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Radiative polarization of electrons and positrons through the Sokolov-Ternov effect is important for applications
in high-energy physics. Radiative spin polarization is a manifestation of quantum radiation reaction affecting the
spin dynamics of electrons. We recently proposed that an analog of the Sokolov-Ternov effect could occur in the
strong electromagnetic fields of ultra-high-intensity lasers, which would result in a buildup of spin polarization
in femtoseconds. In this paper, we develop a density matrix formalism for describing beam polarization in strong
electromagnetic fields. We start by using the density matrix formalism to study spin flips in nonlinear Compton
scattering and its dependence on the initial polarization state of the electrons. Numerical calculations show a radial
polarization of the scattered electron beam in a circularly polarized laser, and we find azimuthal asymmetries in
the polarization patterns for ultrashort laser pulses. A degree of polarization approaching 9% is achieved after
emitting just a single photon. We develop the theory by deriving a local constant crossed-field approximation
(LCFA) for the polarization density matrix, which is a generalization of the well-known LCFA scattering rates.
We find spin-dependent expressions that may be included in electromagnetic charged-particle simulation codes,
such as particle-in-cell plasma simulation codes, using Monte Carlo modules. In particular, these expressions
include the spin-flip rates for arbitrary initial polarization of the electrons. The validity of the LCFA is confirmed
by explicit comparison with an exact QED calculation of electron polarization in an ultrashort laser pulse.

DOI: 10.1103/PhysRevA.98.023417

I. INTRODUCTION

Electrons are fermions with an intrinsic spin-angular mo-
mentum of h̄/2, with an associated intrinsic magnetic (dipole)
moment of μ = −geeh̄/4m with charge e, mass m, and with ge

being the gyromagnetic ratio [1]. The electron spin polarization
can be manipulated by using electromagnetic fields [2].

The scattering of spin-polarized particles is an important
aspect of high-energy physics. For instance, the polarized
deep inelastic scattering of polarized leptons on polarized
protons revealed intriguing details on the spin structure of the
constituents of the proton [3,4], and polarized beams have been
used in investigations of parity nonconservation effects [5,6].
Moreover, using polarized beams in upcoming high-energy
lepton-lepton colliders can help suppress the standard-model
background in searches for new physics beyond the standard
model [7].

In conventional accelerators, the spin dynamics is well
understood [8], and very high degrees of polarization >80%
can be achieved routinely by injecting a polarized beam
and maintaining the polarization throughout the acceleration
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process [9,10]. Even if the beams are initially unpolarized,
in a storage ring they will spin polarize eventually due to
the emission of synchrotron radiation, the so-called Sokolov-
Ternov effect. This radiative spin polarization can lead to
an equilibrium polarization degree of up to 92.4%, with the
electrons’ spins antiparallel to the magnetic field [11,12]. The
process is rather slow, on the order of minutes or hours, since
the relevant field strengths are quite low.

In novel accelerator concepts that employ laser-driven
plasma wake field structures the generated electron beams
are usually unpolarized [13], and in most studies of in high-
intensity laser-plasma interactions the electron polarization is
not taken into account. Vieira et al. [14] investigated the spin
precession of polarized electrons that are injected into a laser
wake field accelerator to determine how strongly the beam
depolarizes in the acceleration process.

The question that arises is as follows: Can the interaction
of an unpolarized electron beam with an intense laser pulse be
used to polarize the electrons? The laser-driven electrons will
emit gamma ray photons due to the nonlinear Compton pro-
cess. It has been shown recently in Refs. [15,16] that electrons
orbiting and radiating in the magnetic antinode of a standing
intense laser wave do indeed spin polarize within a few
femtoseconds for laser intensities exceeding 5 × 1022 W/cm2.
In order to generalize these results, we investigate in this paper
in detail how the nonlinear Compton scattering probabilities
depend on the spin polarization of the electrons.

Recent experiments gave strong evidence for the quantum
nature of radiation reaction [17,18] in collisions of electron
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beams with high-intensity laser pulses, i.e., on the back-
reaction of the radiation emission on the emitting electron
orbital motion, the dominant process of which is nonlinear
Compton scattering. In this regard, radiative spin polarization
can be seen as another aspect of quantum radiation reaction,
affecting the spin dynamics. Ultrafast spin polarization could
possibly be studied in ultraintense laser electron beam colli-
sions with present day or near future laser facilities.

In all experiments on radiative polarization so far the
polarization times are very long because spin-flip transitions
are suppressed by a small quantum efficiency parameter χe =
e
√

|(Fμνpν )2|/m3 ≪ 1 [11]. In a strong laser field, χe = ξb ∼
1, where ξ = 8.55

√
λ2[μm]I [1020 W/cm2] is the classical

nonlinearity parameter with laser wavelength λ and intensity I .
For a strong laser field ξ ≫ 1 and χe ∼ 1 the spin can rapidly
polarize on femtosecond timescales [15,16]. b = k.p/m2 is
the quantum energy parameter, i.e., the laser frequency in
the electron rest frame. In perturbative QED (ξ ≪ 1) spin
effects in Compton scattering become important only in the
quantum regime, when b is not small. In fact, upon reinserting
h̄ the parameter b = O(h̄), confirming that spin is a quantum
property, and spin-flip transitions are not occurring in the
classical low-energy limit b → 0.

In calculations of strong-field QED processes the spin
degree of freedom is automatically accounted for when work-
ing with solutions of the Dirac equation. In fact, significant
differences have been found when comparing the scattering
of unpolarized spin- 1

2 particles with calculations in scalar
QED for nonlinear Compton scattering, pair production, or
channeling crystals fields [19–23]. Most studies of spinor
QED refer to unpolarized electrons where the electron spin
is averaged over. More detailed calculations of the nonlinear
Compton scattering probabilities with regard to the spin and
spin polarization have been performed for monochromatic
laser fields [24–28], short laser pulses [22,29,30], or constant
crossed fields [31,32]. Moreover, in extremely strong fields
electrons may polarize without radiating via electromagnetic
self-interaction [33]. We mention also that the spin dependence
of other strong-field processes has been discussed recently in
the literature [34–39].

In this paper we give a precise and thorough description of
the polarization properties of the final-state electrons in non-
linear Compton scattering. Using the density matrix formalism
for interaction of electrons with short intense laser pulses of
arbitrary duration, shape, and polarization we derive compact
expressions for the properties of the scattered electrons. We
are interested not only in the spin-dependent scattering prob-
abilities, but specifically on how the degree of polarization of
the electrons changes during the nonlinear Compton process.
Numerical calculations of the electron polarization of the final
electrons are presented for collisions of high-energy electron
with an ultrashort intense laser pulse.

We derive analytically the locally constant crossed-field
approximation (LCFA) expressions for the final electron polar-
ization density matrix as a generalization of the spin-dependent
LCFA scattering rates. Using these results we find that elec-
trons can spin polarize also in asymmetric ultrashort linearly
polarized laser pulses. The LCFA polarization density matrix
can serve as the basis for a spin-dependent full-scale QED

laser-plasma simulation code, in analogy to the LCFA emission
rates used in QED-PIC codes. To validate our analytical results,
we compare them with with an exact QED calculation of the
degree of polarization in an ultrashort laser pulse and find
excellent agreement.

Our paper is organized as follows: In Sec. II we present
the nonlinear Compton matrix elements in strong-field QED
in the Furry picture. Special emphasis is put on a precise
definition of the spin-polarization properties of asymptotic
states as well as their time evolution in external fields as
described by the Volkov states. Section III is devoted to the
definition of the polarization density matrix of the Compton
scattered electrons as central object. Numerical investigations
for a few examples of the polarization properties of Compton
scattered electrons are presented in Sec. IV. In Sec. V we
derive the LCFA approximation of the polarization density
matrix. We find explicit expressions for spin-flip rates and
nonflip rates for arbitrary initial electron polarization. The
LCFA approximation is compared quantitatively with ex-
act QED results. Our results are discussed and summarized
in Sec. VI. Technical details have been relegated to two
appendices.

II. THEORETICAL BACKGROUND

A. Volkov states and the strong-field S matrix

The theory of strong-field QED in high-intensity laser
fields, including the nonlinear Compton scattering process
[40–46], is based on the Furry picture, where the interaction
of the electrons with a background laser field A is treated
nonperturbatively by using laser-dressed Volkov states [47].
This treatment is possible when the laser pulse is described
as a univariate plane-wave external field Aμ = Aμ(φ) which
is a sole function of the laser phase φ = k.x, with light-front
gauge k.A = 0 and the lightlike four-wave-vector k2 = 0 (for
generalizations, see e.g. Refs. [48–50]).

The Volkov states �(x) are solutions of the Dirac equation

[i /∂ − /A(φ) + m]�(x) = 0, (1)

where m is the electron mass and we absorbed the charge e into
the vector potential eA → A. We employ the Feynman slash
notation /A = γ.A = (γA) = γ μAμ for scalar products of
four-vectors with the Dirac matrices γ μ. Moreover, throughout
the paper we use Heaviside-Lorentz units with h̄ = c = 1.

An explicit representation of the Volkov wave function [47]
is given by

�ps (x) =
(

1 +
/A/k

2k.p

)
e−iSp (x) ups, (2)

Sp(x) = p.x +
∫

dφ

k.p

[
p.A −

A.A

2

]
, (3)

for an electron with asymptotic four-momentum p, i.e., be-
fore the electron interacts with the laser pulse. Here, ups

denotes the usual free Dirac spinor, and Sp(x) is the classical
Hamilton-Jacobi action of the electron in the background field
A. Moreover, s = ±1 denotes the spin projection quantum
number of the electron, which will be discussed in more detail
below in Sec. II B.
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By choosing the initial conditions for the solution of the
Dirac equation in the background field we can make sure
that the Volkov states (2) turn into free Dirac wave func-

tions at asymptotic past for incoming particles, �ps (x)
φ→−∞−→

e−ip.xups , when the electron is separated from the field.
Similarly, we argue for the adjoint Volkov wave functions

for outgoing electrons that �p′s ′ (x)
φ→+∞−→ ūp′s ′eip′.x . These

choices ensure that the momentum p and spin quantum number
s actually describe the electron’s properties outside the strong
laser pulse which can be observed by a detector [51].

The S-matrix element describing the emission of a photon
with four-momentum k′ in the nonlinear Compton process is
given by [31,46,52–56]

S = −ie

∫
d4x �p′s ′ (x) /ε′∗eik′.x

�ps (x), (4)

where ε′∗
μ eik′.x is the wave function of the emitted photon.

The space-time integrations in (4) are easiest performed
using light-front coordinates x± = x0 ± x3 and x⊥ = (x1, x2)
and, after performing the spatial integrals over dx− and d2x⊥

the S matrix can be written as

S = −ie(2π )3 δl.f.(k
′ + p′ − p) ūp′s ′ M ups, (5)

where p ≡ (p+, p⊥), and the light-front delta function
δl.f.(k′ + p′ − p) = 2

k− δ2(k′⊥ + p′⊥ − p⊥)δ(k′+ + p′+ −
p+) ensures the conservation light-front momentum during
the scattering.

The amplitude M contains an integral over the laser phase
φ = ωx+:

M = ε′∗
μ

∫
dφ Jμ(φ) e

i
∫ φ

dφ′ k′ .π (φ′ )
k.p′ (6)

with

Jμ(φ) = γ μ +
/A/kγ μ

2k.p′ +
γ μ/k /A

2k.p
+

/A/kγ μ/k /A

4(k.p)(k.p′)
(7)

and with the classical kinematic four-momentum of the
electron

πμ(φ) = pμ − Aμ(φ) + kμ A.p

k.p
− kμ A.A

2k.p
. (8)

The latter is a solution of the classical Lorentz force equation
m dπμ

dτ
= Fμνπν (τ denotes proper time here) in the given

background field with Faraday tensor Fμν = ∂μAν − ∂νAμ.
Here, it becomes clear again that pμ refers to the asymptotic

value of the momentum when A → 0. We mention that neither
Eq. (7) nor (8) depend on the polarization of the involved
electrons and the emitted Compton photon. All polarization
dependence is contained in the electron Dirac spinors u and ū,
as well as the photon polarization vector ε′.

B. Description of the spin of Volkov electrons

Here we describe in detail how the Dirac spinors ups encode
the spin properties of the electrons, and we will give a precise
meaning to the spin quantum number s. The Volkov states
describe electrons that are subjected to a background field. We
therefore split the discussion into two parts, discussing free
electrons first and afterwards generalizing to electrons in a
background field.

Because we are interested in solutions of the Dirac equation
with well-defined spin-polarization states we need to construct
them as eigenstates of a spin operator that is also a constant
of motion [11]. However, the components of the relativistic
(Pauli) spin operator � = γ 5γ 0γ do not commute with the
free relativistic Dirac Hamiltonian H = γ 0γ · p + γ 0m.

In the nonrelativistic limit, the corresponding spin op-
erators, the Pauli matrices σ , do commute with the free
nonrelativistic Hamiltonian. It is therefore customary to de-
scribe the spin of a relativistic particle in its rest frame,
where we can apply the nonrelativistic theory [52] (see also
Refs. [57–59] for a general discussion and for alternative
approaches).

The components of neither the nonrelativisitic or rela-
tivisitic spin operators mutually commute, [σi, σj ] = 2iǫijkσk .
That means only one component of spin can be measured at
any time, i.e., we need to choose a quantization axis ζ (|ζ | = 1)
for the spin. Following [52], we define the free Dirac bispinor
in the rest frame of the electron as

uRF
ζ s =

(
wζ s

0

)
, (9)

with a (nonrelativistic) two-component spinor wζ s .1 The latter
is an eigenfunction of the spin projection along the quantization
direction ζ , i.e., of the operator (ζ · σ ),

(ζ · σ )wζ s = swζ s, (10)

and which is normalized according to w
†
ζ swζ s ′ = δss ′ . That

means the two-component spinors wζ s , and therefore also
uRF

ζ s , describe electrons with their spin polarized along the
axis ζ in the rest frame, with the quantum number s = +1
(−1) denoting the spin is aligned parallel (antiparallel) to the
axis ζ .

The matrix elements of the Pauli matrices between the states
wζ s are given by

w
†
ζ s ′σwζ s =

(
ζ e−
e+ −ζ

)

s ′s

≡ Sss ′ , (11)

with Sss = sζ , S↑↓ = e+, and S↓↑ = e−. The vectors on the
off-diagonal elements are perpendicular to ζ , and defined as
e± = e1 ± e2, where e1 = (cos ϑ cos ϕ, cos ϑ sin ϕ,− sin ϑ )
and e2 = (− sin ϕ, cos ϕ, 0) with ϑ and ϕ as the polar and
azimuthal angles of the spin-quantization direction, respec-
tively, i.e., ζ = (sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ ). Similarly, we
find for the dyadic products of the spinors wζ sw

†
ζ s ′ = (δss ′ +

σ · Sss ′ )/2. Its relativistic generalization appears in the calcu-
lations of the squared S-matrix elements.

The relativistic Dirac bispinors in the laboratory frame upζ s

(which are appear in the Volkov states) are solutions of the
algebraic equation (/p − m)upζ s = 0. This condition is always
fulfilled if we construct them in the following way [60]:

upζ s = /p + m
√

E + m
uRF

ζ s (12)

1Explicit expressions for wζ s can be obtained from the standard
representation wezs = (δs,1, δs,−1) by rotating them via the Wigner D

functions [67]. For clarity, we label the spinors from now on according
to their spin-quantization direction.
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for the on-shell four-momentumpμ ≡ (E, p), and with the rest
frame spinors (9). Those spinors are normalized as ūpζ supζ s ′ =
2mδss ′ . In addition, we can easily verify the following vector
and axial-vector bilinear forms of the bispinors:

ūpζ sγ
μupζ s = 2pμ, (13)

ūpζ sγ
μγ 5upζ s = 2msζμ. (14)

Here, we introduced the covariant spin four-vector

ζμ ≡
(

ζ · p

m
, ζ +

p(ζ · p)

m(E + m)

)
, (15)

which is the Lorentz transform of the spin-quantization axis
ζ defined in the rest frame of the electron ζμ = �

μ
ν ( p)ζ ν

RF,
where ζ ν

RF ≡ (0, ζ ) [2,52].
We note that ζμ is a spacelike axial unit four-vector ζ.ζ =

−1, that is perpendicular to the particle’s momentum ζ.p = 0.
We can also show that the covariant spin four-vector is related
to the expectation value of the Pauli-Lubanski pseudovector
Wμ = − 1

4ǫμαβτσαβpτ , namely, ūpζ sW
μupζ s = m2 sζμ. Here,

σαβ = i
2 [γα, γβ] is the commutator of the Dirac matrices and

ǫμναβ the completely antisymmetric Levi-Civita tensor.
Later we will also need the outer products of the Dirac

bispinors of the form [61]

upζ s ūpζ s ′ = 1
2 (/p + m)(δss ′ − γ 5/Sss ′ ), (16)

with Sss = sζ , S↑↓ = e+, and S↓↑ = e−, and where e± are the
Lorentz transforms of the vectors e± defined above in the rest
frame of the electron. We note that the matrix Sss ′ is called the
covariant spin-density matrix in Lorcé [61].

Now that we established all necessary relations for the free
Dirac bispinors, let us turn our attention to the problem of
the interpretation of the above spin-polarization properties
when the electron interacts with a strong electromagnetic
background field. To this end, let us first calculate the vector
and axial vector expectation values between Volkov states. By
using the bispinors (12) in (2), and together with (13) and (14)
it is easy to show that the bilinears of Volkov states are [54]

�̄pζ s�pζ s = 2m, (17)

�̄pζ sγ
μ
�pζ s = 2πμ(φ), (18)

�̄pζ sγ
μγ 5

�pζ s = 2m �
μ(φ). (19)

Here, πμ(φ) denotes again the classical kinematic four-
momentum [Eq. (8)], which is the solution of the classical
Lorentz force equation. The asymptotic momentum pμ, which
labels the Volkov states, serves hereby as the initial value
of the solution of the orbital equation of motion. We note
also that all laser pulses considered are characterized by
Aμ(φ → ±∞) → 0. Moreover, �

μ is the solution of the
Bargman-Michel-Telegdi equation (with gyromagnetic ratio
ge = 2) [62,63], d�

μ

dτ
= ge

2 Fμν
�ν , that describes the classical

motion of a magnetic moment in a given background field,
and with the initial conditions given by sζμ. That means,
by working with Volkov states the classical spin precession
of the electrons due to the interaction with the laser field is
already included in the calculations. The quantum numbers s

and the direction ζ (s ′, ζ ′) describe the asymptotic properties

of the incident and final particles when they are separated
from the field and are indeed observables.

The explicit solution of the BMT equation with initial
condition �

μ(−∞) = Sμ is given by

�
μ(φ) = Sμ − Aμ (k.S)

k.p
+ kμ (A.S)

k.p
− kμ (A.A)(k.S)

2(k.p)2
.

(20)

It is easy to show that for each φ, Eq. (20) is orthogonal
to the kinematic four-momentum πμ, π.� = 0. Moreover,
�

μ(+∞) = �
μ(−∞) for any admitted plane-wave laser

field Aμ.

C. A physical spin basis

For analytical calculations involving electrons in a strong
field it is often convenient to choose a special basis vector for
the spin quantization

ζμ = βμ −
p.β

k.p
kμ (21)

for the initial-state electron and accordingly p replaced by
p′ for the vector ζ ′ of the final-state electron [32]. While
kμ ≡ (ω,ωk̂), with frequency ω and propagation direction k̂,
is the (lightlike) four-wave-vector of the strong background
field, βμ ≡ (0,β ), with |β| = 1, denotes the direction of the
magnetic field in the laboratory frame.

As we have seen above, the choice of ζ as the spin-
quantization axis induces the canonical spin basis {ζ, e1, e2}
in the dyadic products of the Dirac spinors. However, this
canonical basis is not very convenient for explicit analytical
calculations. Instead, we now define a physically motivated
basis of three spacelike four-vectors {ζ, η, κ} in which analyt-
ical calculations become particularly simple, and we show its
relation to the canonical basis.

In addition to ζ in (21) we define (here for the incident
electron)

ημ = εμ −
p.ε

k.p
kμ,

κμ =
mkμ

k.p
−

pμ

m
,

(22)

where εμ ≡ (0, ε) denotes the direction of the electric field in
the laboratory frame. The three vectors {ζ, η, κ} are mutually
orthogonal, spacelike unit four-vectors (e.g., ζ.ζ = η.η = −1,
ζ.η = 0, etc.) which are also orthogonal to the electron mo-
mentum p, and by means of

k̂ = ε × β (23)

they form a right-handed basis.
These three vectors, Lorentz boosted to the (asymptotic) rest

frame of the particle {ζ, η, κ} �(− p)−→ {ζ RF, ηRF, κRF}, become
exactly the directions of the magnetic field, electric field, and
wave vector of the background field in the electron’s rest frame,
e.g.,

ζ RF =
BRF

|BRF|
= β +

β · p

p+

(
k̂ −

p

m + E

)
(24)
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according to the transformation laws of the electromagnetic
field (cf. e.g. [2]), and by using |B| = |E| for a plane-wave
field, as well as Eq. (23). The expression for ηRF is similar but
with β → ε, and κRF = ηRF × ζ RF.

We now have two different sets of vectors perpendicular
to ζ . Those two bases are related by a rotation in the plane
perpendicular to ζ , written in complex form as

e+ = ei�(κ + iη). (25)

We shall show now that under typical conditions for an electron
laser pulse collision the rotation angle � is small.

In the typical scattering scenario we envisage here, the
electron initially counterpropagates relative to the intense
laser pulse with p+ ≫ m (i.e., Lorentz factor γ ≫ 1), ξ ≫ 1
and mξ ≪ p+, and p⊥ ≪ p+. We can express the rotation
angle (for the incident electron) as sin � = κRF · e2 = κRF ·
ε sin ϕ + κRF · β cos ϕ, where ϕ is the azimuthal angle of ζ RF,
which is given by

cot ϕ =
ζ RF · ε

ζ RF · β
≃

( p · β )( p · ε)

p+(m + E)
= O

(
p2

⊥
p+E

)
≪ 1.

With this we can express sin � = ∓ (k̂·ηRF )√
1−(k̂·ζ RF )2

, where k̂ ·

ηRF, k̂ · ζ RF = O(p⊥/p+γ ) ≪ 1 and therefore � ≪ 1.
Repeating the calculation for the final electron, we

find sin �
′ ≃ ( p⊥−k′

⊥ )·ε
(1−t )p+E′ = O( m2ξ

(1−t )2 (p+ )2 ) ≪ 1 for 1 − t ≫
√

ξm/p+. While for χe ≪ 1 the typical values of t ∼ χe are
small, for χe ≫ 1 the probability distribution has a maximum
at t = 1 − 4/3χe with an exponential falloff beyond that
point [64]. Thus, we can safely approximate to leading order
ei�′ ≃ 1 in the former case always, and in the latter case if
m

√
ξχe/p

+ ≪ 1 is fulfilled, i.e., ξ ≪ (m/ω)2/3. For electrons
interacting with a typical Ti:Sa laser with ω = 1.55 eV, the
approximation is valid as long as ξ ≪ 4700.

D. Polarized and unpolarized scattering probability

Having clearly defined the meaning of the spin-polarization
indices of the spinors in Sec. II B, we can write the scattering
probability by squaring the S-matrix elements (4). To be very
clear, we will here explicitly write the (completely arbitrary)
quantization directions ζ and ζ ′ for the initial and final
electrons, and obtain for the polarized probability

P(s, ζ ; s ′, ζ ′; λ′) =
1

2p+

∫
|S(s, ζ ; s ′, ζ ′; λ′)|2 d̃k

′
d̃ p

′
,

(26)

where d̃ p
′ = d2 p′

⊥dp′+

(2π )32p′+ and similarly d̃k
′

denote the Lorentz-
invariant phase-space elements of the final-state electron and
photon, respectively. The leading factor 1/2p+ is the flux factor
of the initial electrons.

The expression (26) corresponds to the probability that a
photon with helicity λ′ is emitted by an electron that was
polarized with projection s = ±1 along the direction ζ before
the scattering, while the electron’s polarization is measured
simultaneously with projection s ′ = ±1 along the direction ζ ′

after the scattering.
By using (26) it is straightforward to determine also the

probability for unpolarized particles, i.e., when the polarization

of none of the particles is known or measured, by summing
over all final-state polarizations and averaging over initial-state
polarization of the electron:

P =
1

2

∑

λ′,s ′,s

P(s, ζ ; s ′, ζ ′, λ′). (27)

It is clear that this probability must be independent of
the choice of the bases ζ and ζ ′ in which we measure the
polarization properties of the electrons. In order to calculate the
scattering probabilities also for partially polarized electrons,
and for determining the state of polarization of the scattered
electrons, it is convenient to use the density matrix formalism
which we introduce now.

III. POLARIZATION DENSITY MATRIX OF SCATTERED

ELECTRONS

So far, we only discussed spin on the level of wave functions
and amplitudes. But, within this framework it is possible to
describe only pure states, i.e., completely polarized states. In
order to describe mixed (or partially polarized) states we now
introduce the spin density matrix [65,66]. This density matrix
framework is most convenient to describe polarization phe-
nomena in many areas of physics (see, e.g., Refs. [67–71]), and
we use it in the following to describe the radiative polarization
of the electrons during nonlinear Compton scattering.

The density operator of the final state of the scattered
particles ρ̂f is related to the density operator of the initial state
ρ̂i by the relation

ρ̂f = Ŝ ρ̂i Ŝ†, (28)

where Ŝ denotes the S operator (in the Furry picture) for the
considered scattering process. In our work we use Eq. (4).
The density operators ρ̂f and ρ̂i contain the full information
of the final and initial states, respectively. Usually one is not
interested in the full density matrix in which case one has to
calculate reduced density matrices by taking the trace over
unobserved properties [65]. For (discrete) polarization indices,
this means summing over all polarization states analogously
to (27), while for continuous momentum variables this means
integration over final-state phase space.

For the initial-state density operator ρ̂i (describing the state
of the initial electron) we may assume that it can be represented
as a direct product of a momentum state density matrix and a
polarization density matrix ρ̂i = ρ̂

(momentum)
i ⊗ ρ̂

(pol)
i if these

degrees of freedom are uncorrelated before the interaction.
The polarization density matrix of the initial electrons is

just a (2 × 2) matrix [67], which can be represented as

ρ
(pol)
i = 1

2 (1 + σ · 
), (29)

with the Pauli matrices σ and the polarization vector 
 of the
initial electrons, and with tr ρ

(pol)
i = 1.

The polarization vector 
 describes both the direction and
the degree of polarization of the electrons |
|. In case of
|
| = 1, the density matrix (29) describes a fully polarized
pure state. For 0 � |
| < 1, the initial electrons are in a
partially polarized mixed state, and, in particular for |
| = 0
the initial electrons are unpolarized.
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For the momentum state we assume that the electrons are
in a pure plane-wave state before the interaction, such that we
can just take ρ

(momentum)
i = 1/2p+ which is the flux factor of

the initial electron. Note that the initial electron density matrix
is conveniently normalized to said flux factor tr ρi = 1/2p+.
It would be straightforward to include here also the scattering
of electron wave packets [72,73].

The reduced polarization density matrix of the final elec-
trons is given by the following expression (we suppress the
subscript f for the final density matrix):

ρs̄ ′s ′ =
∫

d̃k
′
d̃ p

′ ∑

ss̄,λ′

S(s, s̄ ′, λ′) (ρi )ss̄ S†(s̄, s ′, λ′)

=
∫

R2

d2k′
⊥

∫ 1

0
dt ρs̄ ′s ′ (k′

⊥, t ) (30)

with

ρs̄ ′s ′ (k′
⊥, t ) = −

α

16π2(k.p)2t (1 − t )

∑

ss̄

(
ρ

(pol)
i

)
ss̄

×
∫

dφ dφ′ e
i
∫ φ

φ′dφ̃
k′ .π (φ̃)

k.p′ (ūp′ s̄ ′Jμ(φ)ups )

× (ūps̄ J̄μ(φ′)up′s ′ ) (31)

with Sommerfeld’s fine structure constant α = e2/4π and t =
(k.k′)/(k.p). Because we are not interested in the polarization
of the emitted photons, we summed over the final photon
polarization indices λ′, and applied the well-known relation for
the photon polarization vectors

∑
λ′ εμ(λ′)ε∗

ν (λ′) = −gμν [60].
The expression (30) above refers to a reduced density

matrix where we integrated over all momenta of the final-
state particles, and which is normalized to the total scattering
probability tr ρ = P, in full agreement with (27) (we explicitly
show this below in Sec. V). The integrand of (30), ρs̄ ′s ′ (k′

⊥, t ),
given in (31) refers to a momentum differential reduced density
matrix, which is normalized accordingly to the differential
scattering probability tr ρ(k′

⊥, t ) = dP

dt d2 k′
⊥

. In general, when-

ever we explicitly note the momentum dependence of a density
matrix, it is always normalized to the corresponding differential
probabilities.

The polarization of the scattered electrons is obtained by
calculating the final electron polarization vector by using (30),
e.g., via


′ =
tr [σρ]

tr ρ
, 
′(k′

⊥, t ) =
tr [σρ(k′

⊥, t )]

tr ρ(k′
⊥, t )

(32)

for the total and differential version. By having chosen an
arbitrary quantization axis ζ ′ for the outgoing spinors, the
density matrix constructed in this section is diagonal in ζ ′,
i.e., the projection with σ3 determines the polarization along
ζ ′. Similarly, the projections with σ1,2 give the polarizations
along e′

1,2.

IV. PHYSICAL EXAMPLE CALCULATIONS

As we argued above, the choice of the spin-basis is irrelevant
for the calculation of the scattering probability and the final
electron polarization vector. For the numerical investigations
in this section we conveniently choose ζ ′ = ζ = ez = (0, 0, 1)
for both the initial and final electrons, for which e1 = ex and

FIG. 1. On-axis spectrum for the head-on collision of a polarized
electron beam, initially polarized along the beam axis. The even
harmonics are weaker than the odd harmonics, and they are due to
spin-flip transitions. For parameters, see text.

e2 = ey . For the numerical integration of the highly oscillating
integrals over the laser phase in (31) we adapted the algorithm
outlined in Ref. [74].

A. Even on-axis harmonics, spin flips, and angular

momentum conservation

Let us begin our numerical analysis by investigating with an
example where can nicely observe the transfer of spin angular
momentum from the laser beam to the electrons (cf. also
[75]). We consider the head-on scattering of an electron beam
with γ = 5000 and p⊥ = 0 on a moderately intense linearly
polarized laser pulse with ξ = 0.5 and central frequency ω =
1.55 eV. That means the quantum energy parameter b = 0.03
and χe = 1.5 × 10−2.

The vector potential is Aμ = mξεμh(φ), with the dimen-
sionless shape function of the laser vector potential having
a Gaussian envelope h(φ) = e−φ2/2�φ2

cos φ with rms width
�φ = 50.

In Fig. 1 we present the differential on-axis spectrum of the
emitted photons dP

dtd2 k′
⊥
|k′

⊥=0 for electrons which were polarized

along the beam axis before the scattering, �z = 1. We calculate
the probability to find an electron with its spin aligned parallel
s ′ = +1 (nonflip, ↑) and antiparallel s ′ = −1 (spin flip, ↓) to
the z axis by employing the following projection operators:

dP
s ′

dt d2k′
⊥

∣∣∣∣∣
k′

⊥=0

= tr

[
1 + s ′σ3

2
ρ(k′

⊥ = 0, t )

]
(33)

with ρ(k′
⊥ = 0, t ) from Eq. (31).

The numerical results for the on-axis differential probability
are presented in Fig. 1. They show that the even harmonics
(red dashed curves) are much weaker than the two adjacent
odd harmonics (blue solid curves). The even harmonics are
completely due to the spin-flip transitions, while the odd
harmonics are produced exclusively in nonflip transitions.

Because all particles are coaxial we can explain this
phenomenon by angular momentum conservation. Each laser
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(a) (b)

(c) (d)

(e)

FIG. 2. Upper panels: on-axis spectrum for the head-on collision of a polarized electron beam as in Fig. 1 but for γ = 100 (a) and 20 000
(b). Lower panels: on-axis spectrum for the head-on collision of an electron beam polarized parallel to the x axis before the scattering (c). Same
parameters as in Fig. 1. Components of the polarization vector of the scattered electrons for electrons initially polarized along the z axis (d), or
along the x axis (e).

photon and emitted hard photon can be assigned an angular
momentum (projection) of 1 (unit of h̄). That means for the
even harmonics, for instance the second harmonic, two laser
photons are absorbed by the electron (with an even multiple
of angular momentum), while the emitted photon carries away
only one unit. This imbalance is resolved by the electron un-
dergoing a spin-flip transition from spin projection + 1

2 to − 1
2 .

The suppression of the even harmonics is roughly propor-
tional the quantum energy parameter b = k.p/m2. A calcula-
tion for smaller and larger initial electron energies of γ = 100
and 20 000 (b = 6 × 10−4 and 0.12), respectively, presented in
Figs. 2(a) and 2(b) supports this. In particular, that means in the
classical low-energy limit b ≪ 1 spin effects become negligi-
ble. This is consistent with the fact that in classical mechanics
and electrodynamics the electron trajectories are decoupled
from spin. Accordingly, spin transitions are impossible in the
classical picture and the even harmonics are not present when
the radiation spectra are calculated using the classical Liénard-
Wiechert potentials (nonlinear Thomson scattering) [74,76].

What part of the spectrum is formed by spin-flip or nonflip
transitions depends strongly on the way the electron was

polarized before the scattering. This is shown in Fig. 2(c) where
we plot the spin-flip and nonflip probabilities for electrons that
were initially polarized along the x axis, i.e., perpendicular
to the beam axis. These probabilities are calculated similar to
Eq. (33) but with σ3 replaced by σ1, i.e., we use the x axis
as spin-quantization axis. In the case of initially x-polarized
electrons the odd harmonics now contain contributions from
the spin-flip transitions (green curves), in which the electron
is polarized along the negative x axis after the scattering, and
nonflip transitions (orange curves) [compare Fig. 2(c) with
1]. Similarly, the even harmonics, which were completely
dominated by spin-flip transitions in the z-polarized case now
contain both contributions, and with spin-flip and nonflip
transitions contributing equally.

The polarization of the final electrons depends on the
fraction of light-front momentum t = k′+/p+ transferred from
the electron to the photon, and on the initial polarization of the
electron. For instance, if the electron was polarized along the z

direction before the scattering, it will be completely polarized
after the scattering, but with its direction depending on t . This
can be seen in Fig. 2(d), where the final electron polarization
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vector component �
′
z(t ) flips between +1 and −1 depending

on t , while �
′
x = 0. Contrary, if the electron was polarized

along the x axis before the scattering [Fig. 2(e)], then it will be
unpolarized for certain values of t after the scattering, where
both �

′
z = �

′
x = 0. The component �′

y vanishes in both cases.
What these examples show is that one has to be very

careful when talking about spin-flip transitions and nonflip
transitions since the corresponding rates and the final electron
polarization depend strongly on the orientation of the electron
spin before the scattering. If one does not employ the density
matrix formalism, the initial polarization direction coincides
with the chosen basis for the quantization of the spin. In
fact, there was some discussion in the literature whether or
not spin-flip transitions are relevant and the electrons do spin
polarize [24,28,77]. These discrepancies were attributed to
different choices of the quantization direction [28]. We stress
here that no such ambiguities arise when working in the density
matrix formalism, where the final electron polarization vector
unambiguously describes the polarization after the scattering.
Its value is an observable and independent of the choice of the
quantization axis for the spin.

We will return to the problem of spin-flip transitions
later when we calculate analytically the spin-flip transition
probabilities for an arbitrary direction of the initial electron
spin polarization in Sec. V B 2.

B. Electron polarization of short circular laser pulses

We now investigate the electron polarization after they
emitted a Compton photon when interacting with a short
circularly polarized laser pulse, Aμ = mξ cos2( πφ

2�φ
) �(�φ −

|φ|)(0, cos φ, sin φ, 0)/
√

2, where � is the Heaviside step
function.

The transverse differential photon emission probability
dP/dp′

⊥dϕp′ (integrated over the longitudinal light-front mo-
mentum fraction t) of the electrons after the scattering is
shown in Fig. 3, for γ = 5000, ξ = 25, and �φ = 3π . The
azimuthal symmetry that one might naively expect of the
emission probability to hold for a circularly polarized pulse
is broken for an ultrashort short laser pulse. This behavior is
in line with what is known form the literature [78,79].

The direction of the electron polarization in the transverse
x-y plane is indicated by the green arrows in Fig. 3, where
the length of the arrows is proportional to the degree of
polarization. Electrons that are scattered to larger transverse
momenta p′

⊥ are more strongly polarized, and there is a strong
correlation between the momenta of the scattered electrons and
their polarization. The direction of the transverse polarization
seems to be almost radial. But again, as for the probability,
the azimuthal symmetry is broken due to the short duration of
the considered few cycle laser pulse. This azimuthal symmetry
breaking becomes less pronounced for longer pulses.

Because the polarization pattern is almost radial, it is quite
useful to describe the polarization here by means of the
components of the final electron polarization vector with regard
to the scattering plane. The latter is spanned by the directions
of the incident and scattered electron momenta p̂ = p/| p| and
p̂′ = p′/| p′|, where the hat indicates a unit vector. In addition
to the longitudinal polarization vector q‖ = p̂′ we define the
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FIG. 3. Transverse momentum distribution of the scattered elec-
trons (as a heat map) and the polarization of the scattered electrons
transverse to the beam axis (arrows). The length of the arrows indicates
the magnitude of the polarization for a given p′

⊥. Parameters are
γ = 5000, ξ = 25, and �φ = 3π .

two polarization vectors perpendicular to p′: q⊥,out = (q‖ ×
p̂)/|q‖ × p̂| and q⊥,in = (q⊥,out × q‖)/|q⊥,out × q‖|.

The vectors q‖ and q⊥,in are lying in the scattering plane,
while q⊥,out stands perpendicular to the scattering plane. Any
nonzero value of the electron polarization out of the scattering
plane 
′ · q⊥,out indicates breaking the azimuthal symmetry.
While for a single-cycle pulse, �φ = 2π , the maximum of
the out-of-plane polarization reaches 0.002 for ξ = 14.1 and
γ = 1000, it is smaller than 5 × 10−5 for a two-cycle pulse,
�φ = 4π , and otherwise same parameters.

Furthermore, we see also strong azimuthal asymmetries in
the in-plane transverse polarization for ultrashort pulses (see
Fig. 4). The shorter single-cycle laser pulse �φ = 2π (green
curve) shows a much more pronounced azimuthal dependence
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∆φ = 4π, ξ = 14.1, γ = 1000

∆φ = 4π, ξ = 7.1, γ = 3000

∆φ = 6π, ξ = 7.1, γ = 3000

∆φ = 4π, ξ = 35.4, γ = 3000

∆φ = 6π, ξ = 35.4, γ = 3000

FIG. 4. Degree of transverse polarization in the scattering plane
as a function of azimuthal angle for various combinations of laser
intensity ξ , pulse duration �φ, and initial electron energy γ . The
dashed lines correspond to the averaged values over all angles.
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(a) (c)

(b)

FIG. 5. Polarization in the scattering plane as a function of laser
intensity. (a) Degree of transverse in-plane polarization as a function
of ξ ; (a) degree of longitudinal polarization as a function of ξ ; (c)
degree of polarization in the scattering plane as a function of χe. The
symbols are integrals over the complete phase space (all azimuthal
angles).

of the electron polarization as compared to the longer pulses.
The values at ϕp′ = π/2, i.e., perpendicular to the direction of
the peak of the vector potential, are in good agreement with
the mean values averaged over all angles (dashed lines).

C. Dependence of the polarization degree on ξ and χe

In this section we investigate how the degree of polarization
depends on the laser intensity parameter ξ and the quantum
efficiency parameter χe. The results are shown in Fig. 5. In
Fig. 5(a) we plot the transverse polarization in the scattering
plane as a function of laser strength ξ for three different
initial electron energies (red, blue, and purple curves), and for
electrons emitted atϕp′ = π/2. In the low-intensity region ξ ≪
1 the polarization degree is independent of the laser intensity,
and larger for larger values of γ , i.e., for larger quantum
energy parameter b ≈ 2γω/m. For instance, for γ = 10 000
(b = 0.06) the low-intensity transverse polarization is 0.04.
With increasing ξ the transverse polarization in the scattering
plane increases, reaching values of about 0.09 at ξ = 300.
The longitudinal polarization [Fig. 5(b)] shows an opposite
behavior: Its maximum values are achieved in the low-intensity
region, and they drop for increasing ξ .

When viewed as a function of the quantum efficiency
parameter χe = ξb, the degree of polarization in the scattering
plane (Fig. 5) is independent of χe in the semiclassical limit
for small χe ≪ 1, but its value depends on γ . For large
χe the degree of polarization increases up to 0.09 for χe =
10, with all three curves for different γ showing a similar
behavior.

The degree of polarization for fixed azimuthal angle ϕp′ =
π/2 serves as a reliable representative for the polarization
degrees averaged over all ϕp′ , even for very short pulses
as discussed above. For longer pulses, where the azimuthal
symmetry is restored, they coincide exactly. To validate the
agreement between the two, we compare the fixed angle

polarization with a few calculations where we integrate over
the full phase space of the outgoing electron, including the
azimuthal angle. These latter results are the diamond symbols
in Fig. 5.

V. LOCALLY CONSTANT CROSSED-FIELD

APPROXIMATION FOR THE POLARIZATION

DENSITY MATRIX

The numerical investigations in the previous section have
shown that a significant degree of polarization can be achieved
already after emission of a single photon in an ultrashort
laser pulse. However, in strong fields and for longer pulses
multiphoton emission has to be taken into account. In fact,
in a strong field the radiation length, i.e., the mean phase
distance between two photon emissions, scales as LC ∼ 95/ξ

for χe ≪ 1 [64]. By calculating strong-field QED S-matrix
elements, one connects initial and final asymptotic states.

A proper inclusion of multiphoton emission effects in
the QED framework would require to evaluate the S-matrix
elements for higher-order Feynman diagrams with more than
one photon in the final state. In the presence of a strong laser
field such calculations have been performed up to n = 2
emitted photons only (nonlinear double Compton scattering)
[32,69,80], and the calculations are numerically demanding.
The influence of electron spin has been explicitly addressed in
Ref. [32] for scattering in a constant crossed field. Explicitly
time-dependent Hamiltonian approaches to strong-field QED
have been investigated, but they pose additional difficulties
[81,82].

The standard way of simulating such multiphoton emissions
relies on the fact that the photon formation phase interval
becomes short at large field strength ∝1/ξ . The multiphoton
emission process is assumed to factor into a sequence of one-
photon emission events with classical propagation between
the emission vertices. Photon emission is usually described
via Monte Carlo sampling from the (spin and polarization
averaged) one-photon emission rates dP/dt dφ in a locally
constant crossed field [83–87].

To be able to study radiative electron polarization effects
in this framework we derive in this section analytically the
locally constant crossed field approximation of the polarization
density matrix as generalization of the known LCFA photon
emission rates [11,24,31,66]. We will focus here on the case
of linear laser polarization, where the laser vector potential
Aμ = mξεμh(φ) is determined by the normalized shape func-
tion h(φ). Moreover, we use the special physical spin basis
introduced in Sec. II C from now on.

To calculate the LCFA expressions for the polarization
density matrix, we first need to analytically evaluate the Dirac
spinor structures in (31). They can be expressed as traces over
Dirac indices by replacing the products of the spinors with
help of (16):

(ūp′ s̄ ′Jμ(φ)ups ) (ūps̄ J̄μ(φ′)up′s ′ )

= 1
4 tr D[(/p′ + m)(δs ′ s̄ ′ − γ 5/S

′
s ′ s̄ ′ )Jμ(φ)(/p + m)

× (δss̄ − γ 5/Sss̄ )J̄μ(φ′)] (34)

which can be evaluated using standard techniques [60].
All Dirac traces can be expressed in terms of four
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basic trace expressions, which we call UP (standing for
unpolarized electrons), IP/FP (referring to initially and
finally polarized electrons), and PC (describing effects of
polarization correlation between initial and final electrons).

Explicit expressions for those basic traces are collected in
Appendix A.

After having performed all the Dirac traces we obtain the
reduced polarization density matrix in the following form:

ρ = −
αξ 2

16π2m4χ2
e

∫
dt

t (1 − t )
d2k′

⊥ dσ dτ e
iσ

k′ .〈π〉
k.p′

×
(

UP − FP(ζ ′) − IP(�) + PC(ζ ′,�) −FP(e′
−) + PC(e′

−,�)
−FP(e′

+) + PC(e′
+,�) UP + FP(ζ ′) − IP(�) − PC(ζ ′,�)

)
. (35)

Several terms in (35) depend on the polarization four-vector
�

μ = �
μ
ν ( p)(0,
)ν , which is the initial electron polarization


 vector boosted from the electron rest frame to the laboratory
frame.

In addition, we transitioned from the phase variables φ′, φ to
their midpoint τ = (φ + φ′)/2 and relative phase σ = φ′ − φ

and introduced the moving average between φ and φ′:

〈π〉 =
1

σ

∫ σ/2

−σ/2
dθ π (θ + τ ), (36)

i.e., over the interval σ with midpoint τ .
Before discussing the spin polarization of the scattered

electrons any further, let us first investigate the total scattering
probability by calculating the trace P = tr ρ, with ρ from
Eq. (35). In the case of unpolarized initial electrons, �

μ = 0,
and by using expression (A3) for UP we immediately find

P = −
αξ 2

4π2m2χ2
e

∫
dt

t (1 − t )
d2k′

⊥ dσ dτ e
iσ

k′ .〈π〉
k.p′

×
(

1 +
ξ 2g

2
σ 2〈ḣ〉2

)
(37)

with t = χγ /χe = k.k′/k.p, and which agrees with the liter-
ature [88]. Moreover, it was shown in [88] that the integrals
over the transverse photon momenta d2k′

⊥ are Gaussian and
can be readily performed. We shall now generalize this to the
polarized parts.

A. Local constant field approximation

For the considered parameters ξ ≫ 1,p+ ≫ mξ , andp⊥ ≪
p+, the Compton photons are emitted in a narrow cone of
opening angle 1/γ around the direction of the electron. As
a reasonably good approximation, this angular distribution of
the emitted photons is usually not considered, the photons are
generated with a momentum parallel to their parent electron
momentum, and the recoil momentum for the electron is ap-
proximated accordingly [83]. This is what is done customarily
in QED laser-plasma simulation codes [83,84], where the
(unpolarized) transverse momentum integrated LCFA photon
emission rates are used for Monte Carlo sampling of the emit-
ted photon spectrum. Note that the final electron polarization
basis vectors, Eqs. (21) and (22), then are calculated using the
approximated final electron momentum vectors.

Analogously, we calculate here the transverse momentum
integrated reduced polarization density matrix of the scattered
electrons as a first step towards the LCFA. The details of the

calculation can be found in Appendix B, and the result reads
as

ρ =
α

4πb

∫
dt dτ

dσ

iσ
e
iσ M

2

2bm2
t

1−t

(
V+ T ∗

T V−

)
, (38)

with Kibble’s effective mass M2 [Eq. (B2)] and where we
introduced the shorthand notations

V± = 1 ± �ζ+ σ 2 ξ 2〈ḣ〉2

2
(g ± �ζ )−iσ

ξ

2
〈ḣ〉

[
�ζ t ±

t

1−t

]
,

(39)

T = �κ

[
2g − 1 +

g

2
ξ 2σ 2〈ḣ〉2

]
+ i�η

[
1 +

ξ 2σ 2〈ḣ〉2

2

]

+ iξδh

[
t

1 − t
�κ + it�η

]
, (40)

where g is defined in Eq. (A7). We see that the off-diagonal
elements of the density matrix depend only on �κ and �η,
but not �ζ , while the diagonal elements depend on �ζ only.
In other words, the diagonal elements of the final electron
polarization density matrix are only sensitive to the initial
electron polarization along the direction of the magnetic field
(in the initial particle rest frame). This is a great simplification
compared to Eq. (35).

The locally constant field approximation (LCFA) relies on
the fact that one can neglect the spatiotemporal variation of the
background field in the region of the formation of the process.
The latter can be described by the formation interval of the
emitted photon, which becomes very short ∝1/ξ for ξ ≫ 1.
Note, however, that this behavior of the formation interval
depends also on the energy of the emitted photon and is strictly
valid only for high-energy photons. For a proper description of
the low-frequency part of the spectrum, coherences over large
distances are relevant [86,89]. This affects both shape of the
spectrum for low-energy photons, as well as the integrable IR
divergence ∝t−2/3 in the LCFA which is absent in the exact
result. Moreover, for radiation reaction effects, i.e., the back-
reaction of photon emission on the electron, the low-frequency
part of the spectrum is not important.

In the LCFA, the laser field can be considered as
constant over the formation interval, and interferences
outside the formation interval are neglected because they
are unimportant. To calculate the LCFA for the density
matrix of the scattered electrons we approximate the moving
averages 〈h〉 = σ−1

∫ τ+σ/2
τ−σ/2 dφ h(φ) for short intervals σ ≪ 1.
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For instance, we approximate the moving averages in the
preexponential in Eqs. (40) and (39) to lowest order as
〈ḣ〉 ≃ ḣ(τ ) because for very short averaging intervals the
moving average approaches the value at the midpoint. In
addition, in the off-diagonal terms we may use δh ≃ 0 for
locally constant fields (see Appendix B).

In order to expand Kibble’s mass M2 appearing in the
exponent in (38) we need to go up to second order in σ ,

M2 ≃ m2 + 1
12m2ξ 2σ 2ḣ2(τ ),

so that the exponent is approximated as

e
iσ

ξM2

2χem2
t

1−t ≃ e
i

ξ

2χe

t
1−t

(σ+ σ3

12 ξ 2ḣ2 ) = eixσ+i
y

3 σ 3

(41)

with

x =
ξ t

2χe(1 − t )
, y =

xξ 2

4
ḣ2, z =

x

3
√

y
. (42)

With these approximations, we can perform the inte-
grals over dσ in (38), yielding Airy functions Ai (z) =

1
2π

∫ ∞
−∞ds ei s3

3 +izs , their derivative Ai ′(z), and integral

Ai 1(z) =
∫ ∞
z

dx Ai (x).
As our final analytical result for the polarization density

matrix of the final electrons in the local constant crossed-field
approximation, we obtain the following expressions:

ρ = −
α

2b

∫
dτ dt

(
Ṽ+ T̃ ∗

T̃ Ṽ−

)
(43)

with

Ṽ± = (1 ± �ζ )Ai 1(z) + (g ± �ζ )
2Ai ′(z)

z

+
(

t�ζ ±
t

1 − t

)
sgn(ḣ)

Ai (z)
√

z
, (44)

T̃ = �κ

[
(2g − 1)Ai 1(z) + g

2Ai ′(z)

z

]

+ i�η

[
Ai 1(z) +

2Ai ′(z)

z

]
, (45)

with g from (A7), and t = k.k′/k.p as the light-front momen-
tum fraction transferred from the initial electron to the emitted
photon. The argument of the Airy functions, z = z(t, τ ) =
[ t

1−t
1

|ḣ(τ )|χe
]2/3, depends on the local value χe(τ ) ≡ χe|ḣ(τ )|

of the quantum efficiency parameter, which is calculated using
the local value of the background field. Note that ḣ refers to
the shape of the electric field since h is the shape of the vector
potential.

This expression (43) for the density matrix, together with
(44) and (45), contains the complete information on the
electron polarization after the emission of a Compton photon,
for arbitrary initial electron polarization.

B. Results and discussion

Before discussing the results for the polarized parts of the
density matrix, let us first compare with known expressions for
unpolarized electrons. Taking the trace of (43) and setting the
initial polarization parameters to zero, the obtained expressions

for the probability rate for nonlinear Compton scattering,

R =
dP

dτ
= tr [ρ]

= −
α

b

∫
dt

[
Ai 1(z) + g

2Ai ′(z)

z
+ �ζ sgn(ḣ) t

Ai (z)
√

z

]
,

(46)

depend only on �ζ . Moreover, for unpolarized electrons,
�ζ = 0, the expression completely agrees with corresponding
expressions from the literature, e.g., Refs. [54,90].

By taking traces of (43) with different projection operators
we can easily determine the probabilities to measure the
electron with a certain polarization after the scattering. For
instance,

Pζ ′ (s ′) = tr

[
ρ

1 + s ′σ3

2

]
= −

α

2b

∫
dτ dt Ṽs ′ , (47)

with Ṽs ′ from Eq. (44), gives the probability to find the electron
spin aligned or antialigned, s ′ = ±1, with the direction ζ ′, i.e.,
polarized parallel or antiparallel to the magnetic field in the
rest frame of the scattered electron. As we see from Eq. (44),
these probabilities do not depend on the components of the
initial electron polarization vector other than �ζ .

Similarly, the probability to measure the electron polariza-
tion (anti)parallel to the electric field in the electrons rest frame
is given by

Pη′ (s ′) = tr

[
ρ

1 + s ′σ2

2

]

=
P

2
− s ′

�η

α

2b

∫
dτ dt

[
Ai 1(z) +

2Ai ′

z

]
. (48)

For unpolarized initial electrons, � = 0, this simplifies to
Pη′ (s ′) = P/2. That means, for electrons that were not polar-
ized along η initially do not polarize along the η′ direction.
(Similar expressions can be found for the polarization along
κ ′.) However, electrons polarized along the η direction initially
will lose some degree of this polarization when emitting a
photon. The leading P/2 is a reflection of the fact that, for
unpolarized electrons, the probability to measure the spin
parallel or antiparallel to any direction is 1

2 each.
The explicit expressions for the components of the final

electron polarization vector read as

�ζ ′ = −
α

bP

∫
dτ dt

[
�ζ Ai 1 + �ζ

2Ai ′

z

+
t

1 − t

Ai
√

z
sgn(ḣ)

]
, (49)

�η′ = −
α�η

2bP

∫
dτ dt

[
Ai 1 +

2Ai ′

z

]
, (50)

�κ ′ = −
α�κ

2bP

∫
dτ dt

[
(2g − 1)Ai 1 + g

2Ai ′

z

]
. (51)

The components of the final electron polarization vector
along the electric field and wave vector in the rest frame,
η′ and κ ′, are proportional to their respective counterparts
before the scattering. That means electrons which are initially
unpolarized will not gain any degree of polarization along η′ or
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κ ′. However, if the electrons are initially polarized along those
directions, their degree of polarization will change.

1. Electron polarization in an ultrashort pulse and comparison

with exact QED

The polarization vector component along the magnetic field
in the rest frame of the electron �

′
ζ , however, can become

nonzero even for initially unpolarized electrons �ζ = 0. The
third term in the brackets in (49) contains the sign of the strong
field shape function ḣ. Therefore, for a long monochromatic
wave for each cycle of the wave the polarization builds up in
the first half-cycle and is reduced again in the second half-
cycle such that we expect a vanishing net polarization in the
end. However, we can expect some degree of polarization to
survive for asymmetric pulses where these cancellations are not
complete. Such an asymmetry might be realized, for instance,
by using an ultrashort laser pulse.

This becomes even more apparent if we expand the expres-
sion on the right-hand side of Eq. (49) in the semiclassical limit
χe ≪ 1:

�ζ ′ = −
3χe

10

∫
dτ |ḣ(τ )|ḣ(τ )∫

dτ |ḣ(τ )|
=

3χe

10
A, (52)

i.e., the final electron polarization along the nonprecessing
direction is proportional to the quantum efficiency parameter
and depends on the asymmetry of the pulse shape function.
Let us write the pulse shape function (for the vector potential)
as h = cos(φ + φCE ) cos2( πφ

2�φ
)�(�φ − |φ|). Note that we

have to ensure h(−∞) = h(∞), otherwise, we are dealing
with “unipolar” fields which (i) have been argued cannot be
produced with lasers [91] and (ii) cause infrared divergences
in the scattering probabilities [51]. This strongly limits the
achievable asymmetries of the magnetic field, which has
the shape function ḣ. For symmetry reasons, the asymmetry
of ḣ vanishes for φCE = 0 and reaches its maximum for a
carrier envelope phase of φCE = π/2. The maximum of the
asymmetry of |A| ≃ 0.17 is achieved for a pulse duration of
�φ ≃ 3.27, and effectively becomes zero for �φ > 8.

The blue solid curve in Fig. 6 shows the value of the polar-
ization parameter �ζ ′ as a function of χe. For increasing χe the
polarization parameter first increases and reaches a maximum
at aroundχe = 0.5. For even larger quantum parameters the po-
larization parameter gets smaller again and eventually switches
sign for χe > 3.5. For comparison, the red dashed curve in
Fig. 6 is the weak field expansion for χe ≪ 1 [Eq. (52)]. It
shows that the semiclassical approximation, which is linear
in χe, overestimates the true degree of polarization, and starts
deviating significantly already for χe � 0.1. In fact, already
for χe ∼ 1 the semiclassical result overestimates the full LCFA
result about one order of magnitude.

In order to show the validity of the LCFA approximation
for the polarization density matrix, we also calculated �ζ ′

numerically from the exact QED polarization density matrix.
For the numerical integrations of Eq. (31) we used exactly the
same pulse shape as for the LCFA calculation. These results
are shown in Fig. 6 for ξ = 20 as green diamond symbols and
for ξ = 10 as black crosses. The agreement between the the
exact QED result and the LCFA is quite good already for the
lower intensity, ξ = 10, with a relative difference of 10% at

10
−3

10
−2

10
−1

10
0

10
1

10
2

χe

−0.010

−0.005

0.000

0.005

0.010

Ξ
ζ

LCFA

semiclass

QED, ξ = 20

QED, ξ = 10

FIG. 6. Final electron polarization parameter �ζ ′ as a function of
χe for an ultrashort laser pulse with the optimal pulse duration �φ =
3.27. The blue solid curve is the LCFA result, the red dashed curve
its semiclassical approximation (52). The green and black symbols
represent numerical calculation of �ζ ′ in exact QED, using Eq. (31),
without having done the LCFA approximation.

the peak, χe = 0.5. For ξ = 20, the agreement is even better,
with a relative difference of less than 5%. This behavior is to be
expected since the LCFA formally coincides with exact QED
the limit ξ → ∞.

A recent explicit comparison between exact QED and LCFA
results applied to a Monte Carlo code confirmed similar trends
and deviations for the energy loss of the electrons and photon
emission angles [87].

There are some stark differences between the case studied
here and the one investigated in Sec. IV. In the latter calculation
we found a relatively large degree of polarization in the
scattering plane for scattering in a circularly polarized pulse,
and this polarization persisted also for longer pulses. Here, in
contrast, for linearly polarized pulses the polarization degree
is much smaller and only occurs for ultrashort pulse durations.

2. Spin-flip and nonflip rates

The probability rates for spin flips are of special significance
[11,15,16]. We have seen in the numerical results in Sec. IV,
Fig. 2, that the probabilities for spin-flip transitions strongly
depend on the orientation of the initial electron spin vector.

It is therefore not sufficient to know the spin-flip rates
with regard to the nonprecessing quantization direction ζ ,
instead we need to know the spin-flip and nonflip rates for an
arbitrary initial polarization direction 
 with |
| = 1. Having
a nonflip transition means 
′ = 
, while a spin-flip transition
is characterized by 
′ = −
.

By using the LCFA polarization density matrix, we evaluate
the spin-flip and nonflip rates as

Pnonflip ≡ tr

[
ρ

1 + 
 · σ

2

]
= −

α

2b

∫
dt dτ

{
2Ai 1

+ (g + 1)
2Ai ′

z
+ �ζ sgn(ḣ)

2t − t2

1 − t

Ai
√

z

+�
2
κ

t2

1 − t

[
Ai 1 +

Ai ′

z

]}
,
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Pflip ≡ tr

[
ρ

1 − 
 · σ

2

]
= −

α

2b

∫
dt dτ

t2

1 − t

{[
Ai ′

z

−�ζ sgn(ḣ)
Ai
√

z

]
− �

2
κ

[
Ai 1 +

Ai ′

z

]}
. (53)

These expressions depend linearly on �ζ , and quadratically
on �κ .

That means the electrons will polarize only along the
direction ζ , i.e., the magnetic field in the rest frame of the
particle. But the rates also depend on the degree of polarization
along κ (and implicitly along η). Any polarization along the κ

direction will decrease the spin-flip rates and increase the non-
flip rates by the equal amount leaving the total rate unchanged.
That means that the direction of the electron spin vector in
relation to the strong field direction affects the spin-flip rates
significantly. These above rates (53) could be implemented
into spin-dependent Monte Carlo photon emission codes. They
will allow to investigate the radiative polarization of electrons
when multiphoton emissions in laser electron-beam collisions
are important.

Semiclassical limit.. Finally, we calculate the semiclassical
limit of small quantum efficiency parameter χe ≪ 1, in order
to connect our results to previous literature. We obtain for the
spin-flip rate, up to terms O(χ3

e ):

Rnonflip(τ )

=
5

2
√

3

αχe(τ )

b

{
1 − χe(τ )

[
8

5
√

3
+

3

10
sgn(ḣ) �ζ

]

+χ2
e (τ )

[
25

8
+

1

12
�

2
κ +

3
√

3

5
sgn(ḣ) �ζ

]}
, (54)

Rflip(τ ) =
5

2
√

3

αχ3
e (τ )

b

[
3

8
−

1

12
�

2
κ +

√
3

5
sgn(ḣ) �ζ

]
,

(55)

which agrees with a calculation of Baier and Katkov for the
spin-flip rates in a magnetic field for quantum parameter χ ≪ 1
[92]. Here again, χe(τ ) refers to the local value of the quantum
efficiency parameter.

By adding the spin-flip and nonflip rates, we find the total
rate

R = Rnonflip + Rflip =
5

2
√

3

αχe(τ )

b

{
1 − χe(τ )

[
8

5
√

3

+
3

10
sgn(ḣ) �ζ

]
+ χ2

e (τ )

[
7

2
+

4
√

3

5
sgn(ḣ) �ζ

]}
.

(56)

By setting �ζ = 0 this expression agrees with textbook results
for photon emission rate of unpolarized electrons (see, e.g.,
Refs. [54,66]).

VI. SUMMARY AND CONCLUSION

In this paper we investigated in detail the polarization
properties of electrons in the nonlinear Compton scattering
process, when they are emitting a high-energy photon in an

interaction with a high-intensity laser pulse. Using the density
matrix formalism allows to conveniently keep track of the
polarization properties of all involved particles, and for a uni-
fied treatment of unpolarized, partly polarized, and completely
polarized electrons. It is straightforward to calculate scattering
probabilities and, the final electron polarization vector, or
spin-flip rates from the density matrix.

We investigated numerically the scattering of high-energy
electrons from short intense laser pulses. In the case of circular
laser polarization the resulting electron polarization is almost
completely within the scattering plane, i.e., the scattered elec-
tron beam will be radially polarized with polarization degrees
up to 9% after emitting a single photon for χe < 10. Since
the electrons also lose energy during the photon emission,
this could be an accessible experimental signature for the
polarization aspect of quantum radiation reaction in electron
laser collisions.

We derived the local constant crossed-field approximation
(LCFA) of the polarization density matrix as a generalization
of the known LCFA scattering rates. These results will be
useful to include spin-dependent QED effects into (PIC) laser-
plasma simulation codes. The density matrix description of
the quantum scattering process matches conceptually with the
use of macroparticles in PIC codes representing ensembles
of electrons. With those codes, in turn, multiphoton emission
effects can be studied for radiative spin polarization in high-
intensity laser-matter interactions such as the electron beam
conditioning in laser plasma accelerators. In addition, the
impact of electron spin polarization on radiation reaction, QED
cascade formation, and in the strong fields around magnetars
could be investigated.

We have explicitly verified that the value of the polarization
vector calculated using the LCFA approximation of the polar-
ization density matrix agrees well with an exact QED calcula-
tion for ξ � 10. Moreover, the semiclassical approximation of
the LCFA expressions, χe ≪ 1, commonly used to calculate
the equilibrium spin polarization of electrons in storage rings
[8], deviates from the full LCFA and the exact QED results
already for χ � 0.1 and is therefore inadequate for making
predictions for the spin polarization in future high-intensity
laser experiments aiming to reach χe ∼ 1.

The calculations of the spin-dependent nonlinear Compton
scattering in this paper are based on Volkov electrons, which
contain the interaction with the background laser field to all
orders, but do not contain radiative corrections. Therefore,
Volkov electrons do not possess any anomalous magnetic
moment ae = (ge − 2)/2 = 0. There are, however, small con-
tributions to the spin-dependent scattering rates due to the
anomalous magnetic moment ∝ae = O(10−3), which are not
considered here [8]. These corrections might become impor-
tant for other particles with larger anomalies. We also note that
the anomalous moment itself becomes field dependent ae(χe )
due to the field dependence of the electron self-energy [93].
Detailed investigations of these small corrections to our results
are left for future work.
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APPENDIX A: TRACES OVER THE DIRAC STRUCTURES

In this appendix we give some details on calculating the traces over the Dirac structures, and collect all relevant results.
The Dirac algebra of the gamma matrices is defined by their anticommutator {γ μ, γ ν} = 2gμν . In addition, we need, for the
evaluation of the traces involving the spin four-vectors, the matrix γ 5 = − i

4!ǫμναβγ μγ νγ αγ β , which anticommutes with all
γ μ, {γ 5, γ μ} = 0, is Hermitian (γ 5)† = γ 5, and fulfills γ 5γ 5 = 1. The completely antisymmetric Levi-Civita tensor ǫμναβ has
components ǫ+−12 = −2 in light-front coordinates. The Dirac adjoint Ŵ̄ for any element Ŵ of the Dirac algebra is given by
Ŵ̄ = γ 0

Ŵ
†γ 0.

The final electron polarization density matrix (35) depends on only the following four independent traces over the Dirac
matrices. Expressions for these traces can be found in textbooks on quantum field theory, e.g., [60]. We only quote the traces
involving γ 5, which are less common. Only those traces with an even number of four or more γ μ matrices in addition to γ 5 are
nonzero. The relevant ones read as

tr D[γ μγ νγ αγ βγ 5] = −4iǫμναβ , (A1)

tr D[γ μγ νγ αγ βγ σγ τγ 5] = −4i[gμνǫαβστ − gμαǫνβστ + gναǫμβστ + gβσ ǫμνατ − gβτ ǫμνασ + gστ ǫμναβ]. (A2)

By using Jμ given in Eq. (7) the relevant Dirac traces are given by

UP ≡
1

4
tr D[(/p′ + m) Jμ(φ) (/p + m) J̄μ(φ′)] = 2m2 + m2ξ 2g(u)[h(φ′) − h(φ)]2, (A3)

IP(S) ≡
1

4
tr D[(/p′ + m) Jμ(φ) (/p + m) γ 5/S J̄μ(φ′)] =

2im2ξ

(k.p)
[h(φ′) − h(φ)]

{
(p′.f̃ .S)

[
1 +

u

2

]
− (p.f̃ .S)

}
, (A4)

FP(S ′) ≡
1

4
tr D[(/p′ + m) γ 5/S

′
Jμ(φ) (/p + m) J̄μ(φ′)] =

2im2ξ

(k.p)
[h(φ′) − h(φ)]

{
(p′.f̃ .S ′) [1 + u] − (p.f̃ .S ′)

[
1 +

u

2

]}
,

(A5)

PC(S ′, S) ≡
1

4
tr D[(/p′ + m) γ 5/S

′
Jμ(φ) (/p + m) γ 5/S J̄μ(φ′)] = −2m2(S.S ′) + m4ξ 2 (S.k)(S ′.k)

(k.p)2

×{(1 + u)[h(φ′) − h(φ)]2 − u2 h(φ′)h(φ)} − m3ξ u [h(φ′) + h(φ)]
(S.f.S ′)

(k.p)
− m2ξ 2 1 + u

(k.p)2
[h(φ′) − h(φ)]2

×{(p.p′)(S.k)(S ′.k) + (S.S ′)(p.k)(p′.k) − (p.S ′)(p′.k)(S.k) − (S.p′)(p.k)(S ′.k)}, (A6)

where UP stands for unpolarized because the corresponding expression is independent of the polarization of the electrons. On
the contrary, IP (FP) refers to trace expressions which depend on the initial (final) electron polarization. The corresponding
expressions depend on the spacelike spin vector Sμ and S ′μ, with S.S = −1, respectively. We note here that we could choose any

valid spacelike unit vector that fulfils S.p = 0 (S ′.p′ = 0). However, evaluating the scalar products in IP/FP becomes particularly
simple when we use the physical basis introduced in Sec. II C (for details of these calculations, see Appendix B). Finally, the
term PC describes the polarization correlation between the initial and final electrons. We note that additional traces need to be
considered when taking into account also the polarization of the emitted photons as well.

Additional definitions used in the above expressions are u = (k.k′)/(k.p′) = t/(1 − t ), t = (k.k′)/(k.p), and

g = 1 +
u2

2(1 + u)
= 1 +

t2

2(1 − t )
. (A7)

Moreover, h is the shape function of the linearly polarized laser vector potential Aμ = mξεμh(φ) with εμ being the polarization
vector, f μν = kμεν − kνεμ, f̃ μν = 1

2ǫμναβfαβ , and (S.f.S ′) ≡ Sαf αβS ′
β .

APPENDIX B: DETAILS ON THE TRANSVERSE

MOMENTUM INTEGRALS

Here, we collect relations needed for the Gaussian integrals
over the transverse photon momentum of the polarization

density matrix (35). In [88] these integrals were explicitly
performed to derive analytic expressions for the unpolarized
total nonlinear Compton probability. Here, these results are
generalized by including also the electron spin polarization.
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FIG. 7. Kibble’s mass M2 for ξ = 3. It approaches M2 → m2 for
small values of σ .

1. Exponential part

First, we note that the term in the exponent of (35) can be
rewritten as follows:

k′.〈π〉
k.p′ =

ξ t

2m2χe(1 − t )

(
M2 +

[k′
⊥ · ε − t〈π⊥ · ε〉]2

t2

+
[k′

⊥ · β − t〈π⊥ · β〉]2

t2

)
(B1)

with Kibble’s effective mass [94–96] that appears in the gauge-
invariant part of the Volkov propagator and in the Wigner
function [97]:

M2 = m2 + 〈π2
⊥〉 − 〈π⊥〉2 = m2(1 + ξ 2〈h2〉 − ξ 2〈h〉2).

(B2)

The Kibble mass is a function of the variance of the laser
vector potential (with regard to the moving average over an
phase interval of length σ around τ ) and depends on both σ

and τ . Its dependence on those variables is plotted in Fig. 7
for ξ = 3 for a pulse shape of h = sin φ cos2( πφ

8π
)�(4π −

|φ|). We see in Fig. 7 that M2 → m2 for σ → 0. Only for
an infinitely long monochromatic wave, h = 1, the Kibble
mass approaches the usual intensity-dependent effective mass
M2 → m2

⋆ = m2(1 + ξ 2/2) for σ → ∞, and it goes to zero
for finite pulses [95].

By using Eq. (B1), we see that the transverse momentum
integral over d2k′

⊥ appearing in (35) is Gaussian, with the value

G0 ≡
∫

R2

d2k′
⊥ e

iσ
k′ .〈π〉
k.p′

=
2πi

σ + i0+
m2χe

ξ
t (1 − t ) e

iσ
ξM2

2χem2
t

1−t , (B3)

where the infinitesimal imaginary part added to σ ensures the
convergence of the integral. For unpolarized electrons this is
the only structure that appears in the scattering probability [88],
which gives immediately that

∫
d2k′

⊥e
iσ

k′ .〈π〉
k.p′ UP = G0 UP (B4)

because UP does not depend on k′
⊥.

However, when we take into account the electron polar-
ization additional terms occur, in which k′.β = −k′

⊥ · β⊥ and
k′.ε = −k′

⊥ · ε⊥ stand in the preexponential under the integral.
The corresponding transverse momentum integrals

Gε ≡
∫

d2k′
⊥ (k′.ε) e

iσ
k′ .〈π〉
k.p′ = t [(p.ε) + mξ 〈h〉] G0, (B5)

Gβ ≡
∫

d2k′
⊥ (k′.β ) e

iσ
k′ .〈π〉
k.p′ = t (p.β ) G0 (B6)

are proportional to G0.

2. Initial polarized

The initial polarized traces appear only in the diagonal
elements of the polarization density matrix (35). At first we
evaluate the IP(s) trace, Eq. (A4), for the three basis vectors
{ζ, η, κ} introduced in Sec. II C. We obtain

IP(ζ ) = im2ξ t σ 〈ḣ〉, (B7)

IP(η) = 0, (B8)

IP(κ ) = im2ξ σ 〈ḣ〉
2 − t

1 − t
{t (pβ ) − (k′β )}. (B9)

Thus, by expanding the initial electron polarization vector in
the physical spin basis we find IP(�) = �ζ IP(ζ ) + �κ IP(κ ).

Upon performing the transverse momentum integral
∫

d2k′
⊥e

iσ
k′ .〈π〉
k.p′ IP(�) = im2ξ t σ 〈ḣ〉 G0 �ζ , (B10)

where we used that
∫

d2k′
⊥e

iσ
k′ .〈π〉
k.p′ IP(κ ) = 0 (B11)

because of the relation between (B3) and (B6).

3. Final polarized

The final polarized traces appear in the diagonal [FP(ζ ′)]
and off-diagonal [FP(κ ′), FP(η′)] elements of the final elec-
tron polarization density matrix, with

FP(ζ ′) = im2ξ u σ 〈ḣ〉, (B12)

FP(η′) = 0, (B13)

FP(κ ′) = im2ξ σ 〈ḣ〉
2 − t

1 − t
{t (pβ ) − (k′β )}. (B14)

The diagonal term containing FP(ζ ′) can be easily integrated
because it is independent of k′

⊥, yielding
∫

d2k′
⊥e

iσ
k′ .〈π〉
k.p′ FP(ζ ′) = FP(ζ ′) G0 = im2ξ u σ 〈ḣ〉 G0,

(B15)

and the off-diagonal terms integrate to zero,
∫

d2k′
⊥e

iσ
k′ .〈π〉
k.p′ FP(κ ′) = 0 (B16)

due to the relation between (B3) and (B6).
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4. Polarization correlation

Diagonal terms. By evaluating the expressions in (A6) for
s ′ = ζ ′ and s ∈ {ζ, η, κ} we easily establish that PC(ζ ′, η) =
0, and therefore

PC(ζ ′,�) = �ζ PC(ζ ′, ζ ) + �κ PC(ζ ′, κ ), (B17)

with

PC(ζ ′, ζ ) = 2m2 + m2ξ 2σ 2〈ḣ〉2, (B18)

PC(ζ ′, κ ) = −2m2(1 + u){t (p.β ) − (k′.β )}. (B19)

By using the same arguments as above we obtain that
∫

d2k′
⊥e

iσ
k′ .〈π〉
k.p′ PC(ζ ′,�) = G0 �ζ PC(ζ ′, ζ ), (B20)

i.e., only the components of the initial electron polarization
vector along ζ (i.e., along the magnetic field in the rest frame
of the initial electron) contribute to the diagonal elements of
the polarization density matrix.

Off-diagonal terms. In the lower left element we have the
trace (the upper right element is just the complex conjugate of
that)

PC(κ ′ + iη′,�) = �ζ PC(κ ′, ζ ) + �ηPC(κ ′ + iη′, η)

+�κPC(κ ′ + iη′, κ ) (B21)

with

PC(η′, ζ ) = 0,

PC(κ ′, ζ ) = 2m2{t (p.β ) − (k′.β )}
∫
d2 k′

⊥−→ 0,

PC(η′, η) = 2m2 + m2ξ 2σ 2〈ḣ〉2,

PC(κ ′, η) = 2m

{
(p.f.p′)

(k.p)
+

mξ

2
t [h(φ′) + h(φ)]

}
,

PC(η′, κ ) = −2m(1 + u)

{
(p.f.p′)

(k.p)

+
mξ

2
t [h(φ′) + h(φ)]

}
,

PC(κ ′, κ ) = 4m2g − 2m2 + m2ξ 2g σ 2〈ḣ〉2.

−10 0 10
σ

−10

−5

0

5

10

τ

−1.0 −0.5 0.0 0.5 1.0
h

−10 0 10
σ

−1.0 −0.5 0.0 0.5 1.0
h̄

−10 0 10
σ

−1.0 −0.5 0.0 0.5 1.0
δh

FIG. 8. The moving average 〈h〉, the arithmetic average h̄, and
their difference δh.

The two traces PC(η′, η) and PC(κ ′, κ ) are independent of
k′

⊥ and their transverse momentum integral reduces to the
multiplicative factor G0. Now, we can evaluate the nontrivial
transverse momentum integrals

∫
d2k′

⊥e
iσ

k′ .〈π〉
k.p′ PC(η′, κ ) = 2m2ξ

t

1 − t
G0 δh, (B22)

∫
d2k′

⊥e
iσ

k′ .〈π〉
k.p′ PC(κ ′, η) = −2m2ξ tG0 δh, (B23)

which do not vanish identically and contain new structures.
They are proportional to δh = 〈h〉 − h̄, the difference of the
moving average 〈h〉 and the arithmetic average h̄ = h(φ′ )+h(φ)

2
of the laser vector potential shape function h between the
two phase points φ and φ′. We can therefore assume that this
difference vanishes when the laser field can be considered as
constant. But, in general this could be a source of physics
beyond the constant crossed-field approximation.

Let us make this a bit more explicit: Expanding δh in powers
of σ = φ′ − φ around the midpoint τ = (φ′ + φ)/2 yields, to
lowest order, δh ≃ − σ 2

12 ḧ(τ ). This shows that δh = 0 for a
constant crossed field because ḣ = const, and ḧ and all higher
derivatives vanish. The various averages are plotted in Fig. 8 as
a function of σ and τ , showing that indeed δh ≈ 0 for σ ≪ 1.

Putting all the results from this appendix together yields
Eq. (38) for the transverse momentum integrated final electron
polarization density matrix.
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