MARTINGALE SOLUTIONS OF NEMATIC LIQUID CRYSTALS DRIVEN BY
PURE JUMP NOISE IN THE MARCUS CANONICAL FORM

ZDZISEAW BRZEZNIAK, UTPAL MANNA, AND AKASH ASHIRBAD PANDA

ABsTRACT. In this work we consider a stochastic evolution equation which describes the system
governing the nematic liquid crystals driven by a pure jump noise in the Marcus canonical form.
The existence of a martingale solution is proved for both 2D and 3D cases. The construction
of the solution relies on a modified Faedo-Galerkin method based on the Littlewood-Paley-
decomposition, compactness method and the Jakubowski version of the Skorokhod representa-
tion theorem for non-metric spaces. We prove that in the 2-D case the martingale solution is
pathwise unique and hence deduce the existence of a strong solution.

1. INTRODUCTION

1.1. The Deterministic Model. The obvious states of matter are the solid, the liquid and the
gaseous state. The liquid crystal is an intermediate state of a matter, in between the liquid and the
crystalline solid, i.e. it must possess some typical properties of a liquid as well as some crystalline
properties. The nematic liquid crystal phase is characterised by long-range orientational order, i.e.
the molecules have no positional order but tend to align along a preferred direction. Much of the
interesting phenomenology of liquid crystals involves the geometry and dynamics of the preferred
axis, which is defined by a vector d. This vector is called a director. Since the sign as well as the
magnitude of the director has no physical significance, it is taken to be unity.

A complete description of the physical relevance of liquid crystals has been illustrated in Chan-
drasekhar [I7], Warner and Terentjev [49] and Gennes and Prost [2I]. In the 1960’s, Ericksen
[20] and Leslie [32] demonstrated the hydrodynamic theory of liquid crystals. Moreover, they
expanded the continuum theory which has been widely used by most researchers to design the
dynamics of the nematic liquid crystals. Inspired by this theory, the most fundamental form of
dynamical system representing the motion of nematic liquid crystals has been procured by Lin
and Liu [35]. This system can be derived as

%—?—i—(u-V)U—MAU-FVp: ~\V - (Vd© Vd), (1.1)
Vou=o, (1.2)
od 2
5 T V)d =7 (Ad +[VdPd), (1.3)
d)? = 1. (1.4)

This holds in Op := (0,7] x O, where O C R*,n = 2,3.

Here the vector fields u := u(t,z), (¢t,2) € (0,7] x O, and resp. d := d(¢, ), (t,z) € (0,7] x O,
denote the velocity, resp. the director field, of the fluid, while p = p(t,z), (t,2) € (0,T] x O,
denotes the scalar pressure. The symbol Vd ® Vd denotes function with values in the space of
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n X n-matrices with the entries

[Vdovd], (t.x) = > 0., d®(t,2)0,,dW) (t,2), (t,2) € (0,T]x0, i,j=1,---,n.
k=1
We equip the system with the initial and boundary conditions respectively as follows

u(0) =up and d(0) =d,, (1.5)
od
u=0 and n =0 on 00, (1.6)

where n(x) is the outward unit normal vector at each point z of Q.

It is the most simple mathematical model one can acquire without disrupting the basic nonlinear
structure. Though — is a much simplified version of the equations used in Ericksen-Leslie
theory, it preserves many crucial physical attributes of the nematic liquid crystals. Since

Ad + [Vd|*’d = d x (Ad x d),

we obtain non-parabolicity in (1.4). Also we have high nonlinearity in due to the term
V. (Vd ® Vd). So the problem 1| form a fully nonlinear system of Partial Differential
Equations with constraint. Since the system - comprise of the Navier-Stokes equations
as a subsystem, in general one can not expect any superior results than those for the Navier-Stokes
equations.

To overcome the difficulty, we have a closely related system of —, which eases the
constraint |d|? = 1 and the gradient nonlinearity |Vd|*d, due to the suggestion of Lin and Liu
[35] in 1995. They have worked on the following model

%; +(u-V)u—pAu+Vp=-IV-(Vde Vd) in (0,7] x O, (1.7)
V-u=0 in [0,7] x O, (1.8)

ad 1, 0 .
a—i—(u-V)d:'y Ad—g(\d\ —1)d) in (0,7] x O, (1.9)
u(0) =up and d(0)=dy in O. (1.10)

Where € > 0 is an arbitrary constant. Though it is a much simpler version of the previous system
(1.1)-(1.6)), still it is a captivating as well as a toilsome problem. Many have done meticulous work

on the systems (|1.1)-(1.6)) and (1.7)-(1.10) (e.g. see [22} [34, B5} [36], B3| 24, 19} [46], to name a few).

1.2. The Stochastic Problem. When we study SDEs, the It6 formula acts as an essential tool.
Then we notice that one of the major disadvantages of the It6 formula is the usual integration
by parts is not applicable and it fails to serve the usual chain rule (Newton-Leibniz type) of
differential calculus. If we consider SDEs and corresponding flows on smooth manifolds then the
It6 integral is not invariant under local coordinate changes and so is not a crude geometric entity.
There we employ integral in the Stratonovich sense as perturbation of the It6 integral, which can
be treated according to the conventional rules of integration. However the wonderful properties
of Stratonovich integral are violated if the driving process has jumps. In the above considered
model, in order to maintain the constraint condition on the director field, the noise must preserve
the invariance property under coordinate transformation. Since we consider the stochastic integral
with respect to compensated Poisson random measure, we observe that the Stratonovich integral
will no longer provide us with a Newton-Leibniz type chain rule. So we require a more subtle
approach to take care of the jumps. S. Marcus [37] fixed this problem by introducing an SDE of a
new type whose solution pertains the characteristics incident to the Stratonovich calculus in the
continuous case. There are very few noteworthy mathematics literature available on the Marcus
equation (also known as canonical equation), see Chechkin and Pavyukevich [I8], Applebaum [3]
and Kunita [29] for details.

The probabilistic exposition of the Marcus integral is as follows. The Marcus map generates
a fictitious time with respect to which, at each jump time, the process moves at an infinite
speed along a curve connecting the starting point and the finishing point. This method can help
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us understanding many other constraint PDEs (e.g. harmonic map flow, nonlinear Schrédinger
equation on a compact Riemannian manifold, Landau-Lifshitz-Gilbert Equations) driven by Lévy
noise.

In this paper, we analyse the stochastic version of the problem (1.7)-(1.10). We instigate
pure jump noise in and pure jump Lévy noise in Marcus sense in u Moreover, we set
= A=+ =1,as well as, we supersede the Ginzburg-Landau bounded function x‘d|§1(\d\2 —1)d
by a general polynomial function f(d). The system is given by

du(t) + [(u(t) - V)u(t) — Au(t) + Vp|dt

= -V (Vd(t) ® Vd(t))dt +/ F(t,u(t—);y) m(dt,dy), (1.11)

V-u(t) =0, (1.12)
N

dd(t) + [(u(t) - V)d(t)]dt = (Ad(t) - Elzf(d(t))> dt + Z (d(t) x hy) o dL;(t). (1.13)

This holds in Op := (0,7] x O, where O© C R™,n = 2,3. Here 7; represents a time homo-
geneous compensated Poisson random measure with a compensator Leb ® v1. And L(t) :=
(Ly(t),---,Ln(t)) is a RN- valued Lévy process with pure jump i.e., L. = 0,

L(t) —/(:/Blﬁg(ds,dl)+/Ot/cln2(ds,dl) (1.14)

where B := B(0,1) C RY; [ € RY; 1, 7, represent respectively a time homogeneous Poisson
random measure and the corresponding time homogeneous compensated Poisson random measure
with a compensator Leb ® v, i.e. 7 := 12 — Leb ® v5. Precise definition of the symbol ¢ will be
stated later. Forn = 2,3, h; : O — R", ¢ = 1,2,... N are given bounded functions. The initial
and boundary conditions are respectively as follows

u(0) =up and d(0) = dy, (1.15)
|d0($)|]Rn =1 Vzxe @, (116)
u=0 and g—j =0 on 00, (1.17)

where the vector n(z) is the outward unit normal vector at each point = of Q.

We assume that the initial value of the director field d satisfies the saturation condition .
However, since d solves equation (for e = 1) with xjqj<1(|d|* — 1)d replaced by f(d), this
saturation condition is not satisfied for ¢ > 0. We intend to study the problem with equation
as a limit, as € \, of the Ginzburg-Landau approximations (with x|q)<1(|d|* — 1)d replaced
by f(d)) and then we will show that the saturation condition is also satisfied for ¢ > 0. For that
purpose the Marcus form of the jump noise will prove essential, see e.g. a recent work by the first
two named authours on the stochastic Landau-Lifshitz-Gilbert Equations [I3] (see also [12]). This
is the main motivation for studying the problem in the Marcus form. We should point out that
all our results remain true for the classical, i.e. non-Marcus, equations.

1.3. Relevant Literature. Most of the physical systems confront dynamical instabilities. The
instability befalls at some critical value of the control parameter (which is in our case some random
external noise) of the system. In our situation the dynamics are quite complicated because the
evolution of the director field d(¢, z) is coupled to the velocity field u(¢,z). San Miguel [45], has
studied the stationary orientational correlations of the director field of a nematic liquid crystal
near the Fréedericksz transition. In this transition the molecules tend to reorient due to some
random external perturbations. It has been studied by Sagués and Miguel [44] that the decay
time, required for the system is shortened by the field fluctuations to leave an unstable state,
which is built by switching on the field to a value beyond instability point. See also Horsthemke
and Lefever[25] and references there in, for more details. A nematic drifts very much like a typical
organic liquid with molecules of indistinguishable size. Since, the transitional motions are coupled
to inner, orientational motions of the molecules, in most cases the flow muddles the alignment.
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Conversely, by implementation of an external field, a change in the alignment will generate a flow
in the nematic. So we are interested in the study of —, which characterise the flow of
nematic liquid crystals, effected by altering external forces.

There are few notable works available on the stochastic version of the problem -. The
authors in [9] have studied the Ginzburg-Landau approximation of the above system governing the
nematic liquid crystals under the influence of fluctuating external forces. In their paper they have
proved the existence and uniqueness of local maximal solution for both 2 and 3 dimensional cases
using the Banach fixed point theorem. Also they have proved in the 2 dimensional case this local
maximal solution is de facto global. Later, the same authors in [§] have considered the same model
as in [9] but with a multiplicative Gaussian noise and replaced the Ginzburg-Landau function by
a general polynomial, under suitable assumptions on it. In that paper they proved the existence
of a global martingale solution for dimension n = 2,3 and showed the pathwise uniqueness of the
solution in the 2 dimensional case. Hence, in this case, by means of the Yamada-Watanabe type
theorem, as in a recent paper [6], the authors established the existence and uniqueness of a strong
global solution.

In this work, we consider the same model which describes the dynamics of the nematic liquid
crystal, but we have replaced the multiplicative Gaussian noise with pure jump Lévy noise rep-
resented by a time homogeneous Poisson random measure. Hence our paper is a generalisation
of the earlier works [8, 9] by the first named author, Hausenblas and Razafimandimby. In fact
many preliminary results, especially the results about the deterministic part of the model has been
taken from that paper. We are interested in showing the existence (in both 2 and 3 dimensional
cases) and pathwise uniqueness (only in the 2 dimensional case) of the martingale solution of the
problem — subject to —. Motyl [40] has proved the existence of martingale
solutions of the stochastic Navier-Stokes equations driven by Lévy noise.

This paper is organised as follows. In Section [2] we define various functional spaces, its em-
beddings and some useful operators which are used throughout in our paper. Also we have listed
all the assumptions at the end of this particular section. In Section [3] we define the martingale
solution and strong solution for our problem in the view of operators defined in Section [2] Also
we state the main result of our paper in this section. In Section [ we state compactness results
and tightness criterion for both u and d. In Section [5| we derive several important a-priori en-
ergy estimates of the approximating sequences (u,,,d,), obtained by the modified Faedo-Galerkin
method. Then the Sections [f] and [7] are devoted to the proof of tightness of the above approxi-
mating solutions and the existence of martingale solution respectively. For the existence of such
solution we use Skorokhod embedding theorems stated in Section [d] As a consequence of this
theorem, finally in the end of the Section [7] we show the convergence of the new processes to the
corresponding limiting processes. In Section [8| we show the pathwise uniqueness of the solution,
but only in the two dimensional case. Also we discuss about the existence of a strong solution. In
Section [9] we give the proof of the main result. Finally in Appendix we prove various results and
estimates which are used in the derivation of a priori estimates as well as in the proof of existence
of martingale solution.

2. FUNCTIONAL SETTING OF THE MODEL

2.1. Basic Definitions and Functional Spaces. Let O C R®, n = 2,3, be a bounded domain
with smooth boundary d0. For any p € [1,00) and k € N, LP(0) and W*?(0) are well-known
Lebesgue and Sobolev spaces of R®-valued functions respectively. For p = 2, put W#? = H*.
For instance, H'(Q;R™) is the Sobolev space of all u € L?(Q;R®), for which there exist weak
o

derivatives 7t € L?(O;R™),i=1,2,--- ,n. It is a Hilbert space with the scalar product given by

(W, V) = (0, v)r2 + (Vu, Vv)r2, u,ve Hl(@a R™).
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Let us define the following spaces
V:={u € CX(O;R"): div u =0},
H := the closure of V in L?(Q;R™),
V := the closure of V in H'(O;R™).

One can use also an equivalent characterisation of these two spaces based on the trace (or Stokes)
Theorem [48, Theorem 1.1.2], see Theorems 1.1.4 and 1.1.6 therein.

In the space H we consider the scalar product and the norm inherited from L?(Q;R™) and
denote them by (-, )g and | - |g, respectively, i.e.,

(w,v)g := (u,v)r2, |ulg :=|u|g2 :=|ul, u,v e H (2.1)
In the space V we consider the scalar product inherited from the Sobolev space H'(Q;R?) i.e.,
(w, v)v = (u,v)r2 + ((u,v)), (2.2)

where

((0,v) = (Va, ¥v)0 = Z / o otdr, wveV. (23)

and the norm

uf{y = [uff + ul, (2.4)
where
[l == [VulZ.. (2.5)
Note that since O is a bounded domain, the Poincaré inequality holds on it, and therefore the
norms |- |y and || - || are equivalent (on V).
It is also known that V is dense in H and the embedding is continuous. We have
Vv e H=H < V. (2.6)

1

The above spaces are the most used spaces to describe the fluid’s velocity. To describe the
fluid’s director field, we will use spaces

L? = [*(O,R%), H':=H'(O,R®) and H?:= H*(O,R?).

Note that elements of these spaces take values in the three-dimensional Euclidean space R3, irre-
spectively of the spatial dimension n.

2.2. Bilinear Operators. Let us counsider the following trilinear form, see Temam [47],

b(u,v,w) = Z/ uV9, vWwide, uelP,veWhl wel, (2.7)
4,5=1
where p, q,r € [1, 00] satisfying
1 1 1
-+-+-<1 (2.8)
rp q r

We will recall the fundamental properties of the form b that are valid for both bounded and un-
bounded domains. By the Sobolev embedding Theorem, see Adams [I], and the Holder inequality,
there exists a positive constant ¢ such that

lb(u,w,v)| < cluly|w|v|v]v, u,w,veV.

The form b is continuous on V. In particular, we define a bilinear map B by B(u,w) := b(u,w,-),
then we infer that B(u,w) € V' for all u,w € V and the following inequality holds

|B(u,w)|y: <c |uly|wl|v, u,weVv. (2.9)
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Moreover, the mapping B : V x V — V' is bilinear and continuous. The form b also has the
following properties, see [47],

b(u,w,v) = —b(u,v,w), u,w,vev.
In particular,
b(u,v,v) =0, u,vev.
Hence
(B(u,w),v) = —(B(u,v),w), u,w,veV
and

(B(u,v),v) =0, u,vev. (2.10)
Moreover, for all u € V,v € H', using the notation , we have
|1B(u,v)lv: < e [ul'" Ful|T|v[*F|v]%, ne{23}, (2.11)
For the proof, we refer to Section 1.2 of Temam [47].
We will use the following notation, B(u) := B(u,u). Also note that the map B : V — V' is

Lipschitz continuous on balls.
One can define a bilinear map B defined on H! x H' with values in (H!)’ such that

(B(u,v),w):b(u,v,w) u,v,we H!

With an abuse of notation, we again denote by B(-,-) the restriction of B(-,-) to V x H?, which
maps continuously V x H? into L?. Using the Gagliardo-Nirenberg inequalities one can show there
exists a positive constant C' such that for n € {2, 3},

|B’(u,d)f < C |u)t= T ||u) 7| vd]* T |Ad] 7, uecV,dec H% (2.12)
Moreover, using Young’s inequality one can get
‘B’(u,d)! < C ||ul/|d] g2, (2.13)
We also have
(B(u,d),d) =0, uecV,deH% (2.14)

For the proof, we refer to Section 1.2 of Temam[47].
Let m be the trilinear form defined by

m(dy,da,u) =~ Y / 9,,dM0, alVo, u de, dy e WP, dy e W ue W,
i k=10

with p, q,r € (1,00) satisfying condition (2.8). Since n € {2, 3}, the above integral is well defined,
when dy,ds € H? and u € V. We also have the following Lemma, where we use the notation (2.5]).

Lemma 2.1. There exists a constant C' > 0 such that
im(dy, do,w)| < C [Vdi [, |Adi|F[Vda|}, T |Ads % |[u]l, di,ds € H ueV.

For proof see [8]. Now we state the following Lemma.
Lemma 2.2. There exists a bilinear operator M : H?> x H? — V' such that

(M(dy,d2),u) = m(di,ds,u), di,dy € H>,u€eV.
Furthermore, there exists C > 0 such that

IM(dy,do)|v: < C [Vdy|}a 0 |Ady|F[Vds| ;s T |Ad|?, dy,dy € H?. (2.15)

For a proof we refer to [8]. We will use the following notation, M(d) := M(d, d).

ITo be precise, the form b should be replaced by a form b defined by formula [.7) but for R3-valued vector
fields u,v and w.
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2.3. Linear Operators, Its Properties and Important Embeddings. Now we will recall
operators and their properties used in [I5]. Consider the natural embedding j : V < H and its
adjoint j' : H — V. Since the range of j is dense in H, the map ;' is one-to-one. Let us put

gu:= ((u,-)), uev, (2.16)
where ((-,-)) is defined in (2.3). If u € V, then &/u € V'. Since we have the following inequalities
(v < full - vl < Jall(vl® + vE)2 = [l - vlv, veV.

we infer that
|/ uly: < ||lul], ueV. (2.17)

The Neumann Laplacian acting on R™-valued function will be denoted by A, i.e.,

D(A) = {d c H?: g—i =0on a@}, (2.18)

n 2
Ad : _ZaTd d € D(A).

It is known that A is a non-negative self-adjoint operator in L%. As we are working on a bounded
domain, A has compact resolvent.
Also we have the dense embeddings
H? — H' — L2 (2.19)
J2
Assumption 2.3. (A) Assume that (Q,F,F,P) is a filtered probability space, where F =
(Fi)i>0 is the filtration, and the probability space satisfies the usual conditions.

(B) i1 is a compensated time homogeneous Poisson random measure on a measurable space
(Y, B(Y)) over (U, F,F,P) with a o-finite intensity measure v1. See Appendix for defini-
tions and more details.

(C) Assume that (L(t))i>0 is a RN -valued, (F;)-adapted Lévy process of pure jump type defined
over (0, F,F,IP) with the corresponding time homogeneous Poisson random measure 1z
on a measurable space (B, B(B)) (See Appendix for definition). Also assume that the
corresponding intensity measure vo is such that Supp vo C B, where B is the closed unit

ball in RN,
(D) Let F : [0,T] x HxY — H is a measurable function and there exists a constant L such
that
2 2
/ ’F(t,ul;y) — F(t,ug;y)|H1/(dy) < L‘ul — ug‘H, uy,us € Hyt € [0,77. (2.20)
Y

and for each p > 1 there exists a constant Cp, such that
[ IP@ vt <61+ fulf). weH, te o1, (221)
Y

(E) Assume that h; € LN H', for each i=1,2,---,N.
(F) Let 1, be the set defined by

HH{N._{1,2,3,---} in=2, (222)
{1}, if n=3.
For N €I, and numbers b, j =0,--- , N, with by > 0 we define a function f: [0,0) = R
by
N
f(r)= ijrj,for any r € Ry.
3=0

We define a map f: R™ — R™ by
f(d) = f(|d]*)d. (2.23)
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Let F: R™ — R be a Fréchét differentiable map such that for any d € R™ and g € R™
F(d)[g] = f(d) - &
Let also ' be an antiderivative of f such that F(0) = 0. We have
F(r)=anr™ +U(r),

where U is a polynomial function of at most degree N such that U(0) =0 and ayy1 > 0.

(G) There is a strictly positive self-adjoint operator S on L? with compact resolvent commuting
with A and D(S*) < H' for some k € N. Moreover, we assume that S has generalised
Gaussian (1,00)-bounds, i.e. for allt > 0 there is a measurable function q(t,-,-) : OxOQ —
R with

(e7h)(z) = /@q(t,x,y)h(y)u(dy), t>0, ae ze€0

for all h € L? and

C —clz —y|?
lq(t, 2, y)| < 1exp{||}, (2.24)
u(B(z, 1)) t
for all t > 0 and almost all (x,y) € O x Q with constants ¢,C > 0. In particular, e~**
can be extended to a Co-semigroup on LP(Q) for all p € [1, 00).
Remark 2.4. We have the following results
F)] <@ +7N) and |f'(r)] < L1 +rM), 7>0.
for some ly,ls > 0. And there exist positive constants c,¢ such that
f(@lrn < ¢ (L4 [d2n ™) and |f/(d)le= <& (1+]d]an). deR™ (2.25)

We have the following interesting properties of the polynomial functions F and f.

Lemma 2.5. Let F' and f be polynomial functions as above. Then there exists a constant C > 0,
depending on N, and constants C; > 0 and Cs > 0, depending on N and |Q|, such that for all
d € L?N*+2(0), we have

AR < C [ F(ld@)P)ds + (2.26)
0]

F@] s <O (14 d2NEL) (2.27)

|f ( )| 2N12 < CQ (1 + ‘d‘L2N+2) . (228)

Pmof The proof of - follows from Lemma 8.7 of [I4]. The proof of - follows dlrectly
from . Proof of is also direct from and the embedding L5%° < L3N 0

Remark 2.6. It is straightforward to see that (2.26) can also be written in the following form
2332 < c/ ))dz + C|d|3.. (2.29)

Remark 2.7. As a straightforward consequences of Assumption (see |10, [11] ), there is an
orthonormal basis {, ynen of L? consisting of the eigenfunctions of the Neumann Laplacian A,
and a nondecreasing sequence {Ap tnen with A, >0 and A\, — 00 as n — oo and

Sz = Z)\n (x,Cn)Lz Sny, X € D(S) = {Z‘ eL?: Z/\3L| (xagn)L2 |2 < OO}

n=1 n=1
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2.4. The Marcus Mapping. Define a bounded linear map
gi:H'>dw—dxh; € H. (2.30)

The map g; is bounded because of the Sobolev emebdding H' «— L5 and Assumption
Let us define a generalized Marcus mapping

®:Ry xRN x H' - H!

such that for each fixed I = (I1,ly,--- ,In) € RV, dy € H', the function
t— ®(t,1,dop)
is the solution of the following ordinary differential equation
d N
—d(t) =) Ligi(d(t)), t >0, (2.31)
i=1
d(0) = do. (2.32)
ie.,
®(t,1,do) = ®(0,1,do) + / legl (s,1,do))ds, t > 0. (2.33)

Observe that since h; € L°, the maps g; are also bounded linear from L? to L? and more generally
from LP to LP for any p > 2. Hence the map ® is well defined as a map ® : Ry x RN x LP — LP
for every p > 2.

Notation: We fix ¢ = 1 now onward in this paper and consider ® as the function of last
variable for fixed ¢t and I. Denote ®(I,-) := ®(1,1,-).

Given an Fyp-measurable random variable dg, the equation with the notation ¢ is defined
in the integral form as follows

a(t) = dy = [ [(u0)- Vo) = Ad(0) + (@)t
+ [ [19t.a-) —a@) i@y + [ ] @o.a-) - deo) nds.a)
/ /{ (1,d(s legl } vy (dl)ds (2.34)

In view of Theorem IV.9.1 of [26], we will concentrate only with the case when 7 = 0 on B¢. In
other words, in this study we ignore the large jumps.
Let us also introduce three auxiliary functions

G(l,2):=®(,2) —2 1eRY 2c H, (2.35)
N

K(l,2):=®(l,2) — 2= > Lgi(z), 1€RY,z€H', (2.36)
=1

and

b(z) :/Bl 1,z fszlzgl ]Vz (dl) /K (I, 2) vo(dl), z€ H. (2.37)

1=1

With the above notation, equation (2.34) can be written in the following more compact form

a(t) =y = [ () V)a(s) = Ad(s) + ()] s

+/0 /BG(Z,d(s—))ﬁg(ds,dl)+/ob(d(s))ds, £ 0. (2.38)
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This can be furhter written as

() = do — [ [4d(s) + Blu(s). d(9) + 2 £(d(s)] s
+/O /BG(l,d(s—))ﬁg(ds,dl)—i—/o b(d(s)) ds. (2.39)

Let us define £(H*') be the space of all bounded linear operators from H' to H!. Given a fixed
1 € RV, we can define a linear operator

N N
R:H'5d— Y lLigi(d)=dx» Lh:=dxheH" (2.40)

=1 =1

N
Then R = > lig; and | R|| 21y < e~ 9]l 2(m1), where we have denoted
i=1

N
HQH%(Hl) = Z |gi|2L(H1)'
=1

In a similar manner, we abbreviate
N N
HQH%Z(LZ) = Z |gi|%(L2)v ||g||2£(LP) = Z |gi|%(LP)7 p =2
i=1 i=1

Note that the function y(t) := ®(¢,1,x), t > 0, solves

{ CC%/ =Ry, y(0)=u=z. (2.41)

ootk
Hence y(t) = eRax = 3 ER’“:L’, as R is linear.
k=0 R
Let us also formulate the following fundamental result.
Lemma 2.8. Let¢: L?* > z— [z}, €R, p>2. If # = fol les®||Pds, then

(1) [$(@(2)) = (@) < Aplle~llgllei) |2]7--
(2) [h(2(1x)) = ¥(z) — ¢ (@)Ra| < AP [IznlglZz2)|2[7e-

Proof. See Lemma 2.2 in [I3] for the details of the proof. O

Using the notations defined in the previous sections we rewrite the equations ([L.11)-(1.13]) in the
differential form for € = 1 as,

du(t) + [o/u(t) + B(u(t)) + M(d(t))] dt = /Y F(t,u(t);y) i (dt, dy), (2.42)

dd(t) = —[Ad(t) + B(u(t),d(t)) + f(d(t))]dt + /B G(1,d(t)) fla(dt, dl) + b(d(t)) dt.  (2.43)

3. STATEMENT OF THE MAIN RESULT
Let us recall the definition of a martingale solution.
Definition 3.1. A martingale solution of the problem(2.42)-(2.43)) is a system
(Q,.F,]F‘,]P’,ﬁ,d,f]l,m), where
(1) (Q,]:",IF,]F’) is a filtered probability space with a filtration F = (ﬁt)t>0’
(2) M1 is a time homogeneous Poisson random measure on (Y, #A(Y)) over

(Q,]:",IF,IP’) with the intensity measure v1 and 7z is a time homogeneous Poisson random
measure on (B, Z(B)) with the intensity measure vs.
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(3) @:[0,T] x Q— H is a progressively measurable process with P-a.e. paths
fl(',(d) € ]D)([OvT]va) QLQ(O,T,V) (31)
such that for all t € [0,T) and all v € V the following identity holds P-a.s.

(a(t), v)H+/t< ()%v>ds+/t<B(u )),v) ds
+/O< (d(s)),v) ds = (ug,v H+// ), v) i (ds, dy).- (3:2)

(4) d:[0,T] x Q — H' is a progressively measurable process with P-a.e. paths
d(-,w) € D([0, T}; Hy,) N L*(0,T; D(A)) (3.3)

such that for all t € [0,T) and all v € D(A) the following identity holds P-a.s.
t

(d(t),v) > +/0 (d(s), Av) ,, ds+/ (B(u(s),d(s)),v) . ds

= (dg,v)r2 _/0 (f(d(s L2 ds—|—/ / (1,d(s L2n2(d8 dl) + /0 (b(cfl(s)),v)L2 ds.
(3.4)

Definition 3.2. [t is said that the problem (2.42))-(2.43) has a strong solution if and only if for
every stochastic basis (Q,}',IF,IP’) with a filtration F = {]:t}t>0 and a time homogeneous Poisson

random measure iy on (Y, B(Y)) with the intensity measure v1 and a time homogeneous Poisson
random measure 72 on (B, B(B)) with the intensity measure vo, there exist an F-progressively
measurable process u : [0,T] x Q — H with P-a.e. paths

u(-,w) € D([0, T); H) N L*(0,T; V) (3.5)
and progressively measurable process d : [0,T] x @ — H' with P-a.e. paths
d(-,w) € D([0,T]; H') N L*(0,T; D(A)) (3.6)
such that for all t € [0,T] and v € V the following identity holds P-a.s.

(u(t),v)H—l—/t <u(s),m>ds+/t (B(u(s)), v) ds
/ (M(d(s)),v) ds = (uo, v}y + / / (5, u(s);9), 0) yi(ds, dy). (3.7)

and for allv € D(A) the following identity holds P-a.s.

t

(d(t),v) e +/0 (d(s), Av) ds—l—/ (B(u(s),d(s)) )L2 ds

= (do,v) 2 —/0 (f(d(s L2 ds—l—/ / (I,d(s LGg(ds dl) + /0 (b(d(s)),v)L2 ds.
(3.8)

The main result we are going to prove in this paper is as follows:

Theorem 3.3. Let the Assumption holds Let n = 2,3 and (ug,dp) € H x Hl. Then there
erists a martingale solution to the l in the sense of Definition such that the
following inequalities are satisfied

E| sup |ﬁ(t)|il+ T|ﬁ(t)|f/d5 < o0, (3.9)
| /0

t€[0,T]
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and

T
— 2 =02
E| sup |d(¢ +/ d(t ] < 0. 3.10
te[O,T]‘ ( )|H1 0 | ( )’D(A) (3.10)

Moreover, the pathwise uniqueness (see Deﬁnition holds in two dimension. In particular, in

this case, problem (2.42))-(2.43) has a strong solution in the sense of Definition .

Remark 3.4. We will see later in Remark[8.3 that the nonlinear terms appearing in the equations
(13-2) and (3.4) satisfy the following conditions depending on n.
If n =2, then

T
— _ 2 - 2 ~ - 2 - 2
IE/O [|B(u(s))}v, + [ M(d(s)]3, + | B(als),d(s)|2, + ]f(d(s))|L2] ds < oo, (3.11)
while if n = 3 then the above holds but with exponent 2 being repalced by %, i.e.

B [ [Ipe)

This can be compared with classical results for deterministic NSEs, see Lemma 3.3.4 and Theorem
3.3.3 in the monograph [48] by Temam. See also Remark on p. 3179 in [16].

5, 4| M(d(s)

. |B(ﬁ(8)7a(8))\§2} ds < o0. (3.12)

Remark 3.5. Ifn =3, then
T
E/ ’f(d(s))|L2 ds < oo.
0

To prove this result, we observe from that form =3, N = 1. Hence by , there exists
a constant ¢ > 0 such that

1f(@)]es < (1+]d]Ss), deR
The rest follows from the embedding H' — LS.

4. COMPACTNESS AND TIGHTNESS CRITERION

4.1. Compactness Results. Let (M, p) be a complete separable metric space. Let D([0, T]; M)
be the space of all M-valued cadlag functions defined on [0,7]. This space is endowed with the
Skorokhod topology.

A sequence (u,) C D([0,T]; M) converges to u € D([0, T]; M) iff there exists a sequence (i)
of homeomorphisms of [0,7] such that yu, tends to the identity uniformly on [0,7] and u,, o p,
tends to u uniformly on [0, 7.

The topology is metrizable by the following metric ¥
Remark 4.1. It follows from the above definition, that if (u,) converges to u in D([0,T]; M),
then

g 10 =10

Ir(u,v) = inf | sup p(u(t),vopu(t))+ sup [t— pu(t)|+ sup
KETT | te0,T] te[0,T) st

where o is the set of increasing homeomorphisms of [0, T7.
Moreover, (D([0,T]; M), d7) is a complete metric space.

u,(0) = u(0) in M.

Definition 4.2. Let u € D([0,T]; M) and let § > 0 be given. A modulus of continuity is defined
by
Wio,r1,m(u; 6) := inf max sup p(u(t)7 u(s)), (4.1)
IIs ticw t; <s<t<ti41<T
where 115 is the set of all increasing sequences @ = {0 =ty < t; < --- < t,, = T} with the following

property
ti+17ti257 /L:Ovla/n’*l
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Analogous to the Arzela-Ascoli Theorem for the space of continuous functions, we have the
following criterion for the relative compactness of a subset of the space D([0, T]; M).

Theorem 4.3. A set B C D([0, T]; M) has precompact iff it satisfies the following two conditions:

(1) there exists a dense subset J C [0,T] such that for every t € J the set {u(t),u € B} has
compact closure in M.

(2) lims_,o SUPuep Wi, 1) (u;6) =0.

Proof. For details see [38]. O
Let us consider the following functional spaces.
D([0,T]; V') := the space of cadlag functions u : [0,T] — V' with the topology
71 induced by the Skorokhod metric dr,
D([0,T]; L?) := the space of cadlag functions d : [0, T] — L? with the topology 77,
L2(0,T;V) := the space L*(0,T;V) with the weak topology 7,
L2(0,T; D(A)) := the space L?(0,T; D(A)) with the weak topology Ty,
L?*(0,T;H) := the space of measurable functions u : [0, 7] — H with the
topology T3,
L*(0,T; H') := the space of measurable functions d : [0,T] — H' with the

topology Ts.
Let H,, denote the Hilbert space H endowed with the weak topology. Let us consider the space
D([0,7T);H,) := the space of weakly cadlag functions u : [0,7] — H with the
weakest topology T4 such that for all h € H the mappings
D([0,T];Hy) > u+ (u(),h)g € D([0,T]; R) are continuous.
In particular, u,, — u in D([0,T; H,,) iff for all h € H :
(u,(-), h)g — (u(-), h)g in the space D([0, T]; R).
Similarly we define D([0,77]; H.) with the topology 7.

The following two results are due to [40], where the details of the proof can be found.

Theorem 4.4. (Compactness Criterion for u) Let us consider the space
Zr = L3,(0,T5V) N L*(0, 75 H) nD([0, T]; V') N D((0, T]; Ho) (4.2)
and T be the supremum of the corresponding topologies. Then a set K1 C Z7.1 is T '-relatively
compact if the following three conditions hold
(1) supyex, SUPge[0,7] [u(s)n < oo,
(2) supyex, fOT lu(s)|? ds < o0, i.e., K1 is bounded in L*(0,T;V),
(3) lims_0 supyex, Wio,,v (13 6) = 0.
Theorem 4.5. (Compactness Criterion for d) Let us consider the space
Zrp = L3,(0,T; D(A) N L*(0,T5 H') N D([0, T]; L*) N D([0, T1; H,) (4.3)
and let 72 be the supremum of the corresponding topologies. Then a set Ko C Zr o is T %-relatively
compact if the following three conditions hold
(1) supaesc, SUPsefo,r) |d(s)| 1 < o0,
T . . )
(2) SUPger, Jo 1d(s)[5 4y ds < 00, i.e., Ky is bounded in L*(0,T; D(A)),
(3) lims_g SUPgexc, W[O,T],LQ (d; (5) =0.
Note that Zr; and Zr 5 are not Polish spaces.
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4.2. The Aldous Condition. Here (M, p) is a complete, separable metric space. Let (Q, F,F,P)
be a probability space with usual hypotheses. Let (X,)nen be a sequence of F-adapted and

M-valued processes.
The following definition is borrowed from [28]. The notation Wyg 1) u is defined in (4.1)).

Definition 4.6. Let (X,,) be a sequence of M-valued random variables. The sequence of laws of
these processes is Tight if and only if

[T] Ve>0 Vny>0 306>0:

sup P{W[O,T],M(Xna 5) > ’17} S £.
neN

Definition 4.7. A sequence (X,)nen of M-valued random variables satisfies the Aldous cond-
tion if and only if
[A] Ve>0 Vn>0 36> 0 such that for every sequence (Tp)nen of F-stopping times with
™ < T one has

sup sup P{p(X, (7, +6), X0n(75)) > 1} <e.
neN 0<0<é

Lemma 4.8. Condition [A] implies condition [T].
Proof. See Theorem 2.2.2 of [28]. O

Lemma 4.9. Let (E,|-|g) be a separable Banach space and let (X, )nen be a sequence of E-valued
random variables. Assume that for every sequence (Tp)nen of F-stopping times with 7, < T and
for every n € N and 6 > 0 the following condition holds

E[| X0 (70 +6) — X ()|%] < CO° (4.4)
for some «, 8 > 0 and some constant C > 0. Then the sequence (X, )nen satisfies the Aldous
condtion in the space E.

Proof. See [40] for the proof. O
In the view of Theorem [4:4] to show the law of u,, is tight, we need the following result

Corollary 4.10. Let (u,)nen be a sequence of cadlag F-adapted, V' -valued processes such that
(a’)

supE[ sup |un<s>|H] <o,
neN s€[0,T]

(v)
T
supE[/ [, (s)[3 ds} < 00,
neN 0
() (un)nen satisfies the Aldous condition in V'.
Let IP’}L be the law of u,, on Z71. Then for every e > 0 there exists a compact subset KE1 of Zr

such that
PLKD) >1—e

Similarly in the view of Theorem [£.5] to show the law of d,, is tight, we need the following
result

Corollary 4.11. Let (d,,)nen be a sequence of cadlag F-adapted, L?-valued processes such that
(a”)

supE[ sup |dn(s)|H1} < 00,
neN s€[0,T

(0”)

T
SUPE{/ [dn(8)[Da) ds] < o0,
neN 0

(") (dyn)nen satisfies the Aldous condition in L?.
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Let P2 be the law of d,, on Zro. Then for every € > 0 there exists a compact subset K? of Zr
such that
P2(K3) >1—e

4.3. Skorokhod Embedding Theorems. We have the following Jakubowski version of the
Skorokhod theorem due to [27].

Theorem 4.12. Let (¢, 1) be a topological space such that there exists a sequence (gpm,) of contin-
uous functions g, : 4 — R that separates points of 4. Let (Z,,) be a sequence of 4 -valued random
variables. Suppose that for every e > 0 there exists a compact subset G. C 94 such that

supP({Z,, € G}) > 1 —e.
neN

Then there exists a subsequence (Z,, )ken, a sequence (Xi)ren of 4-valued random variables and
an 4 -valued random variable X defined on some probability space (2, F,P) such that

Law(Zy,) = Law(Xy), k=1,2,---

and for all w € Q,
Xp(w) B X(w) k— oo.

We will use the following version of the Skorokhod embedding theorem in our paper (see Corollary
5.3 of [39]), which is similar to the version stated in [40] and [7].

Theorem 4.13. Let 27 be a separable complete metric space and let Z5 be a topological space
such that there exists a sequence {fi}1en of continuous functions f; : Z3 — R separating points of
5. Let ' .= 21 x Z5 with the Tychonoff topology induced by the projections

s XX Xy — 25, 1=1,2.

Let (Q,F,P) be a probability space and let X, : Q@ — 21 x X5, n € N, be a family of random
variables such that the sequence { L (X,),n € N} is tight on Z1 x Z3. Finally let us assume that
there exists a random variable p : Q — 21 such that L (m 0 X)) = L(p) for all n € N.

Then there exists a subsequence (X”k)keN’ a probability space (Q, F,P), a family of 21 x Z>-
valued random variables { Xy, k € N} on (Q, F,P) and a random variable X, : Q — 21 x 25 such
that

(1) L(X) = L(X,,) for all k € N;
(2) X — Xy in 21 X 2o a.s. as k — oo;
(3) w1 0 Xy (@) = m1 0 Xu(@) for all @ € Q.

Proof. For proof see Appendix B of [40)]. O

5. ENERGY ESTIMATES

In order to prove the existence of a martingale solution of —, we will employ the
Galerkin method. We will disuss about the existence of this approximated system. Then we will
give apriori estimates for the approximating sequences u,, and d,. The results stated in below
Subsections hold for both dimensions n = 2 and 3.

5.1. The Faedo-Galerkin Approximation. Our proof of existence of martingale solution de-
pends on the Galerkin approximation. Let {0;}2; be the orthonormal basis of H composed of
eigenfunctions of the stokes operator «/. Let {¢;}52; be the orthonormal basis of L? consisting
of the eigenfunctions of the Neumann Laplacian A. Let us define the following finite dimensional
spaces for any n € N

H,, := Linspan{o1,...,0n},
L, := Linspan{s1,...,sn}.
Our aim is to derive uniform estimates for the solution of the projection of (2.42))-(2.43) onto

the finite dimensional space H,, x Ly, i.e., its Galerkin approximation. For this let us denote by
P, the projection from H onto H,, and P, be the projection from L? onto L,,. Since the operators
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P,,,n € N are not in general bounded from L?(Q) to LP(Q) for p > 2, we require another sequence
of finite dimensional operators derived from the Littlewood-Paley decomposition, introduced in
[10, 111, to cut-off the noise terms in the director field equation.

Proposition 5.1. There ewists a sequence (Sy),cy of self-adjoint operators Sy, : L? - L, for
n € N with S, — 1) in H* for n — oo and ¢ € H' and the uniform norm estimates

sup [|Snllzz2y <1, sup [|Sullzry <1, sup [[Sullzzry < o0. (5.1)
neN neN neN

A proof of this result can be found in Proposition 5.2 of [I0] of the first named author and an
alternative proof in Proposition 5.1 of [I1] of the first two authors, and the proof is based on a
spectral multiplier theorem by Kunstmann and Uhl [30] for operators with generalised Gaussian
bounds.

We consider the following mappings:

B, :H, >uw~ P,B(u,u) € H,,

M, :L,>d~ P,M(d) € H,,
fo:L,3dw P,f(d) €L,

B, :H, xL, 5 (u,d) = P,B(u,d) € L,,
i, - L,>d— Sn(d X hl)Sn elL,.

Let P,ug = u,(0) := ug, and P,dy = d,,(0) := do,. Recall that B := {I € RV : |I| < 1}. For
l € B, let ®,(t,1,d) be a flow on L,, corresponding to the vector field ZII\; l;gi,, i.e.
dq)n N
i 1.d) =N Ligs (@,(8,1,d)), £ >0,
) = S g, (B (6,1,d)) 5.9
®,(0,l,d) =d e L,.

For d € L,,, we denote

Go(l,d) = ®(1,d) — d, (5.3)
Ko(l,d) == ®,(1,d) —d — ZN: Ligi. (d), (5.4)

and .
mmyzétm@m—d—gyﬁJmlWW%:AKMLQWMU (5.5)

So the Galerkin approximation of the problem (2.42)-(2.43)) is

d%m+w%w+mmmnwmmmmm=Lamm%wmwmw@»tzaww

ddy, (t) + [Ady (t) + Br(un(t), dn(t) + fu(dn(t))]dt

B, (u
= /Gn(l,dn(t—)) n2(dt, dl) + b, (d,(t)) dt, t>0. (5.7)
B

The equations (5.6)-(5.7) with initial conditions u,(0) = ug, and d,(0) = do,, form a
system of Stochastic Differential Equations with locally Lipschitz coefficients. See [§] for details.

Here we have followed the standard finite dimensional convention (see [3, 26} 42]) of using left
limit t— in the stochastic integral with respect to time homogeneous compensated Poisson random
measure.
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Now consider the following mappings
By (u) := P, B(x,(u),u), u€H,,
M;,(d) == P, M(x;(d),d), d €Ly,
B! (u,d) := P,B(x}(u),d), uecH,,delL,,

where y. : H — H is defined by x!(u) = 6, (July-)u, and x2 : L? — L? is defined by x2(d) =
0,(]d|z2)d, where 6, : R — [0,1] of class ¥°° such that

O.,(r)=1 if r<n and O,(r)=0 if r>n+1

The mappings By, : H,, — H,,, M/ : L,, — H,,, and B;l : H,, xL,, = L,, are well defined and are
globally Lipschitz.
Let us consider the Faedo-Galerkin approximation in the space H,, and L,,,

dun (t) + [Fun(t) + By, (un(t)) + M, (dn(t))] dt = /YPnF(t,un(t—);y)ﬁ(dt, dy), (5.8)

dd,(t) + [Ad, () + B, (w,(t), dn(t) + fa(dn(t))]dt
= /Gn(l, d,,(t—)) 72(dt, dl) + b, (d,,(¥)) dt, ¢ > 0. (5.9)
B

Before we embark on studying the properties of solutions to the Galerkin system, let us list the
fundamental properties of the vector fields appearing in it.

Lemma 5.2. Let

N
Rn=Rn() = Zligin, neN, [eRV.
i=1

Then, we have

IRallzczzy < [llglleey, 1 Rallecy < NUgley,  I1Ralleey < NUIgllezr sup 1S l1%(20)-

Moreover,

2
||etRn e‘tH”HQHC(Hl), HeRn ) < e‘tlllng”L‘,(LP) SUPpeN ”SnHL:(LP), t e R.

cHY < L£(LP

Lemma 5.3. (1) There exists My > 0 such that for anyl € B and d € L,,,

1Gn(l,d)[L, < Mi|lle~y(1+[d]L,). (5.10)
(2) There exists My > 0 such that for any l € B and d1,ds € L,
|Gr(l,d2) — Gn(l,dy)|L, < Ma|llpn|de —di]L, - (5.11)

(8) There exists Ms > 0 such that for anyl € B and d € L,,,
K (l,d)|L, < Ms|lfgx(1+[dlL, ). (5.12)
(4) There exists My > 0 such that for any !l € B and dy,ds € L,
K (l,da) — Kn(l,dy)|L, < Ma|l|gn|d2 —diw, (5.13)

Proof. For details of the proof see Lemma 3.3 in [I3]. Here the constants M;,i =1,2,3,4 depend
upon the bound of || g|z(z2). O

Lemma 5.4. There exists a constant C; > 0 such that for any di,ds € L,
|ba(da) — bu(dy)|7 +/ |Gn(l,d2) = G (L, dy)[} va(dl) < Cy|dy — du; . (5.14)
B

Proof. We refer to Lemma 3.4 in [I3] for the proof. O
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Lemma 5.5. There exists a constant Cy > 0 such that for any d € L,,,
bu@IE, + [ G vald) < Cold,. (5.15)
B
Proof. For the proof see Lemma 3.5 in [I3]. O

Since all relevant maps are globally Lipschitz, we have the following standard result, see e.g. [2]
for references.

Lemma 5.6. For each n € N, there exists a unique global, F-progressively measurable, H,, x L,
-valued cadlag processes (uy,d,) satisfying the Galerkin approximation equations (5.8)-(5.9).

It follows easily, see for instance [2], that for each n € N, the equations (5.6)-(5.7)) has a unique
local maximal solution. However, by a combination of the proof of [2, Theorem 3.1] with the
proofs of Propositions [5.9] and below (in the case p = 2), we infer the following important

result.
Corollary 5.7. For each n € N, the problem (5.6)-(5.7)) has a unique global solution.
satisfy the following estimates.

5.2. A Priori Estimates. The processes (un) and (dn)

neN neN

Lemma 5.8. Assume that h; € L>® and T € (0,00). Then for each n = 1,2,... and every
t e 0,77,

‘q)n(tvlvd)’lg = |d|]Ln' (516)

The proof is straightforward and depends upon the fact that R,, := S, RS, is self-adjoint, and
therefore omitted.

Proposition 5.9. Assume that h; € L™ and T € (0,00). Then for any p > 2, there exists a
positive constant C, depending on p such that

T
aﬁ@[yw%@;+/|%@Z%mMﬂ@+m@QWQMDSE%mﬂ
ne se[0,T 0

where €o(p, T) = |don [P (1 + CTe“T), which is independent of n € N and s € [0,T).
Proof. For all n € N and all R > 0 let us define a random variable
7B = inf{t > 0:|d,(t)|> > R}. (5.17)
It is a stopping time, since the processes (dn(t))te[O,T] is F-adapted and right-continuous. More-

over (TBEAT) 1T, as R1 oo, P-as.
Let us fix T' > 0 and p > 2. Let ¢ : L,, — R be the mapping defined by

1
P(d) = 2;|d|p, del,. (5.18)
The first Fréchet derivative of 9 is
¥'(d)[g] = [d[P"*(d,g), d €Ly

So applying this to the sequence d,, (t) we get,

di(dn(t) = ¢'(dn)[ddn ()] = |du|""*(dd, (2), dn(2)), t > 0. (5.19)
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Applying the Ito6 formula to the process 1(d,(¢)), we obtain
w(dn(t)) - ¢(dn(0))

= 7/0 V' (dn(s)) [Ada(s) + Bu(un(s), du(s)) + fuldn(s))] ds

+ / / (@ (1 i (5—))) — 2b(d(5))] T (ds, dI)

|

N
D(@n(l,dn(s)) = (dn(s) = Y LW (dn(s)), gs, (dn(s))>L2] va(dl)ds, ¢ = 0.
i=1

(5.20)
From we have
' (dn(5)) [Adn(s) + Bu(un(s), dn(s)) + fu(da(s))]
= |da "7 — Adn(s) — Ba(un(s), du(s)) = fu(da(s)), du(s))
= 1472 (19 (3)/32 = (fa(dn(5)), du(s)) ), 5> 0. (5.21)
From Lemma taking the power p of both sides of we get,
P(@n(l,dn(s—))) = P(dn(s—)) = 0. (5.22)

The above equality is important for our further analysis. We observe this equality (5.22)),
implies that the martingale part of ¥ (d,(t)) in (5.20)) is zero, which is due to our Marcus force.
Hence by Lemma we obtain from (5.20) that for s > 0,

[9(@n(l,dn(5))) = ¥(dn(s)) = ¢/ (dn())Rdn(s)] < A P? [Ugw llgllecz)ldn(s)[72- (5.23)
Let us observe that by (5.21)), (5.22) and (5.23), we further write inequality (5.20)) as

w(dn(t))§¢(do)—/0 |dn P72V, L ds—/o |dn P72 (fa(dn(5)), du(s)) ds

t
+C/ /|dn(s)|p ll]Zn vo(dl)ds, t>0. (5.24)
o JB
Thus by (5.18), (5.24]) and taking integration over all t € [0, T,
t t
AuOF + [ 1du(s)7 Ve (s) s+ [ 1du(s)7 2 (dus) du(s)) ds
0 0

< |dol? + c(/ot |d,.(s)|P ds> (/B R u2(dl)>, t>0. (5.25)

Since by Assumption [2.3] we have

(fa(dn),dn) = (f(1da]*)dn, dn) = /@f(l@ln(ﬂc)I2)|01n(fv)|2 da

N N+1
:/Zakﬂdn(x)\z)’“rl dzx = Z al_l/ |d,, (z)|* dz, (5.26)
0 k=0 =1 0
and by Lemma 8.7 of [14] we infer
/ 1d,, (2)[2N42 s — c/ du(@)de < (f(dn),dy) for d, € LPN*2(0),  (5.27)
0 0

we infer by (5.25|) that

t t
()P + / ()P~ T ()22 ds + / () P2 (1 () 2252, — Cldn(s)[2) ds

t
< |d0n|p+0/ id,,(s)|? ds, t > 0. (5.28)
0
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The last inequality further implies that
0P + [ 1PV ds [ 106,
< |don]? + C/Ot i,y (s)[7 ds, t > 0, (5.29)
Therefore we deduce that,

t t
sup (a9 + [ 1du(s)P V(o) s+ [ Idu(s)2ldu(s) BT ds
0 0

0<s<t
< |don? +c/0t i,y (s)|7 ds, ¢ > 0. (5.30)
Now let us fix £ > 0. Then by ,
aP+ [ R 2Td o ds [ 1) () ds
<|don|” + C/o |dn(s)[P ds < |don|? —l—C/O |d,(s)[Pds, foranyre€[0,¢.  (5.31)

In particular we infer that

t
(PP < |don]” +c/ (da(s)P ds, € [0,1]. (5.32)
0
Next, in the above we take supremum over r € [0,¢] and then taking the expectation we get,
t
]E[ sup |dn(r)p} < Eldon|” + c/ E[|d(s)["] ds. (5.33)
r€l0,t] 0
The Gronwall Lemma thus yields
IE[ sup |dn(r)|p} < E|dg,[Peft, t>0. (5.34)
r€0,t]

From ((5.31)) and (5.34) we also get
T
B [ 4P 2 (T, + ) ds
0

T
< E[|d0n|p + o/ |”ds] < E|don|” + C]E\dOn|p/ ¢Ct dt. (5.35)
0
So we infer

T
sup (E[ sup ‘d )’22 —I—/ ’dn(s) ];2(|Vdn(s)|2L2 + |dn(s) iﬁ;fz) ds}) <E &(p,T),
neN te[0,T] 0
(5.36)

where €o(p, T) := |do, [P (1 + CTeCT).
Note that in equations (5.34]) and (5.36), we could argue in different order by first applying
Gronwall lemma and then taking expectation.
O

Now we prove a Lemma which we require in the next a’priori estimate. Basically the term, we
estimate in this Lemma, comes from the the It6 formula which we derive later.

Lemma 5.10. Forz € H', let U(-) be the mapping defined by ¥(z) = 1|Vz[?+1 f® 2) dz.
Then there exists a generic constant C' > 0, depending on N, |O|, ||gl a1y, sup,ex ||y l||£(L2N+2),
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9]l z(L2n+2y,5uch that

//mf (1, dn(5))) — W(ddn(s))I? v (dD)ds

/Ot/B WDy (1, dy (s

<c / (5)) + [da(s)2:)2ds, (5.37)

and

<C [ [0 + du(o):] ds. (5.38)
0
Proof. Observe that for v, h, hy, he € H,,
V' (0)(h) = (=Av+ f(jo]*)o,h) = (Vo,Vh) + (f(v),h), (5.39)
U (v)(h1, ha) = (Vhy, Vha) 4 (f'(v)(h1), ha). (5.40)

For a given z € H! and [ € RY | let us denote y,(t) := ®,(,1,2) and y, (1) :== ®,,(I, 2). In other
words, ¥, is the unique solution of
dyn,

dt = Ru¥n, yn(o) =z,

N
where R, := > ligi,, -
i=1
Hence,
yn(t) = ©p (4,1, 2) = exp(tRy)z, t>0.
We begin with the observation that

V(P (l,2)) = ¥(2) = V' (2)Rnz = ¥(yn(1)) = ¥(yn(0)) = ¥'(yn(0))Rn(yn(0))

= [ Swo s = 2w on)0) = [ (o) (s (¥ou) )

/ / (W oyn)"(r)drds = / / [0 (yn (1) (W (), (1)) + ¥ i (7)) (1)) drds

- / |8 0 Rua4), R 1)) + / | ¥ )R )y
0 0 0 0

=1 + I. (5.41)

By the notation C', we will denote a generic positive constant, whose value and dependencies
might differ from place to place.

We first estimate I5. By (5.39) and ([2.27)) we find

| < / [ 1T TR )]+ 4 (), R ) s

< [ [ 1R %10 9 5O, s R0 v s

L2N+F1

< C/ / |R HC(Hl QTHRnHL(Hl |VZ|L2 + ||R ‘|£(L2N+2)6(2N+2)T”R ”L‘,(L2N+2)|Z|212V]\}‘r+22

I RlZ ponoye R leay e 2] oy o | drds. (5.42)

We now employ Young’s inequality
22505 2N +1
2N +2 2N +2’

perform the integration and make use of the estimates in Lemma [5.2] to obtain
L2 < ClIP(IV2]Z + |21 7585)- (5.43)

|Z‘L2N+2 S
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Using (5.40), we split Iy = I; 1 + I1 2, where

1 s
I :/ / IV Ry (7). drds,
o Jo

1 S
I, = / / ' (U (7)) R (1), Ryt ().
0 0
By Lemma [5.2]
1 s
|I1,1|§/O /0 HRnHQE(Hl)eQTHRnHc(Hl)|Vz|2L2d7“ds§C|Z\Q|VZ|QL2. (5.44)

To estimate I; 2, we proceed similar to estimate of the second term on the right hand side of I5.
In particular, making use of (2.28) and Young’s inequality, then integrating and finally employing
Lemma [5.2] we obtain

|11, 2| < C|l|2|z|2L]¥N++22~ (5.45)

Therefore, combining ((5.43 - ) and (5.45) , we get from
/ [ | #@atdon - Zl ), g1, (dn(s >>>Ln] vy (dl)ds

<c / / 219 () 2 + |do ()22 ) vn(dl)ds
0 B

t
<0 [ [Vau)it + a1 <€ [ (W) + duo)E] ds
0
where the last step followed from the definition of ¥ and -
The proof is now complete. O

Remark 5.11. Since H' < L2N*2 for both two and three dimensions, | Ryl z(z2v+2) < C|| R g
and hence one need not necessarily invoke Proposition [5.1 In other words, one could avoid the
techniques of modified Faedo-Galerkin approximations based on the Littlewood-Paley-decomposition
for the noise term and instead apply the classical Faedo-Galerkin approzimations. However, we
introduce such notions of approximations keeping a bigger picture in mind, where the polynomial
F (or f) might be considered as more general and without any restriction on the degree. We plan
to address such issues in our forthcoming work.

Now we derive estimates for the processes u,, and Vd,,.

Proposition 5.12. Forz € H', let U(-) be the mapping defined by ¥(z) = 3|Vz[*+3 [, F(|z(2)]?) dz.
Then for every p > 1 and T > 0, there exists a positive constant C = C(p,T) such that

Sup(E[ sup (\I’(dn(s)) + ’un(s)’f{)p]

neN s€[0,T]

+B[ [ (I +184,6) - faneli) o] ) <

Proof. For all n € N and all R > 0 let us define
7h :=1inf{t > 0: |u,(t)|g + |dn(t)|2 > R}. (5.46)

This function is a stopping time, see the Début Theorem [43, Theorem 76.1], since the processes
(n(t))sepo,r) and (dn(t));ejo 7y are F-adapted and right-continuous. Moreover 7 1 0o, P-a.s., as

1 00.
Step -1 : Define a mapping ¢ as follows

1 1
¢(u):H, >uw §|u|2 = §|u|%{ﬂ eR.
Since the first Fréchet derivative of ¢ is given by
(W] =(uv), uveH,
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by applying the Itd formula to the process ¢(u,(t)), where u,, = u,(t), ¢t > 0, is the solution
to equation (5.6), we infer that for ¢ > 0, P-a.s.

B, (1)) — H(un (0))
/ (A (s) + By(un(s)) + My (dn(s)), un(s)) ds
//{|un )4 PaF (s, wn(5—):9)? — un(s—) 2} 7 (ds, dy)

+ 5/0 /Y {|un 8) 4+ PuF(s,u,(8);9)* — [un(s)]? — 2<un(s),PnF(s,un(s);y)>} dz/l(yids. |
5.47

By applying the It6 formula to ¥(d,,(¢)), where d,, = d,(t), t > 0, is the solution to equation

, we deduce
U(dn(t)) — ¥(da(0))

= / V' (dy(5)) [Adn(s) + B (un(s), dn(s)) + fu(da(s))] ds

// — U(dn(s—))] 7i2(ds, dl)
N
+/0/IB (P, (l,d —\If(dn(s))—;li@ (dn(s)), gs, (dn(s)))L, | v2(dl)ds.  (5.48)

From ([5.39) we have,

-/ W (5)) [Ad(s) + Bu(0a(), du(s)) + Fuleda(s)] ds
_ /Ot | Fa(dn(5)) — Ady ()2 ds — (B (n(s), dn(5)), fu(dn(s)) — Ad,,(s))ds, £ > 0. (5.49)
From (5.48), (5-49), Lemma [5.10 and Lemma [A.7] we obtain,
(d, (1)) — U(da (0))
/ Fa(da(s)) — Ady (5) 22 ds+/0t<Mn<dn<s>> w,(s)) ds

+/0 /B [(U(®,,(1,d,(5—))) — U(d,(5—))] 72(ds, dl) +C/ n(8) + |dn(s)]72] ds, ti')og;o)

Since (B, (u,(t)), u,(t)) = 0, adding equations (5.47) and (5.48) and using (5.50) we get after

rearrngement

V(dn (t))+¢(un(t))+/0 (I ()I? + [ fa(dn(s)) — Adn(s)l72) ds

W(don) + d(uon) + C / (5) + [dn(s)[22] ds + I3(8) + I2(t) + I2(t), t>0.  (551)
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Here we use the following shortcut notation, for ¢ > 0,

1) =5 [ [ )+ PuF (s, (s2):0) = o (5-) 2 (. ), (5.52)
B0 =5 [ [ )+ PP (o6 =y (s) = 2u(5), PuF (5,1, (5):9)) e (),

(5.53)
10 = [ [ (¥@,0.402) = 9@, ()} . ). (554)

Step -2 : Now for all ¢ € [0, T, taking expectation both sides we can rewrite the above equation
as

E[\If(dn(t ATR)) + ’un(t A Tﬁ)}f{] + E[/O ” (||un(s)||2 + | fn(dn(s)) — Adn(s)|i2) ds
< E[0(do) + fuon?) +C | T (A (s) + I (s)24] ds

+E[LNEATR) + T2t ATR) + I3 (t ATR)]. (5.55)

In order to estimate the RHS of (5.55)), let us first observe that by part (D) of Assumption we
have,

2 R = t/\TT}? u S S.ua S): 27 u S 2
|In<tw>|f/0 L{ 2 () + PaF(s,un():9) — [un(s)|

2 (un(s), PaF (s, 1 (s): y>>} v (y)ds

t/\'r:” t/\‘rf
< c/ / P (s, 1 (s): )2 din (y)ds < c/ {14 [un(s)[2} ds, ¢ > 0.
0 Y 0
(5.56)

Thus, by the Fubini Theorem, we infer that
tAT,,
E[|12(t A 7)) < Ot ATR) +/ E[fun ()] ds, ¢ > 0. (5.57)
0

Next by definition of 7% and from (2.21)), we observe that the process I} (t ATR) and I3 (t ATH)
are square integrable martingales and hence

E[LLtATp)] =E[I3tATh)] =0, te[0,T]. (5.58)
Using (5.57)), (5.58) and Proposition we can further deduce from (5.55)) that
) tATR ) )
E[U(d,(t ATE)) + un(t ATE)P] + ]E[/O (J[an()]I* + [ fn(dn(s)) — Ady(s)|72) ds

t

< C+E[¥(don) + [uonl?] + C/ E[U(da(s ATR)) + [un(s ATR)[?] ds, t > 0. (5.59)
0
Applying the Gronwall Lemma we get,

E[T(dn(t A TR)) + [an(t A7)

—HE[/O " ([an ()] + | fa(dn(s)) — Ady(s)[22) ds| < €(T), t >0, (5.60)
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where €(T) := (C +E[¥(don) + |uon|]) e
In particular, we have

sup (E [\I/(dn(T ATE)) + [un (T A T}é)m

TATR
B[ [ (ol + 170l — Ad(9)) ] ) e (5o

Step -3 : If we put ¥(s) := ¥(d,(s)) + %|un(5)|12{7 then by inequality we infer that
t t
() + / ([ (I + | fa(dn(s)) — Ad ()2 )ds < 6(0) + / [T(do(s)) + |dn(s)2:] ds
+ TN+ () + I3(t), t€[0,T).

Let C' be a generic positive constant whose value and dependencies may differ from place to
place. Now raising both side to the power p > 1, taking supremum over s € [0,T A 7] and finally
taking the expectation we have

p

ELE[SW wor| +e| [ T an 2 + 1 dn() — Ad(s)122) =

0,TATE]
TATE
<EROP+CE [ [0 + [du (o)l as
0
+C’IE[ sup |I}L(s)|p] +C’E[ sup |I,2L(s)p} —|—CE{ sup |I§(s)|p} (5.62)
s€[0,TATR s€[0,TATR s€[0,TATE
We will first find a suitable estimate for the third term on RHS of (5.62). We observe by the
Burkholder-Davis-Gundy inequality,

E[ sup |fi<s>|p]
s€E]

0,TATE]

< CIE[(/OTATE /Y {|un(s) + Py F(s,u,(s);y)]* — |un(8)|2}2 yl(dy)ds> ’2’]’ s>0. (5.63)

Using the Taylor formula, it follows that for each r > 2, there exists a positive constant ¢, > 0
such that

|la + bliy —laliy — rlali*(a, b)| < e (lali® + o) b, a.be H.
Using the Holder inequality we further have
(la+ bl — [alir)* < 2r2|aly ~2[bl% + 4c2|aff ~*blfy + 4c2|blF, a,b € H. (5.64)
Now for 7 = 2 in ([5.64)), using (2.21]) and the Young inequality
2
[ {0a5) 4 PuF (s (6 ) = ()} )

< ¢ Jun(s)? /Y IF (s, un(s): ) 11 (dy) + /Y IF (s, un(5);9)[* 14 (dy)
<t cr|un(s)? + caun(s)|* < by 4 k2 Jun(s)|*, s>0. (5.65)

Hence using the fact that T'A 75 < T we have,

</OTM§/Y{Un(8)+PnF(s,un(S);y)|2—|un(8)|2}2yl(dy)d8>§

2

<kl T)? +c(ky)? (/OTMg s, (s)[* ds)
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So we have

2

] sl ([ mira)|

0,TATE

cortel( g mor) | Sal([Fmiora)] w20 com

s€[0,TATR

On the other hand, using the Hélder inequality and the fact that T'A 73 < T', we have

TATR b1 TATR %
/ u(s)[2 ds < T (/ I (5)[27 ds>
0 0

Now taking power p in both sides, taking expectation, then using the Fubini Theorem we get

TATR p TATR
EK/ Iun(s)Ist) } < TH/ E[|u.(s)[*"] ds, s> 0. (5.67)
0 0
From inequalities ([5.66) and (5.67)) we get,

1 P TATR
CE[ sup IIi(s)l”] < EK sup Iun(s)lz) ]+CP,T/ E[|u,(s)[*"] ds, s > 0.
s€[0,TATE] 2 s€[0,TATE] 0
(5.68)

Now we will find a suitable estimate for the fourth term on the RHS of (5.62). From (5.56]) and
using the fact that T'A 73 < T, we have

sz e <cs[( [ g or) )]
ZOE{QTAﬁ9+/TM§mA@Pqusc&&aT+E</TM§mA@Pw)1.

0 0

From(j5.67) we obtain

T/\‘r}{
IE{ sup |15(s)|P] <Cpr+C ,T/ E[|u,(s)[*]ds, s>0. (5.69)
0

s€[0,TATE]

Finally we deal with the fifth term on the RHS of (5.62). Again, by using the Burkholder-
Davis-Gundy inequality, and (5.37)), we obtain, for s > 0,

(NS

B sw e <ce|( o [ 19,0, — 96 P s )

s€[0,TATE
TATER £
<or[( [ e+ )|

TATE
OM/ E[U(d,(s))]? + |[dy(s)[*"] ds. (5.70)
0

IN

Now from (5.62)), (5.68]), (5.69) and (5.70) and applying Proposition [5.9| we obtain,

E{ . W@W]Sqﬂ+;EK sup |%@W>T

s€[0,TATR s€[0,TATR

TATR
+ vaT/O E[T(dn ()] + [un(s)[*] ds. (5.71)
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As [th(s8)]P > [¥(dn(5))]P + |u,(s)]?P, we further observe

ELJ“‘) (1@, + )| <E[ s e

0,TATR] s€[0,TATE

< Cpr+ ;E{ sup Iun(s)lﬂ +Cpr /O o ]E[[\I/(dn(s))]p T |un(3)|2p} ds.  (5.72)

s€[0,TATE]

Now taking second term of RHS to the LHS and multiplying both side by 2 we have,

ELJ“" (1@ + ()] < Cpir -G [ [ )P + ()] ds.

0,TATE]
(5.73)
Now Gronwall’s Lemma yields
E[ sup <[\I/(dn(s))]p + un(s)|2p>} < Cpr exp (Cpr-TATE). (5.74)
s€[0,TATE]

We can write further using the fact that T A7 < T,

supE Le[&‘%%g] (1@, + o) | < ), (5.75)

Finally from (5.62)) for p > 1 we get,

sup (ELE[SHP (W(dn(s)) + !un(s)\f{)p]

neN 0,TATE]

=1 T () + 1 (da(s)) — Ada(s)2) o) <or 6

Since the constant in the RHS does not depend on m or R, so letting m, R — oo we get
T A1 — T. We finally have

sup (=] s (W(da(6) + )3

neN s€[0,7
T P
| [ (P + 1006~ Adu(9)2) 5] ) < G (5.77)
So the proof is complete. O

Using the previous results we can deduce that

Proposition 5.13. For every q > 1, there exists a positive constant C, depending on q such that

T
| [ 14,6 as

Proof. Let us choose and fix ¢ > 1. Since d,, take values in D(A), it is sufficient to prove that

T q
E[/ Ad, ()P ds] < Clo).
0
Since N € I,, we have H! — L*¥N*2 and using Remark
A, (5)* < 2|1Ady(s) = frul(dn(s))” + 2| fn(dn(s))?
< 2|Ad,(5) = fuldn(s))[* + cldn(s)[33 T2 + C. (5.78)

<o

Therefore, we infer that

T q T q
B [ 1aduoP 6] < es] [C1aduo) - fuaue)Pas] | sup [a,)0¥ ] 1
0 0 s€[0,T
(5.79)
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Using ([5.76)) we obtain the desired result.

O
Corollary 5.14. For every q > 2, there exists a constant C > 0, depending on q such that
IE[ sup |dn(t)|qu} < C,.
t€[0,T)
Proof. Follows from Proposition and Proposition [5.1 O

Remark 5.15. Since a stochastic integral with respect to the time homogeneous compensated
Poisson random measure is defined for all progressively measurable processes, each u,, satisfies a
version of (5.6) with t— replaced by t, i.e. u,, satisfies

duun (£) + [/ (8) + By (n(1)) + Mo (dn (1)) dt = /Y PuF(t un(t);9) s (dt dy).  (5.80)

Similar argument says d,, satisfies

dd, () + [Ad(£) + Bo(un(t), dn(t)) + fu(dn(t)]dt = /B Gl dn () T2(dt, dl) + b (d,u (1)) dt.
(5.81)

6. TIGHTNESS OF THE LAWS OF APPROXIMATING SEQUENCES

In this section we will show that all the conditons of Corollary and Corollary satisfiy for
p = 2. This will yield tightness of laws of u,, and d,,. Let us consider the space Zr = Z71 x 219,
where

Zp, = L2(0,T; V)N L*0,T;H) nD([0,T]; V') nD([0, T]; Hy,) (6.1)
and
Zpo = L2(0,T; D(A) N L*(0,T; H') nD([0,T]; L*) nD([0, T]; H}). (6.2)

For each n € N, the solution (u,,, d,) of the Galerkin approximation equations defines a measure
Z(u,,d,) on (Zr,7), where  is the supremum of 7! and 72. We will show that the set of
measures {Z(u,,d,),n € N} is tight on (Z7,.7) using Corollaries and

Before embarking on the proof of the main result of this section let us write-down some impor-
tant estimates we derived in Section [bl In what follows by Cy,Co,--- ,Cs, we will denote generic
constants independent of n (but possibly dependent on p,q and T > 0).

From Proposition [5.9] we observe that for p > 2,T > 0, there exists C; > 0 such that

sup E{ sup ‘dn(t)‘]zz} < (. (6.3)
neN te[0,T]

Similarly, from (5.36)) there exists Cy > 0 such that

T
supIE[/ dn(s)[52%Vda(s)[22 ds] < Cs. (6.4)
neN 0
From Corollary [5.14] there exists C5 > 0 such that
T
supE[/ }dn(s)ﬁ{1 ds} < Cs. (6.5)
neN 0
From Proposition [5.13| for ¢ = 1, there exists Cy > 0 such that
T
2
ffé%]E{ /O da()3 ds] <c.. (6.6)

From Proposition there exists C5 > 0 such that

sup E[ sup |u,(t) ilp} < Cs. (6.7)
neN t€[0,T
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Again from Proposition [5.12] for p = 1 we get,

sup E[ sup ‘un(t)’f{ < Cs, (6.8)
neN te[0,T] J
and
- ]
supE / lun(s)|2 ds| < Cs. (6.9)
neN [ Jo J

So from , there exists C's > 0 such that

Sup]E/ ’un(s)&ds < Cs. (6.10)
neN 0

Proposition 6.1. There exists a positive constant C such that

supIE/OT “B(un(s))

neN

v [M(dn(s))

b [ Blun(s), da(9) [ + | fdu(s))]72 | ds <€ (611)

where p = 2 if dimension n =2 and p = % if dimension n = 3.

Proof. In what follows by C;,Cs, -+ ,C7, we will denote generic constants independent of n (but
possibly dependent on T'). Let us fix T > 0. We will prove inequality in four steps considering
separately for the cases n =2 and n = 3.

Consider first the case n = 2. From and using Proposition we infer

T T
2 2 2
IE[/O ‘B(un(s)) v ds} < CE[/O ‘un(s)’ Hun(s)H ds}
3 T 2y 2
<c {E{ sup |un(s)4} } : {E[/ |w, ()] ds] } < (. (6.12)
s€[0,7) 0
Now consider n = 3. From ([2.11)) and using Proposition we obtain
T . T ,
e [ BNl as] < 5] [ fusa
0 0
i T iy i
< {E{ sup |un(s)§}} . {]E{/ ||un(s)||2ds} } < Cs. (6.13)
s€1[0,T 0
Consider n = 2. From (2.15) and using Proposition and Proposition we infer
T T
E[/ |M(dn(s)) 3,, ds} <ec E[/ }Vdn(s)’i2 . ’Adn(s)Pds}
0 0
L1 2 T , 12)2
< {E{ sup ’Vdn(s)|L2}} . {E[/ |Ad,,(s)] ds] } < Cs. (6.14)
s€[0,T] 0
Now consider n = 3. From ([2.15)) and using Proposition and Proposition we get
T 4 T 2
EU | M (d,(5))]7, ds} < cEU Vd.(s)|2, - |Adn(s)|2ds}
0 0
8 1 T 9 % %
< {]E[ sup ’Vdn(s)‘EZ]} - {E[/ |Ad,(s)] ds] } < Cy. (6.15)
s€[0,T] 0

Again consider n = 2. From and referring to inequalities and we infer,
T T
E[/O ‘B(un(s),dn(s))‘iz ds] < CE[/O [un(s)| - [[un(s)]| - ’Vdn(s)‘LZ | Ady(s)] ds]

Cc

< QE[/OT u(s)|” - Hun(s)H2ds] + ;E[/OT IV, (s)]2, - ]Adn(s)|2ds} <Cs.  (6.16)
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Now consider n = 3. From and referring to inequalities and we get,
T 4 T 1 1
E[/o ‘B(un(s),dn(s))ﬁ2 ds] < cE[/O [un(s)|? - [lun(s)]| - |Vdn(s)|22 | Ady(s)] ds]

c

< QE[/OT lun (5)] - ||un(8)||2ds} + ;]EUOT |V, (s)]2, - |Adn(s)‘2ds} <Cs (617)

Now consider n = 2,3. From Assumption [2.3] we have N € {1,2,---} forn =2 and N =1 for
n = 3. We know H' — L9 for § = 4N + 2. From Remark and Proposition we infer,

T T _ _
E[/ |f(dn(s))|f:2 ds] <Cr+ CE|:/ ’dn(s)‘q]ﬁ ds} <Cr+ CTE[ sup |dn(s) 21 ds] < Cr.
0 0 s€[0,T]
(6.18)

where C7 is a positive constant independent of n.

From inequalities (6.12)) to (6.18)) we conclude our desired inequality (6.11)) for some positive
constant C which is independent of n. O

Now we can state (and prove) the tightness Lemma.

Lemma 6.2. The set of measures {-Z(u,,d,),n € N} is tight on (Zp, 7).

Proof. From , (6.10)), and Corollary we obtain the first two conditions of Corollaries
and for u,, and d,, respectively.

Hence, it is sufficient to prove that the sequences (u,)neny and (dy)nen satisfy the Aldous
condtion in the spaces V' and L? respectively. We begin with the former sequence. We will use
Lemma Let (7,,)nen be a sequence of stopping times such that 0 < 7,, < T. From ([5.80) we
have

(1) = o, — [ " un(s) ds - / Ba(u(s)) ds - / Mo(da(s)) ds

¢ 5
n / / PuF(s,un(s),y) i (ds, dy) = k7 + S k@), ¢ € [0,T],
0o Jy .
j=2
Let 6 > 0. We will check that each term k%, j = 1,--- ,5, satisfies condition (4.4]) in Lemma

It is easy to see that k7' satifies condition (4.4) with @« =1 and 8 = 1.
Now consider k% (t). Since &7 : V — V' and |«7(u)|y+ < |lu||, by the Holder inequality and

we have
Tn+0 Tn+0
v :EH/ g, (s)ds V/] §CIE[/ |, (s)

]
<o [ o] <csfor( [ ) |

2 T 2 1
}Sc-(ﬂﬂ[/ |un(s)||2ds]> o}
0
<e/Cs-02 =cy- 02,

Thus kj satisfies condition (4.4) with « =1 and 8 = 1.
In the following calculations we take p and ¢ to be Holder conjugates i.e.
consider the term k%. From Proposition [6.1] for some Holder conjugates p and

B[k (7 + 6) — k3 (7). ] = EH / :"w By (un(s)) ds VJ <e E[ / :”+6 |Blun(s))

Trn+6 % Trn+6 % N .
SC{]E|:/ | B(u,,(s)) f/,ds}} {E[/ lds}} <c¢Cv-0a =:c3-07,

wherep:?forn:?andp:%forn:S.
Thus k% satisfies condition (4.4) with o =1, 8 = % for2-Dand a =1, 8 = i for 3-D.

]EHkS(Tn +0) — k()

+ % = 1. Let us
we infer

v/ ds]

R g =

-
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Now consider k7. From Proposition [6.]] E 1] for some Holder conjugates p and g we infer

A I Tt

<c{1EUT:n+9|M(d ()2 ds}}P . {E[/:Hlds”i <cCh 9 s

Wherep:2forn:2andp:%forn:3.
Thus £} satisfies condition witha=1, = % for2-Dand a=1, 8= i for 3-D.
Now consider kZ. Since the embedding H < V' is continuous, from (2.21)), and using
Burkholder-Davis-Gundy inequality
2
B

- H /we/ PuF (s, un(s), ) i (ds, dy)

Tn+0 Tn+0
<CE|:/ / |PoF (s, un(s), ‘HI/1 dy)ds} <c.9+cE{/ |un(s)|12{ds}
Tn Y Tn

<c-0+c-0 E[ sup un(s)%] <c-0(14+C5)=:c5-6. (6.19)
s€[0,T]

Where the constant Cy 7 is used in (6.8). Thus k? satisfies condition (4.4) with o =2 and 8 = 1.
Hence by Lemma the sequence (u,),en satisfies the Aldous condition in the space V'.
Now we will consider the sequence (d,). We begin by rewriting (5 as

du(t) = don — /Ad ds—/“( A(5) ds—/fn

+/ [ Golt. () s, i) + / ba(dn(s)) ds = ji +Zyk € [0,7).
0 B

It is obvious that ;7 satifies condition (4.4) with « =1 and g = 1.
Now consider j¥(t). By and the Holder inequality we get,

E[|55 (7 +0) — 75(ra)| 2] = ]EH / :M Adn(s) ds LJ

Tn+0 T 1
§CE[/ ‘dn(s)|D(A)dS} SCH% (]E{/ ’dn(s)}é(A)ds]> SCQ%\/CQ; =: 62-9%.
T, 0

n

[k (ra +6) — K

E[|k3 (10 +0) — k5 (

Thus jy satisfies condition (4.4) with a =1 and 8 = 3.
Now consider j%¥(t). Using Proposition with p = 2 forn = 2 and p = % for n = 3, and
where ¢ is the Holder conjugates of p, we infer we infer

Tn+0 _
IEH]Q(TH +0) —jg‘(Tn)|L2] < E[/ |B(u,(s),dn(s))|Lz ds] (6.20)

n

L il Ll

Thus ;& (t) satisfies condition (4.4) witha =1 and =1 forn=2and a =1 and 8 = § for
n=3.
At last consider j7(¢). Using Proposition [6.1| we obtain,
Tn+6

E[|77 (7 +6) — (7] ] < E[ [ ds] (6.21)

n

Tn+0 % Tn+0 % L ) .
< {E[/ |f(dn(s))]22 ds]} {E[/ lds]} <cC?-02 :=¢4-02. (6.22)
1

Thus j7(t) satisfies condition (4.4) with « =1 and 8 = =
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Using It6 isometry, from Lemma [5.5] we obtain,

E[|j5 (o +0) = 55 (7)) 1] :EH / :n+9 /B G (l,dn(s)) l2(ds, dl)

)

< cIE[/T:nJFG/B‘Gn(l,dn(s))‘izug(dl)ds} <E-9E[ sup | do(s) i} <é5-0. (6.23)

s€[0,T]

Thus j#(t) satisfies the condition (4.4) with o =2 and g = 1.
At last consider j§(t). Using Schwarz’s inequality, from Lemma we infer,

B[l + 6) ~ )| 2] =E| [ :M o) |

ccot s ([ inianonteas) | < eotml( [T o) |

n n

1 1

3 3

<éo E{ sup |dn(s)§2} < ae{E[ sup |dn(s)|§2]} < G- 0. (6.24)
s€[0,T] s€[0,T)

Thus j§ (t) satisfies the condition (4.4) with o =1 and g8 = 1.

So this is enough to gurantee that the laws are tight.

7. EXISTENCE OF A MARTINGALE SOLUTION

We will now prove the existence of a martingale solution. The main difficulties lie in the
terms containing the nonlinearity of B, M and the noise terms F' and G in both the equations.
The Skorokhod Theorem for nonmetric spaces helps us constructing a martingale solution. Let
us define My([0,7] x Y) as the set of all N-valued measures on the measurable space ([0,77] x
Y, %([0,T]) ® #(Y)). Similarly, we define Mg([0,7] x B).

7.1. Construction of a new probability space and processes. By Lemma[6.2] we have shown
the set of measures {Z(u,,d,,),n € N} is tight on (211 X Zr2,.7).

Let us denote (9, )nen := (771"7772”)neN and 1, = (114,72« ). Similarly, we define 7, and 7.
Let (1n,m20) = (m1,7m2), for n € N. Then the set of measures {Z(nin,n20),n € N} is tight
on the space My([0,7] x Y) x Mx([0,T] x B). Thus the set {Z(u,,dn, ), n € N} is tight on
Zr x Mg([0,T] x Y) x Mx([0,T] x B).

By Theorem there exists a subsequence (n)xen, a probability space (Q, F,P) and on this
space, Zp x Mg([0, T]xY) x M/([0, T] x B)-valued random variables (u., d., ), (U, dg,7x), k € N
such that

(a) f((f_lk, di, 7)) = Z((an,,dp, . mn,,)) for all k € N;

(b) (Uk,dg, M) = (Ws,ds,ns) in 27 x Mg([0,T] x V') x Mg([0,7] x B) with probability 1 on
(Q,F,P) as k — oc; B
(¢) Mk(®@) = (@) for all @ € Q.

We will continue to denote these sequences by ((un, d,, nn))neN and ((ﬁn, d,, ﬁn))

neN’
Using the definiton of the space Z7, we deduce that P-a.s.

a, — u, in L2 (0,T; V)N L?(0,T;H) nD([0,T]; V') nD([0, T]; Hy) (7.1)
and

d, — d, in L2 (0,T; D(A)) N L*(0,T; H*) nD([0,T]; L*) N D([0, T]; H.). (7.2)
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7.2. Properties of the new processes and the limiting processes. It is easy to verify that
the spaces Zp; and Zrs (defined in Section @ are not Polish spaces. So the following result
cannot be deduced from the Kuratowski theorem [31] directly, see Lemma 4.2 in [16].

Proposition 7.1. The sets D([0,T],H,,) N Zr1 and D([0,T],L,,) N 272 are Borel subsets of Zp 1
and Zr o respectively and the corresponding embeddings transforms Borel sets into Borel subsets.

Proof. The space D([0,T],V’) N L?(0,T;H) is a Polish space. Then by Kuratowski theorem,
D([0,T],H,) is a Borel subset of D([0,77], V") N L?(0,T;H). Hence D([0,7],H,) N 27,1 is a Borel
subset of D([0, 7], V') N L2(0,T;H) N Zr1 = Z7,1. Similarly one can show D([0,T],L,) N 212 is
a Borel subset of Z7 5. O

Since the laws of u,, and u, are same in the space Zr 1, from equations , 6.10) and
Proposition [7.1] we have,

supI_E[ sup |un(s)fil] < (s, (7.3)
neN s€[0,T]
and
sup]E{/ |ﬁn(s)fv ds} < Cg. (7.4)
neN 0

From ([7.3) and Banach-Alaoglu Theorem we conclude there exists a subsequence of () con-
vergent weak star in L2(; L>°(0,7;H)). So from (7.1)) we infer u, € L?(2; L>°(0,T;H)), i.e.,

E { sup
te[0,T)

u*(t)|il} < oo, (7.5)

Similarly by (7.1)), (7.4) and Banach-Alaoglu Theorem, there exists a subsequence of (u,),
weakly convergent in L?([0,7] x Q; V), i.e.,

T
]EU (1) ds} < 0. (7.6)
0
Also from we get,
supE{ sup |un(s)|ilp} < Cs, (7.7)
neN s€[0,T)

From Proposition [A.5]in Appendix we obtain,

JE{ sup ‘u*(s)ﬁ{p] < C). (7.8)
s€1[0,T]
From Proposition [5.12] for p > 2 we observe,
T 1P
supE / G, (s)[|?ds| < C. (7.9)
neN [ Jo J

Since the laws of d,, and d,, are same in the space Z7 o, from (6.3) and (6.5)), we have for p = 2,

2

supE| sup |dn(s)],.| < Cn, (7.10)
neN [ s€[0,T] J

and
supE[/ }dn(s)‘Hl ds} < Cs. (7.11)
neN 0

From (7.10) and Banach-Alaoglu Theorem we conclude there exists a subsequence of (d,)
convergent weak star in L2(Q; L>(0,T; L?)). So from (7.2) we infer d. € L?(Q; L>=(0,T; L?)).
Similarly for p = 2, from (7.2)), (7.11)) and Banach-Alaoglu Theorem, there exists a subsequence

of (dy,), weakly convergent in L?([0,T] x Q; H').
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From ([6.3)) we also have for p > 2

I_E[ sup ’an(s)‘iz] < Ch, (7.12)
t€[0,T]

Again from Corollary [5.14] we obtain,

E[ sup |dn(s)’?{1] < C,. (7.13)
s€[0,T]

From Proposition in Appendix we obtain for ¢ > 2,

IE[ sup |d*(s)|qu} < C,. (7.14)
s€[0,T]

Similarly, from Proposition [5.13] we have,

I_E{/OT |an(s)’2D(A) dsr < C(q). (7.15)

Using Banach-Alaoglu Theorem, we have a subsequence of d,,, convergent weakly in L2([0,T] x
Q; D(A)). As from (7.2), d,, — d. in L2 ([0,T]; D(A)), we obtain for ¢ = 1,

I‘E[/O | (5)[ 3 ds| < C. (7.16)

7.3. Convergence of the New Processes to the Corresponding Limiting Processes. Let
us fix v € V and denote for ¢ € [0, T

t

Hon (U, iy, 1, 0) () 1= (0,,(0),0)  — /01 (U (s), @v)ds —/ (Bn(u,(s)),v) ds

0
*/0 <Mn(dn(5))7v>d5+/0 /Y(PnF(s,un(S);y),v)Hﬁm(d&dy()?, .

and fixing v € D(A), we denote

An(ﬁnaan7ﬁ2nvv)(t) = (dn(0)7U)L2 _/O (an(3)7AU)L2 ds_/() (Bn(ﬁn(s)aan(s)vv)Lz ds

= [ @) s+ [ [ (Galt.20(5))0) o o (s
0 0 JB

+/ (bn(dn(s)),v) . ds, t € [0,T). (7.18)
0

Now for the limiting processes we denote for v € V,

t

H (W, duy N1, 0) () 1= (u*(O),U)H—/ <u*(s),,5z¢v>ds—/ (B(u.(s)),v)ds

0 0
- / (M(d.(s)),v) ds + / / (F(s,1.(s): 9).0)., 7na(ds, dy), € [0,T)
’ o (7.19)
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and for v € D(A),

t

A, dy e, 0)(1) = (d.(0),0) —/0 (du(s), Av) ., ds—/o (B(u.(s),d.(s)),v) , ds

fﬁ(ﬂmw»wyw+[;é@mm@»wmmxwm>

t
+ / (b(du(s)),v) o ds, e 0.T) (7.20)
0
We will show that
lim ‘L%/ (un, ns Mns )—%/(u*,d*,m*,v)|Lz([07T]XQ) =0. (7.21)
n—oo
and
Jim |A, (W, o, T2n, v) = AW, du, D24, 9) | 2([0, 77 x02) = O (7.22)

Now for proving (7.21)), using Fubini’s Theorem, we have
|<%/7L(ﬁn7 aYu T_]hu U) - %(u*’ d*a UMY IU)|%2([())T]><Q)

:/0 él%(ﬁn7anaﬁln7v)(t)—%(u*’d*7n1*7v)(t)|2dp(w) dt
T
:/O E[|%L(ﬁn,an,f]1n,v)(t)—j{(u*,d*7n1*’y)(t)|2} dt. (7.23)

So we will show each term of right hand side of (7.17)) tends to the corresponding terms in

(7.19) in L?([0,T] x ). Similarly for proving (7.22), we will show each term of right hand side
of (7.18) tends to the corresponding terms in (7.20) in L*([0,T] x Q). So we need to prove the
following Lemmas.

Lemma 7.2. ForallveV
(a) lim, . E [fo ‘ a,(t) — | dt] =0,
=0,

(b) limn_,oo] 1,(0) — u,(0 |L2 ([0,T]xQ)

>

@m%mhﬂkau u.(s), /v) ds|*] dt = 0,

(@) Y soe fy B[] Jy (Bu(a(s) = B(u.(s),v) ds|*] dt =

(¢) limsoe fy B[] o (Ma(da(s)) = M(du(s)),v) d |ﬁd

() limnsos fy B[] fy Jyr (PaF(s,n(s), ) = F(5,u.(5), ), )VHAd&dyﬂﬁdeO-

Lemma 7.3. For allv € D(.A)
(a) lim, . E [fo ‘ L2| dt] =0,
(b) timp—ssc | (dn(0) — d*(O) )L2|L2 0.71x2) = 0
(c) lim, o0 fo (dy(s) — ds(s), Av) 2d5’2] dt =0,
(d) lim,, oo fo ( 3 n (Un(s),dn(s)) — Bg(u*(s),d*(s)),v)L2 ds‘Z] dt =0,
(e) lim, o fo (fo (da( )ff(d*(s)),v)m ds|*] dt = 0.
() timnosoe fy B[] o fo (G140 (9) = G(1du(5)),v) o Toe(ds )| ] =
9 e T (0B 800, o0
Proof. First we establish the proof of Lemma
(a) Let us consider

W
B[] fy
[ Jo (1
B[] Jy

(@ (), 0)m = (e (), )ul T2 0,71x) = E[/O | (@ () — wa(t), o) dt (7.24)
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Moreover,
2
v dt

T T
| 160 = w0 at = [
(7.25)

By (7.1)), @, — u. in D([0, T]; V') and from (7.3)), sup,e(o,7) |0n()[F < oo, P-a.s.. The
embedding H < V' is continuous. Then by Dominated Convergence Theorem we observe
that @, — u, in L*(0,7;V’). So from (7.25),

T 2
lim |(@,(t) — s (t),v)u| dt = 0. (7.26)

n—oo 0

Moreover, from ([7.7)), Proposition in Appendix and using the Holder inequality, for
every n € N and every r > 1 we obtain

a N INT e 2(2+1)
<cE ) (o)™ + [u@)| g dt)

] <é-Cl+2rT) < . (7.27)

9 T
(A () = (t),v) | dt < |v|2v/0 [0, (t) — u.(t)

EH /OT |8 () — w, () |7, dt

2(24r)

S&E[ sup |@,(t) u

te[0,T]

for some constant é > 0. Then by ([7.26)), (7.27)) and Vitali’s Theorem we obtain

n—oo

lim E[/OT |(an(t) — u, (t),v)H|2 dt] =0, which proves (a).

(b) From (7.1)), G, — u, in D([0,7];H,) P-a.s. and u, is right continuous at ¢ = 0. So we
obtain, by Remark (0,(0),v)n = (u.(0),v), P-a.s. From (7.3) and applying Vitali’s
Theorem, we get

. _ 2
nh~>nolo |(un(0) — Ux (O)a U)H}LQ([O,T]XQ) =

(c) Now from (7.1), @, — u, in L2(0,T;V),P-as., then from (2.16) and for all v € V we
obtain P-a.s.,

0. (7.28)

t t

Jm [ (o). s =t | ((ﬁn(s),v))dSZ/o ((u*(s),v))ds:/o (u,(s), v} ds.
(7.29)

By (7.9) and using the Holder inequality we obtain for all ¢t € [0,T],7 > 2 and n € N,

e[| [ (s o0 as W] ~gf| [ (@t as QT

<z|( [ t|an<s>|||u|vds)2+r] <es|( [ ' ||an<s>||2ds)l+g] <c (1)

for some constant C' > 0. Then by (7.29)), (7.30) and using Vitali’s Theorem we obtain for
all t € 0,7,

lim EH /Ot<un(s) —u.(s), /) ds 2} =0 (7.31)

n—o0

Now from (7.4), using Dominated Convergence Theorem, for all ¢t € [0,T] and all n € N
we get,

lim OTEH /0 t(ﬁn(s) —u.(s), ) ds 2] dt = 0. (7.32)

n— oo

Now we advance to the nonlinear term.
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(d) From Lemma of Appendix, we have

lim (B (Un(s), 0n(s)) — B(u.(s), u.(s)),v)ds

n—oo /o
t

= lim (B(1n(s),an(s)) — B(u.(s),u.(s)), Pav)yds =0 P-as. (7.33)

n— oo 0

Now from (2.11)) and using the Holder inequality, we obtain for all ¢ € [0, T],r > 1 and

neN
el| [ B al | <e[( [ |Bn(un(5))|\//|v|vds>r]

< i 1 B [ 18 (w0 ots| < B[ [P Flaae1F ] @

Now we will estimate separately for n = 2 and 3. First consider the case for n = 2.
From (7.7) and (7.9), for r € (1, 2], we have

E| | t () (9] < {ELS[%I’T] 0, }{E[ / t |uﬂds]2}é <Oy, (135)

Now for n = 3, from (7.7) and (7.9), for r € [1, 3), we obtain

4-3r 3r

] [ ol ol ¥ as) < [(/Ot<|an|5>&ds) RURCTREON
T

So from ([7.33), (7.34), (7.35)), (7.36) and using Vitali’s Theorem we obtain for all
t e 0,7,

2] =0. (7.37)

i B[ [ (3 (009) ~ Blu )0} s

n—oo

Then from (7.37) and Dominated Convergence Theorem we obtain,

&[] [ (Ba@) - B 0).0) i

lim E
(e) Now we come to the second nonlinear term. From Lemma we have,

2
} dt = 0. (7.38)

n—oo 0

t

lim (M, (dn(s)) — M(d.(s)),v)ds

n— oo 0
= lim t (M(dy(s)) — M(ds(s)), Povyds =0 P-as. (7.39)

n—o0 0

Now from ([2.15) and using the Holder inequality, we obtain for all ¢ € [0,7] and n € N

E[ /0t<Mn(dn(s)) 5} <IEK/ M, (d |V,|U|Vds>r}
<l ¢ B[ [ @)l 5] < E[ / va,e Tadelde] @0

Now we will estimate separately for n = 2 and 3. First consider the case for n = 2.

From (7.13)) and (7.15)), for r € (1, 2], we have

o featosnonn] <o, o] ] snra] ) <o

(7.41)
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Now for n = 3, from (7.13) and (7.15)), for r € [1, 3), we obtain
t
E[/ Y, (5)| 5 Ad, | ¥ ds] <F
0

t ) . 413T + ) \ %T
EK/ <'Vdn<5>|iz>wd8) (/ (|Adn32)3rd8> ]
2 it i T ar ’
sc {E{ sup [V, (s) 253”] } {]E{/ |Ad,,|? ds] } <C(r,T).
s€[0,T]

(7.42)
0
So from ([7.39), (7.40), (7.41), (7.42) and using Vitali’s Theorem we obtain for all
t € [0,T],

lim E

s 2[| [ @) - M@)oy ] =0 a3

From Proposition and ([7.43)), then using Dominated Convergence Theorem we ob-
tain,

lim

Jim OTEH /Ot (M (dn(s)) = M(du(s)),v) ds 2} =0. (7.44)

(f) Let us proceed to the noise terms. Assume that v € H. Using Lipschitz property of F, for
all t € [0,T] we have,

/ / [(F (s, 0a(s), ) — Fsm.(s), ), 0) | da (9) ds
0 Y

! T
S/O/Y|F(s,ﬁn(5)ay)—F(s,u*(S)ay)|H~|v|HdV1(y)ds§C/O [0 (5) — wa(s)|; ds.  (7.45)

From (7.1)) we have, @, — u, in L?(0,T;H), P-a.s. Then we obtain for all ¢ € [0, T,

Jim [ (PG 05).9) = Plsv(5).9).0) g da(w) ds = 0

(7.46)
Moreover, from ([2.21)), (7.7) and Proposition for every ¢t € [0,T], every r > 1 and
every n € N,

]
<C EH / t [ PG (6) )l + P 9). )l i (0) s
<) (148 s jao] +2|

s€[0,T]

EH / t L1 00600 = Pl (500, 0) [ o) s

sup |u.(s) %{]) < C. (7.47)
s€[0,T]

Where C' > 0 is a constant. Then by (7.46), (7.47) and by Vitali’s Theorem, for all
te[0,T],

lim E
n— o0

[/ot/y (£ (s, (). 9) = F(s,0.(5),9).0) | da (9) dS} =0, veH

(7.48)
Since the restriction of P, to the space H is the (-, -)g-projection onto H,,, we obtain
lim E
n—oo

t
[/ / |(PoF(s,tn(s),y) — F(s,u*(s),y),v)H’2 dv (y) ds] =0, veH (7.49)
o Jy
Since V. C H, (7.49) holds for all v € V. As 71, = M, for all n € N. From (7.49)
andusing It6 isometry we have,
t 2
lim ]EH/ / (PoF(s,0,(s),y) — F(s,u.(s),y),v) f.(ds, dy) } =0. (7.50)
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Moreover, from (7.47)) and using Itd isometry with » = 1 we obtain,
]
= E[/ / |(F(s, an(s),y) — F(s,u*(s),y),v)H| dv (y) ds] <C. (7.51)
0o Jy

Finally, from (7.50]), (7.51)) and using Dominated Convergence Theorem we obtain,

EH / t [P (5005100 = Pl (500, 0) s, )

T t 2
i [VB|| [ [ (P, - Pl s @] <o (@52
n=eeJo o Jy
O
Now we will give the proof of Lemma Let us fix v € D(A).
Proof. (a) Let us consider
T
~ = = 2
[(dn (), v) 2 = (du (), 0) 22l T2 o 7y ey = E[/O [(dn(t) = du(t), v) 12| dt} (7.53)
Moreover,
o 2 T 2
/ (@0 (1) — du (), ) 2] dt < miz/o dn(t) — du (), dt (7.54)
0

By (7.2), d,, — d. in D([0,7]; L?) and from (7.10), SUDP¢e(0,7] |d,. ()2, < oo, P-as..
Then by Dominated Convergence Theorem, from ([7.54)), we deduce
T
lim [ [(da(t) — du(t),v) 2] dt = 0. (7.55)

n—oQ 0

Moreover, from ([7.12)), Proposition and using the Holder inequality, for every n € N
and every r > 1 we obtain

]EH /OT |da(t) — d.(t)] 7, dt T] <ec E[/OT (|da(®)]7s + |du(t)|72) dt| < oo (7.56)

for some constant ¢ > 0. Then by ([7.55)), (7.56]) and Vitali’s Theorem we obtain

n—o0

T
lim I_E[/ [(dy(t) — d*(t),v)Lz‘th} =0, which proves (a).
0

(b) From (7.2), d,, — d, in D([0,T]; L?) P-a.s. and d, is right continuous at ¢ = 0. So we
obtain, by Remark (d,(0),v) 2 — (d«(0),v) 2, P-a.s. Applying Vitali’s Theorem, we
get

lim ED(&,L(O) - d*(O),v)Lzﬂ =0

n—oo

Hence,

lim |(d,(0) — d.(0)

n—oo

2
,U)LzyLz([O,T]XQ) =0. (7.57)

which proves (b). B )
(c) Now from (7.2), d,, — d. in L?(0,T; H'),P-a.s., then for all v € D(A) we obtain P-a.s.,
t t
lim (dn(s), Av) o ds = lim [ ((dn(s),v))ds

- / ((du(s),v)) ds = / (du(s), Av) , ds. (7.58)
0 0
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By (7.12) and using the Holder inequality we obtain for all ¢t € [0,T],7 > 2 and n € N,

| [ @40, 0 2+T] <[ ( [ aublow ds)w}

(/OTldn(s)le ds>2+r} SEE[ sup |d,(s) 2+Tds] <0, (7.59)

s€[0,T

<<c |Uﬁ)—a) E

for some constant C' > 0. Then by (7.58)), (7.59)) and using Vitali’s Theorem we obtain for
all ¢ € [0, 7],

2} =0 (7.60)

lim. EH / (s), Av) |,

Using Dominated Convergence Theorem, for all ¢t € [0,7] and all n € N we get,

nILH;o H / (din( (s), Av)
(d) From Lemma we have,

t

lim (Bn (ﬁn(s), dn(s)) - B(u*(s), d*(s)) , U) 12 ds

n—oo 0

T dt = 0. (7.61)

= lim (B(u,(s), dn(s)) — B(u*(s)7 d*(s)),PnU) 2ds=0 P-a.s. (7.62)

n— oo 0

Now from (2.12) and the Hélder inequality, we obtain for all ¢t € [0,T],n € N and r > 1,

EH/; (B (0(5). du(s)), v) ,, ds

t
< e8| [l F ol 7va, ) T ad) ) (7.63)
0

T t
:| SS |’U|22 tr_l IE|:/ ‘Bn(ﬁn(s)van(s))”ﬂ ds
0

forn = 2,3.
First we consider the case n = 2. Using Young’s inequality we have,

t
E[/ <|un|2||un|z><|Vdn|zzAdn|2>ds}
_E{/ |un|’"un|’"ds] +1EU |Vdn|TLz|Adn|’”d5]. (7.64)
0 0

Now the estimate for the second term of Right Hand Side follows from (7.41). So let us
estimate the first term. From (7.7) and (7.4), using the Holder inequality, for r € [1,2]
and for all ¢t € [0,T],n € N we obtain,

¢ 5 (. t 2y 1
E[/ [@,|" Jay, || ds} < {]E{ sup |un|2r}} {]E{/ ||un||rds} } <C(r,T). (7.65)
0 5€[0,T] 0

Similarly, from (7.63) for n = 3, using Young’s inequality we obtain,

¢ T — 3r = = | 3r
E[/ (1] [0 5 ) (VL Ea | AT % >ds]
0
1- e ar 1- bt — 3r
< 51[4] la,|Z||a.] = ds +§E |Vdn|i2|Adn| 2 ds (7.66)
0 0

Similarly, the estimate for the becond term of Right Hand Side follows from (7.42)). So we
handle only the first term. From (| and (7.4)) for r € [1,4) and for all ¢ € [0 T ] n €N,
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using the Holder inequality we obtain,

_ t - - _ t r 4 4 t r. 4
| [t # as| <5 [uieas) ([ amitas)
0 0 0
4—437‘ T %TT
<c {E[ sup |un4ir3r} } {E[/ ||un||2ds} } < C(r,T). (7.67)
s€[0,T) 0

So from (7.62)), (7.63)), (7.64), (7.63), (7.66), (7.67) and using Vitali’s Theorem we

obtain for all ¢ € [0,T],

3r
4

t 2
lim ]EH/ (Bn (0 (s),dn(s)) — B(u.(s),d.(s)),v),, ds } =0. (7.68)
From (7.3), (7.4)), (7.11), (7.15) and (7.68]), using Dominated Convergence Theorem we
obtain,
T t B 5 2
ILm E[ / (Bn(Un(s),dn(s)) — B(u.(s),d.(s)),v) 2 ds ] dt = 0. (7.69)

(e) d,, — d. in Zr2. Since f is a polynomial function of order 2N + 1, we have P-a.s.,
t

lim (fn(dn(s)) — f(d*(s)),v)L2 ds = lim (f(dn(s)) = f(ds(s)), Pav) ;2ds =0 (7.70)

t
n—0o0 /o n—o0 Jq

Since H! — L9, for § = 4N + 2, where N € I,,. From Remark and ([7.13]), we obtain
for allt € [0,T],r > 1 and n € N,

]EH /Ot (o (@n(5)).v) ., ds } << Ot [l 7! EM 1 (s)] 7 ds]

¢ - o B -
<C+Cry E[/ fan(s)h? ds} <C+Chy E{ sup |dn(s)|l_§1} <C(r,N,T). (7.71)
0 s€[0,T]

So from (7.70)), (7.71)) and using Vitali’s Theorem we obtain for all ¢ € [0, T,

t
i | [ (@) - 7(@(6).0) s

0
Again from ([7.13)), Remark and using Dominated Convergence Theorem we obtain,

2] =0. (7.72)

T

lim E

n—oo 0

t 2
/ (fu(dn(s)) = f(di(s)),v),. ds } dt = 0. (7.73)
0
(f) Since, d,, — d. in L?(0,T; H'), using the Lipschitz property of b, owing to the similar
calculations previously we obtain,

lim (bn(dn(s)) — b(d.(s)),v),,ds = lim (b(dn(s)) — b(d*(s)),pnv) 2ds=0 (7.74)

Now using Lemma and Proposition [5.9] for r > 1 we get,
t L t r
IEH/O (b (dn(s)),v) . ds } < |U|EQE[/O (‘bn(dn(s))fp) ds}
t

< ctE{/ (’(7171(‘9)|;>é ds} < ctE{ sup \an(s)|22 < C < 0. (7.75)
0 s€1[0,T] i

So from , and using Vitali’s theorem we get,
t 27
/0 (b (@0 (5)) — b(du(5)),0) ., ds

lim I_E[

n—oo

=0. (7.76)
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Finally from 1) and Dominated convergence theorem we get

lim H/ ~b(du(s)).v) 0 ds

n—o0

2] dt =0. (7.77)

(g) Now we will prove the convergence of the stochastic integral. Using the fact that H' < L?
is continuous and Lipschitz property of G, we obtain for all v € D(A),

/0 /B (G, dn(s)) — G(1,du(5)),v) .|  va(dl)ds

¢ T
2 ~ 2 = ~ 2
< C’v|L2 / |, (s) — d*(s)’L2 ds < C/ |dy(s) — d*(s)|H1 ds. (7.78)
0 0
From (7.2) we have, d,, — d. in L?(0,T; H'), P-a.s. Then we obtain for all ¢ € [0, T7,
: 2
nlirrgo/ / — G(l,d.(s) ,v)L2’ va(dl)ds = 0. (7.79)

Moreover, from Proposition m A.6] for every t € [0,T1], every r > 1 and every n € N,
& |
<C 2 EH/ /{|G(l,dn(s))|i2 G du($) 2} va(dl)ds }
o JB
o t r ot ot
|| [ {auol: + oy af | <o(s] [ana] 8| [aopa))
0 0 0

<C(r,T) <]E[ sup |dn(s)|2L’;} +E[ sup |d*(s)|2L’;D <C. (7.80)

s€[0,T] s€[0,T]

G(l,dn(s)) — G, du(s)),v) | va(dl)ds

Then by (7.79)), (7.80) and by Vitali’s Theorem, for all ¢ € [0, T],

Jim IE[/O /B|(G(l,(in(s)) — G, du(5)),0) | Vg(dl)ds] —0, ve D(A). (7.81)

n—roo

Since the restriction of S, to the space L? is the (-,-)2-projection onto L,, (see propo-

sition , we obtain
lim IE{/ /| — G(l,d.(s) ,v)L2|2y2(dl)ds] =0, veD(A). (7.82)

n—oo

As Tlop, = 124, for all n € N. From ((7.82) and the It6 isometry we have,

lim ]EH/ / —G(l,d.(s ))71))]:2 T2« (ds, dl)

n— oo

T =0. (7.83)

Moreover, from and the It6 isometry, with r = 1, we obtain,
B 2
Sl |

{/ /y — G(1,d,(s)) ,v)L2|21/2(dl)ds] <c. (7.84)

Finally, from and using Dominated Convergence Theorem we obtain,

— G(1,d.(5)),v) T2« (ds, dl)

— G(1,d.(5)),v) ,» T2« (ds, dl) 2dt} =0. (7.85)

lim [
n— o0
O

Now we are ready to prove the existence of martingale solution.
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Theorem 7.4. Let Assumption [2.3 holds. Then there exists a martingale solution
(Qa -Fv ]Fv IP)? u, da 7717 772) Of the problem " " .
Proof. From Lemma [7.2] we have

i [(,(), ) = (e (), s oy = O (7.56)
and
nh—>120 ‘%(ﬁn,an,ﬁln,v) - Jéf(u*,d*,m*,v)‘Lz([O)T]XQ) =0. (7.87)
From Lemma [7.3] we obtain
Tim [(da(), )22 = (@ )22 oo myny = 0 (7.58)
and
nh_)ngo ’An(ﬁn,an, Ton, v) — A(us, d*’n2*’v)‘L2([O,T]><Q) =0 (7.89)

Since (u,,d,) is a solution of the Galerkin approximation equations (5.80))-(5.81) for all ¢ €
[0,T], we have for P-a.s.

(un (t)a U)H = %(UNv dn, N1n, U) (t)
and
(dn(t)7 U)Lz = An(“ny dn7 2n, U)(t)'

In particular,

/0 E[|(un (), v)i — Ho (i, dyy i, 0)(1)|*] dt = 0

and

T
/O EH(d"(t)’ U)L2 - An(unvdn77l2n7U)(t)|2] dt = 0.

Since Z(u,,dy,, nn) = Z(n, dn, 7n), we conclude

T
/0 E[| (8 (£), 0)s1 — Hor (s A 71, 0) (8)]*] dt = 0

and

T

/ E[|(n (), 0) 12 — A (T, oy 7, 0)(8)[2] dt = 0.
0

From ((7.86)), (7.87), (7.88) and (7.89)), we have

T
/0 E[|(u. (), v)m — # (w, o, e, v) (8)] 7] dt = 0

and

T
/ E[[(d.(£),v) 12 — A(u., du, 1., 0)(8)|*] dt = 0.
0
Hence for l-almost all ¢ € [0, 7] and P-almost all w € €, we obtain
(u*(t)vv)H - <%/(u*a d*vnl*vv)(t) =0
and

(du(t),v) L2 — A(us, ds, 124, ) () = 0.
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In particular, for every v € V,

(u*(t),v)HJr/Ot( «(s )&71}>ds+/
= (uo,v / / (5,0(5);9), )y 71 (ds, dy) (7.90)

and for every v € D(A),

t

<B(u*(s)),v>ds+/0 (M(d.(s)),v) ds

t

(d*(t),v)Lz+/0 (di(s), Av) ., ds+/0 (B(u.(s),d.(s)),v),, ds,
— (do,) —/0 (F(du(9)),0) .2 ds+/0 /]B(G(l,d*(s)),v)Lz ﬁz*(ds,dl)+/0 (b(d. (), v) ., ds.

(7.91)

Since (u,d,) is ZT 1 X Z7 2-valued random variable, and u., d. are weakly cadlag, we obtain that
the equalities (7.90) - ) hold for all ¢ € [0,7] and all v € V and v € D(A) respectively. Putting
a:=u,,d:= d and 71 := M1 and 73 := 724, we infer that the system (Q F,F.P.a d,’l71,7’]2) is

a martingale solution of (2.42)-(2.43).

O

Remark 7.5. The lzmztmg process u, satisfies (7.5 . and (| and the process d, satisfies (|7
and (| - In Theorem , we proved the system (Q .7-' IF P, a d,n) is a martingale solutwn
by equating @ := u, and d = d.. So we infer that G and d satisfy (3.9) and (3.10) respectively.

8. PATHWISE UNIQUENESS AND EXISTENCE OF STRONG SOLUTION IN 2-D

In this section we will prove the pathwise uniqueness of the solutions of (2.42)-(2.43). Then
we will use results from [41], to deduce the existence of a strong solution of (2.42)-(2.43)) as well.
We consider these cases only in two dimensions. Our results from this section could be seen as a
double generalization of the results from section 7 in [I5] to the Ericksen-Leslie Equations driven
by a Poisson random measure.

In the following Lemma we will show that almost all trajectories of the solution (u,d) are
almost everywhere equal to a H x H!-valued function defined on [0, T].

Lemma 8.1. Let Assumption holds. Let n = 2. Assume that (ug,do) € Hx H'. Let
(Q F,F. P, d,n) be a martmgale solution of - - Then for P-almost all w € €, the

trajectory a(-,w) is almost everywhere equal to a cadlag H-valued function and the trajectory d(-,w)
is almost everywhere equal to a cadlag H'-valued function defined on [0,T].

Proof. From previous results we have for ¢ € [0, T,
u(t) —ug :/ Mﬁ(s)dsf/ dsf/ M(d d$+/ / y) m1(ds, dy)
0
(8.1)

and

dt) —do = | Ad(s)ds — B(ﬁ(s),a(s))ds—/o f(&(s))ds+A /BG(Z,H(s))ﬁg(dS,dl)

+/0 b(d(s)) ds. (8.2)

By Gyongy and Krylov [23], we need to verify the first three terms on the RHS of (8.1) are
V’-valued and that the L2([0,T] x €2; V') -norm of each of them is finite.
For this aim, let us first observe that from and Proposition [5.12] we get,

T T
E/ |ru(s)|2, ds < E/ [a(s)||? ds < oo, (8.3)
0 0
where || - || ;== |V - |2
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From [2.11] we have,

E/O |B(a(s))|?, ds gf@/o ()" [ (s) [ ds. (8.4)

As n = 2, applying Young’s inequality and then in view of Remark [7.5] we get,
T 2 T 2
]E/ () 2 [[a(s)||2 ds < c f@[ sup |ﬁ(s)|2] te IE[/ ||ﬁ(s)||2ds} <oo.  (85)
0 $€[0,T] 0
From ([2.15)) we obtain,
T
B[ M)

As n = 2, applying Young’s inequality and in view of Remark [7.5] we get,

T
2 m J —n I n
V,dng/O V()| 57 Ad(s)[™ ds. (8.6)

2

T 2 T
IE/ |Vd(s)|32|Ad(s)|*ds < ¢ ]E{ sup |V(_i(s)|2L2} +cE {/ |Ad(s)? ds] <oo. (87)
0 s€[0,T] 0

Finally, by using It6 isometry, (2.21)) and from Remark we obtain,
T 2 T )
E/ gE/ / }F(s,ﬁ(s),y)|HV1(dy)ds
0 o Jy

T
< F/ (1+[a(s)|f) ds < Cr +I‘E[ sup |ﬁ(8)|%{] < 0. (8.8)
0 s€[0,T

/ F(s, u(s), ) i1 (ds, dy)
Y

H

Now we consider the second equation (8.2). By Gyongy and Krylov [23], it is sufficient to show
the each term on the RHS of is L2-valued and that the L2([0,T] x ; L?)-norm of each of
them is finite.

We begin by observing that in view of Remark we have,

T T
]E/ Ad(s)|?, ds < ]E/ A(5)[3 ) ds < oo (8.9)
0 0
From (2.12) we get,
T T
= ~ = 2 = _ _n, _ n = 2—-2 = n
5 [ 1B A< B [ ()R Eae) |V ade ) s @10
As n = 2, using the Remark we infer,

— T _ _ — — —
E / ([a(s)] [a(s)] [Vd(s)|2 [Ad(s)]) ds < E /

B 2 ~ T 2
ch< sup |u<s>|2) ma( / ||u<s>||2ds)
s€[0,T) 0
2

+c]E( sup |Vd(s)|2L2>2—|—cI_E(/OT|Ad(s)|2ds) < 0. (8.11)

s€[0,T)

T B T B B
[a(s)*[|as)|? +]E/ Vd(s)[7-|Ad(s) | ds
0

Finally, still for n = 2, in the view of Remark and Proposition in the Appendix, for
q = 4N + 2 we obtain
T T ) )
IE/ |£(d(s))[32ds < Cr JrfE/ [d(s)|?,ds < Cr+C(T)E sup |d(s)|% < occ. (8.12)
0 0 s€[0,T]

Now we need to show G is L?-valued. So using It6 isometry, Lemma we obtain,

I‘E/OT i :I_E/OT/B|G(Z,d(s))|2L2 vo(dl)ds

< ]E/ |d(s)|22ds < cp I_E{ sup |a(s)|%2} < 0. (8.13)
0 s€[0,T)

/]BG(l,a(s))ﬁg(d&dl)
T
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Again from Lemma [5.5 we have,

T T
I_E/ b(d(s))|32 ds < I_E/ |d(s)|72 ds < er I_E[ sup |d(s)|2L2} < 00. (8.14)
0 0 s€[0,T)

Thus the proof is complete. O

Remark 8.2. [t is important to point out that in the case n = 3, the same proof as above shows
that if p = %, then

T T
P ds < oo, E/O M (A(s))]", ds < oo, IE/O |B(a(s), d(s))[", ds < oo,

(8.15)

E [ " |B(aes)

This is the reason behind our Remark[37)

We first formulate a definition of the pathwise uniqueness and then in the following lemma we
show that the solutions of (2.42)-(2.43|) are pathwise unique. We use Gyongy and Krylov’s version
of the It6 formula (see [23]) for a suitable function in this proof.

Definition 8.3. It is said that the solutions to problem - are pathwise unique iff
for any two solutions u; : [0,T] x Q@ — H and d; : [0,T] x @ — H', i = 1,2, to problem to
— defined on the same stochastic basis (Q,]-', F, IP’) with the same time homogeneous
Poisson random measures n1 on (Y, B(Y)) and n2 on (B, #(B)) over the above stochastic basis
with intensity measure vy and vy respectively, if (u1(0),d1(0)) = (u2(0),d2(0)), P — a.s., then

(u(t),dy1(¥)) = (u2(t),dz2(t)) P-a.s. for allt e (0,T].
Lemma 8.4. Let us assume that (ui,dy) and (ug,dz) be two solutions of problem (2.42)-(2.43)

defined on the same stochastic basis (Q, F,F. P, ﬁg), where F = (.7-}) with the same initial data
(1107d0) € Hx H'. Then

(ui(t),d1(t)) = (uz(t),d2(t)) P-a.s. forallt e (0,T]. (8.16)
Proof. Let us denote the norms as per section [2.1]in this proof. Let u(t) = u;(t)—uz(t) and d(t) =

d;(t) — da(t), with (u(0),d(0)) = (0,0). Let us denote Fy(t,y) := (F(t,ui(t);y) — F(t,uz(t);y))
and Gq(1) == (G(I,d1(t)) — G(I,d2(t))). These processes satisfy

du(t) + (szfu(t) + B(u(t),uy(t)) + B(ua(t), u(t))) dt

= — (M@, d1(0) + M0 () i + [ Fatt.) ().

and

dd(t) + (Ad(t) + B(u(t),d:(t)) + B(uy(t), d(t))) dt

=~ (F@x(0) = f(@r(e)) de+ [ Galt) et at) + (4(ea(0) = b))

The estimates in the following equation %&En be found in [9], but for the sake of the readers
we provide the details. From (2.11), ([2.15), (2.12) and using Poincaré and Young’s inequalities,
we obtain for any k3 > 0,k4 > 0,k5 > 0,66 > 0,67 > 0 and kg > 0, there exist C(k3) >
0,C(k4,k5) > 0,C(kg, kg) > 0 and C(k7) > 0 such that

[(B(w,w1),w)| < kllul” + C(ks)lw|*|Jui || *[ul?,

[(M(da,d), )| < rallul|® + r5|Ad|? + C(ka, £5)|Vda|72|Ad2[[Vd]?,

[(M(d,dy), w)| < rllul|® + k6| Ad|? + C(re, r5)|Vdi|72|Ady [P Vd|72,
[(B(ug,d), Ad)| < k7| Ad|* + C(k7) |z |[us || Vd]7-. (8.17)
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From Gagliardo-Nirenberg inequality and from the Sobolev embedding H? C L°°, we obtain
for any kg > 0 there exists C'(kg) > 0 such that
|(B(u,d1), d>| S |11| |Vd1|L2 |d|Loo S Hg‘Ad|2 + C(Hg)‘uPlleFLz.

Now let us define

T(t) :=exp ( - 2/0 (&1(8) + &2(s) + &3(9)) ds), for any ¢ > 0.
where
€1(s) := C(rs)[ur(s) P[lus (s)[* + Clro) Vi (5)[ 72,
&2(s) := Clka, k5)|Vda(s) |72 Ada(5)[* + Cks, k)| Vi (5)[72| Adi ()
+ C(w7)|uz(s) *|luz(s)||* + Ci(k2)B(di, da),
&3(s) == (C(k1) + Ca(k2)) B(dy, d2),

where (dy,dg) is defined in (A.15) of Appendix.
Now applying the Ité formula to Y(t)|d(¢)|?, we obtain

d[Y(®)|d(®)[*] = =27 (t) [\Vd(t)\%z + (B(u(t),d1(t)),d(t)) + (f(da(t) — f(da(1)),d(t))
H(b(d (1)) — b(da(t)), d(1))] dt
+2T(t)[/ (Ga(l),d(1)) ﬁ2(dt,dl)+/ Ga(D)], W(dl)dt] ()| ()] dt.
B B

(8.18)

In this proof we will use the It6 formula due to [23]. So applying the It6 formula to Y (¢)|Vd(t)[2,
and Y (t)|u(t)|? we get,

AT 2] = 20 (0]~ [Ad() + (Blu(t), di(6) + Blus(t), d(1)), Ad(¢))
+(F(da(8) — F(di(£), Ad(8)) + (b(dh (1)) — b(d (1)), Ad(1))] dt

+2T(t)[/B(Gd(l),Ad(t))L2 ﬁg(dt,dl)—i—/B|Gd(l)]2Lz ug(dl)dt}
+ ()| Vd(t)]3 dt, (8.19)
and
d[T(t)[u(t)]?] = =27 () {HU(t)ll2 + (B(u(t), ui(t)) + M(d(t), di (1)), u(t))
+ (M(da(t), d(t)),u(t)>] dt

+21(1)| /Y (Fa(t.y) u(®)) , 7 (dt, dy) + /Y |Fult, )5y 71 (dy)ds|
+ Y/ (t)|u(t)|? dt. (8.20)

Now we estimate few terms from above equations. Using Cauchy-Schwartz and Young’s in-
equalities and Lipschitz property of b

[(b(di(t)) = b(da(t)), Ad(#))] < [b(di(t)) — b(da(t))] 2 |Ad(H)] 2
< 2 (Clai(0) — da(0)[2 +]Ad0)[7,) = 5 (o [d[2. + |Ad(D)]7.). (8.21)
Similarly, we can show

|(b(d: (1)) — b(da(t)), d(1))] < K1o|d| %, (8.22)
Using Lipschitz property of G we have,

/|Gd(l)|i2 Vg(dl):/|G(l,d1)—G(l,d2)|iQ valdl) < ity — dof?, = s |2, (8.23)
B B
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Now adding (8.18]), (8.19) and (8.20), using the inequalities (8.17), (8.21)), (8.22), (8.23) and
Lemma we get,

d[ T (@ + 1@ + [9d®)[2) | + 270 a2 + VA 32 +|Ad(6) 2] de
< 27(1) [ (Oa(®) + ) + &0V at
7
+2T(t)[(m2+n9+2m )|Ad |2dt} [
=5

+/]B(Gd(l),Ad(t))L2 ﬁg(dt,dl)+/B(Gd(l),d(t))L2 i (dt, ) |

27 (1) [(%nw n 2/.;11) ()2 + LIu(t)2 + (k3 + #4 + ws)|[ul)]|? + m1|Vd(t)|2] dt

Fd 4 y ( ))]HI ﬁl(dtvdy)

+ T la(t)? + 1) + [va) ] . (8.24)
By the choice of T we have
T(1) [ (Ol + &P + &MIVADIE:] +1'() @)+ ld@) + V@[] <0,

So dropping the above term from the right hand side of (8.24)), then choosing ”2+H9+ZZ:5 Ky =
0, K3 = kg = Kg = %7 K1 = % and rearranging we obtain,

d[ Tl +1a@)F + [V | + 70|l + |Va@®) 2 + |Ad(0)] dt
<210 [C (1) + A0 + [0 R)] e +200) [ | (Fut.9).00)5 ey
+ /B (Ga(l), Ad(t)) o T2(dt, dl) + /B (Ga(1),d(t)) @(dt,dl)} (8.25)

Now integrating both side and taking mathematical expectation we get
¢
E[T(tmu(t)F AP+ 190 2)] + | [ TR+ VA + ade)?) s

< c/ () +1d()? + [Vd(s)[32) ] ds. (8.26)

Now applying Gronwall’s inequality we obtain (8.16)).
O

Definition 8.5. It is said that the solutions to problem (2.42))-(2.43) are unique in law szor any
two martingale solutions (€, F;, F;, Py, {ui(t)}t>07 {di(t) >0° {mi(t, }t>0,172 }t>0) =1,2,
of problem — with - N
L, (11(0)) = L, (uz(0)) on H
and
L, (d1(0)) = L, (d2(0)) on H,

the laws of the solutions are also equal, i.e.

L, (1) = L, (uz) on  L*0,T;V)ND([0,T]; H)
and
Lo, (d1) = Z,(d2) on L*(0,T; D(A)) ND([0,T]; HY),
where %, (w;) and %, (d;) for i = 1,2 are probability measures on L*(0,T; V) ND([0,T]; H) and
L2(0,T; D(A)) ND([0,T); H') respectively.
Corollary 8.6. Let n = 2. Let Assumption[2.3 holds. Then
(1) there exists a pathwise unique strong solution to the problem —.
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(2) Moreover, if (, F,F,P,u,d,7j1,72) is a strong solution of (2.42])-(2.43)) then for P-almost
all w € § the trajectories u(-,w) is almost everywhere equal to a cadlag H-valued function
and d(-,w) is almost everywhere equal to a cadlag H*-valued function defined on [0,T].

(8) The martingale solution of (2.42))-(2.43) is unique in law.

Proof. The existence of a martingale solution is shown in Theorem [7.4 From Lemma we
obtained the solutions are pathwise unique. Thus the first assertion follows from the Yamada-
Watanabe Theorem in the version proved in [41], Theorem 2], see also discussion before Theorem
4.10 in [5]. The second assertion is a direct consequence of Lemma The third assertion follows
from [41], Theorems 2, 11]. O

9. PROOF OF THEOREM 3.3

The existence of a martingale solution has been proved in Section [} From Remark we

infer that the solutions @ and d satisfy (3.9) and (3.10) respectively. The pathwise uniqueness of
solutions has been proved in Section (see Lemma [8.4). The existence of a strong solution has

been done in Corollary [8.6]

APPENDIX A. SOME IMPORTANT RESULTS
In this section we recall some important results which are needed in our proof of main result.

Remark A.1. We will show the existence of the countable family of real valued continuous func-
tions which are defined on Zp and separate points of this space.

(1) We know L?(0,T;H) and D([0,T]; V') are completely metrizable and separable spaces, we
deduce that there exists a countable family of continuous real valued functions on each of

these spaces which separate points. For example see [4], exposé 8.
(2) For the space L2(0,T;V) we define

T
(1) = /O ((t), om®) dE € R,  we LX0,T:V), meN,

where {v,,,m € N} is a dense subset of L?(0,7T;V). then (gm)men is a sequence of con-
tinuous real valued functions separating points of the space L2 (0,T;V).
(3) Let Hy C H be a countable and dense subset of H. Then for each h € Hy the mapping
D([0, T]; Hy) 3 u = (u(:), h)u € D([0, T]; R)

is continuous. Since D([0,T];R) is a separable complete metric space, there exists a se-
quence (f;);en of real valued continuous functions defined on ([0, T]; R) separating points
of this space. Then the mappings my, ;, where h € Hy,l € N defined by
mpi(u) = fi((u(-),h)n,  weD((0,T];Hy),
form a countable family of continuous functions on D([0,T]; H,,) which separates points
of this space.
Similarly we can define for the space Zr .

Lemma A.2. Let (dn)nen be a bounded sequence in L>(0,T;H') N L*(0,T; D(A)) such that
d, — d, in L?(0,T; H'). Then for allv € V and all t € [0,T),

lim /0 (M(d(s)), v) ds = /0 (M(d.(s)), v) ds. (A1)

n—oo

Proof. Recall the definition of V from Section Assume that v € V. Then for d;,dy € H?, using
integration byparts we get

|V,<M(d1,d2),’0>v| = |(M(d1,d2),’l))L2| = ‘\/@V . (le @Vdg) -vdx

= ‘/(le @Vdg) -Voudx S C|Vd1‘L2 |Vd2| |VU‘Lac S C‘d1|H1 |d2|H1 |’U|H3. (AQ)
0]
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Moreover,
M(d,,d,) - M(d.,d.) = M(d, —d..d,) + M(d..d, —d.). (A.3)
Then from , . and using the Holder inequality, we obtain

‘/ <M ds—/ (M(d.(s),d.(s)),v) ds

< <M(an(s)—d*(s),an(s)),v>ds 4 /<M(d*(s),an(s)—d*(s)),v>ds
< ( / 00(5) = e a6 s+ [ 140 00 (5) — 0 ) ol
<eldn — dulz2o,7smm (|dnl L2 0,msmny + |dulL20,0mm)) 0] 15, (A.4)

where the constant ¢ > 0. Using the fact that d,, — d. in L?(0,T; H') we infer that (A.1]) holds
for all v € V.

If v € V, then for every € > 0 there exists v, € V such that |v — v.|y < e. Therefore we get
|<M(dn(r), d,(r)) — M(d.(r), d*(r)),v>| (A.5)
< [(M(dn(r), dn(r) = M(du(r), du(r)), v = ve)|
+ (M(dn(r),dn(r) — M(du(r), du(r)), ve)|
< (IM(da(r), dn(r)) v + [M(di(r), ds(r)) v ) [v = vely
+ [(M(dn(r), da(r)) — M(du(r), du(r)), ve) |
For n = 2, following the previous calculations in we get,

‘ / ,d, (1) = M(do(r),du(r)), v) dr

<e/ (IVda 22 [Ady| + V.| [Ad.]) dr—l—‘/ M(dn,d,) — M(d,,d.),v) dr

< E{Sgli (|dn|L°°(0,T;H1) : \dn|L2(0,T;D(A))) + |d*|L°°(O,T;H1) : |d*|L2(O,T;D(A))}

t
+ / (M(dy, dy) — M(d.,d.), v, dr (A6)
Passing to the limit as n — oo,
t
lim sup / (M(dp(r),dy(r)) = M(dy(r),du(r)),v) dr| < eC, (A.7)
n—oo s
where C':= |dp| o 0.m:m) - [du|220.7:0()) + el Loe0mm) - |l L20.7:D()) < 00
Since € > 0 is arbitrary, we infer that
t t
nhﬁnéo i (M (dp(r),dn(r)),v)dr = /S (M (dy(r),du(r)),v) dr. (A.8)
This completes the proof for the case of dimension n = 2.
For n = 3, we proceed similarly as above. O

Lemma A.3. Let (an)nen and (dn)nen are bounded sequences in L*(0,T;H) and L*(0,T; H")
respecitvely such that @,, — wu, in L*(0,T;H) and d,, — d. in L*(0,T; H'). Then for allv € D(A),
and all t € [0,T],

lim (B(@n(s),dn(s)),v),, ds = /0 (B(u*(s)7 d.(s)),v),, ds. (A.9)

n—oo 0

Proof. It can be proved similarly as Lemma [A.2] O
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Lemma A.4. Let u, € L*(0,T;H). Let (,)nen s a bounded sequence in L?(0,T;H) such that
a, — u, in L?(0,T;H). Then for allv € V and all t € [0,T),
¢

lim (B(Uy,(s)),v)ds = /075 (B(u.(s)),v)ds.

n—oo 0
Proof. The proof is similar to the proof of previous Lemma. O

Proposition A.5. Let u, be the process as defined in (7.1). Then for p > 1, we have
IE{ sup |u*(s)|ilp] < Cp.
s€[0,T)
Proof. From (7.3)) we have, (ﬁ")neN is uniformly bounded in L?P(Q; L>(0,T; H)). Since the dual
— 2 —
of L?P(Q; L>°(0,T;H)) is (szfl (Q; LY(0,T; H)))/, by Banach-Alaoglu Theorem, there exists a

subsequence of 1, again denoted by the same and there exists v € L2P(Q; L>°(0,T;H)) such that
ii,, convergent weakly-star to v in L?P(Q; L°°(0,T; H)). In particular,

2p

(Un, @) = (v,¢), ¢ € L1 (Q; L0, T; H)).

ie.,

/Q /OT<ﬁn,¢>dtd]P’(w)—> /Q /OT<U,¢>dth"(w) (A.10)

Again we have 11,, convergent weakly to u, in L?((; L%(O, T;V)). Hence by using the compact-
ness of the embedding V < H, we infer that for ¢ € L*(Q; L?(0,T;H)),

]E{/OT (ﬁn(t,w),¢(t,w))Hdt} —>I_E{/OT(u*(t,w),qﬁ(t,w))Hdt]. (A.11)

For p > 1, L?(Q; L?(0,T;H)) is dense subspace of}%(ﬂ; LY(0,T;H)).
From (A.10) and (A.11)) we infer that for ¢ € L?(; L%(0,T;H)),

| | T(v(t,wm(t,wwﬂdt} =y " (s (,0), 606 )i .

Thus we have, u, = v and u, € L??(Q; L2(0,T;H)), which is the desired result.

O

Proposition A.6. Let d. be the process as defined in (7.2). Then for p > 1 and q¢ > 2, we have
I_E[ sup {d*(s)’iﬂ <C(p) and IE[ sup |d*(s)|§{1} < (.
s€[0,T] s€[0,T
Proof. Proof will follow somewhat similar to the proof of Proposition O

The following three Lemmas can be found in [9]. We provide the proofs for the sake of the
readers convenience.

Lemma A.7. Let (u,,d,) be the solution of the Galerkin system (5.6)-(5.7). Then the following
holds.

(Bn(Wn,dy), Ady, + fo(dn)) = (M, (dy), un). (A.12)
Proof. Using integration by parts and the divergence free condition of u,, we get,

i ‘ 8d(k) an(k)
< (u ) )a > /©un 8.’13j 0x;0x; g

ouy) adl oaly 1 [ ;@
_ n n n dr — = G 9 dn 2 d
o) 8.’L’i ij 8:51' v 2‘/@)1171 (9$j (|v | ) v
1 au,(f)
= (M,(d),u,) + |Vd,|? de = (M, (d,),u,). (A.13)

5@81'3
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And
) L ody) . : L[5 0F(da]?)
= (1) 28 4@ gp = = () Zrn\%nl )
<Bn(un,dn),fn(dn)> /@un oz, fa(ldn|?)dy)’ dx ) /@un oz, dx
1 . 1 -
= §<un,VFn(|dn|2)> = f5<v Uy, Fr(|dn?)) = 0. (A.14)
Then adding (A.13)) and (A.14]) we get the desired result. d

Lemma A.8. Let the Assumption (C) of sectz’on holds. Then there exists a positive constant
C such that for any di,ds € H?, we obtain

F(dh) = f(do) s < C(1+ |di|5 + |do|7a) |1 — dofpre.

Proof. We use the fact that H? is an algebra. Then it is straight forward to prove for the leading
term by|d[?Vd. O

Lemma A.9. For any k1 > 0 and ko > 0, there exist C(k1) > 0,C1(k2) > 0 and Co(k2) > 0 such
that

[(£(d1) — f(d2),d1 —d2)| < k1|Vd; — Vda|2: + C(k)|dy — daf225(dy, do),
and
[(f(d1) = f(da), Ady — Adg)]
< ko|Ady — Ada|2s + {C1(k2)|Vdy — Vda|22 + Co(ka)|di — da|22}8(d1, da),
where
Bld,da) = C (1 + [dy [y ez + [da[FNrs2)”. (A.15)
Proof. We use the inequality

|(f(d1) = f(d2),d1 —d2)| < C/@ (L4 [de[*Y + |d2[*Y) |y — daf* da.

Then using the Holder, the Gagliardo-Nirenberg and the Young inequalities and using the fact
that L*NV+2 c LN we get the desired result. O
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