UNIVERSITYW

This is a repository copy of First degree cohomology of Specht modules and extensions of
symmetric powers.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/141247/

Version: Accepted Version

Article:

Donkin, Stephen and Geranios, Haralampos (2019) First degree cohomology of Specht
modules and extensions of symmetric powers. Advances in Mathematics. pp. 618-701.
ISSN 0001-8708

https://doi.org/10.1016/j.aim.2019.01.022

Reuse

This article is distributed under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs
(CC BY-NC-ND) licence. This licence only allows you to download this work and share it with others as long
as you credit the authors, but you can’'t change the article in any way or use it commercially. More
information and the full terms of the licence here: https://creativecommons.org/licenses/

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

\ White Rose -
university consortium eprinis@whiterose.ac.uk
/,:-‘ Uriversities of Leecs: Shetfiekd & York https://eprints.whiterose.ac.uk/




UNIVERSITYW

This is a repository copy of First degree cohomology of Specht modules and extensions of
symmetric powers.

White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/113245/

Monograph:
Donkin, Stephen and Geranios, Haralampos (Submitted: 2017) First degree cohomology
of Specht modules and extensions of symmetric powers. Working Paper. (Submitted)

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

\ White Rose -
university consortium eprints@whiterose.ac.uk
/,:-‘ Uriversities of Leecs: Shetfiekd & York https://eprints.whiterose.ac.uk/




First degree cohomology of Specht modules and
extensions of symmetric powers.

Stephen Donkin and Haralampos Geranios

Department of Mathematics, University of York, York YO10 5DD

stephen.donkin@york.ac.uk, haralampos.geranios@york.ac.uk

28 February 2017

Abstract

Let ¥4 denote the symmetric group of degree d and let K be a field of
positive characteristic p. For p > 2 we give an explicit description of the
first cohomology group H'(24, Sp())), of the Specht module Sp(\) over K,
labelled by a partition A of d.

We also give a sufficient condition for the cohomology to be non-zero for
p =2 and we find a lower bound for the dimension.

The cohomology of Specht modules has been considered in many papers
including [12], [14], [17] and [23].

Our method is to proceed by comparison with the cohomology for the
general linear group G(n) over K and then to reduce to the calculation of
Ext}g(n)(SdE, K)), where B(n) is a Borel subgroup of G(n), where S?E
denotes the dth symmetric power of the natural module E for G(n) and K
denotes the one dimensional B(n)-module with weight .

The main new input is the description of module extensions by: exten-
sions sequences, coherent triples of extension sequences and coherent multi-
sequences of extension sequences, and the detailed calculation of the possi-
bilities for such sequences. These sequences arise from the action of divided
powers elements in the negative part of the hyperalgebra of G(n).

Our methods are valid also in the quantised context and we aim to treat
this in a separate paper.

Introduction

Let K be an algebraically closed field and let p be the characteristic of
K. Let n be a positive integer. We write G(n) for the general linear group
over K of degree n, write B(n) for the Borel subgroup consisting of lower
triangular matrices and 7'(n) for the maximal torus consisting of diagonal



matrices. The weights of a G(n)-module or a B(n)-module (or T'(n)-module)
will be computed with respect to T'(n).

We set X (n) = Z" and let Xt (n) be the set of dominant weights, i.e.,
the set of A = (A\1,...,A,) € X(n) such that Ay > Ag > -+ > \,,. We write
A(n) for the set of polynomial weights, i.e., the set of A = (A1,...,\,) €
X (n) such that A1,..., A, > 0 and we write AT (n) for the set of dominant
polynomial weights, i.e., X (n) (N A(n). The degree of a polynomial weight
A= (A, ., ) is A+ -+ N\, For d > 0 we write A(n,d) for the set
of polynomial weights of degree d and A*(n,d) for A(n,d) X (n), the
set of polynomial dominant weights of degree d. For 1 < r < n we define
e =(0,...,0,1,0,...,0) € X(n) (with 1 appearing in the rth position).

We write E for the natural module and SYF for its dth symmetric power,
for d > 0. For A € X(n) we write K for the one dimensional B(n)-module
with weight A. For each A € AT(n) we have the induced module G(n)-

module V(\) = indggng)\. In particular we have V(d,0,...,0) = SIE.

Moreover, by a result of Cline, Parshall, Scott, van der Kallen, see e.g., [16]
I1, 4.7 Corollary a) we have the following.

Theorem 0.1. Fori >0 and \,u € AT (n) we have
Extly ) (V (1), V(X)) = Extiy) (V(12), K»)
and in particular
Extiy ) (SYE,, V(A) = Extl,) (SE, K))
if A€ AT (n,d).

We denote by ¥4 the symmetric group of degree d. For each partition A
of d we have the Specht module Sp(\) over K, for ¥,.

Recall that, for n > d and A\, u € A" (n,d) we have
ExtiG(n)(V(u),V()\)) = Exti;, (Sp(p), Sp(A)), for i = 0 and p # 2 and for
i=1and p# 2,3, by [5], Proposition 10.5 (i) and Proposition 10.6 (i), or
[13]. Our interest in this is paper is in degrees 0 and 1 so the relevant result
for us is the following.

Proposition 0.2. For A € At (n,d) we have:
(i) Homg ) (S?E, V(X)) = H°(24,Sp(N)); and
(i) dim H' (34, Sp(A)) > dim Extgy,y (SE, V(A)), with equality if p # 2.

This follows in most cases by the above results or the paper [17] of
Kleshchev and Nakano. We also give a proof, via the arguments of [5],
Section 10, in Appendix I.

The detailed description of Ext}g(n) (S B K ) is quite complicated in gen-
eral. However there are a couple of striking consequences that we now give.
Throughout the analysis the notions of what we call James pairs and James



partitions are of paramount importance. We suppose that K has prime
characteristic p. Let (a,b) be a two part partition. Let v = val,(a + 1) be
the p-adic valuation of a + 1. Let S denote the p-adic length of b, i.e., 8
is the non-negative integer such that b = Z?:o bip', with 0 < b; < p and
bg # 0. We call (a,b) a James pair if § < v (equivalently b < p”, equivalently
(a;”) = 0, modulo p, for 1 < i <b). We call a partition A = (Aq,...,\,) of
length n > 2 a James partition if (A, A,41) is James for all 1 <r < n.

Let A = (A1,...,An) be a James partition and let [; = len,()\;) and v; =
valy(Aj+1), for 1 < i < n. We define the segments of A to be the equivalence
classes of {1,...,n} for the relation r = s if and only if I, = ls. For
1 < r,s < n we define r and s to be adjacent if they belong to the same
segment orif 1 < r < mn, s =r+1, and r+1 is the only element in its segment
and A\, = pU-1—1. We define the p-segments of A to be the equivalent classes
of {1,...,n} for the equivalence relation generated by adjacency.

The following, obtained in Section 7, is a complete description of the
dimensions of the extension spaces for James partitions.

Theorem 0.3. Let A be a James partition or degree d of length n > 2 and
let N > n.

(i) If Iy = la then dimExt%(N)(SdE,K)\) is the number of p-segments of
{1,...,n}.

(i1) If Iy > Iy then dimExt%(N)(SdE,K)\) is one less than the number of
p-segments of {1,...,n}.

In the non-James case the results are not so easy to describe but the
following general result, Proposition 9.4(i) and (ii), is significant.

Proposition 0.4. Let A = (A1,...,\,) be a non-James partition of length
n and let N > n. Let r be minimal such that (A, \r+1) is not James.

(i) If n > r+2 then there is an injective linear map from Ext}g(N)(SdE, K))
to ExtlB(N)(SdOE, K,,), where p is the 3-part partition (A, \p41, Ary2) and
do is the degree of u;

(i1) if r = n—1 then there is an injective linear map from Extg(N)(SdE, K))
to Ext}B(N)(SdOE, K,,), where p is the 2-part partition (An—1,\n) and dy is
the degree of 1.

This leads to the following, see Theorem 12.1.
Theorem 0.5. Let A be a non-James partition or degree d of length n > 2
and let N > n. Then we have

dim Ext ) (S7E, K)) < 1.

In Theorems 12.30 and 12.31 we describe all non-James, non-split par-
titions, i.e. partitions A with dim Ext}B(N)(SdE, K)) = 1 (where d is the
degree of A and N is at least the number of parts of \).



Via Proposition 0.2, these results also give the dimensions of the first
cohomology spaces of Specht modules for p # 2.

We mention some of the other highlights of the paper.

It is important for us to establish a close relationship between modules
for the hyperalgebra of B(n) and rational B(n)-modules. What we do is in
fact to give some version of Verma’s Conjecture for B(n)-modules. Since
the arguments also give a proof of Verma’s Conjecture (for all semisimple,
simply connected algebraic groups) we include, in Section 1, a new proof
(for earlier proofs see the papers by Sullivan, [21] and Cline, Parshall and
Scott, [2]).

We give, in Section 3, a simple proof of James’s Theorem on the fixed
points of Specht modules, [15], 24.4 Theorem, via our formalism in terms of
divided powers operators.

Our investigation into the nature of coherent multi-sequence starts in Sec-
tion 5, where we determine all extension sequences for two part partitions.
As a corollary we recover the result of Erdmann, [9], (3.6) Theorem, describ-
ing the first extension groups between Weyl modules for SLo(K).

As a by-product of our approach to extension spaces via coherent multi-
sequences, we give, in Section 9, a short proof of the main result of Weber,
[23], Theorem 1.2, which says that H'(X4,Sp(A\)) = 0 if the partition A
contains two distant non-James pairs.

In Section 13, using our main result on extensions, we give a counterex-
ample to a conjecture of Hemmer on the cohomology of Specht modules.

We now describe the layout of the paper. In Section 1 we describe the
link between modules for the hyperalgebra and rational modules, which is
the starting point of our investigation. In Secton 2 this is taken further to
describe relations between the divided powers of operators and to give a
description of the hyperalgebra by generators and relations.

In Section 3 we give, as a warm-up exercise in the use of the divided powers
operations, a proof of James’s Theorem on invariants of Specht modules.

In Section 4 we define extension multi-sequences make explicit the link
between certain extensions of B(n)-modules and coherent multi-sequences.

In Section 5 we determine the basic extension sequences, i.e, those se-
quence arising via two part partitions. The result is that a two part parti-
tion falls into one of three types: it is either split, or James, or what we call
pointed. This trichotomy is the basis of the analysis for 3-part partitions
which we give in later sections.

In Section 6 we give the definition of a coherent triple in terms of certain
relations between basic extension sequences. These relations are used many
times in the sections which follow, particularly to determine extension groups
for 3-part partitions.

In Section 7 we first determine all coherent triples for a James 3-part
partition. We then use this to determine the dimension of Ext}g(n) (S1E, Ky)



(and hence H'(34,Sp()\))), for any James partition A. We find in particular
that if A is a James partitions of length n then the extension space has
dimension at most n — 1, and that this bound is achieved.

In Section 8 we calculate the extension sequence for 3 part partitions
(a,b,c) in which (a,b) is James and (b, ¢) is not.

In Section 9, we use the results given so far to describe various general
results including Proposition 0.4 above, that the cohomology group, for a
non-James partition A is embedded in the cohomology for a certain 3 part
or 2 part partition made up of consecutive parts of .

In Section 10 we describe all coherent triples for 3 part partitions (a, b, ¢)
in which (a,b) is split.

In Section 11 we describe all coherent triples for 3 part partitions (a, b, ¢)
in which (a, b) is pointed.

In Section 12 we obtain our main result for extension groups. The final
result turns out to be much simpler than one might have anticipated, in
view of the complexity coming from the analysis of coherent triples.

In Section 13 we comment on some questions raised by Hemmer, [12].

In Appendix I we give a proof of Proposition 0.2, based on [5], Section 10.

Finally, in Appendix II, we list together, for the convenience of the reader,
the complete set of relations for coherent multi-sequences that are used
throughout.

1 Divided powers operators, hyperaglebras and
Verma’s Conjecture.

In calculating extensions of B(n)-modules it is technically much simpler
to work with the action of the hyperalgebra, more precisely with
(hy(U(n)),T'(n))-modules, where hy(U(n)) is the hyperalgebra of the group
U(n) of lower unitriangular matrices in G(n), than the group B(n) itself.
In this section we describe the hyperalgebra of U(n). We shall also need
a version of Verma’s Conjecture relating rational modules and modules for
the hyperalgebra of a semisimple group. In fact the approach we take here
leads to a new proof, which we include here, of the usual version of Verma’s
Conjecture.

Let G be a linear algebraic group over K. We write K[G] for the coor-
dinate algebra of G. Then K|[G] is naturally a Hopf algebra, in particular
a coalgebra, and the full linear dual K|[G|* is thus naturally an associative
K-algebra. If V' is a rational G-module then V' is naturally a K[G]*-module.
The action is given as follows. If V has basis {v; |7 € I} and the elements



fij € K[G], are defined by the formulas gv; = > jcr fji(g)v;, for g € G,
i,j € I, then, for v € K[G]*, we have v(v;) = Y e v(fji)v;-

Let M be the augmentation ideal of K[G], i.e.,
M ={f € K[G]| f(1) = 0}. Then the hyperalgebra (or algebra of distribu-
tions) hy(G) is defined by

hy(G) = {v € K[G]" | y(M") = 0 for some r > 0}.

Then hy(G) is a Hopf subalgebra of the Hopf dual of K[G]. For a left
hy(G)-module V' we have the space of “fixed points”

H(hy(G),V) ={v €V |Xv=e(X)v for all X € hy(G)}

where € : hy(G) — K is the augmentation map of the Hopf algebra hy(G).
i.e., the map given by €(X) = X (1x(g), for X € hy(G).

Let e;;, 1 < 4,j < n, be the matrix units of the algebra M(n) of n x
n matrices with entries in K and let I, denote the identity matrix. For
1 < rs < n with r # s, we define u(r,s)(§) = I, + e,s € G(n), for
¢ € K, and define U(r, s) to the the one dimensional unipotent subgroup
{u(r,5)(€) | € € K} of G(n).

The coordinate algebra K[U(r,s)] is the free polynomial algebra in one
variable z(r, s), where z(r, s)(u(r, s)(§)) = &, for £ € K. The hyperalgebra
hy(U(r, s)) has K-basis X (r,s);, i > 0, where X (r,s);(z(r,s)?) = &;; (the
Kronecker delta), for i, j > 0. We shall call these basis elements the divided
powers operators.

If V is a rational U(r, s)-module and v € V and vy, v1,... € V are such
that

ulr. )€ = ¥ ¢
>0
for £ € K, then X(r,s);v = v;. From the fact that u(r,s)(v)u(r,s)(&) =
u(r, s)(v +§), for v,€ € K, we deduce that

1+

X(r,8):X (r, 8);v = ( l

)X(r, 8)i4jU
for v € V, 4,57 > 0. Taking V = K[G(n)], the left regular module and
evaluating at 1, we deduce that

i+

X(r,8)iX(r,s); = ( ;

>X(T, S)iJrj
for all 7,5 > 0.
One easily deduces that a linear map between U (r, s)-modules is a module
homomorphism if and only if it commutes with the action of all X(r,s);.
We write U(n) for the unipotent radical of B(n), i.e., the group of all
lower unitriangular matrices.



Suppose that 1 < s < r < n. Restriction of functions K[U(n)] to
K[U(r,s)] is a surjection of Hopf algebras which induces a monomorphism
of Hopf algebras hy(U(r,s)) — hy(U(n)), by which we identity hy(U(r, s))
with a Hopf subalgebra of hy(U(n)).

Furthermore multiplication

U(2,1) xU(3,1) xU(3,2) x--- xU(n,n—1) = U(n)
is an isomorphism of varieties and induces K-space isomorphism
hy(U(2,1))®@hy(U(3,1)) @hy(U(3,2))®---®@hy(U(n,n—1)) — hy((U(n)).
Hence the elements
X(2,1)302,1)X (3, 153,10 X (3,2)i3,2) - - - X (1,1 = )inn—1) (*)

with i(2,1),4(3,1),4(3,2),...,i(n,n—1) > 0, form a K-basis of hy(U(n)) (a
version of the Poincaré- Blrkhoff Witt Theorem).

Lemma 1.1. (i) A linear map between U(n)-modules is a U(n)-module
homomorphism if and only if it commutes with the action of all X (r+1,r);,
with 1 <r <mn, i>0.

(ii) A linear map between B(n)-modules is a B(n)-module homomorphism
if and only if it is a T(n)-module homomorphism and commutes with the
action of all X (r +1,7);, with 1 <r <mn, i > 0.

Proof. Let V and W be B(n)-modules and let ¢ : V' — W be a linear
map. Certainly if ¢ is a B(n)-module map then it is a k[B(n)]*-module
map and hence commutes with the action of all X(r + 1,7);, 1 < r < n,
i > 0. Suppose, on the other hand that ¢ commutes with the action of all
X(r+1,r);. Then, for v € V and £ € K, we have

d(u(r+1,7)(& Zf’ (r+1,7); Zfz (r+1,7);0(v)

>0 >0

=u(r + Lr)(§)o(v).

Hence ¢ is a module homomorphism for the groups U(r + 1,7), 1 <r < n,
and hence for the group they generate, namely U(n). This proves (i) and
now (ii) is clear.

O
By a similar, but simpler argument, one also has the following.

Lemma 1.2. (i) A subspace of a U(n)-module is a U(n)-submodule if and
only if it is stabilised by all divided power operators X (r+1,r);, for1 <r <
n, 1 > 0.



(i) A U(n)-module is trivial if and only if all divided power operators,
X(r+1,7);, for1 <r <mn,i>0, act as zero.

(iii) A subspace of a B(n)-module is a B(n)-submodule if and only if it is
a T'(n)-submodule and stabilised by all divided power operators X (r +1,1);,
for1 <r<mn,i>0.

We shall consider the category of (hy(U(n)),T(n))-modules. By a
(hy(U(n)), T (n))-module we mean a vector space V, say, which is a hy (U (n))-
module and T'(n)-module in such a way that X(r,s);V® C Votiler—es),
for all @ € X(n), 1 < r,s < nwithr > sand ¢ > 0. If Vand W
are (hy(U(n)),T(n))-modules then a map ¢ : V — W is a morphism of
hy(U(n))-modules and T'(n)-modules. If V' is a B(n)-module then we write
VhY for V regarded as a T'(n)-module and hy (U (n))-module as above. Thus
we have an exact functor V + V™ from finite dimensional B(n)-modules
to finite dimensional (hy(U(n)),T(n))-modules. We shall need that this is
an equivalence of categories.

In fact the argument we shall give is valid for an arbitrary reductive group
over K and we give it in that context. So now let G be a reductive group over
K. Let T be a maximal torus and let W = Ng(T')/T be the Weyl group
(where Ng(T') is the normaliser of T in G). Let X(T') be the character
group of T. Then W acts naturally on X (7). We pick a positive definite
symmetric W-invariant bilinear form on R ®z X (7). Now T acts naturally
on the Lie algebra Lie(G) of G and the set of ® of non-zero weights is a
root system in the R-span, F say, of ®. We choose a set of positive roots
&t = {ay,...,ay} (where N = |®T|). We have the usual partial order on
X(T). Thus for A\, € X(T) we write A > p if A — p is a sum of positive
roots.

Remark 1.3. We shall use the following elementary fact. If u is a weight
of a B-module V then there exists a one dimensional submodule isomorphic
to K for some A € X(T') with A < u. (This follows for example from [4],
(1.4.4), or [16], II, 4.9 Lemma.)

The height of an element p € X (7T') with © > 0 is defined by the condition
that p is a sum of ht(u) simple roots. For p > 0 we define P(u) to be the
number of ways of writing u as a sum of positive roots, i.e., the number of
tuples (Mmq)qcap+ such that g = cot+ M.

For a € ® let U, be the corresponding root subgroup. Let G,qq be the
additive group of K, regarded as an algebraic group, in the natural way. For
a € &, we choose an isomorphism of algebraic groups ¢ : Gaqq — U, such
that tda(E)t™! = ¢o(a(t)€), for ¢ € K.

There are uniquely determined elements X, ;, ¢ > 0, of the hyperalgebra
of U, such that if V' is a rational U,-module and v € V then ¢,({)v =
>0 €' X,,iv. We denote by B the negative Borel subgroup of G and denote
by U be the unipotent radical of B. Identifying hy(U,) with a subalgebra



of hy(U), for « € ®~, we have, by the argument of (*) above, that hy(U)
has a K-basis consisting of the elements

Xy iy Xaniy - X_

aNIN

with 41, ...,4y running over the non-negative integers.

For A € X(T) we denote by K the one dimensional B-module on which
T acts with weight \. We shall use the fact that if Ext}(Ky, K,) # 0, for
A€ X(T), then A > 1 (see e.g. [16]).

We shall need a version of Lemma 1.2 in the more general situation. We
leave the details to the reader.

Lemma 1.4. (i) A subspace of a U-module is a U-submodule if and only if
it is stabilised by all divided power operators X_o ;, for a € ®* , i > 0.

(i) A U-module is trivial if and only if all divided power operators,

X i, forao€ @1, i >0, act as zero.

(iii) A subspace of a B-module is a B-submodule if and only if it is a T-
submodule and stabilised by all divided power operators X_, ;, for a € &7,
1> 0.

By a (hy(U),T)-module we mean a vector space V', say, which is a T-
module and hy(U)-module in such a way that X_,;V* C VA~ for all A €
X(T), a € ®F,i > 0. If V is a B-module we write V1 for the corresponding
(hy(U), T)-module. We write mod(B) for the category of finite dimensional
rational B-module and mod(hy(U),T') for the category of finite dimensional
(hy(U),T)-modules. We have, as above, an exact functor Fp : mod(B) —
mod(hy(U), T), sending V € mod(B) to V' € mod(hy(U), T).

Proposition 1.5. The functor Fp : mod(B) — mod(hy(U),T) is an equiv-
alence of categories.

Proof. 1t is enough to prove that for any V' € mod(hy(U),T) there exists
Z € mod(B) such that Z = V1,

We first produce a B-module that will be of great use to us. Multiplication
T x U — B is an isomorphism of varieties. We put

A={fe K[B]|f(tu) = f(u) for all t € T,u € U}.

Then A is a left B-module summand of K[B] and has trivial socle K. Thus
A is the injective hull of K, as a B-module. The map 7 : A — K[U], given
by restriction of functions is an isomorphism of K-algebra. The group T acts
on U by conjugation and induces on K[U] the structure of a left T-module.
For fe A, te T, u e U, we have

w(tf)(u) = flut) = f(tt~ ut) = (¢f) (¢ ut) = f(t ut) = (tn(f))(u).

Hence 7 is an isomorphism of T-modules. Let M = {f € K[U]| f(1) = 0}.
For r > 0, the rth power M" of the ideal M is a T-submodule of K[U]. By



complete reducibility we have that K [U] and @,>q M"/M" ! are isomorphic
as T-modules. Now K[U] is a polynomial algebra so that the natural map
from the rth symmetric power S™(M/M?) to M"/M"+! is an isomorphism,
for » > 0. Furthermore M /M? is T-module isomorphic to Lie(U)*, the dual
of the Lie algebra of U. The weights of Lie(U) are —ay, ..., —ay, and hence
the weights of Lie(U)* are ay, ..., an, each occurring with multiplicity one.
It follows that for p € X (T'), we have dim K[U]* is P(u), if > 0 and is 0
otherwise.

We regard K[U] as a B-module via the isomorphism = : A — K[U].
We fix » > 0. Let @, be the largest B-submodule of K[U] with weights
of height at most r. We claim that dim Q¥ = P(u), for p € X(T) with
ht(u) < r. Suppose that v € X(T') and K, appears in the socle of K[U]/Q;.
Then there is a submodule H of K[U] containing @, such that H/Q, is
isomorphic to K,. Since H is not contained in @), we have ht(v) > r. Now
if 7 is any weight of K[U]/Q, then we must have 7 > v for some v € X(T)
such that K, appears in the socle of K[U]/Q,, by Remark 1.3. Hence we
have ht(7) > ht(v) > r. Hence we have dim Q)] = dim K[U]|" = P(r), for all
7 > 0 with ht(7) <.

We now show that any finite dimensional (hy(B),T)-module V' embeds
in a module of the form Z"W, for some B-module Z. Suppose Vi, Vs are
non-zero (hy(B),T')-submodules such that V; N V2 = 0. Thus V embeds in
V/Vi & V/Vy so that if V/Vi embeds in Z} and V/V, embeds in Z2Y, for
B-modules Z1, Z then V embeds in Z]nyBZ;ly = (Z1®Z5)™. Hence we may
suppose that V has simple socle L, say. Then L is isomorphic to K;ly, for
some A € X(T). If V® L* embeds in Z", for some B-module Z then, since
V is isomorphic to (V @ L*) ® L, it embeds in Z"W ® K\Y = (Z @ K))».
Hence, replacing V by V ® L*, we may assume that socle of V is a one
dimensional trivial module. Thus all weights of V' are > 0 and we choose r
such that ht(u) < r, for every weight p of V.

The dual module H = V* has simple head the one dimensional simple
module. In particular H is generated by a weight vector hg, say, of weight
0. Hence H is spanned by the elements X_,, ;, ... X_oyiyho such that
ht(ija; + -+ +iyany) < r. We write I, for the K-span of the elements
X a1y ---X_—ay such that ht(ijoq + - - +iyvan) > r. We have a hy(U)-
module surjection ¢ : hy(U) — H, ¢(X) = Xhy, for X € hy(U). Let Jgy
be the kernel of ¢, i.e., the annihilator of hy. Then we have I, C Jgy and
hy(U)/Jg = H, in particular we have

dim H < dimhy(U)/I, = > P()
I

where the sum is over all y € X (7T') with g > 0 and ht(u) < r.
This applies in particular to @} and since dim @} = dim hy(U)/I, we have
that I, is the annihilator of an element of weight zero in @)}, in particular

10



I, is a left ideal and, regarding hy(U)/I, as a (hy(U),T)-module, in such a
way that X o, 4, ... X_ap.iy +Ir has weight —(i1a1 +- - - +iyan), we have
Q; = hy(U)/I,. Hence we have that H = hy(U)/J is an epimorphic image
of QF and so V embeds in Q.

Thus we have that a (hy(U),T)-module V' may be identified with a sub-
module of a module of the form Z", for some B-module Z. But then, for
a € @, we have ¢_o(&)v = Y50 &' X a0, for £ € K, v € V. Hence V is
a B-submodule of Z and V = Vohy, where V) is the space V, regarded as a
B-submodule of Z.

]

Verma’s Conjecture

We note that in fact the above Proposition gives a new proof of the so-
called Verma’s conjecture. For other proofs see [21] and [2]. We take G to
be semisimple and simply connected. Then a G-module V is naturally a
hy(G)-module giving an exact functor Fg : mod(G) — mod(hy(G)), where
mod(hy(G)) denotes the category of finite dimensional hy(G)-modules. Less
formally, for a G-module V', we will say also that V is regarded as a hy(G)-
module. The action of X, ;, for « € ®,¢ >0, on v € V, is given by the for-
mula z4(§)v = > i>0 €124 4v. Similarly a rational T-module may be regarded
as a hy(T")-module. The set Hompg 1, (hy(7), K), of K-algebra homomo-
prhisms from hy(7") to K, is naturally a group (since hy(T") is a Hopf alge-
bra). For A € X (T), one has a k-algebra homomorphism X : hy(T) — K,
given by hv = A(h)v, for v € T\. Then map X (7") — Homg 1, (hy(T), K),
sending A to A is an injective homomorphism. We say that a K-algebra
homomoprhism from hy(T) to K is integral if it has the form X\ for some
A € X(T). We identify A € X(T') with A € Homg_,,(hy(7), K) and
in this way identify X (7T') with the group of integral K-algebra homomor-
phisms from hy(7") to K. For a finite dimensional hy(G)-module V we
have V = @AEX(T)V/\, where VA = {v € V|hv = Ah) forall h € H}.
Furthermore if V' is simple then, it follows from the classification of finite
dimensional simple modules, that V' is isomorphic to Fg(M), for some finite
dimensional G-module M. For further details see e.g., [11].

We shall say that a finite dimensional hy(G)-module V' is rational if is
isomorphic to Fg(M), for some rational G-module M. This is equivalent
to the statement that the vector space V may be given the structure of
a rational G-module in such a way that V?* is the \ weight space for V,
regarded as a T-module and z,(§)v = Y ;>0 £ Xav, for a € @, € € K,
velV.

We shall need the following.

Lemma 1.6. (i) For a finite dimensional hy(G)-module V' we have
HO(hy(G),V) = H(hy(U), V)",

11



(ii) For finite dimensional hy(G)-modules V1, V2 we have Homyy()(V1, V2) =
Homyy 11y (V1, V2)T.

Proof. (i) Certainly H%(hy(G),V) < H%(hy(U),V)T. Let U be the unipo-
tent radical of the positive Borel subgroup G. Then we have that the
multiplication map hy(U") ® hy(T) ® hy(U) — hy(G) is a vector space
isomorphism. Let vy € H°(hy(U),V)T. Then we have that hy(G)vy =
hy(U*)hy(T)ve and hy(T) acts by scalar multiplication on Kuvy so that
hy(G)vg = hy(UT)vg. Moreover hy(U™) is a spanned by elements of the
form Xg, i, -+ Xay,iy S0 that the module hy(G)vy has only weights > 0.
Hence the only composition factor of hy(G)vg is the trivial module and
so hy(G)vg is trivial. Hence vg € HY(hy(G),V) and H°(hy(G),V) =
HOhy(U),V)T.
(ii) This follows from (i) by identifying V}* ® Vo with Homg (V1, V) in the
usual way.

O

Theorem 1.7. (Verma’s Conjecture) The functor
Fg : mod(G) — mod(hy(G)) is an equivalence of categories.

Proof. Tt is enough to prove that a finite dimensional hy(G)-module is ra-
tional. Let V' be a finite dimensional hy(G)-module. We regard V as a
(hy(U), T)-module. By Proposition 1.5 the space V, regarded as a (hy(U), T)-
module has the structure of a B-module, i.e., the is a B-module action on
V such that z4(§)v = Y50 Xa,iv, for a € T, £ € K, v e V. We write V
for the K-space V regarded as a B-module via this action.

The induction functor ind% : mod(B) — mod(G) is left exact and we
have the right derived functors R‘ind% : mod(B) — mod(Q), for i > 0. If
M is a G-module then we have that R'indM = 0 and, by [22], Exercise
2.1.4 for example, the evaluation map evy; : ind%M — M is a B-module
isomorphism.

We claim that the evaluation map evy : ind4V — V is an isomorphism.
If V' is irreducible then it has the form Fg (M) for some simple G-module
M and then V is isomorphic to the restriction of M to B, and hence evys
indV — V is an isomorphism. Now assume that V is not irreducible, let
L be an irreducible hy(G)-submodule and let Q@ = V/L. Then we have a
commutative diagram

0 — ind4L — ind4V — ind%Q —o0

| 1 |

0O - L —= V = Q@ =0
of B-modules, with rows exact (since Rlindgi = 0), where the vertical
maps are the evaluation maps. We may assume, by induction on dimension,
that the first and third vertical maps are isomorphisms and hence, so too is
the middle map evy; : indGV — V.

12



This proves the claim and therefore that the action of B on V extends to
a G-module action. Let Z be the vector space V regarded as a G-module
via this action. Then we have Z* = V?*, for A\ € X(T), and x_,(£)z =
S0 X gz, for a € T, € € K, 2 € Z. Hence, as a (hy(U), T)-module,
Z is precisely V. The identity map Z — V is an isomorphism of (hy(U),T)-
modules and hence, by Lemma 1.6(ii), an isomorphism of hy(G)-modules.
Thus we have V = F(Z) and we are done.
O

2 Generators and Relations

To make further progress we give generators and relations for the hyperalge-
bra hy(U(n)) of U(n). First fix 1 <r,s <n, with r # s. Then, forn,( € K,
we have u(r, s)(n)u(r, s)(¢) = u(r,s)(n+ (). Hence, for a rational G-module
V and v € V, we have

u(r, s)(m)u(r, s)(Q)v = u(r, s)(n + v

and hence

Z TIiCjX(T’a S)iX(ra S)jv = Z(ﬁ + ()kX(rv S)kv-

i>0,5>0 k>0

Thus, for 7,5 > 1, we have
X(r,s)iX(r,s)v = (2 + ])X(T‘, 5)it0.
i

Applying this to the regular module K[G] and evaluating at 1, we obtain

i+
{

X(r,s)iX(r,s); = ( )X(r, )it

Since we are interested in the hyperalgebra of U(n) we are interested in
the operators X (r, s); withn > r > s > 1, and 7 > 0. For ease of calculation
we will find it useful to set Y (r,s); = X(s,7);, for 1 <r <s<mn,i>0. We
thus have

i+
7

Vi oo = () v 1)

13



We now fix 1 <7 < s <t <n. Then it is easy to check that we have

u(t, s)(nu(s, r)(¢) = uls, r)(Q)ult, r)(nC)ult, s)(n)

for n,¢ € K. Hence, for any G-module V and any v € V we have

u(t, s)(m)uls,r)(Q)v = uls, r)(CQu(t, r)(nC)ult, s)(n)v

and therefore

Z njCiX(ta s)jX(87 T)Z”U = Z Ci+h77j+hX(Sa T)iX(ta r)hX(ta S)jv'
J,i20 h,i,j>0

Hence for all 7,7 > 0 we have

min{s,5}
X(t,s);X(s,r)iv= Z X(s,7)i—n X (t,7)n X (t,5)j—nv
h=0

for all v € V. Applying this to the regular module K[G] and evaluating at
the identity we have

min{,5}
X(t,s);X(s,r)i = Z X(5,7)i—nX(t,r)nX(t,5)j-n.
h=0

Hence we have
min{i,j}
Y (s,t);Y(r,s); = Z Y(r,8)i—nY (r,t)nY (s,1)j—n (2)
h=0
forl<r<s<t<mnandij>1.
Moreover, we have u(t, r)({)u(s,r)(n) = u(s,r)(n)u(t,r)(¢) and
u(t,r)(Q)ul(t, s)(n) = u(t,s)(n)u(t,r)(¢) from which we deduce that

Y(r,s);Y(r,t); =Y(r,t);Y(r,s) (3)

and
Y(S,t)iY(T, t)j = Y(T, t)jY(S,t)Z' (4)

forall l<r<s<t<mn,i,j>0.

Now suppose that 1 < ¢, r,s,t < n are distinct. Then we have
u(g, ) (nu(s, t)(¢) = u(s,t)(¢)u(g,r)(n) and by the argument above we ob-
tain

Y(qu)jy(sat)i = Y(Sﬁt)iY(Qa T)j (5)

forall 1 <gq,r,s,t <n, with q,r,s,t distinct and ¢ <7, s <t and 4,5 > 1.

Now it is easy to see that relations (1)-(5) may be used to express any
monomial in Y (7, s); (with 1 <7, s <n,r # s, > 1) as a linear combination
of monomials of the form

14



Y(1, 2)i(1,2)Y<17 3)1’(1,3)Y(27 3)i(2,3) L Y(n—1, n)i(nfl,n)

with i(1,2),...,i(n — 1,n) non-negative integers.
Hence we have:

Proposition 2.1. For the generators Y(r,s);, 1 < r < s <mn, i > 1 the
relations (1)-(5) above form a set of defining relations for hy(U(n)).

3 James’s Theorem on invariants of Specht mod-
ules.

We are interested in the degree 1 cohomology of Specht modules. However,
we should mention that the degree 0 situation, namely the invariants of the
Specht modules, was solved by James, see [15], 24.4 Theorem. As a warm-up
exercise we deduce this from a result of B(n)-module homomorphisms using
the divided powers operators.

It is convenient to describe some notation and recall Lucas’s formula at
this point. In this section, for a,b > 0, the binomial coefficient (j) will be
understood to lie in the field K (of positive characteristic p), i.e., we write

simply () for (})1xk.

Notation: We write a non-negative integer a in base p as a = 3} ;>¢ plai,
with 0 < a; < p. If a is positive its p length len,(a) is the largest non-
negative integer [ such that a; # 0 and its p-adic valuation val,(a) is the
maximum positive integer v such that p¥ divides a.

We recall that for a positive integers a and b written in base p as a =
>0 aip' and b= 3,5, b;p' we have

<Z) - <Z§> <Zi ) <Z:) (Lucas’s Formula)

where m is the maximum of leny,(a) and len,(b).

For a non-negative integer a we define a by the formula a = ag + pa. By
Lucas’s formula, for non-negative integers a = ag + pa, b = by + pb we have

(3) = (o) (3)-
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Remark 3.1. For non-negative integers a, b, written in base p as above, we
have (“Zb) # 0 if and only if a; + b; < p—1 for all 7 > 0. To see this we
write a = ag + pa, b = by + pb, as above. If ag + by > p then (a + b)y < by
and (azrb) = 0 by Lucas’s Formula. If ag + by < p — 1 then ((a-g-ob)o) # 0 and

() = (("'Zob)o) (‘_’?—:B) so the result follows by induction.

We first describe a condition that will be of crucial importance to us for
the rest of the paper.

Definition 3.2. A two part partition (a,b), with b > 0, will be called a
James partition if (alﬂ) =0 for all1 < i <b. A partition A = (A,...,\n)
of length n will be called a James partition if (A, A1) s James, for all
1 <r <n. We adopt the convention that a partition of length one is James.

By a two part partition we mean a partition with precisely two non-zero
parts.

Remark 3.3. A two part partition (a,b) is a James partition if and only
ifb < p"alﬁ(‘“’l). The James condition is that for all 1 < m < b we have

(“;m) =0, i.e., writing m = 3";5¢m;p', we have a; + m; > p— 1 for some 1.
This can only happen if ag = -+ = ajen, 5y = p—1, i.e., val,(a+ 1) > leny(b),
ie., b < pvalplatl)

We establish some notation involving the symmetric powers of the natural
module that will be in force for rest of the paper. The module E has the
basis eq,...,e,, where e; is the column vector of length n with 1 in the
ith position and zeroes elsewhere. For o = (aq,...,a,) € A(n,d) we set
e =efled? ... et € SIE.

Let 1 < s,t < n with s # t. We calculate the effect of X(s,t); on SIE.
We have
e+ Ees, ifi=1t;

u(s,t)(&)e; = {ei’ if 1 #£t. '

Since U(n) acts on S(E) by algebra automorphisms we have
u(s, t)(€)e™ = et ... e 1 (er + Ees) eyttt L enn

which is o o\ L

5(0)er

Hence we get

(Oéi)eo‘“(*_ef), if 1 < oy;

X(s,t);e" = {

0, otherwise.
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in particular, for 1 <r <n, ¢ > 0, we have

Y (r,r + 1)ie® = {<‘?)e°‘—l<ﬁ"m”, if 8 < ars
0, otherwise.

Let X\ be a partition of degree d with at most n parts. We consider the
space Homp(,, (S 1F, K)). We have the largest trivial U(n)-module quotient
Hy(U(n), SYE). Thus Ho(U(n),SE) = SYE/N, where N is the smallest
U(n) submodule of S?E with trivial quotient. Thus, by Lemma 1.2 (iii), we
have

Ho(U(n),SE) = SYE/N

where

N = Z KY (r,r 4+ 1)e“.
1<r<n,i>0,
acA(n,d)

The weight spaces in S?E, and hence in N and S?E/N are at most one
dimensional. Thus N is the K-span of the ¢ with (81,...,8,) € A(n,d)
such that e? is a scalar multiple of X (r,741);e®, for some o = (ay, ..., a,) €
A(n,d) and 1 <r < n, ¢ > 0. By considering weights we see that we must
have o = B+ i(ey — €p41) and Y (r,r + 1)e* = (m:i)eﬁ. Hence e/ € N if
and iny if we have there exists some 1 <r <n and 0 < ¢ < 3,41 such that
(ﬁrzﬂ-z) 7& 07

Hence Ho(U(n),S?E) has K-basis e* + N, where p runs though the set
of James partitions of n of degree r. Now we have Homp(S?E, K)) =
Homp () (Ho(U (1), SYE), K)), and so by Proposition 0.1 we obtain the fol-
lowing result.

Proposition 3.4. For a partition \ of degree d we have

HomB(SdE, K,) = K, if A if a James partition,
0, otherwise
or
K, if Xif a James partition;
Home( (S°E, V(A)) = FAu ’
0, otherwise.
By Proposition 0.2 , we have James’s result, [15], 24.4 Theorem:

Proposition 3.5. For a partition \ of degree d we have

K, if Xis a James partition;
H(S4,5p(\)) = { !

0, otherwise.
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4 Extension sequences and module extensions

We now wish to examine the possible B(n)-module extensions of SYE by
a one dimensional module.

We fix a partition A with degree d and having at most n parts. Let V
be an extension of S?F by K. Thus V contains a one dimensional B(n)-
submodule V5, isomorphic to K and V/Vy is isomorphic to SYE. We fix
0 # Vs € Vo and an isomorphism 6 : V/V,, — S?E. Note that 6 is
determined up to multiplication by a non-zero scalar since

Endp(, (SE, S*E) = Endg,)(S°E, S'E) = K.

For a € A(n,r), a # X there is a unique element v, of weight o such that
O(vo + Vo) = €. We also choose an element vy € V' of weight A such that
O(vy + Vo) = €.

Let 1 <r < s <n. Suppose a € A(n,r), 0 <i < a, Then we have

Y (r,s)ie® = <a.r) e iler—es)

]

by Section 2 and hence, applying 6 to Y (7, s);v\ + Voo we see that there exist
scalars y(r, s); € K such that

Y (r,8)ive = () Va—i(er—es) T Y(T 8)ivoo, %f a=\+ Z:(ET — )
(af)va—i(ﬁ—es)a if « 7£ A+ 2(67« _ 63)-

The scalars y(r, s); are of paramount importance for our analysis of ex-
tensions of symmetric powers.

Definition 4.1. We call the sequence (y(r,$)i)1<i<r, the (r,s)-extension
sequence determined by the V,vs and 0. We call the collection of sequences
(y(r, 8)i)1<r<s<n,i<i<)rs, the extension multi-sequence determined by V,vso
and 0.

Of course we can take for V the split extension V = SE & K, and
Voo = K\ = Kvs. We take 0 : V/Vo — S?E to be the natural map
(induced by the projection from V = S?E @ V,, onto the first summand).
We take vy = e — vs. Then, for 0 < i < )\, we have

Y(?", S)iv’\+i(€r_€5) = Y(’]”, S)ie/\+i(€T_€5)

(e ()
1 1 1
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Definition 4.2. The extension multi-sequence produced in this way will be
called the standard multi-sequence for \ and denoted (y(r,s):*). Specifically
we have y(r,s); = (ATZ.H), for1<r<s<mnandl<i<\. A multiple of
the standard multi-sequence will be called a standard multi-sequence.

We continue with an analysis of extension multi-sequences arising from a
general module extension V.
Suppose i,7 > 1 and i + j < A;. Then by Section 2, (1), we have
1+ J
i

Y (r,8)iY (7, 8) jUx4(i4)(er—es) = ( )Y(T’, 8)itjUAF(i45) (ep—es)

ie.,

1+ J

A it
( ) )Y(Svt)iv)\Jri(eset) =< ; )Y(Svt)i+jv)\+(i+j)(eset)

J
and taking the coefficients of v, we get:
A + /L' + . 1: + / . . . .
(E) ( r ; 9>y(r,8)j = ( i]>y(r, 8)i+i i,§ > 1,045 < A

It will be important to know all sequences satisfying this relation (E) and
we classify them in the next section.

Now we consider a triple 1 < r < s < t < n and consider the relations
that exist between the extension sequences (y(r, s);), (y(s,t);) and (y(r,t)x).
We take 1 <7 < \;, 1 <k < \. By Section 2, (3), we have

Y(Ta S)iY(Ta t)kv)\—l—(i—f—k)er—ies—ket = Y(7“> t)kY(Ta S)iv)\+(i+k)e,-—ies—k6t
ie.,

A +itk Ar+itk
< k >Y(7’, S)iv)\+i(er—es) = < i >Y(7’, t)kv)\—&-k:(eT—et)

and taking the coefficients of vy, we get:

A +i+k A +i+k ,
(T1) ( o )y(r,s)i:< o )y(r,t)k, 1<i<A 1<k <A

We take now j, k > 1 with j + k& < ;. By Section 2, (4), we have

Y(S> t)jY(T‘, t)k’l))\—&-ker—i—jes—(j—&—k)et = Y(7“> t)kY(Sa t)jv)\+ke,»+j65—(j+k)et

A+ k As +17
( L )Y(Svt)jUArJrj(esez) = ( j )Y(T’ t)kvAJrk(ﬁr*ﬁt)

ie.,
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and taking the coefficients of vy, we get:

Ar +k As+J . .
a2 (= (M o dkzigeEs

We now take 1 <i < j < )\ and use relation Section 2, (2). We have

Y(s,

) (T S) i UN+i(er—€s) 4 (es—et)
Z hY T‘ t)hY(S t) —hUNFi(er—es)+j(es—et)

ie.,

A+ 1
( . )Y(S t); UM (es—et)

1
LA —it

. Y (5, 8)inY (7, ) hUAFi(er—es)+h(es—er)
o\ Jh

)\s —1 +.] >\r +1
= Z ( ji—h ) ( h )Y(ﬁ S)ifhv)\Jr(ifh)(eTfes)

0<h<i

As — i+
+( ] i ]>Y(Ta t)iv)\—i-i(er—et)

and taking coefficients of v, we get

s (Vs
S (Asj_i . j) (A’" N i)y(r, i+ (Asj_ijj>y(r,t)ia

0<h<i
for 1 <i<j <M.

Now suppose that 1 < j < N, 7 << As+ 7. Then we have
A+ (6 —€s) + j(es — €) € A(n,r) and, using Section 2, (2) we have

Y (5,2);Y (7, 8)iUnti(ep—ea)ti(ca—er)

J
Z hY T, t)hY(S t)] RUNti(er—es)+j(es—et)

ie.,

A+ 1
( . )Y(S t); jUN+ji(es—er)

1

As — 1+
- Z ( )Y( )i_hY(T‘, t)hv)\Jri(erfes)Jrh(esfq)
h=0

As =i+ 7\ (Ar+i
= Z ( i—h )( h >Y(57t)i—hv)\—&-(z'—h)(er—es)

h=0
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and taking coeflicients of vy, we get

T3b t); = i

LU Gl METTES of (il [ G P
for 1 <j <M\, j<i<As+7.

Solutions to the equations (T1)-(T3b) (i.e., what will be called coherent

triples) will be analysed extensively in subsequence sections. There remains

one further equation, coming from the commuting relation Section 2,(5). So

suppose 1 < ¢q,r,s,t < n and distinct and ¢ < r, s < t. Then, for 1 <i < A,
1 <5 < A\, we obtain

Y(Qa T)jY(S, t)ivk—i-i(es—et)—&-j(eq—er) = Y(Sv t)ZY(Qa T)jv)\+i(es—et)+j(eq—er)

Ao + A+
( ; )Y(%T)jvk—&-j(eq—er):( qj )Y(Svt)iv)\+i(55—et)

and taking coefficients of v, we obtain the “commuting condition”,

(©) (As ’ i)y(CJﬂ")j = (Aq;j>y(8,t)i,

ie.,

]

for 1 < q,r,s,t <n distinct withg < r,s < t.

Proposition 4.3. Let \ be a partition and let (y(r,s);) be an extension
multi-sequence for \. Then the elements y(r,s); € K satisfy the equations
(E),(T1)-(T3b) and (C) above. Conversely, given elements y(r,s); € K,
1<r<s<n,1<i<M\, satisfying (E),(T1)-(T3b) and (C) then (y(r,s);)
is an extension multi-sequence for some extension of SYE by K.

Proof. We have already proved the first statement, in deriving (E),(T1)-
(T3b) and (C) above form an extension of SYE by K.

Now suppose that we have elements y(r,s); € K, 1 <r < s <n, 1<
i < \s, satisfying (E),(T1)-(T3b) and (C). We take a vector space V(y)
with basis elements v,(y), @ € A(n,d), and v (y). We make V(y) into a
T-module giving v, (y) weight «, for a € A(n,d), and giving v (y) weight
A. We define K-linear endomorphisms Y (r,s);, of V(y), for 1 <r < s < n,
1 <1< A, by

(T )Va(er—e) (W) T (1, 9)ivoo(y), i < a5, = A+iler — €);
Y (r,8)iva(y) = () Vaz(e—e0) if i <as,a0 #F A+ i(er — €5);

(]
0, otherwise

and making Y (r, s); act as 0 on ve(y). Then the relations (E),(T1)-(T3b)
and (C) guarantee that the endomorphisms Y (7, s); satisfy the relations (1)-
(5) of Section 2. Hence by Proposition 2.1, there is a hy(U)-module action on

21



V(y) with Y (r, s); acting via Y (r,s);, 1 <r < s <n, 1 <i < \,. Moreover
the T" action makes V' (y) into a (hy(U), T')-module and hence, by Proposition
1.5, a B-module. Clearly the extension multi-sequence associated to V(y),
with vy, = va(y), a € A(n,d) and ve = Voo (y) is (y(r, 5);).

0

Notation: It follows from Proposition 4.3 that the set of all extension
multi-sequences for a partition \ forms a K-vector space, we denote this
space by E(A).

We are now going to produce a K-space surjection E()\) — Ext!(S?E, K)),
whose kernel is the space of the standard coherent multi-sequence. For K
we take the field K with T acting with weight A and Y (r, s); acting as 0,
for 1 <r<s<n,1<i<M\. Forye EN let V(y) be the B-module
constructed via y, as above. We have a short exact sequence of B-modules

0= Ky % V(y) ™ SYE - 0

where i, (1) = v (y) and my(va(y)) = €, for a € A(n,d).
Starting with any B-module extension

0Ky 5V 5 SiE 50

we have vy, = i(1) and v, € V such that m(v,) = e and we get an extension
multi-sequence y = (y(r, s);) given by

Ar 1
Y(ra S)iv)\-l—i(er—es) = ( i )UA + y(r, S)ivoo

for 1 <1i < A;. Now it is easy to see that the B-module map ¢ : V — V(y)
such that ¢(ve) = va(y), @ € A(n,d), and ¢(veo) = Voo(y), induces an
isomorphisms of extensions (in the sense of for example [1], Section 1.5, or
[20], Chapter 7) between the sequences 0 — Ky — V 55 SYE — 0 and

0— K\ % Vy) v, 8dE — 0. In particular every extension of S*E by K
is equivalent to one arising via an element of E(\).

Now suppose that y,3’ € E()) give short exact sequences 0 — K N

V(y) =% SE — 0 and 0 — K W, V(y) 2y §1E — 0. If these sequences
are isomorphic then there is a B-module isomorphism ¢ : V(y) — V(v/)
such that the diagram

Ty

0 = Ky % v % SE - 0
Voo l
0 - Ky % vy) X SiE 5 0



commutes (where the first and third vertical maps are the identities and the
middle vertical map is ¢). Commutativity implies that ¢(veo(y)) = Voo (¥)
and also that ¢(va(y)) = va(y'), for A # a € A(n,d). Moreover, we must
have ¢(vx(y)) = vA(Y) + cvoo ('), for some ¢ € K. The condition for ¢ to
be a module homomorphism reduces to the condition

Y (r, 8)iUxti(e,—e) (¥) = Y (1, 8)id(Urti(e,—e.) ()
ie.,

<75(</\T’Z.Jr Z) ua(Y) + (7, 8)iveo (y)) = Y (1, 8)ivrtie,—en) (¥)

i.e.,

Ar+14
]

(™) ottt ratr ot = (V) orts) 0 )i

ie.,

C(AT N ) T y(r,5) = 3/ (r, 5)

]

forall 1 <r<s<n,1<i<\. So we have shown the following result.

Lemma 4.4. Every extension 0 — Ky — V — SE — 0 is equivalent to
one of the form 0 — K, ~% V(y) T, S4E — 0. Moreover, for y,y' € E(\)
the associated short exact sequences 0 — K v, V(y) Xy S1E — 0 and

0 — Ky Y, V(y) W S4E 0 are equivalent if and only if vy — vy is a
multiple of the standard multi-sequence.

We now follow a standard procedure (cf. [1], Section 1.5, or [20], Chapter
7) to relate extensions of S?E by K to elements of Exth(S?E, K)) and
from this produce a linear epimoprhism F(\) to Ext)(S?E, K) with kernel
consisting of the standard coherent multi-sequences.

We fix an injective module I containing K. Let Q = I/K) and let
v: I — @ be the natural map. Applying Homp(S?E, —) to the short exact
sequence 0 — Ky — I — Q — 0 we obtain an exact sequence

Homp(S?E, I) — Homp(SYE, Q) — Exth(SE, K)

so we may identify Exth(S?E, K)) with Homp(S?E, Q)/Homp(S?E, Q)o,
where

Homp(S?E,Q)o = {v 00|60 € Homp(S?E,I)}.

We write E(SYE, K) for the set of equivalence classes of B-module ex-
tensions '
0= Ky5V-=SES0 (&).
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For such an extension we have, by injectivity, a homomoprhism 6 : V' — I
such that 6 o7 : Ky — I is inclusion. We obtain a homomorphism
0:SE — Q, given by 0(r(v)) = 0(v) + Ky, v € V, and hence an element
0 + Homp(SYE, Q)¢ of Homp(S?E, Q)/Homp(S?E, Q). One checks that
this element depends only on the equivalence class [€] of £. Hence we have
amap ® : F(S?E, K)) — Homp(S?E, Q)/Homp(S'E,Q)o and, for exten-
sions £ and F we have ®([€]) = ®([F]) if and only if £ and F are equivalent.
Now for y € E()) we have the extension 0 — K % V(y) =% S?E — 0,
which we now call £(y). Hence we get a map
U : E(\) — Homp(S?E, Q)/Homp(SE, Q)o, defined by ¥(y) = ®([£(y)]).
It is easy to check that ®([E(y+y')]) = @([E()])+2([E(W)]), fory,y € E(N)
and that ®([E(cy)]) = cP([E(y)]), for y € E(N), y € E()\). Hence we have
a K-linear map ¥ : E(\) — Homp(S?FE, Q)/Homp(S?E,Q)o. It is the
composte of two surjections and hence surjective. Moreover, for y € E())
we have ¥(y) = 0 if and only if ®([E(y)]) =0, i.e., if and only if £(y) is split,
which by Lemma 1.3, is if and only if y is a standard coherent multi-sequence.
Since Homp(SYE,Q)/Homp(SYE, Q) is isomorphic to Ext!(SYE, K)) we
have shown the following.

Proposition 4.5. (i) There is a surjective K -linear map from E(X) to
Extl(SdE, K)) with kernel spanned by the standard multi-sequence.
(ii) We have

dim E()), if A is James

dim ExtL(S9E, K)\) = { o
dim E(\) — 1,  if X is not James.
This prompts the following definition.

Definition 4.6. We shall say that a partition X\ is split if every coherent
multi-sequence for X is a multiple of the standard sequence.

Thus a partition A is split if and only if we have Ext};(N)(SdE, Ky,) =0
(where d is the degree of A\, where N is at least the number of parts of A
and F is the natural G(IV)-module).

5 Extension sequences for two part partitions

Let A = (A1,...,A\,) be a partition of length at least 2. We fix 1 < r <
s <n and set a = \s, b = \;. According to Section 4, (E), we have

(a +; - J')y(r, 8)i = (Z J;.j>y(?% 8)i+s
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forallé,j > 1 withi+ 75 <b.

Definition 5.1. Let (a,b) be a two part partition. By an extension sequence
for (a,b) we mean a sequence (z;) = (z1,...,xp) of elements of K such that

<a+i+j> (i+j>

. Ty = . Tity
J J
foralli,j > 1 with i+ j <b.

Since a general extension multi-sequence is a family of extension sequences
it is important to thoroughly understand the possible extension sequences.
We describe all such in this section. We then specialise to the case of n = 2
to recover the main result of Erdmann’s paper, [9]

We now make some elementary observations on extension sequences.

Remark 5.2. Suppose (z;) is an extension sequence for a two part partition
(a,b) and ¢+ sp* < b, with 0 < ¢ < pF. Then we have

a+c+spk a+c+spk c—i—spk
c l'spk = Spk Te — Spk $C+Spk

k
and moreover, we have (C;ff )

a—l—c—i—spk a—l—c—i—spk
:UC+Spk = c xspk = Spk Te.

=1, by Lucas’s formula. So we deduce

Lemma 5.3. Suppose that (a,b) is a two part partition. An extension se-
quence for (a,b) which is 0 at all powers of p is identically 0.

Proof. Suppose x1, ...,z is such a sequence. By induction it is enough to

prove that z; = 0 and we may assume that b = sp”, for some 1 < s < p — 1.
k

Taking i = (s — 1)p*, j = p* in the defining relation we get (S;’k )Zspe = 0,

and (iﬁf) = 5 # 0 so that x . = 0, as required. ]

Remark 5.4. Let (a,b) be a two part partition. We have the standard
extension sequence (x;) for (a,b) given by z5* = (“77), 1 <i <b.

Remark 5.5. A two part partition (a, b) is James if and only if the standard
extension sequence for (a,b) is the zero sequence.

Remark 5.6. There is a non-zero extension sequence for a James partition
(a,b). To see this consider the sequence of integers N; = (a;”), 1<i<hb.
Note that these integers satisfy the condition

a+i+7 147
(e
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for all 4,7 > 1 with ¢4+ j < b. Let h be the largest positive integer such that
p* divides all N; and set N! = Ni/ph, for 1 <i <b. The we also have

a+i+j 147
(T = ()

for all 4,57 > 1 with ¢+ < b so that taking N{,..., Ny modulo p we obtain a
non-zero extension sequence. We call this the canonical extension sequence.
We shall explore this in greater depth (for James partitions of any length)
in Section 7. In particular we have E(a,b) # 0.

It is easy to describe the extension sequences for a James partition.

Lemma 5.7. Let (a,b) be a two part James partition and let 5 = leny(b).
A sequence x1,...,xTy 18 an extension sequence if and only if

and x; = 0 when i is not a multiple of p°.

Proof. Let k < f and suppose that 1 < s < bg. Then, taking i = (s — 1)p*
and j = p* in the defining condition for an extension sequence, we have

a+ spk . . spk .
P (s—=1)p* = (s — 1)pk spk-

Now k < val,(a + 1) so we have aj, = p — 1 and therefore (a + sp¥), = s — 1

and hence, by Lucas’s formula, (s —1)@(;_1)x = sz, and so we get

Tpk = 2Tgpk = -+ = by, k. (*)

We now apply the defining condition with i = (p — 1)p®~! and j = p#~1.

We get
pb-1 L(p—1)pp~-1 = (p — 1)pf-1 Tps = U-

But (Zﬁf) = (a+p?)s_1 =p—1+ 0 so that T(p—1)ps-1 = 0 and so by
(*), Typ-1 =0for 1 <s < p—1. But now p? —1 < band (a,p® — 1) is
James so we may assume, by induction, that z; = 0 for 1 < i < p®. Now
Remark 5.2 gives that in fact z; = 0 for all ¢ < b, with ¢ not a multiple
of pf. Furthermore the space of extension sequences for (a,b) is at most
one dimensional, by (*). However, we know, by Remark 5.6, that there is a
non-zero extension sequence, it follows that the space of such sequences is
one dimensional and is as described in the statement of the Lemma. O

Remark 5.8. Lemma 5.7 implies that an extension sequence for a two part
James partition is a multiple of the canonical sequence.
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Definition 5.9. A two part partition (a,b) will be called a pomted partition
if b can be written in the form b = b+pP, with B = len, (b) with b < pvalp(atl)
and 8 > val,(a + 1). In this case we call the extension sequence (zP'),
1 <i<b, defined by

P {1, if i = p’;

‘ 0, otherwise.
the point sequence for (a,b).

Remark 5.10. Note that the point sequence is non-standard since, with
the above notation, the p¥th term in the standard sequence (“;5’ ) =ay+1
is non-zero, where v = val,(a + 1).

Lemma 5.11. Suppose that (a,b) is a two part partition which is not James.
Let v =val,(a+1) and § = leny(b). Then (a,b) is split unless we may write
b=1b + pB, where b < p’ < p? and in this case E(a,b) is spanned by the
standard sequence and the point sequence.

Proof. First assume that b = b+ PP, with b< p? < pP. We check that the
point sequence 1, ...,z is indeed an extension sequence. If b = 0 then
we need only to check the defining relation for i + j = p? and in that case
(ZJZ” ) =0 and x; = 0 (for i < p”) so the relation holds.

So we suppose that b>0. We may assume inductively that xq,...,xp_1 is
an extension sequence and again we need only to check the defining relations
with i +j = b. Moreover z;, = 0, as b # p”, and so we must check that
(aer)acZ is zero for b = i+ j. Since z; = 0 for i # p® we may assume that

a+b)

i=p® j= b and we must check that ( = 0. We choose k£ minimal such

that by # 0. Then a; = p — 1 (since b < p¥) and hence (a + b) = by, — 1 so
that ((a+kb)k) =0 and <a-£b> = 0, by Lucas’s Formula.

We now prove that (a,b) is split unless it has the above form and in that
case the space of extensions sequences is spanned by those described above.
If b = 1 then (a b) is not pointed and (since (a,b) is not James) we have
v = 0 and 25* # 0 so that an extension sequence 1 is a multiple of the
standard sequence.

We now consider the case b > 1. Let z1,...,; be an extension sequence
for (a,b).

Assume that (a,b— 1) is not James. If (a,b— 1) is split then zy,..., 21
is a standard sequence and hence, subtracting a standard sequence for (a, b)
we may assume that z; = 0 for ¢ < b. Hence, by Lemma 5.3 (z;) is the zero
sequence unless b = p®. But we have p® — 1 > p? so that > v and (a,b)
is of the required form and the extension sequence is also of the required
form. If (a,b— 1) is not split we may assume inductively that we can write
b—1 = c+ p' with ¢ < p¥ < p'. Moreover, after subtracting a linear
combination of the standard solution and the point solution for (a,b — 1),

27



we may assume that x; = 0 for all ¢ < b. If b is not a power of p this implies
that a3 is also zero by Remark 5.2. Hence we can assume that b = p®. Then
we get p?~1 —1 < p¥ < pP~1, and this is not possible.

It remains to consider the case in which (a,b — 1) is James. So we have
b—1 < p¥ and, since (a,b) is not James, b = p*. By Lemma 5.7 we have

Tpo—1 = 2-T2p”_1 == (p - 1).’E(p,1)pv—1

and z; = 0 for i < b and i not divisible by pU~!.

Taking i = (p — 1)p¥~!, j = p*~! in the defining relation we get

a—+p?
[ A 0.

Moreover a,—1 = p — 1 so that (‘;ﬁ’f) = p — 1, by Lucas’s Formula, and

Tp—1)pe-1) = 0. Hence we have z; = 0 for 0 < ¢ < b = p”. Hence the
space of extensions sequences for (a,b) is at most one dimensional. Hence
the space of extension sequences consists of standard solutions and (a, b) is
split. ]

We now take n = 2 and consider the extensions for the general linear
group G(2), over K. Let (r,s), (t,u) € AT (n,r) with r+s =t +u. Then we
have Exth(Q)(V(r, s), V(t,u)) = 0 unless (r,s) > (t,u). Then have s < u.
Moreover, we have V(r,s) = V(r — 5,0) ® D®* and
V(t,u) =V (t—s,,u—s)®D® where D is the one dimensional determinant
module. Hence we have

EthG(Z)(V(T7 S)v V(t, u)) = EXtIGY(Q) (V(T‘ - S, 0), V(t — S, U — s))

ie.,
Exty o) (V(r, 8), V(t, 1)) = Extéy o) (SYE, V(t = s,u — s)).

where d = r — s. Hence, from Lemmas 5.7 and 5.11, we have the following.

Corollary 5.12. Let (r,s), (t,u) be two part partitions of the same degree.
Then

K, if(t—s,u—s) is James or pointed,
EXté’(2) (V(’l“, S)a V(t, u)) = { ( )

0, otherwise

i.e,
K, ifu—s<p’
Extg o) (V(r, ), V(t,u)) = oru—s—p <p®<ph
0, otherwise

where v = val,(t — s+ 1) and | = leny(u — s).
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We now consider extensions for SLo(K), as in [9]. For r > 0 we write
simply V(r) for the rth symmetric power of the natural representation.
We have EXtéI_Q(K)(V(T),V(S)) = 0 unless r — s = 2m for some posi-
tive integer m. Moreover, in this case we have ExtéLz(K)(V(r),V(s)) =

Exth(Q)(V(r, 0),V(s+m,m)). Hence we obtain the following result of Erd-
mann, [9], (3.6) Theorem.

Corollary 5.13. Forr,s > 0 we have

K, ifr—s=2m is positive even and m < p
1
Extgr, 5y (V(r), V(s)) = orm —pl < p” < ph

0, otherwise.

where v = valy(s + m + 1) and | = leny(m).

In fact A. Parker has given a precise recursive description of all higher ex-
tensions Extgr, ) (V(r), V(s)), r,s = 0, in [19], Section 5 (in the equivalent
dual formulation for Weyl modules).

6 Coherent Triples

In the sections that follow, particularly Sections 8, 10, and 11 we shall be
working extension sequences for 3 part partitions. We here abstract the
notion of a coherent triple from the relations given in Section 4.

Definition 6.1. We fix a three part partition A = (a,b,c). By a coherent
triple of extension sequences for A we mean a triple

((mi)1<i<b, (Yj)1<j<es (2)1<i<c) of extension sequences satisfying the follow-
ing relations:
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(T1) <a+z+k>xi_<a+z'+k:>2k7 l<i<bhl<h<e

k i

k b+
) ("7 Y= (") 1<jk<ejrh<e
(T3a) (aﬂ)yj:2< I Z)(““)aa—ﬁ( e Z)zi,lsiggc;

i =\ s s j—i

a+ti I (b+j—i\(a+i . o )

(T3b) )y = . Ti—s, 1<j<¢j<i<b+y

) A s

Thus if A = (A,...,\,) is a partition of length n and (y(t,u);) is a
coherent multi-sequence for A then for 1 < ¢ < r < s < n we may extract
the coherent triple (x;), (y;), (2x) for (Ag, Ar, As) given by x; = y(q,7)i, y; =
y(r,s);, and 2, = y(q, s)g, for 1 <i <r, 1 <j, k< A,

Remark 6.2. In any coherent triple ((x;), (y;), (2x)) the extension sequence
(z) is determined by (x;) and (y;). (Take i = j in relation (3a).)

We have the space E(\) of all coherent triples for A = (a,b,c). It will
emerge (as a result of explicit calculation) that in fact E(\) is at most two
dimensional.

Note that for A = (a, b, ¢) the standard multi-sequence for A gives the
standard triple o' = (*77), 1 < < b, 3 = ("), 1 < j < ¢, 5 = (“}F),
1<k<e

7 Extensions dimensions for James partitions

Recall that for a partition A\ we write E()) for the space of extension
multi-sequences for A. In this section we determine the dimension of F(\),
for A a James partition. Note that, by Proposition 4.5 this is the dimension
of Ext}B(N)(SdE, K) (where d is the degree of A\, N is at least the number
of parts of A and E is the natural G(N)-module).
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Definition 7.1. A partition X will be called constrained ifExt%(N)(SdE, K))
is at most one dimensional (where d, N and E are as above).

For a James partition A, this is equivalent to the condition that E(\) is
at most one dimensional.

We extend the notion of the definition of the canonical multi-sequence
defined in Section 5 for a two part James partition to an arbitrary James
partition A = (A1,...,A,) of length n > 2.

Definition 7.2. Let A = (\1,..., \p) be a James partition with n > 2 parts.
We define the James index JI()) to be the largest positive integer k such that
p* divides all integers ()";r]), for1<i<nandl<j<M\ii.

Definition 7.3. Let A = (A1,...,\,) be a James partition of length n then
we have the canonical coherent multi-sequence (y**"(r, s);), where y**"(r, s);,
for1<r<s<mn,1<i<M\, is obtained by taking (/\TZTH) /") modulo p.

We begin by deriving a concrete description of the canonical multi-sequence.
Let (a,b) be a James 2-part partition. We put v = val,(a+1), w = val,(b).
We write a = (p¥ — 1) + p*A and b = p* B. Thus we have

a+b\ (0" =1)+p"A+p"BY) _ (p"B—-1+p’'(A+1)
b—1) pvB — 1 B pvB —1

a+b
b—1
a-+b _a+1 a-+b
b b b—1

which shows that valp(azrb) > v — w and also gives
wnf@tbY a+b
()l

| UD)] :(A+1)(fo)

and hence

1 modp (1)

by Lucas’s Formula.
Now we have

so that

so from (1) we get

by |~22| =a, +1 mod p. (2)
In particular (azb) /p¥~™ is non-zero modulo p so that

valp(a_;;b) —v—w 3).
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We now assume that A = (A1,...,\,) is a partition of length n > 2.
We adopt the following notation: v; = val,(A; + 1), for 1 < ¢ < n, and
li = len,()\;) for 2 < ¢ < n. In the light of (2),(3) we now have have the
following description of the James index.

Proposition 7.4. Let A\ = (A\1,..., ) be a James partition with n > 2
parts. Then JI(X) is the minimum of vi — la, ..., vp—1 — l,. Moreover we
have

(Mo, + 1)/t if v —1s = JI(N) and i = tp's;

0, otherwise.

Yyt (r, s)i = {

We fix a three part James partition (a, b, c) and study the corresponding
coherent triples. We set v = val,(a+1), w = val,(b+1) and S = len,(b),y =
leny,(c).

We specialise the above to the case of (a,b,c). (For a two part partition
the canonical sequence, at least up to multiplication by scalars, is given by
Lemma 5.8.)

Proposition 7.5. Let A\ = (a,b,c). Then JI(X\) is the minimum of v — 3
and w — . Moreover the canonical coherent triple (x{*"), (y§*"), (z;*") for
A s given as follows:

can __

. {(av—l—l)/t, ifv—B=JI(\) and i =tp® for some 1 <t < bg;

0, otherwise

can _ (by +1)/t, ifw—y=JI(A) and j =tp? for some 1 <t < cy;
0, otherwise

can _ {(av +1)/t, ifv—y=JI(\) and k =1tpY for some 1 <t <cy;

0, otherwise.

Remark 7.6. Suppose 8 > 7. Then v = len,(b+p”) if and only if b = p¥ —1.
Certainly v = leny,(b+ p”) if b = p* — 1. Now suppose v = len,(b+ p?). We
write b = (p* — 1) + p*“B. Then we have b+ p? = (p” — 1) + p*(B + 1) so
that len,(B+1) = v—w. If B does not have the form p* — 1 for some k then
also len,(B) = v—w and len,(b) = v, which is impossible since 8 < v by the
James condition. Hence we have B = p* — 1 and len,(B+1) =k = v — w
so that b= (p* — 1) +p“ ('™ —1)=p" — 1.

We note that in checking the coherence conditions for a multi-sequence
(y(r, s);) of extension sequences for a James partition sequence A it is suffi-
cient to check coherent of all relevant triples since in the commuting relation
(C), for a commuting quadruple, both sides are zero (by the James condi-
tion).
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Lemma 7.7. (i) If B =~ then X is constrained and

can __ .can __ can
xpﬁ - pry - (aﬁ‘i’l + l)yp'y :

(i) If B >~ and (a,b+p?) is not James then X is constrained and (y;*") = 0,
() = 0.

(113) If B > v and (a,b+p") is James then dim E(\) = 2 and in any coherent
triple we have (z;) = 0 and (x;) and (y;) are multiples of the canonical
sequences, for (a,b) and (b,c).

Proof. We leave it to the reader to check that in (i) and (ii) the canonical
triples are as described.
(i) We have w < f+1 < vso that v—f > w—~. Hence (y;*") is non-zero and,
subtracting a multiple of the canonical sequence from an arbitrary coherent
triple we can obtain a coherent triple (z;), (y;), (2x) in which (y;) = 0. Now
ag = p — 1 so that, taking i = k = p” in (T1), we obtain Ty = 2,8.

We note that § = v < w implies that b = p#t1 — 1. We take j = p¥,

i = pPT! in relation (T3b). The only non-zero term z;_s is obtained by
a+pﬁ+1
pﬁ
= (p — 1), by Lucas’s Formula. So we have x,_1{y,s = 0 and hence
(p—L)p

taking s = p” and we obtain (
("
p

(x;) = 0 and therefore also () = 0. Hence (z;), (y;), (2x) is the zero triple
and every coherent triple is a multiple of the canonical triple.

(ii) We have len,(b+ p?) < 5+ 1 and, since (a,b) is James but (a, b+ p7)
is not James we have len,(b+ p?) = 8+ 1 > v. Hence f+ 1 = v and so
b=p"—1, by Remark 7.6 and so f+1=v = w. Hencev—3 < w—~y,v—7
so that (z§®") # 0. Subtracting a multiple of the canonical triple from an
arbitrary coherent triple we can thus obtain a coherent triple (x;), (y;), (2)
in which (z;) = 0. Taking i = j = p” in (T1) we obtain z,» = 0 and
hence the sequence (z;) = 0. Taking j = p?, i = pT! in (T3b) we get

(azgffl)ypw = 0, ie., (ay + 1)y = 0, therefore y,» = 0 and hence the

)Z(p—1)pe = 0. Moreover, we have

sequence (y;) is 0. Hence (x;), (y;), (2) is the zero triple and every coherent
triple is a multiple of the canonical triple.

(iii) We show first that in this case we have that in any coherent triple
(zr) = 0. Since (a,c) is James it is enough to show that z,» = 0. Now this
follows by (T1) for i = k = p?, using the fact that x,» = 0, since § > v and
(a,b) is James. Therefore dim E(\) < 2 and so it is enough to show that
there is a coherent triple (z;), (y;), (2x) in which (z;) non-zero and (y;) =0,
(z1) = 0 and one in which (z;) =0, (y;) is non-zero and (z) = 0.

We first check that the triple (z;), (y;), (2) with

1/t, ifi=1tp? 1<t <bg;
T; =
’ 0, otherwise

and (y;) =0, (2x) = 0 is coherent.
For (T1) we require (“H’]’fJ“k) =0, for 1 <k <¢,1<t<bg. Thisis true
since (a +tpP, ¢) is James, as valy(a +tp® + 1) > 8> 7. In (T2) both sides
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are 0. For (T3a) we require

i—1<b+j—z’><a+¢)
Z . Ti—s =10
5—0 J]—S S

for 1 < ¢ < j < ¢. However, if in this equation z;_s # 0 then we have
i—s=tpP, for some 1 <t < bg and so 7 > p? and this is impossible since
i < cand vy < . Hence (T3a) holds.

For (T3b) we require

J (b—i—j—z’)(a—i—i)
Z . ZTi—s =0
=0 J]—S S

for 1 < j<¢ j<i<b+j. Now, x;_s is zero unless i — s = tpﬁ and
then (“") = (QHZBH) is zero for s # 0 (as (a+ tp°, c) is James). Hence the
condition to be checked is (bﬂ ;tpﬁ) =0 for 1 < j < ¢, and this is true since
(b—tpP, c) is James.

It remains to check that the triple (z;), (y;), (2) with (x;) = 0, with

o 1/t, ifj=tp’,1<t<cy
vi 0, otherwise

and (zx) = 0, is coherent.

Certainly (T1) is satisfied since both sides are 0. Also in (T2) both sides
are zero since (a,c) and (b,c) are James. We also have that (T3a) holds
since both sides are 0 again (since (a,c) is James). Finally, (T3b) reduces
to the condition that (“JZ”) =0fortp? <i <b+tp?,1 <t < ey Now
if aj, + i, > p for some 0 < h < v then (a;”) = 0 so we may assume that
1 = pYI, for some I # 0. We get

PT <b+tp? <pP—14p¥ = (p¥ —1)+pTL

This gives v < 841 but 5 < v (since A is James) and sov = f+1 and I = 1.
Hence, len, (b + p?) = f+ 1 = v. But this is impossible since (a,b + p7) is
James.

O

Lemma 7.8. Iflo =--- =1, then X is constrained.

Proof. We proceed by induction on n. Certainly the result holds for n = 2, 3,
by Lemmas 5.8 and Lemma 7.7(i). Now assume n > 4 and the result
holds for shorter partitions. Note that JI(A1,...,\,) = v,—1 — [, where
l=1ly="---=1, and so y***(n — 1,n), # 0.

By subtracting a multiple of the canonical multi-sequence from an ar-
bitrary coherent multi-sequence we can obtain a coherent multi-sequence
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(y(r,s);) in which (y(n — 1,n);) = 0. By applying the inductive hypothesis
to the partition (Ag, ..., A,) we obtain (y(r,s);) =0forall2 <r <s<mn.In
particular the sequences (y(2,3):), (v(3,4)i), ..., (y(n—1,n);) are zero. But
now applying Lemma 7.7(i) to the coherent trlple (y(1,2):), (¥(2,3);), (y(1,3)x))
we obtain that (y(1,2);) = 0. Hence the sequences (y(1,2);), (y(3,4):),
.+, (y(n—1,n);) are all zero and (y(r, s);) is the zero multi-sequence. Hence
every coherent multi-sequence is a multiple of the canonical multi-sequence
and we are done. O

Note that for 1 < m < n we have a natural linear map
E(X) — E(A1, ..., \m), which we call restriction, sending a coherent multi-
sequence (y(r,s);), 1 <r < s <mn, 1 < i < )\, to the coherent multi-
sequence (y(r,s);), 1 <r<s<m,1<i<\,.

Lemma 7.9. Suppose that 1 < m < n — 2 and that lyy11 > lmto. Then
restriction E(X) — E(A1, ..., Am+1) 18 surjective.

Proof. Let (y(r,s)i) (1 < r < s < m+ 1) be a coherent multi-sequence
for (A1,..., Am+1). We define a multi-sequence (9(r,s);), 1 <r < s < n,
1 <i < Ag, for A by
) {y(r,s)i, fl<r<s<m+1,1<i< A
g(r,s)i = :
0, otherwise.

We claim that (y(r,s);) is coherent. To do this we check that for all
1 <r <s<t<n, the triple (y(r, s):), (9(s,t);), (4(r,t)x) is coherent.

If1 <r <s<t< m+1 this is true since (y(r,s);) is a coher-
ent multi-sequence. Suppose now that 1 < r < s < m+ 1 and m +
1 <t < n. Then the sequences (y(s,t);) and (y(r,t);) are identically 0.
Moreover we have ls > lpy1 > lLnt2 > I so that I; > [; and the triple
(9(r,8):), (G(s,t);), (y(r,t)x) is coherent, by Lemma 7.7(ii) and (iii). Finally,
if s > m + 1 then (y(r,s)i), (9(s,t);), (9(r,t);) is the zero triple (which is
coherent).

Thus (g(r, s);) is a coherent multi-sequence mapping to (y(r, s);) and the
restriction map is surjective.

O]

Lemma 7.10. If 1 < m < n—2 and lyyo = --- = l, then the kernel of
restriction E(\) — E(A1, ..., Am+1) has dimension at most 1.

Proof. In addition to the restriction map E(X) — E(A1,..., Apy1) we also
have the natural map p : E(A\) = E(Am+1,---, An), taking a coherent multi-
sequence (y(r,s);), 1 <r <s<mn,1<i<\sfor A to the coherent multi-
sequence (g(r,s)i), 1 <r<s<n-—-m,1 <i< Apts, for (Aps1,--.,\n),
where g(r,s); =y(m+r,m+s), for 1 <r<s<n—m,1<i< A,y
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We obtain an injective map E(A) = E(A1, ..., Am+1) @ E(Ams1, -« -5 An)-
But dim E(At1,.-., ) = 1, by Lemma 7.8 and the kernel of restriction
E(A\) = E(M\, ..., Amy1) embeds in E(Apy41,...,A\y) so we are done.

O

The next result essentially determines the dimension of the extension
spaces for James partitions.

Proposition 7.11. Suppose that1 < m < n—2 and 41 > lpmgo = - = ly.
Then we have

. {dimE()\l,...,)\mH), ifm+2=mn and A\py1 = p’™ — 1;
dim E(\) =1 ,
dim E(A1,...,A\my1) + 1,  otherwise.

Proof. First suppose that m+2 = n and A\, +1 = p —1. Let (y(r, s);) be a
coherent multi-sequence in the kernel of restriction E(A) — E(A1, ..., Apt1)-
Thus the sequences (y(1,2);), (y(2,3):), ..., (y(m,m+ 1);) are identically 0.
We have the coherent triple (y(m, m+1);), (y(m+1,m+2);), (y(m, m+2);).
Moreover, ((y(m, m+1);) is identically 0 and l;;,4+1 > ly,42 so that, by Lemma
7.7(i1), (y(m+1,m+2);) is 0. Hence the sequences (y(1,2);), (y(2,3):), ...,
(y(n —1,n);) are 0 and so (y(r,s);) is the zero multi-sequence. Thus the
kernel of the restriction is 0 in this case and by Lemma 7.9, we have
dlmE()\) = dlmE()\l, ey Am+1).

We next consider the case vy, > leny(Ap41 +plm+2). We have the canonical
multi-sequence (y“*"(r, s);) for (Am+1, - - -, Ap) and we make a multi-sequence
(y(r, s);) for A by putting y(m+r, m+s); = y**(r, s);, for 1 <r < s <n—m,
1 < i < Ag, and all other terms 0. We check that this is a coherent multi-
sequence and hence the kernel of restriction E(A) — E(A1,..., Am41) is not
zero.

We have to check that each triple (r,s,t) with 1 <r < s <t < n gives a
coherent triple of extension sequences (y(r,s);), (y(s,t);), (y(r,t)x).

If t < m then this is the zero triple (which is coherent).

Suppose next that 1 <r <s <m, m+1 <t Again (y(r,):), (y(s,t);),
(y(r,t)x) is the zero triple and so coherent.

Suppose now that 1 <r < m, m+1 < s <t < n. Then the sequences
(y(r,s);) and (y(r,t);) are identically 0 and since we have

Up > Uy > leny, (A1 +pl’"+2) > leny (s + plt)

the triple (y(r,s)i), (y(s,t);), (y(r,t)x) is coherent by Lemma 7.7(iii).
Finally if m+1 < r < s < t < n then we may write r = ro+m, s = sop+m,
t =ty +m and

((w(r, 8)i), (y(s,1)5), (y(r, D)r)) = (B (0, 50)i), (¥°*" (50, t0)5), (¥ (ro, o)1)
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which is certainly coherent. Hence (y(r, s);) is a coherent multi-sequence in
the kernel of restriction E(\) — E(A1,..., Apm+1) and so by Lemmas 7.9 and
7.10 we have dim E(\) = dim E(A1, ..., A1) + 1.

It remains to consider the case m+2 < n and A\,+1 = p* —1. Once again
we use the canonical multi-sequence (y“*"(r, s);) for (A1, .., A\n) to define
the multi-sequence (y(r, s);) for A with y(m+ro, m+s¢); = y***(ro, S0)i, for
1<ry<sp<n—m,1<1i< A4, and all other terms 0.

We need to check that (r,s,t), with 1 <r < s <t < n, gives a coherent
triple ((y(r 5):), (y(5, 1)), (u(r D).

If 1 <7 < s <m then this is the zero triple.

Now suppose that 1 <r <m, s =m+1 <t <n. Then (y(r,m + 1);)
and (y(r,t)x) are identically 0. Now Iy, 42 < lLnt1 S0 that Ao # Apy1 so
that A2 < p¥ — 1 and so vp42 < Vy,. Thus we have

Um+1 — It = v — I3 > Um+2 — It > v, 11—y = JI(Am_H, .. .,/\n).

Writing ¢ = m + ¢y we thus have that (y“*"(1,%);) is the zero sequence, by
Proposition 7.4 and hence (y(m + 1,t);) is the zero sequence and
((y(r,m4+1);), (y(m+1,%);), (y(r,t))) is the zero triple, and hence coherent.

Now suppose that r < m, m+ 1 < s <t < n. Again we have that the
sequences (y(r, s);)) and (y(r,t)y) are zero. We claim that v, > len,(As+p')
and hence, by Lemma 7.7(iii), the triple ((y(r,s):), (y(s,t);), (y(r,t)x)) is
coherent. We have v, > vy, and len,(As + plt) < leny,(Apm42 + plt) so it is
enough to check that v,11 > len,(Api2 + p't). If this fails then we have
Amao = pUm+tl — 1 = p¥» — 1 and this is not possible since 1, +1 > lm4o.

Finally if m+1 < r < s < t < n then we may write r = m+rg, s = m+sg,
t =m+ty and

((w(r, 8)i), (y(s,1)5), (y(r, D)r)) = (¥ (0, 50)i), (4" (s0, t0);), (¥ (r0, to)1))

which is certainly coherent.
Thus the kernel of restriction E(X) — E(A1,..., A1) is not zero and by
Lemmas 7.8 and 7.9 we have dim E(\) = dim E(A1, ..., Amy1) + 1. O

Definition 7.12. Let A = (A1,..., \n) be a James partition of length n. We
define the segments of \ to be the equivalence classes of {1,...,n} for the
relation v = s if and only if I, = ls. For1 <r,s <n we definer and s to be
adjacent if they belong to the same segment or if 1l <r <n, s=r+1 and
r + 1 is the only element in its segment and A\, = p’"—1 — 1. We define the
p-segments of X\ to be the equivalent classes of {1,...,n} for the equivalence
relation generated by adjacency.

For a James partition A we define e(\) = dim E(\).
Corollary 7.13. Let A = (A1,...,\n) be a James partition of length n > 2.
(i) If Iy = ly then e(\) is the number of p-segments of {1,...,n}.

37



(ii) If l1 > la then e(\) is one less than the number of p-segments of

{1,...,n}.

Proof. We argue by induction on n.

(i) If i = lg = --- = [, then the result is true by Lemma 7.8, in particular
the result holds for n = 2. Suppose now that there are at least 2 segments
and let 1 <r <nbesuchthatl, >,y =...=1,. Thenr >2. Ilfn—r > 2
then we have e(\) = e(A1,...,A\r) + 1, by Proposition 7.11, and inductively
we have that this is one more than the number of p-segments in (A1,...,\;),
i.e., the number of p-segments in A. So we may assume that r = n — 1. If
Ar # p’—1 —1 then by Proposition 7.11, we have e(A) = e(A1,..., Ap—1) + 1,
i.e., one more than the number of p-segments in (A1,...,A,—1) and this is
the number of p-segments in A. If A\, = p¥=1 — 1 then, by Proposition 7.11
we have e(A) = e(Aq, ..., An—1), the number of p-segments in (A1, ..., A\p—1),
and this is also the number of p-segments in .

(ii) If n = 2 we have e(A\) = 1 and A has two p-segments so the result is
correct. If A has two segments then we have [ > Iy = ... = [, so A also
has two p-segments and the result is correct, by Lemma 7.8. Now suppose
that A has at least three p-segments and that 1 < r < n is such that

lp > lpy1 =+ =1,. Then we have r > 2. If n —r > 2 then, by Proposition
7.11, we have e(\) = e(A1,...,Ar) + 1, which is the number of p-segments
of (A,..., ;) and this is one less than the number of p-segments of A, as

required. So we may suppose that r =n — 1. Again if A, # p’—* — 1 then
Proposition 7.11 gives e(\) = e(A1, ..., Ap—1) + 1, which is the number of p-

segments of (A1, ..., \,—1) and hence one less than the number of p-segments
of A\. If Ay # p¥~—1 — 1 then Proposition 7.11 gives e(A) = e(A1,..., A\n—1)
which is one less than the number of p-segments of (A1, ..., A,—1) and hence

also one less than the number of p-segments of .
O

8 Three part partitions (a,b,c) with (a,b) James
and (b, c) not James

We fix a three part partition A = (a, b, c).
We set = len,(b), v = leny(c), v = valy(a + 1) and w = val,(b+ 1).
We have the standard coherent triple of extension sequences given (z;), (y;),

(1), given by a5t = (“77), yit = ("), 25t = (“}F), for 1 <i < b, 1 <k <e.

Lemma 8.1. Assume that (a,b) is James and (b, c) is not James. Then \
is non-split if and only if (b, c) is pointed and v > len,(b+ p7). In this case
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E(X) is spanned by the standard triple and the triple with (x;) =0, (z) =0
and (y;) given by
1 ifi=p
Yi= {0, otherwise.

Proof. We claim that in any coherent triple (z;), (y;), (2x) we have (z;) =0
and (z;) = 0. Since (a,b) and (a,c) are James it is enough to show that
z,s = 0 and that z,» = 0. Suppose first that w < . Now >~y > w (since
(b,c) is not James) so we may apply relation (T3b) in the case j = p",

i=pP. We get
b+p¥ —pf
0= pw xpﬂ

(since z; = 0 for i < p®). By Lucas’s Formula we get (b, + Dz,s = 0 so that
r,s = 0 and (z;) = 0. Also by (T3a) for i = j = p7 we have that 2 = 0
and so (zx) = 0.

We now suppose 8 < w. Since 8 > = > w this implies 5 = w and § = ~.
Since (a,b) is James we have ag = p — 1 and (T1) with i = k = p” gives
T, = 2,6. But (T3a), with i = j = PP gives 0 = (pbﬁ)a:pa + 2,8 = 0, ie.,
bga:p;a + 2z = 0 and hence (bg + 1):1:105 = 0. Now bg = b, # p — 1 so that
(bg+1) #0 and so x,s = 0 and (x;) and (2x) are the zero sequences.

Assume that (b, ¢) is split. Then we can subtract a multiple of the standard
triple from an arbitrary coherent triple for A to obtain a coherent triple
(xi), (y5), () in which (y;) = 0. But, then by the claim, (z;) = 0 and
(zx) = 0 and hence (x;), (y;), (z) is the zero triple. Hence E(\) consists of
multiples of the standard triple and A is split.

Now suppose that (b,c) is pointed. After subtracting a multiple of the
standard triple from any coherent triple we can obtain a coherent triple with
(2;) =0, (2,) =0 and y; = 0 for j # p".

We consider the triple of extension sequences given by (x;) =0, (zx) =0
and

pt __ L, ifj=p;
i 0, otherwise.

Then (T1),(T2),(T3a) hold trivially for this triple and so it is coherent if
and only if (T3b) holds, i.e., if and only if (a;ri)y?t =0foralll <j<cg,
j < i < b+j, ie, if and only if (*I*) = 0 for all p¥ < i < b+ p7,
ie., if and only if @ > b+ p? and (a,b + p?) is James, i.e., if and only if
v > len, (b + p7). It follows that E()) is spanned by the standard solution
if v = len,(b+ p?) and by the standard solution and the point solution just
constructed if v > len, (b + p7).

O
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9 General results for n-rows

Let A = (A1,...,A,) be a partition of length n > 4. Let (y(r,s);), be
a coherent extension multi-sequence for A\. We shall use the commuting
relation, Section 4, (C), in the following special case.

For 1 <r < s <n with s # r + 1 we have

As +J Ar i ) .
() ( ;_‘7>y(r,r+1),- = ( ;— Z)y(s,s+1)j, 1<i<ANi1,1 <7< Agy1-

We shall use the notation v; = val,(A;+1), for 1 <i <n—1andl; = leny,(\;),
for 2 <i<n.

Lemma 9.1. Suppose that 1 < r < n and (A, \r+1) is not James. Let
(y(t,u);) be a coherent multi-sequence for A and suppose that (y(r,r + 1);)
is either zero or the point extension sequence. Then, for 1 < s < n with
s#r—1,r,r+1 the extension sequence (y(s,s+ 1);) is zero.

Proof. If (Ar, A\r41) is pointed and (y(r,7+1);) is the point sequence we have
vy < ly41 so in all cases we have y(r, 7+ 1),0r = 0. We have the commuting

relation \ \ ;
+3j +pUr
< Sj j)y(r,r—l— 1)por = ( prp )y(s,s—i— 1);

for 1 < j < Ag41. The left hand side is 0 and A, has v,th component in the
base p expansion different from p— 1 so Lucas’s Formula (’\T;,f T) is non-zero
and therefore (y(s,s +1);) = 0.

O

We give now a short proof of Weber’s main theorem, [23] Theorem 1.2.

Lemma 9.2. Let A = (A1,...,\,) be a partition with n > 5. Assume that
there exist two pairs of consecutive rows of A, say (Ar, A\r+1) and (As, As+1),
with v + 2 < s < n which are not James pairs. Then X is split.

Proof. After subtracting a standard multi-sequence from an arbitrary co-
herent multi-sequence we can obtain a multi-sequence (y(¢,u);)) in which
either (y(r,r+1);) =0 (if (\r, A\r1) is split) or (y(r,r+1);) is a multiple of
the point sequence (if (A, A+1) is pointed). By the above Lemma we have
(y(t,t+1);) = 0fort # r—1,r,r+1. In particular we have (y(s, s+1);) = 0.
Applying the above Lemma again with s in place of r we get (y(¢,t+1);) =0
ift #s—1,s,s+1. Thus we get (y(t,t +1);) =0 forall 1 <t < n and
hence (y(t,u);) is the zero multi-sequence for \. We have shown that we
can obtain the zero multi-sequence by subtracting from an arbitrary coher-
ent multi-sequence a multiple of the standard multi-sequence. Hence E()\)

consists of multiples of the standard multi-sequence and A is split.
O
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We formulate this result in the following way.

Remark 9.3. Let A = (A1,...,\,) be a partition which is not James. Let
r be minimal such that (A, A,+1) is not James. If A is not split then either:
(i) the partitions (A1,...,Ar) and (Ar43,...,Ay) (if n > r+3) are James; or
(i) (A1,...,Ap—1) is James but (A,—1, A,) is not.

We show now that whether or not A is split depends heavily on the triple
(Ary Adrt1, Arg2) in the first case and on the pair (A,—1,Ay,) in the second
case.

Proposition 9.4. Let A\ = (A1,...,\,) be a partition which is not James
and r < n — 1 minimal such that (A, A\r11) is not a James pair.

(i) If r < n — 2, then the restriction map E(N) — E(Ar, Adrs1, \rg2) is
injective.

Equivalently, if (y(t,u);) is a coherent multi-sequence in which the exten-
sion sequences (y(r,r + 1);) and (y(r + 1,7+ 2);) are zero then (y(t,u);) is
identically zero. In particular if (Ar, Ar41, Arg2) s split then X is split.

(i1) If r = n — 1, then the restriction map E(X) — E(Ap—1, \n) is injective.

Equivalently, if (y(t,u);) is a coherent multi-sequence in which the ex-
tension sequence (y(n — 1,n);) is zero then (y(t,u);) is identically zero. In
particular if (An—1, \n) s split then X is split.

(117) If r = n — 1, we also have that the restriction map
E(N) = E(M—2, \n—1, \n) is injective.

Equivalently, if (y(t,u);) is a coherent multi-sequence in which the exten-
sion sequences (y(n — 2,n — 1);) and (y(n — 1,n);) is zero then (y(t,u);) is
identically zero. In particular if (An—2, A\n—1, An) s split then X\ is split.

Proof. We give the details of the proof of (i). The proofs of (ii) and (iii) are
similar. Let (y(¢,u);) be a coherent multi-sequence for A in which (y(r,r +
1);) and (y(r+1,7+2);) are zero. By Lemma 9.1 we have then that (y(¢, ¢+
1);) = 0 for t # r—1. Moreover, by Lemma 8.1 we get that (y(r—1,r);) =0,
since (Ar—1, Ar) is James. Hence we have (y(t,t+1);) =0forall 1 <t <mn
and (y(t,u);) is the zero multi-sequence. This proves everything. O

We finish this section with the case where in which the first pair of rows
of A which is not a James pair is the last two rows.

Proposition 9.5. Suppose n > 3 and that A = (A1,...,\,) is not a James
partition, but (A1, ..., A\p—1) is James.

The partition X is non-split if and only if (An—1, An) is pointed and vy,_o >
len,(Ay—1+pn). In this case E()\) is spanned by the standard multi-sequence
and the point sequence (yP*(r, s);), given by

17 z'f(r,s):(n—l,n),i:pl";
0, otherwise.

ypt (T7 S)i = {
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Proof. Let A be non-split. By Proposition 9.4(iii) and Lemma 8.1 we can
assume that (A,—1, Ap) is pointed and vy,—o > leny(Ap—1 +p'*). It remains to
prove that the point multi-sequence (yP*(r, s);), as described in the statement
of the lemma, is coherent.

Notice that for (s,t) with s < ¢ < n — 1 the pairs (s,t) and (n — 1,n)
are related via the commuting relation (C). Since for any such (s,t) the
partition (Ag, A¢) is James and (y(s,t);) = 0 we have that both sides in the
commuting relation are zero and so this relation is satisfied.

Hence it remains to check the coherence conditions for the triples
(Ags An—1, Ap—2) with ¢ <n — 2. For ¢ < n — 2 we have that
Vg > Vp—2 > leny(Ap—1 + pl“). Therefore by Lemma 8.1 our multi-sequence
satisfies the coherent conditions for all these triples.

O]

Therefore, from now on, we need only consider a partition A which con-
tains a non-split triple (A\;, Ar4+1, Ar42) such that (A, A\y41) is not James but
(A, A) and (Ap43,...,A,) are James. We shall take up our analysis in
these terms in Section 12, after dealing with the remaining cases of 3-part
partitions in Sections 10 and 11.

10 Partitions (a,b,c) with (a,b) split.

We continue our analysis of F(\) for a 3 part partition A = (a,b,c). We
have already dealt with the case in which A is James, in Section 7 and with
the case where A is not James and (a, b) is James in Section 8. So we assume
from now on that (a,b) is not James. In this section we consider the case in
which (a,b) is split.

As usual we write 8 = len,(b) and v = leny(c) for p-adic lengths of b and
c and v = val,(a+ 1) and w = val,(b+ 1) for the p-adic evaluations of a + 1
and b+ 1.

Since (a, b) is not James we have § > v. Moreover since (a,b) is split, it
is not pointed.

Lemma 10.1. If (a,c) is James, i.e., v < v, then A = (a,b,c) is split.

Proof. Let (x;), (y;j), (2) be a coherent triple for A = (a, b, ¢). Since (a, b) is
split after subtracting a multiple of the standard triple we obtain a coherent
triple, which we also denote (z;), (v;), (2x), in which (z;) = 0. By Remark
6.2 It is enough to show that (y;) = 0.

Since v < v we have that ¢ < p” and so we may take ¢ = p” in (T3b) to
get
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a—+ p’
(e
p

and (a;fv) =ay +1# 0 so that y; =0 for j <c.

We have shown that from any coherent triple we may subtract a multiple
of the standard coherent triple to obtain the zero triple, i.e., all coherent
triples are standard, F(\) is one dimensional, and A is split.

O
We therefore assume now on that v > v, i.e., (a,c) is not James.
Lemma 10.2. If (a + p¥,b) is not James then A\ = (a, b, c) is split.

Proof. We must show that every coherent triple is standard. After subtract-
ing a multiple of the standard triple from an arbitrary coherent triple we
obtain a coherent triple (z;), (y;), (2x) with (x;) = 0 and it is enough to
prove that this triple is zero.

Taking i = k = p! < p’ in relation (T1) we get

a—i—pt +pt
0= pt Zpt

and, since a; = p — 1 (as t < v) we get (a + p' + p'); = 1 and hence, by

i t
Lucas’s Formula, (“J“p P )

(T1), we get

=1 and 2z, = 0. Now suppose v < ¢ < . From

a+i+pt
0= . Zpt
p

for 1 <4 <b. If t = v then we have (aﬂfﬂ) # 0 for some 1 <4 < b (since
(a+p",b) is not James) and we get z,» = 0. If v < ¢ then for i = p” we have

(aﬂ;rpt) = (a“;;;ert) =a, +1#0, and again z, = 0. Hence (z;) = 0.

For 1 <t < v, choosing ¢ = p*, j = p' in (T3b) we get y, = 0. For
v <t < wetake i = p¥, j = p' in (T3a) to get y,r = 0. Hence (y;) = 0
and we are done.

O]

Remark 10.3. (i) Therefore form now on we can assume that val,(a +
p'+1) > 8 (ie. (a,b+ p") is James), which means that a; = p — 1 for
0<t<pB,t#vanda,=p—2.

(ii) Recall that we are assuming that v > v.

These assumptions will be in force for the rest of this section.

Lemma 10.4. Assume that (a,b) is split. Under the assumptions of Remark
10.3, in any coherent triple (z;), (y;), (2x) for A = (a,b,c) we have:

(i) x; =0 fori # p; and

(it) z, = 0 for k # p".
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Proof. Suppose 1 < i < b. If (a:”) # 0 then we have aj, + i, < p — 1 for
all 0 < h < B, by Remark 3.1. But by Remark 10.3 the only possibility is
i = p¥. This proves that 5" = 0, for 1 <4 < b, i # p and also proves
that 25 =0, for 1 < k < ¢, k # p”. Moreover, since (a,b) is split (z;) is a
multiple of the standard sequence and we have (i).

Since (a, ¢) is not James, it is either split or pointed. If (a, ¢) is split then
(zx) is a multiple of the standard sequence and hence 2z = 0 for k # pv. If
(a,c) is pointed then (zj) is a linear combination of the sequences (23') and
(22"). Now 2§t = 2" = 0 for k # p?,p7. If v = v we are done. If v > v we
take i = j = p” in (T1) to get

a+p’+p?
o zpy = 0.

Now a, = p — 1 and we get (“H? fpw) =1 so that z,» = 0 and we are done.

O]

Remark 10.5. Assume that (a+p,b) is James. If (z;), (y;), (2x) is a triple
of extension sequences for A and x; = 0 for i # p” and 2z = 0 for k& # p¥
then relation (T1) is satisfied. In fact both sides of the equation (T1) are
zero. If x; # 0 then ¢ = p¥ and in that case (“+]i+k) =0 (since (a + p¥,b) is
James). This shows that the left hand side is 0. The argument also shows

that the right hand side is 0.

Remark 10.6. Assume that (a,b) is split. Under the assumptions of Re-
mark 10.3, we have by Lemma 10.4 that in any coherent triple (x;), (y;), (2)
for A = (a,b,c), z; = 0 for i # p¥. Here we give a very simple expression of
the relations (T3a) and (T3b) for these partitions. If a term (“:i)xi,s #0
appearing in the right hand side is non-zero then we have i — s = p¥ so
that (*7) = (aﬂfﬁ) # 0. Since s < ¢ and (a + pY,c) is James the only
possibility is s = 0. Hence the equations take the following forms

SR G N UL S

for1 <i<j<c and
a—+1 b+j—1
()= (757 8

for1<j<c,j<i<b+j.
It will be easier sometimes to use these simplified forms of (T3a) and
(T3Db) in order to prove that certain partitions A are not split.

Lemma 10.7. If (a,b) is split and (b, c) is James then A = (a, b, c) is non-
split if and only if vy = v, ¢, =1 and len,(b+ p¥) < valy,(a +p” +1).

In this case E(\) is spanned by the standard triple and the triple (x;), (y;), (2k)
with (z;) =0, ypo =1, 2pp = =1 and yp, = 2z, = 0 for k # p".
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Proof. Assume that A is non-split. Then there exists a non-standard coher-
ent triple (z;), (y;), (z) for A and, subtracting a multiple of the standard
triple we obtain a non-zero coherent triple, also denoted (x;), (y;), (2x), in
which (z;) = 0. Taking i = j = p¥ in (T3a) we obtain, via Remark 10.3,
that (p — 1)ype = 2pv, ie., ypo + 20 = 0. If v > v then y,e = 0 since (b, c) is
James and so z,» = 0. Moreover, taking i = p¥ and j = p” in (T3a) we get
that y,» = 0 and so A is split. Therefore we must have that v = .

Now if p¥ < tp¥ < ¢ then, taking ¢ = p¥, j = tp¥ in (T3a) we get —yiv =
0 since (b,c) is James. But (y;) is an extension sequence for the James
partition (b, ¢) so this is only possible if (y;) = 0. But then (z;), (y;), (2x) is
the zero triple and A is split. Hence (if A is non-split) we must have ¢, = 1.

Moreover, we have y, = 2z, = 0 for k # p¥ and y,» + z,» = 0. Hence A is
non-split if and only if F(\) is spanned by the standard coherent triple and
the triple (x;), (y;), (zx) with (z;) =0, ypr =1, zpp = =l and yp, = 2, =0
for k # p".

It remains to determine when this triple is coherent. The condition (T1) is
satisfied by Remark 10.5. The condition (T2) is that (“;k) =0forp'+k <c
(using the fact that (b,c) is James). This implies that k£ < p”, since ¢, =
¢y = 1 and so (T2) holds.

We now consider (T3a). For ¢ = j it is enough to check (T3a) for i =
j = p” and we have already done this. For ¢ < j the right hand side is
always zero (since (b, ¢) is James) and it is enough to take j = p”. But then
(“T) = 0 so that (T3a) holds.

Now (T3b) holds if and only if we have

(19

for p¥ < i < p” +b. We claim that this is exactly the condition for
(a+p¥, b+p") to be James, i.e., len,(b+p¥) < val,(a+p"+1). First assume
that this condition holds. Then we get a; = p — 1 for all p¥ < p! < p” +b
and so (a+p¥); = p—1for all pt < b+p?, ie., (a+p’ b+p?) is James. We
leave it to the reader to check the reverse and thus complete the proof.

O

Therefore from now on we consider cases in which v > w (i.e., (b, ¢) is not
James). Recall that we also always assuming that v > v.

Remark 10.8. Assume that v > w (and so (b, ¢) is not James). Then after
subtracting a multiple of a standard solution from an arbitrary coherent
triple we can get a coherent triple (z;), (y;), (2x) in which y; = 0 for j # p?
(with y,» also 0 if (b, ¢) is split).

Lemma 10.9. Ify > w > v then A = (a,b,c) is split.
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Proof. By Remark 10.8, we can subtract a standard triple from an arbitrary
coherent triple to obtain a coherent triple (x;), (y;), (2) in which y; = 0 for
j # p?. Also by Lemma 10.4, we have x; = 0 for i # p¥ and z; = 0 for
k # p’. Hence, it is enough to prove that z,v = zp0 = yp» = 0.

First notice that y,» = 0. This is certainly true if v > w. If v = w then
(b, c) is split and so we have again that y,» = 0.

Setting now ¢ = p¥ and j = p" in relation (T3a) we have that,

b W U b W U
0:( +I;w p)xpu+( _;u]ppvp )Zp'u.

Moreover, we have that (b+p;u_pv) = (by + 1). Also, (b;;gi;fv) =0 as
b—p"+p*)y =p—2and (p¥ —p"), = p— 1. Hence we conclude that
(by +1)xpe = 0 and so xpe = 0. Now taking i = j = p” in (T3a) we get that
zpe = 0, since ypv = xpe = 0.

Finally, for i = p¥ and j = p? in (T3a) we get again that (“;f Ny =0,
and since a, = p — 2 we obtain —y,» = 0 and we are done, i.e., we have
shown that F()\) is spanned by the standard triple.

]

Therefore we can assume from now on that v > v > w.
Lemma 10.10. Ify > v > w then A = (a,b,c) is split.

Proof. Again after subtracting a standard triple from an arbitrary coherent
triple we can obtain a coherent triple (;), (y;), (2x) in which y; = 0 for
j # p7. Also by Lemma 10.4 we have that x; = 0 for ¢ # p” and 2 = 0 for
k # p¥ and so it is enough to prove that x,» = zv = yp» = 0.

Since v > v > w we have that p’ + p* < ¢. Applying relation (T2) with
7 =p¥ and k = p", we have

b+ p¥
0= ( v )Zp“ = (bw + 1)zpv,

and so z,v = 0.
Now taking i = p” and j = p" in relation (T3b) we get

b + w _ U
0= ( ];w b )W = (by + Dape
and so zpv = 0.
Finally, taking ¢ = p” and j = p? in (T3a) we get (a;f )y = 0, and since
a, = p — 2, we have that —y,» = 0. Hence E()) is spanned by the standard

triple.
O
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Therefore we are left with the following three cases vy =v =w, vy =v > w
and v > v = w.
Note that if v = v = w then (b, ¢) is split.

Lemma 10.11. Suppose that (a,b) is split and that (b,c) is split. Then
A = (a,b,c) is non-split if and only if (a + p*,b) is James and :
(i) if by = 0 then val,(b —p” + 1) >~ (in particular b — p® > c);
(ii) if by # 0 then v =v =w and ¢y, = 1.

If X is non-split then E()) is spanned by the standard triple and the triple
(x:), (y5), (z1) with (y;) =0, &y =0 fori # p*, 2, =0 for k #p¥, xpo =1
and zpr = —by.

Proof. Assume that X is non-split. Let (x;), (y;), (2x) be a non-standard co-
herent triple for A. By subtracting a multiple of the standard triple we obtain
a non-zero coherent triple, also denoted (z;), (y;), (2x), in which (y;) = 0 and
by Lemma 10.4 x; = 0 for i # p¥ and z; = 0 for k # p”. We apply (T3a)
in the form of (*) of Remark 10.6, with i = 5 = p¥ (which we may do since
v > v) and we get (pbv);cpu + zpv = 0. Hence we must have that x,» # 0 and,
after scaling, we may assume that x,» = 1 and 2z,» = —b,. Now we just need
to check the conditions for this triple to be coherent.

We check (T3b) in the form of (**) of Remark 10.6. This is clearly satisfied
unless ¢ = p¥, in which case we have that (T3b) will be satisfied if and only
if, for all 1 < j < p¥ we have (b_pjvﬂ) =0, ie., (b—p¥, p'—1) is James (in
particular b > 2p¥ — 1). We now assume this. Notice that this gives directly
that w > v and since v > w we have that v = w.

Condition (T1) is satisfied by Remark 10.5.

We consider the cases: (i) b, = 0 and; (ii) b, # 0.

Case (i). Suppose b, = 0. The condition (T2) is satisfied trivially. In (T3a)
(in the form of (*) of Remark 10.6) we can assume that i = p” and the
condition is that (bﬂj_pv) = 0 for all p¥ < j < ¢. However, we also have that
(b—p¥,p¥ — 1) is James and (b+pvv_pv) = b, = 0 so the condition is precisely
that (b—pY, c) is James, i.e., val,(b—p" + 1) > v (in particular b —p” > c¢).

Case (ii). Suppose b, # 0. Then (T2) gives (bijj) =0forl1<j<c—pY ie.,
(b,c—p") is James. Note that this implies len,(c —p"”) < leny(c) (since (b, c)
is not James) and since v > v = w we get that v = v and ¢y, = 1. We now
consider (T3a), in the form of (*) of Remark 10.6. Once again we only need
to consider the case ¢ = p¥ and the condition is then (bﬂ;pv) — (ber{ ;f,’v)bv =0
for p¥ < j < ¢. The condition holds if j = p¥. Writing j = p¥ + ¢, with
1 <t<c—p¥<p¥—1the condition is (tlfptv) = (thrt)bv, for1 <t<c—pvor,
since (b, c—p") is James, (tlftv) =0,for1<t<c—p’ Soletl<t<c—p"
Hence leny,(t) < len,(c — p”§ < v (since v = v and ¢, = 1). Now we have

((bzt)i) = 0, for some 0 < i < v, by Lucas’s Formula and the fact that
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(b,c — p¥) is James. But then, since i < v we have (¢ + p"); = t; and so
(tlf;,i) = 0, by Lucas’s Formula again.
U

We have dealt with the situation in which (b, ¢) is split and we move on
to the case in which (b, ¢) is pointed.

Lemma 10.12. Assume that (b,c) is pointed and v = v > w. Then A\ =
(a,b,c) is non-split if and only if len,(b+ p¥) < valy(a +p” + 1).

In that case E(X) is spanned by the standard triple and the triple (x;), (y;), (2k)
with (x;) =0, y; = 2z, = 0 for j,k < c and j, k # p*, and ypo =1, zpp = —1.

Proof. Assume that X is not split. Since (b,c¢) is pointed we may write
c=c¢+p?, with ¢ < p¥ < p7. After subtracting a standard triple from an
arbitrary coherent triple and using Lemma 10.4 we can obtain a coherent
triple (z;), (y;), (2) in which 2; = 0, y; = 0 and 2, = 0 for 4,5,k # p°.
Moreover, taking i = p¥, j = p%, in the form (**) of (T3b) from Remark
10.6, we get

b w o v
0:( U -p
p

)f]fpv = (bw -+ l)xpv

and so zp» = 0.
Taking ¢ = j = p" in the form (*) of (T3a) from Remark 10.6, we get

a—+ p’
Y Ypv = 2pv

and, since a, = p — 2, we get y,v + z,v = 0. Hence A is non-split if and
only if the triple (x;), (y;), (2x) with (z;) =0, y; = 2z, = 0 for j,k < c and
J.k #p’, and yp» = 1, 2p» = —1 is coherent.

Certainly condition (T1) is satisfied. Note that in (T2) the left hand side
is 0 since we either have j # p” or 1 < k < ¢ < p¥. Similarly the right hand
side is 0 so that (T2) is satisfied.

We now consider (T3a) in the form (*) from Remark 10.6. For ¢ = j we
need only to consider ¢ = j = pY, and this we have already done. So we
assume that ¢ < j. We may assume that i = pY or j = p¥. Fori =p”" < j <c
since v = v we have j = p” + ¢ with 1 <t < ¢. So the condition reads
0= (bjff;fv) = (bJ{t) i.e., (b, ¢) is James, but this is true by hypothesis, since
¢ <p¥. For 1 <1< j=p"both sides are 0 and the condition holds.

Finally, we consider (T3b) in the form (**) from Remark 10.6. The con-
dition is simply that (“J.“i) =0 for all p¥ < i < b+ p'. Now we already have

3
(aﬂgjl’h) =ap+1=0forl1 <h<wvand (a“;:fpv) = a, +2 = 0. Moreover
for p¥ < p < p¥ + b we have (“;}L’h) = (‘7’“‘1;: P h), so the condition implies
that (aﬂfﬁ) =0 for all t = p" < b+ pY, ie., (a+ p” b+ p¥) is James.
Moreover it is easy to reverse the argument to show that if (a + p”,b + p)
is James then (T3b) holds.
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Lemma 10.13. Assume that (b,c) is pointed and v > v = w. Then X\ =
(a,b,c) is non-split if and only if (a + p¥,b) is James and either:

(i) valp,(b—p” +1) > ~; or

(i1) val,(b — p” + 1) =~ and len, (b + p7) < val,(a +p¥ + 1).

If X is non-split then E(X) is spanned by the standard triple and the triple
(1), (Y5) (zk) with (z) =0, x; = 0 fori # p¥, xpw =1, y; =0 for j # p”
and ypo = —b,.

Proof. Assume that A is not split. We write ¢ = ¢+ p” with ¢ < p¥ < p7.
By Lemma 10.4, from an arbitrary coherent triple we may subtract a
multiple of the standard triple to obtain a coherent triple (x;), (y;), (2x)
with z; = 0 for ¢ # p¥, 2z, = 0 for k # p¥ and y; = 0 for j # p7.
We show first that z,» = 0. Indeed, since v < 7 the relation (T2) applies
for j = k = p¥ and we get

b+ pY
- ( pY )Zp“’ = (by + 1)zp»

and since v = w we have b, +1 # 0 and so z,v = 0.
Further, taking ¢ = p¥, j = p” in relation (T3a), in the form (*) from

Remark 10.6, we get
a+p" b+p’ —p*
P Ypr = Y Lpv (1)-

Since a, = p — 2 the left hand side is —y,». Thus if z,» = 0 then y,» =0
and (x;), (y;), (2) is the zero triple. Hence if X is non-split there exists a
non-standard triple with z,. # 0.

Now taking ¢ = p¥ < j < p” in (T3a), in the form (*) from Remark 10.6,
we deduce that if A is non-split then (b_p;ﬂ) = 0. Moreover, if 1 < j <
i = p¥ in (T3b),in the form (**) from Remark 10.6, we have y; = 0 and so
(b*pjv“') = 0. Thus, if X is non-split, then (bﬂ’;“) =0 for all 7 < p7, ie.,
val,(b — p” + 1) > ~. We now assume that this is the case.

But now (f) gives —yp» = byzpe. Thus X is non-split if and only if the
triple (x;), (y;), (2x), with (z;) = 0, x; = 0 for ¢ # p*, xpe = 1, y; = 0 for
j # p” and y,» = —b,, is coherent, and in this case E(\) is spanned by
the standard triple and this triple. It remains to check when this triple is
coherent.

Certainly (T1) is satisfied. Condition (T2) is satisfied, since either y; = 0
or j = p? and then (“Jkrk):Oaslgk:§6<p”.

In equation (T3a), in the form (*) from Remark 10.6, the left hand side
is 0 unless ¢ = p¥ and j = p” and we have already checked this case. Thus
we require that in all other cases the right hand side is 0. As usual, it is
enough to check the case in which ¢ = p¥ and the condition is then (if A is
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non-split) (bﬂ;pv) =0 for all p* <j <e¢, j#p’. We have (bﬂ”;+j) =0 for
1 < j < p?, since we are assuming val,(b—p”+1) > . Hence the condition
is that for all 1 < t < é we have (bfp;jftwﬂ) = 0. However, we may write
b=p'—1+p'B, for some B > 1, and so (b_p;ﬂ)twrt) = (t_ltﬁ;]ﬁpv),
which from Lucas’s Formula is (*;')(B + 1) and therefore 0. Hence (T3a) is
satisfied.

Finally we consider (T3b) in the form (**) from Remark 10.6. If the right
hand side is non-zero then ¢ = p¥ and in this case the right hand side is
(bﬂ'j_pu), with j < p¥. But val,(b—p”+1) > v so that (b‘*'jj_pv) = (. Hence
the right hand side is always zero. If val,(b — p + 1) > ~ then b, = 0 and
50 ypv = 0. Thus in this case the left hand side is also 0 and the coherence
conditions are satisfied. This proves part (i).

So we can assume that val,(b — p¥ + 1) = . As the right hand side in
(T3b) is always 0 the condition to be checked is (a;ri)yj =0forl1<j<
i < b+ 7, ie., (“;H) =0forp’ <i<b+pl. If (“'ZH) # 0 then we have
ap +ip < p—1 for all h > 0, by Remark 3.1. Hence by Remark 10.3 we
have i = i,p¥ + pPt1I, for some I and i, = 0 or 1. Since p? < i we must
have I # 0. But also i < b+ p" gives pPH1T < pBtl — 1 4 p¥ < 2p8+1 and
so I = 1. Hence (T3b) is not satisfied if and only if p*' < b+ p7 and
(a;ggffl) # 0, i.e. len,(b+ p?) = val,(a + p” + 1). So we must have that
len,(b+ p?) < valy(a + p” + 1) and this proves part (ii).

O

We summarise our findings from this section in the following result.

Proposition 10.14. Let (a,b,c) be a partition with (a,b) split. Then A\ =
(a,b,c) is non split if and only if (a+p",b) is James and one of the following
holds.

(i) We have v > v = w and valy(b — p” + 1) > ~. In this case E(\) is
spanned by the standard triple and the coherent triple (x;), (y;), (2) with
xpe = 1,2, =0 fori # p¥ and (y;) =0, (z,) = 0.

(ii) We have vy =v = w, b, # 0, and ¢, = 1. In this case E()\) is spanned by
the standard triple and the coherent triple (x;), (y;), (2k) with xpe = 1,2; =0
for i # p®, with (y;) =0 and zpe = —by, 2, =0 for k # p®.

(iii) We have v > v = w, val,(b—p* +1) =, ¢ = ¢+ p¥ with ¢ < p” and
len,(b+p7) < val,(a+p”+1). In this case E(X) is spanned by the standard
triple and the coherent triple (x;), (y;), (k) with xpe = 1,2; = 0 for i # p¥,
with ypo = —by,y; =0 for j # p7 and with (z,) = 0.

(iv) We have v = v < w, ¢, = 1 and leny(b + p”) < val,(a + p” + 1).
In this case E(\) is spanned by the standard triple and the coherent triple
(i), (yj), (z1) with (z;) = 0, with yp» = 1,y; = 0 for j # p* and with
Zpp = —1,2;, =0 for k # p".

(v) We have v = v > w, ¢ = ¢+ p” with ¢ < p*¥ and len,(b + p¥) <
valp(a+p”+1). In this case E(X) is spanned by the standard triple and the
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coherent triple (x;), (y;), (2) with (x;) = 0, with yy,e = 1,y; =0 for j # p®
and with zpr = —1,2, = 0 for k # p".

Proof. Part (i) follows by Lemma 10.11 (i) and Lemma 10.13 (i). Part (ii)
is Lemma 10.11 (ii) and part (iii) is Lemma 10.13 (ii). Now (iv) is Lemma
10.7 and (v) is Lemma 10.12.

O

11 Partitions (a,b,c) with (a,b) pointed.

We continue with our analysis of E(A) for a 3-part partition A = (a, b, c).
We deal here with the remaining case in which (a, b) is pointed.

As usual we write § = len,(b) and v = leny(c) for the p-adic lengths of b
and ¢ and v = val,(a + 1) and w = val,(b + 1) for the p-adic evaluations of
a+1and b+ 1.

Since (a,b) is pointed and may write b = b+ p? with b < p” < p°. Notice
that here we have that w < v since b, = 0.

Lemma 11.1. If v < w, i.e., (b,c) is James, then A\ = (a,b, c) is non-split
and E(X) is spanned by the standard triple and the triple (x;), (y;), (zk) with
T, =1, ;=0 fori# p? and (y;) =0, (z) = 0.

Proof. Let (x;), (y;), (21) be a coherent triple for \. Now (a,b) is pointed
and by subtracting a multiple of the standard triple, we obtain a coherent
triple, which we also denote (7;), (y;), (2x), in which z; = 0 for i # p°.

We claim that (y;) = 0 and (z;) = 0. Now (b,c¢) is James and since
v <w <wsois (a,c). Thus it is enough to prove that y,» = z,» = 0.

From (T1) with i = k = p” we get

(a +p7 + p”)
0 - Zp'Y
p’Y

and since v < v we have ay =p — 1 so (“er;fpw) =1 and zp» = 0.

From (T3b) with i = p¥ and j = p” we get

a—f—p“)
ypr =0
( )"

and so (a, + 1)y,» = 0. Since a, + 1 # 0 we get yp,» = 0 as required.
Thus we will be done provided that we show that the triple (x;), (v;), (2x)
described in the statement of the Lemma is coherent. For (T1) we require
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(a+p:+k) =0for 1 <k<c,ie., (a+p? c)is James. But we have
val,(a +p® +1) = v > w > 4, so this is indeed the case.

In (T2) both sides are 0.

We have ¢ < p* < p® so that z; = 0 for 1 < i < ¢ and therefore (T3a)
holds.

A summand on the right hand side of (T3b) can only be non-zero if
i — s = p? and moreover, since (“ﬂf“) =0, for 1 <s<cf(as (a+p?c)is
James) so we may restrict attention to the case s = 0. Hence the condition

(T3b) is that (**7-7°) = 0 for j < c. But val,(b+ 1 - p%) = val,(b+1) > 7
so that (b — p?,¢) is James and the condition is satisfied.

]
Lemma 11.2. Ifw <~ < v then A = (a,b,c) is split.

Proof. Subtracting a multiple of the standard triple from an arbitrary co-
herent triple for A\ we obtain a coherent triple (z;), (y;), (2) with z; = 0 for
i # pP. Since v < v the partition (a,c) is James so that, to prove (zx) = 0,
it suffices to prove that z,y = 0. Now v < v < 8 so, we may apply (T1)
with ¢+ = k = p”, which gives

(a +p7 + p”)
0= ZpY

p’Y
and, again since v < v, we have a, = p — 1 so that (a—}—p;’y—i—p’y) = 1 and
zpy = 0.
Taking ¢ = p¥ in (T3b) we get (“;f Jyj =0for 1 < j <c (asc < pY).

Thus we have (a, + 1)y; = 0 and therefore y;, for 1 < j <¢, i.e., (y;) = 0.
Finally, taking i = p®, j = p® in (T3b) we get

b+p¥ —pP
- ( ppw ! )xpﬁ = (bw + 1)ays
and since by, +1 # 0 we get x,5 = 0 and therefore (z;) = 0. We have shown
that all triples in E'(\) are standard, i.e., A is split. O

We therefore assume from now on that v > v and so w <v <y < g.
Lemma 11.3. Ifval,(a +p" + 1) < B then XA = (a, b, c) is split.

Proof. Since (a,b) is pointed we may subtract a standard triple from an
arbitrary coherent triple to obtain a coherent triple (z;), (y;), (2x) in which
z; = 0 for i # p®. We show first that (z;,) = 0. By Lemma 5.3 it is enough
to show that z,; = 0 for ¢ <. For ¢t < v this follows directly from relation
(T1) with i = k = p' since a; = p — 1. Taking k = p? in relation (T1) we
have that
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0= . va
1

for 1 <i< p?. Since valp(a +p” + 1) < 5 the is some 1 <7 < p? such that
(a“;“pv) # 0 and hence z,» = 0. Now suppose that ¢t > v. Taking k = p'

and i = p” in (T1) we have

(a +p¥ + pt>
Zpt = 0
p'l)

and since (aﬂ’zﬂ’ t) = ay, +1 # 0 we conclude that z, = 0 and hence

(Zk) = 0.
We now show that (x;) = 0. Setting i = p” and k = p* in (T1) we have

(a +p° + p”)
Tps = 0
p’U

ie., (ay +1)z,s = 0 so that z,s = 0 and hence (z;) = 0.
Finally, setting ¢ = p” in (T3a) and (T3b) we get that (a, + 1)y; = 0 for
1 <j < c and hence (y;) = 0.
We have shown that all triples in E()\) are standard, i.e., A is split.
O

Remark 11.4. (i) Therefore from now on we can assume that val,(a+p¥ +
1) > B, which means that a; =p—1for 0 <t < f,t# v and a, =p — 2.
(ii) Recall that we are also assuming w < v <~y < .

These assumptions will be in force for the rest of this section.

Lemma 11.5. Assume that (a,b) is pointed. Under the assumptions of
Remark 11.4, in any coherent triple (x;), (y;), (2x) for A = (a,b,c) we have:
(i) x; =0 for i # p,p°;

(H’) 2 =0 fork 7& pvapﬁ;

(117) zi, = 0 for k # pv, if v < B;

Proof. Let 1 < ¢ < b. If (“jz) # 0 then we have ap + i, < p — 1 for all
0 < h < . Hence we must have i, =0or 1l and i, =0for 0 < h < 8, h # v.
Moreover, bg = 1 so we must have ¢ = p*, pP or i = p¥ + p®. However, the
last case is not possible since b = b+ p® < p¥ + p?. This proves (i) since (x;)
is a linear combination of the standard sequence and the point sequence.
It also proves 23' = 0 for k # p?,p? since ¢ < b. Hence also z; = 0 for
k # p¥,p? if (a,c) is split.

Now v < 7 so (a,c) is not James and hence is pointed if it is not split.
In this case v < 7. If v = § then since (zi) is a linear combination of the
standard extension sequence and the point sequence we also get z; = 0 for
k # p¥,p®. Now suppose v < v < 3. Applying (T1) with i = j = p7 we get
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0

(iii).

(aﬂﬂ +p7
pY

)zpr. But ay = p—1 so this gives z,» = 0. This proves (ii) and

~—

O
We consider now the situation in which g = ~.

Lemma 11.6. Assume that  =~. Then E(\) is spanned by the standard
triple and triples (x;), (y;), (2k) in which x; = 0 fori # p¥, y; =0 for j # p?
and z, = 0 for k # pP.

Proof. Since v < v = [ we have that (b,c) is not James and hence is
either split or pointed. Hence after subtracting a multiple of the standard
triple from an arbitrary coherent triple for A we can obtain a coherent triple
(x:), (yj), (z,) in which y; = 0 for j # p?. By Lemma 11.5 we have z; = 0
for i # p¥, p? and z, = 0 for k # p?, pP.

We now show that z, = x,s = 0. Since v < 8 we have p” + p” < ¢ and
we may apply (T2) with j = k = p” to obtain

b —i—p”)
Zpv = 0
< )7
b+p“)

Since (a, b) is pointed we have b, = 0 so that ( v ) =1 and hence z» = 0.

Now taking i = p®, k = p¥ in (T1) we obtain
a+p’+p°
T, = 0.
pv P

Hence (a, + 1)$p3 = 0 and so z,5 = 0 and we are done.

Lemma 11.7. If 8 =+ and w < v then X\ = (a,b,c) is split.

Proof. Let (z;), (y;), (2) be a coherent triple for \. By Lemma 11.6, we can
subtract a standard triple to obtain a coherent triple, which we also denote
(i), (y;), (2x) in which 2; = 0 for i # p¥, y; = 0 for j # p” and z, = 0 for

k # pP.
Taking ¢« = p¥ and j = p» in relation (T3b) we get

b w v
0:< o P)xpu
p

and since (b+p;0_pv) = by +1# 0 we get xpv = 0.

Now taking k& = p® and i = p? in (T1) we have

0= a+p’+p°
= o

)zpa = (ay + 1)zp3
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and since a, + 1 # 0, we get 2,5 = 0.

Finally, taking i = p* and j = p” in (T3a) we get (a, + Dy,s = 0, and
so y,s = 0. Hence (7;), (y;), (21) is the zero triple and E()) contains only
standard triples, i.e., A is split.

O

Lemma 11.8. Suppose 5 = ~. If A\ = (a,b,c) is non-split then either
val,(a+p¥ +1) > B or val,(a +p” + p® + 1) > B.

Proof. By Lemma 11.3 we have that if (a,b,c) is non-split then we may
write a = (p® — 1) — p” + pPd’. We shall assume that ag #p—1,p—2
and show that A = (a, b, c¢) is split. By Lemma 11.6 it is enough to prove if
(xi), (yj), (z) is a coherent triple for A in which z; = 0 for i # p¥, y; =0
for j # p? and z, = 0 for k # p® then this triple is 0.

Taking i = k = p” is (T1) we get

0 <a+p’3+pﬂ

P )Zpﬁ = (a5 + 2)Zp5

and since ag # p — 2 we obtain z,s = 0.

Now by (T1) again, this time with i = p¥ and k = p®, we have

(a+p”+p5>
8 J?pv:O
p

and so (ag + 1)xpe = 0. Since ag # p — 1 we have z,0 = 0.
Finally, taking i = p¥ and j = p” in (T3a) we get that (a, + Dy,s = 0so0
that y,s = 0 and we are done.
O

We now describe the non-split triples for the case § = ~.

Lemma 11.9. Suppose 8 = ~. Then A = (a,b,c) is non-split triple if and
only if v=w, sob=rp" —1+p5, ¢ = ¢+ p® with ¢ < p¥, and one of the
following holds.

(i) len, (b + p°) < valy(a + p¥ + 1).

In that case E(X) is spanned by the standard triple and the triple (x;), (y;), (2x),
with xpe = 1, x; = 0 for i # p¥, with y,s = —1, y; =0 for j # P2, and
(Zk) =0.

(i) len, (b + p?) < valy(a + p” + p® + 1).

In that case E(X) is spanned by the standard triple and the triple (x;), (y;), (2k)
with Tpe = 1, x; = 0 for 1 # PP, with Ypp = —1, y; = 0 for j # p? and
Zp =1, 2 =0 for k # pP.

Proof. By Lemma 11.7 we have that if A is not split then v = w and since
(a,b) is pointed we have b = p¥ — 1 + p”. By Lemma 11.6 we can subtract
a multiple of a standard triple from a coherent triple to obtain a triple
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(i), (y5), (2x) in which x; = 0 for i # p", y; = 0 for j # p? and z, = 0 for
k # pP.

By Lemma 11.8 we have either either val,(a + p” +1) > 3 or
valy(a + p” +p°+1) > B.

Case (i) : valp(a +p" +1) > 5.

We note that equations (T3a) and (T3b) in this case take a simplified
form. If a term (ail) xi_s # 0 appearing in the right hand side is non-zero
then we have i — s = p¥ so that (a;”) = (“+7’,5U+8) # 0. Since s < ¢ and
(a +p¥, c) is James (as val,(a + p” + 1) > ) the only possibility is s = 0.
Hence the equations take the following forms

(P (e

for1 <i<j<c and
a+1i b+j—1

for1<j<c j<i<b+j.
We have ag = p — 1 and so for i = k = p? in relation (T1) we get

_ a+p’+pf .
0= pﬁ ZpB = Zpp.

Now taking i = p” and j = p” in (T3a) we obtain

b+p? —p
_ypﬂ = pﬁ .',Up'u

and since b — p’ = p® — 1 we have that (b+p Bﬁ_p U) = 1 and so we get that
—Yps = Tpo. Thus our analysis of case (i) will be complete if we check the
conditions for the triple (x;), (v;), (2), with zp» =1, 2; = 0 for i # p", and
Yps = —1, y; = 0 for j # p?, and (z;,) = 0 to be coherent.

Equation (T1) says that (aﬂ’]: +k) =0, for 1 < k < ¢, and this is true since
vp(a+p¥ +1) > = so that (a + p”, c) is James.

Equation (T2) says that (“Jkrk) =0 for k> 1 and p® + k < ¢. For such k
we have p® + k < b =0+ p®, hence k < b < p¥ and therefore (azk) =0.

Now (T3a), in the form (*), says

for 1 <i < j < ¢. We may assume that s = p? or j = p®. For i = p¥, writing
b=p” — 1+ p® this becomes

Y = :
J
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for p¥ < j < c. Both sides are 0 for j < p® and 1 for j = p®. For j > p® we
may write j =t 4 p%, with 0 < ¢t < p¥ and then

PP =145\ (PP —1+t+p%\  [t—1+p°+)pf
j B t+pf B t+ph

which is 0. Hence (T3a) holds in case i = p”. Now suppose j = pB. The

condition is then
a+i b+p? —i
? p

for 1 <:< p?. We have already checked this for i = p¥ so the condition is
that (a;”) =0 for 1 <i<pP i+#p’ This holds for i # p® by applying
Lemma 11.5 (i) to the standard triple. For i = p® the condition is that

(a;};ﬁ) = 0 and this is true as ag = p — 1. Hence (T3a) holds.
We now consider (T3b) in the form (**). We may assume i = p® or j = p°.

For i = p¥ the condition is

<a+p”> <b+j—p”)
v Y= ;
p J

for 1 < j < p¥ or, since y; = 0, that (bﬂj_pv) =0, for1 <j < p' But

(b+j.fp”
J
For j = p” the condition is

<a+i> (b+p5z‘>
-1 . )= x;
7 pﬁ

for p? < i < b+ pP. For such i we have x; = 0 so the condition is

(1)

for p? < i < b+ pP. Now if this condition holds then, for p? < pt < b+ pP
we have (“ﬂ;thrp t) = (a;tp t) = 0. But we also have (“ﬂ;;er t) =0 for p* < p¥
so that (a + p¥,b 4+ p?) is James. Suppose conversely that (a + p¥,b + p?)
is James and that (ajz) #£ 0 for some p¥ < i < b+ p®. Then we have
ap+ip <p—1forall h >0 and so i, = 0 or 1 and i, = 0 for h # v. But
then 7 is 0 or p?, neither of which is possible since p¥ < i. Hence (T3b) holds

if and only if (a + p¥,b+ p”) is James, i.e. leny(b+ p®) < valy(a + p¥ + 1).

B_ ; .. .
) =" jlﬂ) so this is certainly true.

Case (ii): valy(a +p¥ +p® +1) > B.
In this case we have ag = p — 2. Applying (T1) with i = p*, k = PP gives

a+p’+p”\ _ fa+p’+p°
pIB ﬂi'pv = pv Zp[f
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i.e., =y = —2,6 so that zp0 = z,5. Taking i =p’, j = p? in (T3a) we get

a+p’ b+p’ —p°
o )PP o Tp

B ph— :
P 1z, and hence —y,s = z,0. Thus our analysis of Case

e, —y,s = ("0
(i) will be comlﬁete if we check the conditions for the triple (z;), (y;), (2k),
with zpe = 1, z; = 0 for @ # p’, and y,s = —1, y; = 0 for j # pP, and
zps =1, zp =0 for k # P2, to be coherent.

In checking (T1) we may assume that i = p¥ or j = p®. For i = p® the
condition is that (‘Hp]: +k) =0forall 1 <k<ce k#p? (we have already
checked the case i = p¥, k = p”). However, if (“erl: Hc) # 0 then we have
(a+p")p +kp <p—1forall h > 0. This gives k, = 0 for all A # § and
k = p®, which is not the case. It remains to check k = p®, 1 <i < ¢, i # p".

The condition is
(a +i+pf )
0= . .
1

If (aﬂiﬂ’ﬁ) # 0 then (a + p®)j, + iy < p—1 for all h. This implies i), = 0 for
h # v and so i = p¥ which is not the case.

We now consider (T2). Suppose 1 < j,k <cand j+k <c. If (azk)yj #0
then j = pP, but then p® + k < ¢ < b gives k < p¥ so that (azk) = 0. Thus
the left hand side of (T2) is 0 in all cases and, similarly so is the right hand
side.

We now consider (T3a). We notice again that if a term (a:i)xi_s ap-
pearing in the right hand side is non-zero then we have i — s = p¥ so that
(ajz) = (a+1’;+s) # 0. Since val,(a + p” 4+ p® +1) > B this can only happens
if s =0 or s = p®. However for the latter case this would force i = p¥ + p”
and as i < j < ¢ < p” + pP this is illegal. Hence the only possible case is
when s = 0 and so (T3a) takes again the form

<a+i> <b+j—i) (b—l—j—i)
.y = . T; + N K4
7 j ]—Z

for 1 <i<j<¢,and
Suppose i = p¥. Then the condition is

<a+p“) <b+j—p“)
v YT -
P J

J

for p¥ < j < c¢. This is clear for j < p? and for j = p®. For p® < j < ¢ we
require (pﬁ?ﬂ) = 0. This is clear by writing j = p® + ¢, with 1 < ¢ < p?,
and appealing to Lucas’s Formula.

i.e.,
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e 5 B

Assume now that i = p”. Then the condition is (“;5 )y; = (bJﬂ b ), or
—yj = (pj:;;”) for p® < j < ¢. This is certainly true for j = p® and so we
require (¥ ;:;}j) =0 for p# < j < ¢. Again this becomes clear on writing

j=pP+t, 1<t<p’ and using Lucas’s Formula.
Now suppose j = p®. The condition is

(a—H’) <b+p'6—i> (b+pﬁ—i>
-\ . = T + .
1 P pP—i

for 1 < i < pP. If i < p¥ then both sides are 0. If i = p* the equation is
1= (p5716+p5)’ which is true. For p” < i < p? both sides are 0. For i = p®
both sides of the equation are 1.

We now consider (T3b).

Let j < p®. Then the left hand side in this relation is 0. Now, we have
that if a term (a:i)xi,s appearing in the right hand side is non-zero then we

have i — s = p¥ so that (a;”) = (“+p:+5) # 0. Since val,(a+p® +p°+1) > 3
this can only happen for s = 0, s = p® or s = p” + p®. However, we also
have that s < j < p? and so this leaves s = 0 as the only option and so for

j < p?, (T3b) takes the form

for 1 <j < p®and j <i<b+j. Now fori=# p’ the right hand side is 0
and so it remains to check this relation for ¢ = p¥ where we get

()0
J J

for 1 < j < p?, which is clearly true.
Assume now that j > p®. Then the left hand side again is 0 and if a

term (aji)xi,s appearing in the right hand side is non-zero then we have

i— s = pY so that (a's“) = (a+7’sv+5) # 0. Since val,(a+p¥ +p® +1) > B this
can only happen for s = 0, s = p® or s = p* 4+ p?. Now since s < ¢ < p” +p”
we have that the last case is impossible. Moreover, if s = 0 that would force
i = p? which is illegal since p® < j < i. Hence this leaves s = p® as the only
option and so for j > p®, (T3b) takes the form

_(b+g—i
PTG )T
for 1 <pf <j<candj<i<b+j. Now for i # p’ + p® the right hand

side is 0 and so it remains to check this relation for i = p” + p® where we
get
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0 <b+j—p”—pﬁ)
j—p°

for p® < j < ¢. But such j has the form j = p® +t with 0 < ¢ < p” and so

we have
o (PP PP =1+t
- t N t

and since 0 < t < p this is clearly true.
Hence, it remains to consider the case j = p®. Making the same remarks
as before for the right hand side of the relation we have that the relation

takes the form
at+i)

for p# < i < b+ p®. This is true for i = p’ + p® and so the condition
remaining to be checked is (alﬂ) = 0 for p? < i < b+ p®. One easily
check (cf. the final step of Case (i)) that this is exactly the condition for
(a+p¥ +p?, b+ p?) to be James, i.e. len,(b+ p®) < valy(a+p® +p° +1).

O

We continue with the cases in which 8 > ~.

Lemma 11.10. Assume thatv <y < 3. Then E()) is spanned by standard
triples and triples (z;), (y;), (2x) in which z; = 0 for i # p°, (y;) = 0 and
(z) = 0.

Proof. Since (a,b) is pointed we may write b = b+ p® with b < p* < p°,
in particular we have b, = 0 and b, = 0. Since v > v we can subtract a
multiple of a standard triple from an arbitrary coherent triple to obtain a
coherent triple (;), (y;), (2x) in which y; = 0 for j # p7. By Lemma 11.5
we have x; = 0 for i # p¥,p® and 2z, = 0 for k # p¥. Since v < v we have
p¥ +p¥ < cand so (T2) with j = k = p¥ gives (b;fv)zpv =0,ie ,zp =0
so that the sequence (z;) is 0. Now taking i = p®, k = p? in (T1) gives
(a+p;v+pv)xpg =01ie., (ay+1)7,s = 0o that z,s = 0. Finally, taking 7 = p”
and j = p? in (T3a) we get

b+p’ —p°
—Yp = Y Lpv

i.e., —yp = byxpr and since by = 0 we get y,» = 0 and therefore the sequence

(y;) is 0.
O

Lemma 11.11. I[fw < v <y < 3 then X\ = (a,b,c) is split.
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Proof. By Lemma 11.10 we can subtract a standard triple to obtain a co-
herent triple (z;), (y;), (2) with a; = 0 for i # p¥, (y;) = 0 and (z;) = 0.
Taking ¢ = p¥ and j = p” in (T3b) gives 0 = (Hp;[pv):npv e, 0=zp(by+
1) and so v = 0. Hence (z;), (y;), (2x) is the zero triple and E(X) contains
only standard triples, i.e., A is split.

O

Lemma 11.12. Ifw = v < 7 < f then A = (a,b,c) is non-split and
E()\) is spanned by standard triples and the triple (x;), (y;), (2) in which,
xpe = 1,2, =0 fori#p", (y;) =0 and (z,) =0

Proof. Since (a,b) is pointed and w = v we have b = p¥ — 1 + p”. This

implies that (b — p¥,c¢) is James and that b, = 0. By Lemma 11.10 it is

enough to prove that the given triple is coherent. Condition (T1) reduces

to the statement that (a+p,:+k) =0 for 1 < k < ¢ and this is true since

(a +p¥, c) is James. Condition (T2) is satisfied since all terms are 0.
Condition (T3a) holds provided that

0= b+j—p'—s\[fa+p’'+s
B j—s s
fori=p’+s<j<c Ifs#0 then (“ *¥) = 0 since (a + p’, c) is James
and so (T3a) reduces to the condition that

b+j—p
-0
J
Le., ( =0, for p” < j < ¢, which holds since (p? — 1, ¢) is James.
Finally, for (T3b) we require

0— b+j—p"—s\[{a+p’'+s
n j—s s

for 1 <j<e¢ j<p’+s<b+j, and with s < j. Again this reduces to
0= (b‘”j_pv) ie., (pﬁ_jlﬂ) =0, and this holds since (p” — 1, ¢) is James.
O

PP —1+j )

We finish off with the last cases where v = v > w.

Lemma 11.13. If w = v = 7 then A = (a,b,c) is non-split and E(\) is
spanned by standard triple and the triple (x;), (y;), (2k) in which xp = 1,
x; =0 fori#p¥, (y;) =0 and (z,) = 0.

Proof. Since v = w the partition (b,c) is split. Subtracting a standard
triple from an arbitrary coherent triple we can obtain a triple (x;), (v;), (2x)
in which (y;) = 0. Further, by Lemma 11.5, we have z; = 0 for i # p?, p?
and z = 0 for k # p*.
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Taking i = j = p” in (T3a) we have (pbv)mpu + 2zpv = 0 and b, = b, =0
(since (a,b) is pointed) and hence z,» = 0. Now taking i = p#, k = p¥ in
(T1) we get (a+p;v+pv)3:’pﬁ =0, ie. (ay+ 1)z, =0and so x5 = 0.

It remains to check that the triple (x;), (y;), (2x) described in the state-
ment of the lemma is coherent. The condition (T1) reduces to the statement
that (a+p]:+k) =0 for all 1 < k < ¢, and this is true since (a+p?, c) is James.
Condition (T2) is satisfied trivially.

We now consider (T3a). We check that 0 = > Z} (b}rf ?) (a:i)xi_s, for
1<i<j<c Now z;_g4 is zero unless i — s = p¥ and then (“j’) = (“+p:+s)
is zero for s # 0 (as (a+p", ¢) is James). Hence the condition to be checked
is (bﬂ'j_pv) =0, for p® < j < ¢. But, since v = v we have b = p¥ — 1 + p”
and (b — pY, c) is James so that (bﬂ;pv) =0, for p” < j < ¢, as required.

Similarly, condition (T3b) reduces to the condition that (bﬂj_pv) =0 for
all 1 < j < p¥ and this is also guaranteed by the fact that (b — p¥,c) is
James.

0
Lemma 11.14. If w < v = and (b,c) is split then A\ = (a, b, c) is split.

Proof. Subtracting a standard triple from an arbitrary coherent triple for A
we can obtain a coherent triple (z;), (y;), (2x) in which (y;) = 0. By Lemma
11.5 we have z; = 0 for i # p¥,p® and 2, = 0 for k # pv.

Taking ¢« = p¥ and j = p» in (T3b) we have

b+ pw _ pv
T ( oo )x = (bu + Dayp
and hence z,» = 0.
Taking i = p® and j = p® in (T3b) we have

w _ f
0= (b+ppw p ):L'pg = (bw + 1)xpﬁ
and so Tps = 0.

Taking 1 < i = j < ¢ in (T3a) we now obtain z; = 0, for all 1 < i < c.
Hence (x;), (y;), (z) is the 0O triple and every coherent triple is standard,
i.e., A is split.

[

Lemma 11.15. If w < v = «v and (b,c) is pointed then X\ = (a,b,c) is
non-split if and only if B < val,(a + p” + 1).

In that case E(\) is spanned by the standard solutions and the triple

(i), (yj), (z1) with (z;) = 0, ypo =1, yj = 0 for j # p¥, zpp = —1 and
2z, =0 for k # p°.
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Proof. Assume that A is non-split. By Lemma 11.5 we may subtract, from
an arbitrary coherent triple, a standard triple to obtain a coherent triple
(z:), (v4), (zx) in which x; = 0 for i # p¥,p?, y; = 0 for j # p® and 2, =0
for k # p".

Taking ¢« = p¥ and j = p" in (T3b) we obtain

b4 p¥ —p?
0:< D p >$p52<bw+1)$pu

and so zp» = 0.
Again by (T3b), with i = p® and j = p* we have

b+p¥ —pP
0— ( P -p
p
so that x5 = 0 and hence (x;) = 0.
Now by (T3a) with i = j = p” we get —yp = zpv.
By Remark 11.4 we may write a = (p® — 1) — p* + p®a’. We show that
ag=p—1. If ag # p—1 then for i = p? and k = p¥ in relation (T1) we get

0 (a +p¥ +p”
pP
i.e. z,v = 0 and so A is split. Hence we have that ag = p—1 and so (a+p”,b)
is James, i.e. f < val,(a+p" +1).

It remains to prove that the triple specified in the statement of the Lemma
is coherent.

For (T1) we require (
(a +p¥,b) is James.

We now consider (T2). If (“Zk)yj #0, with 1 < j,k <c¢,j+k <c, then
we must have j = p” = p” and so p” + k < p¥ 4+ p? and k < p* < p¥ so that
(“Jkrk) = 0. Hence the left hand side of (T2) is zero for all relevant values
of j and k. Similarly, if (berj)zk # 0 with 1 < j,k < ¢, j+k < ¢, then
k=p’=p"and so j < p* and (b;j) = 0. Hence the right hand side of (T2)
is also zero for all relevant values of j and k.

We now consider (T3a). If i = j = p¥ then the equation reads (“;ﬁ’v) =

—1, which is true. If i = p¥ and p¥ < j < ¢ then the condition is (b‘ﬁ;fv) =0.
Writing ¢t = j —p¥ = j — p” we have ¢ < p¥ and so (byi;f’v) = (bH) = 0. For
i # pY then condition is (“T‘) = 0, and this is true.

Finally we consider the condition (T3b). The condition is that (*7%) =0
for p¥ < i <b+p'. But if (a?) #+ 0 then ap + i, < p—1 for all h > 0. But
then i;, = 0 for h # v and i, = 1. Hence i = p. But p¥ < i so this is not

possible.

)va = (ag + 1)z

a“;“pv) =0, for 1 < i < ¢, and this is true since

O]
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We gather together the main results of this section in the following result.

Proposition 11.16. Let A = (a,b,c) be a partition with (a,b) pointed, so
that b has the form b= b+ p® with b < p* < p®. Then (a,b,c) is non split
if and only if it has one of the following forms:

(i) B>~ >v=uw andvaly(a+p’+1) > B. In this case E(\) is spanned by
the standard triple and the coherent triple (x;), (y;), (2x) with zpe = 1,2, =0
fori#p and (y;) =0, (2) = 0.

(i) B =7 >v=w and leny(b+ p°) < val,(a+p® + 1). In this case E())
is spanned by the standard triple and the coherent triple (x;), (y;), (2x) with
T = Lx; = 0 for v # p’, with y,s = —1,y; = 0 for j # p? and with
(z) = 0.

(i) B =~ >v =w and lenp(b—i—pﬁ) < valy(a + p” +p? +1). In this case
E()) is spanned by the standard triple and the coherent triple (z;), (y;), (2x)
with Ty = 1,2; = 0 for i # p*, with y,s = —1,y; =0 for j # p? and with
zps = 1,21, =0 for k £ pB.

(iv) v > w > . In this case E(\) is spanned by the standard triple and the
coherent triple (), (y;), (zx) with x5 = 1,2; = 0 for i # PP and (y;) =0,
(z1) = 0.

(v) vy =v>w, valp(a+p”+1) > B and c = ¢+p¥ with ¢ < p*. In this case
E()) is spanned by the standard triple and the coherent triple (z;), (y;), (2x)
with (z;) = 0, with y,v = —1,y; = 0 for j # p* and with zpw = —1,2;, =0
for k # pv.

Proof. Part (i) follows by Lemmas 11.3, 11.12 and 11.13. Part (ii) is Lemma
11.9 (i) and part (iii) is Lemma 11.9 (ii). Now (iv) is Lemma 11.1 and (v)
is Lemma 11.15.

U

12 Non-split partitions

12.1 A partition is either James or constrained.

Recall that a partition A is constrained if EthB( N)(SdE , K3), has dimen-
sion at most 1 where d = ||, NV is at least the number of parts of A and F is
the natural G(N)-module. Equivalently A is constrained if E()) is spanned
by the standard multi-sequence and at most one other multi-sequence, so if
A is not James, the condition is that E(\) has dimension at most 2.

We have already dealt with James partitions, in Section 7, so the following,
which is a consequence of Propositions 10.14 and 11.16, is very reassuring.
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Theorem 12.1. A partition is either James or constrained.

Proof. We may assume that A is not James. Let 1 < r < n be minimal
such that (Ar, A\;41) is not James. If » = n — 1 then the result follows by
Proposition 9.5. Hence we may assume that » < n — 1 and then by Propo-
sition 9.4(i) we have that the restriction map E(X) — E(Ar, Ap1, Apg2) i
injective. Now by Propositions 10.14 and 11.16 we have that the partition
(Ary Adr1, Ar42) is constrained and we are done.

O

Remark 12.2. From now on A = (Ay,..., ;) denotes a partition of length
n > 4 which is not James and non-split. We let 1 < r < n be minimal such
that (A, Ar+1) is not James. Since we have done already the case in which
r =n — 1, in Proposition 9.5, we also assume that » < n — 1. Moreover, by
Lemma 9.2 and Proposition 9.4(i) we know that (., \r41, Ar42) is non-split
and that (if n > r+43) (Ar43,...,\,) is James. These properties will be our
standard assumptions in this section and from now on we will assume that
A has always such a form without further reference. In this section we give
a complete description of the non-split, non-James partitions.

We note that our results so far do not give any information for the pair
(Ar42, Ar+3) (for n > r + 3). This pair may or may not be James. We will
investigate these two possibilities separately, starting with the case in which
(Ar42, Ar+3) is not a James partition.

12.2 The case in which (\,;2, A\,13) is not James.

We state now the general result for the case in which (A2, Ar43) is not
a James partition. As usual we set v; = val,(A\; +1), 1 <i <n—1, and
li =leny(N;), for 2 <i <n.

We assume throughout this subsection that n > r+2 and that (A2, Ar+3)
is not James.

Proposition 12.3. Suppose that A is not James and r < n — 2 is min-
imal such that (A, \ry1) is not a James partition. Assume further that
(Ar42, Art3) is not James and that (Ar43,...,\n) is James. Then the parti-
tion A is non-split if and only if the quadruple (Ap, Adr1, Art2, Ary3) Satisfies
the following conditions:
(i) A = (Pr1tl — 1) — pr + bt TN for some AL > 0; and
(ii) v = (P! = 1) = p + PN, (Arsa)u, # 0 and Ny > 0; and
(113) A\py2 = p*r — 1+ pr; and
(v) A\py3 = ;\T+3 + pUr, with 0 < 5\T+3 < p¥r.

If these conditions hold then E(X) is spanned by the standard multi-
sequence and a non-zero multi-sequence (y(t,u);) satisfying

y(r,r +2)por = y(r + 1,7+ 3)por = —y(r + 1,7+ 2)por = —y(r, 7 + 3)por
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and y(s,t); = 0 for all the other choices of s,t and i.

Note that since we require in condition (ii) that A, y1 = (p*r Tt —1) —p¥r +
pU TN with (Arj1)s, # O, this case does not appear in characteristic
2. In particular, in characteristic 2 the assumption that (A,y2, Ar43) is not
James forces A to split.

We give a proof of this proposition in a series of Lemmas. Since
(Ary Adr1, Arg2) is non-split and (A, A\r41) is not James, the three part parti-
tion must have one of the forms described in Proposition 10.14 or Proposition
11.16. Though there are many possibilities the remarkable fact is that only
in a single case, namely that described in Proposition 10.14(ii), is it possible
for A to be non-split.

Our method is to work through all these possibilities in turn, but leaving
the case described in Proposition 10.14(ii) until last. The consideration of
all these split cases occupies Lemmas 12.5 to 12.13. The final exceptional
case is dealt with in Lemma 12.14.

We assume until further notice that n > r + 3. Before we embark on
Lemmas 12.5 to 12.14, we prove the following useful result that we will use
repeatedly.

Lemma 12.4. The restriction map E(X) — E(Ar41, Ar42, Adr+3) s injective,
equivalently if (y(t,u);) is a coherent multi-sequence in which the extension
sequences (y(r + 1,7+ 2);) and (y(r + 2,7 + 3);) are zero then (y(t,u);) is
identically zero. In particular if (Ar+1, Ar42, Ary3) is split then X is split.

Proof. Let (y(t,u);) be a coherent multi-sequence in which (y(r+ 1,7+ 2);)
and (y(r + 2,7 + 3);) are zero. By the commuting relation (C) for the pairs
(r,r+1) and (r + 2,7 + 3), and using the facts that (y(r + 2,7+ 3);) =0
and (Ar42, Ar43) is not James we deduce that (y(r,r + 1);) = 0. Hence we
have that (y(r,r +1);) =0 and (y(r + 1,7 +2);) = 0 and so by Proposition
9.4 (i) A splits. O

The Lemmas 12.5 to 12.8 which follow correspond to the cases in which
(Ary Ar+1, Ar42) has the form described in Proposition 10.14 (i), (iii), (iv),(v).
We therefore adopt as standing assumptions that (A,, A\,11) is split and
lri1 < valp(Ar +pUr +1).

Our strategy is the same in all cases, namely we show that by subtracting
a standard multi-sequence from an arbitrary coherent multi-sequence for A
we can obtain a coherent multi-sequence (y(t,u);) in which the extension
sequences (y(r + 1,7 +2); and (y(r + 2,7 + 3);) are zero. Thus, by Lemma
12.4, (y(t,u);) is identically zero and hence any coherent multi-sequence is
standard.

Our detailed analysis begins with the case in which (A, A\;11, A\r42) has
the form described in Proposition 10.14(i).
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Lemma 12.5. Suppose l,4o2 > v, = vpq1, with 41 < val,(A +p*" +1) and
valp(Arp1 —p"" + 1) > lyo. Then X is split.

Proof. By Proposition 10.4(i), by subtracting a standard multi-sequence
from an arbitrary multi-sequence for A we can obtain a multi-sequence
(y(t,u);) in which the sequences (y(r+1,7+2);) =0 and (y(r,r+2)) =0
and that y(r,r + 1); = 0 for ¢ # p*". It remains to prove that
(y(r+2,74+3);) =0.

We first show (y(r + 1,74 3);) = 0. The pairs (r,r +2) and (r+1,r +3)
are related via the commuting relation (C), and so we have

A+ E Ary1+12
P N R A

Since (y(r,r 4+ 2)) = 0 we have

<)\T;—k>y(r+1,r+3)i =0

for 1 <k < Ay2. Now as [,49 > v, we can choose k = p¥" and we have that
(’\Tptifvr) # 0. Therefore, we deduce that (y(r + 1,7 + 3);) = 0.

We consider (Ar41, Ary2, Ar43). We have the coherent triple (z;), (y;),
(2) with z; = y(r + L,r +2);, y; = y(r + 2,7+ 3);, 2z = y(r + 1,7 + 3)i,
for 1 << Ayo, 1 <4, k< Ags

Since y((r+1,7+3);) = 0 and (y(r+1,7+2);) = 0 we have (z;) = 0 and
(z) = 0. Since v, = v,41, by setting ¢ = p” in relations (T3a) and (T3b)
we deduce that (y;) =0, i.e, (y(r+2,r +3);) = 0 and we are done.

O

We now treat the case in which (A1, Ar42, Ar4+3) has the form described
in Proposition 10.14(iii).

Lemma 12.6. Suppose l, 12 > vy = vp41, with len, (A1 +plrt2) < valy (Ar+
pUr+1), val,( A1 —p" +1) = lyo and Ao = Ao +plr+2 | with Appo < pUr.
Then X is split.

Proof. By Proposition 10.4(iii), by subtracting a standard multi-sequence
from an arbitrary multi-sequence for A we can obtain a multi-sequence
(y(t,u);) in which (y(r,7 + 2)g) = 0, y(r,r +1); = 0 for i # p*r, y(r +
1,7 +2); =0 for j # plr+2 and

y(r+ 1,7+ 2)plr+2 + ()‘T+1)lr+2y(r7 T+ l)p“T =0. (*)

Hence, by Lemma 12.4, it suffices to show that y(r + 1, + 2)plT+2 =0 and
(y(r +2,7+3);) = 0. Notice though that if (y(r + 2,r + 3);) = 0, then by
the commuting relation for the pairs (r,r+1) and (r+2,7+3) (and the fact
that (Ar42, Art3) is not James) we get that (y(r,r 4+ 1);) = 0, in particular
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y(r,7+1)per = 0. Then from (*) we deduce directly that y(r+1, r—{—Q)sz_Q =
0. Therefore, it is enough to show that (y(r+2,r +3);) = 0. We show first
that (y(r,7+ 3)x) = 0. The pairs (r + 1,7 +2) and (r,r + 3) are related via
the commuting relation (C), and

Ar j A+ Kk
( +}+j>y(r,r+3)k:< ;>y(r+1,r+2)j.

Now since l,42 > v, = vpq1 and y(r + 1,7 4+ 2)p0. = 0, setting j = p” we
get directly that y(r,r + 3); = 0.

We consider now (A, Ary2, Ar43). We have the coherent triple (x;), (y;),
(z) with @; = y(r,7+2)s, yj = y(r+2,7+3);, 2z = y(r,r+3)g, for 1 <i <
A2, 1 < j,k < Arys. Moreover, we have (z;) = 0, (zx) = 0. Setting i = p*r
in relations (T3a) and (T3b) we obtain (y;) =0, i.e., y(r+2,7+3); =0 for
all 1 <75 < A\y3, and we are done.

0

We now treat the case in which (A1, Ar42, Ar4+3) has the form described
in Proposition 10.14(iv).

Lemma 12.7. Suppose l, 2 = v, < vpy1, withlen, (A1 +plr+2) < valp (A +
p'r + 1) and A\pyo = 5\r+2 + pr+2 with A\pyo < p¥r. Then X is split.

Proof. By Proposition 10.4(iv), by subtracting a standard multi-sequence
from an arbitrary multi-sequence for A we can obtain a multi-sequence
(y(t,u);) in which (y(r,r +1);) =0 and y(r +1,r+2); = y(r,r+2), =0
for j, k # p'r, with

y(r+ 1,7+ 2)per +y(r,r +2)per = 0.

Since (y(r,r +1);) = 0 (and (A, Ar+1) is not James) from the commuting
relation (C) for the pairs (r,r + 1) and (r + 2,7 + 3) we get directly that
(y(r+2,7+3);) = 0. Hence it remains to prove that (y(r+1,r+2);) = 0. We
consider (Ay4+1, Ar+2, Ary3). Since b 42 < vp41, we have that (A1, A\r+2) is a
James pair. Since (A\y42, A\r13) is not a James partition we get by Lemma 8.1
that in any coherent triple for (Ary1, Ar42, Ar43) we have (y(r+1,7+2);) =0,
and we are done.

O]

We now treat the case in which (Ar41, Ar42, Ar+3) has the form described
in Proposition 10.14(v).

Lemma 12.8. Suppose l, 12 = v, > vpy1, withlen, (A1 +plr+2) < val, (Ar+
P’ + 1) and A\pyo = Apyo + plr+2, with Apo < pUrt1. Then X is split.
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Proof. By Proposition 10.4(v), by subtracting a standard multi-sequence
from an arbitrary multi-sequence for A we can obtain a multi-sequence
(y(t,u);) in which (y(r,r +1);) =0, and y(r + 1,7 +2); = y(r,r +2), =0
for j, k # p¥" and

y(r+ 1,7+ 2)por +y(r,r + 2)per = 0.

Since (y(r,r+1);) = 0 (and (Ar, Ar41) is not James) the commuting relation
(C) for the pairs (r,r 4+ 1) and (r 4+ 2,7 + 3) gives directly that
(y(r+2,7+3);) = 0. Hence it remains to prove that y(r 4+ 1,r +2),er =0,
or equivalently by the equation above, that y(r,r + 2), = 0.

We show first that (y(r,r + 3)x) = 0. By the commuting relation (C) for
the pairs (r,7 + 3) and (r + 1,7 + 2) we have,

Arg1+ 7 Ar+k
(P Yt = (Yot 12

Setting j = p*r+! and using the fact that y(r+1,7+2),v41 = 0, as v, > vp41,
we get that (y(r,r +3)x) = 0.

We consider now (A, Ar12, A\r4+3) and the corresponding coherent triple
(y(r,r+2)i), (y(r+2,7+3);), (y(r,r +3)i). Setting i = p’ and j = p"r+2
in relation (T3b) we get

0= <;\7‘+2 +pre

pvr+2

) y(r,r 4+ 2)por

where A\, yo = 5\r+2 + p¥r with 5\T+2 < pUrti. Now vp41 < vp = 40 and we

have v, = val,(Ar12 + 1) so that ()\T?j;fzwz) # 0 and therefore

y(r,r + 2)por = 0. So we are done.
O

The Lemmas 12.9 to 12.13 which follow correspond to the cases in which
(Ary Ar41, Ar2) has the form described in Proposition 11.16 (i)-(v). We
therefore adopt as standing assumption that (A,, A,11) is pointed.

We use the same strategy as in the above cases, namely we show that
by subtracting a standard multi-sequence from an arbitrary coherent multi-
sequence for A we can obtains a coherent multi-sequence (y(t,u);) is which
the extension sequences (y(r + 1,7+ 2); and (y(r + 2,7 + 3);) are zero and
hence, by Lemma 12.4, (y(t,u);) is identically zero and hence any coherent
multi-sequence is standard.

The first case is that in which (Ay4+1, Ary2, Ary3) has the form described
in Proposition 11.16(i).

Lemma 12.9. Suppose that l, 41 > ly42 > vy = vy with val,(A+p*r+1) >
lry1 and Apy1 =p" — 1 —I—pl’“+1. Then X is split.
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Proof. The proof for this case is completely analogous to the proof of Lemma
12.5.
O

In the next case (Ar+1, Ar42, Ar43) has the form described in Proposition
11.16(i).

Lemma 12.10. Suppose that l,41 = ly42 > v, = vpy1 with leny (A1 +
plr+2) < val,(A\r +p¥ + 1) and A\py1 = p* — 1+ plr+1. Then X is split.

Proof. The proof is completely analogous to the proof of Lemma 12.6.
O

The next case, in which (Ar41, Ary2.Ar+3) has the form described in Propo-
sition 11.16(iii), requires some additional argument.

Lemma 12.11. Suppose that l,41 = ly42 > v, = vy with leny (A1 +
plr+2) < valy (A, +p¥r +pl+1 +1) and A\pyq = p¥r — 1+ plr+1. Then X is split.

Proof. By Proposition 11.16(iii), by subtracting a standard multi-sequence
from an arbitrary multi-sequence for A we can obtain a multi-sequence
(y(t,u);) in which y(r,r +1); = 0 for ¢ # p, and y(r + 1,r +2); = 0
for j # pl+1, and y(r,r 4+ 2); = 0 for k # pl~+! and that

y(r,r +1)por = —y(r+1,r + 2)pzr+1 =y(r,r+ 2)plT+1.

As usual we have to prove that (y(r+1,r+2);) = 0 and (y(r+2,7+3);) = 0.
We show first that (y(r +2,r 4+ 3);) = 0. By the commuting relation (C)
for the pairs (r,7 + 1) and (r + 2,7 + 3), we get that

Ar+ 1 Moo+ k
( iz>y(r+2,r+3)k:( +2 )y(r,r+1)i.

Since (Ar)i,, =p—2and y(r,r+1) 1,1 =0, setting i = plr+1 in the relation
above we get that y(r 4+ 2,7+ 3)r = 0.

Now by the same relation and the fact that (Ay4+2, Ar+3) is not James we
also get that (y(r,r+1);) = 0. Since now y(r,r+1),r = —y(r+1, T+2)plr+l
and y(r + 1,7 +2); = 0 for j # plr+1 we get directly that the extension
sequence (y(r + 1,7+ 2);) is 0 and we are done.

O

We next consider the case in which (A1, Ar+2, Art3) has the form de-
scribed in Proposition 11.16(iv).

Lemma 12.12. Suppose that l,12 < vpp1 < Up < lpp1 and Apgq = 5\7«4.1 +
Pl with 0 < Apyy < p¥r. Then X is split.
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Proof. By Proposition 11.16(iv), by subtracting a standard multi-sequence
from an arbitrary multi-sequence for A we can obtain multi-sequence (y(t,u);)
in which (y(r+1,74+2);) =0 and (y(r,r+2);) = 0 and that y(r,r+1); =0
for i # p'r+1. Hence it remains to prove that (y(r + 2,7 + 3);) = 0. This is
straightforward. Considering the commuting relation (C) for (r,r + 1) and
(r+ 2,7+ 3) we have

Ar i Mgz +j
( i2>y(r—|—2,r+3)j:( +; ])y(r,r—i-l)i.

Now setting i = p'r, and since y(r, 7+1),» = 0, we deduce that the extension
sequence (y(r + 2,7 + 3);) is zero and we are done.
O

In the next case (Ar41, Ar42, Ar43) has the form described in Proposition
11.16(v).

Lemma 12.13. Suppose l,11 > lyyo = vy > vpyy with Ly < valp(A, +
PP+ 1), Apg1 = App1 + 0 with 0 < Aj1 < p¥, and Apya = Apyo + pUr

~

with 0 < A\pyo < pUrt1. Then X is split.

Proof. The proof for this case is entirely analogous to the proof of Lemma
12.8.
O

Thus we are left with the case in which the non-split triple (A,, Ar+1, Ary2)
corresponds to the case of Proposition 10.14(ii). We show here that under
certain assumptions this triple provides a non-split partition A and this
finishes the proof of Proposition 12.3. More precisely, we prove the following.

Lemma 12.14. Suppose that l,42 = v, = vpy1, with
L1 < val,(Ar 4+ 9% + 1), Mrs1)o, # 0 and Ario = Apyo + pPr with
0< 5\r+2 < p¥. Then X is non-split if and only if:
(1) A1 = (P = 1) = p"r + "IN 1, (At1)u, # 0 and Xy > 0; and
(11) Ary2 = (P — 1) +p; and
(ii) Ary3 = Args + pUr with 0 < Aojg < pPr.
In that case E(\) is spanned by the standard multi-sequence and a non-
zero multi-sequence (y(t,u);) in which

y(r,r +2)por = y(r + 1,7+ 3)por = —y(r + 1,7+ 2)por = —y(r, 7 + 3)por.
and y(t,u); = 0 for all other choices of t,u and i.

Proof. We first emphasise that since v, = v,41 and Ay = p" — 1+ p"r AL 11
with (Ar41)s, # 0, the characteristic of K is odd. We show now that
if A\r41 or Arp3 does not have the form described in (i) and (iii) then
(Ar41y Art2, Arg3) is split and so by Lemma 12.4, we get that X is split.
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First notice that since [, 12 = v,41 we have that (A1, Ar42) is split. Now
by Remark 10.3 (i) and (ii), or directly by Proposition 10.14, we deduce that
if A is non-split then we may write A\, 3 = (p”+1 —1) —p¥r +p”r+1)\;+1 and
lr+3 > vp. Since now Appo = 5\T+2 + p¥r we get that A\, 3 = 5\r+3 + p¥r with
5\r+3 < p¥r. So we have that if A is non-split then A,;1 and A,43 must have
the form of (i) and (iii) described in the statement.

We show now that if A\, 49 is not as in (ii) of the statement then A is split.
By the description of its parts so far, we have that if (Ary1, A2, Arys)
is a non-split triple then it corresponds to one of the cases (ii) or (v) of
Proposition 10.14, where vy42 = vy41 O Vr42 < Up41 respectively. We show
that if v,yo < vr41 then A is split. Indeed, if v,y < v,41 then the triple
(Ar41, Ar42, Ar43) corresponds to case of Proposition 10.14(v). Thus we can
subtract a multiple of the standard multi-sequence to obtain one in which
(yr+1,7+2);) =0, and y(r+1,7+3), = y(r+2,7+3); =0 for j, k # p*r,
and

y(r 42,7+ 3)por = —y(r + 1,7+ 3)per.

Considering the commuting relation (C) for the pairs (r,r + 1) and
(r+2,r 4+ 3) we have

Ao+ j A i
( +§, ]>y(r,r+1)i:< il)y(r+2,r+3)j.

Setting j = pU+2 we have (/\”jﬁj) # 0 and y(r + 2,7 4 3),v42 = 0, since
Upy2 < vp. Therefore, we have (y(r,r 4+ 1);) = 0. We have deduced that
(y(r,r+1);) =0 and (y(r+ 1,7 +2);) = 0 and so by Proposition 9.4(i) we
get that A is split.

Hence, from now on we can assume that (Ay41, Ary2, Ar+3) is a non-split
triple, corresponding to Proposition 10.14(ii), where v,42 = vy41 and since
vy = vp41 we have that \.;o = (p — 1) + p*7, as in the statement.

We prove that in this case, A is a non-split partition and we have a non-
zero coherent multi-sequence of the given form.

We consider first the triple (A1, Art2, Ar43). By Proposition 10.14(ii) we
can assume that after subtracting a multiple of the standard multi-sequence
we have (y(r +2,7+3);) =0, y(r+ 1,7+ 3)y = y(r + 1,7 +2); = 0 for
i,k # p’, and

y(r+ 1,7+ 3)por = —y(r+ 1,7+ 2),0r.

We make the following simple observation. Since the pairs (\.43, A\t) with
t > r+ 3 are James partitions we have

lt <vpys <vp = Vpp1 = Upyo

72



and so all the pairs (Ag, A¢) with ¢ > r+3 are James. Moreover, all the pairs
(Asy A¢t) with s < r are James. Therefore, the only pairs of rows of A which
are not James are those in the quadruple (Ar, Ary1, Art2, Ary3).

We deal first with the coherent conditions involving y(r, r +2),.-. For s,t
both different from 7,7 + 2 we have that the pairs (r,r + 2) and (s,t) are
related via the commuting relation (C). If we assume further that (s,¢) #
(r+1,743) we have that for such a pair (s, \¢) is James and (y(s,t);) = 0.
This gives directly that both sides in the commuting relation are zero and
so this relation is satisfied. Hence, it remains to investigate the relations
between the pairs (A\r, \r42) and (A41, Art3) and those relations coming
from the triples (A, Ar, Apy2) with ¢ < 7 and (A, A\py2, A¢) with ¢ > 7+ 2.

The pairs (r,742) and (r+1,7+3) are related via the commuting relation
(C) and we have,

. o
()\H; + 2)y(r, T+ 2)por = (Ar trp )y(r +1L,r+3);=—-ylr+1,r+3);
where the last equality follows from the fact that (A, + p”, Ar41) is James.
Now notice that since A1 = (p'rt1 — 1) — pr + p N | and 43 = vy,
we also have that for ¢ < [,3, (’\”Z?H) # 0 if and only if ¢ = p¥r, in which
case (M+1FP") = —1. Hence, here we recover the relation y(r, 7 + 2)pur =
y(r +1,r 4 3),v- that we have in the multi-sequence.

We move on to the triples (Ag, Ar, Ary2) with ¢ <7 and (A, Ary2, A¢) with
t > r + 2. For the triple (Ag, Ar, A\r42) we have that y(r,r 4 2); is identified
with y; in the relations (T1) -(T3b). Notice that for this triple we have that
af' =0, 2§ = 0 and yi' = 0 for j # p with yi. = —1. Therefore, the
relations associated with this triple are satisfied by our multi-sequence.

For the triple (A\r, \r42, A\¢) we have that y(r,r + 2); is identified with x;
in the relations (T1)-(T3b). If ¢t > r + 3 we have that since (A, \;) and
(Ar42, Ar) are James, the standard multi-sequence for this triple is y?t =0,
23 =0 and 2 = 0 for i # p'r with x;tw = —1. So again, the relations
associated with this triple are satisfied by our multi-sequence.

If t = 43 then we have the triple (A, \r+2, Ar+3). This triple corresponds
to the case (ii) of Proposition 10.14. Here y(r,r +2)per and y(r, 7 +3)per are
both involved in the relations of this triple. Also, y(r,r + 2); is identified
with x; and y(r,r + 3)j is identified with z in the relations (T1)-(T3b).
Now by Proposition 10.14(ii) we get that y(r,r + 2)per = —y(r,r + 3)per is
a solution for the relations of this triple and this is exactly what we have in
our multi-sequence.

We now deal with y(r+1,7+43),0-. For s,t both different from r+1,7+3
we have that the pairs (r+1,7+3) and (s,t) are related via the commuting
relation (C). If we assume further that (s,t) # (r,r + 2) then for such a
pair (As, A¢) is James and (y(s,t);) = 0. This gives directly that both sides
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in the commuting relation are zero and so this relation is satisfied. Hence,
it remains to investigate the relations between the pairs (A1, \r43) and
(Ar, Ar42) and those relations coming from the triples (Ag, A1, Ary3) with
g <rand (Ary1, A3, A\r) with ¢ > r + 3.

For the pairs (Ar4+1, Ary3) and (A, Ar12) we have already seen that our
multi-sequence satisfies the commuting relation associated with these pairs
in our previous consideration. Hence, we can move on to the triples
(Ags Ar415 Arg3) with ¢ <7 and (Apy1, Apg3, Ap) with ¢ > r + 3.

For the triple (Ag, Ar41, Ar43) we have that y(r+1,7+43); is identified with
y; in relations (T1)-(T3b). Notice that if ¢ < r, then 25' = 0, 2* = 0 and
yjft =0 for j # p¥ with yfo%r = —1. Therefore, the relations associated with
this triple are satisfied by our multi-sequence. If ¢ = r then (A, A\ry1, Ary3)
corresponds to the case of Proposition 10.14(ii). By Proposition 10.14(ii)
we have that any solution for this triple has the form x; = gz5* + hal, for
some scalars g,h, with zj = 0 for i # p and x}., = 1, y; = gy* and
zx = gz}’ + hzy, with 2, = 0 for k # p’ and 2, = 2. Also, notice
that z5* = yjt =23 = 0 for i,j,k # p” and x;tvr = yf}i,« = zzsﬁr = —1.
Therefore setting h = g we obtain a solution of the form z; =0, y; = 2, =0
for 5,k # p" and yper = —zper. But this is exactly the solution in our
multi-sequence, since here yyvr is y(r + 1,7 4 3)per and zper is y(r,r + 3)por.
Therefore, we are done.

For the triple (Ar41, Ar43, Ar) now we have that y(r+1,r+3); is identified
with z; in the relations (T1)-(T3b). The standard coherent triple satisfies
Y =0, 2§ = 0 and x§' = 0 for i # p” with 23, = —1. Therefore, the
relations associated with this triple are satisfied by our multi-sequence.

The considerations for y(r + 1,7 + 2),v-, and y(r,r + 3)p- are identical
with those of the last two cases and we leave them to the reader to check.

O

Example 12.15. One can easily verify that for p = 3 the partition X =
(1,1,1,1) satisfies the conditions of Lemma 12.14 and that for n > 4 we
have Extjlg(n)(S‘LE,K)\) = H'(24,Sp(1,1,1,1)) = K, where Sp(1,1,1,1) is
the sign representation for 4.

12.3 The case in which (A2, A1 3) is James.

We consider now the case in which the pair (A,42, Ar43) is a James par-
tition. We have the following result.

Proposition 12.16. Suppose A is a partition which is not James and r <
n — 1 minimal such that (Ar, A\r11) is not James. Assume further that
(Arg2, -5 An) is a James partition. Then X\ is non-split if and only if one
of the following holds.

(1) (Arg1, Arg2) is not James and (Ap, Ar1, Ar2) s a non-split triple.
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(11) (Arg1, Arg2) is James, (Ap, Arg1) splits and (Ary Aps1, Arg2) @S a non-split
triple, with the extra condition that l,43 <ly42 if p=2 andn >1r+ 3.
(153) (Ar41, Ar+2) is James, (Ap, A\ry1) is pointed and there is no q¢ < r with
vy = len, (A, + plr+1).

In all these cases a non-standard multi-sequence (y(t,w);) is obtained from
a non-standard coherent triple for (Ap, Arg1, Arg2) with (y(t,u);) = 0 for
(t,u) # (r,r+1),(r+1,7r+2) and (r,r + 2).

We note that for p > 3 the condition l,43 < l,42 in case (ii) of Proposition
12.16 is automatic, coming from the fact that (A,y2,Ar43) is James and
the form of the non split triple (Aq, A\ry1, Arr2) with (Ar, A\p11) split and
(Ar+1, Ar42) James, which is the case (iv) in Proposition 10.14.

We give a proof of Proposition 12.16 in a series of Lemmas corresponding
to the forms of the non-split triples of Propositions 10.14 and 11.16. Before
we embark on the proof of Lemmas 12.18 to 12.28 we make the following
remark that will be used repeatedly.

Remark 12.17. Let A be a partition which is not James and assume
that r is minimal such that (A, A,4+1) not James. Assume further that
(Art2,---,An) is a James partition. Then for every pair (As, \¢) with s #
r,7 + 1 the partition (As, \¢) is James.

Indeed, since (A1,..., ;) and (Ar42,...,\,) are James partitions, we have
lgy1 <vg for ¢ <r—1and g > r+ 2. Now, since s # r,r + 1 we have that
s<r—1lors>r+2 Also, fort > s we have that [; <lsy; < vs and so
(As, A¢) is James.

We state and prove now the following ten Lemmas. Recall that X is a
partition which is not James, 1 <r < n — 1 is minimal such that (A, Ar41)
is not James and (A,42,...,A,) is James.

The Lemmas 12.18 to 12.23 which follow correspond to the cases in which
(Ary Adrt1, Arg2) is as described in Proposition 10.14, (i)-(v). We therefore
adopt as standing assumptions that (A, Ay41) is split and
lri1 < valp(Ar +pUr +1).

We first treat the case in which (Ar41, Ar42, Ar43) has the form described
in Proposition 10.14(i).

Lemma 12.18. Suppose ly 12 > vy = Up41, with 1,41 < val, (A +p" +1) and
valp(Arp1 — 0" +1) > l42. Then X is non-split and E(X) is spanned by the
standard multi-sequence and a multi-sequence (y(t,w);) with y(r,r+1)pe # 0
and y(t,u); = 0 for all other choices of t,u and i.

Proof. Let (y(t,u);) be a multi-sequence as in the statement. It suffices to
prove that this is coherent. By Proposition 10.14(i) the sequence satisfies
the coherence conditions for the triple (A, Apy1, Ary2).
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Consider (s,t) with s < ¢, and s and t different from r and r + 1.
Then, (r,7 + 1) and (s,t) are related via the commuting relation (C). Since
(y(s,t);) = 0 the condition is

(As;_j)y(r,r +1); =0.

However, since s # r,r + 1 we have that (A\s, \;) is a James partition by
Remark 12.17 and so (AS].H) =0 for 1 < j < ). Hence, this relation is
satisfied.

Therefore we can assume that s or ¢ are equal to r or r + 1 and consider
the triples (Ag, Ar, Ar1) and (Ar, A1, Ar).

We consider the triple (Ag, Ay, A\ry1) first. Here, y(r,r 4+ 1); is identified
with y; in the relations (T1)-(T3b). Since (Ag, Ar) and (A + p, Ary1)
are James partitions we have that the standard solution for this triple is
= 2 = 0 and yi* = 0 for j # pr with yi, = —1. Therefore the
coherence conditions are satisfied for this triple.

We consider now the triple (Ar, A\p11, A¢). Here y(r,7+1); is identified with
x; in the relations (T1)-(T3b). But as l; < l,2 and any value of y(r, r+1),0-
(and all other values 0) is coherent for (A, A1, Ar+2) so we get directly that
the coherence conditions are satisfied also for (Aq, Ap11, A¢). O

We next consider the case in which (Ar41, Ari2, A\rt3) has the form de-
scribed in Proposition 10.14(ii).

Lemma 12.19. Suppose that l,12 = v, = vpy1, with
L1 < valy(Ar 4+ p% + 1), Ars1)o, # 0 and Ari2 = Aryo + pPr with
0< 5\T+2 < p'. Then A is non-split.

Moreover E(X) is spanned by the standard multi-sequence and a non-zero
multi-sequence (y(t,w);) such that y(r,r+1); = y(r,r+2); = 0 fori, k # pr,
with

y(T, T+ 2)10“7" + (>\r+1)vry(ra T+ l)p“" =0

and (y(s,t);) =0 for (s,t) # (r,r+1),(r,r +2).

Proof. By Remark 12.17, (As, \¢) is a James partition for s # r,r + 1. We
show that in this case we also have that for t > r 4+ 3 the pairs (A, \¢) and
(Ar+1, At) are James.

First notice that since (Ar41)y, # 0 and v, = v,41, the characteristic of
K is odd. Now since (Arj2,Ar4+3) is James and Ao = 5\r+2 + p¥r with
Arso < p'r, (and since char(K) # 2), we have that Az < Ao < pr.
Therefore, 13 < v, = vy41 and 80 (A, Ary3) and (Ar41, A\r43) are James
partitions. Moreover for t > r + 3 we have [; < [,13 and so (A, \;) and
(Ar+1,A¢r) are also James partitions. Therefore, we deduce that the only

pairs which are not James come from (A, A1), (Arr1, Ar2) and (Ar, App2).
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Let (y(t,u);) be a multi-sequence as in the statement of the Lemma. By
Proposition 10.14(ii) the coherence condition is satisfied for (Ay, A1, Ar12).

We deal first with coherence conditions involving y(r,r + 1)pe-. For a
pair (s,t), with s < ¢, and both s and ¢ different from r and r + 1 we have
that (r,r + 1) and (s,t) are related via the commuting relation (C). Since
(y(s,t);) = 0 and (Ag, \¢) is a James partition we have though that this
relation becomes a tautology.

Therefore, it remains to consider the triples of the form (Ag, Ay, Ap41) with
g <rand (Ap, Apy1, A¢) with ¢ > 7 + 2.

For the triple (Ag, A, Ar41) with ¢ < r we have that y(r,7+1); is identified
with y; in the relations (T1)-(T3b). Here the standard solution for this triple
has the form z5' = 2 = 0 and yjt = 0 for j # p'r with yzs;%r = —1. Therefore,
the relations associated with this triple are satisfied by our multi-sequence.

For the triple (Ay, Ar41,A¢) with ¢ > r 4+ 2 we have that y(r,r + 1); is
identified with z; in the relations (T1)-(T3b). Here the standard solution
for this triple has the form a§' = 0 for i # p*r, x5, = —1 and y5* = 23* = 0.
Therefore, the relations associated with this triple are satisfied by our multi-
sequence.

We now deal with coherence conditions involving y(r, 7+ 2),-. For a pair
(s,t) with s < t and both s and ¢ different from r and r + 2 we have that
(r,7+2) and (s,t) are related via the commuting relation (C). As (As, A¢) is
James and (y(s,t);) = 0 for these values of (s,t) we have directly that both
sides in the commuting relation are 0.

Therefore it remains to consider the triples (Ag, Ay, A\p42) with ¢ < r and
(Ary Arg2, Ap) with ¢ > 7 4 2.

For the triple (Aq, A, A\r42) with ¢ < r we have that y(r, r+2); is identified
with y; in the relations (T1)-(T3b). Here, the standard solution for this
triple is z5' = 25' = 0 and y;t = 0 for j # pr with y;ET = —1. Therefore,
the relations associated with this triple are satisfied by our multi-sequence.

For the triple (\;, A\r12, A\t) we have that y(r,r + 2); is identified with x;
in the relations (T1)-(T3b). Notice that since I; < v, we have that the
standard solution for this triple is ' = 0 for ¢ # p'r and a:;tur = —1 and
yjft = 2z;' = 0. Hence, again the relations associated with this triple are
satisfied by our multi-sequence.

O]

We next consider the case in which (A1, Ary2, Art3) has the form de-
scribed in Proposition 10.14(iii).

Lemma 12.20. Suppose l,yo > v, = vpy1, with leny,(Ayq1 + plr+2) <
valp(Ar + p" + 1), val,(Arp1 — p" + 1) = g2 and A\j2 = 5\T+2 + plr+2,
with 5\r+2 < pUr. Then A is non-split.

The space E(X) is spanned by the standard multi-sequence and a non-zero
multi-sequence (y(t,u);) such that y(r,r +1); =0 for i # p*r, and
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y(r+1,74+2); =0 for j # plr+2 with

y(T‘ +1,7+ 2)plT+2 + ()‘T‘+1)lT+2y(T7 T+ 1)10”7" =0
and (y(s,t);) =0 for (s,t) # (r,r+1),(r+ 1,7+ 2).

Proof. By Remark 12.17 we have that (\s, A¢) is a James partition for s #
r,7+ 1. We show that in this case we also have that for ¢ > r + 3, the pairs
(Ary A) and (Ap41, A¢) are James.

First notice that since [, 12 > v, and A\, 2 = 5\r+2 —I—pZT+2 with 5\r+2 < pvr
our assumption that (Ay42, Ar13) is James gives directly that [,13 < v, =
vy + 1 and so we have that (A, \;13) and (A,41, \ry3) are James partitions.
Now, for t > r 4+ 3 we have l; <43 and so (Ar, A\t) and (Ay41, A¢) are also
James partitions. Therefore, we deduce that the only pairs which are not
James come from (Ar, A1), (Arg1, Ar2) and (Ar, App2).

Let (y(t,u);) be a multi-sequence as in the statement of the Lemma. By
Proposition 10.14(iii) the coherence condition is satisfied for (Ay, Ar41, Ar42).

We deal first with coherence conditions involving y(r, 7 +1)ye-. For a pair
(s,t), with s < ¢t and both s and ¢ different from r and r+1 we have (r,r+1)
and (s,t) are related via the commuting relation (C). Since (y(s,t);) = 0
and (Ag, A¢) is a James partition we get directly that this relation becomes
a tautology.

Therefore, it remains to consider the triples of the form (Ag, Ay, Ap41) with
g <rand (Ar, A\py1, A¢) with ¢ > 7 + 2.

For the triple (Ag, A, Ar41) with ¢ < r we have that y(r,7+1); is identified
with y; in the relations (T1)-(T3b). Here the standard solution for this triple
has the form 25" = 25* = 0 and y;t = 0 for j # p¥r with yIS;%T = —1. Therefore
the coherence conditions are satisfied for this triple.

For the triple (Ay, Ary1,A\¢) with ¢ > r 4+ 2 we have that y(r,r + 1); is
identified with z; in the relations (T1)-(T3b). The standard solution for
this triple is 2§' = 0 for i # p* and 23}, = —1 and y3' = 2}* = 0. So, again
the coherence conditions are satisfied for this triple.

We now deal with coherence conditions involving y(r + 1,7 + 2) iz~ For
a pair (s,t) with s < ¢ and s and ¢ both different from r + 1 and r + 2 we
have that (r+1,7+2) and (s, t) are related via the commuting relation (C).
As (Xg, \¢) is a James partition and (y(s,t);) = 0 for such (s, t), this relation
becomes a tautology.

Therefore, it remains to consider the triples (Ag, Ar1, Ar42) with ¢ < r
and (Apy1, Adry2, A¢) with ¢ > r + 2.

For the triple (Ag, Ar41, Ary2) with ¢ < r we have that y(r + 1,7 + 2); is
identified with y; in the relations (T1)-(T3b). Notice now that the partitions
(Ags Ar41, Ar42) satisfies the properties of the case of Lemma 8.1 and so we
get that the coherence conditions are satisfied for this triple.

For the triple (A\r41, Ar+2, A\t) we have that y(r + 1,7 + 2); is identified
with z; in the relations (T1)-(T3b). This triple now satisfies the properties
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of the case of Proposition 11.16(iv) and we have that y(r+1, 7’+2)plr+2 # 0,
with all the other values 0, is coherent for this triple.
0

We next consider the case in which (Ar41, Ary2, A\r13) has the form de-
scribed in Proposition 10.14 (iv).

Lemma 12.21. Suppose l,yo = v, < vpy1, with len,(Ayq + pl”?) <
valy(Ar +p"" + 1) and A2 = j\r+2 + plr+2 with 5\T+2 < p'. Then
(i) For p > 3 the partition A is non-split.
(ii) For p = 2 the partition X\ is non-split if and only if l,43 < ly+2.

In the non split case E(\) is spanned by the standard multi-sequence and a
non-zero multi-sequence (y(t,w);) satisfying y(r+1,r+2); = y(r,r+2), =0
for 5, k # p¥r with

y(r+ 1,74+ 2)pr +y(r,r+2)per =0
and (y(s,t);) =0 for (s,t) # (r+ 1,7 +2),(r,r+2).

Proof. Assume first that [,13 < l.12. Notice that this is always the case
if char(K) > 3, since (Ary2, \ry3) is James and A\, = 5\r+2 + p¥r, with
Arg2 < pUr.

By Remark 12.17, (As, A¢) is a James partition for s # r,r + 1. Now, for
t >r+3 wehave l; <l.43 < v, < vp41, and so we get that (A, A;) and
(Ar41, A¢) are also James pairs for t > r+ 3. Therefore, the only pairs which
are not James come from (Ar, A\y11) and (A, Apy2).

Let (y(t,u);) be a multi-sequence as in the statement of the Lemma. By
Proposition 10.14 (iv) the coherence condition is satisfied for (A, Ayy1, Ar42).

We deal first with coherence conditions involving y(r + 1,7 + 2),.-. For
a pair (s,t), with s < ¢, and both s and ¢ different from r + 1 and r + 2
we have (r + 1,7+ 2) and (s, t) are related via the commuting relation (C).
Since (y(s,t);) = 0 and (As, A¢) is a James partition for such (s,t) we get
directly that this relation becomes a tautology.

Therefore, it remains to consider the triples of the form (Ay41, Ary2, At)
with ¢t > 7+ 2 and (A, Ary1, Arg2) with ¢ < r.

For the triple (Ar41, Ap42, A\¢) with ¢ > r+2 we have that y(r+1,r+2); is
identified with z; in the relations (T1)-(T3b). Now, since ;12 = v, < Vpy1
and (A\r42, \¢) is a James partitions we get that the partition (Ay41, Ary2, At)
is James. Moreover, as I < l,43 < l,42 we have by Lemma 7.7 that the
coherence conditions are satisfied for this triple.

For the triple (Ag, Ar41, Ary2) With ¢ < r we have that y(r + 1,7 + 2);
is identified with y; in the relations (T1)-(T3b). Again we have that this
partition is James. Also, since len, (A1 + pr+2) < val,(A, + p*r + 1) we
have that len, (A1 + plr+2) < vg. Therefore, if [, 19 = [, 13 we get that the
coherence conditions are satisfied by Lemma 7.7(i) and if l,49 > [,4+3 the
conditions are satisfied by Lemma 7.7(iii).
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We deal now with the coherence conditions involving y(r,r 4 2),-. For a
pair (s,t) with s < ¢, and both s and t different from r and r + 2 we have
that (r,r + 2) and (s,t) are related only via the commuting relation (C).
Since (y(s,t);) = 0 and (Ag, A¢) is a James partition for such (s,t) we get
directly that this relation becomes a tautology.

Therefore it remains to consider the triples (A,, A2, A\t) with ¢ > r 4 2
and (Ag, A\r, Apg2) with ¢ < 7.

For the triple (\;, A\r12, A\¢) we have that y(r,r + 2); is identified with x;
in the relations (T1)-(T3b). The standard solution for this triple is 5* = 0
for ¢ # p¥ and :EZZT = —1 and y;t = 2§* = 0. So the coherence conditions
are satisfied.

For the triple (Ag, A, Ar42) with ¢ < r we have that y(r, r+2); is identified
with y; in the relations (T1)-(T3b). Now here we have that the standard
solution for this triple has the form 2§' = 2} = 0 and y3* = 0 for j # p*r
with yls,tw = —1 and so again we are fine.

We show now that if [,43 = l.42 then X is split. Notice that since
(Ar12, Art3) is James and N\ = 5\T+2 + plr+2 this is valid only in char-
acteristic 2.

We consider an arbitrary coherent multi-sequence for A. By Proposition
10.14(iv) we have that after subtracting a multiple of the standard solution
we can assume that (y(r,7+1);) =0, y(r + 1,7 +2); = 0 for j # 2" and
y(r,r+2), =0 for k # 2¥, with y(r + 1,7 + 2)9vr + y(r,7 + 2)20r = 0. By
Proposition 9.4(i) it is enough to show that (y(r,r+1);) and (y(r+1,742);)
are zero. Hence it remains to prove that y(r + 1,7 4+ 2)9v, = 0. Now the
pairs (r,r +3) and (r + 1,r + 2) are related via the commuting relation (C)
and since (Ay41, Ar+2) is James we have that

A .
( T.—H)y(r—l—l,r—i—2)j:O,Withig)wrg.
7

As 43 = l19 = v, we can set 1 = 2U7 and we have (’\*;;2%) # 0. Therefore,
y(r +1,r 4+ 2); = 0 and we are done.
O

Example 12.22. We give a concrete example to describe the failure of
the above result for the situation when l,413 = l,42 = v, < v,_1 in char-
acteristic 2. It is easy to see that the partition (2,1,1,1) satisfies all the
assumptions of Lemma 12.20 with v; = I3 = 4 = 0 and v = 1. By
Proposition 10.14(iv) we have that Ext}g(n)(S‘lE,K(Q’l’l)) = K. However
Ext}g(n)(S5E,K(2’17171)) =0, for n > 5, since the partition (2,1,1,1) has 2-
core (2,1) and so Extp, (S°E, K(211,1)) = Extg,) (S°E,V(2,1,1,1)) = 0.

We next consider the case in which (Ar41, Ar+2, Ary3) has the form de-
scribed in Proposition 10.14(v).
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Lemma 12.23. Suppose l,yo = v, > vpy1, with len,(Ay1 +plT+2) <
valy(Ar + p" + 1) and \py2 = 5\r+2 + plr+2 . with 5\7«+2 < p¥+t. Then A
18 non-split.

Moreover E(X) is spanned by the standard multi-sequence and a non-zero
multi-sequence (y(t,u);) satisfying y(r + 1,7 + 2); = y(r,r +2); = 0 for
j, k # pUr, with

y(r+ 1,74+ 2)pr +y(r,r+2)por =0
and (y(s,t);) =0 for (s,t) # (r + 1,7 +2),(r,r + 2).

Proof. By Remark 12.17, (A5, \¢) is a James partition for s # r,r + 1. We
show that in this case we also have that (A, \;) and (Ap41, A), with ¢ > r+3
are James.

Since (Apy2, Ary3) is James, A\, o = 5\T+2 + ph+2 with ;\r+2 < p¥r+1, and
vy > Upy1 we must have that Ay43 < p”+1. Hence l; < lr43 < vpq1 < vy
and so (A, A¢) and (A1, At) are James partitions. Therefore, the only pairs
which are not James come from (A, Ary1), (Arg1, Ary2) and (Ar, Ary2).

Let (y(t,u);) be a multi-sequence as in the statement of the Lemma. By
Proposition 10.14(v) the coherence condition is satisfied for (A,, A1, Ar42).

We first deal with the coherence conditions involving y(r + 1,7 + 2)pe-.
For a pair (s,t), with s < ¢, and both s and ¢ different from r + 1 and r + 2
we have that (r+ 1,7+ 2) and (s,t) are related via the commuting relation
(C). Since (y(s,t);) = 0 and (A, A) is a James partition for such (s,t) we
have that this relation becomes a tautology.

Therefore, it remains to consider the triples of the form (A1, Ary2, Ar)
with ¢ > 7+ 2 and (Ag, Ary1, Arg2) with ¢ < 7.

For a triple (Ar41, Arg2, Ar) with ¢ > r + 2 we have that y(r + 1,7 + 2);
is identified with z; in the relations (T1)-(T3b). Notice that (Ar41, Ary2)
is a pointed partition and that l; < v,41. Hence this triple has the form
described in Proposition 11.16(iv) and the coherence condition holds for our
multi-sequence.

For the triple (Ag, Ar41, Ary2) with ¢ < r we have that y(r + 1,7 + 2); is
identified with y; in the relations (T1)-(T3b). Now, since (Ag, Ar41) is James
and (Ar41, Ary2) is a pointed partition with len, (A1 +p"") < val, (A +p*r +
1) < vs we have that this is the case appearing in Lemma 8.1 and this gives
directly that the coherence conditions hold.

We now deal with the coherence conditions involving y(r,r + 2)per.

For a pair (s,t), with s < t, and both s and ¢ different from r and r + 2
we have that (r,7+2) and (s, t) are related via the commuting relation (C).
As (A, \¢) is a James partition and (y(s,t);) = 0 for these values of (s, 1)
we have directly that both sides in the commuting relation are 0.

Therefore it remains to consider the triples (A,, \p2, A\t) with ¢ > r 4 2
and (Mg, Ar, App2) with ¢ < 7.
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For the triple (A\;, A\;42, \¢) we have that y(r,r + 2); is identified with x;
in the relations (T1)-(T3b). Notice that since l; < v, and (A, + p”7, A\ry1)
is James, the standard solution for this triple is ' = 0 for i # p’" and
xztw = —1 and y?t = z,it = 0. So, our multi-sequence satisfies the conditions
for this triple.

For the triple (Ag, A, Ar42) with ¢ < r we have that y(r, r+2); is identified
with y; in the relations (T1)-(T3b). Here, the standard solution for this
triple is 5' = 2§* = 0 and y?t = 0 for j # p” with yIS)ET = —1 and so again
the coherence conditions for our multi-sequence are satisfied.

O

The remaining five Lemmas correspond to the cases in which (A,, \r 41, Ar42)
has the form described in Proposition 11.16 (i)-(v). We therefore adopt as
the standing assumption that (A, A\;41) is pointed.

We begin with the case in which (Ar, Ar41, Ar+2) has the form described
in Proposition 11.16(i).

Lemma 12.24. Suppose ;41 > lry2 > vp = vy, with val,(A, +p" +1) >
lry1 and Apyo =p¥r — 1 —{—plTH. Then A is non-split.

The space E(N) is spanned by the standard multi-sequence and a non-
zero multi-sequence (y(t,u);) satisfying y(r,r + 1); = 0 for i # p" and the
extension sequence (y(t,u);) =0 for (t,u) # (r,r +1).

Proof. Let (y(t,u);) be a multi-sequence as in the statement of the Lemma.
By Proposition 11.16(i), the coherence conditions are satisfied for
(>\T7 )\r+17 )\r+2)-

For (s,t) with s < t, and both s and ¢ different from r and r + 1, we have
that (r,r + 1) and (s,t) are related via the commuting relation (C). Now,
since (Ag, A¢) is James by Remark 12.17 and (y(s,t);) = 0 for such (s,t) we
have that both sides are 0.

Hence it remains to consider the triples (Ar, \r4+1, A¢) with ¢ > r + 2 and
(Ags Ary A1) with s < r.

For the triple (Aq, Ary1, Ar), we have that y(r,r + 1), is identified with x;
in the relations (T1)-(T3b). But as i; < l,;2 and any value of y(r,r + 1),0r
(and all other values 0) is coherent for (A, Art1, Art2) then we get directly
that the coherence conditions are satisfied also for (M., A\p41, A¢).

For the triple (Ag, Ar, Ar41), we have that y(r, r+1); is identified with y; in
the relations (T1)-(T3b). Since (Ag, Ar) is James and len, (A, +p”) = I, It is
a trivial check to see that our solution here satisfies the relations (T1)-(T3b)
for this triple.

0

We next consider the case in which (A, Ar41, Ary2) has the form described
in Proposition 11.16(ii).
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Lemma 12.25. Suppose l,41 = ly12 > vp = Vp41, with len, (A1 +plT+2) <
val,(Ar +p" +1) and A\ =p" — 1 + plr+1. Then X is non-split.

The space E(X) is spanned by the standard multi-sequence and a non-
zero multi-sequence (y(t,u);) satisfying y(r,r + 1); = 0 for i # p*r and
y(r+ 1,7 +2); =0 for j # plr+1 with

y(ryr+1)por +y(r+ 1,7+ 2)pzr+1 =0

and (y(t,u);) =0 for (t,u) # (r+ 1,7 +2),(r,r +1).

Proof. By Remark 12.17 we have that (As, A\¢) is a James partition for s #
r, 7+ 1. We show that in this case we also have that (A, \¢) and (A\r41, \e),
with ¢ > r + 3, are also James. Notice that since A\y42 = 5\7«+2 + plT+1 with
5\7»+2 < pUry lry1 > v and (Arg2, Apg3) is James we get that A,43 < 5\r+2 <
p'r. Therefore we have that the pairs (A, \;) and (Ay41,\) with ¢ > r + 3
are also James partitions. Hence, the only pairs of rows of A which are not
James come from (Ar, A1), (Ars1, Art2), and (Ar, Arj2).

Let (y(t,u);) be a multi-sequence as in the statement of the Lemma. By
Proposition 11.16(ii), the coherence conditions are satisfied for
()\Tv A1”-‘,—17 )\7"—1—2)-

We first deal with the coherence conditions involving y(r,r + 1),.-. For
(s,t) with s < t, and both s and t different from r and r + 1, we have that
(r,7 4+ 1) and (s,t) are related via the commuting relation (C). Now, since
(As, A¢) is James and (y(s,t);) = 0 for such (s,t) we have both sides of the
relation are zero.

Hence it remains to consider the triples (Ar, \p41, A¢) with ¢ > r + 2 and
(Ags Ary A1) with ¢ < r.

For the triple (Aq, Ary1, At), we have that y(r,r + 1); is identified with z;
in the relations (T1)-(T3b). Since len,(\r41 + p'r+2) < val, (A, + p¥r + 1)
and Iy < v, we have that the standard solution for this triple is yjft =z'=0
and x5* = 0 for i # p¥r with :c;tvr = —1. Hence, the coherence conditions for
our multi-sequence are satisfied.

For the triple (Ay, Ar, Ar1), we have that y(r,r + 1); is identified with
yj in the relations (T1)-(T3b). Here the standard solution for this triple is
2 = 27! = 0 and ' = 0 for i # p* with g5, = —1. So, the relations
associated with this triple are satisfied by our multi-sequence.

We now deal with the coherence conditions involving y(r + 1,7 + 2)pz7. 41
Again for For (s,t) with s < ¢, and both s and ¢ different from r + 1 and
r 4 2, we have that (r,7 + 1) and (s,t) are related only via the commuting
relation (C). Now, since (Ag, \¢) is James and (y(s,t);) = 0 for such (s,t),
both sides in this relation are 0.

Hence it remains to consider the triples (Ar, \r41, A¢) with ¢ > r 4+ 2 and
(Ags Ary A1) with ¢ < r.

For the triple (Ar4+1, Art2, At), we have that y(r + 1,7 + 2); is identified
with x; in the relations (T1)-(T3b). Now l; < v, = v,41 and so this triple
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is of the form described in Proposition 11.16(iv). Thus we get directly that
the coherence conditions for our multi-sequence are satisfied.

For the triple (Ag, Ar+1, Ar42), we have that y(r + 1,7 + 2); is identified
with y; in the relations (T1)-(T3b). Here this triple has the form appearing
in Lemma 8.1 and so our multi-sequence satisfies the conditions for triple.

O

We next consider the case in which (A, Ar41, Art2) has the form described
in Proposition 11.16(iii).

Lemma 12.26. Suppose l,+1 = lr12 > v = vp41, with lenp()\rﬂ —i—pl*“) <

val,(Ar +p'r + Pl 1) and A\py1 = p*r — 14 p+1. Then X is non-split.
The space E(X) is spanned by the standard multi-sequence and a non-zero

multi-sequence (y(t,w);) satisfying y(r,r +1); = 0 for i # p*r,

y(r+ 1,7 +2); =y(r,r +2), =0 for j, k # pr+1 with

y(r,r 4+ 1)per = —y(r+ 1,7+ 2)plr+1 =y(r,r+ 2)pzr+1
and y(t,u); =0 for all other choices of t,u and j.

Proof. By Remark 12.17 we have that (As, A\¢) is a James partition for s #
r,7 + 1. We show that in this case we also have that (A, \¢) and (A\r41, \e),
with ¢ > r + 3, are James. We have that since A2 = ;\T+2 —|—plr+1 with
5\r+2 < p¥, lpg1 > v and (Apy2, Apys) is James then A3 < 5\r+2 < p'r.
Therefore all the pairs (A, \;) and (Ap41,Ar) with ¢ > r + 3 are James.
Hence the only pairs of rows of A which are not James partitions come from
()\ra )\'r—l—l), ()\r—l-l, >\7‘+2>7 and ()\ra )\r+2)-

Let (y(t,u);) be a multi-sequence as in the statement of the Lemma. By
By Proposition 11.16(iii), the coherence conditions are satisfied for
()\7‘7 Ar-‘,—l; )\7“—1—2)'

We first deal with the coherence conditions involving y(r,r + 1),.-. For
(s,t) with s < t, and both s and ¢ different from r and r + 1, we have that
(r,r+1) and (\s, \¢) are related via the commuting relation (C). Now, since
(As, M) is James and (y(s,t);) = 0 for such (s,t), both sides of the relation
are 0.

Hence it remains to consider the triples (Ay, \p4+1, A¢) with ¢ > r + 2 and
(Ags Ary A1) with ¢ < r.

For the triple (Aq, Ary1, At), we have that y(r,r + 1), is identified with x;
in the relations (T1)-(T3b). The standard solution for this triple is y¥ =
23 =0 and 25* = 0 for i # p?r, plr+1, with :E;ZT = ;EZETH = —1. Also
(Ary Art1, A¢) satisfies the properties of the triple of Proposition 11.16(iv)
and so we have that in a coherent triple, z; = ha$' + g:c?t, with h,g € K.
Setting h = g we have that any value of .- = y(r,r + 1)per (with all the
other values being 0) is a solution for this triple and we are done.
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For the triple (Ag, Ar, Ar41), we have that y(r, r+1); is identified with y; in
the relations (T1)-(T3b). Since (Ag, A;) is James and leny, (A, +p*") = I, it is
a routine to check that our multi-sequence satisfies the coherence conditions
for this triple.

We now deal with the coherence conditions involving y(r + 1,7 + 2)pzr 41-
Again for (s,t) with s < ¢, and both s and ¢ different from r 4+ 1 and r + 2,
we have that (r,r+1) and (s, t) are related only via the commuting relation
(C). Now, since (g, A¢) is James and (y(s,t);) = 0 for such (s, t), both sides
of the relation are zero.

Hence it remains to consider the triples (Ay41, Ar42, A¢) with ¢ > r+2 and
()\q, >\r+17 )‘T+2) with g < 7.

For the triple (Ar+1, Ar42, A¢), we have that y(r+1, r+2); is identified with
x; in the relations (T1)-(T3b). Notice that l; < v, = vy41 (since (Ar, A¢) is
James) and so we are in the case described in Proposition 11.16(iv) and we
get directly that any value of y(r + 1,7 + 2) St (with all the other values
being 0) satisfies the coherence relations.

Also the triple (Ag, Ar, Ary2) corresponds to the case appearing in Lemma
8.1 and so again we get directly that the coherence conditions are satisfied
for this triple.

We leave to the reader to check that the same considerations take care
the case of y(r,r + 2)pzr+1.

O

We now consider the case in which (A, Ay+1, Ar42) has the form described
in Proposition 11.16(iv).

Lemma 12.27. Suppose l,y1o < Vpp1 < vp, and Apy1 = 5\T+1 +plT+1 with
0< 5\r+1 < p’. Then X is non-split if and only if there is no q < r with
vy = len, (A, + plr+1).

In that case E(X) is spanned by the standard multi-sequence and a non-
zero multi-sequence (y(t,u);) satisfying y(r,r + 1); = 0 for i # p'+' and
(y(t, u);) = O for (t,u) # (ryr + 1).

Proof. We show first that if there exists a ¢ < r with v, = len,(\, + p'r+1)
then A splits. Assume that such a ¢ exists.

Let (y(t,u));) be a coherent multi-sequence. Considering (Ar, Ar41, Art+2)
we obtain by Proposition 11.16(iv) that (y(r+ 1,7+ 2);) = 0. Also for such
g we have by Lemma 8.1 that (Ag, Ay, Ar41) splits. Hence we can subtract
a standard multi-sequence to get a coherent multi-sequence (also denoted
(y(t,u);)) in which (y(r,r + 1);) = 0. Now by Proposition 9.4(i) we get
directly that A is split.

We now assume that v, > len,(\, + pir+1) for every 1 < ¢ < r. Let
(y(t,u);) be a multi-sequence as in the statement of the Lemma. By Propo-
sition 11.16(iv), the multi-sequence satisfies the coherence conditions for the
triple (Ar, A1, Ar2). By our usual arguments for the pairs related via the
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commuting relation (C) we obtain an equation in which both sides are zero
and the coherence conditions are satisfied.

Hence it remains to consider the triples (Ag, Ay, Ary1) with ¢ < 7 and
(/\7«_;,_1, /\H_Q, )\t) with ¢t > r + 2.

The triple (Ag, Ar, Ar41) corresponds to the case appearing in Lemma 8.1
and since vy > len,(\, + pr+1) for every ¢ < 7 we have by Lemma 8.1 that
the coherence conditions are satisfied.

Also for the triple (Ar, Ary1, M), y(r,7 + 1); is identified with z; in the
relations (T1)-(T3b). But as l; < [,42 and any value of y(r,r + 1)y (and
all other values 0) is coherent for (A, A\;1+1, A\r42) then we get directly that
the coherence conditions are satisfied also for (A, Apy1, A¢).

]

The final case corresponds to the situation in which (A, Ar41, Ary2) has
the form described in Proposition 11.16(v).

Lemma 12.28. Suppose l,12 = vy > vpq1 with l,41 < val,(A, + p'7 + 1),
Arg1 = 5\r+1 —I—pZT+1 with 0 < 5\7'+1 < p’r, and Apqo = 5\T+2 + p¥r with
0< 5\T+2 < p¥+1, Then X is non-split.

The space E(X) is spanned by the standard multi-sequence and a non-zero
multi-sequence (y(t,u);) satisfying y(r + 1,7 +2); = y(r,r +2); = 0 for
j, k # pUn with

y(r+ 1,74+ 2)pr +y(r,r+2)per =0
and (y(t,u);) =0 for (t,u) # (r + 1,7 +2),(r,r +2).

Proof. The considerations here are identical with those of Lemma 12.23 and
the proof follows in the same way.
O

12.4 Summary

We gather together now our results from Corollary 7.13 and Propositions
9.5, 12.3 and 12.16 in the following theorems to describe all the non-split
partitions. We remind to the reader that for a partition A = (Ag,..., A\,) we
have v; = val,(A; + 1) and [; = len()\;) for 1 < i < n. Also, a partition \ is
James if and only if v; > [;4q for 1 <i<n—1.

Theorem 12.29. A James partition is non-split if and only if it has length
n > 2. The dimension of the extension group is bounded by n — 1, and is
described explicitly in Corollary 7.13.

Theorem 12.30. Suppose that p >3 and X = (\1,...,\,) is a non-James
partition. Let 1 < r < n be minimal such that (A, \r+1) is not James. Then
A is non-split if and only if one of the following holds.
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(i) We haver < n—1, (Ar+1, Art2) s not James, (A, Ary1) and (Ar+1, Ar+2)
are the only non-James consecutive pairs of rows of A and (Ar, A1, Art2)
s non-split.

(111) We have r < n —1, (A, \p11) is the only non-James consecutive pair
of rows of A, (Ar, Arg1) is split and (Ar, A1, Art2) 1S non-split.

(i1i) We have r < n, (Ar,A\rt1) is the only non-James consecutive pair
of rows of A, (Ar, A\ry1) is pointed and there is no 1 < q < r with vy =
leny (A, + plr+t).

(iv) We have r <n —2, (Ar43,...,An) is James and the quadruple

(Ary Art1, Arg2, Art3) satisfies the following conditions:

A = (Pt — 1) — pUr 4 plr1 TN for some N, > 0; and

Art = (P = 1) = p"r + TN, (Ars1)w, # 0 and Xy > 0; and
Arp2 =p" — 1+ p”; and

i3 = Arag £ pU, with 0 < Apjg < por.

In all cases the dimension of the space of extensions is 1.

Theorem 12.31. Suppose that p =2 and A = (\1,...,\,) is a non-James
partition. Let 1 < r < n be minimal such that (\r, \r4+1) is not James. Then
A is non-split if and only if one of the following holds.

(i) We haver < n—1, (Ar+1, Art2) s not James, (A, Ary1) and (Ar+1, Ar+2)
are the only non-James consecutive pairs of rows of A and (Ar, A1, Art2)
s non-split.

(it) We have r < n —1, (A, \p41) is the only non-James consecutive pair
of rows of X\, (Ar, A\r+1) is a split pair, (Ar, \r41, Ary2) is non-split and if
r<n-—2then l,43 <lrya.

(11i) We haver < n (Ar, \r11) is the only non-James consecutive pair of rows
of A, (A, Ary1) is pointed and there is no q < r with vy = leny(\, + plr+1).

In all cases the dimension of the space of extensions is 1.

13 Further Remarks

In this section we highlight some consequences of our main result and give
counterexamples to a conjecture of D. Hemmer in each characteristic and
answer a problem that he states in the last section of [12].

Corollary 13.1. Letp > 3 and A = (A1, ..., ) a partition of degree d with
at least three parts. Then H(3,q,Sp(p))) = 0.
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Proof. This follows immediately by our main results, Theorem 12.29-31.
However, we give here an alternative proof using some of our results from
the earlier sections. First notice that since (pA1, pA2) is not James we get by
Proposition 9.4(i) that it is enough to show that pu = (pA1, pA2, pA3) splits.
If (pA1, pA2) is split then by Lemma 10.2, p splits, since (pA; + 1, pA2) is not
James.
If (pA1,pA2) is pointed then by Lemma 11.3, p splits, since val,((pA1 +1) +
1) =0 and A2 > 0. So we are done.

O

Remark 13.2. The above result is not true for n = 2. More precisely,
by Lemma 5.12 we have that for a partition A = (A1, A2) of degree d with
A2 > 0, the first cohomology group H'(X,4, Sp(pA)) # 0 if and only if pA
is pointed, i.e. Ay = p' for some ¢ > 0. In this case we have that the first
cohomology group is 1 dimensional. Of course this also follows from the
work of Erdmann [9].

Remark 13.3. In [12], Hemmer states that for a partition A = (\q,...,
of degree d there is an isomorphism of vector spaces H 1(2pcd, Sp(p°N)
HY (S 414, Sp(peTtA)) for ¢ > 1, [12] Theorem 6.5.8.

If A has length 2 this follows by our remark above, observing first that for
¢ > 1 the partition p°X is pointed if and only if pA is pointed. For n > 3,
Corollary 13.1 gives a much stronger result, namely that
H(Z,4,5p(pA)) = 0 for all the partitions A with at at least three parts.

We note that though Hemmer’s statement is true his argument is prob-
lematic. More precisely, [12] Corollary 6.4 is not correct and it is heavily
used in what follows. This applies also to other parts of the paper (see for
example Lemma 6.5.2). The source of these difficulties is his statement that
for two partitions A and p with length at most n and A > p one has that
Ai — Nig1 > i — pigq for every 1 < ¢ < n — 1. This is not true as one may
see in simple examples. This statement is used in the argument given for
Corollary 6.4. The reader can also check that for p = 3 and G = GL5(K)
the partitions A = (23,11,2) and p = (18,9,9) satisfy the conditions of
Corollary 6.4 and that A\ — pu — 2p is a weight of the Steinberg module St;
contrary to the statement of Corollary 6.4.

An
)

[as

13.4 Counterexamples to Hemmer’s Conjecture. In the same paper,
the author conjectures, [12], Conjecture 8.2.1, that if p > 3 and X is a
partition of degree d with A\ # (d) such that the simple module L(X) for
GLy(K) (with N > d) appears as a composition factor of S¢(E), then

H'(24,Sp(\)) # 0.

Here we give a counterexample to this conjecture in each characteristic for
n > 2. By Krop’s description of the composition factors of the symmetric
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powers in [18] (see also [8], Remark 4.13) we have that for
pA=p(p—1,...,p—1), the partition with all n parts equal to p(p — 1), the
simple module L()) is a composition factor of S¥(E), where
d=(p*>—p)(n—1).

Now by Corollary 13.1 we have that H'(X,4,Sp(p)\)) = 0 for n > 3.
Moreover for n = 2, since p > 3, we have Ay # p! and so by Remark 13.2
we have again that H!(,4,Sp(pA)) = 0. Thus pA=p(p—1,...,p—1) is a
counterexample to this conjecture for n > 2 and p > 3.

13.5 Another Problem. We conclude by answering a question raised
in the last section of Hemmer’s paper. In [12], Lemma 8.2.3, the author
makes the following observation, via James’s description of the fixed points
of the Specht modules. Given a partition A = (Aq,...,A,) of degree d
and a > A\ with len,(A\1) < val,(a + 1) (ie. (a, A1) is James) one has
that H°(X4,Sp(\)) = H°(Zaya,Sp(i)), where p = (a,M\1,...,\n). It is
then asked, [12], Problem 8.2.4, whether one has such an isomorphism for
cohomology in higher degree.

Note that in the case of i = 1, using Lemma 7.7 and Proposition 7.11 (or
directly by Corollary 7.13), one can verify that

dim H' (24, Sp(p" — L,p" ' —1,...,p* = 1,1)) =n — 1

and
dim H (X4, Sp(p"™t —1,p" —1,...,p> = 1,1)) =n

(where d is the degree of (p" —1,p" 1 —1,...,p?> —1,1) and d' is the degree
of (pn—i-l - 1’pn - 17 s ap2 - 1> 1))
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Appendix I: Comparing Cohomology

We fix integers n > 0, d > 0, with n > d. We shall use the notation of [7],
taking ¢ = 1 where appropriate.

We have the Schur algebra S(n,d) and an idempotent e € S = S(n,d)
with eSe identified with the group algebra K'Y, as in [10], and [7]. For a
partition A\ of d we write M () for the corresponding permutation module
and Y () for the corresponding Young module. The argument comparing
extensions for G(n)-modules and K¥;-modules is based on Section 10 of [5].

For a finite dimensional algebra A, we write mod(A) for the category of
finite dimensional left A-modules.

We have the Schur functor f : mod(S) — mod(eSe), given on objects
by fV = eV, V € mod(S), as in [10], Chapter 6. Then f is exact and
we have the (right exact) functor ¢ : mod(eSe) — mod(S), given on ob-
jects by gX = Se ®.5. X, as in [5], Chapter 6. We have Homg(¢X,Y) =
Homege (X, fY), for X € mod(eSe), Y € mod(S), by Frobenius reciprocity.
We write Lg : mod(eSe) — mod(S) for the left derived functors and simply
Lg for the first derived functor of ¢ Now g takes projective modules to pro-
jective modules so the factorisation Homege(—, fY) = Homg(—,Y) o g gives
rise to a Grothendieck spectral sequence, with second page Ext(L/gX,Y),
converging to Ext’g¢ (X, fY), for X € mod(eSe), Y € mod(S). In particular
we have the 5-term exact sequence

Ext?g. (X, fY) — Ext%(9X,Y) — Homg(LgX,Y)
— BExtle (X, fY) — Ext5(gX,Y) = 0.

For a = (ai,...,an) € A(n,d) we write S*E for SME® --- ® S*E,
the tensor product of symmetric powers of the natural module E. For A €
At (n,d) we write I(\) for the injective hull of the simple module L(\) with
highest weight A, in the polynomial category.

We shall need the following.

Lemma For A € A*(n,r) we have gY (\) = I()\) and gM (\) = S*E.

Proof. By unitriangularity of decompositions of the modules S*E as a direct
sum of I(p)s (see e.g. [7], 2.1 (8)) and the Krull-Schimdt Theorem it is
enough to show that gM()\) = S*E. For this we argue as follows. For
a € A(n,d) we have fS*E = M(«) (see e.g., Section 9, (1)(i) of [5]) and

hence
Homg(gM (\), S“E) = Hom.g.(M(\), fS*E) = Homege (M (\), M ()

by Frobenius reciprocity. But this is independent of characteristic (since
M (X)) and M («) are permutation modules). Hence, by [7], 2.1 (8) the weight

90



space dimension dim(gM (\))® is independent of characteristic. But in char-

acteristic 0 the functors f and g are inverse equivalences of categories and

fSME = M()) so we have dim gM (\) = dim S*E (in all characteristics).
Now for A = (1) we have M(1%) = eSe so that

gM(ld) = Se Rege eSe = Se = E®9,

Now for arbitary A\ we have the natural epimorphism E®% — S*E and so the
epimorphism eSe — M () and so the epimorphism E®¢ — gM()). Now we
have a commutative diagram

Se @ese M(14) — E®4

{ {
Se ®ese M(\) — S E

where the horizontal maps are induced from the inclusions M (1%) — E®4
and M(\) — S*E. The top map is an isomorphism and the right map is
surjective, hence the bottom map is surjective. Since dim Se ®¢ge M(N) =
dim S*E we have an isomorphism gM()\) — S*E.

O

For X = M(p) and Y = V() the 5-term exact sequence takes the form

Ext3,, (M (1), Sp(A)) = Extgy,, (S E, V(X)) = Homg ) (LgM (1), V(X))
— Exty,, (M (1), Sp(A)) = Extgy,, (S*E, V(X)) = 0.

On the other hand if we take X € mod(eSe) and Y an injective S-module
then the spectral sequence degenerates and we have
Extle (X, fY) = Homg(L'gX,Y). Hence we have LgX = 0 provided
that Extle, (X, fY) = 0, for all injective modules Y. Now an injective
S-module is a direct summand of a direct sum of copies of the symmet-
ric powers S“E, a € AT(n,d) and so we have LgX = 0 provided that
Exty, (X, M(7)) = 0 for all 7 € A*(n,d). For X = M(d), the trivial mod-
ule, we have Extlzd (X,M(7)) = H (24, M(7)), which by Shapiro’s Lemma,
is HY(X,, K), where 3, = %, x¥,, X+ -+ (and 7 = (71,72, ...)). Nowif p > 2
we have H!(X,, K) = 0 and hence LgM (d) = 0. Hence, from the above 5-
term exact sequence we have Extlzd(M(d),Sp()\)) = Extla(n)(SdE,V()\)).
Of course in all characteristics we have a surjection Extl, ,(M(d),Sp(N\)) —
Exth(n)(SdE, V(A)), from the 5-term exact sequence.

Proposition  For A € A*(n,d) we have:
(i) Homg(n) (SYE, V(X)) = H(24,Sp())); and
(ii) dim H' (24, Sp(A)) > dim Extgy,,y (SE, V(N)), with equality if p # 2.

The first assertion comes directly from the Lemma and Frobenius reci-
procity and the second from the discussion above.
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Appendix II: The Relations

For the convenience of the reader, we collect together the relations that
are used a great deal throughout the paper.

Definition 13.4. Let (a,b) be a two part partition. By an extension se-
quence for (a,b) we mean a sequence (z;) = (x1,...,xp) of elements of K

such that o o
(a +i+ j) (z + j)
. Ty = . Titj-
J J

Definition 13.5. We fix a three part partition A = (a,b,c). By a coher-
ent triple of extension sequences for A we mean a triple

((mi)1<i<b, (Yj)1<j<es (2)1<i<c) of extension sequences satisfying the follow-
ing relations:

(T1) <a+;+k>xi=(aﬂ+k)zk, 1<i<bl<k<c
1
k b+
(T2) (az )yj=< —;J>Zk, 1<jk<cj+k<c

. i—1 . . . . .
b — b _
(T3a) <a+Z>yj: ( _i.—] z)<a+z)$i_s+< _*,—] . Z)zi,lgz‘g]’gc;
1 =0 ] —Ss S J—1

. j . .
(T3b) (“TLZ)%:Z(HJ Z)(‘z“)m”, 1<j<cj<i<b+j

(] =0 ] — S S

In any coherent multi-sequence (y(t,u);) for a partition A = (Ag,..., \,) we
have the following commuting relations:

© (Mot = (77 Juten

1

for 1 < gq,r,s,t <n distinct with g < r,s < t.

In particular for 1 <r < s < n with s > r + 1 we have

S j )\’l" ] . .
() ()\ ;_])y(r,r—kl)i = ( ;_ Z>y(s,s+1)j, 1<i<ANi1,1 <7< Agy1-
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