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❝♦♠♣❧❡①❡s {Er(A), δr}r≥0 ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t Er+1(A) ∼= H(Er(A), δr)✳ ❋✉♥❝t♦r✐❛❧✐t②
❡♥s✉r❡s t❤❛t ❡✈❡r② ♠♦r♣❤✐s♠ f : A → B ✇✐❧❧ ✐♥❞✉❝❡ ❛ ♠♦r♣❤✐s♠ ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s
Er(f) : Er(A) → Er(B) ❛t ❡❛❝❤ st❛❣❡ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✳ ❋♦r ❡✈❡r② r ≥ 0
♦♥❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss ♦❢ ♠♦r♣❤✐s♠s f s✉❝❤ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ Er(f) ❛t t❤❡ r✲st❛❣❡✱
✐s ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳ ❚❤✐s ❣✐✈❡s ❛ ❝❧❛ss ♦❢ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s Er
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E0 ⊆ E1 ⊆ · · · ⊆ Er ⊆ Er+1 ⊆ · · · .

●✐✈❡♥ ❛ ❝❛t❡❣♦r② C ✇✐t❤ ❛ ❝❧❛ss ♦❢ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s E ✱ ❛ ❝❡♥tr❛❧ ♣r♦❜❧❡♠ ✐♥ ❤♦♠♦t♦♣✐❝❛❧
❛❧❣❡❜r❛ ✐s t♦ st✉❞② t❤❡ ♣❛ss❛❣❡ t♦ t❤❡ ❤♦♠♦t♦♣② ❝❛t❡❣♦r② ✿ t❤✐s ✐s t❤❡ ❧♦❝❛❧✐③❡❞ ❝❛t❡❣♦r②
Ho(C) = C[E−1] ♦❜t❛✐♥❡❞ ❜② ♠❛❦✐♥❣ ♠♦r♣❤✐s♠s ✐♥ E ✐♥t♦ ✐s♦♠♦r♣❤✐s♠s✳ ❖r✐❣✐♥❛❧❧② ❛r✐s✐♥❣
✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s✱ t❤✐s ✐s ❛ ♣r♦❜❧❡♠ ♦❢ ❛ ✈❡r② ❣❡♥❡r❛❧ ♥❛t✉r❡✱ ❛♥❞ ❝❡♥✲
tr❛❧ ✐♥ ♠❛♥② ♣r♦❜❧❡♠s ♦❢ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ❛♥❞ t♦♣♦❧♦❣②✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ t❤✐s
♣r♦❜❧❡♠ ✐s ♥♦✇❛❞❛②s ♣r♦✈✐❞❡❞ ❜② ◗✉✐❧❧❡♥✬s ♠♦❞❡❧ ❝❛t❡❣♦r✐❡s✳ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ❛ s❡t ♦❢
❛①✐♦♠s s❛t✐s✜❡❞ ❜② t❤r❡❡ ❞✐st✐♥❣✉✐s❤❡❞ ❝❧❛ss❡s ♦❢ ♠♦r♣❤✐s♠s ✭✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✱ ✜❜r❛t✐♦♥s
❛♥❞ ❝♦✜❜r❛t✐♦♥s✮ ❣✐✈❡s ❛ r❡❛s♦♥❛❜❧② ❣❡♥❡r❛❧ ❝♦♥t❡①t t♦ st✉❞② t❤❡ ❤♦♠♦t♦♣② ❝❛t❡❣♦r②✳ ❆
♣❛rt✐❝✉❧❛r t②♣❡ ♦❢ ♠♦❞❡❧ ❝❛t❡❣♦r② ✐s ❛ ❝♦✜❜r❛♥t❧② ❣❡♥❡r❛t❡❞ ♦♥❡✳ ■♥ t❤✐s ❝❛s❡✱ ❝♦✜❜r❛t✐♦♥s
❛♥❞ tr✐✈✐❛❧ ❝♦✜❜r❛t✐♦♥s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② s❡ts ♦❢ ♠♦r♣❤✐s♠s I ❛♥❞ J ❛♥❞ s✉❝❤ ❝❛t❡❣♦r✐❡s
❡♥❥♦② ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ r❡❝♦❣♥✐t✐♦♥ t❤❡♦r❡♠s✳ ❚❤❡② ❤❛✈❡ ❣♦♦❞ ♣r♦♣❡rt✐❡s ✇✐t❤ r❡s♣❡❝t t♦
tr❛♥s❢❡r ♦❢ ♠♦❞❡❧ str✉❝t✉r❡s ❛❧♦♥❣ ❛❞❥✉♥❝t✐♦♥s✳ ■♠♣♦rt❛♥t ❡①❛♠♣❧❡s ♦❢ ❝♦✜❜r❛♥t❧② ❣❡♥❡r❛t❡❞
♠♦❞❡❧ ❝❛t❡❣♦r✐❡s ❛r❡ ♠♦❞❡❧ str✉❝t✉r❡s ♦♥ t❤❡ ❝❛t❡❣♦r✐❡s ♦❢ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s✱ ♦❢ s✐♠♣❧✐❝✐❛❧
s❡ts ❛♥❞ ♦❢ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s ♦❢ R✲♠♦❞✉❧❡s ✭s❡❡ ❬✶✷❪ ❛♥❞ ❬✶✶❪ ❢♦r ❞❡t❛✐❧s✮✳

▲❡t C ❜❡ ❡✐t❤❡r t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ♦r t❤❡ ❝❛t❡❣♦r② ♦❢ ❜✐❝♦♠♣❧❡①❡s ♦❢
R✲♠♦❞✉❧❡s✱ ✇❤❡r❡ R ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ ✇✐t❤ ✉♥✐t✳ ❇② t❛❦✐♥❣ t❤❡ ❝❧❛ss Er ♦❢ Er✲q✉❛s✐✲
✐s♦♠♦r♣❤✐s♠s✱ ✐♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② t❤❡ r✲❤♦♠♦t♦♣② ❝❛t❡❣♦r② ❞❡✜♥❡❞ ❜② ✐♥✈❡rt✐♥❣ Er✲
q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✳ ❚❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧✐③❛t✐♦♥ ❢✉♥❝t♦rs

Ho0(C)→ Ho1(C)→ Ho2(C)→ · · · .

❲❡ ❞❡✜♥❡ s❡ts Ir ❛♥❞ Jr ♦❢ ❣❡♥❡r❛t✐♥❣ ❝♦✜❜r❛t✐♦♥s ❛♥❞ tr✐✈✐❛❧ ❝♦✜❜r❛t✐♦♥s ❛♥❞ ❜✉✐❧❞ ❝♦✜✲
❜r❛♥t❧② ❣❡♥❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡s ✇❤❡r❡ t❤❡ ❝❧❛ss ♦❢ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ✐s ❣✐✈❡♥ ❜② Er✲
q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✳

❚❤❡ ♣r♦❜❧❡♠ ♦❢ st✉❞②✐♥❣ t❤❡ ❤♦♠♦t♦♣② ❝❛t❡❣♦r✐❡s Hor(C) ✐s ♥♦t ♦♥❧② ♦❢ ✐♥t❡r❡st ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ❛❜str❛❝t ❤♦♠♦t♦♣✐❝❛❧ ❛❧❣❡❜r❛✳ ■♥❞❡❡❞✱ ✐t r❡❧❛t❡s t♦ s❡✈❡r❛❧ ❤♦♠♦❧♦❣✐❝❛❧ ❛♥❞ ❤♦♠♦✲
t♦♣✐❝❛❧ ✐♥✈❛r✐❛♥ts ♦❢ ❣❡♦♠❡tr✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ♦r✐❣✐♥ ✇❤✐❝❤ ❤✐❣❤❧✐❣❤t t❤❡ ✐♥t❡r❡st ♦❢ st✉❞②✐♥❣
♠♦r❡ ✢❡①✐❜❧❡ str✉❝t✉r❡s t❤❛♥ t❤❡ ♦♥❡ ♣r♦✈✐❞❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ st❛❣❡ E0✳ ❲❡ ♠❡♥t✐♦♥ ❛ ❢❡✇ ❡①✲
❛♠♣❧❡s✳ ■♥ t❤❡ ♠✐①❡❞ ❍♦❞❣❡ t❤❡♦r② ♦❢ ❉❡❧✐❣♥❡ ❬✻❪✱ t❤❡r❡ ❛r❡ t✇♦ ✜❧tr❛t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ t❤❡
❝♦♠♣❧❡① ♦❢ s✐♥❣✉❧❛r ❝♦❝❤❛✐♥s ♦❢ ❡✈❡r② ❝♦♠♣❧❡① ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t②✿ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ ❛♥❞ t❤❡
✇❡✐❣❤t ✜❧tr❛t✐♦♥✳ ❚❤❡s❡ ✜❧tr❛t✐♦♥s ❛r❡ ♥♦t ✇❡❧❧✲❞❡✜♥❡❞ ❜✉t ❜❡❝♦♠❡ ♣r♦♣❡r ✐♥✈❛r✐❛♥ts ♦♥❧②
✉♣ t♦ E0✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ✭❢♦r t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥✮ ❛♥❞ E1✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ✭❢♦r t❤❡
✇❡✐❣❤t ✜❧tr❛t✐♦♥✮✳ ❆ s❡❝♦♥❞ ❡①❛♠♣❧❡ ✐s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❙✉❧❧✐✈❛♥✬s r❛t✐♦♥❛❧ ❤♦♠♦t♦♣② t❤❡♦r②✿
❍❛❧♣❡r✐♥ ❛♥❞ ❚❛♥ré ❬✶✵❪ ❞❡✈❡❧♦♣❡❞ ❛ t❤❡♦r② ♦❢ ♠✐♥✐♠❛❧ ♠♦❞❡❧s ♦❢ ✜❧t❡r❡❞ ❞✐✛❡r❡♥t✐❛❧ ❣r❛❞❡❞
❛❧❣❡❜r❛s ❛♥❞ ❞❡✜♥❡❞ ❛ ✜❧t❡r❡❞ ❤♦♠♦t♦♣② t②♣❡ ✇✐t❤ r❡s♣❡❝t t♦ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✳ ❚❤❡✐r
t❤❡♦r② ❤❛s ♣r♦✈❡♥ t♦ ❜❡ ❛ ✉s❡❢✉❧ t♦♦❧ ✐♥ t❤❡ r❛t✐♦♥❛❧ ❤♦♠♦t♦♣② t❤❡♦r② ♦❢ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞s✱
✈✐❛ t❤❡ ❋rö❧✐❝❤❡r s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❛♥❞ t❤❡ ❇♦r❡❧ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ♦❢ ❛ ♣r✐♥❝✐♣❛❧ ❤♦❧♦♠♦r✲
♣❤✐❝ ❜✉♥❞❧❡ ✭s❡❡ ❬✾❪✮✳ ❆❧t❤♦✉❣❤ t❤❡② ♣r♦✈❡ s♦♠❡ ❧✐❢t✐♥❣ ❛①✐♦♠s ❢♦r t❤❡✐r ♠✐♥✐♠❛❧ ♦❜❥❡❝ts✱
t❤❡ t❤❡♦r② ♦❢ ❍❛❧♣❡r✐♥ ❛♥❞ ❚❛♥ré ❧❛❝❦s ❛♥ ✉♥❞❡r❧②✐♥❣ ♠♦❞❡❧ str✉❝t✉r❡✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡
❧✐❡s ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❉❡❧✐❣♥❡✬s ♠✐①❡❞ ❍♦❞❣❡ t❤❡♦r② ❛♥❞ ❙✉❧❧✐✈❛♥✬s r❛t✐♦♥❛❧ ❤♦♠♦t♦♣②✿
t❤❡ r❛t✐♦♥❛❧ ❤♦♠♦t♦♣② t②♣❡ ♦❢ ❛ ❝♦♠♣❧❡① ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t② ✐s ❡♥t✐r❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✜rst
st❛❣❡ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✇❡✐❣❤t s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✭s❡❡ ❬✶✻❪✱ ❬✸❪✮✳ ❆❣❛✐♥✱ t❤✐s ✐s ❛♥ ✐♥✈❛r✐❛♥t
❞❡✜♥❡❞ ✐♥ t❤❡ ❤♦♠♦t♦♣② ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ ❛❧❣❡❜r❛s ✉♣ t♦ E1✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠✳

❚❤❡ ❤♦♠♦t♦♣② t❤❡♦r② ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❤❛s ❜❡❡♥ ❝❧❛ss✐❝❛❧❧② st✉❞✐❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣
❛s ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s t❤❡ ❝❧❛ss ♦❢ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s s✉❝❤ t❤❛t t❤❡ r❡str✐❝t✐♦♥
❛t ❡❛❝❤ st❡♣ ♦❢ t❤❡ ✜❧tr❛t✐♦♥ ✐s ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠✳ ◆♦t❡ t❤❛t t❤✐s ❝❧❛ss ♦❢ ❡q✉✐✈❛❧❡♥❝❡s ✐s



▼❖❉❊▲ ❈❆❚❊●❖❘❨ ❙❚❘❯❈❚❯❘❊❙ ❆◆❉ ❙P❊❈❚❘❆▲ ❙❊◗❯❊◆❈❊❙ ✸

❝♦♥t❛✐♥❡❞ ✐♥ E0✱ ❛♥❞ ❢♦r ❜♦✉♥❞❡❞ ✜❧tr❛t✐♦♥s✱ t❤❡ t✇♦ ❝❧❛ss❡s ❛❣r❡❡ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ 3.24✮✳
❚❤❡ ✜rst st❡♣s ✇❡r❡ ❞♦♥❡ ❜② ■❧❧✉s✐❡ ✭s❡❡ ❈❤❛♣t❡r ❱ ♦❢ ❬✶✸❪✮✱ ✇❤♦ ❞❡✈❡❧♦♣❡❞ ❛ t❤❡♦r② ♦❢ ✜❧t❡r❡❞
✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥s ❢♦r ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡①❡s ♦❢ ✜❧t❡r❡❞ ♦❜❥❡❝ts ✐♥ ❛♥ ❛❜❡❧✐❛♥
❝❛t❡❣♦r②✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❡①❛❝t ❝❛t❡❣♦r✐❡s ✇❛s ❞❡✈❡❧♦♣❡❞ ❜②
▲❛✉♠♦♥ ❬✶✹❪✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❉✐ ◆❛t❛❧❡ ❬✼❪ ♣r♦✈✐❞❡❞ t❤❡ ❝❛t❡❣♦r② ♦❢ ✭✉♥❜♦✉♥❞❡❞✮ ❝♦♠♣❧❡①❡s
♦❢ R✲♠♦❞✉❧❡s ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ❞❡❝r❡❛s✐♥❣ ✜❧tr❛t✐♦♥s✱ ✇✐t❤ ❛ ❝♦✜❜r❛♥t❧② ❣❡♥❡r❛t❡❞ ♠♦❞❡❧
str✉❝t✉r❡✱ ✇✐t❤ t❤❡ ❛❜♦✈❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✳ ❆ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❤✐❣❤❡r st❛❣❡s ♦❢ t❤❡ r❡s✉❧ts
♦❢ ▲❛✉♠♦♥ ❛♥❞ ■❧❧✉s✐❡ ♦♥ ✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r✐❡s ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✽❪ ❛♥❞ ❬✹❪ ❢♦r
❜♦✉♥❞❡❞ ❜❡❧♦✇ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ✇✐t❤ ❜✐r❡❣✉❧❛r ✜❧tr❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❛ ♠♦❞❡❧ ❝❛t❡❣♦r②
❛♣♣r♦❛❝❤ ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❤✐❣❤❡r st❛❣❡s ♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✇❛s
♠✐ss✐♥❣ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

❚❤❡ ❤♦♠♦t♦♣② t❤❡♦r② ♦❢ ❜✐❝♦♠♣❧❡①❡s ❤❛s r❡❝❡♥t❧② ❜❡❡♥ st✉❞✐❡❞ ❜② ▼✉r♦ ❛♥❞ ❘♦✐t③❤❡✐♠
✐♥ ❬✶✼❪✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ t♦t❛❧ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛s ✇❡❧❧ ❛s t❤❡ ❡q✉✐✈❛❧❡♥❝❡s ❣✐✈❡♥ ❛❢t❡r
t❛❦✐♥❣ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❝♦❤♦♠♦❧♦❣②✳ ❚❤✐s s❡❝♦♥❞ ❝❧❛ss ♦❢ ❡q✉✐✈❛❧❡♥❝❡s ❝♦rr❡s♣♦♥❞s
t♦ E1 ✐♥ ♦✉r s❡tt✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡✐r t❡❝❤♥✐q✉❡s ❞♦ ♥♦t ❛❧❧♦✇ ❢♦r ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❤✐❣❤❡r
st❛❣❡s✳ ▼♦r❡♦✈❡r✱ t❤❡✐r ❛♣♣r♦❛❝❤ ✐s r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❜✐❝♦♠♣❧❡①❡s s✐tt✐♥❣ ✐♥ t❤❡ r✐❣❤t
❤❛❧❢ ♣❧❛♥❡✳ ❚❤❡✐r ♠❡t❤♦❞s ❞♦ ♥♦t ❡①t❡♥❞ t♦ ♦✉r s❡tt✐♥❣✱ s✐♥❝❡ t❤❡② ❤❡❛✈✐❧② ✉s❡ t❤❡ ❢❛❝t t❤❛t
t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ♦❢ s✉❝❤ ❛ ❜✐❝♦♠♣❧❡① ✐s str♦♥❣❧② ❝♦♥✈❡r❣❡♥t✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡
♣r❡s❡♥t ♣❛♣❡r ❝♦♥t❛✐♥s t❤❡ ✜rst tr❡❛t♠❡♥t ♦❢ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠♦❞❡❧
❝❛t❡❣♦r✐❡s✳ ❲❡ ♥❡①t ❡①♣❧❛✐♥ ♦✉r ♠❛✐♥ r❡s✉❧ts✳

❉❡♥♦t❡ ❜② FCR t❤❡ ❝❛t❡❣♦r② ♦❢ ✉♥❜♦✉♥❞❡❞ ✜❧t❡r❡❞ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡①❡s ♦❢ R✲♠♦❞✉❧❡s✳ ❚❤❡
s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ♦❢ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡① A♠❛② ❜❡ ✇r✐tt❡♥ ❛s ❛ q✉♦t✐❡♥t Er(A) ∼= Zr(A)/Br(A)
✇❤❡r❡ Zr(A) ❛♥❞ Br(A) ❞❡♥♦t❡ t❤❡ r✲❝②❝❧❡s ❛♥❞ r✲❜♦✉♥❞❛r✐❡s r❡s♣❡❝t✐✈❡❧②✳ ❇♦t❤ Zr ❛♥❞ Br
❛r❡ ❢✉♥❝t♦r✐❛❧ ❢♦r ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳ ❋♦r ❡❛❝❤ r ≥ 0✱ ✇❡ ♣r♦✈✐❞❡ t❤r❡❡ ❞✐✛❡r❡♥t
❝♦✜❜r❛♥t❧② ❣❡♥❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡s ❢♦r ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳ ❚❤❡s❡ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡
t❛❜❧❡ ❜❡❧♦✇✳

❚❛❜❧❡ ✶✳ ▼♦❞❡❧ str✉❝t✉r❡s ❢♦r ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s

✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ✜❜r❛t✐♦♥s

(Ar) ❚❤❡♦r❡♠ 3.14 Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s Zr(f) s✉r❥❡❝t✐✈❡

(Br) ❚❤❡♦r❡♠ 3.16 Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s Z0(f) ❛♥❞ Ei(f) s✉r❥❡❝t✐✈❡ ❢♦r ❛❧❧ i ≤ r

(Cr) ❚❤❡♦r❡♠ 3.26 Zr✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s Zr(f) s✉r❥❡❝t✐✈❡

▼♦❞❡❧ str✉❝t✉r❡ (Br) ✐s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ (Ar)✱ ❛♥❞ ❛❧❧♦✇s ❢♦r ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢
✜❜r❛t✐♦♥s ✐♥ t❡r♠s ♦❢ Ei ❢♦r i ≤ r ✐♥st❡❛❞ ♦❢ Zr✱ ✇❤✐❝❤ ♠❛② ♣r♦✈❡ t♦ ❜❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t
✐♥ ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥s✳ ❋♦r ❡❛❝❤ ✜①❡❞ r✱ t❤❡ t✇♦ ♠♦❞❡❧ str✉❝t✉r❡s (Ar) ❛♥❞ (Br) ❛r❡
◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥t ❛♥❞ (Ar) ✐s ❛ r✐❣❤t ❇♦✉s✜❡❧❞ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ (Cr)✳ ◆♦t❡ t❤❛t ✐♥ (Cr)✱
✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛r❡ ❣✐✈❡♥ ❜② t❤♦s❡ ♠♦r♣❤✐s♠s f : A → B s✉❝❤ t❤❛t Zr(f) ✐s ❛ q✉❛s✐✲
✐s♦♠♦r♣❤✐s♠ ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ (C0) ❤❛s ❛s ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s t❤❡ ❝❧❛ss
♦❢ ✜❧t❡r❡❞ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s ✭t❤♦s❡ ♠♦r♣❤✐s♠s ✐♥❞✉❝✐♥❣ ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ❛t ❡❛❝❤ st❡♣
♦❢ t❤❡ ✜❧tr❛t✐♦♥✮✱ ❝❧❛ss✐❝❛❧❧② ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ st✉❞② ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳

❚❤❡ ✢❡①✐❜✐❧✐t② ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❛❧❧♦✇s ❝♦♠♣❛r✐s♦♥s ♦❢ t❤❡ ❛❜♦✈❡ ♠♦❞❡❧ str✉❝t✉r❡s
✇❤❡♥ ✈❛r②✐♥❣ r ❛s ✇❡ ♥❡①t ❡①♣❧❛✐♥✳ ❉❡❧✐❣♥❡ ✐♥tr♦❞✉❝❡❞ ❛ ♣❛✐r ♦❢ ❛❞❥♦✐♥t ❢✉♥❝t♦rs✱ ❝❛❧❧❡❞
s❤✐❢t ❛♥❞ ❞é❝❛❧❛❣❡✱ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳ ❚❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s
❛ss♦❝✐❛t❡❞ t♦ t❤❡s❡ ❢✉♥❝t♦rs ❛r❡ r❡❧❛t❡❞ ❜② ❛ s❤✐❢t ♦❢ ✐♥❞❡①✐♥❣✳ ■♥ ❚❤❡♦r❡♠ 3.22 ✇❡ s❤♦✇
t❤❛t s❤✐❢t ❛♥❞ ❞é❝❛❧❛❣❡ ❣✐✈❡ ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ t❤❡ ♠♦❞❡❧ ❝❛t❡❣♦r✐❡s

(A0) ⇄ (A1) ⇄ (A2) ⇄ · · ·
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❛♥❞ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r (Br) ❛♥❞ (Cr) r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡♥ ✈❛r②✐♥❣ r ≥ 0✳
❉❡♥♦t❡ ❜② bCR t❤❡ ❝❛t❡❣♦r② ♦❢ ❜✐❝♦♠♣❧❡①❡s ♦❢ R✲♠♦❞✉❧❡s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s♣❡❝tr❛❧

s❡q✉❡♥❝❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❜✐❝♦♠♣❧❡① ❞❡✜♥❡❞ ❛s t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❛ss♦❝✐❛t❡❞ t♦ ✐ts t♦t❛❧
❝♦♠♣❧❡① ✇✐t❤ t❤❡ ❝♦❧✉♠♥ ✜❧tr❛t✐♦♥✳ ✭❖❢ ❝♦✉rs❡✱ s✐♠✐❧❛r r❡s✉❧ts ❤♦❧❞ ❢♦r t❤❡ r♦✇ ✜❧tr❛t✐♦♥✳✮
❚❤✐s s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❛❞♠✐ts ❛ ✈❡r② ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ✐♥ t❡r♠s ♦❢ ❝❡rt❛✐♥ ❝♦♠♣❧❡①❡s t❤❛t
✇❡ ❝❛❧❧ ✇✐t♥❡ss r✲❝②❝❧❡s ❛♥❞ ✇✐t♥❡ss r✲❜♦✉♥❞❛r✐❡s✱ ❞❡♥♦t❡❞ ❜② ZWr ❛♥❞ BWr r❡s♣❡❝t✐✈❡❧②
✭s❡❡ ❙✉❜s❡❝t✐♦♥ 4.1✮✳ ❚❤❡s❡ ❢✉♥❝t♦rs ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t t❤❡② ❛r❡ r❡♣r❡s❡♥t❛❜❧❡ ✐♥
t❤❡ ❝❛t❡❣♦r② ♦❢ ❜✐❝♦♠♣❧❡①❡s✳ ■♥ ❢❛❝t✱ t❤❡ r❡♣r❡s❡♥t✐♥❣ ❝♦♠♣❧❡①❡s ✇✐❧❧ ♣❧❛② t❤❡ r♦❧❡ ♦❢ t❤❡
s♣❤❡r❡s ❛♥❞ ❞✐s❝s t❤❛t ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦✜❜r❛♥t❧② ❣❡♥❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡ ❢♦r
❝♦♠♣❧❡①❡s ♦❢ R✲♠♦❞✉❧❡s✳ ❋♦r ❡❛❝❤ r ≥ 0✱ ✇❡ ♣r♦✈✐❞❡ t✇♦ ❞✐✛❡r❡♥t ❝♦✜❜r❛♥t❧② ❣❡♥❡r❛t❡❞
♠♦❞❡❧ str✉❝t✉r❡s ❢♦r ❜✐❝♦♠♣❧❡①❡s✳ ❚❤❡s❡ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✳

❚❛❜❧❡ ✷✳ ▼♦❞❡❧ str✉❝t✉r❡s ❢♦r ❜✐❝♦♠♣❧❡①❡s

✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ✜❜r❛t✐♦♥s

(A′
r) ❚❤❡♦r❡♠ 4.37 Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s f ❛♥❞ ZWr(f) s✉r❥❡❝t✐✈❡

(B′
r) ❚❤❡♦r❡♠ 4.39 Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s Ei(f) s✉r❥❡❝t✐✈❡ ❢♦r ❛❧❧ i ≤ r

❆❣❛✐♥✱ (B′
r) ✐s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ (A′

r) ❛♥❞ ❛❧❧♦✇s ❢♦r ❛ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢
✜❜r❛t✐♦♥s✳ ◆♦t❡ t❤❛t (A′

r) ❛♥❞ (B′
r) ❛r❡ t❤❡ ♠♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡s ♦❜t❛✐♥❡❞ ✐♥ ❛♥❛❧♦❣②

t♦ (Ar) ❛♥❞ (Br) ❢♦r ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳ ❆♥ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ❢r♦♠ t❤❡ ❝❛s❡ ♦❢ ✜❧t❡r❡❞
❝♦♠♣❧❡①❡s ✐s t❤❛t✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❜✐❝♦♠♣❧❡①❡s✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t❤❡ s❤✐❢t ❛♥❞ ❞é❝❛❧❛❣❡ ❢✉♥❝t♦rs
❝♦♠♣❛r✐♥❣ t❤❡ ❞✐✛❡r❡♥t str✉❝t✉r❡s ✭s❡❡ ❘❡♠❛r❦ 4.41✮✳ ❚❤✐s ❢❛❝t ❛♥❞ t❤❡ ❛❞❞❡❞ ❞✐✣❝✉❧t②
✐♥ ♣r♦✈✐♥❣ t❤❡ ♠❛✐♥ r❡s✉❧ts ❢♦r ❜✐❝♦♠♣❧❡①❡s ❡①❤✐❜✐t ❤♦✇ t❤❡s❡ ♦❜❥❡❝ts ❛r❡ ♠✉❝❤ ♠♦r❡ r✐❣✐❞
t❤❛♥ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳ ❍♦✇❡✈❡r✱ ❢♦r ❛ ✜①❡❞ r t❤❡ t✇♦ ♠♦❞❡❧ str✉❝t✉r❡s (A′

r) ❛♥❞ (B′
r) ♦♥

t❤❡ ❝❛t❡❣♦r② ♦❢ ❜✐❝♦♠♣❧❡①❡s ❛r❡ ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥t✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ s✉♠♠❛r✐③❡s t❤❡ ❦❡② r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ ✈❛r✐♦✉s ♠♦❞❡❧ str✉❝✲
t✉r❡s✳

❚❛❜❧❡ ✸✳ ❘❡❧❛t✐♥❣ t❤❡ ♠♦❞❡❧ str✉❝t✉r❡s

✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s id : (Ar) ⇄ (Br) : id ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❡❛❝❤ r ≥ 0

Sl : (Ar) ⇄ (Ar+l) : Decl ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❡❛❝❤ r, l ≥ 0

Sl : (Br) ⇄ (Br+l) : Decl ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❡❛❝❤ r, l ≥ 0

Sl : (Cr) ⇄ (Cr+l) : Decl ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❡❛❝❤ r, l ≥ 0

id : (Ar) ⇄ (Cr) : id (Ar) ✐s ❛ r✐❣❤t ❇♦✉s✜❡❧❞ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢

(Cr) ❢♦r ❡❛❝❤ r ≥ 0

❜✐❝♦♠♣❧❡①❡s id : (A′
r) ⇄ (B′

r) : id ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❡❛❝❤ r ≥ 0

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ❝♦✈❡rs ❜❛❝❦❣r♦✉♥❞ ♠❛t❡r✐❛❧ ♦♥ t❤❡ ❝❛t❡❣♦r✐❡s
♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❛♥❞ ❜✐❝♦♠♣❧❡①❡s ❛♥❞ ♦♥ ♠♦❞❡❧ str✉❝t✉r❡s✳ ❙❡❝t✐♦♥ ✸ ♣r❡s❡♥ts t❤❡ ♠♦❞❡❧
str✉❝t✉r❡s ♦♥ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❛♥❞ ❙❡❝t✐♦♥ ✹ ❣✐✈❡s t❤❡ ♠♦❞❡❧ str✉❝t✉r❡s ♦♥ ❜✐❝♦♠♣❧❡①❡s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ●❛❜r✐❡❧ ❉r✉♠♠♦♥❞✲❈♦❧❡ ❢♦r ✐❧❧✉♠✐♥❛t✐♥❣ ❝♦♠✲
♠❡♥ts r❡❣❛r❞✐♥❣ ❧✐♠✐ts ❛♥❞ ❝♦❧✐♠✐ts ✐♥ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❛♥❞ t❤❡ ❛♥♦♥②♠♦✉s r❡❢❡r❡❡ ❢♦r
✉s❡❢✉❧ ❝♦rr❡❝t✐♦♥s✳ ❲❡ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t❤❡ t❤❛♥❦ t❤❡ ❝♦♠♠✉♥❡ ♦❢ ❊♥tr❡✈❛✉① ❢♦r ♣r♦✈✐❞✐♥❣
❛♥ ❛t♠♦s♣❤❡r❡ ✇❤✐❝❤ ❢♦st❡r❡❞ ❝r❡❛t✐✈✐t②✳
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◆♦t❛t✐♦♥✳ ❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ❧❡t R ❞❡♥♦t❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ ✇✐t❤ ✉♥✐t✳ ❈♦♠✲
♣❧❡①❡s ✇✐❧❧ ❜❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧❧② ❣r❛❞❡❞✳

✷✳ Pr❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s ♣r❡❧✐♠✐♥❛r② s❡❝t✐♦♥✱ ✇❡ ❝♦❧❧❡❝t t❤❡ ♠❛✐♥ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❦♥♦✇♥ r❡s✉❧ts ♦♥ ✜❧t❡r❡❞
❝♦♠♣❧❡①❡s✱ ❜✐❝♦♠♣❧❡①❡s ❛♥❞ ♠♦❞❡❧ ❝❛t❡❣♦r✐❡s t❤❛t ✇❡ ✇✐❧❧ ✉s❡ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳

✷✳✶✳ ❇✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳ ❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥ ✇❡ ❧❡t r ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❆♥ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① ✐s ❛ (Z,Z)✲❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡ A = {Ap,q} t♦❣❡t❤❡r
✇✐t❤ ♠❛♣s ♦❢ R✲♠♦❞✉❧❡s δr : A

p,q → Ap−r,q+1−r s✉❝❤ t❤❛t δ2r = 0✳ ❆ ♠♦r♣❤✐s♠ ♦❢ r✲❜✐❣r❛❞❡❞
❝♦♠♣❧❡①❡s ✐s ❛ ♠❛♣ ♦❢ ❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s ❝♦♠♠✉t✐♥❣ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t✐❛❧s✳

❲❡ ❞❡♥♦t❡ ❜② r✲bCR t❤❡ ❝❛t❡❣♦r② ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳ ❚❤❡ ❝♦❤♦♠♦❧♦❣② ♦❢ ❡✈❡r②
r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① ✐s ❛ ❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡ ❛♥❞ ✐t ❤❛s ❛ ♥❛t✉r❛❧ ❝❧❛ss ♦❢ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s
❛ss♦❝✐❛t❡❞ t♦ ✐t✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦♠♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛ ❝♦♥str✉❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❚❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ ❛♥ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① A ✐s t❤❡ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①
T (A) ❣✐✈❡♥ ❜②

T p,q(A) := Ap−r,q−r+1.

❉❡✜♥✐t✐♦♥ ✷✳✸✳ ▲❡t f : A → B ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳ ❚❤❡ ❝♦♥❡ ♦❢ f ✐s
t❤❡ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① (C(f), D) ❣✐✈❡♥ ❜②

Cp,q(f) = T p,q(A)⊕Bp,q = Ap−r,q−r+1 ⊕Bp,q ✇✐t❤ D(a, b) = (da, f(a)− db).

❆♥ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① A ✐s ❝❛❧❧❡❞ ❛❝②❝❧✐❝ ✐❢ Hp,q(A) = 0 ❢♦r ❛❧❧ p, q ∈ Z✳ ◆♦t❡ t❤❛t ❛
♠♦r♣❤✐s♠ ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s ✐s ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❝♦♥❡ C(f) ✐s
❛❝②❝❧✐❝✳

✷✳✷✳ ❋✐❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✉♥❜♦✉♥❞❡❞ ❝♦♠♣❧❡①❡s ♦❢ R✲♠♦❞✉❧❡s ❡♥❞♦✇❡❞
✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✜❧tr❛t✐♦♥s ✐♥❞❡①❡❞ ❜② t❤❡ ✐♥t❡❣❡rs✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ❆ ✜❧t❡r❡❞ R✲♠♦❞✉❧❡ (A,F ) ✐s ❛♥ R✲♠♦❞✉❧❡ A t♦❣❡t❤❡r ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢
s✉❜♠♦❞✉❧❡s ♦❢ ❆ ❞❡♥♦t❡❞ {FpA}p∈Z ✐♥❞❡①❡❞ ❜② t❤❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t Fp−1A ⊆ FpA ❢♦r ❛❧❧
p ∈ Z✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ♠♦❞✉❧❡s ✐s ❛ ♠♦r♣❤✐s♠ f : A → B ♦❢ R✲♠♦❞✉❧❡s ✇❤✐❝❤ ✐s
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ✜❧tr❛t✐♦♥s✿ f(FpA) ⊆ FpB ❢♦r ❛❧❧ p ∈ Z✳

❲❡ ✇✐❧❧ s❛② t❤❛t ❛ ✜❧t❡r❡❞ R✲♠♦❞✉❧❡ (A,F ) ✐s ♣✉r❡ ♦❢ ✇❡✐❣❤t p ✐❢

0 = Fp−1A ⊆ FpA = A.

●✐✈❡♥ ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ♠♦❞✉❧❡s f : (A,F ) → (B,F ) ✇❡ ✇✐❧❧ ❧❡t Fpf : FpA → FpB
❞❡♥♦t❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ f t♦ FpA✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ❆ ✜❧t❡r❡❞ ❝♦♠♣❧❡① (A, d, F ) ✐s ❛ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡① (A, d) ∈ CR t♦❣❡t❤❡r ✇✐t❤
❛ ✜❧tr❛t✐♦♥ F ♦❢ ❡❛❝❤ R✲♠♦❞✉❧❡ An s✉❝❤ t❤❛t d(FpA

n) ⊆ FpA
n+1 ❢♦r ❛❧❧ p, n ∈ Z✳ ◆♦t❡ ✐♥

♣❛rt✐❝✉❧❛r t❤❛t (FpA, d|Fp
) ✐s ❛ s✉❜❝♦♠♣❧❡① ♦❢ (A, d)✳ ❉❡♥♦t❡ ❜② FCR t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞

❝♦♠♣❧❡①❡s ♦❢ R✲♠♦❞✉❧❡s✳ ■ts ♠♦r♣❤✐s♠s ❛r❡ ❣✐✈❡♥ ❜② ♠♦r♣❤✐s♠s ♦❢ ❝♦♠♣❧❡①❡s ❝♦♠♣❛t✐❜❧❡
✇✐t❤ ✜❧tr❛t✐♦♥s✳

❘❡♠❛r❦ ✷✳✻✳ ❚❤❡ ❝❛t❡❣♦r② FCR ✐s ❝♦♠♣❧❡t❡ ❛♥❞ ❝♦❝♦♠♣❧❡t❡✳ ❚♦ s❡❡ t❤✐s ❧❡t Z+ ❜❡ t❤❡
♣♦s❡t Z ∪ {∗} ✐✳❡✳✱ t❤❡ ♣♦s❡t ♦❢ ✐♥t❡❣❡rs ❛❞❥♦✐♥ ❛ t❡r♠✐♥❛❧ ♦❜❥❡❝t ❞❡♥♦t❡❞ ∗✳ ❙✐♥❝❡ t❤❡

❝❛t❡❣♦r② ♦❢ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡①❡s CR ✐s ❛♥ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r②✱ t❤❡ ❞✐❛❣r❛♠ ❝❛t❡❣♦r② C
Z+

R ✐s
❝♦♠♣❧❡t❡ ❛♥❞ ❝♦❝♦♠♣❧❡t❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❧✐♠✐ts ❛♥❞ ❝♦❧✐♠✐ts ❛r❡ ❝♦♠♣✉t❡❞ ♦❜❥❡❝t✲✇✐s❡✳ ❚❤❡
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✭❝♦✮❝♦♠♣❧❡t❡♥❡ss ♦❢ FCR ❢♦❧❧♦✇s ❢r♦♠ ❬✶✾✱ ❚❤❡♦r❡♠ ✹✳✺✳✶✺❪ ❛♥❞ t❤❡ ❢❛❝t t❤❛t FCR ✐s ❛

r❡✢❡❝t✐✈❡ s✉❜❝❛t❡❣♦r② ♦❢ C
Z+

R ✭✐✳❡✳✱ t❤❡ ✐♥❝❧✉s✐♦♥ ❢✉♥❝t♦r ❛❞♠✐ts ❛ ❧❡❢t ❛❞❥♦✐♥t✮✳
▼♦r❡♦✈❡r✱ ❬✶✾✱ ❚❤❡♦r❡♠ ✹✳✺✳✶✺❪ ❣✐✈❡s ♣r❡❝✐s❡ ❝♦♥str✉❝t✐♦♥s ♦❢ ❧✐♠✐ts ❛♥❞ ❝♦❧✐♠✐ts ✇❤✐❝❤

✇❡ ❞❡s❝r✐❜❡ ❤❡r❡ ✐♥ ♦✉r s❡tt✐♥❣✳ ▲✐♠✐ts ✐♥ FCR ❛r❡ ❝♦♠♣✉t❡❞ ❧❡✈❡❧✲✇✐s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
❢♦r t❤❡ ❝❛s❡ ♦❢ ❝♦❧✐♠✐ts ❧❡t D : I → FCR ❜❡ ❛ s♠❛❧❧ ❞✐❛❣r❛♠ ❛♥❞ ❞❡♥♦t❡ D(i) = (D∞, F )✳
❚❤❡♥ ✇❡ ❤❛✈❡ ❞✐❛❣r❛♠s Dp : I → CR ❛♥❞ D∞ : I → CR ❣✐✈❡♥ ❜② Dp(i) := Fp(D(i)) ❛♥❞
D∞(i) = D∞✳ ◆♦t❡ t❤❛t ❢♦r ❛♥② p ✇❡ ❤❛✈❡ ❛ ❝❛♥♦♥✐❝❛❧ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ Dp → D∞

✐♥❞✉❝✐♥❣ ❛ ♠♦r♣❤✐s♠ ♦❢ ❝♦♠♣❧❡①❡s ❜❡t✇❡❡♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ❝♦❧✐♠✐ts✳ ❚❤❡♥

colimI(D) = (colimI(D∞), F )

✇❤❡r❡

Fp(colimI(D)) := Im(colimI(Dp)→ colimI(D∞)).

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ f : (A,F ) → (B,F ) ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ R✲♠♦❞✉❧❡s✱ t❤❡♥ ✐ts ❦❡r♥❡❧
❛♥❞ ❝♦❦❡r♥❡❧ ❛r❡ ❣✐✈❡♥ ❜②

FpKerf = KerFpf ❛♥❞ FpCokerf = FpB/FpB ∩ f(A).

❖♥❡ ❝❛♥ s✐♠✐❧❛r❧② s❤♦✇ t❤❛t t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ ♠♦❞✉❧❡s ✐s ✭❝♦✮❝♦♠♣❧❡t❡✳

❊✈❡r② ✜❧t❡r❡❞ ❝♦♠♣❧❡① A ❤❛s ❛♥ ❛ss♦❝✐❛t❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ {Er(A), δr}r≥0✳ ❚❤❡ r✲st❛❣❡
Er(A) ✐s ❛♥ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① ❛♥❞ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s t❤❡ q✉♦t✐❡♥t

Ep,qr (A) ∼= Zp,qr (A)/Bp,qr (A),

✇❤❡r❡ t❤❡ r✲❝②❝❧❡s ❛r❡ ❣✐✈❡♥ ❜②

Zp,n+pr (A) := FpA
n ∩ d−1(Fp−rA

n+1)

❛♥❞ t❤❡ r✲❜♦✉♥❞❛r✐❡s ❛r❡ ❣✐✈❡♥ ❜② Bp,n+p0 (A) = Zp−1,n+p−1
0 (A) ❛♥❞

Bp,n+pr (A) := Zp−1,n+p−1
r−1 (A) + dZp+r−1,n+p+r−2

r−1 (A) ❢♦r r ≥ 1.

●✐✈❡♥ ❛♥ ❡❧❡♠❡♥t a ∈ Zr(A)✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② [a]r ✐ts ✐♠❛❣❡ ✐♥ Er(A)✳ ❋♦r [a]r ∈ Er(A)✱
✇❡ ❤❛✈❡ δr([a]r) = [da]r✳ ◆♦t❡ t❤❛t ❜♦t❤ Zr ❛♥❞ Br ❛r❡ ❢✉♥❝t♦r✐❛❧ ❢♦r ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞
❝♦♠♣❧❡①❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✼✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s f : A → B ✐s ❝❛❧❧❡❞ ❛♥ Er✲q✉❛s✐✲
✐s♦♠♦r♣❤✐s♠ ✐❢ t❤❡ ♠♦r♣❤✐s♠ Er(f) ✐s ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳

❉❡♥♦t❡ ❜② Er t❤❡ ❝❧❛ss ♦❢ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s ♦❢ FCR✳ ❚❤✐s ❝❧❛ss ❝♦♥t❛✐♥s ❛❧❧ ✐s♦♠♦r✲
♣❤✐s♠s ♦❢ FCR✱ s❛t✐s✜❡s t❤❡ t✇♦✲♦✉t✲♦❢✲t❤r❡❡ ♣r♦♣❡rt② ❛♥❞ ✐s ❝❧♦s❡❞ ✉♥❞❡r r❡tr❛❝ts✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✷✳✽✳ ▲❡t r ≥ 0 ❛♥❞ ❧❡t f : K → L ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭✶✮ ❚❤❡ ♠❛♣s Zr(f) ❛♥❞ Zr+1(f) ❛r❡ ❜✐❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐✈❡✳
✭✷✮ ❚❤❡ ♠❛♣s Zr(f) ❛♥❞ Er+1(f) ❛r❡ ❜✐❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐✈❡✳

Pr♦♦❢✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ (2) ⇒ (1)✳ ▲❡t b ∈ Zp,∗r+1(L)✳ ❚❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ Er+1(f) ❣✐✈❡s

a ∈ Zp,∗r+1(K) ❛♥❞ β ∈ Bp,∗r+1(L) s✉❝❤ t❤❛t f(a) = b+β✳ ❲r✐t❡ β = x+dy ✇✐t❤ x ∈ Zp−1,∗
r (L)

❛♥❞ y ∈ Zp+r,∗r (L)✳ ❙✉r❥❡❝t✐✈✐t② ♦❢ Zr(f) ❣✐✈❡s u ∈ Z
p−1,∗
r (K) ❛♥❞ v ∈ Zp+r,∗r (K) s✉❝❤ t❤❛t

f(u) = x ❛♥❞ f(v) = y✱ s♦ t❤❛t f(a−u−dv) = b✳ ◆♦t❡ t❤❛t ♦♥❡ ♠❛② s❡❡ u ❛s ❛♥ ❡❧❡♠❡♥t ✐♥

FpK
n ✇✐t❤ du ∈ Fp−1−rK

n+1✳ ❚❤✐s ❣✐✈❡s u ∈ Zp,n+pr+1 ✳ ❆❧s♦✱ dv ∈ FpK
n s❛t✐s✜❡s ddv = 0✳

❚❤❡r❡❢♦r❡ a− u− dv ∈ Zp,n+pr+1 (K)✳ �
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✷✳✸✳ ❇✐❝♦♠♣❧❡①❡s✳ ❲❡ ❝♦♥s✐❞❡r (Z,Z)✲❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡s A = {Ai,j}✱ ✇❤❡r❡ ❡❧❡♠❡♥ts ♦❢
Ai,j ❛r❡ s❛✐❞ t♦ ❤❛✈❡ ❜✐❞❡❣r❡❡ (i, j)✳ ❚❤❡ t♦t❛❧ ❞❡❣r❡❡ ♦❢ ❛♥ ❡❧❡♠❡♥t a ∈ Ai,j ✐s |a| := j − i✳
❆ ♠♦r♣❤✐s♠ ♦❢ ❜✐❞❡❣r❡❡ (p, q) ♠❛♣s Ai,j t♦ Ai+p,j+q✳ ❲❡ ❞❡♥♦t❡ ❜② bgModR t❤❡ ❝❛t❡❣♦r②
✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ (Z,Z)✲❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡s ❛♥❞ ♠♦r♣❤✐s♠s ❛r❡ ❜✐❞❡❣r❡❡ (0, 0) ♠❛♣s✳

❉❡✜♥✐t✐♦♥ ✷✳✾✳ ❚❤❡ t♦t❛❧ ❣r❛❞❡❞ R✲♠♦❞✉❧❡ Tot(A) ♦❢ ❛ ❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡ A = {Ai,j} ✐s
❣✐✈❡♥ ❜②

Tot(A)n :=
∏

i

Ai,n+i.

❚❤❡ ❝♦❧✉♠♥ ✜❧tr❛t✐♦♥ ♦❢ Tot(A) ✐s t❤❡ ✜❧tr❛t✐♦♥ ❣✐✈❡♥ ❜②

FpTot(A)
n :=

∏

i≤p

Ai,n+i ❢♦r ❛❧❧ p, n ∈ Z.

❉❡✜♥✐t✐♦♥ ✷✳✶✵✳ ❆ ❜✐❝♦♠♣❧❡① (A, d0, d1) ✐s ❛ ❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡ A = {Ai,j} t♦❣❡t❤❡r ✇✐t❤
t✇♦ ❞✐✛❡r❡♥t✐❛❧s d0 : Ai,j → Ai,j+1 ❛♥❞ d1 : Ai,j → Ai−1,j ♦❢ ❜✐❞❡❣r❡❡s (0, 1) ❛♥❞ (−1, 0)
r❡s♣❡❝t✐✈❡❧②✱ s✉❝❤ t❤❛t d0d1 = d1d0✳

❉❡✜♥✐t✐♦♥ ✷✳✶✶✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s f : (A, d0, d1) → (B, d0, d1) ✐s ❛ ♠❛♣ ♦❢
❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s f : Ai,j → Bi,j ♦❢ ❜✐❞❡❣r❡❡ (0, 0) s✉❝❤ t❤❛t d0f = fd0 ❛♥❞ d1f = fd1✳ ❲❡
❞❡♥♦t❡ ❜② bCR t❤❡ ❝❛t❡❣♦r② ♦❢ ❜✐❝♦♠♣❧❡①❡s✳

❚❤❡ ❝❛t❡❣♦r② bCR ✐s s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ✇✐t❤ t❤❡ ✉s✉❛❧ t❡♥s♦r ♣r♦❞✉❝t ♦❢ ❜✐❝♦♠♣❧❡①❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✶✷✳ ❚❤❡ t♦t❛❧ ❝♦♠♣❧❡① ♦❢ ❛ ❜✐❝♦♠♣❧❡① (A, d0, d1) ✐s t❤❡ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡① ❣✐✈❡♥
❜② (Tot(A), d)✱ ✇❤❡r❡ d : Tot(A)∗ → Tot(A)∗+1 ✐s ❞❡✜♥❡❞ ❜②

d(a)i := d0(ai) + (−1)nd1(ai+1), ❢♦r a = (ai)i∈Z ∈ Tot(A)n.

❍❡r❡ ai ∈ A
i,n+i ❞❡♥♦t❡s t❤❡ i✲t❤ ❝♦♠♣♦♥❡♥t ♦❢ a✱ ❛♥❞ d(a)i ✐s t❤❡ i✲t❤ ❝♦♠♣♦♥❡♥t ♦❢ d(a)✳

❙✐♠✐❧❛r❧②✱ ✐❢ f : A → B ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s t❤❡♥ ✐t ✐♥❞✉❝❡s t❤❡ ♠♦r♣❤✐s♠ ♦❢
❝♦❝❤❛✐♥ ❝♦♠♣❧❡①❡s Totf ❣✐✈❡♥ ❜② (Totf(a))i = f(ai)✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ❛❜♦✈❡ ②✐❡❧❞s ❛ ❢✉♥❝t♦r

Tot : bCR −→ FCR,

✇❤❡r❡ t❤❡ t♦t❛❧ ❝♦♠♣❧❡① ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡① str✉❝t✉r❡ ❜② t❤❡ ❝♦❧✉♠♥ ✜❧✲
tr❛t✐♦♥✳ ❖❢ ❝♦✉rs❡✱ ♦♥❡ ❝♦✉❧❞ ❛❧s♦ ❝♦♥str✉❝t s✉❝❤ ❛ ❢✉♥❝t♦r ✉s✐♥❣ t❤❡ r♦✇ ✜❧tr❛t✐♦♥✱ ❜✉t ✇❡
❝❤♦♦s❡ t♦ ✜① ♦✉r ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ❝♦❧✉♠♥ ✜❧tr❛t✐♦♥✳ ❚❤✉s✱ ❡✈❡r② ❜✐❝♦♠♣❧❡① (A, d0, d1) ❤❛s ❛♥
❛ss♦❝✐❛t❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ {E∗,∗

r (A), δr}✱ ✇❤✐❝❤ ✐s ❢✉♥❝t♦r✐❛❧ ❢♦r ♠♦r♣❤✐s♠s ♦❢ ❜✐❝♦♠♣❧❡①❡s✳
▼♦r❡♦✈❡r✱ ❢♦r ❡❛❝❤ r ≥ 0✱ t❤❡ Er✲t❡r♠ ♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❞❡✜♥❡s ❛ ❢✉♥❝t♦r

Er : bCR −→ r✲bCR.

■♥ ❣♦♦❞ ❝❛s❡s✱ ❢♦r ❡①❛♠♣❧❡ ✐❢ t❤❡ ❜✐❝♦♠♣❧❡① ✐s s❡❝♦♥❞ q✉❛❞r❛♥t✱ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❝♦♥✲
✈❡r❣❡s t♦ t❤❡ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ t♦t❛❧ ❝♦♠♣❧❡①✳

❘❡♠❛r❦ ✷✳✶✸✳ ❲❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ✉s❡ t❤❡ ♣r♦❞✉❝t ✈❡rs✐♦♥ ♦❢ t❤❡ t♦t❛❧✐③❛t✐♦♥ ❢✉♥❝t♦r✱
s♦♠❡t✐♠❡s ❞❡♥♦t❡❞ TotΠ✳ ❖♥❡ ❝♦✉❧❞ ❛❧s♦ ✉s❡ t❤❡ ❞✐r❡❝t s✉♠ ✈❡rs✐♦♥✱ Tot⊕✱ ♦r t❤❡ ♠✐①❡❞
✈❡rs✐♦♥ ✇✐t❤

Tot♠✐①(A)n :=
∏

i≤0

Ai,n+i ⊕
⊕

i>0

Ai,n+i.

❋♦r ❜✐❝♦♠♣❧❡①❡s✱ ❛❧❧ t❤r❡❡ ❣✐✈❡ ❢✉♥❝t♦rs t♦ ❝♦♠♣❧❡①❡s✱ ❛♥❞✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❝♦❧✉♠♥
✜❧tr❛t✐♦♥✱ t♦ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳

❚❤❡ ♠✐①❡❞ ✈❡rs✐♦♥ ✐s t❤❡ ♦♥❧② ♦♥❡ t❤❛t ♠❛❦❡s s❡♥s❡ ❢♦r ❝❡rt❛✐♥ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ ❜✐❝♦♠✲
♣❧❡①❡s✱ s✉❝❤ ❛s (Z,Z)✲❜✐❣r❛❞❡❞ t✇✐st❡❞ ❝♦♠♣❧❡①❡s ✭❛❧s♦ ❦♥♦✇♥ ❛s ♠✉❧t✐❝♦♠♣❧❡①❡s✮✳ ❚❤❡
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✜❧tr❛t✐♦♥ ♦❢ Tot♠✐① ❛❧s♦ ❤❛s ❜❡tt❡r ♣r♦♣❡rt✐❡s✱ ❜❡✐♥❣ ❜♦t❤ ❝♦♠♣❧❡t❡ ❛♥❞ ❡①❤❛✉st✐✈❡✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✈✐❡✇❡❞ ❛s ❢✉♥❝t♦rs t♦ ❝♦♠♣❧❡①❡s✱ Tot♠✐① ♣r❡s❡r✈❡s ♥❡✐t❤❡r ❧✐♠✐ts ♥♦r ❝♦❧✐♠✐ts✱
✇❤❡r❡❛s TotΠ ♣r❡s❡r✈❡s ❧✐♠✐ts ❛♥❞ ✐♥❞❡❡❞ ✐s ❛ r✐❣❤t ❛❞❥♦✐♥t✱ ❛♥❞ Tot⊕ ♣r❡s❡r✈❡s ❝♦❧✐♠✐ts ❛♥❞
✐s ❛ ❧❡❢t ❛❞❥♦✐♥t✳

❋♦r t❤❡ ♣✉r♣♦s❡s ♦❢ t❤✐s ♣❛♣❡r✱ t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t♦t❛❧✲
✐③❛t✐♦♥ ✐s ✉♥✐♠♣♦rt❛♥t✱ s✐♥❝❡ t❤❡② ❛❧❧ ❣✐✈❡ r✐s❡ t♦ t❤❡ s❛♠❡ ❢✉♥❝t♦r✐❛❧ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ✇❡❧❧✲❦♥♦✇♥ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✺❪✮✳

▲❡♠♠❛ ✷✳✶✹✳ ▲❡t (A, d0, d1) ❜❡ ❛ ❜✐❝♦♠♣❧❡①✳ ❚❤❡♥

Ep,qr (A) ∼= Zp,qr (A)/Bp,qr (A),

✇❤❡r❡
Zp,q0 (A) := Ap,q ❛♥❞ Bp,q0 (A) := 0.

Zp,q1 (A) := Ap,q ∩Ker(d0) ❛♥❞ Bp,q1 (A) := Ap,q ∩ Im(d0).

❋♦r r ≥ 2✱ t❤❡ r✲❝②❝❧❡s ❛r❡ ❣✐✈❡♥ ❜②

Zp,qr (A) :=

{
a0 ∈ A

p,q | d0a0 = 0 ❛♥❞ t❤❡r❡ ❡①✐st ai ∈ A
p−i,q−i ❢♦r 1 ≤ i ≤ r − 1

✇✐t❤ d1ai−1 = d0ai ❢♦r ❛❧❧ 1 ≤ i ≤ r − 1

}

❛♥❞ t❤❡ r✲❜♦✉♥❞❛r✐❡s ❛r❡ ❣✐✈❡♥ ❜②

Bp,qr (A) :=





x ∈ Ap,q | t❤❡r❡ ❡①✐st bi ∈ A
p+r−1−i,q+r−2−i ❢♦r 0 ≤ i ≤ r − 1

✇✐t❤ x = d0br−1 + d1br−2,
❛♥❞ d0b0 = 0,
❛♥❞ d1bi−1 = d0bi, ❢♦r ❛❧❧ 1 ≤ i ≤ r − 2




.

❲❡ ❤❛✈❡ δ0 = d0 ❛♥❞ δ1[a] = [d1a]✳ ❋♦r ❛❧❧ r ≥ 2 ✇❡ ❤❛✈❡ δr[a0] = [d1ar−1]✳

❉❡✜♥✐t✐♦♥ ✷✳✶✺✳ ▲❡t r ≥ 0✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s f : (A, d0, d1) → (B, d0, d1) ✐s
s❛✐❞ t♦ ❜❡ ❛♥ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ✐❢ t❤❡ ♠♦r♣❤✐s♠ Er(f) : Er(A)→ Er(B) ❛t t❤❡ r✲st❛❣❡
♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✐s ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s ✭t❤❛t ✐s✱
Er+1(f) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✮✳

❉❡♥♦t❡ ❜② Er t❤❡ ❝❧❛ss ♦❢ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s ♦❢ bCR✳ ❚❤✐s ❝❧❛ss ❝♦♥t❛✐♥s ❛❧❧ ✐s♦♠♦r✲
♣❤✐s♠s ♦❢ bCR✱ s❛t✐s✜❡s t❤❡ t✇♦✲♦✉t✲♦❢✲t❤r❡❡ ♣r♦♣❡rt② ❛♥❞ ✐s ❝❧♦s❡❞ ✉♥❞❡r r❡tr❛❝ts✳

✷✳✹✳ ▼♦❞❡❧ ❝❛t❡❣♦r✐❡s✳ ❲❡ ❝♦❧❧❡❝t s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ♦♥ ❝♦✜❜r❛♥t❧② ❣❡♥❡r❛t❡❞
♠♦❞❡❧ ❝❛t❡❣♦r✐❡s ❢r♦♠ ❬✶✷❪✳

❉❡✜♥✐t✐♦♥ ✷✳✶✻✳ ▲❡t C ❜❡ ❛ ❝♦♠♣❧❡t❡ ❛♥❞ ❝♦❝♦♠♣❧❡t❡ ❝❛t❡❣♦r② ❛♥❞ I ❛ ❝❧❛ss ♦❢ ♠❛♣s ✐♥ C✳

✭✐✮ ❆ ♠♦r♣❤✐s♠ ✐s ❝❛❧❧❡❞ I✲✐♥❥❡❝t✐✈❡ ✭r❡s♣✳ I✲♣r♦❥❡❝t✐✈❡✮ ✐❢ ✐t ❤❛s t❤❡ r✐❣❤t ✭r❡s♣✳ ❧❡❢t✮ ❧✐❢t✐♥❣
♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ ♠♦r♣❤✐s♠s ✐♥ I✳ ❲❡ ✇r✐t❡

I✲inj := RLP(I) ❛♥❞ I✲proj := LLP(I).

✭✐✐✮ ❆ ♠♦r♣❤✐s♠ ✐s ❝❛❧❧❡❞ ❛♥ I✲✜❜r❛t✐♦♥ ✭r❡s♣✳ I✲❝♦✜❜r❛t✐♦♥✮ ✐❢ ✐t ❤❛s t❤❡ r✐❣❤t ✭r❡s♣✳ ❧❡❢t✮
❧✐❢t✐♥❣ ♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ I✲♣r♦❥❡❝t✐✈❡ ✭r❡s♣✳ I✲✐♥❥❡❝t✐✈❡✮ ♠♦r♣❤✐s♠s✳ ❲❡ ✇r✐t❡

I✲fib := RLP(I✲proj) ❛♥❞ I✲cof := LLP(I✲inj).

✭✐✐✐✮ ❆ ♠❛♣ ✐s ❛ r❡❧❛t✐✈❡ I✲❝❡❧❧ ❝♦♠♣❧❡① ✐❢ ✐t ✐s ❛ tr❛♥s✜♥✐t❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♣✉s❤♦✉ts ♦❢
❡❧❡♠❡♥ts ♦❢ I✳ ❲❡ ❞❡♥♦t❡ ❜② I✲cell t❤❡ ❝❧❛ss ♦❢ r❡❧❛t✐✈❡ I✲❝❡❧❧ ❝♦♠♣❧❡①❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✶✼✳ ❆ ♠♦❞❡❧ ❝❛t❡❣♦r② C ✐s s❛✐❞ t♦ ❜❡ ❝♦✜❜r❛♥t❧② ❣❡♥❡r❛t❡❞ ✐❢ t❤❡r❡ ❛r❡ s❡ts I
❛♥❞ J ♦❢ ♠❛♣s s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✳

✭✶✮ ❚❤❡ ❞♦♠❛✐♥s ♦❢ t❤❡ ♠❛♣s ♦❢ I ❛r❡ s♠❛❧❧ r❡❧❛t✐✈❡ t♦ I✲cell✳
✭✷✮ ❚❤❡ ❞♦♠❛✐♥s ♦❢ t❤❡ ♠❛♣s ♦❢ J ❛r❡ s♠❛❧❧ r❡❧❛t✐✈❡ t♦ J✲cell✳
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✭✸✮ ❋✐❜r❛t✐♦♥s ❛r❡ J✲✐♥❥❡❝t✐✈❡✳
✭✹✮ ❚r✐✈✐❛❧ ✜❜r❛t✐♦♥s ❛r❡ I✲✐♥❥❡❝t✐✈❡✳

❚❤❡ s❡t I ✐s ❝❛❧❧❡❞ t❤❡ s❡t ♦❢ ❣❡♥❡r❛t✐♥❣ ❝♦✜❜r❛t✐♦♥s✱ ❛♥❞ J t❤❡ s❡t ♦❢ ❣❡♥❡r❛t✐♥❣ tr✐✈✐❛❧
❝♦✜❜r❛t✐♦♥s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❑❛♥✬s ❚❤❡♦r❡♠ ✭❝❢✳ ❬✶✶✱ ❚❤❡♦r❡♠ ✶✶✳✸✳✶❪ ♦r ❬✶✷✱ ❚❤❡♦✲
r❡♠ ✷✳✶✳✶✾❪✮ ✉s✐♥❣ ❝♦♠♣❛❝t ❞♦♠❛✐♥s ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉✐ ◆❛t❛❧❡ ✐♥ ❬✼❪✳

❚❤❡♦r❡♠ ✷✳✶✽ ✭❉✳ ▼✳ ❑❛♥✮✳ ❙✉♣♣♦s❡ C ✐s ❛ ❝❛t❡❣♦r② ✇✐t❤ ❛❧❧ s♠❛❧❧ ❝♦❧✐♠✐ts ❛♥❞ ❧✐♠✐ts✳
▲❡t W ❜❡ ❛ s✉❜❝❛t❡❣♦r② ♦❢ C ❛♥❞ I ❛♥❞ J s❡ts ♦❢ ♠❛♣s ✐♥ C✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❝♦✜❜r❛♥t❧②
❣❡♥❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡ ♦♥ C ✇✐t❤ I ❛s t❤❡ s❡t ♦❢ ❣❡♥❡r❛t✐♥❣ ❝♦✜❜r❛t✐♦♥s✱ J ❛s t❤❡ s❡t ♦❢
❣❡♥❡r❛t✐♥❣ tr✐✈✐❛❧ ❝♦✜❜r❛t✐♦♥s✱ ❛♥❞ W ❛s t❤❡ s✉❜❝❛t❡❣♦r② ♦❢ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳

✭✶✮ ❚❤❡ s✉❜❝❛t❡❣♦r② W s❛t✐s✜❡s t❤❡ t✇♦ ♦✉t ♦❢ t❤r❡❡ ♣r♦♣❡rt② ❛♥❞ ✐s ❝❧♦s❡❞ ✉♥❞❡r r❡tr❛❝ts✳
✭✷✮ ❚❤❡ ❞♦♠❛✐♥s ♦❢ I ❛r❡ ❝♦♠♣❛❝t r❡❧❛t✐✈❡ t♦ I✲cell✳
✭✸✮ ❚❤❡ ❞♦♠❛✐♥s ♦❢ J ❛r❡ ❝♦♠♣❛❝t r❡❧❛t✐✈❡ t♦ J✲cell✳
✭✹✮ J✲cof ⊆ W✳
✭✺✮ I✲inj =W ∩ J✲inj✳

◆♦t❡ t❤❛t t❤❡ ❝❛t❡❣♦r✐❡s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❛♥❞ ❜✐❝♦♠♣❧❡①❡s ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r s❛t✐s❢②
t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤✐s t❤❡♦r❡♠ ❛s ✇❡❧❧ ❛s ❝♦♥❞✐t✐♦♥s (1), (2) ❛♥❞ (3)✳ ■♥❞❡❡❞✱ t❤❡ ❝❛t❡❣♦r②
bCR ♦❢ ❜✐❝♦♠♣❧❡①❡s ✐s ❛❜❡❧✐❛♥ ❛♥❞ t❤✉s ✐s ❝♦♠♣❧❡t❡ ❛♥❞ ❝♦❝♦♠♣❧❡t❡✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞
❝♦♠♣❧❡①❡s FCR ✐s ❛❧s♦ ❝♦♠♣❧❡t❡ ❛♥❞ ❝♦❝♦♠♣❧❡t❡ ❜② ❘❡♠❛r❦ ✷✳✻✳

✸✳ ▼♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡s ♦♥ ❢✐❧t❡r❡❞ ❝♦♠♣❧❡①❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤r❡❡ ♠♦❞❡❧ ❝❛t❡❣♦r✐❡s ❢♦r ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✱ ❡❛❝❤ ♦❢ t❤❡♠
❞❡♣❡♥❞✐♥❣ ♦♥ ❛♥ ✐♥t❡❣❡r r ≥ 0 ✜①✐♥❣ t❤❡ st❛❣❡ ♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❛t ✇❤✐❝❤ ✇❡ ❧♦❝❛❧✐③❡✳
❲❡ ❛❧s♦ ❝♦♠♣❛r❡ t❤❡ ♠♦❞❡❧ ❝❛t❡❣♦r✐❡s ♦❜t❛✐♥❡❞ ✇❤❡♥ ✇❡ ✈❛r② r✱ ✈✐❛ t❤❡ ❢✉♥❝t♦rs s❤✐❢t ❛♥❞
❞é❝❛❧❛❣❡✳

✸✳✶✳ ❘❡♣r❡s❡♥t❛❜✐❧✐t② ♦❢ t❤❡ ❝②❝❧❡s ❛♥❞ ❜♦✉♥❞❛r✐❡s ❢✉♥❝t♦rs✳ ❲❡ ♥❡①t s❤♦✇ t❤❛t t❤❡
❢✉♥❝t♦rs Zr ❛♥❞ Br ❞❡✜♥✐♥❣ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ♦❢ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡①✱ ❛r❡ r❡♣r❡s❡♥t❛❜❧❡
❜② ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳

❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② R(p) t❤❡ ✜❧t❡r❡❞ R✲♠♦❞✉❧❡ ❣✐✈❡♥ ❜② R ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ♣✉r❡ ✇❡✐❣❤t p✳
❚❤❡ ♥♦t❛t✐♦♥ Rn(p) ♠❡❛♥s t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐t ✐♥ ❞❡❣r❡❡ n ✇✐t❤✐♥ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡①✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ▲❡t p, n ∈ Z✳ ❋♦r ❛❧❧ r ≥ 0 ❧❡t

Zr(p, n) :=
(
Rn(p)

1
−→ Rn+1

(p−r)

)

❜❡ t❤❡ ✜❧t❡r❡❞ ❝♦♠♣❧❡① ✇❤♦s❡ ♦♥❧② ♥♦♥✲tr✐✈✐❛❧ ❞❡❣r❡❡s ❛r❡ n ❛♥❞ n+1 ❛♥❞ ✇❤♦s❡ ♦♥❧② ♥♦♥✲
tr✐✈✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ✐s ❣✐✈❡♥ ❜② t❤❡ ✐❞❡♥t✐t② ♦❢ R✱ ❛♥❞ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ✜❧tr❛t✐♦♥s✳ ❋♦r ❛❧❧
r ≥ 1 ❞❡✜♥❡

Br(p, n) :=


Rn−1

(p+r−1)

(

1

0

)

−→ Rn(p) ⊕R
n
(p−1)

(0,1)
−→ Rn+1

(p−r)


 .

❋♦r ❛❧❧ r ≥ 1 ❞❡✜♥❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s

ϕr : Zr(p, n) −→ Br(p, n)
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✈✐❛ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠✿

Rn(p)
//

(

1

1

)

��

Rn+1
(p−r)

1

��
Rn−1

(p+r−1)
// Rn(p) ⊕R

n
(p−1)

// Rn+1
(p−r)

❚❤❡ ✈❡rt✐❝❛❧ ❛rr♦✇s ❛r❡ ❞❡✜♥❡❞ ✈✐❛ t❤❡ ✐❞❡♥t✐t② ♦♥ R ❛♥❞ ❛r❡ ❡❛s✐❧② s❡❡♥ t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡
✇✐t❤ ✜❧tr❛t✐♦♥s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡♠♠❛s ❛r❡ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s✳

▲❡♠♠❛ ✸✳✷✳ ❋♦r r ≥ 1✱ ✇❡ ❤❛✈❡

Br(p, n) = Zr−1(p+ r − 1, n− 1)⊕Zr−1(p− 1, n)

❛♥❞ t❤❡ ❞✐❛❣r❛♠

Zr(p, n)

ϕr

��

// 0

��
Br(p, n) // Zr(p+ r − 1, n− 1)

✐s ❛ ♣✉s❤♦✉t ❞✐❛❣r❛♠✳

▲❡♠♠❛ ✸✳✸✳ ▲❡t r ≥ 0 ❛♥❞ ❧❡t p, n ∈ Z✳ ▲❡t A ❜❡ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡①✳

✭✶✮ ●✐✈✐♥❣ ❛ ♠❛♣ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s Zr(p, n)→ A ✐s ❡q✉✐✈❛❧❡♥t t♦ ❣✐✈✐♥❣ a ∈ Zp,n+pr (A)✳
✭✷✮ ●✐✈✐♥❣ ❛ ♠❛♣ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s Br(p, n)→ A ✐s ❡q✉✐✈❛❧❡♥t t♦ ❣✐✈✐♥❣ ❛ ♣❛✐r (b, c)

✇✐t❤ b ∈ Zp−1,n+p−1
r−1 (A) ❛♥❞ c ∈ Zp+r−1,n+p+r−2

r−1 (A)✳
✭✸✮ ❍❛✈✐♥❣ ❛ s♦❧✐❞ ❞✐❛❣r❛♠ ♦❢ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s

Zr+1(p, n)

ϕr+1

��

// A

f

��
Br+1(p, n) //

::

B

✐s ❡q✉✐✈❛❧❡♥t t♦ ❤❛✈✐♥❣ ❛ tr✐♣❧❡ (a, b, c) ✇❤❡r❡ a ∈ Zp,n+pr+1 (A)✱ b ∈ Zp−1,n+p−1
r (B)

❛♥❞ c ∈ Zp+r−1,n+p+r−2
r−1 (B) ❛r❡ s✉❝❤ t❤❛t f(a) = b+ dc✳

✭✹✮ ❍❛✈✐♥❣ ❛ ❧✐❢t ✐♥ t❤❡ ❛❜♦✈❡ s♦❧✐❞ ❞✐❛❣r❛♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❤❛✈✐♥❣ ❛ ♣❛✐r (b′, c′) ✇❤❡r❡
b′ ∈ Zp−1,n+p−1

r (A) ❛♥❞ c′ ∈ Zp+r,n+p+r−1
r (A) s❛t✐s❢② a = b′ + dc′ ✇✐t❤ f(b′) = b

❛♥❞ f(c′) = c✳

❘❡♠❛r❦ ✸✳✹✳ ❆❧❧ ♦❢ t❤❡s❡ st❛t❡♠❡♥ts ❝❛♥ ❜❡ ♠❛❞❡ ❢✉♥❝t♦r✐❛❧✱ s♦ t❤❛t✱ ❢♦r ❡①❛♠♣❧❡ t❤❡
❢✉♥❝t♦r Zp,n+pr ✐s t❤❡ r❡♣r❡s❡♥t❛❜❧❡ ❢✉♥❝t♦r FCR(Zr(p, n),−)✳

✸✳✷✳ ❙♦♠❡ ❝♦♥str✉❝t✐♦♥s ✐♥ ✜❧t❡r❡❞ ❤♦♠♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛✳ ❲❡ ❝♦❧❧❡❝t s♦♠❡ ❜❛s✐❝ ❤♦✲
♠♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛ ❝♦♥str✉❝t✐♦♥s ❢♦r ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐♥ t❤❡ s❡q✉❡❧✳

❉❡✜♥✐t✐♦♥ ✸✳✺✳ ▲❡t r ≥ 0✳ ❚❤❡ r✲tr❛♥s❧❛t✐♦♥ ♦❢ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡① (A, d, F ) ✐s t❤❡ ✜❧t❡r❡❞
❝♦♠♣❧❡① (Tr(A), d, F ) ❣✐✈❡♥ ❜②

FpT
n
r (A) := Fp−rA

n+1.

❚❤✐s ❞❡✜♥❡s ❛ ❢✉♥❝t♦r Tr ♦♥ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✱ ✇✐t❤ ✐♥✈❡rs❡ T−1
r ❣✐✈❡♥ ❜②

Fp(T
−1
r )n(A) := Fp+rA

n−1.
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❚❤❡ r✲❝♦♥❡ (Cr(f), D, F ) ♦❢ ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s f : A → B ✐s t❤❡ ✜❧t❡r❡❞
❝♦♠♣❧❡① ❣✐✈❡♥ ❜②

FpCr(f)
n := FpT

n
r (A)⊕ FpB

n = Fp−rA
n+1 ⊕ FpB

n ✇✐t❤ D(a, b) = (da, f(a)− db).

❘❡♠❛r❦ ✸✳✻✳ ◆♦t❡ t❤❛t ❢♦r ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s f : A→ B ✇❡ ❤❛✈❡

Cp,q(Er(f)) = Ep−r,q+1−r
r (A)⊕ Ep,qr (B),

❛♥❞ D([a]r, [b]r) = ([da]r, [f(a) − db]r)✳ ❚❤❡ ❛ss✐❣♥♠❡♥t ([a]r, [b]r) 7→ [(a, b)]r ❣✐✈❡s ❛♥
✐s♦♠♦r♣❤✐s♠ ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s

C∗,∗(Er(f)), D) ∼= (E∗,∗
r (Cr(f)), δr).

■♥ ♣❛rt✐❝✉❧❛r✱ f ✐s ❛♥ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① Er(Cr(f))
✐s ❛❝②❝❧✐❝✳

◆♦t❛t✐♦♥ ✸✳✼✳ ●✐✈❡♥ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡① (A, d, F ) ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜②Mr(A) := T−1
r Cr(1A)

t❤❡ ✜❧t❡r❡❞ ❝♦♠♣❧❡① ❣✐✈❡♥ ❜② t❤❡ ❝♦♥❡ ♦❢ t❤❡ ✐❞❡♥t✐t②✱ s❤✐❢t❡❞ ❝♦♥✈❡♥✐❡♥t❧②✳ ❲❡ ❤❛✈❡

FpM
n
r (A) = FpA

n ⊕ Fp+rA
n−1

❛♥❞ t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t π1 :Mr(A)→ A ✐♥❞✉❝❡s ❛ ❜✐❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐♦♥
Zk(π1) ❢♦r ❛❧❧ 0 ≤ k ≤ r✳ ◆♦t❡ ❛❧s♦ t❤❛t Er(Mr(A)) ✐s ❛❝②❝❧✐❝✳

❉❡✜♥✐t✐♦♥ ✸✳✽✳ ▲❡t f, g : A→ B ❜❡ t✇♦ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳ ❆♥ r✲❤♦♠♦t♦♣②
❢r♦♠ f t♦ g ✐s ❣✐✈❡♥ ❜② ❛ ❞❡❣r❡❡ ♣r❡s❡r✈✐♥❣ ✜❧t❡r❡❞ ♠❛♣ h : A→ T−1

r (B) s✉❝❤ t❤❛t dh+hd =
g− f ✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❤❛✈✐♥❣ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ♦❢ R✲♠♦❞✉❧❡s hn : An → Bn−1

s✉❝❤ t❤❛t dh+ hd = g − f ❛♥❞ hn(FpA
n) ⊆ Fp+rB

n−1✳ ❲❡ ✇r✐t❡ h : f ≃r g✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❡①❤✐❜✐ts ❤♦✇ r✲❤♦♠♦t♦♣✐❡s ❛r❡ t❤❡ r✐❣❤t ♥♦t✐♦♥ t♦ ❝♦♥s✐❞❡r ✇❤❡♥
❧♦❝❛❧✐③✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✾ ✭❬✶❪✱ ♣✳ ✸✷✶✮✳ ▲❡t f, g : A → B ❜❡ t✇♦ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s

s✉❝❤ t❤❛t f ≃r g✳ ❚❤❡♥ Er+1(f) = Er+1(g)✳

✸✳✸✳ ▼♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡s✳ ❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥ ✇❡ ❧❡t r ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✳

❉❡✜♥✐t✐♦♥ ✸✳✶✵✳ ▲❡t Ir ❛♥❞ Jr ❜❡ t❤❡ s❡ts ♦❢ ♠♦r♣❤✐s♠s ♦❢ FCR ❣✐✈❡♥ ❜②

Ir := {Zr+1(p, n) −→ Br+1(p, n)}p,n∈Z
❛♥❞ Jr := {0 −→ Zr(p, n)}p,n∈Z

.

Pr♦♣♦s✐t✐♦♥ ✸✳✶✶✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s f ✐s Jr✲✐♥❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Zr(f)
✐s ❜✐❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐✈❡✳

Pr♦♦❢✳ ■t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✶✮ ♦❢ ▲❡♠♠❛ 3.3✳ �

Pr♦♣♦s✐t✐♦♥ ✸✳✶✷✳ ❲❡ ❤❛✈❡ Ir✲inj = Er ∩ Jr✲inj✳

Pr♦♦❢✳ ❆ss✉♠❡ ✜rst t❤❛t f : A→ B ✐s Ir✲✐♥❥❡❝t✐✈❡✳ ▲❡♠♠❛ ✸✳✷ ❛♥❞ (1) ♦❢ ▲❡♠♠❛ ✸✳✸ ✐♠♣❧②
t❤❛t f ✐s Jr+1✲✐♥❥❡❝t✐✈❡✳ ❈♦♥s✐❞❡r t❤❡ s♦❧✐❞ ❞✐❛❣r❛♠

A

f

��
Zr+1(p, n) ϕr+1

//

γ

44

Br+1(p, n)

ψ

::

g
// B

❙✐♥❝❡ f ✐s Jr+1✲✐♥❥❡❝t✐✈❡✱ t❤❡r❡ ❡①✐sts ❛ ❧✐❢t γ s✉❝❤ t❤❛t fγ = gϕr+1✳ ❙✐♥❝❡ f ✐s Ir✲✐♥❥❡❝t✐✈❡✱
t❤❡r❡ ❡①✐sts ψ s✉❝❤ t❤❛t ψϕr+1 = γ ❛♥❞ fψ = g✳ ❍❡♥❝❡ ❜② t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ ▲❡♠♠❛ 3.2✱
f ✐s Jr✲✐♥❥❡❝t✐✈❡✳ ❙✐♥❝❡ Zr+1(f) ✐s ❜✐❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐✈❡✱ s♦ ✐s Er+1(f)✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t
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Er+1(f) ✐s ✐♥❥❡❝t✐✈❡✳ ▲❡t a ∈ Zr+1(A) s✉❝❤ t❤❛t [f(a)] = [0]✱ t❤❛t ✐s✱ t❤❡r❡ ❡①✐st b, c ∈ Zr(B)
s✉❝❤ t❤❛t f(a) = b+ dc✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♦❧✐❞ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

✭D✮ Zr+1(p, n)

ϕr+1

��

a // A

f

��
Br+1(p, n)

b+dc
//

b′+dc′
::

B

✇❤✐❝❤ ❛❞♠✐ts ❛ ❧✐❢t s✐♥❝❡ f ✐s Ir✲✐♥❥❡❝t✐✈❡✳ ❚❤❛t ✐s✱ t❤❡r❡ ❡①✐sts b
′, c′ s✉❝❤ t❤❛t a = b′ + dc′ ∈

Br+1(A) ❤❡♥❝❡ [a] = [0] ∈ Er+1(A)✳
❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ f ∈ Er ∩ Jr✲inj ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s♦❧✐❞ ❞✐❛❣r❛♠ (D) ✇❤✐❝❤ ❛♠♦✉♥ts

t♦ ❝♦♥s✐❞❡r ❡❧❡♠❡♥ts a ∈ Zp,∗r+1(A), b + dc ∈ Bp,∗r+1(B) s✉❝❤ t❤❛t f(a) = b + dc✳ ❚❤✐s ❣✐✈❡s

Er+1(f)([a]) = [0] ❛♥❞ t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ Er+1(f) ✐♠♣❧✐❡s a = b′+dc′ ❢♦r s♦♠❡ b′ ∈ Zp−1,∗
r (A)

❛♥❞ c′ ∈ Zp+r,∗r (A)✳ ❆♣♣❧②✐♥❣ f ♦♥❡ ❣❡ts t❤❡ ❡q✉❛t✐♦♥

b− f(b′) = d(f(c′)− c).

◆♦t❡ t❤❛t f(c′) − c ∈ Fp+rB
n−1 ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ t❡❧❧s ✉s t❤❛t d(f(c′) − c) ∈ Fp−1B

n✳

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ f(c′)−c ∈ Zp+r,∗r+1 (B) ✳ ❇② ▲❡♠♠❛ ✷✳✽✱ Zr+1(f) ✐s ❜✐❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐✈❡✱

s♦ t❤❡r❡ ❡①✐sts u ∈ Zp+r,∗r+1 (A) s♦ t❤❛t f(c′) − c = f(u)✳ ◆♦t❡ t❤❛t du ∈ Fp−1A
n ❛♥❞ t❤❛t

b−f(b′) = f(du)✳ ■♥ ❝♦♥❝❧✉s✐♦♥ s❡tt✐♥❣ β = b′+du ∈ Zp−1,n
r (A) ❛♥❞ γ = c′−u ∈ Zp+r,∗r (A)

♦♥❡ ❣❡ts a = β + dγ ❛♥❞ f(β) = b, f(γ) = c✳ ❋✐♥❛❧❧②✱ β + dγ ✐s t❤❡ ❞❡s✐r❡❞ ❧✐❢t ✐♥ t❤❡
❞✐❛❣r❛♠✳ �

Pr♦♣♦s✐t✐♦♥ ✸✳✶✸✳ ❋♦r ❛❧❧ r ≥ 0 ❛♥❞ ❛❧❧ 0 ≤ k ≤ r ✇❡ ❤❛✈❡ Jk✲cof ⊆ Er✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤✐s ❜② ❜♦rr♦✇✐♥❣ ❛ t❡❝❤♥✐q✉❡ ✉s❡❞ ✐♥ ❬✽❪✳ ▲❡t f : A → B ❜❡ ❛ Jk✲
❝♦✜❜r❛t✐♦♥✳ ❇② Pr♦♣♦s✐t✐♦♥ 3.11 t❤✐s ♠❡❛♥s t❤❛t f ❤❛s t❤❡ ❧❡❢t ❧✐❢t✐♥❣ ♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t
t♦ ♠❛♣s g s✉❝❤ t❤❛t Zk(g) ✐s s✉r❥❡❝t✐✈❡✳ ❈♦♥s✐❞❡r t❤❡ ✜❧t❡r❡❞ ❝♦♠♣❧❡①Mr(B) = T−1

r Cr(1B)
♦❢ ◆♦t❛t✐♦♥ 3.7 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❞✐❛❣r❛♠

A

(

id

0

)

//

f

��

A⊕Mr(B)

(f,π1)

��
B

= // B

❙✐♥❝❡ Zk(π1) ✐s s✉r❥❡❝t✐✈❡✱ ✐t ❢♦❧❧♦✇s t❤❛t Zk(f, π1) ✐s ❛❧s♦ s✉r❥❡❝t✐✈❡✱ ❛♥❞ s♦ ❛ ❧✐❢t h : B →
A ⊕ Mr(B) ❡①✐sts ✐♥ t❤✐s ❞✐❛❣r❛♠✳ ❙✐♥❝❡ Er(Mr(B)) ✐s ❛❝②❝❧✐❝✱ ❛♣♣❧②✐♥❣ Er+1 t♦ t❤❡
❞✐❛❣r❛♠ ✇❡ ❣❡t t❤❛t f ∈ Er✳ �

❚❤❡♦r❡♠ ✸✳✶✹✳ ❋♦r ❡✈❡r② r ≥ 0✱ t❤❡ ❝❛t❡❣♦r② FCR ❛❞♠✐ts ❛ r✐❣❤t ♣r♦♣❡r ❝♦✜❜r❛♥t❧② ❣❡♥✲
❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡✱ ✇❤❡r❡✿

✭✶✮ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛r❡ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✱
✭✷✮ ✜❜r❛t✐♦♥s ❛r❡ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s f : A→ B s✉❝❤ t❤❛t Zr(f) ✐s ❜✐❞❡❣r❡❡✲✇✐s❡

s✉r❥❡❝t✐✈❡✱ ❛♥❞
✭✸✮ Ir ❛♥❞ Jr ❛r❡ t❤❡ s❡ts ♦❢ ❣❡♥❡r❛t✐♥❣ ❝♦✜❜r❛t✐♦♥s ❛♥❞ ❣❡♥❡r❛t✐♥❣ tr✐✈✐❛❧ ❝♦✜❜r❛t✐♦♥s r❡✲

s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ 3.11✱ t❤❡ ❝❧❛ss Fibr ♦❢ r✲✜❜r❛t✐♦♥s ✐s ❣✐✈❡♥ ❜② t❤♦s❡ ♠♦r♣❤✐s♠s f s✉❝❤
t❤❛t Zr(f) ✐s ❜✐❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐✈❡✳ ❇② ❚❤❡♦r❡♠ 2.18 ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t Er∩Jr✲inj =
Ir✲inj ❛♥❞ t❤❛t Jr✲cof ⊆ Er. ❚❤❡s❡ ❢♦❧❧♦✇ ❢r♦♠ Pr♦♣♦s✐t✐♦♥s 3.12 ❛♥❞ 3.13 ✭❢♦r t❤❡ ❝❛s❡ k = r✮
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r❡s♣❡❝t✐✈❡❧②✳ ❇② ❬✶✶❪ ✶✸✳✶✳✸ r✐❣❤t ♣r♦♣❡r♥❡ss ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❛❧❧ ♦❜❥❡❝ts
❛r❡ ✜❜r❛♥t✳ �

■♥ ❝❡rt❛✐♥ s✐t✉❛t✐♦♥s✱ ✐t ♠❛② ❜❡ ♠♦r❡ ♣r❛❝t✐❝❛❧ t♦ ❝❤❛r❛❝t❡r✐③❡ ✜❜r❛t✐♦♥s ✈✐❛ t❤❡ s✉r❥❡❝t✐✈✐t②
♦❢ Er ✐♥st❡❛❞ ♦❢ Zr✳

❉❡✜♥✐t✐♦♥ ✸✳✶✺✳ ▲❡t I ′r ❛♥❞ J
′
r ❜❡ t❤❡ s❡ts ♦❢ ♠♦r♣❤✐s♠s ♦❢ FCR ❣✐✈❡♥ ❜②

I ′r := ∪
r−1
k=0Jk ∪ Ir ❛♥❞ J

′
r := ∪

r
k=0Jk.

❲❡ ❤❛✈❡✿

❚❤❡♦r❡♠ ✸✳✶✻✳ ❋♦r ❡✈❡r② r ≥ 0✱ t❤❡ ❝❛t❡❣♦r② FCR ❛❞♠✐ts ❛ r✐❣❤t ♣r♦♣❡r ❝♦✜❜r❛♥t❧② ❣❡♥✲
❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡✱ ✇❤❡r❡✿

✭✶✮ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛r❡ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✱
✭✷✮ ✜❜r❛t✐♦♥s ❛r❡ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s f : A→ B s✉❝❤ t❤❛t Z0(f) ✐s ❜✐❞❡❣r❡❡✲✇✐s❡

s✉r❥❡❝t✐✈❡ ❛♥❞ Ei(f) ✐s ❜✐❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐✈❡ ❢♦r ❛❧❧ i ≤ r✱ ❛♥❞
✭✸✮ I ′r ❛♥❞ J ′

r ❛r❡ t❤❡ s❡ts ♦❢ ❣❡♥❡r❛t✐♥❣ ❝♦✜❜r❛t✐♦♥s ❛♥❞ ❣❡♥❡r❛t✐♥❣ tr✐✈✐❛❧ ❝♦✜❜r❛t✐♦♥s r❡✲
s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ 2.8 ❛♥❞ ✭✷✮ ♦❢ ▲❡♠♠❛ ✸✳✸ ✇❡ ❤❛✈❡ t❤❛t ❛ ♠❛♣ ✐s J ′
r✲✐♥❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧②

✐❢ Z0(f) ✐s ❜✐❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐✈❡ ❛♥❞ Ei(f) ✐s ❜✐❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐✈❡ ❢♦r ❛❧❧ i ≤ r✳ ❇②
❚❤❡♦r❡♠ ✷✳✶✽ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t

J ′
r✲cof ⊆ Er ❛♥❞ I

′
r✲inj = Er ∩ J

′
r✲inj.

❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥s 3.12 ❛♥❞ 3.13 t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛r✐s♦♥ ♦❢
❝❧❛ss❡s ♦❢ ♠♦r♣❤✐s♠s✿

I ′r✲inj = Ir✲inj ∩

r−1⋂

k=0

Jk✲inj = Er ∩

r⋂

k=0

Jk✲inj = Er ∩ J
′
r✲inj.

❘✐❣❤t ♣r♦♣❡r♥❡ss ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❛❧❧ ♦❜❥❡❝ts ❛r❡ ✜❜r❛♥t✳ �

❘❡♠❛r❦ ✸✳✶✼✳ ◆♦t❡ t❤❛t t❤❡ ✜❜r❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ str✉❝t✉r❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✻ ❢♦r♠ ❛
s✉❜❝❧❛ss ♦❢ t❤❡ ❝❧❛ss ♦❢ ✜❜r❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ str✉❝t✉r❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✹✳ ❚❤✐s ♠❛② ❜❡
❝❤❡❝❦❡❞ ✉s✐♥❣ ✐♥❞✉❝t✐♦♥ ❛♥❞ ▲❡♠♠❛ ✷✳✽✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡s❡ t✇♦ ♠♦❞❡❧ str✉❝t✉r❡s ❤❛✈❡
t❤❡ s❛♠❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✱ t❤❡ ♦♣♣♦s✐t❡ ✐s tr✉❡ ❢♦r t❤❡ ❝♦✜❜r❛t✐♦♥s✳ ❚❤✉s t❤❡ ✐❞❡♥t✐t②
❢✉♥❝t♦rs

id : (FCR, Ir, Jr, Er) ⇆ (FCR, I
′
r, J

′
r, Er) : id

❣✐✈❡ ❛ ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡❧ str✉❝t✉r❡s✳

✸✳✹✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ♠♦❞❡❧ str✉❝t✉r❡s ✈✐❛ s❤✐❢t ❛♥❞ ❞é❝❛❧❛❣❡✳

❉❡✜♥✐t✐♦♥ ✸✳✶✽✳ ▲❡t r ≥ 0✳ ❚❤❡ r✲s❤✐❢t ♦❢ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡① (A, d, F ) ✐s t❤❡ ✜❧t❡r❡❞
❝♦♠♣❧❡① (A, d, SrF ) ❞❡✜♥❡❞ ❜②

SrFpA
n := Fp+rnA

n.

❚❤✐s ❞❡✜♥❡s ❛ ❢✉♥❝t♦r Sr : FCR −→ FCR ✇❤✐❝❤ ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ ♠♦r♣❤✐s♠s✳

◆♦t❡ t❤❛t S0 = id ❛♥❞ t❤❛t Sr = S1◦
(r)
· · · ◦S1✳ ❚❤❡ r✲s❤✐❢t ❢✉♥❝t♦r ❤❛s ❛ r✐❣❤t ❛❞❥♦✐♥t✱

❝❛❧❧❡❞ t❤❡ ❞é❝❛❧❛❣❡✱ ✇❤✐❝❤ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❉❡❧✐❣♥❡ ✐♥ ❬✻❪✳

❉❡✜♥✐t✐♦♥ ✸✳✶✾✳ ▲❡t r ≥ 0✳ ❚❤❡ r✲❞é❝❛❧❛❣❡ ♦❢ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡① (A, d, F ) ✐s t❤❡ ✜❧t❡r❡❞
❝♦♠♣❧❡① (A, d,DecrF ) ❣✐✈❡♥ ❜②

DecrFpA
n := Fp−rnA

n ∩ d−1(Fp−r(n+1)A
n+1) = Zp−rn,p−rn+nr (A).

❚❤✐s ❞❡✜♥❡s ❛ ❢✉♥❝t♦r Decr : FCR → FCR ✇❤✐❝❤ ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ ♠♦r♣❤✐s♠s✳
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◆♦t❡ t❤❛t Dec0 = id ❛♥❞ t❤❛t Decr = Dec1◦
(r)
· · · ◦Dec1✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❡❛s✐❧② ✈❡r✐✜❡❞✳

▲❡♠♠❛ ✸✳✷✵ ✭❬✹❪✮✳ ❲❡ ❤❛✈❡ Decr ◦ Sr = id ❛♥❞ (SrDecrF )p = Fp ∩ d
−1(Fp−r)✳ ■♥

♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ Sr ◦Decr → id ❛♥❞ Sr ✐s ❧❡❢t ❛❞❥♦✐♥t t♦ Decr✿

Hom(SrA,B) = Hom(A,DecrB).

❚❤❡ ❢✉♥❝t♦rs s❤✐❢t ❛♥❞ ❞é❝❛❧❛❣❡ ❛❧❧♦✇ ✉s t♦ ❝♦♠♣❛r❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛s ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✸✳✷✶✳ ❋♦r ❛❧❧ k ≥ 0 ✇❡ ❤❛✈❡ (Sr)−1(Ek+r) = Ek ❛♥❞ Ek+r = (Decr)−1(Ek)✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❤✐❢t ✐t ❢♦❧❧♦✇s t❤❛t Ep,p+nk+1 (S1A) = Ep+n,p+2n
k (A) ❢♦r ❛❧❧ k ≥ 0✳

❇② Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✹ ♦❢ ❬✻❪✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ Ep,p+nk+1 (Dec1A) → Ep−n,pk+2 (A) ✐s ❛♥ ✐s♦♠♦r✲
♣❤✐s♠ ❢♦r ❛❧❧ k ≥ 0✳ ❚❤❡s❡ ❣✐✈❡ ✐s♦♠♦r♣❤✐s♠s ♦❢ ❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳ �

❚❤❡♦r❡♠ ✸✳✷✷✳ ❋♦r ❛❧❧ l, r ≥ 0 ✇❡ ❤❛✈❡ ❛ ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥❝❡

Sl : (FCR, Ir, Jr, Er) ⇄ (FCR, Il+r, Jl+r, El+r) : Decl.

Pr♦♦❢✳ ❚♦ s❡❡ t❤❛t (Sl,Decl) ✐s ❛ ◗✉✐❧❧❡♥ ❛❞❥✉♥❝t✐♦♥✱ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t

Decl(Fibr+l) ⊆ Fibr ❛♥❞ Decl(Er+l) ⊆ Er.

■♥❞❡❡❞✱ f : A → B ✐s ❛♥ (r + l)✲✜❜r❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Decr+lFpf ✐s ❞❡❣r❡❡✲✇✐s❡ s✉r❥❡❝t✐✈❡

❢♦r ❡✈❡r② p ∈ Z✳ ❙✐♥❝❡ Decr+l = Decr ◦ Decl ✇❡ ❤❛✈❡ t❤❛t Declf ✐s ❛♥ r✲✜❜r❛t✐♦♥✳ ❇②
▲❡♠♠❛ ✸✳✷✶ ✇❡ ❤❛✈❡ Er+l = (Decl)−1(Er)✳ ❚❤❡r❡❢♦r❡ Decl(Er+l) ⊆ Er.

❚♦ s❤♦✇ t❤❛t (Sl,Decl) ✐s ❛ ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥❝❡✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t SlA → B ✐s ✐♥

Er+l ✐❢ ❛♥❞ ♦♥❧② ✐❢ A→ DeclB ✐s ✐♥ Er ✭s❡❡ ❬✶✶❪ ✽✳✺✳✷✵ ❛♥❞ ✽✳✺✳✷✸✮✳ ❆ss✉♠❡ f : SlA→ B ✐s

❛ ♠❛♣ ✐♥ Er+l✳ ❚❤❡ ✐♥❞✉❝❡❞ ♠❛♣ A → DeclB ✐s ♦❜t❛✐♥❡❞ ❛s t❤❡ ❝♦♠♣♦s✐t❡ ♦❢ Declf ✇✐t❤

t❤❡ ✉♥✐t ♦❢ t❤❡ ❛❞❥✉♥❝t✐♦♥✳ ❙✐♥❝❡ f ∈ Er+l ✇❡ ❣❡t Declf ∈ Er✳ ❚❤❡ ✉♥✐t ♦❢ t❤❡ ❛❞❥✉♥❝t✐♦♥

A → DeclSlA ✐s t❤❡ ✐❞❡♥t✐t② s♦ ✐t ❧✐✈❡s ✐♥ Er✳ ❈♦♥✈❡rs❡❧② ✐❢ g : A → DeclB ❧✐✈❡s ✐♥ Er t❤❡♥
t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ SlA→ B ✐s ♦❜t❛✐♥❡❞ ❛s Slg ❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡ ❝♦✉♥✐t ♦❢ t❤❡ ❛❞❥✉♥❝t✐♦♥✳
❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t Slg ∈ Er+l✳ ❲❡ ❛r❡ ❧❡❢t t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦✉♥✐t ǫ ♦❢ t❤❡ ❛❞❥✉♥❝t✐♦♥

✐s ✐♥ Er+l✳ ▲❡t (A, d, F ) ❜❡ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡①✱ ❛♥❞ ǫA : SlDeclA → A✳ ❘❡❝❛❧❧ t❤❛t ǫA
✐s t❤❡ ✐❞❡♥t✐t② ♦♥ t❤❡ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡① A✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ǫA ∈ Er+l ✐❢ ❛♥❞ ♦♥❧② ✐❢

Decl(ǫA) ∈ Er✱ ❜✉t DeclǫA : DeclSlDeclA→ DeclA ✐s t❤❡ ♠❛♣ DeclidA ✇❤✐❝❤ ✐s t❤❡ ✐❞❡♥t✐t②

♦♥ ❡✈❡r② DeclFpA✱ ❤❡♥❝❡ ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠✳ �

❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❝❧❛ss ♦❢ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s Wr ❣✐✈❡♥ ❜② ❛ str♦♥❣❡r
♥♦t✐♦♥ t❤❛♥ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ❛♥❞ ✇❤✐❝❤✱ ❢♦r r = 0✱ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝❧❛ss ♦❢ ✜❧t❡r❡❞
q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✿ t❤♦s❡ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ✐♥❞✉❝✐♥❣ ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠
❛t ❡❛❝❤ st❡♣ ♦❢ t❤❡ ✜❧tr❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✷✸✳ ▲❡t r ≥ 0✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s f : A → B ✐s ❝❛❧❧❡❞ ❛ Zr✲
q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ✐❢ t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ Zr(f) : Zr(A)→ Zr(B) ✐s ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠
♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳

❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② Wr t❤❡ ❝❧❛ss ♦❢ Zr✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✳ ◆♦t❡ t❤❛t f ∈ Wr ✐❢ ❛♥❞ ♦♥❧②
✐❢ Decrf ∈ W0 ❛♥❞ t❤❛t ✇❡ ❤❛✈❡ ✐♥❝❧✉s✐♦♥s Wr ⊆ Wr+1 ❢♦r ❛❧❧ r ≥ 0✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✹✳ ❋♦r ❛❧❧ r ≥ 0 ✇❡ ❤❛✈❡Wr ⊆ Er✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ f : A→ B ✐s ❛ ♠♦r♣❤✐s♠
♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ✇✐t❤ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ✜❧tr❛t✐♦♥s✱ t❤❡♥ ❡✈❡r② Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ✐s ❛
Zr✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠✳
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Pr♦♦❢✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ W0 ⊆ E0 ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0→ Fp−1A→ FpA→ GrFp A→ 0,

✇❤❡r❡ GrFp ❞❡♥♦t❡s t❤❡ p✲❣r❛❞❡❞ ❢✉♥❝t♦r ❣✐✈❡♥ ❜② GrFp (A) = FpA/Fp−1A✳

▲❡t f ∈ Wr✳ ❚❤❡♥ Decrf ∈ W0 ⊆ E0✳ ❙✐♥❝❡ Er = (Decr)−1(E0)✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳
▲❡t f : A→ B ∈ E0 ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ✇✐t❤ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ✜❧tr❛t✐♦♥s✳

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ k s✉❝❤ t❤❛t Fkf = GrFk f ✳ ❚❤❡r❡❢♦r❡✱ H∗(Fkf) ✐s ❛♥
✐s♦♠♦r♣❤✐s♠✳ ❇② ✐♥❞✉❝t✐♦♥ ♦✈❡r p ≥ k✱ ✈✐❛ t❤❡ ✜✈❡ ❧❡♠♠❛ ❛♣♣❧✐❡❞ t♦ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡

· · · → H∗(Fp−1f)→ H∗(Fpf)→ H∗(GrFp f)→ H∗(Fp−1f)→ · · · ,

✇❡ ❣❡t t❤❛t f ∈ W0✳ ❋♦r r > 0 t❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❛❣❛✐♥ ✉s✐♥❣ ❞é❝❛❧❛❣❡✳ �

❆♥ ❡❛s② ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ str✉❝t✉r❡ ❝♦♥str✉❝t❡❞ ✐♥ ❙❡❝t✐♦♥ 3.3 ❣✐✈❡s ❛ ❝♦✜❜r❛♥t❧②
❣❡♥❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡ ✇✐t❤ Wr ❛s t❤❡ ❝❧❛ss ♦❢ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✳ ❚❤✐s ❡①t❡♥❞s ❉✐
◆❛t❛❧❡✬s r❡s✉❧t ❬✼❪ ❢♦r r = 0✱ t♦ ❤✐❣❤❡r r ❛♥❞ ✉♥❜♦✉♥❞❡❞ ✜❧tr❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✷✺✳ ▲❡t I ′′r ❛♥❞ J ′′
r ❜❡ t❤❡ s❡ts ♦❢ ♠♦r♣❤✐s♠s ♦❢ FCR ❣✐✈❡♥ ❜②

I ′′r :=
{
Rn+1

(p−r) −→ Zr(p, n)
}
p,n∈Z

❛♥❞ J ′′
r := {0 −→ Zr(p, n)}p,n∈Z

.

❲❡ ❤❛✈❡✿

❚❤❡♦r❡♠ ✸✳✷✻✳ ❋♦r ❡✈❡r② r ≥ 0✱ t❤❡ ❝❛t❡❣♦r② FCR ❛❞♠✐ts ❛ r✐❣❤t ♣r♦♣❡r ❝♦✜❜r❛♥t❧② ❣❡♥✲
❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡✱ ✇❤❡r❡✿

✭✶✮ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛r❡ Zr✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✱
✭✷✮ ✜❜r❛t✐♦♥s ❛r❡ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s f : A→ B s✉❝❤ t❤❛t Zr(f) ✐s ❜✐❞❡❣r❡❡✲✇✐s❡

s✉r❥❡❝t✐✈❡✱ ❛♥❞
✭✸✮ I ′′r ❛♥❞ J ′′

r ❛r❡ t❤❡ s❡ts ♦❢ ❣❡♥❡r❛t✐♥❣ ❝♦✜❜r❛t✐♦♥s ❛♥❞ ❣❡♥❡r❛t✐♥❣ tr✐✈✐❛❧ ❝♦✜❜r❛t✐♦♥s
r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❚❤❡♦r❡♠ 3.22 ♦♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♠♦❞❡❧ str✉❝t✉r❡s ❢♦r ✈❛r②✐♥❣ r ✈✐❛
s❤✐❢t ❛♥❞ ❞é❝❛❧❛❣❡ ✐s ❛❧s♦ tr✉❡ ❢♦r t❤❡ ❛❜♦✈❡ ♠♦❞❡❧ str✉❝t✉r❡ ✇✐t❤ Wr ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✳
❚❤❡ ♣r♦♦❢ ✐s ✈❡r❜❛t✐♠✱ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✳

▲❡♠♠❛ ✸✳✷✼✳ ❋♦r ❛❧❧ k ≥ 0 ✇❡ ❤❛✈❡ (Sr)−1(Wk+r) =Wk ❛♥❞ Wk+r = (Decr)−1(Wk)✳

Pr♦♦❢✳ ❙✐♥❝❡ Deck+r ◦ Sr = Deck✱ ♦♥❡ ❤❛s f ∈ Wk ✐❢ ❛♥❞ ♦♥❧② ✐❢ Srf ✐♥ Wk+r✳ ❙✐♠✐❧❛r❧②✱

s✐♥❝❡ Deck+r = Deck ◦Decr ♦♥❡ ❤❛s f ∈ Wk+r ✐❢ ❛♥❞ ♦♥❧② ✐❢ Decrf ✐♥ Wk✳ �

❘❡♠❛r❦ ✸✳✷✽✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✷✹✱ ❢♦r ❡❛❝❤ r ≥ 0✱ t❤❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ t❤❡ ♠♦❞❡❧
str✉❝t✉r❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✻ ❢♦r♠ ❛ s✉❜❝❧❛ss ♦❢ t❤❡ ❝❧❛ss ♦❢ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ t❤❡ ♠♦❞❡❧
str✉❝t✉r❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✹✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ t✇♦ ♠♦❞❡❧ str✉❝t✉r❡s ❤❛✈❡ t❤❡ s❛♠❡ ✜❜r❛t✐♦♥s✳
■t ❢♦❧❧♦✇s✱ ✉s✐♥❣ ❬✶✶✱ ✸✳✸✳✶✾❪✱ t❤❛t t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t♦rs

id : (FCR, Ir, Jr, Er) ⇆ (FCR, I
′′
r , J

′′
r ,Wr) : id

❣✐✈❡ ❛ ◗✉✐❧❧❡♥ ❛❞❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ r✐❣❤t ❛❞❥♦✐♥t ❞✐s♣❧❛②✐♥❣ t❤❡ ♠♦❞❡❧ str✉❝t✉r❡ ♦❢ ❚❤❡♦✲
r❡♠ ✸✳✶✹ ❛s ❛ r✐❣❤t ❇♦✉s✜❡❧❞ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ t❤❛t ♦❢ ❚❤❡♦r❡♠ ✸✳✷✻✳
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✹✳ ▼♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡s ♦♥ ❜✐❝♦♠♣❧❡①❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ♦✉r ♠♦❞❡❧ str✉❝t✉r❡s ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❜✐❝♦♠♣❧❡①❡s✳ ❲❡ ❜❡❣✐♥
✇✐t❤ ❛ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ t❤❡ r✲❝②❝❧❡s ❛♥❞ r✲❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✱ t♦❣❡t❤❡r ✇✐t❤
t❤❡ ♥♦t✐♦♥ ♦❢ ✇✐t♥❡ss❡s t♦ ❤♦✇ ❡❧❡♠❡♥ts ❛r❡ s✉❝❤ ❝②❝❧❡s ❛♥❞ ❜♦✉♥❞❛r✐❡s✳ ❚❤❡s❡ ♥♦t✐♦♥s ❛r❡
❞❡✜♥❡❞ ❛♥❞ t❤❡♥ s❤♦✇♥ t♦ ❜❡ ❣✐✈❡♥ ❜② r❡♣r❡s❡♥t❛❜❧❡ ❢✉♥❝t♦rs✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ❞❡✈❡❧♦♣
❛ ♥♦t✐♦♥ ♦❢ r✲❝②❧✐♥❞❡r ❛♥❞ ✉s❡ ✐t t♦ ❞❡✜♥❡ r✲❤♦♠♦t♦♣②✳ ❋✐♥❛❧❧②✱ ✇❡ ❡st❛❜❧✐s❤ t✇♦ ❞✐✛❡r❡♥t
❝♦✜❜r❛♥t❧② ❣❡♥❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡s ❢♦r ✇❤✐❝❤ t❤❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛r❡ t❤❡ Er✲q✉❛s✐✲
✐s♦♠♦r♣❤✐s♠s✳

✹✳✶✳ ❲✐t♥❡ss ❝②❝❧❡s ❛♥❞ ✇✐t♥❡ss ❜♦✉♥❞❛r✐❡s✳ ❲❡ ♥❡①t ❞❡s❝r✐❜❡ t❤❡ t❡r♠s ♦❢ t❤❡ s♣❡❝tr❛❧
s❡q✉❡♥❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❜✐❝♦♠♣❧❡①✱ ✐♥ t❡r♠s ♦❢ ✇✐t♥❡ss r✲❝②❝❧❡s ❛♥❞ ✇✐t♥❡ss r✲❜♦✉♥❞❛r✐❡s✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳ ▲❡t (A, d0, d1) ❜❡ ❛ ❜✐❝♦♠♣❧❡① ❛♥❞ ❧❡t r ≥ 0✳
❉❡✜♥❡ t❤❡ R✲❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s ♦❢ ✇✐t♥❡ss r✲❝②❝❧❡s ❜② ZW p,q

0 (A) = Zp,q0 (A) = Ap,q ❛♥❞
❢♦r r ≥ 1 ❜②

ZW p,q
r (A) =

{
(a0, a1, . . . , ar−1) ai ∈ A

p−i,q−i, d0a0 = 0
❛♥❞ d1ai−1 = d0ai ❢♦r ❛❧❧ 1 ≤ i ≤ r − 1

}
.

❋♦r r ≥ 1✱ ❞❡✜♥❡ ❛♥ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① str✉❝t✉r❡ ♦♥ ZWr(A) ❜②

dr(a0, . . . , ar−1) = (d1ar−1, 0, . . . , 0).

❉❡✜♥❡ ❛ ♠❛♣ ♦❢ R✲❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s

zr : ZW
p,q
r (A) −→ Zp,qr (A)

❜② z0 = idA ❛♥❞✱ ❢♦r r ≥ 1✱ ❜② ❧❡tt✐♥❣

(a0, . . . , ar−1) 7→ a0.

❉❡✜♥❡ t❤❡ R✲❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s ♦❢ ✇✐t♥❡ss r✲❜♦✉♥❞❛r✐❡s ❜② BW p,q
0 (A) = 0✱ BW p,q

1 (A) =
Ap,q ❛♥❞ ❢♦r r ≥ 2 ❜②

BW p,q−1
r (A) =





(b0, . . . , br−2; a; c0, . . . , cr−2) a ∈ Ap,q−1,

(b0, . . . , br−2) ∈ ZW
p+r−1,q+r−2
r−1 (A)

(c0, . . . , cr−2) ∈ ZW
p−1,q−1
r−1 (A)



 .

❉❡✜♥❡ ❛ ♠❛♣ ♦❢ R✲❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s ♦❢ ❜✐❞❡❣r❡❡ (0, 1)

br : BW
p,q−1
r (A)→ Bp,qr (A)

❜② b0 = 0✱ b1 = d0 ❛♥❞✱ ❢♦r r ≥ 2✱ ❜② ❧❡tt✐♥❣

(b0, . . . , br−2, a, c0, . . . , cr−2) 7→ d0a+ d1br−2.

▲❛st❧②✱ ❞❡✜♥❡ ❛ ♠❛♣ ♦❢ R✲❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s ♦❢ ❜✐❞❡❣r❡❡ (0, 1)

wr : BW
p,q−1
r (A) −→ ZW p,q

r (A)

❜② w0 = 0✱ w1 = d0 ❛♥❞✱ ❢♦r r ≥ 2✱ ❜② ❧❡tt✐♥❣

(b0, . . . , br−2; a; c0, . . . , cr−2) 7→ (d0a+ d1br−2, d1a+ c0, c1, . . . , cr−2).

●✐✈❡♥ ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s f : A → B✱ t❤❡ ♠♦r♣❤✐s♠s ♦❢ R✲❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s
ZWr(f), BWr(f) ❛r❡ ❞❡✜♥❡❞ ❝♦♠♣♦♥❡♥t✇✐s❡✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❢✉♥❝t♦rs ZWr, BWr : bCR →
bgModR ❛♥❞ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s zr, br, wr✳ ■♥ ❛❞❞✐t✐♦♥ t❤❡ ❢✉♥❝t♦r ZWr ♠❛② ❜❡ ❧✐❢t❡❞ t♦
t❛❦❡ ✈❛❧✉❡s ✐♥ t❤❡ ❝❛t❡❣♦r② r✲bCR ❛♥❞ wr(BWr(A)) ✐s ❛ s✉❜ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① ♦❢ ZWr(A)✳
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❘❡♠❛r❦ ✹✳✷✳ ◆♦t❡ t❤❛t (a0, a1, . . . , ar−1) ∈ ZW p,q
r (A) ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡❧❡♠❡♥t a0 ∈

Zp,qr (A)✱ t♦❣❡t❤❡r ✇✐t❤ ❛ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥ts (a1, . . . , ar−1) ✇✐t♥❡ss✐♥❣ ❤♦✇ a0 ✐s s✉❝❤ ❛♥
❡❧❡♠❡♥t✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s zr ❛♥❞ br ❛r❡ ♣r♦❥❡❝t✐♦♥s ❛♥❞ t❤❛t✱ ❢♦r
r ≥ 2✱

BW p,q−1
r (A) = ZW p+r−1,q+r−2

r−1 (A)⊕Ap,q−1 ⊕ ZW p−1,q−1
r−1 (A).

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ❋♦r ❡✈❡r② r ≥ 0✱ t❤❡r❡ ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛✲
t✐♦♥s ♦❢ ❢✉♥❝t♦rs ❢r♦♠ bCR t♦ bgModR

BWr
wr //

br

��

ZWr

zr

��
Br

�

� // Zr // // Ep,qr

❛♥❞ t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ πr : ZWr → Er ✐♥❞✉❝❡❞ ❜② t❤❡ ❛❜♦✈❡ ❞✐❛❣r❛♠ s❛t✐s✜❡s

Ker πr(A) = Im wr(A),

❢♦r ❡✈❡r② ❜✐❝♦♠♣❧❡① A✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

Ep,qr (A) ∼= ZW p,q
r (A)/wr(BW

p,q−1
r (A)),

❣✐✈✐♥❣ r✐s❡ t♦ ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❢✉♥❝t♦rs ❢r♦♠ bCR t♦ r✲bCR✳

Pr♦♦❢✳ ❆ s✐♠♣❧❡ ✈❡r✐✜❝❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❛❜♦✈❡ ❞✐❛❣r❛♠ ❝♦♠♠✉t❡s✳ ▲❡t A ❜❡ ❛ ❜✐❝♦♠♣❧❡①✳
❙✐♥❝❡ πr ◦ wr = 0✱ t❤❡ ✐♥❝❧✉s✐♦♥ Im wr(A) ⊆ Ker πr(A) ❤♦❧❞s✳ ▲❡t x = (a0, . . . , ar−1)
❜❡ ✐♥ Ker πr(A)✳ ❚❤❡r❡ ❡①✐sts (b0, . . . , br−1) s✉❝❤ t❤❛t a0 = d0br−1 + d1br−2✱ d0b0 = 0
❛♥❞ d1bi−1 = d0bi✱ ❢♦r ❛❧❧ 1 ≤ i ≤ r − 2✳ ❙✐♥❝❡ d1a0 = d0a1 = d0d1br−1✱ t❤❡ ❡❧❡♠❡♥t
c0 = a1 − d1br−1 s❛t✐s✜❡s d0c0 = 0, d1c0 = d1a1 = d0a2✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ t❤❛t y =
(b0, . . . , br−2; br−1; a1 − d1br−1, a2, . . . , ar−1) ∈ BWr(A) s❛t✐s✜❡s wr(y) = x✳ �

▲❡♠♠❛ ✹✳✹✳ ▲❡t f : K → L ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s ❛♥❞ r ≥ 0✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭✶✮ f ✐♥❞✉❝❡s ❛ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ ZWk(f) : ZWk(K)→ ZWk(L)✱ ❢♦r ❛❧❧ 0 ≤ k ≤ r✳
✭✷✮ f ✐♥❞✉❝❡s ❛ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ Zk(f) : Zk(K)→ Zk(L)✱ ❢♦r ❛❧❧ 0 ≤ k ≤ r✳
✭✸✮ f ✐♥❞✉❝❡s ❛ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ Ek(f) : Ek(K)→ Ek(L)✱ ❢♦r ❛❧❧ 0 ≤ k ≤ r✳

Pr♦♦❢✳ ❋♦r r = 0 t❤❡ t❤r❡❡ ❛ss❡rt✐♦♥s t❡❧❧ ✉s t❤❛t f ✐s ❛ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠✳ ❆ss✉♠❡
r ≥ 1✳ ❖♥❡ ❤❛s (1)⇒ (2)⇒ (3) ❜❡❝❛✉s❡ t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ZWk → Zk → Ek ❛r❡
♣r♦❥❡❝t✐♦♥s ❢♦r ❡✈❡r② k✳ ▲❡t ✉s ♣r♦✈❡ (3)⇒ (1) ❜② ✐♥❞✉❝t✐♦♥ ♦♥ r✳

❆ss✉♠❡ ❤②♣♦t❤❡s✐s (3) ❤♦❧❞s✳ ❆ss✉♠❡ ✜rst t❤❛t r = 1 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❞✐❛❣r❛♠

K
d0 //

d0f

��

ZW1(K) //

ZW1(f)

��

E1(K) //

E1(f)

��

0

0 // w1(BW1(L)) // ZW1(L) // E1(L) // 0

.

◆♦t❡ t❤❛t s✐♥❝❡ f = E0(f) ✐s s✉r❥❡❝t✐✈❡ ❜② ❛ss✉♠♣t✐♦♥✱ t❤❡ ♠❛♣ d0f ♦♥ t❤❡ ❧❡❢t ✐s s✉r❥❡❝t✐✈❡
✐♥t♦ t❤❡ ✐♠❛❣❡ ♦❢ w1 = d0✳ ❚❤❡ s♥❛❦❡ ❧❡♠♠❛ t❤❡♥ ❣✐✈❡s t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0→ Coker(ZW1(f))→ Coker(E1(f))→ 0.

❍❡♥❝❡ (3) ✐♠♣❧✐❡s (1)✳ ❆ss✉♠❡ r > 1✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ t❤❡ ♠❛♣ f ✐♥❞✉❝❡s ❛
s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ ZWk(f) ❢♦r ❡✈❡r② 0 ≤ k ≤ r − 1✳ ▲❡t z ∈ ZW p,q

r (L)✳ ❇② s✉r❥❡❝t✐✈✐t②
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♦❢ Er(f) t❤❡r❡ ❡①✐sts z′ ∈ ZW p,q
r (K) s✉❝❤ t❤❛t [f(z′)] = [z]✱ t❤❛t ✐s z − f(z′) = wr(u) ❢♦r

s♦♠❡ u ∈ BW p,q−1
r (L)✳ ❇✉t

BWr(L)
p,q−1 = ZW p+r−1,q+r−2

r−1 (L)⊕ Lp,q−1 ⊕ ZW p−1,q−1
r−1 (L)

❛♥❞ f ❛♥❞ ZWr−1(f) ❛r❡ s✉r❥❡❝t✐✈❡✱ t❤❡r❡❢♦r❡ s♦ ✐s BWr(f)✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts v ∈
BW p,q

r (K) s✉❝❤ t❤❛t z = f(z′ + wr(v))✳ �

❘❡♠❛r❦ ✹✳✺✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ s❤♦✇s t❤❛t ❢♦r f : K → L ❛ ♠♦r♣❤✐s♠ ♦❢
❜✐❝♦♠♣❧❡①❡s ❛♥❞ r ≥ 1✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✭✶✮ ❚❤❡ ♠❛♣s ZWr(f)✱ ZWr−1(f) ❛♥❞ f ❛r❡ s✉r❥❡❝t✐✈❡✳
✭✷✮ ❚❤❡ ♠❛♣s Er(f✮ ❛♥❞ ZWr−1(f) ❛♥❞ f ❛r❡ s✉r❥❡❝t✐✈❡✳

✹✳✷✳ ❘❡♣r❡s❡♥t❛❜✐❧✐t② ♦❢ t❤❡ ✇✐t♥❡ss ❝②❝❧❡s ❛♥❞ ❜♦✉♥❞❛r✐❡s ❢✉♥❝t♦rs✳ ■♥ t❤✐s s❡❝t✐♦♥
✇❡ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t♦rs ZWr ❛♥❞ BWr ❛r❡ r❡♣r❡s❡♥t❛❜❧❡ ❜② ❜✐❝♦♠♣❧❡①❡s ZWr ❛♥❞ BWr✳
❚❤❡s❡ ❜✐❝♦♠♣❧❡①❡s ✇✐❧❧ ♣❧❛② t❤❡ r♦❧❡ ♦❢ t❤❡ s♣❤❡r❡s ❛♥❞ ❞✐s❝s t❤❛t ✇❡ ♠❛② ✜♥❞ ✐♥ ❛ ❝♦✜❜r❛♥t❧②
❣❡♥❡r❛t❡❞ ♠♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡ ✭s❡❡ ❬✶✷❪✮✳

❲❡ r❡♣r❡s❡♥t s✉❝❤ ❛ ❜✐❝♦♠♣❧❡① A ❜② ❛ ❣r❛♣❤✱ ✇❤❡r❡ ✈❡rt✐❝❡s r❡♣r❡s❡♥t ✜♥✐t❡ ❞✐r❡❝t s✉♠s
♦❢ ❝♦♣✐❡s ♦❢ R✳ ❱✐❡✇✐♥❣ ❡❧❡♠❡♥ts ♦❢ ❛ ✜♥✐t❡ ❞✐r❡❝t s✉♠ ❛s ❝♦❧✉♠♥ ✈❡❝t♦rs✱ ❛♥ ❛rr♦✇ ✐♥ t❤❡
❣r❛♣❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ di,j0 ♦r di,j1 ❛♥❞ ✐s ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ♠❛tr✐① ♥♦t❛t✐♦♥✳ ■❢
t❤❡r❡ ✐s ♥♦ ✈❡rt❡① ❛t ♣❧❛❝❡ (i, j)✱ ✐t ♠❡❛♥s t❤❛t Ai,j = 0 ❛♥❞ ✐❢ t❤❡r❡ ✐s ♥♦ ❛rr♦✇✱ ✐t ♠❡❛♥s
t❤❛t t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥s✐❞❡r❡❞ ✐s 0✳

❉❡✜♥✐t✐♦♥ ✹✳✻✳ ❚❤❡ 0✲❞✐s❝ ❛t ♣❧❛❝❡ (i, j)✱ D0(i, j)✱ ✐s t❤❡ ❜✐❝♦♠♣❧❡① ❣✐✈❡♥ ❜②

Ri−1,j+1 Ri,j+11oo

Ri−1,j

1

OO

Ri,j
1

oo

1

OO

❉❡✜♥✐t✐♦♥ ✹✳✼✳ ❉❡✜♥❡ t❤❡ ❜✐❝♦♠♣❧❡① ZW0(i, j) = D0(i, j) ❛♥❞ ❢♦r r ≥ 1✱ ❞❡✜♥❡ t❤❡
❜✐❝♦♠♣❧❡① ZWr(i, j) ❛t ♣❧❛❝❡ (i, j) ❜②

ZWr(i, j)
p,q =





R ✐❢ (p, q) = (i− k, j − k), 0 ≤ k ≤ r − 1,

R ✐❢ (p, q) = (i− k − 1, j − k), 0 ≤ k ≤ r − 1,

0 ❡❧s❡✱

✇✐t❤ ❞✐✛❡r❡♥t✐❛❧s

d0 : Ri−k,j−k
1

−→ Ri−k,j−k+1, ❢♦r 1 ≤ k ≤ r − 1✱

d1 : Ri−k,j−k
1

−→ Ri−k−1,j−k, ❢♦r 0 ≤ k ≤ r − 1,

❛♥❞ ❛❧❧ ♦t❤❡r ❞✐✛❡r❡♥t✐❛❧s ❛r❡ ✵✳

❲❡ ♠❛② ❞❡♣✐❝t ZWr(i, j) ❛s ❛ st❛✐r❝❛s❡ ❣r❛♣❤ ✇✐t❤ r ❤♦r✐③♦♥t❛❧ st❡♣s ❛s ❢♦❧❧♦✇s✱ ✇❤❡r❡
❡❛❝❤ ❜✉❧❧❡t r❡♣r❡s❡♥ts R✱ ❡❛❝❤ ❛rr♦✇ r❡♣r❡s❡♥ts t❤❡ ✐❞❡♥t✐t② ♠❛♣ ❛♥❞ t❤❡ t♦♣✲r✐❣❤t ❜✉❧❧❡t



▼❖❉❊▲ ❈❆❚❊●❖❘❨ ❙❚❘❯❈❚❯❘❊❙ ❆◆❉ ❙P❊❈❚❘❆▲ ❙❊◗❯❊◆❈❊❙ ✶✾

❤❛s ❜✐❞❡❣r❡❡ (i, j)✳

• •oo

• •oo

OO

•

• •oo

OO

• •oo

OO

❊①❛♠♣❧❡s ✹✳✽✳ ZW1(i, j) ✐s t❤❡ ❜✐❝♦♠♣❧❡① ❣✐✈❡♥ ❜②✿

Ri−1,j 1
←− Ri,j .

ZW3(i, j) ✐s ❣✐✈❡♥ ❜②✿

Ri−1,j Ri,j

Ri−2,j−1 Ri−1,j−1

Ri−3,j−2 Ri−2,j−2

1

1

1

1

1

✳

❉❡✜♥✐t✐♦♥ ✹✳✾✳ ❉❡✜♥❡ t❤❡ ❜✐❝♦♠♣❧❡① BW1(i, j − 1) = D0(i, j − 1) ❛♥❞ ❢♦r r ≥ 2 t❤❡
❜✐❝♦♠♣❧❡① BWr(i, j − 1) ❜②

BWr(i, j − 1) = ZWr−1(i− 1, j − 1)⊕ D0(i, j − 1)⊕ZWr−1(i+ r − 1, j + r − 2).

❋♦r r = 1✱ ❞❡✜♥❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s ι1(i, j) : ZW1(i, j) −→ BW1(i, j − 1) =
D0(i, j−1) ❜② ❧❡tt✐♥❣ ι1(i, j)

i,j = ι1(i, j)
i−1,j = 1R : R→ R ❛♥❞ ❢♦r r ≥ 2✱ ❞❡✜♥❡ ❛ ♠♦r♣❤✐s♠

♦❢ ❜✐❝♦♠♣❧❡①❡s ιr(i, j) : ZWr(i, j) −→ BWr(i, j − 1) ❜② ❧❡tt✐♥❣

ιr(i, j)
i,j = ιr(i, j)

i−1,j−1 : R

(

1

1

)

// R⊕R

ιr(i, j)
p,q : Rp,q

1 // Rp,q ,

❢♦r ❡✈❡r② (p, q) s✉❝❤ t❤❛t ZWr(i, j)
p,q = BWr(i, j − 1)p,q = R✳

❲✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ BWr(i, j − 1) ♠❛② ❜❡ ♣✐❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✱ ✇❤❡r❡
t❤❡ ❜♦tt♦♠ r✐❣❤t ❝♦r♥❡r ♦❢ t❤❡ ❜♦① ✐s ✐♥ ❜✐❞❡❣r❡❡ (i, j − 1)✳

• •oo

• •oo

OO

•

• • •oo •oo

OO

• • •oo

OO

•oo

OO

• •oo

OO

•

• •oo

OO

❊①❛♠♣❧❡ ✹✳✶✵✳ BW2(i, j − 1) ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐❝♦♠♣❧❡①✿
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Ri−1,j (R⊕R)i,j Ri+1,j

Ri−2,j−1 (R⊕R)i−1,j−1 Ri,j−1

(0 1)

(
1

0

)

(
0

1

)

(
0

1

)
(0 1)

(1 0)

❚❤❡ ♠❛♣ ι2(i, j) : ZW2(i, j)→ BW2(i, j − 1) ♦❢ ❜✐❝♦♠♣❧❡①❡s ✐s ❞❡♣✐❝t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❞✐❛❣r❛♠✱ ✇❤❡r❡ ZW2(i, j) ❛♣♣❡❛rs ✇✐t❤ ❞♦tt❡❞ ❛rr♦✇s ❛♥❞ BW2(i, j−1) ✇✐t❤ ❞❛s❤❡❞ ❛rr♦✇s✳

Ri−1,j Ri,j

Ri−1,j (R⊕R)i,j Ri+1,j

Ri−2,j−1 Ri−1,j−1

Ri−2,j−1 (R⊕R)i−1,j−1 Ri,j−1

1
(
1

1

)

(
1

1

)1

❉✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s✳

▲❡♠♠❛ ✹✳✶✶✳ ❋♦r r ≥ 1 t❤❡ ❜✐❝♦♠♣❧❡① D0(i, j − 1) ✐s ❛ r❡tr❛❝t ♦❢ BWr(i, j − 1) ❛♥❞ ❢♦r
r ≥ 2 t❤❡ ❜✐❝♦♠♣❧❡① ZWr−1(i− 1, j − 1) ✐s ❛ r❡tr❛❝t ♦❢ BWr(i, j − 1)✳

▲❡♠♠❛ ✹✳✶✷✳ ❋♦r r ≥ 1✱ t❤❡ ❞✐❛❣r❛♠

ZWr(i, j)

ιr

��

// 0

��
BWr(i, j − 1) // ZWr(i+ r − 1, j + r − 2)

✐s ❛ ♣✉s❤♦✉t ❞✐❛❣r❛♠✳

❘❡♠❛r❦ ✹✳✶✸✳ ◆♦t❡ t❤❛t ❢♦r ❛❧❧ r ≥ 1✱ t❤❡ Er✲t❡r♠ ♦❢ t❤❡ ✭❝♦❧✉♠♥✮ s♣❡❝tr❛❧ s❡q✉❡♥❝❡
❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❜✐❝♦♠♣❧❡① ZWr(i, j) ✐s t❤❡ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① ❣✐✈❡♥ ❜②

Er(ZWr(i, j)) : R
i−r,j+1−r Ri,j

δr=1oo .

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ Er+1(ZWr(i, j)) = 0✳ ◆♦t❡ t❤❛t E1(D0(i, j)) = 0 s♦ t❤❛t ❢♦r r ≥ 0✱ t❤✐s
❣✐✈❡s Er(BWr(i, j)) = 0✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ZWr ❛♥❞ BWr✳

▲❡♠♠❛ ✹✳✶✹✳ ▲❡t r ≥ 0 ❛♥❞ ❧❡t (i, j) ∈ Z× Z✳

✭✶✮ ●✐✈✐♥❣ ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s D0(i, j) → A ✐s ❡q✉✐✈❛❧❡♥t t♦ ❣✐✈✐♥❣ ❛♥ ❡❧❡♠❡♥t
a ✐♥ Ai,j✳

✭✷✮ ●✐✈✐♥❣ ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s ZWr(i, j)→ A ✐s ❡q✉✐✈❛❧❡♥t t♦ ❣✐✈✐♥❣ ❛♥ ❡❧❡♠❡♥t
✐♥ ZW i,j

r (A)✳
✭✸✮ ●✐✈✐♥❣ ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s BWr(i, j)→ A ✐s ❡q✉✐✈❛❧❡♥t t♦ ❣✐✈✐♥❣ ❛♥ ❡❧❡♠❡♥t

✐♥ BW i,j
r (A)✳
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❯♥❞❡r t❤❡s❡ ❝♦rr❡s♣♦♥❞❡♥❝❡s✱ ❢♦r r ≥ 1✱ t❤❡ ♠❛♣ ιr : ZWr(i, j)→ BWr(i, j−1) ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ♠❛♣ wr : BW

i,j−1
r (A)→ ZW i,j

r (A) s♦ t❤❛t ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❢♦r♠

ZWr(i, j)

ιr

��

// A

f

��
BWr(i, j − 1) // B

❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❛✐r (a, b), a ∈ ZWr(A)
i,j , b ∈ BW i,j−1

r (B) s✉❝❤ t❤❛t f(a) = wr(b)✳

❘❡♠❛r❦ ✹✳✶✺✳ ❆❧❧ ♦❢ t❤❡s❡ st❛t❡♠❡♥ts ❝❛♥ ❜❡ ♠❛❞❡ ❢✉♥❝t♦r✐❛❧✱ s♦ t❤❛t✱ ❢♦r ❡①❛♠♣❧❡
ZWr(i, j) = bCR(ZWr(i, j),−)✳

✹✳✸✳ r✲❝②❧✐♥❞❡rs ❛♥❞ r✲❝♦♥❡s✳ ❲❡ ❝♦❧❧❡❝t s♦♠❡ ❤♦♠♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛ ❝♦♥str✉❝t✐♦♥s ❢♦r ❜✐✲
❝♦♠♣❧❡①❡s✱ ❧❡❛❞✐♥❣ t♦ ❛ ♥♦t✐♦♥ ♦❢ r✲❤♦♠♦t♦♣②✳

❉❡✜♥✐t✐♦♥ ✹✳✶✻✳ ❋♦r r = 0✱ ✇❡ ❞❡✜♥❡ t❤❡ 0✲❝②❧✐♥❞❡r Cyl0 ❛s t❤❡ ❜✐❝♦♠♣❧❡①

(R⊕R)0,0

R0,−1.

(

−1

1

)

OO

❋♦r r ≥ 1✱ ❞❡✜♥❡ t❤❡ r✲❝②❧✐♥❞❡r Cylr ❛s t❤❡ ❜✐❝♦♠♣❧❡① ✇❤♦s❡ ✉♥❞❡r❧②✐♥❣ ❜✐❣r❛❞❡❞ ♠♦❞✉❧❡
✐s ZWr(r, r− 1)⊕R0,0 ❛♥❞ ✇❤♦s❡ ❞✐✛❡r❡♥t✐❛❧s ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤♦s❡ ♦❢ ZWr(r, r− 1) ❡①❝❡♣t
❢♦r

d1,01 : R0,0 ⊕ZWr(r, r − 1) = (R⊕R)0,0 R1,0

(

−1

1

)

oo .

❋♦r ❛❧❧ r ≥ 0✱ t❤❡ ♠♦r♣❤✐s♠s ♦❢ R✲♠♦❞✉❧❡s

R⊕R
id // R⊕R

(1 1) // R

✐♥❞✉❝❡ ♠♦r♣❤✐s♠s ♦❢ ❜✐❝♦♠♣❧❡①❡s

(R⊕R)0,0
i // Cylr

p // R0,0

❣✐✈✐♥❣ ❛ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ❢♦❧❞ ♠❛♣✳

❊①❛♠♣❧❡ ✹✳✶✼✳ ❚❤❡ 1✲❝②❧✐♥❞❡r Cyl1 ✐s t❤❡ ❜✐❝♦♠♣❧❡① ❣✐✈❡♥ ❜②

(R⊕R)0,0

(

−1

1

)

←− R1,0.

❚❤❡ 2✲❝②❧✐♥❞❡r Cyl2 ✐s ❣✐✈❡♥ ❜②

R1,1 R2,1

(R⊕R)0,0 R1,0

1

1
(
−1

1

)

❆♥ ❡❛s② ✐♥s♣❡❝t✐♦♥ s❤♦✇s t❤❛t✱ ❢♦r ❛❧❧ r ≥ 0✱ Er(Cylr) ✐s t❤❡ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①

dr : R
r,r−1 → (R⊕R)0,0 ✇✐t❤ dr =

(
−1

1

)
.
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◆♦t❛t✐♦♥ ✹✳✶✽✳ ❋♦r t❤❡ s❡q✉❡❧✱ ❢♦r r ≥ 1✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② e−, e+ ❣❡♥❡r❛t♦rs ♦❢ (Cylr)
0,0✱

❜② ei,i✱ ❢♦r 1 ≤ i ≤ r − 1✱ ❛♥❞ ei,i−1✱ ❢♦r 1 ≤ i ≤ r✱ ❣❡♥❡r❛t♦rs ♦❢ (Cylr)
i,i ❛♥❞ Cylr

i,i−1

r❡s♣❡❝t✐✈❡❧②✱ s♦ t❤❛t✿
d0(ei,i) = d1(ei,i) = 0✱
d0(ei,i−1) = d1(ei+1,i) = ei,i✱ ❢♦r 1 ≤ i ≤ r − 1✱
d0(er,r−1) = 0✱
d1(e1,0) = e+ − e−✳

❉❡✜♥✐t✐♦♥ ✹✳✶✾✳ ❋♦r A ❛ ❜✐❝♦♠♣❧❡①✱ t❤❡ r✲❝②❧✐♥❞❡r ♦❢ A ✐s t❤❡ ❜✐❝♦♠♣❧❡① Cylr(A) :=
Cylr ⊗A✳ ❲❡ ❞❡♥♦t❡ ❜②

i : A⊕A→ Cylr(A) ❛♥❞ p : Cylr(A)→ A

t❤❡ ♠❛♣s ✐♥❞✉❝❡❞ ❜② i ❛♥❞ p ❞❡✜♥❡❞ ♦♥ Cylr✳ ❲❡ ❤❛✈❡ t❤❛t pi ✐s t❤❡ ❢♦❧❞ ♠❛♣✳ ❲❡ ❞❡♥♦t❡
❜② i−, i+ : A → Cylr(A) t❤❡ ♠❛♣s ♦❜t❛✐♥❡❞ ❢r♦♠ i ❜② ❝♦♠♣♦s✐♥❣ ✇✐t❤ t❤❡ ✐♥❥❡❝t✐♦♥ ♦♥ t❤❡
✜rst ✭s❡❝♦♥❞✮ ❝♦♠♣♦♥❡♥t✳

❉❡✜♥✐t✐♦♥ ✹✳✷✵✳ ▲❡t f, g : A → B ❜❡ t✇♦ ♠♦r♣❤✐s♠s ♦❢ ❜✐❝♦♠♣❧❡①❡s ❛♥❞ ❧❡t r ≥ 0✳ ❆♥
r✲❤♦♠♦t♦♣② ❢r♦♠ f t♦ g ✐s ❣✐✈❡♥ ❜② ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s h : Cylr(A)→ B s✉❝❤ t❤❛t

hi = (f, g)✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ h : f ≃r g✳

❘❡♠❛r❦ ✹✳✷✶✳ ❋♦r r ≥ 1✱ ✇❡ ❤❛✈❡

Cylr(A)
p,q = (Re−⊗A

p,q)⊕

r−1⊕

i=1

(Rei,i⊗A
p−i,q−i)⊕

r⊕

i=1

(Rei,i−1⊗A
p−i,q+1−i)⊕(Re+⊗A

p,q).

❙✉♣♣r❡ss✐♥❣ t❤❡ ❡①♣❧✐❝✐t ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❢r❡❡ R✲♠♦❞✉❧❡s ♦❢ r❛♥❦ 1✱ ✇❡ ✇r✐t❡ t❤✐s ❛s

Cylr(A)
p,q = Ap,q ⊕

r−1⊕

i=1

Ap−i,q−i ⊕

r⊕

i=1

Ap−i,q+1−i ⊕Ap,q

❛♥❞ ✇❡ ✇r✐t❡ ❛♥ ❡❧❡♠❡♥t ✐♥ Cylr(A) ❛s (a0, (ai)1≤i≤r−1, (bi)1≤i≤r, b0)✳ ❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱
✇❡ ❤❛✈❡

d0(a0, (ai)i, (bi)i, b0) = (d0a0, ((−1)
id0ai + bi)i, ((−1)

i−1d0bi)i, d0b0)

❛♥❞

d1(a0, (ai)i, (bi)i, b0) = (d1a0 − b1, ((−1)
id1ai + bi+1)i, ((−1)

id1bi)i, d1b0 + b1).

Pr♦♣♦s✐t✐♦♥ ✹✳✷✷✳ ▲❡t f, g : A → B ❜❡ t✇♦ ♠♦r♣❤✐s♠s ♦❢ ❜✐❝♦♠♣❧❡①❡s s✉❝❤ t❤❛t f ≃r g✳

❚❤❡♥ Er+1(f) = Er+1(g)✳

Pr♦♦❢✳ ▲❡t f, g : (A, d0, d1) → (B, d0, d1) ❜❡ t✇♦ ♠♦r♣❤✐s♠s ♦❢ ❜✐❝♦♠♣❧❡①❡s✳ ❲❡ ❝♦♥s✐❞❡r
✜rst t❤❡ ❝❛s❡ r = 0✳ ❆ 0✲❤♦♠♦t♦♣② ❢r♦♠ f t♦ g ❝♦rr❡s♣♦♥❞s t♦ ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❣r❛❞❡❞
♠♦❞✉❧❡s h : A → B ♦❢ ❜✐❞❡❣r❡❡ (0,−1) s✉❝❤ t❤❛t d0h + hd0 = g − f ❛♥❞ −d1h + hd1 = 0✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s ❛ ❤♦♠♦t♦♣② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ d0✳ ❙♦ E1(f) = E1(g)✳

◆♦✇ ❧❡t r ≥ 1✳ ❆♥ r✲❤♦♠♦t♦♣② h : Cylr(A)→ B ❢r♦♠ f t♦ g ❛ss♦❝✐❛t❡s t♦ (a0, (ai)i, (bi)i, b0)
t❤❡ ❡❧❡♠❡♥t

f(a0) +

r−1∑

i=1

ki(ai) +

r∑

i=1

hi(bi) + g(b0),

✇❤❡r❡ hi : A → B ❤❛s ❜✐❞❡❣r❡❡ (i, i − 1) ❛♥❞ ki : A → B ❤❛s ❜✐❞❡❣r❡❡ (i, i)✳ ❲r✐t✐♥❣ t❤❡
❝♦♥❞✐t✐♦♥s s❛t✐s✜❡❞ ❜② h t♦ ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s✱ ✇❡ ❣❡t t❤❛t

ki = d0hi + (−1)ihid0 = d1hi+1 + (−1)ihi+1d1, ❢♦r 1 ≤ i ≤ r − 1
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❛♥❞ t❤❛t

d0hr = (−1)r+1hrd0 ❛♥❞ d1h1 + h1d1 = g − f.

❍❡♥❝❡ t❤✐s ❛♠♦✉♥ts t♦ ❤❛✈✐♥❣ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ♦❢ ❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s hi : A→ B ♦❢
❜✐❞❡❣r❡❡ (i, i− 1)✱ ✇✐t❤ 1 ≤ i ≤ r✱ s✉❝❤ t❤❛t✱

d1hi+1 + (−1)ihi+1d1 = d0hi + (−1)ihid0, ❢♦r 1 ≤ i ≤ r − 1,

0 = (−1)rd0hr + hrd0,

d1h1 + h1d1 = g − f.

❇② s❡tt✐♥❣ ĥm = (−1)r+1hr−m ❢♦r 0 ≤ m ≤ r − 1 ❛♥❞ ĥm = 0 ❢♦r m ≥ r ✇❡ ❣❡t t❤❛t t❤❡

❝♦❧❧❡❝t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ĥm : A→ B ♦❢ ❜✐❞❡❣r❡❡ (r −m, r − 1−m) s❛t✐s✜❡s ❢♦r ❛❧❧ m ≥ 0

✭Hm1✮
∑

i+j=m

(−1)i+rdiĥj + (−1)iĥidj =

{
0 ✐❢ m < r,
gm−r − fm−r ✐❢ m ≥ r,

✇❤❡r❡ fi =

{
f ✐❢ i = 0✱

0 ♦t❤❡r✇✐s❡✱
❛♥❞ s✐♠✐❧❛r❧② ❢♦r g✱ ❛♥❞ di = 0 ❢♦r i 6= 0, 1✳

❚❤✐s ❛♠♦✉♥ts t♦ s❛②✐♥❣ t❤❛t t❤❡ ❝♦❧❧❡❝t✐♦♥ (ĥm)m ✐s ❛♥ r✲❤♦♠♦t♦♣② ✭♦❢ t✇✐st❡❞ ❝♦♠♣❧❡①❡s✮
❢r♦♠ f t♦ g ❛s ♣r♦✈❡♥ ✐♥ ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✽❪✳ ❍❡♥❝❡ Er+1(f) = Er+1(g) ❢♦❧❧♦✇s ❢r♦♠
Pr♦♣♦s✐t✐♦♥ ✸✳✷✹ ♦❢ ❬✷❪✳ �

❘❡♠❛r❦ ✹✳✷✸✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ r✲❤♦♠♦t♦♣✐❡s ✐♥ t❤❡ ♣r♦♦❢ ❛❜♦✈❡

t❤❛t ≃r ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✷✹✳ ▲❡t f : A → B ❛♥❞ g : A → C ❜❡ t✇♦ ♠♦r♣❤✐s♠s ♦❢ ❜✐❝♦♠♣❧❡①❡s✳ ❚❤❡
❞♦✉❜❧❡ ♠❛♣♣✐♥❣ r✲❝②❧✐♥❞❡r Cylr(f, g) ✐s t❤❡ ❜✐❝♦♠♣❧❡① ♦❜t❛✐♥❡❞ ❛s t❤❡ ❝♦❧✐♠✐t ♦❢ t❤❡ ❞✐❛❣r❛♠

A
f

��

i−

##

A
i+

{{

g

��
B Cylr(A) C

Pr♦♣♦s✐t✐♦♥ ✹✳✷✺✳ ❋♦r r = 0✱ t❤❡ ❜✐❝♦♠♣❧❡① Cyl0(f, g) ✐s ❞❡s❝r✐❜❡❞ ❛s

Cyl0(f, g)
p,q = Bp,q ⊕Ap,q+1 ⊕ Cp,q,

✇✐t❤

d0(β, a, γ) = (d0β − f(a),−d0a, d0γ + g(a))

❛♥❞

d1(β, a, γ) = (d1β, d1a, d1γ).

❋♦r r ≥ 1✱ t❤❡ ❜✐❝♦♠♣❧❡① Cylr(f, g) ✐s ❞❡s❝r✐❜❡❞ ❛s

Cylr(f, g)
p,q = Bp,q ⊕

r−1⊕

i=1

Ap−i,q−i ⊕

r⊕

i=1

Ap−i,q+1−i ⊕ Cp,q,

✇✐t❤

d0(β, (ai)i, (bi)i, γ) = (d0β, ((−1)
id0ai + bi)i, ((−1)

i−1d0bi)i, d0γ)

❛♥❞

d1(β, (ai)i, (bi)i, γ) = (d1β − f(b1), ((−1)
id1ai + bi+1)i, ((−1)

id1bi)i, d1γ + g(b1)).

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❜✐❝♦♠♣❧❡① Cylr(A)✳ �
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❉❡✜♥✐t✐♦♥ ✹✳✷✻✳ ▲❡t f : A → B ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s✳ ❋♦r r ≥ 0✱ t❤❡ ♠❛♣♣✐♥❣
r✲❝♦♥❡ ♦❢ f ✐s t❤❡ ♦❜❥❡❝t Cylr(0, f)✱ ✇❤❡r❡ 0 : A → 0✳ ❚❤❡ r✲❝♦♥❡ ♦❢ ❛ ❜✐❝♦♠♣❧❡① A ✐s
Cylr(0, idA) ❛♥❞ ✐s ❞❡♥♦t❡❞ Cr(A)✳

❘❡♠❛r❦ ✹✳✷✼✳ ❋♦r r = 0✱ ✐❢ A ✐s t❤❡ ❜✐❝♦♠♣❧❡① R0,0 t❤❡♥ C0(A) ✐s t❤❡ ❜✐❝♦♠♣❧❡①

R0,0

R0,−1.

1

OO

❛♥❞ ♠♦r❡♦✈❡r ❢♦r ❛♥② ❜✐❝♦♠♣❧❡① A ♦♥❡ ❤❛s C0(A) = C0(R
0,0) ⊗ A✳ ◆♦t❡ t❤❛t ❢♦r ❡✈❡r②

p ∈ Z✱ C0(A)
p,∗ ✐s t❤❡ ✉s✉❛❧ ❝♦♥❡ ♦❢ t❤❡ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡① (Ap,∗, d0)✳

❋♦r r ≥ 1✱ ✐❢ A ✐s t❤❡ ❜✐❝♦♠♣❧❡① R0,0 t❤❡♥ Cr(A) = ZWr(r, r − 1) ❛♥❞ ♠♦r❡♦✈❡r ❢♦r ❛♥②
❜✐❝♦♠♣❧❡① A ♦♥❡ ❤❛s Cr(A) = ZWr(r, r − 1)⊗A✳

❉❡♥♦t✐♥❣ ❜② srA t❤❡ ❜✐❝♦♠♣❧❡① Rer,r−1 ⊗A ❛♥❞ ♣r♦❥❡❝t✐♥❣ ♦♥t♦ t❤❛t ❝♦♠♣♦♥❡♥t ✇❡ ❣❡t
❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s

φr : Cr(A)→ srA.

❊①♣❧✐❝✐t❧②✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ ❛❜♦✈❡ ❢♦r r ≥ 1✱ φr((ai)i, (bi)i, γ) = br✳

❉❡✜♥✐t✐♦♥ ✹✳✷✽✳ ❆ ❜✐❝♦♠♣❧❡① A ✐s r✲❝♦♥tr❛❝t✐❜❧❡ ✐❢ idA ≃r 0✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✾✳ ❋♦r r ≥ 0 t❤❡ r✲❝♦♥❡ ♦❢ ❛ ❜✐❝♦♠♣❧❡① ✐s r✲❝♦♥tr❛❝t✐❜❧❡✳

Pr♦♦❢✳ ❋♦r t❤❡ ❝❛s❡ r = 0 t❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ st❛♥❞❛r❞ st❛t❡♠❡♥t ✐♥ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡①❡s ❜②
❘❡♠❛r❦ ✹✳✷✼✳ ◆♦✇ ❧❡t r ≥ 1✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ♣r♦♦❢✱ ✇❡ ❞❡♥♦t❡ ❜② S t❤❡ ❜✐❝♦♠♣❧❡①
ZWr(r, r − 1)✳ ❲❡ ❜✉✐❧❞ ✜rst ❛♥ r✲❤♦♠♦t♦♣② H : Cylr(S) → S ❢r♦♠ t❤❡ ✐❞❡♥t✐t② idS t♦ 0✳
❚❤❡ r❡s✉❧t ✇✐❧❧ t❤❡♥ ❢♦❧❧♦✇ ❢♦r ❛♥② ❜✐❝♦♠♣❧❡① A✳ ■♥❞❡❡❞ Cylr(Cr(A)) = Cylr⊗S⊗A s♦ t❤❛t
H⊗1A : Cylr(Cr(A))→ Cr(A) ✇✐❧❧ ❜❡ ❛ ❤♦♠♦t♦♣② ❢r♦♠ t❤❡ ✐❞❡♥t✐t② ♦❢ S⊗A = Cr(A) t♦ 0✳
▲❡t ✉s ❞❡♥♦t❡ ❜② βi,i t❤❡ ❣❡♥❡r❛t♦rs ♦❢ S

i,i ❢♦r 0 ≤ i ≤ r−1 ❛♥❞ βi,i−1 t❤❡ ❣❡♥❡r❛t♦rs ♦❢ S
i,i−1

❢♦r 1 ≤ i ≤ r✳ ▲❡t β ❜❡ ❛♥② ❣❡♥❡r❛t♦r ♦❢ S✳ ❲❡ ❞❡✜♥❡ H ♦♥ ❣❡♥❡r❛t♦rs ♦❢ Cylr(S) = Cylr⊗S
❜②

H(e+ ⊗ β) = β, H(e− ⊗ β) = 0, H(ek+1,k ⊗ βi+1,i) = 0

(−1)kH(ek,k ⊗ βi+1,i) = H(ek+1,k ⊗ βi,i) =

{
βi+k+1,i+k, ✐❢ i+ k + 1 ≤ r

0, ✐❢ ♥♦t,

H(ek,k ⊗ βi,i) =

{
βi+k,i+k, ✐❢ i+ k ≤ r − 1

0, ✐❢ ♥♦t.

❚❤❡♥ ✐t ✐s ❛ ♠❛tt❡r ♦❢ ❝♦♠♣✉t❛t✐♦♥ t♦ ❝❤❡❝❦ t❤❛t H ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ❜✐❝♦♠♣❧❡①❡s ❛♥❞ t❤❛t
Hi = idS ⊕ 0S ✳

�

❈♦r♦❧❧❛r② ✹✳✸✵✳ ▲❡t A ❜❡ ❛ ❜✐❝♦♠♣❧❡① ❛♥❞ r ≥ 0✳ ❚❤❡♥ Er+1(Cr(A)) = 0✳

Pr♦♦❢✳ ❙✐♥❝❡ idCr(A) ≃r 0✱ t❤✐s ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✷✷✳ �

❘❡♠❛r❦ ✹✳✸✶✳ ❚❤❡ s✉s♣❡♥s✐♦♥ sr : bCR → bCR✱ ❣✐✈❡♥ ♦♥ ♦❜❥❡❝ts ❜② A 7→ srA✱ ✐s ❜✐❥❡❝t✐✈❡
❛♥❞ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② s−1

r : A 7→ s−1
r A t❤❡ ✐♥✈❡rs❡ ♣r♦❝❡ss✳ ❆♥② ♠♦r♣❤✐s♠ f : A → B

✐♥❞✉❝❡s ❛ ♠♦r♣❤✐s♠ s−1
r f : s−1

r A → s−1
r B ❛♥❞ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② ψr : s−1

r Cr(A) → A t❤❡
♠♦r♣❤✐s♠ s−1

r φr✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✷✳ ❚❤❡ ♠♦r♣❤✐s♠ ψr : s−1
r Cr(A) → A s❛t✐s✜❡s ZWs(ψr) ✐s s✉r❥❡❝t✐✈❡ ❢♦r

0 ≤ s ≤ r✳
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Pr♦♦❢✳ ❚❤❡ ❝❛s❡ r = 0 ✐s tr✐✈✐❛❧✳ ▲❡t ✉s ❛ss✉♠❡ r ≥ 1✳ ❲❡ ♣r♦✈❡ ✐t ❢♦r φr✱ ✇❤✐❝❤ ✇✐❧❧ ✐♠♣❧②
t❤❡ st❛t❡♠❡♥t ❢♦r ψr✳ ❲❡ ❝♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ s = r✳ ▲❡t (a0, a1, . . . , ar−1) ❜❡ ❛♥ ❡❧❡♠❡♥t
♦❢ ZWr(srA)✱ ✇❤❡r❡ ai ∈ A✱ t❤❛t ✐s (−1)r−1d0a0 = 0 ❛♥❞ (−1)rd1ak = (−1)r−1d0ak+1 ❢♦r
0 ≤ k ≤ r − 2✳ ❲❡ ❞❡✜♥❡ t❤❡ ❡❧❡♠❡♥t Xk = (x1, . . . , xr−1, y1, . . . , yr, z) ♦❢ Cr(A) ✇❤❡r❡ ❛❧❧
t❤❡ ❡❧❡♠❡♥ts ❛r❡ ③❡r♦ ❡①❝❡♣t yi+r−k = ai ❢♦r 0 ≤ i ≤ k✳

■t ✐s ❛ s❤♦rt ❝♦♠♣✉t❛t✐♦♥ t♦ ❝❤❡❝❦ t❤❛t (X0, . . . , Xr−1) ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ ZWr(Cr(A)) ❛♥❞
t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ ZWr(φr) ♦♥ ZWr s❛t✐s✜❡s

φr(X0, . . . , Xr−1) = (a0, . . . , ar−1)

◆♦t❡ t❤❛t s✐♥❝❡ (X0, . . . , Xk) ∈ ZWk(Cr(A)) ✐s ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ❞❛t❛ (a0, . . . , ak)✱ t❤❡ s❛♠❡
♣r♦♦❢ ❛♣♣❧✐❡s t♦ ZWk(φr)✱ ❢♦r 0 ≤ k ≤ r✳ �

✹✳✹✳ ▼♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡s✳

❉❡✜♥✐t✐♦♥ ✹✳✸✸✳ ❋♦r r ≥ 0✱ ❝♦♥s✐❞❡r t❤❡ s❡ts ♦❢ ♠♦r♣❤✐s♠s ♦❢ ❜✐❝♦♠♣❧❡①❡s

Ir =

{
ZWr+1(i, j)

ιr+1 // BWr+1(i, j − 1)

}

i,j∈Z

❛♥❞ Jr =
{
0 // ZWr(i, j)

}
i,j∈Z

.

Pr♦♣♦s✐t✐♦♥ ✹✳✸✹✳ ❋♦r ❡❛❝❤ r ≥ 0✱ ❛ ♠❛♣ f ✐s Jr✲✐♥❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ZWr(f) ✐s
s✉r❥❡❝t✐✈❡✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ (2) ♦❢ ▲❡♠♠❛ ✹✳✶✹✳ �

Pr♦♣♦s✐t✐♦♥ ✹✳✸✺✳ ❋♦r ❛❧❧ r ≥ 0 ✇❡ ❤❛✈❡ Ir✲inj = Er ∩ J0✲inj ∩ Jr✲inj✳

Pr♦♦❢✳ ▲❡t r ≥ 0✳ ❆ss✉♠❡ ✜rst t❤❛t f : A → B ✐s Ir✲✐♥❥❡❝t✐✈❡✳ ▲❡♠♠❛ ✹✳✶✷ ❛♥❞ (2) ♦❢
▲❡♠♠❛ ✹✳✶✹ ✐♠♣❧② t❤❛t f ✐s Jr+1✲✐♥❥❡❝t✐✈❡✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠✳

A

f

��
ZWr+1(i, j) ιr+1

//

ϕ

33

BWr+1(i, j − 1)

ψ

88

g
// B

❚❤❡ ♠❛♣ f ✐s Jr+1✲✐♥❥❡❝t✐✈❡ s♦ ϕ ❡①✐sts s✉❝❤ t❤❛t fϕ = gιr+1✳ ❚❤❡ ♠❛♣ f ✐s Ir✲✐♥❥❡❝t✐✈❡
s♦ ψ ❡①✐sts s✉❝❤ t❤❛t ψιr+1 = ϕ ❛♥❞ fψ = g✳ ❍❡♥❝❡ ❜② ▲❡♠♠❛ ✹✳✶✶✱ f ∈ J0✲inj ∩ Jr✲inj✳
❙✐♥❝❡ ZWr+1(f) ✐s s✉r❥❡❝t✐✈❡ ✐♥ ❡❛❝❤ ❜✐❞❡❣r❡❡ s♦ ✐s Er+1(f) ✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t Er+1(f) ✐s
✐♥❥❡❝t✐✈❡✳ ▲❡t a ∈ ZWr+1(A) s✉❝❤ t❤❛t [f(a)] = [0]✱ t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts b ∈ BWr+1(B) s✉❝❤
t❤❛t f(a) = wr+1(b)✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s♦❧✐❞ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

✭✶✮ ZWr+1(i, j)

ιr+1

��

a // A

f

��
BWr+1(i, j − 1)

b
//

a′

88

B

✇❤✐❝❤ ❛❞♠✐ts ❛ ❧✐❢t s✐♥❝❡ f ✐s Ir✲✐♥❥❡❝t✐✈❡✳ ❚❤❛t ✐s✱ t❤❡r❡ ❡①✐sts a′ ∈ BWr+1(A) s✉❝❤ t❤❛t
a = wr+1(a

′) ❛♥❞ f(a′) = b✳ ■♥ ♣❛rt✐❝✉❧❛r [a] = [0] ∈ Er+1(A)✳ ❚❤✉s Er+1(f) ✐s ❛♥
✐s♦♠♦r♣❤✐s♠ ❛♥❞ f ∈ Er✳

❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ f ∈ Er ∩ J0✲inj ∩ Jr✲inj ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s♦❧✐❞ ❞✐❛❣r❛♠ ✭✶✮ ✇❤✐❝❤
❛♠♦✉♥ts t♦ ❝♦♥s✐❞❡r✐♥❣ ❡❧❡♠❡♥ts a ∈ ZWr+1(A), b ∈ BWr+1(B) s✉❝❤ t❤❛t f(a) = wr+1(b)✳
■♥ ❝♦♥s❡q✉❡♥❝❡ Er+1(f)([a]) = [0] ❛♥❞ t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ Er+1(f) ✐♠♣❧✐❡s a = wr+1(a

′) ❢♦r
s♦♠❡ a′ ∈ BWr+1(A)✱ s♦ t❤❛t b− f(a′) ∈ Ker wr+1(B)✳
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❊❧❡♠❡♥ts ✐♥Ker wr+1(B) ❛r❡ ✐♥ ♥❛t✉r❛❧ ✶✲t♦✲✶✲❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ❡❧❡♠❡♥ts ♦❢ ZWr+1(B)
t❤r♦✉❣❤ (b0, . . . , br−1; a; c0, 0, . . . , 0) 7→ (b0, . . . , br−1,−a). ❚❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ f, ZWr(f) ❛♥❞
Er+1(f) t♦❣❡t❤❡r ✇✐t❤ ❘❡♠❛r❦ ✹✳✺ ✐♠♣❧② ZWr+1(f) ✐s s✉r❥❡❝t✐✈❡ ❛♥❞ s♦ ✐s f r❡str✐❝t❡❞ t♦
Kerwr+1 ❛♥❞ t❤❡r❡ ❡①✐sts x ∈ Kerwr+1(A) s✉❝❤ t❤❛t f(x) = b − f(a′)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡
♦♥❡ ❤❛s a = wr+1(a

′ + x), f(a′ + x) = b ❛♥❞ a′ + x ✐s t❤❡ ❞❡s✐r❡❞ ❧✐❢t ✐♥ t❤❡ ❞✐❛❣r❛♠✳ �

Pr♦♣♦s✐t✐♦♥ ✹✳✸✻✳ ❋♦r ❛❧❧ r ≥ 0 ❛♥❞ ❛❧❧ 0 ≤ k ≤ r ✇❡ ❤❛✈❡ Jk✲cof ⊆ Er✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ♣❛r❛❧❧❡❧ t♦ t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ 3.13 ✐♥ t❤❡ ✜❧t❡r❡❞ s❡tt✐♥❣✳ ▲❡t f : X → Y
❜❡ s✉❝❤ ❛ ♠❛♣✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠✳

X

(

id

0

)

//

f

��

X ⊕ s−1
r (Cr(Y ))

(f ψr)

��
Y

= // Y

❋r♦♠ Pr♦♣♦s✐t✐♦♥s ✹✳✸✷ ❛♥❞ ✹✳✸✹ t❤❡ r✐❣❤t❤❛♥❞ ✈❡rt✐❝❛❧ ♠❛♣ ✐s Js✲✐♥❥❡❝t✐✈❡ ❢♦r ❡✈❡r②
0 ≤ s ≤ r s♦ t❤❡r❡ ✐s ❛ ❧✐❢t ✐♥ t❤❡ ❞✐❛❣r❛♠✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✸✵ ♦♥❡ ❤❛s Er+1(Cr(Y )) = 0✳
❆♣♣❧②✐♥❣ t❤❡ ❢✉♥❝t♦r Er+1 t♦ t❤❡ ❞✐❛❣r❛♠✱ ✇❡ s❡❡ t❤❛t Er+1(f) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ �

❚❤❡♦r❡♠ ✹✳✸✼✳ ❋♦r ❡✈❡r② r ≥ 0✱ t❤❡ ❝❛t❡❣♦r② bCR ❛❞♠✐ts ❛ r✐❣❤t ♣r♦♣❡r ❝♦✜❜r❛♥t❧② ❣❡♥✲
❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡✱ ✇❤❡r❡✿

✭✶✮ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛r❡ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✱
✭✷✮ ✜❜r❛t✐♦♥s ❛r❡ ♠♦r♣❤✐s♠s ♦❢ ❜✐❝♦♠♣❧❡①❡s f : A→ B s✉❝❤ t❤❛t f ❛♥❞ ZWr(f) ❛r❡ ❜✐❞❡❣r❡❡✲

✇✐s❡ s✉r❥❡❝t✐✈❡✱ ❛♥❞
✭✸✮ Ir ❛♥❞ J0 ∪ Jr ❛r❡ t❤❡ s❡ts ♦❢ ❣❡♥❡r❛t✐♥❣ ❝♦✜❜r❛t✐♦♥s ❛♥❞ ❣❡♥❡r❛t✐♥❣ tr✐✈✐❛❧ ❝♦✜❜r❛t✐♦♥s

r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❙❡t Kr = J0 ∪ Jr✳ ❋r♦♠ ❚❤❡♦r❡♠ ✷✳✶✽ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✸✹ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡
t❤❛t Kr✲cof ⊆ Er ❛♥❞ Ir✲inj = Er ∩ Kr✲inj✳ ❚❤❡ ✜rst ❛ss❡rt✐♦♥ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢
Pr♦♣♦s✐t✐♦♥ ✹✳✸✻ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✺✳ ❇② ❬✶✶✱ ✶✸✳✶✳✸❪ r✐❣❤t ♣r♦♣❡r♥❡ss
❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❛❧❧ ♦❜❥❡❝ts ❛r❡ ✜❜r❛♥t✳ �

❆s ✐♥ t❤❡ ✜❧t❡r❡❞ ❝♦♠♣❧❡① ❝❛s❡✱ ✐♥ ❝❡rt❛✐♥ s✐t✉❛t✐♦♥s ✐t ♠❛② ❜❡ ❡❛s✐❡r t♦ ❝❤❛r❛❝t❡r✐③❡
✜❜r❛t✐♦♥s ✐❢ t❤❡② ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢ s✉r❥❡❝t✐✈✐t② ♦❢ Er ✐♥st❡❛❞ ♦❢ ZWr✳

❉❡✜♥✐t✐♦♥ ✹✳✸✽✳ ▲❡t I ′r ❛♥❞ J
′
r ❜❡ t❤❡ s❡ts ♦❢ ♠♦r♣❤✐s♠s ♦❢ FCR ❣✐✈❡♥ ❜②

I ′r := ∪
r−1
k=1Jk ∪ Ir ❛♥❞ J

′
r := ∪

r
k=0Jk.

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❛t ♦❢ ❚❤❡♦r❡♠ ✸✳✶✻ ❢♦r ✜❧t❡r❡❞ ❝♦♠✲
♣❧❡①❡s✳

❚❤❡♦r❡♠ ✹✳✸✾✳ ❋♦r ❡✈❡r② r ≥ 0✱ t❤❡ ❝❛t❡❣♦r② bCR ❛❞♠✐ts ❛ r✐❣❤t ♣r♦♣❡r ❝♦✜❜r❛♥t❧② ❣❡♥✲
❡r❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡✱ ✇❤❡r❡✿

✭✶✮ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛r❡ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✱
✭✷✮ ✜❜r❛t✐♦♥s ❛r❡ ♠♦r♣❤✐s♠s ♦❢ ❜✐❝♦♠♣❧❡①❡s f : A → B s✉❝❤ t❤❛t Ei(f) ✐s ❜✐❞❡❣r❡❡✲✇✐s❡

s✉r❥❡❝t✐✈❡ ❢♦r ❡✈❡r② 0 ≤ i ≤ r✱ ❛♥❞
✭✸✮ I ′r ❛♥❞ J ′

r ❛r❡ t❤❡ s❡ts ♦❢ ❣❡♥❡r❛t✐♥❣ ❝♦✜❜r❛t✐♦♥s ❛♥❞ ❣❡♥❡r❛t✐♥❣ tr✐✈✐❛❧ ❝♦✜❜r❛t✐♦♥s r❡✲
s♣❡❝t✐✈❡❧②✳

❘❡♠❛r❦ ✹✳✹✵✳ ◆♦t❡ t❤❛t t❤❡ ✜❜r❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ str✉❝t✉r❡ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✾ ❢♦r♠ ❛
s✉❜❝❧❛ss ♦❢ t❤❡ ❝❧❛ss ♦❢ ✜❜r❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ str✉❝t✉r❡ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✼✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡
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t❤❡ t✇♦ ♠♦❞❡❧ str✉❝t✉r❡s ❤❛✈❡ t❤❡ s❛♠❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✱ ✐t ❢♦❧❧♦✇s ❥✉st ❛s ✐♥ t❤❡ ✜❧t❡r❡❞
❝♦♠♣❧❡① ❝❛s❡ t❤❛t t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t♦rs

id : (bCR, Ir, J0 ∪ Jr, Er) ⇆ (bCR, I
′
r, J

′
r, Er) : id

❣✐✈❡ ❛ ◗✉✐❧❧❡♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♠♦❞❡❧ str✉❝t✉r❡s✳

❘❡♠❛r❦ ✹✳✹✶✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✱ ✇❡ s❤♦✇❡❞ ✈✐❛ t❤❡ s❤✐❢t ❛♥❞ ❞é❝❛❧❛❣❡
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