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EXTREMES AND LIMIT THEOREMS FOR DIFFERENCE OF CHI-TYPE PROCESSES

PATRIK ALBIN, ENKELEJD HASHORVA, LANPENG JI, AND CHENGXIU LING

Abstract: Let {Q(F") (t),t > 0},k > 0 be random processes defined as the differences of two independent
stationary chi-type processes with m and k degrees of freedom. In applications such as physical sciences and
engineering dealing with structure reliability, of interest is the approximation of the probability that the random
process CT(:),C stays in some safety region up to a fixed time 7. In this paper, utilizing Albin’s methodology
we derive the asymptotics of P {SUPte[o,T] Cr(:)k(t) > u} ,u — oo under some assumptions on the covariance
structures of the underlying Gaussian processes. We establish further a Berman sojourn limit theorem and a
Gumbel limit result.

Key Words: Stationary Gaussian process; stationary chi-type process; extremes; Berman sojourn limit theo-
rem; Gumbel limit theorem; Berman’s condition.

AMS Classification: Primary 60G15; secondary 60G70

1. INTRODUCTION

Let X (t) = (X1(t),..., Ximsr(t)),t > 0,m > 1,k > 0 be a vector process with independent components which
are centered stationary Gaussian processes with almost surely (a.s.) continuous sample paths and covariance

functions satisfying
(1) ri(t) =1—=C;[t|" +o(|t|"), t—0 and r;(t) <1, WVt£0

where a € (0,2] and C := (Cy,...,Chpyk) € (0,00)™ k. We define the following stationary non-Gaussian
processes {Cﬁ'z)k(t),t > O}, k>0 by

m K/2 m+k /2
(2) () = (ZXf(t)> - ( > Xf(b‘)) = | XD @))" = [ XP(@))r, >0
=1

1=m-+1
In this paper we shall investigate for any T" > 0 the asymptotics of
(3) P< sup C(H)()>u , U= 00
te[0,T]

by using Albin’s method established in [?].
Our study of the tail asymptotics of SUPy¢[0,7) CT(: )k(t) is motivated by the exit problem in engineering sciences;
see e.g., [?7, 7, ?] and the references therein. Specifically, of interest is the probability that the Gaussian vector

process X exits a predefined safety region S, C R™** up to the time T, namely
P{X(t) ¢Sy, forsometec[0,T]}.

Various types of safety regions S,, were considered for smooth Gaussian vector processes in the aforementioned

papers. Particularly, a safety region given by a ball centered at 0 with radius u > 0
m-+k 1/2
Bu{(xl,.. l’m+k ERerk (Zl’ ) SU}

Date: December 12, 2014.



2 PATRIK ALBIN, ENKELEJD HASHORVA, LANPENG JI, AND CHENGXIU LING

has been extensively studied; see, e.g., [?, 7, ?, ?]. Referring to [?, ?], we know that for k=0

P{X(t) ¢ B,, forsomete[0,T]} = IED{ sup Cf,i)o(t) > u}
te[0,T)

(4) = THT(C)usP {CS?O(O) > U} (I+o0(1)), u—o0

where Hgf’lo(C) is a positive constant (see (8) below for a precise definition). Very recently [?] obtained the tail
asymptotics of sup,c(o 7 (ﬁ) (t).

Our first result, which derives the exact asymptotics of (3), extends the findings of [?, ?] and suggests an
asymptotic approximation for the exit probability of the Gaussian vector process X from the safety regions

5(%) given, with the notation of (2), as
(5) ng) = {(a:l, e Tmgk) € R |a:(1)|“ - |m(2)\“ < u}

for large enough wu.

Since chi-type processes appear naturally as limiting processes; see, e.g., [?, 7], when one considers two indepen-
dent asymptotic models, the study of the supremum of the difference of the two chi-type processes is of some
interest in mathematical statistics and its applications. Another motivation for considering the tail asymptotics
of the supremum of the difference of chi-type processes is from ruin theory, where the tail asymptotics can be
interpreted as the expansion of the ruin probability since the net loss of an insurance company can be modelled
by the difference of two positive random processes; see, e.g., [?].

Although for & > 1 the random process (1(; )k is not Gaussian and the analysis of the supremum can not be
transformed into the study of the supremum of a related Gaussian random field (which is the case for chi-type
processes; see, e.g., [?, 7, 7, 7, 7, ?]), it turns out that it is possible to apply the techniques for dealing with
extremes of stationary processes developed mainly in [?, ?, 2,7, 2,7, 2,7, 2,7, 7.

Sojourn limit theorems, initiated by Berman [?, ?], have been proved to be significant results in the study of
extreme values of stationary and self-similar processes; see, e.g., [?, ?]. In the second part of Section 2 we derive
a sojourn limit theorem for (7(7';"’ )k Further, we show a Gumbel limit theorem for the supremum of (7(7';"’ )k over an
increasing infinite interval. We refer to [?, 7, 7, ?, ?, ?] for results on the Gumbel limit theorem for Gaussian
processes and chi-type processes.

Brief outline of the paper: Our main results are stated in Section 2. In Section 3 we present proofs of Theorem
2.1, Theorem 2.2 and Theorem 2.3 followed then by an Appendix containing the somewhat complicated proofs

of three lemmas utilized in Section 3.

2. MAIN RESULTS

We start by introducing some notation. Let {Z(t),t > 0} be a standard fractional Brownian motion (fBm)
with Hurst index a/2 € (0,1], i.e., it is a centered Gaussian process with a.s. continuous sample paths and

covariance function
1
Cov(Z(s), Z(1)) = §(sa Ft—|s— t|°‘), s, 1> 0.
In the following, let {Z;(¢),t > 0},1 < i < m + k be independent copies of Z and define W, to be a Gamma
distributed random variable with parameter (k/k,1). Further let O7 = (O1,...,0,,),02 = (Opy1, - o, Omtr)

denote two random vectors uniformly distributed on the unit sphere of R™ and R¥, respectively. Hereafter we

shall suppose that Oy, O3, W,, and Z;’s are mutually independent. Define for m > 1, k>0, x >0

(6) N ) =200+ B, t>0,
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where F is a unit mean exponential random variable being independent of all the other random elements

involved, and

Z <Z V2C;0,Zi( )) I{x > 1}

K/2
m—+k m+k
+ [ Wi — (W,f/“ +2We /)R YT V2G50, Z(t) + 2672 Y CiZf(t)> I{r <1}

1=m-+1 i=m-+1

with L(t) = (37", C;07) t*, I{-} the indicator function and the convention that " = 0. In addition,

denote by I'(-) the Euler Gamma function. We state next our main result.

i=m+1 —

Theorem 2.1. Let {Cf:,)k(t),t > 0} be given by (2) with the involved Gaussian processes X;’s satisfying (1).
Then for any T > 0

(7) ]P’{ sup () (1) > u} = THZHCuHP {(,0) > u} (1 +0(1), u— o0
te[o, 7]
where T :=I{rx > 1} + (2/k — 1)[{x < 1} and
1
(8) HF(C) =lim —P {sup Ny (ag) < 0} € (0,00)
’ al0 @ i>1 ’

with 7755?,\,, given by (6).

Remarks: The tail asymptotics of the Gaussian chaos Cf;)k(()) and its density can be easily derived using
Theorem 1 in [?]. We give a self-contained proof in Lemma 3.1 below.

b) Clearly, H7:¥(C) in (8) is more involved than the classical Pickands constant

H, = lim P{sup(\[Z(aj) (a ))gE}E(O,oo),

alo a | j>1
see, e.g., [?, 7, ?] for the above definition which is an alternative expression of the Pickands constant (cf. [?]).
¢) Define exit times 7,,(u) = inf{t > 0: X () € 8!V}, x > 0 with S given by (5). By a direct application of
Theorem 2.1 for any T' > 0 we obtain

t
lim P{r.(u) <tlr,(u) <T} ==, Vtel0,T],
u—00 T
which means that asymptotically 7, (u)|{7.(u) < T} is uniformly distributed on [0, T7].

d) If k > 2, then the claim of Theorem 2.1 implies

(9) ]P’{ sup Cm k( ) > u} = ]P’{ sup Cﬁ,'f)o(t) > u} (I1+0(1)), u— oo,

te[0,T] te[0,T

hence Xy41,..., Xinqr do not influence the tail asymptotics of sup,cpo p) Cﬁf)k(f) This is expected since
SUP4e(0,7] Cr(f)k( t) has a sub-exponential tail behaviour for any x > 2.

Consider the sojourn time of the random process ¢, ()  above a threshold u > 0 in the time interval [0,t] defined
by

(10) L, ,(u) = /0 LW (s) > upds, ¢ 0,

Our second result below concerns a Berman sojourn limit theorem for Cr(:’ )k

Theorem 2.2. Under the assumptions and notation of Theorem 2.1 for anyt >0

() [ L > v} ay = R {20, @} @+ o), uo

holds for all continuity point x >0 of Ty(x) =P {fooo ]I{nﬁ,'f,)k(s) >0} ds > x}
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Remarks: a) It might be possible to allow X;’s to be dependent. Results for extremes of chi-type processes
for such generalizations can be found in [?, 7.
b) Following the methodology in [?] one could consider X;’s to be self-similar Gaussian processes. Further

extensions for random fields could also be possible by adopting the recent findings in [?, ?].

In the following, we derive a Gumbel limit theorem for sup;¢(o 1) Cr(:)k (t) under a linear normalization.

Theorem 2.3. Under the assumptions and notation of Theorem 2.1, if further the following Berman’s condition

(12) tlin;o 1S?%%<+k|m(t)|lnt =0
holds, then
13 lim sup|P al) sup Cr(:) t) — bt <zp—exp(—e®)| =0
(13) T—00 zeR { T (tG[O,T] ’k() r ) ( )
where for T >0
() _ @IT)2 e 2 R
(14) ayp’ = - , by’ =(2InT) +2(21nT)1*“/2 (KolnlnT + In Dy)
with
2
2r K HIME(O) k k ,
Dy = o +2(i-p)ies2 [ Tar ) p( Fyrrocov g B s o1 ) glk/r- DI{e<2}—{x=2}
0 TOm/2Ty2) . e = 2h+ 5 He > 2

Ky

2 2
m—2+T+k(1—)H{m§2}.
(0% K

Under the assumptions of Theorem 2.3, we have the following convergence in probability (denoted by £>)

(%)
supycio, 7] Cm k() »
: =1, T—
(2InT)</2 ’ >

which follows from the fact that limp_ o bgf" ) /(2InT)*/? = 1 and that a? ) is bounded away from zero, together
with elementary considerations. In several cases such a convergence in probability can be strengthened to
the pth mean convergence which is referred to as the Seleznjev pth mean convergence since the idea was first
suggested in [?]. In order to show the Seleznjev pth mean convergence of crucial importance is the Piterbarg
inequality (see [?], Theorem 8.1). Since the Piterbarg inequality holds also for chi-square processes (see [?],

Proposition 3.2), using further the fact that
G () < [ XD, £ 0

we immediately get the Piterbarg inequality for the difference of chi-type processes by simply applying the

aforementioned proposition. Specifically, under the assumptions of Theorem 2.3 for any 7" > 0 and all large u
K 1
(15) P< sup (jfn)k(t) >up < KTuP exp (—u2/“>
te[o, 7] 2

where K and [ are two positive constants not depending on 7" and u. Note that the above result also follows
immediately from Theorem 2.1 combined with Lemma 3.1 below. Hence utilizing Lemma 4.5 in [?] we arrive

at our last result.

Corollary 2.4. (Seleznjev pth mean theorem) Under the assumptions of Theorem 2.3 we have for any p > 0

su t
lim E ( Piejo, 1] ka:()> 1

(2InT)~x/2
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3. FURTHER RESULTS AND PROOFS

We shall first give some preliminary lemmas; hereafter we use the same notation and assumptions as in Section
1. By % and £ we shall denote the convergence in distribution (or the convergence of finite-dimensional
distributions if both sides of it are random processes) and equality in distribution function, respectively. Further,
we write fe(-) for the pdf of a random variable { and write hy ~ hq if two functions h;(-),s = 1,2 are such
that hi/hs goes to 1 as the argument tends to some limit. For simplicity we shall denote for k > 0 (recalling
7=k >1}+ (2/k — 1)I{r<1})

1
Gr = ¢ (u) = u_27/(a"‘), wy(u) = fu2/”_1, u > 0.
K

In the proofs of Lemmas 3.1-3.3, we denote uy , = u + x/wy(u) for all u,z > 0.

Lemma 3.1. For all integers m > 1,k > 0 we have as u — o0

I'(k/k
(whi((u/))g/N ’ K< 2’

1
u™/" L exp (—QUQ/K I'(k/2), Kk =2;
K2F/2ID(K/2), K> 2.

Fe o) (u) 92— (m+k)/2 1
wo(w) KT (k/2)D(m/2) we(u)

P{C0) > u} ~

Proof of Lemma 3.1: For k£ = 0 the claim of the lemma is elementary (see, e.g., [?], p.117).

Note that for any &k > 1

2R L o
" - K— _ K > .
f|X(2)(O)‘ (y) HF(/{/Q)y €xp ( 2y ) ) Yy = 0

We have by e.g., [?], p.117 together with elementary consideration

1 oo
Jeo,o® = m/o Fixo @)1 () fix o1 (wiu)) "

_ Jixo@W) 1% fixo o () 20742 ( y )k/m_lexp 1 (y )W dy
wew)  Jo Fxoe@) TE2) \wa(w) 2 \wn(u)
217k/2 - fixayoy=(u) [ y \"! 1 y \* ,
TR(R2) welu) / (mu)) P T2 (wm)) Y] e

Recalling that w,(u) = 0o,=1/2,— 0 correspond to k <, =, > 2, respectively, we conclude the second claimed

asymptotic relation of the lemma. The first claimed asymptotic relation then follows similarly as

freo (U) 0o fotn) (UK,I) o) (“) o0
(s 0 i) o)
0

W (u) fo,'f,)k(O) (u) z wy ()

Lemma 3.2. If {Cﬁ'z)k(t),t > 0} is as in Theorem 2.1, then

K K d K
{we@(Ch @) = WIS 0) > w), t= 0} 4l 1), t= 0}, u— o0
with ni,f’)k given by (6).
Proof of Lemma 3.2: We henceforth adapt the notation introduced in Section 2. By Lemma 3.1

(16) wi (1) (G4 (0) = w)|(CS(0) —u > 0) 5 B, u— oo,
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Thus, in view of Theorem 5.1 in [?], it suffices to show that, for any 0 < t; < to < -+ < ¢, < oo and
zeR,1<j<n,neN,

Pr(w) = {0 {Ch(0uts) <t H|CH(O) = e |

(17) P {ﬁ?zl{zg’k(tj)—kx < zj}} . w— o0
holds for all z > 0 and z; € R,1 < j < n. Define below

Apu(ty) = Xilgatj) — 1i(gat;)Xi(0), 1<i<m+k, 1<j<n
By (1) we have

u¥/RCov (A (5), Agu(t)) = Ci(s® +t% — |s — %)
=2C;Cov(Z;(s), Z;(t)), u— 00, s,t>0, 1 <i<m-+k.

Therefore
(U5 A (1), > 0} 5 {V/2C:Z;(1),t > 0}, u— 00, 1<i<m+k.

Furthermore, by the independence of A;,(t;)’s and X; (O)’s, the random processes Z;’s can be chosen such
that they are independent of (7(:’ k( ). Note that X (1)( 0) 4 R10 holds for some R; > 0 which is independent
of O;. Then similar arguments as in [?] yield that, for any z; € R, 1 < j <n

po(w) =B 3 () {IXV(@t)" < ths, } [ XVOF =

Nt
1 )2
1 {wN < 1+ R% Vu(tj)] — R'f) <zj— .T} Ry = umz}
{

=

I
=
DL

J

we() RE 2V, (t5)(1+ 0p(1)) < 25 — 2}

I
=
DL

| =

K
Ry = “n,a:}

(18) =P ﬂ Z%(1+OP(1))_(Z%)t?(l+0p(l))+$<z‘j} , U= 00

i=1

Jj=1

where V,(t;) := >0 A2 (8) + 23000 N (t)73(gkt;) Xi(0) — S°07 (1 — r2(gwt;))XZ(0). Consequently, the

claim for k = 0 follows. Next, for k > 1, we rewrite py(u) as

pr(u) /00 (5{<“ (ant; <u,€z}‘|X D(0)[F = theagys | X (0)]F = y)

ok wi (u

« f\Xu)(o)\n (Un,a:+y)f\x<2)(o)\n (y/wi(u))
Wg (u)fd:>k(0) (umw)

dy

oo n
K K )
/ P ﬂ {|X 1) q*i "< un,2j+w,;(u)|X(2)(thj)\“} ‘|X(1)(O)| = Uk,z+y;> |X(2) O)" = hm,u(y) dy

Jj=1
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where by Lemma 3.1

Fix )1 (Un.a+y) fx @ o)« (4w (1))
hli’ll, =
’ (y) wn(u)fcxy)k(o)(uﬁam)
- fix @ oy (U, z4y) fof,k(O)(u) fixw @ (W fix @ o) 4/ we(w))
fixwor ) e, o)) (e, o)
(20) ~ fix@ ()< (y/w(w))e™ 00

I fix @ oy (y/wi(u))e™v dy’
implying that h, ,(-) is asymptotically equal to some pdf h,(-) as u — oo.
Next we consider the limit distribution of w, ()] X @ (g.t)|"|{w,(u)| X P (0)|* = y}. Noting that X (0) 4

R505 holds for some Ry > 0 which is independent of Os, we have by similar arguments as in (18) that, for any
t>0

(@)X g)) " [ ) X O = 9}

m—+k m-+k m—+k
=(w~(U))2/“l X042 D rilat) X (0)Aw(t) + Y AL
1=m-+1 1=m-+1 1=m-+1
m+k y
=S (@) XE0) {Rﬁz}
i:%zﬂ 2 (walu)te
R m+k m+k
= (we(u))?* |R2 +2 — > V260 Zi(t)(1 + 0, (1 QT/K > Gz ()1 + 0p(1))
1=m-+1 i=m-+1

P (ujfjn>2i:1§:jlcio§ta(1 1 0,(1)) ‘ {R; - (w(z))W}

w (’LL) 1/k m+k w (’LL) 2/k m+tk
=y (2) TS aG0z o) +2 () TS Gz o1,

uT
i=m-+1 1=m-+1

This together with (18) and (19) implies that

ntw) = [ H{Z“TCTOlZ/H D1to (1))—(2m>t;“<1+op<1>>+x+y

1=

<zj+ wn(U)IX(z)(qntj)l“}‘IX(Q)(O)I“ =1 }hn,u(y) dy

wy (u)

n NoL:
:/O N {Z \/TCZTOnZ/H (14 0,(1)) - (Zuf_o%> 1+ o0,(1) + oty <z + (v

j=1 i=1

o

1
B

+ 2y~

(VIR

1 m4k w. (u 2 m+k
><(w,;(T)) Z V2C,0:Zi(t, +O”(1))+2<Z(T)) Z CiZ3(t 1+op(1))> D (y) dy.

1=m-+1 i=m-+1

Recall that 7 = I{x > 1} + (2/k — 1)I{x < 1}. Tt follows by (20) and Lemma 3.1 that, for k < 1

. 1
h,{(y) .:ulgIolo h//{,.u(y) - r(k’/h)J

which is the pdf of a Gamma distributed rv with parameter (k/r,1). Consequently, the desired result follows.
O

1 k/“*le*y, y >0

The next lemma corresponds to Condition B in [?]; see also [?, ?]. We note in passing that this condition,
motivated by [?], is often referred to as the “short-lasting-exceedance” condition. As shown in Chapter 5 in [?]

this condition is crucial. Denote in the following by [z] the integer part of = € R.
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Lemma 3.3. Let {Cr(:’)k(t),t > 0} be given as in Theorem 2.1. For any T,a > 0, we have

[T'/(agx)]
lim sup Z P{Cfn)lc(aqﬁj >u‘<7(nk )>u}—>0 N —
U—00 N

Proof of Lemma 3.3: Note first that the case k = 0 is treated in [?], p.119. Using the fact that the standard

bivariate Gaussian distribution is exchangeable, we have for v > 0
P{ciast) > ul¢i0) > uf = 2P {0 (aet) > w1 X D (ut)] > [XDO)¢S,(0) > u} = 20(u).

Further, it follows from Lemma 3.1 that for any k > 1

0= [ [ e{can > XD @0 > XOO[XO0F = wrn X D0 = 2

wy (u)
Yy
fix@ ) (U z+y) i@ (o)) (mu))
X
w2 ()P {¢14(0) > u}

/ / (XD (@) > uy

:/ ]P’{|X(1)(q,$t)|“ > Uy,
0

Moreover, in view of the treatment of the case k = 0 in [?], p.119 we readily see that, for any p > 1, with

dxdy

fixo @) (Usety) fix @ 0))= (wf(u )
w2 ()P {¢50,0) > u}

P{IXD () >uﬂ,y}f <y> ]

wﬁ(U)P{C /-;)k(o) N u} |X @ (0)|= wy (u) Y.

m,

|X ()| —um,a:-i-y} dxdy

XOO) > uy b

R(t) := maxi<i<m r(t), 7(t) := minj<;<,, r;(t) and ®(-) denoting the N(0,1) distribution function,

. (1 a <<1 - R(qﬁt»u”ﬁ))
m(1 —r2(qxt))

< Kpt~oP/2 V.t e (0,T)

IN

P{IX D (@)™ > ey || XD O > ey }

holds for some K, > 0 not depending on u,t and y. Consequently

- IP’{|X(1)(0)|” > U }
() () —ap/2 Y Y
P{Cm,k(% ) >U‘C (0 )>u} < 2Kt /0 (R) f\x(2)(0)\r~ <wﬁ(u)> dy
W (w)P 4¢G5, (0) >
(21) = 2K, t7P/2 Vgt e (0,T).
Therefore, letting p = 4/«
(T'/(aqx)]
lim sup Z P {Cm w(agej) > u‘CT(r':)k(O) > u}
U— 00

§2Kp/ x_de:%%O, N —
aN llN

establishing the proof. O
The lemma below concerns the accuracy of the discrete approximation to the continuous process, which is
related to Condition C in [?]. As shown in [?] (see Eq. (7) therein), in order to verify Condition C the following

lemma is sufficient. The technical proof of it is relegated to the Appendix.

Lemma 3.4. Let {Cf:,),ﬂ(t),t > 0} be as in Theorem 2.1. Then, there exist some constants C,p > 0,d > 1 and
Ao, ug > 0 such that

. A )
P{C"(”)k(q'{ ) >u+ w (u)v 7(n,)k(0) Su} < Ctd>\ pP{C( )( )>’LL}

for 0 <t® < A< X and u > ug. Here w := a/2l{x > 1} + o/2min(x/(4(1 — k)), NI{x < 1}.
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Proof of Theorem 2.1: It follows from Lemmas 3.1-3.4 that all the assumptions of Theorem 1 in [?] are
satisfied by the process C > which immediately establishes the proof. 0
Proof of Theorem 2.2: In view of (21) with p = 4/a and letting v, = v, (u) = 1/q,(u) = u*>7/(*%) we obtain

(™ /NT/UKP{CS)]C(S) > U‘C’r(:)k(o) > u} ds = /]:“TP{ (r) (s/vﬁ > u‘gmk 0) > u} ds

veT 2 K4/a
§K4/a/ s “ds < U — 00.
N N
Hence
T
lim hmsupv,{/ {C(K) (s) > u’C(R) (0) > u} ds = 0.
N—o0 U—> 00 N/’U
Since further Lemma 3.2 holds, the claim follows by Theorem 3.1 in [?]. O

As shown by Theorem 10 in [?], in order to derive the Gumbel limit theorem for the random process C ¥ two
additional conditions, which were first addressed by the seminal paper [?] (see Lemma 3.5 therein), need to be
checked, namely the mixing Condition D and the Condition D’ therein. These two conditions will be followed

from Lemma 3.5 and Lemma 3.6 below; the technical proof of them will be displayed in the Appendix.

Lemma 3.5. Let {Cr(,f,)k(t),t > 0} be defined as in Theorem 2.53. Let T, a be any given positive constants and
M € (0,T), then for any 0 < 51 < -+ <8, <t1 <--- <ty in{agej:j €Z,0<ag.j <T} withty —s, > M,

we have for u >0

ﬂ{kasz ) < uj, ﬂ{ka ) <wu}p— {ﬂ{g(“) S; <u}} ﬂ{c(ﬁ) ) < ul

j=1

(22) SKut Y Tty —si)exp (-3%5))

1+7(t; —
1<i<p,1<5<p’ + 7t ’

ﬂ{cmksl > u}, m{ka )>u}tp— {m{C(K) s >u}} n{c(n) ) > u)

j=1

(23) <Kuw ?(tj—si)exp<—~“%>

1+7(t; — s
1<i<p,1<5<p’ + 7t i)

with some positive constant K, where ¢ = 2/k(m — k — 1 4+ max(0,2(1 — k))) and 7(t) := maxi<i<m+k |[71(t)].

Lemma 3.6. Under the assumptions of Theorem 2.3, we have, for ¢, 7(-) as in Lemma 3.5 and T, given by

1 qr(u)

. T O R {0 > )

and any given constant € € (0,T})
T, u?/"
(25) ut == 7(agq.j) exp <—~) =0, u— oo
ESGQXRJ:STR " 1+ 7(agyj)
Proof of Theorem 2.3: To establish the Conditions D and D’ in [?], we shall make use of Lemma 3.5 with
T =T, taken as in (24) and M = ¢ € (0,T,). First note that the right-hand side of (22) is bounded from above
by
T 7‘112/&
K §7K“ d K ] T~ N
u > Fag J)eXP< T )

s <agui<T. 7(agx)

which by an application of (25) implies that the mixing Condition D in [?] holds for the random process (7(:’ )k
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Next, we prove Condition D’ in [?], i.e., for any given positive constants a and T

[e/P{ {0 (0)>u}]
(26) lim sup Z {Cr(:,)k(aq,{j) > u’(ff)k(O) > u} -0, €]0.

U—00 =
i=[T/(agx)]

Indeed, by (23) for some large M >T and a positive constant K

U2/n
P {htaaed) > o400 > ) <P {0 > o) o K o) e ()

holds for sufficiently large v and aq.j > M. Consequently

[err{cho>0)]
lim sup Z ]P’{Cr(:)k(aq,{j > u‘(f:)k(()) > u}
U—r 00 P
J=[T/(aq:)]
[M/(aqy)]
< lim sup Z ]P’{CT(:’ (aq.j) >u‘<<ﬁ) 0) >u}+s
U—r 00 ~
J=[T/(agx)]
) . T, [e/P{Cf%O)w}] ) ( u2/" )
—+ lim su u — r(aqy))ex —_——
el g R N 7

7=IM /(aqn)]
where the first term and the last term on the right-hand side equal 0 by an application of Lemma 3.3 and (25),
respectively. It follows then that (26) holds. Consequently, in view of Theorem 10 in [?] we have for T, given

by (24)

xT

lim P{ sup C0(8) <u+t
UuU— 00 {tG[OT] k( ) wﬁ(u)

} = exp (—67“3) , xeR.

Expressing u in terms of 7T, using (24) (see also (38)) we obtain the required claim with agﬁ" ),bg,f )

given by
(14) for any = € R; the uniform convergence in « follows since all functions (with respect to x) are continuous,

bounded and increasing. O

4. APPENDIX

Proof of Lemma 3.4: By (1), for any small € € (0,1) there exists some positive constant B such that

ri(t) > and 1—r;(t) <BtY, Vte(0,¢], 1<i<m+k.

N =

Furthermore, for any positive ¢ satisfying (recall w = a/2I{x > 1} + /2 min(x/(4(1 — x)), 1)I{x < 1})
- . 1 K o
0<t¥ < )\ < AQ = 1min (WB’Q”‘W?E >
and any u > 2

a/2 1
(27) W2T/R0, (1) < 27 kB < i

r(t):= min r;(¢).

T (gt 1<i<mtk

Let (X1)(6), X)) (1) 1= (X1(t) = ry () X1(0), ., Xk (t) = 7, () Xn 44(0)) which by definition is inde-

pendent of {Cm k( ),t > 0}. For j =1,2

x}7 u@n(t) < L
2v/2Bu 27/t 2wy (u)

In the following, the cases k =1,k € (1,00) and € (0,1) will be considered in turn.

(28) P{IX0) @0l > o} <P {Ix0) >

Case k = 1: Note that by the triangular inequality

¢Wlat) < 1X0) (@) + X3 ()] + @cﬁi;(m +0,(6)| X ().
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Consequently, from (28) we get

P {c“) (qut) > u+ = A0 < u}

A
P{X&? (@0 + X5, (@] + 6 OIX D) > = —ub (1), ¢ (@t) > u}

< P{X“) (@0)] + X)) (art)] > ;“}P{C( at) > u) —|—]P’{91(t)|X(2)(0)| > OAU}

=: Ilu + Igu.

y (27) and (28), we have for any p > 1

A A AN 77
PIX (qt) > =5 <PXD — L V<K (-
{ix@or> o} <p{ixvor> o2 <x (1

holds with some K > 0 (the values of p and K might change from line to line below). Similarly

PJIxX? t)|>i cx(2)7
1/ 6u | — /2
and hence

(29) L.<K (tj/g)_pp {¢B0) > u}.

Moreover, in view of Lemma 3.1 and (27) we have for sufficiently large u that

P4 X®(0) > 22 —(p—k+2)
{ ! /2}19 (V0 >ul <K A wPtm=2bp L ) 5 L
(1) m,k ta/2 m,k
P{C(0) > u}
Hence, the claim for x = 1 follows from (29) and (30) by choosing p > max(4/a + k, 2k).
Case & € (1,00): Denote below by (Y (£), Y2 (1)) := (r{ ' (£)X1(0),..., 7, () Xpn41(0)). Note that [V (1)] <
1IXD0)]/r(t) and | XD (0)| < |[Y P (1) < | XP(0)|/r(t) for all t < £, and for some constants K1, K5 > 0 whose

values might change from line to line below

(31) 142" >14kx, 2€R and (14+2)" <14+ Kjz+ K", x>0.

We have further by the triangle inequality

Cant) < (YO had] + X5 @t = YO (aut)] ~ X, (aet)]

< YO (get)]* + K1 | X (aat)[Y D (gat) " + Ko X)) (gt
—[Y O (qut)|" + 51X ) (gut)[[Y P (gut) "~
< KX (@) [|IXD ) + Kol X (gt
Dyt 4 mk® o
HRIX T @) | X OO+ JHE + 0001 X 0)"

holds for g.t < e and some constant Kg > 0. Therefore, with p=1/(2(k — 1)) and ¢ = a/(4(k — 1))

P00t > 0t s 0 < o)

wyl/k By L/ R
<p{ix00)> 2o b {ix@) > 2t

A/ et " Ayt
{K1|X1/r<qn>( )R @+ KX ) ()

t¥

10,1 XP(0)" > ¢ (aut) > u}

A
2w, (u)’
(32) = flu +j2u+j3u-
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Note by (27) that A*/t¥ > 1. Similar arguments as in (30) yield that

L1y < K (20)7 @7 = ok(2/mm 1)H{K<2})/NP{C“)( )>u}
T SK(¥) (P=k+2)  (p—ktm—h(2/r— 1)H{n§2})/np{<$7)]€(0) >u}
and
. Abul/% A ) . A
I3’U« S P "}(I/T(qN )| te 811)5 +P K2‘X1/T( Wt)| > 8’10,1('114)
2 )\“ul/”“ P
+P{K3|X§/L<qﬁt>|( " ) " })P {¢iant) > )
2 Lo, X D) >
8wy (u)
= Iy + Izy + IT30)P {d“) 0) > u} ¥ Iy,
Furthermore
AL/2q—1/k
I, < PXY0)>K
! (X001 > Koz
)\1/2
< P{|X<1>(o)|>K1ta/4}
AL/2N 7P
< K(ta/4> .
Similarly

N 2(1=1/k)\ TP/F AL/2\ 7P
xS e (20)

Next, we deal with II;,. We have by (27) that 2°T4Bt®/2 < 1. Therefore, similar arguments as for (30) yield
that

2 \u 1
(2) Ky 222 2
II4u < P{|X (O)‘ > t“/2 2”+4Bt“/2 }
A (p—k+2)
(33) < K (ta/Q) u*(P*k+mfk(2/nf1)H{n§2})/n]}p {Cr(r':,)k(o) > u} .

Therefore, the claim for k € (1, 00) follows from (32) and the inequalities for L, Loy, Iy, Iy, IT5,, and II,, by
choosing p > max(8(k — 1)/a + k + m, 2k).
Case k € (0,1): Note that

14+2)*<1l4z, >0 and —|l1-z/"<—-(1-2), z€][0,00).
We have further by the triangle inequality

C(N) (cht)

IN

(|Y D(at) |+ 1X ) (aet)l)” 1Y@ (aet)] — X (aut)]
YO a)l* + X @) IX DO = YO qe)l* + X (at) 1Y P ()"

XD
(r(ant))"
G (0)

= Gy O OIX PO + X @Ol X DO+ X (@) | X )

IA

+1X (@t [ X PO = XD 0)] + [ X 7). (g:t) | X P (0)*!
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Therefore, we have by (28), with ¢ = o/(4(1 — k))

S0 <}

XDl XD @l A
(u™ T/Ntw)l © 0 (um T/mtw)l P 2w, (u)’ ka(qN) U

P {cf:@@a) > (u)

<PLO,.(6)XP(0)

K K )\
+P{IXDO)] < w5, (W ant) > u} + PLIXDO) < w7/, ¢55(0) < w, (S (aet) > ut —

e " wy (u)
= I+ Iy + I,

Now we deal with the three terms one by one. Clearly, for any u > 2

A Arte/4
* (2) /) |5 (k)
I, < P{efg(tnx (0)] >6wﬁ(u)} {|X1/T<qn>> 6UT/,€}P{<m,k<qﬂt>>u}

At/ K
{IXW(% N> } {Cﬁl)k(qn ) > u}

where the first term can be treated as Il4,, see (33). For the rest two terms, using (28)

%) Akt/4 ") KA AN
(34) IP’{|X1/T( O > T b <PYIX (0)|>12\/@ta/4 <k(Zz) . i=1z

In order to deal with I3, and I3,, set below (X1 (#), X (2 (1)) := (X1(0)—r1 () X1 (), s Xy 2 (0) =T () X (1))

which by definition is independent of {C“) (t),t > 0}. For j =1,2

) ; 2V Az
55) p{|xﬁ>(qﬁt>|>w}<P{IX”<0>|>W}‘

Using further the triangle inequality | XM (got)]" > (#(gut))*| XM (get)]" — [ X (0)]" and (27) (recalling
XM (qet)|* = ¢ (ant) > u)

A

Beo< B {XOGor > u () - S ) 1o {0 > )
P{xO ol > e {0 > o
P{|X“>(0> > (1- 2“)1/“75{2} P{ci(0) > uf

<(3) o=

For I3,, using instead | X (g.t)|" > u + A/w,(u) and

IN

IN

(36)

IN

K K K twﬁ
XD = ¢, 0) + 1X2(0)] Su(1+ul+T>

we have

Beo= B{xOGar > (oo (14 25) - (1 50) ) e {en > o)
= P{XD@t)]" > a7 (Ar(r(gat)” — w7 (1= (r(@:t))") = ) } P {00 > u.
where by (27)

LIS A

A(r{aet))* — a7 (1= (rlgut))) — 19 = S0 — g0 > S
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Consequently by (35)

*
I3u

IA

B )\l/n+1/2 .
]PJ{|X(1)(O)| > 92 2/HK/1/I€ta/2}]P){C( ) (0) > 'LL}

<K()\1;7;/Q> P {0 > u},

which together with (33), (34) and (36) completes the proof for x € (0,1) by taking p > 4/a + k.
Consequently, the desired claim of Lemma 3.4 holds for all x € (0, c0). O
Proof of Lemma 3.5: We give only the proof for (22) since (23) follows by similar arguments. Since the claims

for k = 0 are already shown in [?], we only consider that & > 1 below. Define, for j = 1,2, independent ran-

dom vectors (|Y(j)(51)|, cee |Y(j)(sp)|> and (\Y(])(t1)|, cee |Y(])( )|>, which are independent of the process
Cr(:)k and have the same distributions as those of (|X(j)(sl)\7 e |X(J)(sp)|) and (|X(j)(t1)\7 e |X(j)(tp/)\),

respectively. Note that, for any « > 0, the left-hand side of (22) is clearly bounded from above by

Py O {IXO 0l > XDl —u}.

i=1

{X@)1r > X0 ) -}

<.
&Dﬁ\

~P ﬁ{y<2>< A= XD ()"~ ul, O{ )" > [ X ()" u}

p p’
+ P O{IX Ol < Y@ (s) |*”~+u}ﬂ{X“ ) < 7 <j>|“+u}

i=1 J

A et < 1@y ) (N 500 e o 5
(37) POV O < Y@ (s +uf, V7 @) < ¥ @) +u

i=1 j=1

Next, note by Cauchy-Schwarz inequality that u? + v? < (u? — 2puv + v?)/(1 — |p|) for all p € (—1,1) and
u,v € R. It follows that f;;(-,-) the joint density function of (\Xu)( ), | X l)( )\) satisfies that

m

1 x? —2r(t; — si)my, + v}
fij(zy) = / exp (— ! . dzdy
) SR | By ey 31— 1700 — 59)
1 / " ( z? + y; >
— exp | — dxdy
@m)m(1 = (7(t; = 5:))™/? J|=a,ly|=y 11;[1 201+ |ru(t; — si)l)

1 B - +y -
@l — (7t — 522 O F ( 2(1+7(1, — sm) /|w|—$,|y|—y dwdy

_ (zy)™ ! o [Tty -
o2 (T(m/2))2(1 = (7t — 50))%) ™2 p( 2(1+7(t —Sz)))’ ny=b

Therefore, in view of Lemma 2 in [?], with K a constant whose value might change from line to line, the first

absolute value in (37) is bounded from above by

p (k—-1)/k (xli _ u)2/l€ + (yﬁ _ U)Q/H
K;] 1/ > /~>u (I mwlT - U)) P ( 2(1+7(tj; —s3)) ) fii . y) dedy
p P 0 2/k 2
it — s _ ) k=D Rgm/r—1 -
< K;;r(@ Sz)</u (x —u) x exp ( T Sz))> dm)
(k1)) S N u?/"
< Ky2ltm e er(tj )eXp( 57 8)>
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where the last inequality follows by a change of variable ' = u(z — ). Similarly, denoting by ¢(-) the pdf of
|X @ (0)| we obtain that the second absolute value in (37) is bounded from above by

St [ ) (S o

P

v - e (z 4+ u)?/" 2
zzrajs»(/o ey (g E ) )

i=1 j=1

<

=

p o

(m—k— 1)/,%2271 exp u2/s
- 147 T(t; — i)

=1 j5=1

where the last step follows by a change of variable 2z’ = uxz. Hence the proof of (22) is established by noting

that
m—k—l_(m—k+1_2>__2<1_1>.
K K K

This completes the proof. O

Proof of Lemma 3.6: The proof follows by the same arguments as for Lemma 12.3.1 in [?], using alternatively

the following asymptotic relation (recall (24) and Lemma 3.1)
(38) u2/“:2lnT,€—|—K01nlnTH+lnD0(1+0(1)), T, — oo

with Dy, K¢ defined in Theorem 2.3. We split the sum in (25) at 77,
B < (1—-9)/1+6) and 6 = sup{r(t) : ¢t > €} < 1 (cf. Lemma 8.1.1 (i) in [?]). Below K is again a
positive constant which might change from line to line. From (38) we conclude that exp (—u?*/2) < K/T,
and u?/* = 2In T, (1 + o(1)). Further (recall ¢ := 2/r(m — k — 1 + max(0,2(1 — x))))
T, ~ u?/"
U — r(aqxj) exp (~)
ar 2. o) 1+ 7(agyj)

e<agnj<TF

< c+4r TB+1
U exp 1 3
B+

where 8 is a constant such that 0 <

2

K(nT,)=*=T,

1+8
9

which tends to 0 as T,, — oo since 8 +1 — 2/(1 +J) < 0. For the remaining sum, denoting d6(t) =
sup{|7(s)Ins|;s > t}, t > 0, we have 7(¢t) < §(t)/Int as t — oo, and thus in view of (38) for aq,j > T

u?/*x 5(TH)
S g _.2/k 1— K
eXp( 1+?(aqnj)> _eXp< ¢ ( 1nT£>>

< Kexp(—u*/") < KT, *(InT,) ™

Consequently
T u2/r
u*— 7(aq.j) exp (—~>
I, Z 1 +7(aqxj)
T:<aqej<Tk
T.\* 11
<u (=) T7%(InT,) Ko—p —— 7(aqxj) In(agq.j
(QI@> ( ) IHT,E T/ s Z ( ) ( )
Ty <agqnj<Tsx
ke | 27 1 - . .
(39) < K(lnTR)TvL%fKoflﬁ Z 7(aq.j) In(ag.j).
" 15 < agui<t,

Since the Berman condition lim;_,+, 7(¢) Int = 0 holds and further 8 < 1 and Ky = m—2+27/a+k(1-2/k){x <
2}, the right-hand side of (39) tends to 0 as u — oo. Thus the proof is complete. O
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