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Abstract. It is shown that the property of being bounded below (having
closed range) of weighted composition operators on Hardy and Bergman
spaces can be tested by their action on a set of simple test functions,
including reproducing kernels. The methods used in the analysis are based
on the theory of reverse Carleson embeddings.
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1. Introduction and notation. The reproducing kernel thesis is a term commonly used to describe a body of results that assert that the boundedness of
various operators on function spaces such as the Hardy and Bergman space
can be tested by their action on reproducing kernels: this is known to apply to
Hankel operators, Toeplitz operators, Carleson embeddings, and – our main
concern here – weighted composition operators, although not to the adjoints
of weighted composition operators (see [13], also [4,11]).
Surprisingly, the reproducing kernels may also be used in some circumstances as test functions for boundedness below of certain operators, and this
is the theme of this paper. We give necessary and suﬃcient conditions for a
bounded weighted composition operator W on a Hardy space H p or a Bergman
space Ap to be bounded below, that is, for there to exist a constant δ > 0 such
that W f  ≥ δf  for all f in the space. Assuming that the operator is injective, which it is except in trivial cases, this property is equivalent to the
property that W has closed range. Some questions remain open in the case
of Bergman spaces, particularly for the case p = 2 if the weight has inﬁnitely
many zeros.
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The results of this paper generalize in various directions earlier work from
[2,10,12,16,18], as will be seen below.
We write m for the normalized Lebesgue measure on T and A for the
normalized area measure in D.
2. Hardy spaces. For h ∈ H p = H p (D) and ψ : D → D holomorphic we deﬁne
the weighted composition operator Wh,ψ on H p by
Wh,ψ f (z) = h(z)f (ψ(z)),

(z ∈ D).

∞

If h ∈ H , then Wh,ψ is automatically bounded, by Littlewood’s subordination
theorem, but this is not a necessary condition for boundedness.
For λ ∈ D, we write kλ for the reproducing kernel function z → 1/(1 − λz)

for z ∈ D. Using the (isomorphic) duality between H p and H p , where p =
p/(p−1) is the conjugate index to p [19, A5.7.8], we see that there are constants
A, B > 0 independent of λ such that for 1 < p < ∞ we have
Aδλ (H p )∗ ≤ kλ p ≤ Bδλ (H p )∗ ,
where δλ is the functional f → f (λ). Now, the standard inner–outer factoriza

tion shows that every f ∈ H p can be written as f = θu2/p for θ inner and

u ∈ H 2 outer, and conversely every g ∈ H 2 can be written as g = φv p /2 for φ

inner and v ∈ H p outer. We conclude easily that
2/p



δλ (H p )∗ = δλ H 2 = (1 − |λ|2 )−1/p .
We write k̃λ = kλ /kλ p , noting that this deﬁnition depends on p.
As in [3] we deﬁne the measure μh,ψ on Borel subsets of D by

μh,ψ (E) =
|h|p dm,
ψ −1 (E)∩T

where m is normalized Lebesgue measure. In [3] it is shown that Wh,ψ is
bounded on H p if and only if μh,ψ is a Carleson measure: this follows from the
fact that

p
Wh,ψ f  = |f |p dμh,ψ
(1)
D

for f ∈ H p .
Cima, Thomson, and Wogen [2] showed that the composition operator Cφ
on H 2 (the case h = 1, p = 2) has closed range if and only if the Radon–
Nikodym derivative
dμh,ψ
(2)
dm
is essentially bounded away from 0 on T. See also [20] for another characterization. This was extended to H p by Galanopoulos and Panteris [10].
In [16], the result was extended to weighted composition operators on H 2 .
In fact a similar argument gives the full result for H p .
gh,ψ =
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Lemma 2.1. Let 1 < p < ∞ and let h ∈ H p and ψ : D → D holomorphic
such that Wh,ψ is bounded. Then Wh,ψ is bounded below if and only if gh,ψ , as
defined in (2), is essentially bounded away from 0 on T.
Proof. It follows from (1) that
p



Wh,ψ f  ≥

|f |p gh,ψ dm,

T

and so Wh,ψ is bounded below if gh,ψ is essentially bounded away from 0.
Conversely, if gh,ψ is not essentially bounded away from 0, then for each
 > 0 there is a set E ⊂ T such that m(E) > 0 and

|h|p dm < m(E).
ψ −1 (E)∩T

As in [6, p. 24], for example, there exists a function f ∈ H p such that

1 if eiθ ∈ E,
iθ
|f (e )| = 1
if eiθ ∈ T \ E.
2
Now for n = 1, 2, . . . we have f n p ≥ m(E)1/p but f n → 0 pointwise on T\E,
so

n p
|h(eiθ )|p dm ≤ m(E).
lim sup Wh,ψ f p =
n→∞

ψ −1 (E)∩T


p

This leads to a reproducing kernel thesis for boundedness below on H .
Theorem 2.2. Let 1 < p < ∞ and let h ∈ H p and ψ : D → D be holomorphic
with Wh,ψ bounded. The following assertions are equivalent:
(i) Wh,ψ is bounded below;
(ii) There exists C > 0 such that Wh,ψ kλ p ≥ Ckλ p for all λ ∈ D.
Proof. By [14, Theorem 2.1] (see also [9]), the function gh,ψ is essentially
bounded away from 0 if and only if there is a constant C > 0 such that

|k̃λ (z)|p dμh,ψ ≥ C
(λ ∈ D).
D

Using (1) and Lemma 2.1 we have the result.



For unweighted composition operators, and p = 2, this result may be found
in the thesis of Luery [18].
Now for 1 ≤ p < ∞, let ˜w ∈ H p be deﬁned by
(1 − |w|2 )1/p
,
˜w (z) =
(1 − wz)2/p
so that ˜w H p = 1 for all w ∈ D. We may use these test functions for boundedness below of weighted composition operators on H p .
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Theorem 2.3. Let 1 ≤ p < ∞, h ∈ H p , and ψ : D → D be holomorphic such
that the weighted composition operator Wh,ψ is bounded. Then Wh,ψ is bounded
below if and only if there is a constant C > 0 such that Wh,ψ ˜w  ≥ C for all
w ∈ D.
Proof. Without loss of generality, we may assume that h is outer, and hence
non-vanishing, since if h = θu with θ inner and u outer, then the operator
Wu,ψ is bounded below if and only if Wh,ψ is; a similar observation applies to
boundedness below on test functions. The condition on test functions may be
written as

|h(z)|p |˜w (ψ(z))|p dm(z) ≥ C p ,
T

and since h is non-vanishing, we may write h(z)p = h̃(z)2 , where h̃ ∈ H 2 . Thus
with k̃w = kw /kw 2 we have

|h̃(z)|2 |k̃w (ψ(z))|2 dm(z) ≥ C p
T

for all w ∈ D, and so the weighted composition operator Wh̃,ψ is bounded
below on H 2 , by Theorem 2.2. It now follows from Lemma 2.1 that Wh,ψ is

bounded below on H p .
As a corollary of Theorem 2.2 we have a reproducing kernel thesis for
boundedness below of composition operators CΦ on the right half-plane C+ .
Note that these operators are not automatically bounded, but an exact expression for their norm is given in [7].
By means of a unitary equivalence between H 2 (D) and H 2 (C+ ) induced
by the self-inverse Möbius bijection M (z) = (1 − z)/(1 + z), namely,


1−s
1
f
(V f )(s) = √
,
f ∈ H 2 (D), s ∈ C+ ,
1+s
π(1 + s)
the composition operator CΦ on H 2 (C+ ) is seen to be unitarily equivalent to
the weighted composition operator Wh,φ on H 2 (D), where h(z) = 1+φ(z)
1+z and
φ = M ◦ Φ ◦ M (see [1,16]).
Let K̃w , given by
K̃w (s) =

(2π Re w)1/2
,
s+w

denote the normalized reproducing kernel at w ∈ C+ . Since F, V kλ =
(V −1 F )(λ) for F ∈ H 2 (C+ ), we conclude that V k̃λ = K̃w , where w = M (λ),
and hence obtain the following corollary, which can also be proved fairly directly.
Corollary 2.4. If the composition operator CΦ is bounded on H 2 (C+ ), then it is
w ≥ C
bounded below if and only if there is a constant C > 0 such that CΦ K
for all w ∈ C+ .
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Clearly similar results hold for weighted composition operators, and also
for H p (C+ ) for other values of p.
Another easy corollary of the main theorem of [14] is a reproducing kernel
thesis for Toeplitz operators. If J : H 2 → L2 (T, μ) is a bounded (Carleson)
embedding, then it is clearly bounded below if and only if J ∗ J is bounded
below as an operator on H 2 (consider J ∗ Jx, x ).
Corollary 2.5. Suppose that h ∈ L∞ (T) with h ≥ 0 a.e. Then the Toeplitz
operator Th : f → PH 2 (h.f ) is bounded below if and only if it is bounded below
on normalized reproducing kernels.
Proof. Let μ denote the measure with Radon–Nikodym derivative h, so that

J ∗ Jf, g = f gh dm = Th f, g
T
2

for f, g ∈ H . Since we can test J ∗ J on normalized reproducing kernels, by
[18], or indeed Theorem 2.2, the result follows.

3. Bergman spaces. We now consider weighted composition operators Wh,ψ
acting on the Bergman space Ap = Ap (D). Once again a measure is associated
with such an operator, this time μph,ψ deﬁned on Borel subsets of the disc by

|h(z)|p dA(z),
(3)
μph,ψ (E) =
ψ −1 (E)

and we have
Wh,ψ f p =



|f (z)|p dμph,ψ (z).

(4)

D

This is done in [16, Lem. 3.1] for the case p = 2, but the argument works for
all p. It follows that Wh,ψ is bounded and bounded below if and only if μph,ψ
satisﬁes the Carleson and reverse Carleson properties. The unweighted case of
this result for p = 2 may be found in [20].
We begin with the case p = 2 and write μh,ψ for μ2h,ψ and gh,ψ for the
Radon–Nikodym derivative of μh,ψ . We have, using [17, Corollary 1], that
Wh,ψ is bounded below if and only if there exist constants δ, C > 0 such that
A(D ∩ {z ∈ D : gh,ψ (z) > δ}) ≥ CA(D ∩ D)
for all discs D with centres on T. (See [16, Thm. 3.1].)
More recently, Ghatage and Tjani [12] have analysed the unweighted case
by means of the Berezin transform: in our context we deﬁne it by

(5)
μ̃(h, ψ)(w) = |k̃w (z)|2 dμh,ψ (w) = Wh,ψ k̃w 2 ,
D

where now k̃w is the normalized Bergman kernel,
k̃w (z) =

1 − |w|2
,
(1 − wz)2

w, z ∈ D.
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The following theorem gives an extension of [12] to weighted composition
operators.
Theorem 3.1. For a bounded weighted composition operator Wh,ψ on A2 (D)
the following conditions are equivalent:
(i) Wh,ψ is bounded below;
(ii) μh,ψ satisfies the reverse Carleson condition;
(iii) μ̃(h, ψ)(w) is bounded away from zero; that is, there is a constant C > 0
such that Wh,ψ k̃w  ≥ C for all w.
Proof. The equivalence of (i) and (ii) is given in [16, Lem. 3.1]; the equivalence
of (ii) and (iii) is contained in [12, Theorem 4.1], which asserts that a measure
satisﬁes the reverse Carleson condition if and only if its Berezin transform is
bounded away from 0, together with (5).

Remark 3.2. In the case of weighted composition operators on weighted
Bergman spaces A2α , with α > −1 and the norm given by

f 2A2α = |f (z)|2 (1 − |z|2 )α dA(z),
D

we still have the equivalence of (i) and (ii) in Theorem 3.1, since the proof
of Lemma 3.1 in [16] is easily seen to extend to this situation. However, at
present we do not know whether the equivalence with (iii) still holds.
As with Corollary 2.4 we may obtain a corollary for composition operators
on the Bergman space of C+ . We note that the norm of a bounded composition
 w is the normalized
operator on A2 (C+ ) is given in [8]. In the following result K
2
reproducing kernel for A (C+ ).
Corollary 3.3. If the composition operator CΦ is bounded on A2 (C+ ) then it is
w ≥ C
bounded below if and only if there is a constant C > 0 such that CΦ K
for all w ∈ C+ .
Since the proof is very similar to the proof of Corollary 2.4, we omit it.
Now for 1 ≤ p < ∞, let ˜w ∈ Ap be deﬁned by
(1 − |w|2 )2/p
,
˜w (z) =
(1 − wz)4/p
so that ˜w Ap = 1 for all w ∈ D. We may use these test functions for boundedness below of weighted composition operators on Ap . The following theorem
corresponds to Theorem 2.3 for the Hardy space, but requires a supplementary condition on h, as we do not have a suitable inner–outer factorization
available.
Theorem 3.4. Let 1 ≤ p < ∞, h ∈ Ap with at most finitely-many zeros, and
ψ : D → D holomorphic such that the weighted composition operator Wh,ψ is
bounded. Then Wh,ψ is bounded below if and only if there is a constant C > 0
such that Wh,ψ ˜w  ≥ C for all w ∈ D.
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Proof. As in the proof of Theorem 2.3, we may assume without loss of generality that h has no zeros. This time we divide out its zeros by a contractive
divisor G, as in [5,15]. Since G is analytic on a neighbourhood of the disk, it
is also bounded, and thus plays the same role as the inner function θ did in
the Hardy space. That is, Wh,ψ and Wh/G,ψ are both bounded below (or not)
together.
The condition on test functions may be written as

|h(z)|p |˜w (ψ(z))|p dA(z) ≥ C p ,
D

and since h is non-vanishing we may write h(z)p = h̃(z)2 , where h̃ ∈ A2 . Thus

|h̃(z)|2 |k̃w (ψ(z))|2 dA(z) ≥ C p
D

for all w ∈ D, and so the weighted composition operator Wh̃,ψ is bounded
below on A2 , by Theorem 3.1.
Looking at (3) and (4), noting that μph,ψ = μ2h̃,ψ , and observing that Luecking’s condition for a reverse Carleson measure [17, Cor. 1] is independent of p,

we see that Wh,ψ is bounded below on Ap .
It would be interesting to know whether Theorem 3.4 extends to the case
when h has inﬁnitely-many zeros, and the corresponding contractive divisor G
may not be bounded.
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