r) + F(un(r)), —iAu, (r) — iPy F (un(r)))dr
) E(e By, (r=)) = E(un(r=))| 7(dl, dr
ol (1)) ~ E(un(r-)] A(dLdr)
& eiiB"(l)un r)) — E(up(r E un ()] (1B (Duy (7)) | v(dl)dr
o e (1)) — E(un(1) + & ()] (B (D ()] ()
- %Hmui] & () + 1(s) + In(s) + Is(s) (5.22)

almost surely for all s € [0, T]. The first integral I;(s) cancels due to the following three identities
which hold for all for all v € H,,:

Re(F(v), —1P,F(v)) = Re [i{F'(v), P, F(v))] = 0;
Re [{Av, ~iP, F(v)) + (F(v), ~iAv)] = Re [~(4v,iF(v)) + (Av,iF(0))] = 0;
Re (Av, —iAv) ., = Re [i[|Av||%] =0

By the maximal inequality for the Poisson stochastic integral, see Theorem 4.5 in [26], and
Lemma 8, we obtain

su $)|9 “ t BBy (o)) — (s 21/ \
<E LE[O%]IQ( ! D . ]E</0 /{usu ‘5( n(8)) = Eun( ))’ (di)d

+ (E /Ot /{|l<1} ‘E(e_iB"(l)un(s)) - S(un(s))‘qu(dl)ds>

t X , %
. E(// 1 (ln ()1, + lun(s)15d00) " v(dD)ds
o Juu<ny

[MS]
Q=

Q=
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( // U (lun (N3, + un(s)135E) " v(dD)d ) , 1€[0,7].
{li<1y

(5.23)
We introduce the abbreviation
1
Xn 1= §||un||%2 + E(un)
and observe
||un||2EA + H“nuijil S X (524)
Moreover, we have
/ ]9 (dl) < / 2ol < oo,  q>2. (5.25)
{l<1y {li<1y
Thus, we can conclude
I t N t :
E | sup |I2(s)|* <|E (/ Xn(s)2d5> + <]E/ Xn(s)qu>
s€[0,1] 0 0
= | Xullza(2,2200,6) + 1 XnllLa(2,09(0,8)), t € [0,T]. (5.26)

By Lemma 8 b), (5.24) and the Minkowski inequality

3 t b
E[ sup |Is(s))] s/ |ﬂwm>E(/(mmm@A+ma>wﬁJ )
sef0.4] (<1} 0
t t
st/’ UFu«ﬂ>/"nxaoomﬂgndris/"HX%HUWQmeJ»dn te [0.7].
{ll]<1} 0 0

Therefore, from (5.22) and the previous estimates we get

i 1
1 . q
”XNMWLNMDSQWmn%+5Wmﬁ+<E[WPUﬂﬁﬂ) +<E[wpzx@ﬂ>
s€(0,t] s€[0,t]
1
§||U0||H + E(uom) + | Xnlla2,2200,6) + 1 Xnlla(2,La00,0))
+/ ||Xn||Lq(Q7Loo(07s))ds, t e [O,T] (527)
0

Using Lemma 9 with € > 0 to estimate || X, pa(2,02(0,)) and | Xn||Le(2,La(0,)), we get for ¢ €
[0, 77,

1 Xnllza(o, 00, S HUOHH + E(uo,n) +el| XnllLa(2, L 0,)) / 1 Xnlla(2,05¢(0,5))ds.
Taking ¢ sufficiently small we end up with

1 - t
[ Xnll Lo, 0, S 5 lluollzr + (o) +/ [ Xnllza(2,L0,5)ds, t€[0,T].
0

Finally, the Gronwall Lemma yields

1 __
IXalrason) < C (Gluly +£@m) ), 1€
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where the constant C' = C(bg,,ba+1,4, @, F') > 0 is uniform in n € N. As a consequence of (5.7)
and Proposition 10, we obtain

5(170\/) < ||u0||%1 |A%S UOH%{ + Hu0||%+1 ||S uOHaJrl
n n n 1
™ [I1Snuoll? 1Snuoll* e

1 a
S A2 uollF + lluollFEh < E(uo) (5.28)

for n > ng and E(ug ) = 0 for n < ng. This completes the proof of Proposition 12 a).

Ad b): Now, we continue with the proof of the Aldous condition. Let us fix n € N. We have for
all t € [0, 7], almost surely

Un(t) — Ugp = — i/t Auy,(s)ds — i/t P, F(u,(s))ds

//|1|<1} {e By (s) —un(s )} 7(ds,dl)
/ /{|l|<1}{613 n(l)y, —u(s) —I—iBn(l)u(s)} v(dl)ds

)+ Jo(t) + J3(t) + Ja(t)

in H,. Let us next fix a sequence (7,,),,cy of stopping times and 6 > 0. By the above we infer that

4

ey <> 170+ 0) AT) = Ji(7a)
k=1

Hun((Tn + 9) ANT) — Un(Tn)

Hence, for a fixed n > 0, we get

4
s =0} < 3B {17 +6) A-T) = Ju(r)
k=1

P {[[un((0 +0) AT) — tup ()

L > g} (5.29)

We aim to apply the Chebyshev inequality and estimate the expected value of each term in the
sum on the RHS of (5.29). We use part a) for

E”Jl((Tn + 9) A T) — Jl(Tn)‘

(Tn+O)NT (Tn+O)NT L
e <Ef [Au ()3 ds <E [ A2t ()]sl

n n

SOE[ sup un(s)|p,] < OE[ sup [un(s)[},]* < 0Cs;
s€[0,T] s€[0,T)

the embedding L= (M) < E* and the nonlinear estimates (2.4) and (2.9) for

(Th+0)AT
EllJ2((7n + 0) AT) = Jo(mn) B, < E/ [ Pn F'(un(s))]

Tn

E ds

(Tn+O)NT (Tn+O)AT
SB[ IF@)leds SE [ PO, 0

n n

(Tn+0)
<E / Ja ) sl < B[ s un(s)2,] < 00
Tn se|0,

By the Levy-Ito-isometry, Lemma 7, (2.13) and Proposition 11 we get

(T7l+9)/\T .
/ / [e_‘B"(l)un(s—) —up(s )} ii(ds, dl)
g <y

n

E|J3((rn + ) AT) = J3(ru) 7oy SE

H
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(Tn+O)AT )
[ e 0u(s) o) (s

T <1}

(Tn+O)AT
<bn / 1Pu(d)E / () 3rds < Blluoll%
{l1]<1} T,

n

n

and

EHJ4((Tn + 9) A T)—J4(Tn)‘

2

(Tn+6)AT .
—F / / {75 Oy (s) = wn(s) + iBu(Dun(s) } v(di)ds
Tn {l1<1} -
(Tn+0)AT '
s ]E/ / [ O () = () + 1B (@un(s)]| | vidD)ds
™ (<1 "
1 (Tn+0)AT
< *bH/ ‘l|21/(dl)E/ lten (8) || rrds < Oug|| -
27 Jiusy -
By the Chebyshev inequality, we obtain for a given n > 0
4 4C10
P{I1e((7n + ) AT) = Ju(ra)ll = 1} < CE(( + 6) AT) = () < ¥ (530
for k € {172’4} and
n . 16 16C46
P{Is((ru+0) AT) = )l = 3} < GBI+ 0) AT) = Ty < =5 (531)

Let us fix € > 0. Due to estimates (5.30) and (5.31) we can choose d1,...,d4 > 0 such that

n €

> =5 < —
Fa = 4} =4

for0 <@ <drpand k=1,...,4. With 6 := min {01,...,d4}, using (5.29) we get
P{||Jk((7'n + AT — Ji(1a)] E? > 77} <e

for all n € N and 0 < § < ¢ and therefore, the Aldous condition [A] holds in E%.

]P’{\\Jk((rn FOVAT) — Jiu(m)]

We continue with the a priori estimate for solutions of (5.8) with a focusing nonlinearity. Note
that this case is harder since the expression

1 1 .
SllvllE + E@) = SvllE, + F(v),  ve Hy,

does not dominate ||v||% » because F' is negative. Nevertheless, we will see that the E4-norm is
still the dominating part under the additional Assumption 4 i’), which leads to a restriction to the
maximal degree of the nonlinearity F. In particular, uniform estimates in £ 4 are still possible.

Proposition 13 Under Assumption 4 i’), the following assertions hold:
a) For all r € [1,00), there is a constant
1
C= C(HUOHH’ HAZUOHHa HU’O”L"‘+1 ) Vs &y T7 Fa bEAa ba+17 T) >0
with

supE| sup [un ()5, | < C;
neN te[0,T

b) The sequence (un)nen satisfies the Aldous condition [A] in EY.
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In particular, the sequence (P"*), _\ is tight in Zr by Proposition 8.

Proof ad a): Let € > 0. Assumption 4 i’) and Young’s inequality imply that there are v > 0 and
C. > 0 such that

lull gt oy S ellullf, + Cellullyy,  we Ba, (5.32)
and therefore by Proposition 11, we infer that
P lun(s)) S lun() 5 gy S ellun(3)I, + Cellun(s)
S ell A un ()% + elluollfy + Celluollfy, s € [0,7)- (5.33)
By analogous calculations as in the proof of Proposition 12 we get
1,1
Az un (sl = - F(un(s)) + € (un(s))
F(un(s)) + € (i)
+ / [e(e*if”n%n(r—)) — E(un (r—))| A(dl, dr)
<1}

/ [ oy [0~ E0a09) - 00) 6B ()] ity
=: —Fun $)) + &€ (ug.pn) + I1(s) + I2(s) (5.34)
almost surely for all ¢ € [0,T]. We abbreviate
Yo(s) = luollie + [A2un(s)132 + [un()l55h, s € (0,7,

Let ¢ > 2 and recall (5.25) as well as the mass conservation from Proposition 11. As in the proof
of Proposition 12, we estimate

<E

P — 1 o
E(uon)l S A2 uolFr + [luoll Tt (5.35)

sup |1 (s)|? ‘1 2y t un ()| un (8)]|¢TL ’d )
SE[OI;}U(N]) S</{|zg1}|ll (dl)> (E(/O (lun ()1, + lun(s)lI7a) " d ) )

+ (/{|z<1} |lqu(dl)>‘l’ <]E/Ot (lun ()13, + lun(s)2H0 ) d )q

S Wallpac,z20,6) + [YallLage,La0,0)3 (5.36)

N|=

1
q t
(E[ sup |12<s>|q}> S [ ) [l 5 g, 0 0
5€[0,1] {li<1y 0 ’ '

t
S / 1YallLa 2,250 0,r))dr (5.37)
0
Using (5.33), (5.35), (5.36) and (5.37) in (5.34), we obtain

1Ak

< |42 un|? €+ ellug||2s + Co|luo||Y
peienimiony S ARl et ol + Celluolls

i a
+ {1 AZuo|[Z2 + lluol| 3t + [YallLace,2(0,0))

t
+ [1Yallza(2,La(0,0)) +/ 1YnllLa(2,zo 0,r))dr-
0
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If we employ Lemma 9 to estimate ||Y,||za(02,22(0,¢)) and [[Ya |l £a(2,Le(0,)), We get

1
[1Ab w3 & +elluoll3 + Celuo

S [1atun)ze|

La(£2,L>(0,t)) La($2,L>(0,t))

1
+ 1A% uo |22 + [luoll 3ty + ellYallLaco, L (0.0

¢
+/ 1Yo ll Lo (2,200 (0,r)) 7 (5.38)
0
In order to estimate the terms with Y;, by the LHS of (5.38), we exploit (5.33) to get
2 1 2 a+1
”Y”HL‘?(Q,L&(OJ)) < luoll + ||A2Un|\H‘ La(2,L5(0,1)) + ||”un“La-HHLQ(Q,LOO(O,t))

< (1+2) |l A ualy]

+ C(e, |luoll a)-
L9(2,L°(0,t))

Now, we choose € > 0 sufficiently small and end up with

t
<cC <1+/ 1143 32|
La(2,L>(0,t)) 0

for some C' = C(||uo|lz2, |AZuol m, ol Los1, 7, @, T, F, b, bas1,q) independent of n. From the
Gronwall Lemma, we infer

([EEA

dr)
La(£2,L>=(0,r))

< Ce“t, t € [0,T]. (5.39)

Azu,|?
”” Unllzz La(2,L(0,t) —

In view of Proposition 11, we have proved the assertion for r = 2¢ > 4. The case r € [1,4] is
an easy consequence of the Holder inequality.

ad b). The proof of the Aldous condition is similar to the defocusing case, see Proposition 12
b).

Corollary 3 Under Assumption 4, the sequence (uy,), cy of Galerkin solutions is tight on Zr.

Proof Immediate consequence of Propositions 8, 12 and 13.

6 Construction of a martingale solution

In this section, we will use the compactness results and the uniform estimates from the previous
sections to complete the proof of Theorem 1. As in section 4, we employ the notations

Z :D([O’T]’EZ)v Z :La+1(07T;La+1(M))a Z3 = Dy ([OvT]vEA)a

and Zp := Z1 N Zs N Zs. If not mentioned otherwise Z3 is equipped with the topology from
Definition 4 and Zr is equipped with the supremum-topology. For any topological space (Z,0),
we denote the Borel o-algebra o(O) on Z by B(Z). The first step of the following arguments is to
prove that Proposition 9 can be applied with

Xy = ME([0,T] x RM), Xy = Zrp.

Here, M%([0,7] x RM) denotes the set of all N-valued Borel measures ¢ on [0,7] x RY with
£(8,) < o for all n € N, for some sequence S,, C [0,7] x RY of Borel sets with S,, 1[0, 7] x RV
and Leb ® v(S,) < oo for all n € N. It is well known, see e.g. Lemma 2.53 in the second authors
dissertation [29] or Section 1 in [21], that MX([0,T] x RM) is a complete separable metric space.

Moreover, we determine a countable family § of real-valued continuous functions on Z7 which
separates points of Zp and determine the o-algebra A which is generated by §. In the application
of Proposition 9, it would be desirable to equip Z; with the Borel o-algebra B(Zr), of course,
but it turns out that A is strictly contained in B(Zr). Given real-valued functions f,,, m € N,
on a topological space Z, we will frequently use the notation f = (f1, f2,...) and the fact that
o(fm :m € N) = f71(B(R*)), where R* is equipped with the locally convex topology induced
by the seminorms pg(x) := |xg].
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Lemma 10 Let X be a set and f, : X — R, m € N. Let Ox be the coarsest topology such f,, is
continuous for all m € N. Then, we have

0(Ox) =0o(fm :meN).

Proof The direction ” D 7 is obvious by the continuity of f,, for m € N. In view of the good
set principle, it is sufficient for the other inclusion to show that each O € Ox is contained in
F~H(B(R>)). Since each O € Oy is of the form

K
0= U ﬂ f?,_l(oi,k)7 O, open in R*,

iel k=1

see [27], Proposition 4.4, we can write represent O as the inverse image of the open set  J, el ﬂszl Oik
under the continuous function f, which verifies the assertion.

Lemma 11 a) For all j € {1,2,3} there is a countable family §; of real-valued continuous func-
tions on Z; that separates points of Z;.

b) Let T3 = {flzr: [ € &3}. Then, there is a countable family § of real-valued continuous
functions on Zr that separates points of Zr and generates the o-algebra

A=o (B(21 0 Z2)| 2 U a(ég)) . (6.1)

Proof Step 1. For each Z;, we give a sequence (fm ;),,cy of continuous functions f,,; : Z; — R
separating points and determine the generated o-algebras.
Let {¢k : k € N} be a sequence with |[¢rl[g, < 1 and [[z[|p; = supgey|Re(z, ¢r)| for all

x € EY and {t; : | € N} be dense in [0,T]. We set
Sre1(u) := Re(u(ty), ¢r), weZy, kileN
and for n € N, we denote
Thytn 2 20 = (EQ)" we (u(th), .- ultn)) .
From [33], Corollary 2.4, we know that

B(Z1) = o(m,,...1, : n € N).

d

But since 7y, ., is strongly measurable in (E%)™ if and only if

n

Zy u Re(myy o, (W), (@kys - ooy PR ()7 (Ba) = Z Tr;g1(u)
j=1

for all k1,...,k, € N, we obtain B(Z1) = o(fx,; : k € N,l € N). By right-continuity and the
choice of ¢, k € N, the fi; separate points in Z; and they are continuous since convergence in
71 implies pointwise convergence.

The existence of (fy2),,cy 18 @ consequence of the Hahn-Banach-Theorem in Z. For the
details, we refer to [29], Lemma 2.28. Let {hy : k € N} and {¢; : | € N} be dense subsets of E% and
[0, T, respectively. We set

fr,3(u) == Re(u(ty), hi), ue€Zs, kileN

and denote the enumeration of (fk’ls3)k,leN by (fm.3),en - By the definition of the topology in Z3
and the fact that convergence in D([0,T]) implies pointwise convergence, we obtain that fi, 3 is
continuous. Suppose that fp, s(u1) = fm,3(ug) for all uq,us € Zs, m € N. From the right-continuity
of [0,T] > t — Re(u;(t), hi) and the density of (t;), (hr),, we infer u,(t) = ua(t) for all t € N, i.e.
(fm.3)men Separates points in Z3.
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Step 2. We define ﬁj ={fm,jlzr :meN}, je{l,2,3}, and § := F1UF2 UT3. We would like
to prove A = o(§). Above, we obtained o(f,, ; : m € N) = B(Z;) for j =1, 2. Since we have

0 (fm.jlzinz, s m €N) = o(fimj:m € N)|z,nz,

and

we conclude

B(Zl n ZQ) =0 U ag (fm,j

7j=1,2

ZiNZy - M € N)

and thus,

B(Zy N Z2)| 2p = 0 (| 20 fm2lze - m €N) = 0(F1 UF2).

Hence, we obtain
A=0 (B(21N 2Z2)|2, Vo (Fs)) = 0 (0(F1UF2) U (Fa)) = olF1 U2 USs) = 0 (5).
The proof of Lemma 11 is thus completed.

Remark 4 By Lemma 10, we have o(F3) = 0(Oy,), where Oy, is the coarsest topology on Z3 such
that each element of 3 is continuous. Hence, we have o (F3) C B(Z3) (cf. Definition 4 for the
standard topology on Z3) since convergence in D(]0,7]) implies pointwise convergence, but not
vice versa. However, we get A = B (ZT) where Z7 is the topological space arising when we replace

the topology on Z3 by Ogz,.

By the previous Lemma and the uniform estimates from Propositions 12 and 13, we can apply
Proposition 9 to the sequence (uy), oy of Galerkin solutions. As a result, we obtain a candidate v
for the martingale solution.

Corollary 4 Let (uy), oy be the sequence of solutions to the Galerkin equation (5.8) on (§2,F,P)
and A be the o-algebra on Zp defined in (6.1).

a) There are a probability space (2, F,P), a subsequence (un,),cy and random variables v, vy :
Q= Zr and iy, 7 : 2 — ME([0,T] x RM) with
i) PUeovr) = Puny) for k€ N,
it) (M, vr) = (7,0) in ME([0,T] x RM) x Zp almost surely for k — oo,
1) M, = 7 almost surely.
Moreover, i, are time-homogeneous Poisson random measures on [0, T] x RN with intensity
measure Leb @ v. w.r.t to the filtration F defined by the augmentation of

Fi =0 (Mk(s),vm(s),v(s) : k € Nym € N,s € [0,1]),

where by the notation 7, (s) we mean all random variables of the form 7 ((0,s] x By), where
By is a measurable set in B.

b) We have v, € D ([0,T], H) P-a.s. and for all v € [1,00), there is C = C(T, ||uo||g,,7) > 0
with

supE [[[vil 0.7:54) | < C-
keN
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¢) For allr € [1,00), we have

E ol om0 | < €
with the same constant C' > 0 as in b).

Remark 5 The fact that for each n € N, u,, is an (Zr, A)-valued random variable is true since
D([0,T], Hyn) C Z; for each n € N and each j = 1,2, 3, see (4.2) for the definition of the spaces Z;,
with continuity of the canonical embedding. In particular

{BNnD([0,T),H,): Be B(Zr)} =c ({BND([0,T],H,,) : B closed in Zr})
c o({B: B closed in D(0, 7], Hy) }) = BID(0,T), Hy)).
Since u,, is random variable in ([0, T], H,,), we infer that
{u, € B} ={u, € BND([0,T),H,)} € F
for all B € A.
Proof ad a). We apply Proposition 9 with
Xy = ME(0,T) xRM), Ao = Zr

and x, = (n,u,), n € N. The tightness of x, is guaranteed by Corollary 3 and the fact that
random variables on metric spaces are tight, see [39], Theorem 3.2. In Lemma 11, we have checked
that Zp fulfills the assumptions of Proposition 9 with the o-algebra A from above. For the proof
of the last assertion, we refer to [13], Section 8, Step III.

ad b). Since D ([0,T], Hy) is contained in Z; for j = 1,...,4, the definition of A yields that
D ([0,T], Hg) € A. Hence, we obtain v;, € D ([0, T], Hy,) P-a.s. as an immediate consequence of the
identity of the laws of vy and u,, .

The uniform estimate follows from the respective estimates for (uy, ),y , see Propositions 12
and 13, via the identity of laws, since D ([0,77], Hg) > w = sup;co 7y |w(t)||p, is a measurable
function.

ad ¢). We can follow the lines of the proof of Proposition 6.1 ¢) in [15].

Corollary 5 In the framework of Corollary 4, we have P-almost surely, for each k € N,
ok |ler = ||wollg for all t € [0,T].
Proof Let us fix k € N. Then, the set
S = {u e D([0,T], Hy,,) : |u)|lg = ||uol|z for all ¢ € [O,T]}

is closed in D([0, T, Hy, ) by Corollary 6. Therefore, S is a Borel set in Zr. By Corollary 4, the
laws of vy and u,, are equal. Since by Proposition 11 the law of u,, is concentrated on S, so is
the law of vg. The proof is thus complete.

It remains to show that (Q, F,P,q,F, u) is indeed martingale solution. The compensated Pois-
son random measure induced by 7 is denoted by 7 := 77— Leb®v. We need the following convergence
results.

Lemma 12 Let 1) € E4. Then, we have the following convergences in L?(£2 x [0,T]) as n — oo :

Re (vn, — w0, ¥) ; — Re (v —uo,¥) (6.2)

/- Re (Av,(s) + P F (va(s)), w)Hds — /0. Re(Auv(s) + F(v(s)),v)ds; (6.3)

0
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// Re (efign(l)vn(s—) —vp(s—), 1/1) n(ds,dl)
{|l\§1}'
Re (e BWy(s—) — v(s—), n(ds,dl); 6.4
[ R ) o)) s ab (6.4)

// Re (e_iB”(l)vn(s) — vn () + B (D)vn(s),v) ,v(dl)ds
0 J{i<1} |
Re (e BWy(s) — v(s iB(l)v(s), v(dl)ds.
= [ RO — o) + <><>w)H<(>65)

Proof ad (6.2). We get (6.2) pointwise in {2 x [0, 7] from (5.6) and v,, — v in L2(0,T; H). In view
of

T T
B / |Re (un(t) — om0, 7t < [][5E / (o (8) 121 + luollzr)” At < )5 T2 o3y < oo

for r > 2, Vitali’s convergence Theorem yields the assertion.

ad (6.3). Let us fix w € 2 and ¢ € [0,T]. Then,

t
/ Re (P F(vn(s)),¥) ,ds —>/ Re(F ,P)ds
0
follows from v, — v in L*1(0,T; L1 (M), see [15], Lemma 6.2, step 3. Moreover,
Re(A(vn(s) —v(s)), ) = Re(vn(s) — v(s), AY) = 0

for all s € [0,T] by v, — v in D, ([0,T], E4). Via

T rt
B[ [ IRe(av,(s), 0} dsdt < [l 7B ] sup loa()li, ] < oc.
0 Jo s€[0,T

B T
)
0

dt <7719l E[ sup [|F(vn(s)lgs ]

s€[0,T]
ST Wl E[ sup [lon(s)[I5,] < o0

s€lo,

/0 Re (P, F(vn(s)), ’(/))Hds

for r > 2, Vitali yields (6.3) in L?(£2 x [0,77)).
d (6.4). In view of the Ito isometry, it is equivalent to prove
/ / [Re (75 O, (5) — v (s) — [~ Du(s) ~ v(s)] . 0) , Pr(d)ds 50, n o0,
{li<1}
(6.6)

in L1(£2 x [0,T)). For = € H, Lebesgue yields

14 ' '
/ a [eﬂssn(z)eﬂ(ks)g(z)x} ds
0 dS

1
< / I (B.(1) = B(1)) 6456"(l)efi(lfs)B(l)xHHds — 0, n — oo.
0

||€7i6”(l):c . efiB(l)

eln ]
H
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From v,, — v almost surely in L?(0,T; H) and again Lebesgue, we infer
t
/ |Re (e*iB"(l)vn — Uy — [e*iB(l)v - v} ,w)H|2ds (6.7)
0

t
< 2/0 (||e—lzsn<z) (v —v) 1% + lvn — 1% + || {e—lsn(z) _ e—ls(z)} vIIH) [l ds = 0 (6.8)

as n — oo almost surely for all ¢t € [0,T] and [ € B(0,1). Since we have

/|Re Bny,, — vy, [*iB(l)va},w)H\zds
< 20 ba U (onlFeo ey + 00320 ) ) S 1P € LABOiv),  (6.9)

by Lemma 7 and Remark 2, we get

¢
/ / | Re (e*iB"(l)vn — Uy — [e*iB(l)v - ’u} ,w)H|2d31/(dl) —0
{lu<1y Jo

as n — oo almost surely for all ¢ € [0,T]. For r > 1, we employ similar estimates as in (6.9) for

T t s
]E/ / / | Re (e_iB"(l)vn —Up — [e‘iB(l)v — v} 71p)H|2d31/(dl) dr
0 {ll|I<1} Jo

T T
SIIEE [ (loalacom + 102 dr

se|lo,

S [WIFETHE [ sup (lonllZ + IUII?{)T] < 00,

and thus, we get (6.4) by Vitali’s Theorem.

ad (6.5). From (6.7),

/ | Re (iB,,( iB(l)v,¢)H|ds

<l (||Bn(l)(vn =)L em + [1Ba(l) = BO] vl 0,650
<@ lat® (1B cemllvn = vllz2.em) + | 1Ball) = BU)] vl 12(0,:m)) = 0

and the bound
t
_ . 1
/0 |Re (e B vy, (s) = vn(s) +1Bn(Dvn(s),¥) ,lds < §bH||"/)HH|l|2HUNH%?(O,t;H)
Sou |I? € LY(B(0,1);v)

by Lemma 7, we infer (6.5) pointwise in 2 x [0, T]. The L?(§2x [0, T])-convergence follows similarly
as in the previous step by the Vitali type argument based on the uniform bounds on v,, n € N.

Finally, we are ready to summarize our results and obtain the existence of a martingale solution.

Proof (Proof of Theorem 1) Step 1. Let us define the maps
t
My, (w,t) =ug , — i/ Re(Aw(s) + P, F(w(s)),vy)ds
0

t
—iBn (1) ) _ ~
+/O /{l|§1} Re (6 w(s—) —w(s )7¢)H77(d8,dl)
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t e e—iBn(l)w S) —w(s iB,, (Dw(s v s
+/0 /{”SHR ( (5) = w(s) + iBn(l)w(s), v) ,v(dl)ds;

My(w,t) =uo — i/o Re(Aw(s) + F(w(s)),)ds
t o e*iB(l)w ) — w(s— = (ds
+/0 /{|l<1}R ( (5=) ( )’w)Hn(d ,di)

t
- / / Re (e BWw(s) — w(s) + iB()w(s), 1) ,v(dl)ds.
0 J{|I<1}
The results of Lemma 12 can be summarized as
Re (vn,z/J)H — My, (v, -) = Re (uw)H — My (v, ), n — 0o,

in L2(2 x [0, 7)) for all 9 € E4 and from the definition of u,, via the Galerkin equation, we infer
Re (un (), 1/))H = My, (un,t) almost surely for all ¢ € [0,T]. Due to the identity Lebjy ) @ P =
Lebyg, 1) @ PV, we obtain

T T
E/ Re (u(t), ), — My (v,£)*dt = lim E/ IRe (0a (1), ), — My (0, 1)l

T
= lim E/ |Re (un(t),w)H — M,y (un, t)|*dt =0
0

and thus,
P{Re (v(t),®), = My(v,t) faa. tel0,T]}=1.

Since both Re (v, ¢)H and My (v, -) are almost surely in ([0, T]), we obtain

=i

{Re (v(t),w)H = My(v,t) Vte [O,T]} =1,
which means that (f), F,P,q,F, v) is a martingale solution to (2.15).

Step 2. In order to conclude the proof, we need to show that the process v satisfies the mass
preservation condition (1.6). Let us first fix w € {2 such that

v (-, w) = v(-,w) in Zp, (6.10)

as k — co. By part (a)(ii) of Corollary 4, the set of such elements is a full set in {2. Together with
Lemma 2, (6.10) implies that there exists r = r(w) > 0 such that sup,c( 7 [[vk (¢, w)|| < r for every
k € N. From (6.10) and Proposition 6, we infer that there is a sequence (Ax),cny = (Ak(W)), ey €
AN, such that

sup [Jug(Ak(t),w) —v(t,w)llpy =0, k— oo
t€[0,T]

Hence, we get

sup ||Uk()‘k(t)7w) - U(tvw)HH

t€[0,T)
1 1
S sup [JopOn(t),w) = ot )l By ok (8),0) — vt )1, |
t€[0,T]
< (@)} sup [loeOw(t)w) —v(t,w)[f =0, koo,

te[0,T)
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In view of Proposition 6, this implies v (-,w) = v(-,w) in D([0,T], H) as k — co. Since the norm
function || - ||z : H — R is Lipschitz continuous we deduce that

[oe (s w)llg = [lo( w)l| g in D([0, T], R).
On the other hand, by Corollary 5, we infer that
ok (t, w) ||z = |luol| g for all ¢ € [0,T].
Applying finally Lemma 13 we infer that

lo(t, w)|| g = ||uol|zr for all ¢ € [0,T].
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A Time Homogeneous Poisson Random Measure

Let N denote the set of extended natural numbers, i.e., N := NU{oo} and R := [0, c0). Let (5,.#) be a measurable
space and Mp(S) be the set of all N-valued measures on the measurable space (S,.”). On the set Mg(S) we consider
the o-field .#(S) defined as the smallest o-field such that for all C' € . : the map

ic MN(S) S p— u(C) eEN

is measurable.

Definition 7 Let (Y, %(Y)) be a measurable space. A time homogeneous Poisson random measure n on (Y, 4(Y))
over (2, F,F,P) is a measurable function

n: (2,F) = (Mg(RT xY), #5(RT x Y))

such that

(a) for each C € Z(RT) ® B(Y),n(C) :=ic on: 2 — N is a Poisson random variable with parameter E[n(C)];
(b) 7 is independently scattered, i.e., if the sets C1,Ca,...,Cn € B(RT) ® B(Y) are disjoint, then the random
variables n(C1),n(Cz2), . ..,1n(Cp) are mutually independent;
(c) for all U € B(Y) the N—valued process (N(t,U));>0 defined by
N(t,U):=n((0,t] xU), t>0

is Fi-adapted and its increments are independent of the past, i.e., if ¢ > s > 0, then N(t,U) — N(s,U) =
n((s,t] x U) is independent of Fs.

If n is a time homogeneous Poisson random measure then the formula
V(A) = En((0,1] x A)], A€ B(Y)

defines a measure on (Y, %(Y)) called the intensity measure of 7. We assume that v is o-finite. Moreover, for all
T < oo and all A € #(Y) such that E[n((0,7] x A)] < co, the R—valued process {N(t, A)};c(o,7] defined by

N(t, A) == n((0,4] x A) —tv(4), te(0,T],
is an integrable martingale on ({2, F,F,P). The random measure m ® v on Z(Rt) ® #(Y), where m stands for
the Lebesgue measure (often denoted also as Leb), is called a compensator of n and the difference between a time
homogeneous Poisson random measure 7 and its compensator, i.e.,
ﬁ =N —mev,
is called a compensated time homogeneous Poisson random measure.
We follow the notion of Tkeda and Watanabe [32], Peszat and Zabczyk [40], to list some of the basic properties

of the stochastic integral with respect to 7. Let E be a separable Hilbert space and let P be a predictable o-field
on [0,T] x 2. Let £2 (P ® #B(Y),m ® P® v; E) be a space of all E-valued, P ® %(Y )-measurable processes such

that .
B [ [ el avwas] < .

If¢€ 82 (P®B(Y), m®PQu;E) then the integral process fOT Jy&(s, - y)7i(ds,dy), t € [0,T], is a cadlag
square-integrable F-valued martingale. Moreover, we have the following isometry formula

=[]/ ’ [ ety atas.a

B Marcus Canonical SDEs

Z] = ’ [ Vets. el avi s, e .71, (A1)

In the following section taken from the article [17] by the first and third author, we prove an It6 formula for solutions
of Marcus Canonical SDE in Hilbert spaces. Let (£2,F,F,P) be a probability space equipped with a filtration
F := {F,t > 0} that satisfies the usual hypothesis (i.e., Fo contains all P-null sets and F is right continuous).
Let vo,v1,...,vy : RY — R? be complete C'-vector fields. Define v : R — L(RN,R) such that v(y)(h) :=

SN vihy,h € RNy € RY.
Let L(t) := (L1(t),--- , Ln(t)) be a RN — valued Lévy process with pure jump,

L(t):/Ot/Blﬁ(ds,dl)+/0t/BCln(ds,dl)
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where B := B(0,1) C RN, I = (li,...,In) € RN ; 5, j represent homogeneous Poisson random measure and the
compensated one with the compensator m ® v respectively. We always assume that 7 is independent of Fg.
Consider the following “Marcus" stochastic differential equation:

dY (t) = vo(Y (t)) dt + v(Y (t—)) o dL(t)
=vo(Y () dt+ > _ v;(Y(t=)) o dL;(t), (B.1)
=1

which is defined in the integral form as follows

Y(t) = Yo +/Ot vo(Y(s))ds—&—/Ot/B [@(I,Z,Y(s—)) - Y(s—)]ﬁ(ds, dl)

+/t/c [45(1,1,)/(3,)) — Y (s-)|n(ds, di)
/ / 2(1,5Y(s) i ] (dl)ds, (B.2)

where y(t) := &(¢,1,yo) solves
N
= l;v;(y),  with initial condition y(0) = yo. (B.3)

Theorem 14 (It6’s formula 1) Let ¢ : R — RF is a Cl-class function. If Y is an R%-valued process a solution
o (B.1), then

e(Y (1)) — »(Yo)

t
= [eoenmeaondst [ [ [o@uy-) - o] atas

+// S(1,L,Y (5-))) = @(Y (s-))] i(ds, di)
+// D(1,1,Y(s))) — (Y (s)) leap (s)(v; (Y (s)))]u(dl)ds. (B.4)

Moreover, when k = d and ¢ : R* — RY is a Cl-diffeomorphism, we define for each j = 0,1,...,N, the
“Push-forward" of the vector fields v; by ¢’ as V; : R? — RY such that

e (d @) (vile T (@) = e (@) (vile T (=),

Let v : RY — L(RN | R?) be as before.
Then'Y is a solution to (B.1) iff
Z(t) = (Y'(1))
s a solution to
dZ =~o(Z(t))dt +v(Z(t)) 0o dL(t), Zo = ¢(Y0). (B.5)

We will now present an infinite dimensional version of the above result, which has been used in this work.
As before let (2, F,F,P) be a complete probability space. Let E be a separable Hilbert space. Let vo,vi,..., vy :

E — E be complete C'!-vector fields. Define v : E — L(RY, E) such that v(y)(h) := Zj\;l vi(y)hj,h e RN,y € E.
Define the Lévy process L(t) as before. Define the Marcus mapping

PRy x RVxE—E
such that for each fixed | € RV, yg € E, the function
t— D(t,1,up)

is the continuously differentiable solution of the ordinary differential equation

Zlv] , >0,

with y(O) =y € E,and [ = (ll,lg, .. .,ZN) € B, i.e.,

B(t,1,y0) = é(o,l,yo>+/ Zl v (B(s,1,y0)) ds, t > 0.

With the above setting, let us consider the E-valued process Y given by (B.2). Then we have the following result.
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Theorem 15 (It6’s formula 2) Let G be a separable Hilbert space and ¢ : E — G be a C'-class function such
that the first derivative ¢’ : E — L(E, Q) is (p —1)-Holder continuous. If Y is an E-valued process given by (B.2),
then for every t > 0, we have P-a.s.

e(Y(t)) — »(Yo)
:/ (Y (s)) (vo (Y ds+// (1,1, Y (s2)) — o(¥ (s=)] n(ds, )

// B(1,1,Y(s—))) — (Y(s—))]ﬁ(ds,cu)
// B(1,1,Y(s))) — (Y (s)) ZW ())(v;( (s)))]u(dl)ds. (B.6)

Moreover, when ¢ : E — E is a C'-diffeomorphism, we define for each j =0,1,..., N, the “Push-forward" of
the vector fields vj by ¢’ as V; : E — E such that

2o (d L, 9V @) = (e ) (vile T (2).

Let v : E — L(RN,E) be as before.
Then Y is a solution to (B.1) iff
Z(t) == ¢(Y(1))

is a solution to
dZ =vo(Z(t))dt +v(Z(t)) odL(t), Zo = ¢(Y0). (B.7)

Proof Let us assume, for the sake of simplicity, n = 0 on B€¢. For y € E, define

fy,l):=®(1,l,y) —y forallle B (B.8)

=vow) + [ [#0.1.9) =y~ Zlv] )| via

=v y)+/B £ Zl Vi ()] (). (B.9)
Then the E-valued process Y given in (B.2) takes the form

Y(t) = Yo +/ ) ds +/ / Fv i(ds, dl). (B.10)

Then by the Ito’s formula (see Theorem B.1 in Brzezniak et al. [14]), for every ¢ > 0, we have P-a.s.

oY (1) = ¢0) + [ L (Y () @Y ())) ds + / [ e (s=), ))ii(ds, di)
[ et ).0) = (¥ (s-) - ¢<Y<s—>><f<Y<s—>,l))]n(ds,dw
= o(Y0) + ZI (B.11)
=

Note that by the definition of a in (B.9)

L= /0 ¢ (Y (5))(a(Y (s))) ds
t t
= [ e+ [ [ @) s

0 0 B
‘ N

[ [ e N )] iy . (B.12)
o JB i

Using the definitions of f in (B.8) and that of compensated Poisson random measure 7 := 1 — m ® v, we have
t
I3 = / / (Y (=) + F(Y (52),1)) = oY (=) = &' (Y (s=)(F(Y (s=),1)) | n(d, d)
= [ [ [etet v - ptvis- ))*w’(Y(sf))(f(Y(sf),l))]n(ds,dl)
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- /;/B [“”(45(1”7’/(5—))) —so(Y(s—))]ﬁ(ds,dl) —/Ot/Bso’(Y(s—))(f(Y(s—),l))ﬁ(ds,dl)
+/0t/B [@(ds(l,l,Y(S))) —‘P(Y(S))]V(dl)ds—/Ot/B@’(Y(s))(f(Y(s),l))z/(dl)ds, (B.13)

Note that, while adding up I1,I> and I3, the second term of (B.12) and the last term of (B.13) cancel each other.
Also note the 2nd term on the right hand of (B.13) is —I2, and thus it gets cancelled with I2. Hence using (B.12)
and (B.13) in (B.11), and grouping the similar integrals we have the desired result (B.6).

To prove the second part of the Theorem, let us define a map

é:Ry xRN XE S E
such that for all [ € RV, z € E, the function ¢ — @(t, l, z) solves

dz

N
o= lejvj(z), t>0, 2(0) ==z
iz

Let us assume that ¢ : E — E is a C1-diffeomorphism. Then one can show that for all I € RY and t > 0

b(t,1,2) = 0(®(t,1,y)) where z = ©(y), y € E. (B.14)

Then from the 1t6’s formula (B.6), we deduce
Z(t) = Zo + /Ot Vo(Z(s))ds + /Ot /B [qﬁ(l,z,Z(S_)) - Z(s—)]n(ds,dl)
* /ot /B [qs(l’ 1, Z(s-)) — Z(sf)]ﬁ(ds, dl)

t R N
+/O /B [é(l,z,z(s))fZ(s)f;ljoj(z(s))}y(dl)d&

This proves Z(t) = (Y (t)) is an E-valued process satisfying
dZ =$o(Z(t))dt +v(Z(t)) o dL(t), Zo = ¢o(Y0).

Converse part can similarly be proven.

C A simple convergence result
Lemma 13 Suppose that for each n € N, a function f, € D([0, T],R) is constant and that for some f € D([0,T],R),
fn— f inD([0,T],R) as n — co. Then f is also a constant function and fn — f in C([0,T],R) as n — oo.

Proof Let us denote, for each n € N, the value of the function f, by cn, for some ¢, € R. By part (b) of Proposition
6 there exists a sequence (A,) € AY such that

sup [An(t) —t| =0 (C.1)
t€[0,T]
and
sup_ |fa(An(®) = F(O] 50, 1. (©2)

te[0,T]
This yields

sup |fn(t) — f(t)| = sup |en — f(O) = sup [fu(An(t)) — f(¥)] =0, n — oo.
te[0,T) te[0,T) te[0,T)

Moreover, (C.2) implies
[£(8) = () SIf(E) — enl + len = f($)] = [f () = fn(An (@) + [fn(An(s)) — f(s)] = 0
as n — oo for s,t € [0,T]. Hence, f is a constant function as claimed.

We conclude this section with the following result.

Corollary 6 Letn € Ng and ¢ > 0. Then, the set
S ={ueD([0,T],Hn) : |u(t)|lg =c for all t € [0,T]}
is closed in D([0,T7], Hy).

Proof Take an S-valued sequence (uj) such that up — w in D([0, T'], Hy,) for some u € D([0,T], Hn). For ¢ € [0, T
and k € N, we define fi(t) = ||ug(?)||g and f(t) = ||u(¢)| - Since the H-norm function is Lipschitz on H,,, we infer
that fr — f in D([0,T],R). In view of Lemma 13 we obtain f(¢) = ¢ for all ¢ € [0,T] which implies u € S.
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