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A GROUP-THEORETICAL INTERPRETATION OF THE WORD
PROBLEM FOR FREE IDEMPOTENT GENERATED
SEMIGROUPS

YANG DANDAN, IGOR DOLINKA, AND VICTORIA GOULD

ABSTRACT. The set of idempotents of any semigroup carries the structure of
a biordered set, which contains a great deal of information concerning the
idempotent generated subsemigroup of the semigroup in question. This leads
to the construction of a free idempotent generated semigroup I1G(E) — the ‘free-
est’ semigroup with a given biordered set £ of idempotents. We show that when
£ is finite, the word problem for IG(€) is equivalent to a family of constraint
satisfaction problems involving rational subsets of direct products of pairs of
maximal subgroups of IG(€). As an application, we obtain decidability of the
word problem for an important class of examples. Also, we prove that for finite
&, IG(E) is always a weakly abundant semigroup satisfying the congruence
condition.

1. INTRODUCTION

Let S be a semigroup, F = E(S) the set of its idempotent elements, and let (X)
denote the subsemigroup of S generated by X C S. We say that S is idempotent
generated if S = (E), that is, if every element of S can be written as a product
of idempotents. Idempotent generated semigroups are ubiquitous in algebra. For
example, it was shown in [14, 24] that every singular matrix over a division ring
Q@ is a product of idempotent matrices over @); hence, the idempotent generated
subsemigroup of the full linear monoid M, (Q) coincides with the submonoid con-
sisting of the singular matrices and the identity matrix (basically, M, (Q) with its
group of units GL,(Q) ‘torn off” and the identity reinstated). An analogous result
is proved by Howie [22] for the transformation monoid 7,, of all self-maps of a finite
set with n elements: every non-bijective self-map of {1,...,n} is a composition
of idempotent transformations. In the same paper it was shown that every semi-
group embeds into an idempotent generated one, thus highlighting the importance
of idempotent generated semigroups. Among numerous contributions in this vein,
let us also mention the more recent work of Putcha [33] who fully characterised the
reductive linear algebraic monoids [32, 34] with the property that each non-unit is
a product of idempotents.

Another key departure point for this paper is the extensive study of the struc-
ture of regular semigroups [30] by Nambooripad, who made the crucial observation
that the set of idempotents of any semigroup carries a certain ‘geometric’ structure,
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2 YANG DANDAN, IGOR DOLINKA, AND VICTORIA GOULD

called the biordered set, that is intimately related to the global structural properties
of the idempotent generated subsemigroup of the semigroup in question. He sup-
plied an axiomatic approach to (regular) biordered sets. Easdown later showed [12]
that these axioms are complete in the sense that every abstractly defined biordered
set is isomorphic to a biordered set of some semigroup (Nambooripad has proved
this for regular biordered sets and regular semigroups). Therefore, there is no loss
in omitting the abstract definition and restricting our attention to biordered sets of
concrete semigroups. So, for a semigroup S and its set of idempotents F we define
the biordered set of idempotents of S as the partial algebra

Eg = (E7 *)

inheriting some of the products from S so that e x f = ef whenever e, f € F is a
basic pair, that is, whenever {e, f}N{ef, fe} # @. (Note that this condition implies
that both ef, fe are idempotents for a basic pair e, f: if, for example, ef = e, then
(fe)? = f(ef)e = fee = fe.) It is convenient to define two quasi-orders on E,
<, and <y, where e <,- f if and only if fe = e and e <y f if and only if ef = e.
Now e, f form a basic pair if and only if <, U <, contains either (e, f) or (f,e).
Furthermore, < = <, N <y is easily seen to be a partial order, and this is the
natural partial order on the idempotents E of S, while #Z and £ will denote (in
what will turn out to be a slight but welcome abuse of notation) the equivalences
induced by <, and <y, respectively; finally, 2 = Z V £ is the least equivalence on
E containing both #Z and £. By [9, Lemma 3.1], all these three equivalences are
effectively computable from & (provided £ is finite).

For a given biordered set £ = (FE, x), there is a category of semigroups associated
with £ as follows. The objects are pairs (5, ¢) where S is a semigroup and ¢ : £ —
Es is an isomorphism of biordered sets. The morphisms from (S, ¢) to (T,v) are
semigroup homomorphisms 6 : S — T such that ¢f = ¢ (which implies that the
restriction of 6 to E(S) is a biordered set isomorphism g — Er). It transpires that
this category has an initial object (IG(E),tg) (where 1g is the identity mapping on
E). The semigroup IG(E) is called the free idempotent generated semigroup over E.
For reasons that will be explained shortly, we introduce a new set £ = {e: e € E}
in bijective correspondence with FE, serving as the generating set of 1G(£), and
define IG(€) by the presentation

IG(E) = (E: ef = ex f whenever {e, f} is a basic pair).

We introduce this slight notational twist because, in what follows, it will be of
great importance for us to distinguish between words over E, elements of the free
semigroup ET (which we write without bars), and elements of the semigroup I1G(&).
These latter elements clearly arise from words over F, in fact, IG(£) is a quotient of

E' (and thus a homomorphic image of E*), but with the bar-notation w, w € Et,
we want to put emphasis on the fact that we are working with a particular element of
IG(€) induced by the word w and that we are considering its position and properties
within this latter semigroup. In particular, we denote by w € IG(E) the image of
w € ET under the (natural) homomorphism ET — IG(€) and thus uv = uv holds
for any u,v € ET.

Clearly, a crucial step in understanding the structure of idempotent generated
semigroups — and in particular any subclass with a fixed biordered set of idem-
potents £ — is to study the structure and properties of these free objects 1G(E).
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Recently, there has been a significant surge of interest towards this goal. A domi-
nant aspect of the topic so far concerned the maximal subgroups of semigroups of
the form IG(£). It was long conjectured that the maximal subgroups of free idempo-
tent generated semigroups must be free groups, and this conjecture was eventually
recorded in [28]. It was refuted by Brittenham, Margolis, and Meakin [4], and in
fact Gray and Ruskuc proved in [18] that quite the opposite is true: every group
arises as a maximal subgroup of a suitable free idempotent generated semigroup.
This latter result was subsequently reproved in [10] and [17] by using biordered
sets of very specific semigroups such as idempotent semigroups (bands) and endo-
morphism monoids of free G-acts, respectively. Also, one thread of investigation
was devoted to computing the maximal subgroups of IG(E) for biorders of some of
the most natural examples of idempotent generated semigroups [7, 8, 19, 5], thus
supplying further counterexamples to the freeness conjecture.

The focus changed substantially with the recent paper [9], which initiated in-
vestigation of the word problem for free idempotent generated semigroups. The
results from [9] relevant to our goals will be reviewed in more detail in the next
section, but we briefly mention that it was shown that (a) there is an algorithm
which, given a word w € E™T, decides whether 0 is a regular element of 1G(€); (b) if
the word problems of all the maximal subgroups of IG(£) are solvable, then there is
an algorithm which, for given u,v € ET such that u, v are regular in 1G(£), decides
whether @ = T; (c) there exist a finite (idempotent) semigroup S such that the
word problem of I1G(Eg) is undecidable, even though all of its maximal subgroups
have decidable word problems. (This was achieved by encoding the undecidability
of the subgroup membership problem for direct squares of free groups, a classical
result due to Mihailova [29].)

The present paper follows the footsteps of [9], but setting a much more gen-
eral goal. Namely, in a certain sense, we aim to ‘reveal the true nature’ of the
word problem of a semigroup of the form IG(£) where £ is a finite biordered set by
translating and recasting it as an algorithmic problem in group theory. We already
mentioned that the word problem of IG(E) restricted to its regular part boils down
to word problems of its maximal subgroups (since the results of [9] also show that
the converse of (b) above holds as well). We are going to show that the general
word problem for IG(€) is equivalent to a family of decision problems (in the form
of existential primitive positive formulae — essentially, constraint satisfaction prob-
lems) involving rational subsets of direct products of pairs of maximal subgroups
of IG(€) that are effectively computable from £. This will be achieved in a number
of steps.

e First, in the next, preliminary, section we gather the necessary basic tools
of semigroup theory and language theory, as well as the key results from
the literature needed for our considerations.

e In Sect. 3 we undertake an analysis of the so-called r-factorisations of a
word w € E, namely factorisations of w into subwords representing regular
elements of IG(£). Theorem 3.4 proves that in any minimal (coarsest) r-
factorisation of w, the sequence of Z-classes to which the regular factors
belong (called the 2-fingerprint) is an invariant of the word w. This result
is key to many later arguments. In particular, any two words u,v € E+
must have the same Z-fingerprint to stand any chance of satisfying w = v

in IG(E).
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e Then, in Sect. 4, following a crucial idea from [9, Section 4], with the aim of
deciding @ = T we rewrite (again, in an effective, algorithmic way) each of
the regular factors in a minimal r-factorisation of a word as a ‘Rees matrix
triple’ (4, g, A) where g is an element of the maximal subgroup corresponding
to the Z-class D of the factor in question, and i, A are indices labelling the
Z- and the Z-classes of D, respectively. The rewriting process in question
is described in Theorem 4.3.

e This sets up the introduction of the notion of contact automata of two 2-
classes in Sect. 5, which eventually brings about the role of rational subsets
of direct products of maximal subgroups of IG(£) mentioned previously.
We are then able to prove our main result, Theorem 5.2, establishing
the equivalence between the word problem of IG(£) and a specific family of
constraint satisfaction problems (CSPs) over (potentially infinite) finitely
presented groups with rational predicates.

Two principal applications of our general results are presented in Sect. 6 and 7,
respectively.

e In Sect. 6, we prove Theorem 6.1, which states that if the maximal sub-
groups of IG(€) arising from non-maximal P-classes are finite (those aris-
ing from maximal ones must necessarily be free or trivial), then the word
problem of IG(£) is decidable. In particular, by the results of [7, 19], this
applies to free idempotent generated semigroups over biorders of 7, and
PT 1, the monoids of all transformations and all partial transformations on
an n-element set, respectively (see Corollary 6.5).

e On the other hand, in the final Sect. 7 we prove Theorem 7.3, showing
that the statement of one of the main results of [6], Theorem 4.13, holds
for IG(£) where £ is an arbitrary finite biordered set: namely, in such a
case, IG(€) is always weakly abundant, along with satisfying the so-called
congruence condition. Weakly abundant semigroups [13, 25] (also coined
Fountain semigroups [26, 27]) represent a natural generalisation of regular
semigroups, with a rich and interesting structural theory that is the subject
of ongoing research.

For the remainder of the article, we assume that £ is an arbitrary but fixed finite
biordered set. We emphasise that this is not equivalent to ‘biordered set of a finite
semigroup’, since there are finite biordered sets (of infinite semigroups) which do
not arise from any finite semigroup, see Easdown [11].

2. PRELIMINARIES

Throughout, we assume basic knowledge of semigroup theory and language the-
ory. Still, in an attempt to keep the paper reasonably self-contained, we gather
here the most important prerequisites for our work.

The word problem. We say that a semigroup S is presented by (A | R), where
A is a set of letters and R is a set of pairs (u;,v;), ¢ € I, of words over A (usually
written as formal equalities w; = v;), if S is isomorphic to AT /pg, the quotient
of the free semigroup AT on A by the congruence pr generated by R. There is
a natural homomorphism ¢ : AT — S whose kernel relation is precisely pr. In
particular, A¢ is a generating set of S, and hence the elements of A are called the
generators and the pairs from R the relations of the presentation. A presentation is
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finite if both A, R are finite sets. Note that the notion of a semigroup presentation
is fully analogous with that of a group presentation, with an appropriate free group
taking the role of the free semigroup on A, and bearing in mind that the notion of
a group congruence is basically equivalent to that of a normal subgroup.

The immediate question that arises is: given two words u,v € AT, do they
represent the same element of S, that is, whether u¢ = v¢ holds? This is the word
problem for S = (A | R). More formally, we have the following decision problem.

INPUT: u,v € A™.
OUTPUT: Decide if up = v, i.e. if (u,v) € pr.

Note that, in our specific case, if IG(£) would have been given by a presentation
analogous to the above one without bars, we would have w¢ = w for all w €
ET. (However, we wanted, on one hand, to have the generators already belonging
to IG(£), and on the other to have a strong distinction between words over the
generators and elements of 1G(E) represented by these words; hence the notational
glitch already described in the introduction.) Therefore, the word problem for IG(&)
asks: given two words u,v € E* decide if = v holds in IG(€). It is the main goal of
this paper to show how this problem boils down to a decision problem involving the
maximal subgroups of IG(€) and certain rational subsets of their direct products,
where both the presentation of these groups and the rational subsets in question
are computable from the biordered set .

Basics of semigroup theory. We use [23] as our basic reference in semigroup
theory for all further notions and foundational results.

One of the most fundamental ideas in the course of studying the general structure
of semigroups in to classify their elements according to the (right, left, two-sided)
principal ideals they generate. This is formalised via five equivalence relations on
a semigroup S called Green’s relations. For a,b € S we define:

aZbsaSt =bS', aLbe Sa=8" a g be SaSt =SS,

where S! denotes S with an identity element adjoined (unless S already has one).
Welet 7 =ZN.ZL and let P = %V L be the least equivalence on S containing
both #Z and .Z. It is well known (see e.g. [23]) that Z o .¥ = £ o % holds in
any semigroup, so Z coincides with the latter relational composition. Also, #
is always a left congruence, while .Z is a right congruence. In general we have
H CRL C D C _J. There is a large class of semigroups (including all finite
semigroups) for which ¥ = #. For % € {, %, 2L, P, ¥} we denote the J# -class
containing a € S by K, (where K € {H, R, L, D, J}, respectively).

Remark 2.1. Assume that the biordered set £ arises from the semigroup S. Then
forany e, f € E=F(S)wehave e Z fin £ ifand only if e Z f in S, and e £ f
in £ if and only if e . f in S. Indeed, if e = fs and f = et for some s,t € S!
then clearly fe = e and ef = f (the converse implication is trivial), and a similar
argument holds for the .Z relation. Hence, there is no harm at all in blurring the
distinction between the relations #,.Z in a birodered set and their namesakes in
any semigroup from which the biorder arises. By [9, Lemma 2.5] and the results
of [15] (see Lemma 2.3 below), if S is idempotent generated then the same remark
holds for the relation 2 in £ and Green’s relation 2 in S: two idempotents are
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P-related in € if and only if they are Z-related in S. (We stress, however, that
D =Ro¥ =0 does not hold in general for biordered sets.)

The _#Z-classes of a semigroup can be partially ordered in a natural way upon
defining J, < J, if and only if S'aS' C S'b6S'. In a similar way one can define
partial orders on collections of Z-classes and .Z-classes of a semigroup.

Remark 2.2. Since the relations  and _# in general need not to coincide, it is
possible that a certain _#-class can contain more than one Z-class. Therefore, the
F -order < defines a quasi-order on the set of Z-classes of a semigroup.

An element a € S is regular if there exists b € S such that aba = a. We say that
a’ € S is an inverse of a if a = aa’a and ' = a’ad’. Clearly, any element having
an inverse is necessarily regular, but the converse is true as well: if a = aba then
a’ = bab is an inverse of a. It is well known that any Z-class of a semigroup consists
either entirely of regular or non-regular elements [23, Proposition 2.3.1], and in this
sense we speak of regular and non-regular Z-classes, respectively. In fact, regular
P-classes coincide with Z-classes containing idempotents. Furthermore, for each
idempotent e its J-class H, is a group with identity e; this is a maximal subgroup
of S, and all maximal subgroups of S arise in this way. Any two maximal subgroups
belonging to a single (regular) Z-class must be isomorphic, so that the maximal
subgroup is an invariant of a regular Z-class up to isomorphism.

We will repeatedly use the following result of Fitz-Gerald [15].

Lemma 2.3. Let S be an idempotent generated semigroup and let a € S be a regular
element. Then there exist idempotents eq,...,e, € D, such thata =eq...e,.

In other words, in idempotent generated semigroups, each element of a regular
P-class D is a product of idempotents from D.

A particularly important class of semigroups are the ones that do not have any
proper two-sided ideals. A semigroup S is called simple if its only ideal is S itself,
and a semigroup with zero 0 € S is called 0-simple if {0} and S are its only ideals
and S? # {0} (ie. the multiplication in S is not null). A O-simple semigroup
is completely 0-simple if it has a primitive idempotent — an idempotent which is
minimal (with respect to the natural order <) among the non-zero ones.

A foundational result called the Rees Theorem provides a particularly nice repre-
sentation of completely 0-simple semigroups. It states that S is completely 0-simple
if and only if it is isomorphic to a Rees matriz semigroup MO[G; I, A; P], where G
is a group, I, A are index sets and P is a regular A X I matrix over G U {0}, which
means that each row and column contains a non-zero entry. Elements of such a
Rees matrix semigroup are 0 and triples of the form (i,g,\) where g € G, i € I,
A € A; the multiplication is defined by 00 = 0(i,g,A) = (4,9, A)0 = 0 and

, . _ [ (isgpagh,p) if pyy #0,
(nga )‘)(,7? h?M) - { 0 otherwise.

One canonical way in which completely 0-simple semigroups might arise are
principal factors of a semigroup. Let J be a _#-class. The associated principal
factor J = J U {0} is defined by the multiplication

R if x,y,xy € J,
Y= 0 otherwise.
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Any principal factor is either 0-simple or has a zero multiplication; if J contains an
idempotent the former case takes place. Now, a regular Z-class of a semigroup may
or may not coincide with its _#-class. However, in this paper we are exclusively
dealing with semigroups with finitely many idempotents (that is, finite biordered
sets), in which case the situation simplifies significantly.

Lemma 2.4. Let S be a semigroup with finitely many idempotents, and let D be
a regular P-class of S. Then D coincides with its ¢ -class, and the corresponding
principal factor is completely 0-simple.

Proof. Let J be the #-class containing D; then J is a 0-simple semigroup. Fur-
thermore, J has finitely many (non-zero) idempotents, so it contains a primitive
one, implying that J is completely 0-simple. So, by [23, Lemma 3.2.7] all elements
of J are P-related in .J and thus in S, showing that D = .J. (]

Hence, since in all our considerations IG(€) has finitely many idempotents, the
quasi-order induced on Z-classes by the ¢-order turns into a partial order when
restricted to the collection of regular Z-classes (and coincides with the _¢-order
on these classes). For these reasons, if Dy, Dy are two regular Z-classes of IG(E) it
will make sense to write D; < Dy with respect to the #-order <.

Properties of IG(€). It was proved in [12] that the biordered set of idempotents
of IG(E) consists precisely of {€ : e € E} and is thus isomorphic to £. Furthermore,
it was noted in [18] that if £ arises from an idempotent generated semigroup S then
there is a (surjective) homomorphism ¢ : IG(£) — S which, as a consequence of
[15], maps the Z-class (Z-class, respectively) of € in IG(E) onto the Z-class (.£-
class, resp.) of e in S. Therefore, given D = Dg, a (regular) Z-class in IG(E), there
is a bijection between the set of Z-classes (resp. £-classes) contained in D and
the corresponding set in the Z-class of e in S. Combined with the facts discussed
in Remark 2.1, this means that, once we are given a (finite) biordered set &, we
already know some substantial information about the regular 2-classes of IG(E).
Namely, if Dy,...,D,, is the list of all P-classes of £, then IG(E) will also have
precisely m regular P-classes, say D},..., D, , and the ‘shapes’ of corresponding
P-classes will be the same: for 1 < k < m, if I} is an index set enumerating Dy /%
and Ay enumerates Dy /%, then the number of #-(.Z-)classes in Dj, will be |Ij|
(resp. |Ag|). For this reason, there is no harm in slightly abusing notation and
assuming that I, and Ay also enumerate the Z-classes (resp. Z-classes) of Dj.. In
addition, by Lemma 2.4 we know that each D}, will coincide with its _#-class and
so the #-order imposes a partial order on the regular Z-classes of IG(E).

One of the main results of [9] is that regular elements of IG(£) can be effectively
recognised, and furthermore, that the word problem of I1G(€) is decidable in its
regular part provided the maximal subgroups of IG(€) all have decidable word
problems (in the sense that if u,v € ET, there is an algorithm which decides if
w, T are regular in IG(E), and if they are, decides if w = U). Here we need just
the decidability of regularity in IG(£), and we summarise the relevant statements
(Lemma 3.3(ii), Theorems 3.6 and 3.7 of [9]) in the following. Here, and in the
remainder of the paper, for an alphabet A, A* denotes the free monoid on A, which
is just AT augmented with the empty word.

Theorem 2.5. (i) There exists an algorithm which, given e € E and v € E*,
decides whether ev Z € holds in 1G(E) and if so, returns an f € E such that
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ev . f. Dually, there exists an algorithm which, given e € E and u € E*,
decides whether we £ € holds in 1G(E) and if so, returns a g € E such that
ue#7q.

(i) For any w € ET, w is a reqular element of |G(E) if and only if w can be
factorised as

w = uev

such that e € E and ue £ e % ev. In such a case, € I w.

(iii) There exists an algorithm which, given w € EY1, decides whether w is a
regqular element of IG(E), and if so, returns e, f € E such thate Zw L f.

Remark 2.6. (i) Note that if € Z ev holds in IG(E) then for any prefix v" of v
we have € Z ev’ and thus, since Z is a left congruence, ze Z zev' for any
word z € E*. Analogously, ue .Z € implies u'ez . ez for any suffix v’ of u
and any word z € E*. In particular, for a factorisation w = wev as in part
(ii) of the previous theorem we have ue Z w .£ ev.

(ii) The following converse of a part of the statement (ii) from the previous
theorem also holds: if w € E* has a factorisation of the form w = uewv
such that € Z W then W represents a regular element of IG(E) and we have
ue £ ¢ Z ev. This follows from Lemma 2.4, the inequalities Jz = Jgez <
Jue, Jew < Jz (implying that €, uwe,ev,w all belong to the same Z-class
with a completely 0-simple principal factor), and the basic properties of
completely O-simple semigroups (see [23]).

We will freely use these facts in the next section without further reference.

Rational subsets of monoids. Let M be a monoid. The set Rat(M) of rational
subsets of M is the smallest subset of the power set P(M) which contains all the
finite subsets of M and is closed for the operations of taking

(1) the union of two sets;

(2) the product of two sets, A- B={ab: a € A,b <€ B};

(3) the Kleene star A* of a set A C M, which is just the submonoid of M
generated by A.

A classical result in language theory (Kleene’s Theorem) [21] states that L C %*
is rational if and only if it is recognised by a finite state automaton. It is easy
to see that if M happens to be generated by a finite set ¥ and ¢ : ¥* — M is
the canonical monoid homomorphism then A is a rational subset of M if and only
if A = L1 for some rational language L C ¥*. If the latter is indeed the case
then we have two options of effectively specifying a rational subset of M: we can
define it either via a finite automaton over X, or by means of a rational expression
over .. The two approaches are equivalent by virtue of Kleene’s Theorem because
its proof provides effective algorithms which convert a finite automaton into the
rational expression representing the language that the automaton accepts, and vice
versa. Let us conclude by noting that if M is a group, then the previous remarks
hold provided ¥ is a monoid generating set of M. If, however, I' generates M as a
group, then the symmetric generating set T+! = T UT~! takes the role of 3.

3. MINIMAL R-FACTORISATIONS AND THE Z-FINGERPRINT

Let w € ET. A factorisation
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is called an r-factorisation of w (with respect to &) if w; is a regular element of
IG(E) for all 1 <4 < m. Note that there is a natural partial order on the set of all
factorisations of w: if w = p1...pm = q1...¢qs we say that (p1,...,pm) is coarser
than (qi,...,qs) and write

(p17"'7pm) j (q17"'7QS)
if m < s and there exist 1 = 51 < 50 < --- < 8, < s with

Pi={s; ---Gs;41-1

for all 1 <¢ < m and p,, = ¢s,, ...gs. This order has a maximum element — the
factorisation of w into its letters (which is at the same time an r-factorisation, so
at least one r-factorisation exists for any word w) — and a minimum element, the
trivial factorisation. This order can be also restricted to r-factorisations only, thus
giving rise to the notion of a minimal r-factorisation of w (somewhat akin to the
almost normal forms of [6]). Note that the set of (r-)factorisations of a word is
finite and non-empty, so any word has at least one minimal r-factorisation; it is
easy to see that an r-factorisation w = wjy ... w,, is minimal if and only if for any
1 < i < j < m the assumption that w;...w; is regular implies that ¢ = j: no
product of at least two consecutive factors represents a regular element of 1G(E).

Certainly, a minimal r-factorisation of a word need not to be unique. Never-
theless, we are going to prove not only that all r-factorisations of a single word w
‘look alike’, but that when we are concerned with two words u,v € ET such that
W = v their arbitrary minimal r-factorisations behave like a sort of ‘pseudo-normal
form’: they have the same number of factors, and the two (regular) elements of
IG(E) represented by any pair of corresponding factors belong to the same Z-class.
This will naturally give rise to the notion of a Z-fingerprint of an element of 1G(£),
a sequence of regular P-classes of IG(£) uniquely determined by any minimal r-
factorisation of an arbitrary word w € E7T representing the considered element.
In fact, it will be shown that the entire semigroup IG(€) can be identified with a
quotient of the set of all finite sequences of regular elements of IG(£) in which no
product of two or more consecutive elements is regular; thus the word problem of
IG(&) will boil down to the issue of the computability of a certain equivalence on
that set (where sharing the same length and Z-fingerprint is a necessary condition
for equivalence). Ultimately, we will show that this computability issue reduces to
the question of satisfying a certain existential formula involving rational subsets of
direct products of pairs of maximal subgroups of IG(£), a purely group-theoretical
algorithmic problem.

To this end, we define a relation & on the set of all (non-empty) finite sequences
of words from EV by setting

(pla .. 7pm) ~ (q17~ . ~;qs)
if and only if m = s and one of the three following conditions hold:
(i) pi =@ for some 1 < i < m and p; = g; for all j # i;
(ii) p; = i€ and Gi;1 = ep;y1 for some 1 < i <m and e € E, and p; = g; for
all j & {i,i+1)};
(ii) §; = pie and Piy1 = egi+1 for some 1 < i < m and e € E, and p; = ¢; for
all j & {i,i+1}.
This relation is clearly reflexive and symmetric. We define the relation ~ to be
the transitive closure of ~. Note that if (p1,...,pm) and (q1, ..., ¢n) are such that
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D; = q; for all 1 <4 < m then (p1,...,Pm) ~ (q1,---,qm). Also, the following is
immediate from the above definition.

Lemma 3.1. ]f <p17"',p’m) ~ (QI7-~-a(Jm) then P1---Pm =4q1---Gm-

Let w € E™ be a word representing a regular element w of 1G(€). By Theorem
2.5(ii), there is a factorisation w = uev satisfying we £ e #Z ev. In such a case,
the letter (idempotent) e will be called a seed of w. Clearly, seeds need not be
unique in words representing regular elements. (In fact, by Lemma 2.3 there exist
idempotents €,...,€, € Dz = Dg such that e;...¢, = w. Therefore, it can
happen that every single letter of a word is a seed.)

We write w’ = w if the word w’ is obtained from w by application of one rewriting

rule induced by the defining relations of the presentation of IG(€) — that is to say,
either a two-letter subword ef is replaced by the letter e * f, provided {e, f} is a
basic pair, or a single letter g is replaced by a two-letter word ef such that {e, f}
is a basic pair and e * f = g. Note that = is a symmetric relation.
Lemma 3.2. Let w € ET and w = p1...pm be a minimal r-factorisation of
w. Furthermore, let w' be a word such that w' = w. Then w' has a minimal r-
factorisation w' = p} ...pl, such that (p1,...,pm) = (P}, .., Ph,). Furthermore, we
have either p; Z P, or b;i L P, (and thus p; 2 p’) for all 1 < i < m. In particular,
we havepﬁ%pi/l and pm L P,

Proof. If w' is obtained from w such that a two-letter subword ef of a factor p;
(for some 1 <4 < m) is replaced by e * f, or, the other way round, that a letter g
occurring in p; is replaced by the word ef with the properties as indicated above
— thus turning p; into p; = p;, — then we clearly have 17; = p; and so condition
(i) takes place in the definition of = (as all other factors of w remain unchanged),
which immediately yields the lemma.

Hence, it remains to discuss the case when a subword ef of w is replaced by
e x f in such a way that e is the last letter of p; and f is the first letter of p; 1
for some 1 < ¢ < m. Throughout the remainder of the proof we write p; = ge
and p;+1 = fp’. There are three subcases to consider: ex f = e, ex f = f, and
ex f & {e, f}. We look only at the first and the third one, as the second one is
analogous to the first.

So, let e * f = e. We argue that p’ .Z p;;1; indeed, this will follow as soon as we
show that f cannot be a seed for p;11 (because then it follows quickly from Theorem
2.5(ii) that p’ . piy1 is regular and a seed for p; 1 is also a seed for p’). Assuming
to the contrary, it follows that f % p;z1 = fp/. Upon multiplying by ge from the
left, the fact that Z is a left congruence implies that gef = Gef = ge* f = Ge = p;
is Z-related to p;p;11, forcing the latter to be regular, which is a contradiction to
the minimality assumption. Therefore, if we let p; = p;f = gef and pj,,; = p’ and

leave all the other factors unchanged, then p; = ]97 and we have condition (iii) in
the definition of =, so the lemma holds in this case.

Finally, let e x f = g & {e, f}; this happens because f xe € {e, f}. Assume
that f x e = f (the other case is analogous). Then § . f, as fg = fef = f,
implying (since . is a right congruence) gp’ . fp' = Piz1. Similarly to the
previous paragraph, we must have § #Z p; unless e is a seed for p;. To show the
latter is impossible, assume € . p; = ge. By multiplying by p;y1 = fp’ from the
right, we get

Pit1 L gp' = efp L Dipit1,
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so that p;p;+1 is regular, contradicting, again, the minimality of the initial factori-
sation; Hence, with p; = ¢ and p},; = gp’ (and other factors unchanged) we have
Pi Z p and piy1 £ p;, and condition (ii) from the definition of ~. This completes
the proof of the lemma, as p;y Z p7’1 and p,, -Z p.,, follow immediately from previous
considerations. (]

Next we want to show that any two minimal r-factorisations of a single word
are ‘similar’. For this, we introduce the concept of the position of a letter within a
word. Namely, if w = uev defines an occurrence of the letter e within w we say that
the position of this occurrence is the integer |u| + 1 = |ue|. Similarly, if we have a
factorisation w = wy ... w,, then we can ‘coordinatise’ it by recording the sequence
(a1,...,qy,) of positions of first letters (from the left) of the factors wi, ..., wy,.
Here necessarily o = 1l and 1 < g < -+ - < aup, < |w0).

Lemma 3.3. Let

W=pip2-.--Pm = 4142 --.4s
be two minimal r-factorisations of a word w € E™ with coordinates (1,aq, ..., )
and (1,5s,...,08s), respectively. Assume that for each p;, 1 < i < m, and g;j,
1 < j <'s, we have fized one seed — say, e; at position v; and f; at position §;,
respectively — so that we have

1<y <az<ye < <am < ym < |w|
and
1<01 <Pa<dr< < Bs <05 < .
Thenm=s,p; 2 q foralll <i<m, and
1<m,01 < g, Bo < 72,02 < < Ay B < Yoy O < ).
In addition, D1 Z q1 and pm L Gm -

Proof. First of all, if m = 1 then w = p1 is regular, so the minimality of the r-
factorisation w = ¢4z . .. ¢s implies s = 1. Similarly, s = 1 implies m = 1, and the
lemma follows immediately. Hence, for the rest of the proof we may assume that
m,s > 2. We start by discussing the possible relationships between the words p;
and g1 and their seeds, thus establishing the inequalities 1 < v1,d1 < s, B2 < 79, 6s.

Consider first the possibility that f2 < ~1, i.e. that the word ¢; ends before
reaching the distinguished seed e; of p;. Let k& > 2 be the unique index with
Br <71 < Bry1 (throughout the proof, we let a1 = Bsi1 = |w| + 1). Now we
can write p1 = ujejv1 and g = gpeiqy, so that u; = ¢1...qr—1¢),. By Theorem
2.5(ii) we have that &1 .2 gje1 £ urer. After multiplication by g}/ from the right,
this becomes

Q- gk = wierqy, £ qpe1qy = G,
implying that gy -..qr is regular; this contradicts the minimality of the second
factorisation of w. Therefore, we must have vy, < (2, and by switching the roles of
the two factorisations we analogously conclude that §; < as.
Now suppose that v < 2. Then

¢ =Dp1-.-Pr—1D}

for some k > 2 as large as possible such that p), is a prefix of py. From the previous
paragraph, the distinguished seed f; of ¢; appears in py, so we have a factorisation
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q1 = z1 fiw; (in the sense of Theorem 2.5(ii)), and also p; = 21 fiw], for some words
z1, w1, w] such that w} is a prefix of wy. Hence,

G X anfr Zpr AD1-- Pr-1-

If k—1 > 2 then we have a contradiction, by minimality of the r-factorisation:
thus & = 2. However, the assumption o < (2 implies that p, must contain the
distinguished seed ez of pa. We therefore have factorisations ps = ugeqvy (in the
sense of Theorem 2.5(ii)) and ph = ugeqvh, for some words ug, ve, v such that v} is
a prefix of vy. Hence

q1 = p1ph = Prugexvh X pruzés X DipPa,

again contradicting minimality of the given r-factorisations. Thus we must conclude
B2 < 72, and by switching the roles of p’s and ¢’s we get as < ds.

So, we now know that we must have 1 < 77,01 < g, 82 < 792,02. Assume, by
induction, that we have already established the inequalities yx_1,0k_1 < oy, Br <
Vi, O for some k > 2.

First we want to prove that v, < Bk41, so assume to the contrary that Sx4+1 < vi.
Let h > k + 1 be the unique index with £, < v, < Br+1, so that the distinguished
seed ep of pp is positioned within g,. We write g, = yerz. If ap < B then
Qk - - - gn_1yex is a suffix of uper, where pp = wupepvr in the sense of Theorem
2.5(ii), so that

Tk - - qn1yex L ex £ Yex,

whence, multiplying through on the right by z, we deduce G ---qn -Z G5, contra-
dicting minimality. Therefore, we may continue working under the assumption that
ap > Bi. So, if we write g, = uj, frv), in the sense of Theorem 2.5(ii), and bearing
in mind that we have aj < J;, as granted, we can factorise u) = xa’, where 2’ is
the prefix of py between positions oy, and §; — 1 (empty if o = dx). We now have

yer L e L & frv Qg - - - Gh—1Y€k

(note that @’ frv}.qk+1 - - - gn—1y coincides with uy, the prefix preceding ey in py),
which by multiplying by z from the right gives

Tn = Yerz L &' [rvj Qi - - - Qh—1Y€rz = ' [V Q41 - - - Qh—14h-

On the other hand, u}, fi Z fi £ 2’ fi, implies

Tk - Gh = W foVLQkt1 - - - Qh-1Gn L 2 [V kst - - - Qh—1Gh-

We conclude that g ... qp is Z-related to the regular element g, a contradiction.
So, Y& < Br+1, and for analogous reasons 0 < agy1-

Now we want to show that Sx11 < vg+1. To this end, assume that y511 < Br+1-
Putting this together with the induction hypothesis, we get Sr < V& < Vi+1 < Br+t1-
This means that g contains the positions of both e; and ey, the distinguished
seeds of pi and pgy1, respectively. Also, we already know that aj < 0 < agy1,
placing fi, the distinguished seed of ¢, within pg. Let | be the least number
with the property a; > Bi+1. By the information we already gathered, I > k + 2;
we distinguish between the cases | = k + 2 and [ > k + 3. In either case, write
Dk = UkE€kUk, Pk+1 = Ugt+1€k+1Vk+1 and g = ) frv}, in the sense of Theorem
2.5(ii).
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Let first [ = k + 2. Let x be the prefix of vi41 ending at position fi41 — 1. If
ag < Bk then let y be the suffix of uy, starting at the position B;. Then ugey £ vey,
yielding

PkUKL4+1€Ek+1T = UKCELVLUK4+1€K+1T Zz YERUVEUE+1€Ck4+1T = C]fk
Otherwisiif Br < ag, let z be the suffix of uj, beginning at position ay. So,
uw fr £ 2 fr implying

qr = uy frv), L 2 frv), = DilUkr1Cht12-

Thus in any case G -Z DPrUkti€rr12- However, we also have €x 112 X €pyr10ki1,
which implies

PEUk+1€k+1% X DkUk+1€k+1Vk+1 = DkDk+1-
Hence, we obtain Gy 2 prppr+1, implying the latter to be a regular element, a
contradiction.
Now turn to the case I > k + 3. Let « now be a prefix of v}, ending at position
a;_1 — 1, so that fTv,@ Z frx and g = uj, frvy, Z v} frw. If B, < ay, then let y be
the suffix of u), starting at position a. Then u} fy £ yf and

uy frr L yfrx =Di - Di—2,

SO Gk 2 Pk - - - Pi—2, prompting the latter product to be regular, a contradiction. If,
however, oy < B, then let z be the suffix of uj starting at position 8. Accordingly,
urer £ zer and

/
Dk -+ -Pi—2 = URCLUKPKA1 - --Di—2 -L Z€RULPk+1 - - - Di—2 = Uy [rT,

yielding the same impossible conclusion, gy 2 pg - - - pi—2-

Hence, indeed we must have Sx4+1 < Yr4+1 and, dually, ag+1 < g1, thus com-
pleting the inductive proof that the required inequalities v,_1,dk—1 < ag, Bk <
Yk, 0 hold for k < min(m, s).

With the aim of showing that m = s, assume without loss of generality that
m < s. Then we have ap, B < YmyOm < B+l < Omp1 < -+ < Bs < ds, and
SO Py, contains ¢m+1...¢s as a suffix; in addition, it contains the distinguished
seed fp, of q,,. Conversely, the seed e,, of p,, is contained in ¢,,, so we may write
D = Um€m U (in the sense of Theorem 2.5(ii)) and ¢, = xe,,y (note that the latter
factorisation does not imply that e, is a seed for g¢,,). Therefore, €,0,, Z €ny
and so Gy, = Ty Z TemUm = Gm - - - s, SINCE Uy = YGmy1 - - - Gs. 1t follows that
Gm - - - Qs 1s a regular element, a contradiction. This proves m = s.

Finally, consider the words p; and ¢; and recall that now we already know that
iy Bi < Y4y 0 < @iy, Bir1. Without any loss of generality, assume that a; < ;.
Write p; = w;e;v; and ¢; = uj f;v} (with respect to their distinguished seeds), and
let = be the suffix of u; beginning at position B;. Then u;e; £ we;. If 41 < Biy1,
multiply the latter relation by v; from the right to get p; £ Te;v;. In particular,
if ¢ = m, we have p,, £ G since q,, = xe;v; (this is the suffix of w starting at
position £,,). On the other hand, let y be a prefix of v} ending at position a;41 —1;
then fiv! Z fiy and G = ulfiv] # ulfiy. Since zesv; = ufiy (both sides are
equal to the subword of w between positions f5; and a;41 — 1), we have p; 2 q;, as
required. For ¢ = 1 we obtain p; Z @1, as p1 = u} f;y is the prefix of ¢; ending at
position o — 1. A similar reasoning leads to the same conclusion if a;41 > Bi41,
whence we are done. ([l
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Theorem 3.4. Let u,v € ET be such that uw = v. Furthermore, let w = p1...pm
and v = q1...qs be arbitrary minimal r-factorisations. Then m = s and for all
1 < i <m we have p; 9 q;. Furthermore, we have p1 Z @1 and Py, L G-

Proof. First of all, we have @ = v if and only if there are words wy,...,w, such
that w1 = u, w; = w41 for all 1 <4 < ¢, and wy = v. By repeated applications of
Lemma 3.2, we obtain minimal r-factorisations

w; =p . ply) (3.1)
for 1 < j </ such that pEj) @pgj/) foralll1 <i<m andlig J,7" < € (we assume

that pz(-l) = p;). In particular, for all such i we have p; 2 pz(-e) and

¢
vng)...p%)qu...qs.

Now Lemma 3.3 implies that s = m and pgé) 2 q; for all 1 < i < m. Furthermore,

by the same lemma we have pT%’pZ(-j) Z q1 and ﬁ.i”p@f Gm forall 1 < j </,
and the theorem is proved. O

Another way of expressing the previous theorem is that for a fixed element of
IG(E), for any word w € E7 such that W equals the element in question and
any minimal r-factorisation w = pi ...py,, the sequence (Dg;,. .., Dy-) of regular
PD-classes of IG(E) is uniquely determined by the considered element. We call this
sequence the Z-fingerprint of the element. So, for any two words u,v € ET to stand
any chance of representing the same element of |G(€) we must first have that @ and ©
have the same Z-fingerprint. In particular, Lemma 3.1 implies that if u = p;1 ... p,
v =qi...¢qn, are minimal r-factorisations and we have (p1,...,pm) ~ (q1,--,qm)
then p; 2 ¢; for all 1 < i < m. In fact, we have the following description of the
word problem of 1G(E) via the ~ relation and minimal r-factorisations.

Theorem 3.5. Let u,v € ET. The following conditions are equivalent:

(1) 7=

(2) there exist minimal r-factorisations of u and v, respectively, having the same
number of factors, say uw = p1...pm and v = q1 ...qm for some m > 1,
such that

(P15, Pm) ~ (q15- - Gm);

(3) there exists an integer m > 1 such that all minimal r-factorisations of u
and v, respectively, have precisely m factors, and whenever u = py...pm
and v =qy ... qm are such factorisations we have

(P1,- -y Pm) ~ (a1, -, Gm)-

Proof. (1)=(2) Let w =p; ...pm and v = gy .. . ¢s be arbitrary (but fixed) minimal
r-factorisations of u and v, respectively. By Theorem 3.4, we have m = s. Further-
more, there are words wy, ..., wy such that w; = u, w; = wjy; forall 1 < j < ¢,
and wy = v. Just as in the proof of the previous theorem, repeated applications of
Lemma 3.2 yield minimal r-factorisations (3.1) of the words w; such that

2 ¢
(€)

Now p; ... p%) and ¢ . .. ¢, are minimal r-factorisations of the same word, v, from
which it is immediate that

(£) (0)

(pl 7"'7pm)N(Q17"',qm)a
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namely, if (1,as,...,an,) and (1, B2, ..., Bn) coordinatise the latter two factorisa-
tions, then Lemma 3.3 implies that 1 < a9, 82 < -+ < aup, B and the relocation
of the letters from the subword between positions min(«;, 5;) and max(a;, 5;) — 1
from one factor to its neighbour yields the above relation. Therefore, we have
(P15 Pm) ~ (@15 -+ s Gm)-

(2)=(3) Let w = py...pm and v = qq...qm, be the minimal r-factorisations
provided by the condition (2), and let v = p| ...pl. and v = ¢ ... ¢, be arbitrary
minimal r-factorisations of v and v, respectively. Then Theorem 3.4 implies that

r = m = s. Just as in the previous paragraph we conclude that (p},...,p.,) ~
(P1y---yDm) and (@1, .-, qm) ~ (¢4, --.,q,,) (as these pairs of sequences represent
minimal r-factorisations of the same word), whence the assumption (p1,...,pm) ~
(q1,--.,qm) from (2) yields the required conclusion (pi,...,p5,) ~ (¢4, qn)-
(3)=-(1) This implication follows immediately from Lemma 3.1. O

Remark 3.6. Let us briefly explain why the previous theorem effectively reduces the
word problem of IG(E) to the question of computability of the relation ~ on finite
sequences of words over £ comprising minimal r-factorisations of words with respect
to £. The reason for this lies in the certainty of finding at least one minimal r-
factorisation of any word w algorithmically, and, in addition, locating a seed for each
of the factors. Indeed, since |w| is finite, there are only finitely many factorisations
of the word w. For any such factorisation w = w; ... w,, we can determine whether
it is an r-factorisation by testing (using Theorem 2.5(iii)) whether each wy; is regular.
In this way we can generate the list of all r-factorisations of w, and since the list
is finite we can pick a minimal one. Hence, given two words u,v, there is an
algorithm that returns a minimal r-factorisation for each of these two words and
now, by Theorem 3.5, w = v is equivalent to the ~-relatedness of the sequences of
factors of the computed minimal r-factorisations.

Furthermore, if w = w; ... w,, is a minimal r-factorisation, we can run through
all factorisations w; = u,;e;v; using Theorem 2.5(i) to determine if they satisfy the
conditions of Theorem 2.5(ii) and thus find a seed e; for each w;. This shows that
given a word w, the Z-fingerprint of w is algorithmically computable, as this is now
simply the sequence (Der, ..., Der).

4. REES MATRIX COORDINATISATION OF REGULAR FACTORS

Paralleling the notion of a minimal r-factorisation of a word in ET with respect
to £, we introduce the notion of an irreducible r-sequence (r1,...,r,,) of regular el-
ements of IG(E): these are characterised by the property that no nontrivial product
of consecutive elements is regular. It is easy to see that (ry,...,r,,) is an irreducible
r-sequence if and only if for some (equivalently, any) p1,...,p, € E1 such that
r; = p; for all 1 <14 < m we have that (p1,...,pm) is a minimal r-factorisation of
some word w such that w =rq...r,,.

Now, we can pass from the ‘syntactic’ relation ~ defined on (certain) sequences
of words to the relation ~ defined on the set of irreducible r-sequences, defined by

(r1,.. ) = (S1,-..,8Sm)

if and only if (p1,...,pm) ~ (q1,--.,qm) for some words p;,q; € ET such that
ri =p;, ands; = @ for all 1 < i < m. This is well-defined since it does not
depend on the choice of the words p;, g;, because if p}, ¢, € E* are words such that
17; = p; and Z =g; for all 1 <4 < m then clearly (p1,...,pm) ~ (P},...,p},) and
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(q1y---yqm) ~ (¢4---,4q,), so we have that (p1,...,pm) ~ (q1,-..,qm) if and only
if (py,...,00,) ~ (4},---,4,). Therefore, we can conclude that the word problem
of IG(E) relies on the computability of the relation ~ on the set of irreducible r-
sequences, since we have (as a direct corollary of Theorem 3.5) r1...r;, =81 ...8y,

if and only if (r1,...,1m,m) =~ (S1,...,8m). Also recall that, by our earlier remarks,
(ri,...,tm) =~ (81,...,8y,) implies r; Z s; for all 1 < ¢ < m (and so the 2-
fingerprints of both products ry ...r,, and s; ...s,, are the same: (Dy,,..., Dy, )).

To connect the relation ~ (and thus the word problem of IG(£)) to the maximal
subgroups of 1G(£), we must find a different representation of a regular element of
IG(E) (other than by a word over E). This is the core of the idea contained in [9,
Section 4], and we are going to review here the corresponding transformation of the
problem, taking special care that each step along the way is effectively algorithmic.
Namely, we already know from Lemma 2.4 that in our setting of a finite E, for
any regular Z-class D of IG(E) the _#-class containing D coincides with D, and,
furthermore, the corresponding principal factor D is completely O-simple and thus
isomorphic to a suitable Rees matrix semigroup M°[G; I, A; P]. By Remark 2.1,
the sets I, A can be taken to be the sets enumerating the %-classes (resp. .Z-classes)
of the corresponding Z-class of £, and thus a byproduct of the input data.

Furthermore, as noted in Theorems 3.10 and 4.2 of [9], the group G and the
sandwich matrix P are also known, and a finite presentation for G (as well as P)
can be algorithmically computed from £. We will not repeat here the presentation
(referring instead either to Theorem 5 of the seminal paper [18] or [9, Theorem
4.2]); we will remain content with saying that this presentation is given in terms of
generators f;» such that R; N Ly contains an idempotent (e;y in &€ or, equivalently,
@ix in IG(E)) — in which case py; = fi;1 and py; = 0 otherwise — and the relators
depend on three configurations in £ called the anchors (prompting some of the
generators to be = 1), the Schreier system (yielding certain equalities between the
generators), and singular squares. Since we are going to need it later, we describe
this latter, third group of relations: these are of the form

Tl fiw = T3 Fi (4.1)
where the idempotents e;y, i, €5, €5, form a singular square in €. This means that
there exists an idempotent f € E such that one of the following sets of conditions
hold:

(a) fxexn =ein, frepn=ejn, einxf=eip, ejn*xf=eju;

(b) eix* f=ein, ejxx f=ejx, frein=ejn, frep,=ej.
An important observation to be utilised later is that the maximal subgroup of D
is free whenever there are no singular squares in D. In particular, this will hold
whenever D is a maximal Z-class.

Let ¢ : DY — MY[G;1,A; P] be an isomorphism. If Lp C E* denotes the
language of all words over E that represent an element of D, then ¢ naturally
induces a mapping @ : Lp — MPO[G; I, A; P] defined by p(w) = ¢(w). In order to
effectively ‘Rees matrix coordinatise’ D, it is our main goal here to show that there
is an algorithm that computes one such mapping @. As a starting point, note that
for any idempotent e;» € D we necessarily have

@(ei)\) = 90(@) = (va;11>)\) = (%fl)\v)‘)
The general idea is that if w € Lp then by Theorem 2.5(ii) w must have a seed,
that is, a factorisation w = uev such that € € D and ev #Z € £ we; furthermore,
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as noted in Remark 3.6, there is an algorithm which identifies at least one such
factorisation. Since € € D, the letter e must, in fact, be e;\ for some i € I, A € A,
and so we already know the ‘coordinates’ (€;x) of e;x as above. Then, we will
study the way in which idempotents € act (from the right and from the left) on
elements of D corresponding to certain Rees matrix triples, and obtain explicit
formulae for these actions. Finally, we shall successively apply these formulae for
idempotents represented by letters of u, v to compute @(w) = p(uev).

In the sense just described, the following result (representing a significant gen-
eralisation of [9, Lemma 8.9]) is of key importance. Below, for a partial function «,
let fix(a) denotes the set of fixed points of « (which in the case when the map « is
idempotent coincides with the image of «).

Proposition 4.1. Let D be a reqular P-class of 1G(E) and let
©: D" = MY[G;I,A; P]
be an isomorphism. Letr = ¢~ 1(i,g,\) € D and e € E.

(1) If [p~1(i,g,\)]e € D then [p~1(i,g,\)]e Z o~ 1(i,9,\), and if wy. € G is
such that [~ (i, g, \)]Je = ¢ 1(i, gwx.e, N') then for any j € I and ¢’ € G
we have

[ (5.9", e = o7 (5, g'ware, N).
In this sense, e induces an idempotent partial transformation 1. (acting on
the right) on A given by A — X whenever [0~ (i,g,\)]e = ¢~ 1(i,h, \')
for some i € I and g,h € G. The partial transformation 1. is effectively
computable from &.

(2) Ifele='(i,g,\)] € D then €lp='(i,9,\)] £ ¢~ (i, 9, \), and if we; € G is
such that €[~ (i,g,\)] = ¢~ (i',we,ig, \) then for any p € A and ¢’ € G
we have

ele (i g, )] = ¢ (i we g, 1)
In this sense, e induces an idempotent partial transformation o, (acting
on the left) on I given by i — i’ whenever e[p~1(i,g,\)] = @ 1(i',h, \)
for some A € A and g,h € G. The partial transformation o is effectively
computable from &.

(3) The partial map T, is non-empty if and only if o. is non-empty. If re € D
then fix(o.) # &, and for arbitrary ig € fix(o.) we have wy . = fi;l)\fio,An
and thus

[80_1(7;? g7 )\)]é = so_l(i? gfi;’l,\fio,ATea )\Te)-
Dually, if er € D then fix(1.) # @, and for arbitrary o € fix(7.) we have
We,i = fosinofin, and so
ele (i, 9, M) = @ (0, foringfingds A)-
Proof. Let us start by proving (1). We are given that [0 ~1(i, g, \)]é is Z-related to

¢~ Y(i,g,)); in particular, [p~1(i, g, \)]€ is regular. So, by Lemma 2.3 we can write
¢~ Y(i,g,)\) as a product of idempotents from its Z-class D:

—1y-
r:gp (Z?\g?A):ei)\l eigkz"'eink)

and, by Theorem 2.5(ii), the product on the right-hand side has at least one seed,
so that for some 1 < k < n we have

Cip Ak ...ein)\éﬁ €ip Mk %eik)\k RN
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Since Z is a left congruence, by multiplying by €;x, ... €, _,r,_, trom the left we get
[0 t(i,g,\)]e Z ¢~ 1(i, g, \), as required. Therefore, [¢~1(i,g,\)]e = ¢~ (i, h, \)
for some h € G and N € A. Define wy, = g 'h, and let j € I and ¢’ € G be
arbitrary. Choose k € I and p € A such that pyr # 0 and p,; # 0. Since

<p_l(j7g,7 >‘) = @_l(.ja g/a A)g&_l(k‘a fk:)\g_lfiua M)(p_l(i7 g, A)
it follows that

™ G, g Ne=o (G, g N (k, fing ™ fips 1) (i by N) = 071 (G, g/ wnes X,

just as claimed.

Furthermore, the partial transformation 7, is computable from £ because by
results already proved, to compute N = A7, we can start from & = @ (i, fix, \)
whence €€ € D and so €;xe Z €;x. Now Theorem 2.5(i) guarantees that there is
an algorithm computing an idempotent f € D such that gxe .Z f, and thus we
can identify the Z-class of €;x¢, which is exactly Ly = e Y(Ly).

Since (2) is completely left-right dual to (1), we immediately move on to proving
(3). To see this, assume that 7. is non-empty, so that

o™ (4,9, M)]e = ¢ (i, gwnr,e, N)

is an element of D for some i € I, g € G and A € A (with X = Ar.). We recall Fitz-
Gerald’s procedure [15, Lemma 2] (see also [23, page 236, Exercise 12]) of turning
the product re = [p~1(i,9,\)]e = €, ... €. x € into a product of idempotents from
D (note that € might be not in D, thus ‘generating’ the necessity for rewriting
this product). Upon choosing an inverse s’ of s = re, this consists in forming the
products
fi = €rp - € n €S Cing - Cipnp
forall 1 <k <n, and
f,.1 =es'ein, ... Ex¢,

whence s = f; ... f,f,,1. We also know that each of these products is an idempo-
tent, and since for 1 < k < n, f}; is clearly both #- and Z-related to €;,x,, we
must have f, = €;,,; so, r = f;...f, and s = rf, ;. Furthermore, as se = s,
f,11 = e(s’s) is an idempotent from D, just as s’s is an idempotent, having the
form »=1(j, fjn, N') for some j € I such that R; N Ly contains an idempotent.
(Indeed, se = ree = re = s implying (s's)e = s's, so that {e;x,e} is a basic
pair.) This shows (by part (2)) that o. cannot be empty, as it is defined on j. The
converse implication is dual.

Finally, let us write ig = 0.j. We now have f, 1 = ¢ (i, fi,»', \'), and hence

@_l(iﬂ gWie, )‘/) = [‘p_l(iv 9, )‘)]E = [Sp_l(iv 9, A)]fn+1 = 90_1(1'7 gfi;,lkfio,A’v >‘I)7
which immediately implies the expression for wy .. Notice that by the defining rela-
tions (4.1) of G, the actual choice of ig (and thus of j) is immaterial: if i(, is another
image (fixed) point of o, then e takes the role of f in case (a) of the definition of sin-
gular squares above, singularising the square of idempotents e;,x, €igx', €5, €37 A7 5
so we have that fzzlx fiox = fig}/\ fir x holds in G. The formula for w; follows
dually. [l

Remark 4.2. The idempotent € from the previous proposition must be from a Z-
class that is (non-strictly) #-above D, the Z-class of ¢~ '(i, g, \).
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We can now present the result that describes the effective transformation of a
word representing an element of a regular Z-class D of IG(€) into a Rees matrix
triple.

Theorem 4.3. Let w € E™ be such that w € D is a reqular element of 1G(E), and
let w = ue;\v be a factorisation of w determining the position of a seed of w, so that
e € D and ue;y L e XZ ejnv. Furthermore, let w = g1...g9x and v = hy ... Iy
forgp,hqg € E, 1 <p<k,1<q<I. Then

_ . -1 -1 —1 -1

QO(/LU) = (thily,l dopy " 'fikukfipkfi)\ jl)\fjl)\l . .fjl)\l—lfjl/\l7)\l) )
where \y = ATh,, Agy1 = AgTh,y, for 1 < q <1, jg € fix(op,) for 1 < q <1,
iy = 0g,t, Ip = 0g,ipp1 for 1 <p <k, and p, € fix(ry,) for 1 <p <k.

Proof. We have €0 = [p (4, fix, \)]h1 - . . hy, and the right-hand side is now seen
to be equal to

—1 (- —1 -1 -1
@ (27 fix lefjl,\lfh)\l .- 'fjl)\l,lfj,)\ﬂ)\l)
by repeated applications of Proposition 4.1(1) and the first formula in (3). In each
step, Aq = Aq—17h, (here we set A\g = A) is defined because

En0 X eizhy ... hqflhq KX eizhi ... hq,1 X eix

and, consequently, the idempotent partial map oy, is not empty, thus fix(op,) # @.
By left-right duality, Proposition 4.1(2) and the second formula in (3) imply

— 1. -1 -1 -1
ueix = ¢ (7’1’ fi1lt1 igpr t " ik/tk71fik#kfiukfi)\7 )\) ’

and analogous statements justifying the existence of ¢, and p, hold. The theorem
now follows as a consequence of B(w) = (W) = p(ue;nv) = o(ueix)p(Env). O

Remark 4.4. (i) The previous theorem shows that there is an algorithm which,
given a word w € ET such that w € D is regular, computes p(w) =
p(w). This follows because all the parameters involved in the formula
depend solely on the knowledge of partial mappings o., 7., e € E, acting
on the index sets of #Z-classes (resp. Z-classes) of D, and we have shown in
Proposition 4.1 that there exist algorithms computing these mapping from
the given biordered set &.

(ii) The previous theorem also yields an effective version of Lemma 2.3 in the
considered context (that is, @ € D), turning a word w whose value is in D
into a word over Ep, the set of all e € E such that € € D, because it is
straightforward to verify that

E(’LU) = @(eilﬂfl s Cippp CiNCl Ay - ele)7

with all the parameters as in the previous theorem. Therefore,

w = €itpy -+ Cipur€iNCiiNy -+ - €5

holds in 1G(E).

To simplify the notation in the remainder of the paper, we are going to abuse
it slightly and simply use the triple (¢, g, A) as short-hand for the regular element
0 1(i,g,\) € D. In dropping ¢ from the notation we assume from now on that for
each regular Z-class of IG(€) we have fixed an isomorphism from its principal factor
to the corresponding Rees matrix semigroup, namely the one given by Theorem 4.3.
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We now return to considering the relation ~ on the set of irreducible r-sequ-
ences (ry,...,ry) (of regular elements of IG(£)). Assume that the Z-fingerprint
of ri...ry, is (D1,...,Dn), so that rp € Dy for all 1 < k < m. (Note that
these Z-classes are not all necessarily different.) Each of these Z-classes is ‘Rees
matrix coordinatised’ as described in the present section, so that elements of Dy,
1 < k < m, are identified with triples of the form (ig, gr, \x) € I x G*) x A,
Our aim is to describe the ~ relation between tuples of these Rees matrix triples
corresponding to irreducible r-sequences.

Bearing in mind the definitions of ~ and ~, we have that the latter relation is
the reflexive-transitive closure of the relation <+, where (rq,...,r) < (S1,...,Sm)
if and only if either

(i) vy = sg€ and sgy1 = eéryqq for some e € E and k < m, and r; = s; for all
1¢{kk+1}, or
(ii) s = rie and rgy; = €sgyq for some e € E and k < m, and r; = s; for all
1 & {kk+1}.
This immediately translates to

((ilaglv )‘1)7 ) (imvgww Am)) < ((jh hh/“)u cey (jma hmnum))
if and only if either
(i) (it Grs Ak) = (G P, )€ and (Jrg1, P, k1) = €(Gg1s Ght1, Akg1) for
some e € E and k < m, and (ig, g1, A1) = (i, huy ) for all 1 & {k,k+ 1}, or
(i1) (> hies ) = (i, g, A€ and (ig+1, g1, A1) = €(Jr+1, Pietr, pi1) for
some e € E and k < m, and (i, g1, \;) = (Ji, by, ) for all I & {k, k + 1}.
Note that the form of the action of the idempotent € on a triple is exactly the one
described in Proposition 4.1.

Therefore, we can conclude this section by saying that in the course of estab-
hShing ((ihgh >\1)7 ) (ima 9m, )\m)) = ((jh h1> Ml)v R (jma hm7 Mm)) for two ir-
reducible r-sequences of (elements represented by) triples, a single step involves
picking two adjacent triples in the sequence, say (i,g,\) € Dy and (j, h, 1) € Dgyq,
and then either performing an inverse action of an idempotent € (that is _#-above
both Dy and Dy1) on the first factor from the right and then applying € on the
second factor from the left, or the other way round: performing an inverse action of
€ on the second factor from the left and applying € on the first factor from the right.
Either way, the described transformation prompts the pair (A, j) of ‘inner indices’
to change (depending on the maps o, 7), and also the group components g, h get
multiplied from the right and left, respectively, by certain factors belonging to their
corresponding groups G*), G*+1)  This observation suggests that ‘in between’ any
two regular Z-classes Dy, Di11 that are adjacent in a fixed Z-fingerprint, there
exists an associated transition system with the set of states A% x IF+1) whose
transitions are labelled both by elements of E (the intervening idempotents) and
pairs from G*) x G*++1 (the right and left multipliers of the group parts). These
systems will be called contact automata (of two regular Z-classes), and they will
be introduced and studied in the next section; eventually, they will bring about the
required group-theoretical interpretation of the word problem of 1G(E).

5. CONTACT AUTOMATA

Let D1, Dy be regular Z-classes of IG(E). Just as argued in the previous section,
we assume that Dy, kK = 1,2, are coordinatised by sets I and Ay, indexing their



FREE IDEMPOTENT GENERATED SEMIGROUPS 21

Z- and ZL-classes, respectively. Furthermore, let Gy be the maximal subgroup
of Dy, defined by the presentation from [18, Theorem 5] (or [9, Theorem 4.2]) in
terms of generators fi(f), where i € I, A € Ay, are such that in Dy, Rl(»k) N Lg\k)
contains an idempotent (and thus is a group itself, isomorphic to Gi). Of course,
for our purpose we are going to be interested only in pairs of Z-classes D1, Do such
that riry is not regular for some ry € Dy, k = 1,2, but in principle the following
definition works for an arbitrary (ordered) pair of Z-classes. So, we define the
contact automaton of P-classes D1, Dy to be the “transition system”

A(Dl,Dg) = (Al X IQ,E,A,@),

where A; x I is the set of states, E is the alphabet, A is the set of transitions and
£ : A — G1 x Go is the labelling function (associating a pair of group elements to
each transition); the precise definition of A and ¢ is given in what follows.

We have already seen in Proposition 4.1 that for each e € E, € induces partial

transformations agl),o’g) acting from the left on I, I5, respectively, as well as

partial transformations Te(l), 76(2) acting from the right on Ay, Ao, respectively, with

all the properties described in that proposition. So, we are going to set

t= (()\7i),e,(/1,7j)) €A

if and only if either
o )\ = m—e(l) and 09)1' =7, 0r
° )\Te(l) =pand i = 022)]’.

If this is indeed the case, we define the label of the transition t by
D=1 (1) £(2) / £(2)\—
(o) = () Fom (D™,
where iy is an arbitrary fixed (equivalently, image) point of Uél) and \g is an ar-

bitrary fixed (equivalently, image) point of 75(2). This is well-defined because by
Proposition 4.1(3) we have that the existence of the transition t guarantees that
both oél) and Té2) are non-empty idempotent partial maps which thus have fixed
points. As already explained in the proof of that proposition, it follows from the
defining relations of groups GG; and G5 that the actual choice of fixed points ig, Ag is
irrelevant. Note that by the very definition of A we have that A(Dy, Ds) is a two-
way automaton (which is non-deterministic, because neither Te(l) nor aéz) are injec-
tive in general); that is, A is symmetric in the sense that if t = ((\,4),e, (1,7)) € A
then also t=1 = ((u, ), e, (\,i)) € A. The label of t~! is the inverse of that of t,
namely, if £(t) = (g1, g2) then

L) =) = (9192 1)
Upon omitting the labelling function ¢ and specifying the initial and final states,

A(D1, Ds) becomes a proper non-deterministic finite automaton.
A non-empty path in A(Dy, D) is a sequence of the form

P = ((A1,41),e1, (A2, 82), €2, oo, (Aryin)s €0y (A1, Brg1)
for some r > 1 (called the length of the path) such that for all 1 < ¢ < r we have
((Agsig), eqs Ag+1:%g+1)) € A. (An empty path is just an empty sequence.) By
Kleene’s Theorem [21], the set of words L(A,4; i, j) C E* read along all the paths
connecting (\,4) and (u,j) is a rational language. We also attach group labels to
paths, but at this point it is important first to nuance our definition of the labelling
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function; ¢ will not, in fact, map into the direct product G; x G5 but rather into
G1 x G§ (here H? denotes the dual of the group H), where the operation * in this
latter direct product is defined by (g1, g2) * (h1, ha) = (g1h1, hag2). Now, for a path
as above we define

E(p) = f(()\l,il), €1, (/\Q,ig)) * e *K((/\T,’L'T), €r, ()\T_H, ir+1)).

The empty (trivial) path carries the label (1¢,, 1g,)-
The principal reason for introducing contact automata is explained by the fol-
lowing result.

Theorem 5.1. For 1 < k < m, let (ig, gk, \&), (Jk, hi, i) € Dy, where Dy is a
PD-class of IG(E), such that both
(ihgl? )‘l)a ey (im7gma )\m)
and
(j17 hlvul)a RS (jma hmzﬂm)
form irreducible r-sequences (with 2-fingerprint (D1, ..., Dy,)). Then
(ilagla )\1) cee (im79m7 /\m) = (j17 hy, ,Ul) s (.j’ﬂu P, Nm)
holds in 1G(E) if and only if i1 = j1, Am = Lm, and there exist:
(a) for all 1 < s < m, a path ps in the contact automaton A(Dg, Dsy1) from

()\S7i5+1) to (/stajerl); and
(b) .’L’tEGt,QStSm—l,

such that

(i) £(p1) = (91 "h1,m2),
(11) g(pr) = (g;lx;lhmxr+1) fOT‘ all 2 S r S m— 2;

(ii) £(Pm—-1) = (gm-1%m 1 hm—1, ).
Proof. We begin with the following observation.
Claim. We have

((klaalayl)a ) (km>amvym)) Ane (( ’1’()17”1)’ ) (k;?/n,bm’y;n))

for two irreducible r-sequences with 2-fingerprint (Dy, ..., D,,) such that
(kiyai,vi) = (ki bi,v)e and (Kiyq,biy1,viyq) = €(kiv1, i1, vig)

for some e € E and ¢ < m, and (k;,a;,v;) = (k,by,v)) for all | & {i,i+ 1} (that
is, we have Case (i) from the definition of <) if and only if the contact automaton
A(D;, D;11) contains the transition

t= ((Viv ki+1)7 €, (Vz{v k;—&-l))
with £(t) = (a; i, bisra;),).

Indeed, this claim follows as a rather straightforward consequence of Proposition
4.1 and the very definition of A(D;, D;+1), bearing in mind that we have (a;, a;+1)*
£(t) = (bs,bi+1). Also, a claim dual to the above one also holds, corresponding to
case (ii) of the definition of the relation <.

Now, by Theorem 3.5 and the subsequent remarks at the end of the previous
section, the given equality

(1,91, A1) -+ (Fms Gms Am) = (1, hay pa) - - (Gons Py fom)
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is equivalent to the existence of the following array of irreducible r-sequences:
(1,90 A1), G gy Am)) = (R a8 47, (D, ) D))
(k17 @i ), (Dl vi)) e (k7 af™ AP (R a2 020))

(B D,af D ) ) e (62, al?, ), .0
(B2, a8 047), L (6D, 08D 0 D)) = ((Gry by 1), -+ Gy s )

By our Claim, such an array exists if and only if i; = k§1) == kiq)

A = u,(,}) = ... = Vﬁ,’f) = lm, and each automaton A(Ds, Ds11) (1 < s < m)
contains a path p, (the sum of lengths of these paths must be ¢ —1) from (\s,is41)

to (s, js+1) such that if (ps) = (ys, xs+1) (here x4, ys € Gs) then

= j; and

g1y1 = h17
Z2g2y2 = ha,

Tm—19m—-1Ym—1 = hnL—la
Solving this system for y1,...,ym—1 and x,, yields the desired result. ([l
So, let G1,...,G,, be finitely presented groups, while p1, ..., p;n—1 are rational

subsets of direct products Gy x G, ..., Gpn_1 X G?n, respectively. Given these pa-
rameters, we define the following algorithmic problem P(G1, ..., Gm; p1s- -5 Pm—1):

INPUT: ai, b, € Gi (1 <k< m)
OUTPUT: Decide if there exist z; € Gy, 2 <t < m — 1, such that
(a'l_lblaxQ) € p1,
(a; 'z o 2pp1) €pr (257 <M —2),

(ar_nlflx;zlflbm—l’ bnay,) € Prm—1-

Theorem 5.2. For 1 < k < m, let (ig, gk, \&), (Jk, Mg, b)) € Dy, where Dy is a
PD-class of IG(E), such that both

(ilvgh >\1)7 ) (imagma )\m)
and

(jh hlvﬂl)v ceey (jmv hmvﬁ‘m)
form irreducible r-sequences, and let Iy, (resp. Ay ) be an index set for the Z-(resp.
£-)classes of Dy. There exist rational subsets ps(\,i;pu,j) of Gs X Gf;’H, 1<s<
m, \,p € Ng, i, € Isy1, that are effectively computable from the biordered set &£,
such that the equality

(ilagla )\1) ce (imagmv >\m) = (jla hla ,U/l) cee (]m» hma ,U/m)

holds in 1G(E) if and only if i1 = j1, Am = Wm, and the problem

P(le ey Gma pl()\lviQ; ,Uflan), oo ,pm—l()\m—him;ﬂm—lajm))
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returns a positive answer on input gg, hy € G, 1 <k < m.

Proof. Let us start by modifying the concept of a contact automaton A(D, D') into
a transition system A’(D, D’) so that the new labelling function ¢ maps from the
set of transitions A into the free monoid I'. The alphabet I' consists of letters
aix,bin, (1,\) € K C I x A (where K is the set of all pairs for which f;) is a
generator of G, the maximal subgroup of D), and ¢;x,d;x, (i,A) € K/ CI' x A
(with K’ being the set of all pairs for which f/, is a generator of G’, the maximal
subgroup of D’). So, for t = ((\,4),e, (11, 7)) € A we set
C(t) = biga@igudjxg Cixg

where ig € I is an arbitrary fixed point of o, and A\j € A’ is an arbitrary fixed point
of 7/. The label of an empty path is the empty word. With these modifications,
A'(D, D') is a finite state transducer from E* to I'* (see [3] for general background
on finite state transducers and rational transductions).

Let Ls(A,i; 1,7) C E* denote the rational language of all words over E that take
the state (A, ) to the state (u, j) in A'(Ds, Dsy1) (or, equivalently, in A(Dsg, Ds11)).
Furthermore, let R, ()\, 2, u, j) denote the language of all words over

I's={a () (o) ¢ a%), . relI® ¢ et e A Y EA(5+1)}

rv o Yrv o ru” r'v’!

arising as ¢/ (p) such that p is a path in A’ (Dy, Ds41) starting at (A, ¢) and ending at
(4,7). Then Rg(\,4; 1, j) is a rational transduction of Ls(A,; u,7), so it is rational
itself. Since the structure of both A(D,D’) and A'(D, D’) depend solely on the
maps 0., 0, T, T, which are already shown in Proposition 4.1 to be computable from
&, there is an algorithm effectively constructing these automata from &£, so by virtue
of Kleene’s Theorem all the rational languages Lg(A,i; u,j) and Rg(\, 4; 1, j) are
computable given £. Now let ¢, : 'Y — G, x G2, | be the (monoid) homomorphism
uniquely extending the map

al?) = (). 1e.,,),

b = ((FS) ™ 16,0),
= (e, U5,
), = (e, (F50)7).

Then ps(A,i;1,7) = Rs(A, 451, 7)1s and we have that (g,h) € ps(A,i;u,7) if and
only if ¢(p) = (g, h) for some path p in A(Ds, Ds11) from (A, ) to (p,7). Hence,
ps(A,is i, j) is a rational subset of G5 x GZ,;, and our required result now follows
directly from the previous theorem. O

Remark 5.3. Due to the fact that £ is finite, for any s and regular Z-classes
Dy, Dy41 there are only finitely many rational subsets of Gy x G2, of the form
ps(\, 451, 7) simply because both Ay and Iy are finite index sets. Therefore,
given a Z-fingerprint (Dy, ..., D;,) of an equality @ = T to be decided in the word
problem of IG(£), there are only finitely many problems of the form

P(G17 SERE) Gma PLy.-- 7pm—1)
involved. In each of these problems, all the parameters (the presentations of groups
G; and the rational expressions denoting p;) are effectively computable from & by
the previous theorem and [9, Theorem 3.10], so the reduction of the word problem
of IG(£) described in the previous theorem is effective.
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Remark 5.4. (i) For m = 1, deciding u = ¥ comes down to deciding equality of

regular elements of IG(£) and this translates to asking whether (¢, g, \) =
(j, hy 1) (where g, h are two elements of G, the maximal subgroup of D,
represented as group words over the generating set of G). Clearly, this
holds if and only if ¢ = j, A = p and ¢ = h holds in G. Therefore, the
‘regular segment’ of the word problem of IG(€) is indeed equivalent to the
word problem of its maximal subgroups. The same conclusion is reached
in [9, Theorem 3.10].

For m = 2, the problem P(G1, Ga; p) asks, on input a1, b1 € G, az,bs € Ga,
whether (a; by, baay ') € p (note that no existentially bound variables are
involved in this case); hence, P(G1, Ga; p) is simply the membership prob-
lem for p C Gy x GY. This is the basis of the undecidablity result from [9].
There, for a finitely presented group G and its finitely generated subgroup
H, (a biordered set of) an idempotent semigroup B g is constructed such
that in a certain pair of Z-classes D, D’ we have that its maximal subgroups
are both isomorphic to GG, and for a specific choice of i € I, 7/ € I’, A € A
and X € A’ we have

p=p\iNi)={(h"' h): he H}.

It is well-known [29] that the square of a free group of finite rank at least 2
has a finitely generated subgroup H with an undecidable membership prob-
lem. For such a choice of G and H, we clearly have that the membership
problem of p (and thus the problem P(G, G;p)) must also be undecidable,
and this is reflected in the undecidability of the word problem of IG(Bg i)
(see [9, Proposition 8.1]).

Summary of the reduction of the word problem of IG(E).

(1)

(4)

Given two words u,v € ET, compute their Z-fingerprints via finding a
minimal r-factorisation for each of them and then locating a seed for each
of the factors, as described in Remark 3.6. If the Z-fingerprints fail to
coincide then we already know that @ # v in 1G(E) by Theorem 3.4, so we
are done. Otherwise, let (Dy, ..., D,,) be the computed joint Z-fingerprint
of wand v, and let u = uy ... uy, and v = vy ... vy, be the computed minimal
r-factorisations, with w,, v, € Dy for all 1 < s < m.

Perform the ‘Rees matrix coordinatisation’ of each of the Z-classes D, and
transform the words wus,vs into Rees matrix triples by using the formula
from Theorem 4.3. This turns the question of whether w = uy... %, =
71 ...Um = U holds into an equality of two products (each of length m) of
triples belonging to Dy, ..., D,,, respectively.

For each s, 1 < s < m, compute the partial maps o'*, 7¢*) (for any suitable
e) arising from the Z-class Dy, as explained in Proposition 4.1. This allows
us to effectively construct the contact automata A(Ds, Dsy1) and thus,
by applying Theorem 5.2 and the standard algorithm from the proof of
Kleene’s Theorem for analysis of automata (see [21]), to construct a rational
expression for each subset pg(\,4; i, j) over the generating set of the group
Gs x G2, 1.

Finally, to decide whether

(ilagla )‘1) cee (imvgnu)\m) = (jla hln“’l) s (jM7hma/u'm)
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(which is now the form in which we ask whether @ = ¥), establish whether
i1 = j1 and A, = py, and then, if it is recursively soluble, invoke the
algorithmic problem

P(G1,.... Gy pr(A1yd2s s 52)s -+ Pr—1 (Am—1, G Bim—1, Jm))-
By Theorem 5.2 the answer to the above problem determines whether @ = v.

We have now completed all the stages of this reduction. In the next, final
section we are going to present an application of this reduction by proving that an
important class of examples of biorders yields free idempotent generated semigroups
IG(£) with a decidable word problem. These will be biordered sets € such that all
the non-maximal Z-classes of IG(£) have finite maximal subgroups.

6. APPLICATION I: SOME SOLUBLE WORD PROBLEMS

Let S be a semigroup with finitely many idempotents. If S has an identity
element 1 (so that it is a monoid) then its F -class Ji contains a single Z-class
and the corresponding principal factor J{ is completely 0-simple; it follows that
1 is the only idempotent in J;, and the latter is consequently the group of units
of S§. Furthermore, J; is the unique maximal ¢-class of S. If S is, in addition,
idempotent generated, then J; = Dy = {1}.

We are going to say that a regular P-class D of IG(E) is maximal if there is
no regular Z-class D’ such that D < D’ in the #-order, unless £ (and so IG(E))
has an identity element 1 when we allow D < {1}, but there is no regular Z-class
D’ such that D < D’ < {1}. As remarked just after the relations (4.1) and the
definition of singular squares, if there are no singular squares in D then the maximal
subgroup(s) of D must be either free or trivial (which may, of course, be considered
as a free group of rank 0). This is certainly the case with maximal Z-classes, as
the identity element 1 cannot singularise any square. The main result we aim to
prove in this section is as follows.

Theorem 6.1. Let £ be a finite biordered set with the property that the mazimal
subgroups in all non-mazximal PD-classes of 1G(E) are finite. Then IG(E) has a
decidable word problem.

For this goal, we need a bit more preparatory work.

Lemma 6.2. Let D be a reqular P-class of IG(E), and let x,y € D be such that
x = (i,9,\) andy = (j, h,p). Then xy is a reqular element of 1G(E) if and only if
Paj # 0 (i.e. if and only if Ly N Ry contains an idempotent).

Proof. If pyj # 0 then we simply have
xy = (i,9,\) (4, h, 1t) = (i, gpjah, ) = (i, gf ;3 b, ) € D,

showing that xy is regular.

Conversely, assume that py; = 0, so that Lx N R, contains no idempotent. Then
it immediately follows that xy ¢ D, since in the corresponding principal factor D°
we have xy = 0. More precisely, we have that xy € D’ for some Z-class D’ that is
7 -below D; so, if we assume (seeking a contradiction) that xy is a regular element
of IG(E), it follows that D’ is a regular Z-class. Hence, by Theorem 2.5 it follows
that xy = wev for some e € F and u,v € E* such that € € D’. On the other hand,
by Lemma 2.3 both x and y can be represented as products of idempotents from
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D: x =wy and y = ws for some wy,ws € Eg. Thus we get that wiws = wew; in
particular, there are words ug, u1,...,u, such that

WiWe = Uy = U] = -+ = Uy, = UE.

However, this is not possible, as each rewriting rule stemming from the presentation
of IG(E) either replaces a two-letter word ef consisting of letters corresponding to
idempotents e, f from ¥ -comparable Z-classes by a letter g such that g is 2-
related to one of the previous idempotents from the ‘lower’ &-class, or replaces a
letter g with a word ef such that one of €, f is P-related to § and the other is from
a Z-class that is ¢ -above Dg. Hence, starting from vy € E$ one can never obtain
a word that contains a letter e such that € € D’, a contradiction.

(By the way, this shows that wjws is a minimal r-factorisation, so that the
9-fingerprint of xy is (D, D).) O

Lemma 6.3. Let D, D’ be distinct mazimal regular 2-classes of 1G(E), and let
G,G" be maximal subgroups of D and D', respectively.

(i) The contact automaton A(D,D’) is either empty or contains only loops
around each vertex labelled by (1g,1g/) if € has an identity element 1.

(ii) The restriction of the contact automaton A(D, D) (of D with itself) to the
vertices (X, j) such that px; = 0 is either empty or contains only loops
around each vertex labelled by (1g,1¢) if € has an identity element 1.

Proof. (i) Assume that A(D,D’) contains a transition ((A1,J1),e, (A2,5%)) such
that e # 1, A1, A2 € A and ji,j5 € I’. Then, in particular, we must have either
(1,9, M1)€ = (i, h, A2), or (i,g, A1) = (i, h, A\2)e for some i € I, g, h € G; either way,
D < Dg. Analogously, we arrive at D’ < D, which is impossible since both D, D’
are maximal and e is non-identity, a contradiction.

(ii) Assume that py; = 0 while there is a transition ((A,7j),e, (\,j’)) in the
automaton A(D, D) for some pair (X, j’) such that e # 1. Then we must havee € D
(as D < Dz and D is maximal), and either (i,g,A\) = (i,¢’,\N)e and e(j, h,u) =
(4', W', ) for some 7,  and group elements g, g’, h, b’ € G, or, conversely, (i, g, \)e =
(i,¢',N') and (j, h,u) = €(4’, ', ). This means that if

e= (k7f1€Va V)

we have v = )\ in the first case and k = j in the second; in either case we reach a
contradiction because of py; = 0. ([

Lemma 6.4. Let G be a finite group and F a free group of finite rank. If p is a
rational subset of G x F? then for each g € G, the set

gp={weF: (gw)€p}
is a rational subset of F? (and of F as well).

Proof. First of all, any group H is isomorphic to its dual H?. So, once we prove that
gp is a rational subset of F'9, the analogous assertion about F follows immediately.

Also, F9 is now a free group, so G x F? is a virtually free group. Therefore, we
can use the result of Grunschlag [20] (see also [1, Subsection 3.4] and [35]) describing
rational subsets of finitely generated virtually free groups. Namely, if we start with
such a virtually free group and consider its normal free subgroup of finite rank and
finite index — in our case, {1g} x F? — and fix a set of right coset representatives —
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which is {(g,1r) : g € G} in our case — then any rational subset p of G x F? can
be written as
p= U Ry(9,1F)
geG
for some rational subsets Ry of {1} X F?. Since gp is simply the image of R,
under the natural isomorphism {1g} x F? — F?  the lemma follows. (]

A dual result also holds for rational subsets p of direct products F x G where
F is free and G is finite. For a rational subset p of F' x G' we shall denote by pg
the set {w € F: (w,g) € p} (which now also follows to be a rational subset of F'
and F?). Tt is not difficult to extract from the proof of Proposition 4.1 in [35] that
given ¢ € G and a rational subset p of G x F? (resp. F x G?), the rational subset
gp (resp. pg) of F is effectively computable.

Proof of Theorem 6.1. Following steps (1)—(4) from the summary from the previous
section, our task reduces to deciding equalities of the form

(ilagla )‘1) e (im79m7 Am) = (.j1? h’l? lu’l) Tt (.]’V‘VH h’m) /J/m) (61)
in IG(E), where the elements in the above products form irreducible r-sequences,
both with Z-fingerprint (D1, ..., D). Note that if £ contains an identity element,
we can safely assume that it does not appear in the above equality. By Theorem
5.2, it suffices to check whether i; = j; and A\, = p,, and then invoke the problem

P(G1,.., G p1( A1, 025 41, 52) 5 - -« s Pr—1 (Aim—1 %ms Bm—1, Jm))s
for input g, hi € Gi, where Gy, is the maximal subgroup of Dy, 1 < k < m. Note
that these groups are either finite or free (of finite rank); the latter happens only if
Dy, is a maximal P-class of 1G(E).
Note that Lemmas 6.2 and 6.3(ii) imply that whenever Dy = Dy = D is a
maximal Z-class (with a free maximal subgroup Gy = Giy1), we have py,i,., =
Purins: = 0 in the principal factor of D and so

{(1Gk’ ]‘Gk+1)} if ()‘kaik-‘rl) = (ﬂk;jk—&-l),

ke (Aks Tt 15 s Jht1) = :
il L H +1) { %] otherwise.

Moreover, by Lemma 6.3(i) it immediately follows that the same conclusion holds
when Dy, and Dy are two distinct maximal Z-classes.

Consider the set X C [1,m] of all indices k such that G}, is not finite, i.e. such
that Dy, is a maximal Z-class with a nontrivial free maximal subgroup Gj. So, for
(6.1) to hold, we must have A\ = ux and ip41 = jgt+1 whenever k, k+ 1 € X, for
otherwise

P(G1,...,Gripi(My iz, J2), - s pm—1 (A1 U fim—1, Jm)))

would fail, as it would contain at least one empty relation. Hence, our theorem
will be proved as soon as we prove that the problem P(Gy,...,Gn;p1, -5 Pm—1)
is decidable whenever p, = {(1g,,1q,,,)} for all k£ such that k,k +1 € X. To
keep in line with the original definition of this problem (and step away from the
particular situation in which it is invoked), we assume that the input consists of
elements ay, b € G, 1 <k < m.

Consider first the case m = 1. As already noted in Remark 5.4(i), the problem
we are considering boils down to the word problem of the maximal subgroup G of
a single Z-class. As G is either free or finite, it has a decidable word problem.
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Now let m = 2, so that the Z-fingerprint we are considering consists of a pair
of P-classes (D1, D2). As noted in Remark 5.4(ii), we are faced with the task of
deciding whether (a’lbl,bgagl) € p1. If both Dy, Dy are maximal, then p; =
{(1¢,,1¢,)}, so our problem is equivalent to a; = by and az = be. On the other
hand, if both Dy, D5 are not maximal, then their maximal subgroups are finite, and
so is the relation p;. Thus our problem is again decidable. Finally assume that Dy is
maximal, while Dy is not (the converse case is analogous). Then G is free and G is
finite. The condition (a~1by, b2a2_1) € p1 can be rewritten as a~'b; € p; (bgagl). By
the remarks following Lemma 6.4, p;(baay 1) is an effectively computable rational
subset of the free group Gy, so the latter question is decidable by Benois’ Theorem.

Therefore, in the remainder of the proof we may assume that m > 3. Let x5 — &;
be an arbitrary assignment of values from the finite groups G to variables x, such
that s € X; we will call this simply an assignment. Clearly, there are only finitely
many assignments. Define the problem

P(Gla RN} Gm§ P1y--+ 5 Pm—1; gs)s&X
to be the original decision problem P(Gy,...,Gm;p1,- -, Pm—1) but with the value
of each variable zs such that s ¢ X fixed at £. It is now immediate that
P(G1,...,Gm;p1,---,pm—1) yields a positive answer if and only if at least one
of the finitely many problems P(G1,...,Gm;p1,- .-, pm—1;&s)sex yields a positive
answer. Our aim is thus to show that each of the latter problems is decidable.

To this end, for each k € X, 2 < k < m — 1, we examine the conditions imposed
on the variable xj. If x; appears within the second coordinate of a condition from
P(Gi,...,Gm;p1,-- ., pm—1;&s)sgx, the possibilities are as follows:

o (a;'by,x3) € py if k= 2;
° (a,;_llx;_llbk,l,xk) €pr_1ifk>2and k—1¢€ X;
° (a,ilgk_jlbk_l,xk) Epp_1ifk>2and k—1¢ X.
These conditions yield, respectively, that
e a; =b; and x9 =1, if 1 € X, and otherwise x5 € (aflbl)pl;
® T — 1Gk;
o 2y € (ay & bem1)pr—1-
On the other hand, for conditions where x; appears within the first coordinate we
have the following possibilities:
° (a;lmlzlbmmkﬂ) eppifk+1<mand k+1¢€X;
o (ay '@y bk, &py1) Eppif b+ 1<mand k+1¢ X;
o (a;'wy bk, bmart) € p if k+1=m.
These conditions yield, respectively, that
o 1 =bya;
o 7y, € by(prbrs) tag
o 1 = bkagl and a,, = b,, if m € X, and otherwise

Ty € bk(pk(bma;f))_la,;l.

In summary, a problem of the form P(G1,...,Gm;p1,- .., Pm—1;&s)sgx is equiv-
alent to checking a certain collection of conditions of the following four types (where
for convenience we set £ = 1 and &, = bma;ll):

e aj = by, for certain values of k (determined by the set X), which is trivially
decidable (since Gy, is either finite or free);
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° bk.a,;l IS (a,:ilf,:jlbk_l)pk_l for certain values of k, where the right-hand
side is an effectively computable rational subset of the free group Gy, and
thus conditions of this type are decidable by Benois’ Theorem;

° a,;lbk € pr€r41 for certain values of k — again, the right-hand side is an
effectively computable rational subset of the free group G, with the same
decidability conclusion as above;

e a question whether an intersection of two computable rational subsets of a
free group (which itself is rational and effectively computable by [1, Corol-
lary 3.4(i)]) is empty, which by Benois’ Theorem essentially reduces to the
(decidable) emptiness problem for rational languages.

Therefore, we conclude that, under the given conditions, each of the problems
P(Gi,...,Gm;p1, - pm—1;&s)sgx is decidable. This completes the proof of the
theorem. (]

The biordered set of idempotents of 7T,,, the monoid of all transformations of an
n-element set, arises from its idempotent generated subsemigroup (E(7,)) = (T \
S,)U{id,,}. These are both regular monoids, and the structure of their (necessarily
regular) Z-classes is well known: they form a chain D,, > D,,_1 > D;,_9 > -+- > D;
so that D, consists precisely of all transformations of rank r (where rank of a self-
map of n is the size of its image). Hence the regular Z-classes of 1G(E7, ) also form
a chain of length n, and the main result of [19] (as well the subsequent discussion
in the final section of that paper) provides the information about the maximal
subgroups. If D, denotes the Z-class of IG(E7,) corresponding to D, then it is,
naturally, trivial for » = n, for r = n — 1 the maximal subgroup of D,,_; is the
free group of rank (Z) — 1, while for 7 < n — 2 the maximal subgroup of D, is the
symmetric group S, just as in 7.

Analogous statements for P7T ,,, the monoid of all partial transformations of an n-
element set, follow from the results of the paper [7] (only the rank of the free group
arising from the Z-class of rank n — 1 partial maps will be different). Therefore,
the biorders of both 7, and PT,, satisfy the assumptions of Theorem 6.1, allowing
us to deduce the following conclusion.

Corollary 6.5. For any n > 1, the free idempotent generated semigroups |G(Er,)
and 1G(Epr,) have decidable word problems.

Since the Z-class structure of matrix monoids M, (Q) over a division ring @ (and
its idempotent generated subsemigroup (E(M,(Q))) = (Mn(Q) \ GL,(Q))U{I,})
is also well known — the relation 2 = _# simply classifies matrices according to
their rank — it would be interesting to determine whether the biordered set £y, ()
falls under the scope of Theorem 6.1, provided @ is a finite field. We recall that
it was proved in [8] that if » < n/3 then the maximal subgroup of 1G(Eyy, (q))
contained in its Z-class D, corresponding to rank r matrices is GL,.(Q). Meanwhile,
computational evidence has arisen [31] that the bound r < n/3 might be sharp, so
that the main result of [8] is no longer true in higher rank %-classes. Therefore, it
seems sensible to ask the following question.

Problem 1. Let @ be a finite field. Is the maximal subgroup of IG(£yy, (@)) contained
in its Z-class D, (corresponding to matrices of rank r) finite whenever r <n —2 ?
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7. APPLICATION II: THE WEAKLY ABUNDANT PROPERTY

There is a particularly neat way of expressing regularity in semigroups: namely,
an element a of a semigroup S is regular if and only if there exist idempotents
e, f € E(S) such that e £ a % f (see [23, Proposition 2.3.2]). In other words, S is
regular if and only if each #Z-class and each .Z-class of S contains an idempotent.
By imposing an analogous condition for generalisations of Green’s relations % and
Z, namely Z* and £*, and also Z and £, we arrive at notions of abundant and
weakly abundant semigroups, respectively.

Now we briefly recall some basic definitions and results from [13, 16, 25]. Let S
be a semigroup. The relations Z* and Z* are defined on S by

aZ*b = Yo,y € S') (ra=ya < b= yb)
and

aL*b & (Vo,ye S (ax = ay < br = by)
for any a,b € S. As remarked in [16], it is easy to see that Z C #* and .¥ C .£*
in any semigroup, and that we have #Z = #Z* and £ = £* whenever S is regular.
Furthermore, we denote by J#* the intersection Z* N .Z*, and by Z* the join
Z* NV Z£*. Note that, unlike for ordinary Green’s relations, in general we have
RH* o L* # L* o A* (see [16, Example 1.11]). A semigroup S is abundant if each
Z*-class and each Z*-class contains an idempotent. The role that the relations
X, L*, #* and 2* play in the theory of abundant semigroups is analogous to
that of Green’s relations in the theory of regular semigroups.

Lemma 7.1. [16] Let S be a semigroup with a € S and e € E(S). The following
statements are equivalent:

(i) a Z* e;
(ii) ea = a and for any x,y € S*, xa = ya implies xe = ye.
There is yet another extension of Green’s relations (and, in fact, of their starred
counterparts), introduced in [13] and further studied in [25], that is useful for non-
abundant semigroups. Define relations Z and .Z on a semigroup S by

aZb < (Ve € E(S)) (ea = a < eb=b)
and .

aZb s (Ve€ E(S)) (ae=a<be=0)
for any a,b € S. Clearly, Z* C Z and £+ - Z. IS is abundant, then Z* -7
and Z* = £ (see, for example, [25, Theorem 1.5]). While #* is always a left
congruence and £ is always a right congruence on any semigroup S, this is not
necessarily true for Z and £ (see [25, Example 3.6]). A semigroup S is weakly
abundant (or, following [26, 27], a Fountain semigroup) if each #-class and each .Z-
class contains an idempotent. We say that a weakly abundant semigroup S satisfies

the congruence condition if # is a left congruence and .Z is a right congruence. So,
any abundant semigroup is weakly abundant with the congruence condition.

Lemma 7.2. [25] Let S be a semigroup with a € S and e € E(S). The following
statements are equivalent:

(i) aZ e;

(ii) ea = a and for any f € E(S), fa = a implies fe = e.
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As yet another application of the main results of this work, we show that for any
finite biordered set £, IG(£) is a Fountain semigroup with the congruence condition.
To this end, we need the following notion. A word w with a minimal r-factorisation
W = P1...Pm is said to be in reduced form if all letters of each factor are seeds.
Notice that every word from E7 is equivalent in IG(€) to a word in reduced form.
To see this, let w € ET. We know that w has a minimal r-factorisation p; ...pm,
such that all p;, 1 < ¢ < m, are regular and no nontrivial product of consecutive
Pi’s is regular. Now it follows from Lemma 2.3 that p; = €;1 ... €;;) holds for some
ei; € E such that &;; € Dy; for all 1 < j < [(4); thus we obtain a word w’ in reduced
form such that w = w’.

Theorem 7.3. Let € be a finite biordered set. Then the free idempotent generated
semigroup 1G(E) is a Fountain semigroup satisfying the congruence condition.

Remark 7.4. Throughout the following proof, we will repeatedly use the following
argument: if u,v € ET are such that uv is regular in I1G(£), with a seed e lying
in u, then w is regular, e is a seed for u, and uw Z wv. Indeed, if u = ujeus so
that uie £ e Z eusyv, then also euy # €, and now by Remark 2.6 we have that
w is regular with e being a seed for u. Furthermore, since Z is a left congruence,
U = ujeus £ uieuzv = uv. Dually, if uv has a seed f lying in v, then T is regular
(with f being a seed for v) and we have v .% uw.

Proof of Theorem 7.3. Let w € ET. By the remarks preceding the statement of
the theorem, there is no loss of generality in assuming that w is already in reduced
form, so that we have a minimal r-factorisation w = pp ...p,, such that each letter
of each factor p;, 1 <i < m, is a seed for p;. Hence, we can write p; = e;1... ey
so that for all 1 < j < (i) we have &; € Dy;.

Let e = e1;. Clearly, ew = ew = w. Now assume that f € FE is such that
fw = fw =w. By repeated applications of Lemma 3.2, we conclude that fw has
a minimal r-factorisation fw = p) ...p,, such that each ]7; is regular, no nontrivial
product of consecutive E’s is regular, and E 2 7p; forall 1 <i <m. But pj = fp
for some (possibly empty) word p, so we have, by Theorem 3.4, and since e is a
seed for pq,

fo=0 2P #¢,
from which it follows that fe = e. Hence, @ % e. Dually, w <z €mi(m), SO that

IG(E) is a weakly abundant (i.e. Fountain) semigroup, as required.
Next we show that IG(€) satisfies the congruence condition. To this end, assume

that wy,ws,2 € ET are (already) in reduced form, and that UT@; wWy. Let wy =
P1..-Pm, wa =pj...p, and z = q; ...q be the corresponding reduced minimal r-
factorisations, so that every letter is a seed for its corresponding factor. Recall that

we have already proved that wy Z €7, where e; is the first letter of p;, and similarly,
ITQ%; €3, where es is the first letter of p|. Therefore, (?1/%7 €3, and since e, é3 are
idempotents, Lemma 7.2 easily implies that in fact €7 Z 3. Since Z is always a left
congruence, we have ze; #Z ze;. So, if we prove that 2711)15@7 zey holds (while also
proving %i@j% by way of analogy), we would obtain 2711)1;@7761 K74 Tegjﬁj ZWs
and thus achieve our goal of showing m:@; ZWs.

Consider now the word zw; = ¢y ...qxp1 - --Pm, and assume that for some 1, j
we have that ;... qxp1 ... Dp; is regular. Then the word ¢; ...qip1 ... p; contains at



FREE IDEMPOTENT GENERATED SEMIGROUPS 33

least one seed g. If this seed lies within ¢; for some i <[ < k, then

Dﬁ = D? = in~~~qkpl~~pj < DQi~~Qk < DW

(where the first equality follows from Theorem 2.5 and Remark 2.6). Therefore,
G- qr 2 qi, implying that g; ... is regular, which is possible only if i =1 = k.
Similarly, if g lies within p, for some 1 < r < j, then we must have 1 =r = j. It
follows that products of consecutive factors within ¢ ... qxp1 - .. pm that represent
regular elements of 1G(E) can only be either of the form ggp; ... p;, or of the form
Qi - - - qxp1- In other words, zw; has a minimal r-factorisation of one of the forms:

® g1...-9kP1---Pm;
® q1...q—1(qkp1 ... Dj)Pj+1 ... Pm (with a seed for gxpi...p; lying within
k), or
® q1...¢i-1(qi - qkp1)p2 ... pm (with a seed for ¢; ... gxp1 lying within p;),
and these can be turned into reduced form by applying Lemma 2.3 to the elements
represented by subwords in parentheses.
An analogous statement can be formulated for the word ze; with m =1 and e;
in the role of p;. Bearing this in mind, we have three cases to consider.
Case (1): zey = q1 ... qre1 is a minimal r-factorisation, as written. In particular,
Gre1 is not regular. We claim that

ZWw1 =dq1---4kP1---Pm

is also a minimal r-factorisation, as written. Indeed, if gzp1 ... p; is regular for some
j < 'm, with a seed lying within g, then (i) of Remark 2.6 implies

T £ Q1 ---D; £ e,

contradicting the non-regularity of gpé;. On the other hand, if §; - .- gxp7 is regular
for some ¢ > 1, with a seed lying within p;, then (again by (i) of Remark 2.6) we
have

1 £ @ a1 £ QD1
implying the regularity of gxp;. However, since e; is a seed for py, €1 # pr, and
SO Qre1 Z Qxpi, thus gper is regular, a contradiction. Since now both zw; and
zeq have reduced form minimal r-factorisations whose first factors are g1, the facts
already proved imply that Zw; # f % Zer, where f is the first letter of ;.

Case (2): zey = q1...qi—1(q; - - - gre1) is a minimal r-factorisation for some i > 1,
whose reduced form is obtained by applying Lemma 2.3 to the ‘parenthesised’ suffix
Qi -..qre1- We have that either e; is a seed for this suffix factor, or i = k and a
seed for gie; lies within gi. Since e7 Z p1 and Z is a left congruence, we conclude

Qi qre1 £ Gi - - qrD1,s
which implies that g; ... gxpr must be regular. We claim that

2w1 =q1...¢i—1(qi - qkP1)P2 - - - P
is a minimal r-factorisation if ¢ < k, while if ¢ = k there is a minimal r-factorisation
of zwy of the form
2W1 =d(q1... qu(qwl .. ~pj)pj+1 «o - Pm

for some 1 < j < m (here j > 1 is the maximal index with the property that
QkD1 - --D; is regular, which exists, as we already know in this subcase that grp:
is regular). According to our previous analysis, there is only one way in which
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this could fail: that §;---q; ... qxp1 is regular for some | < i (with a seed lying
within ¢;...qgp1). However, this is impossible, as §;-.-qre1 Z G ---qrp1 implies
that @ ... qxey is regular, a contradiction. Summing up, we again have that both
zwy and ze; have reduced form minimal r-factorisations whose first factors are ¢,
and so the required conclusion follows just as in Case (1).

Case (3): zey is regular, so that Lemma 2.3 can be applied to the entire product
q1 -..qre1. Now we have

Ze1 =qi ... qke1 £ Q1 - - - QD1

just as in Case (2), so @1 ... qrp1 is a regular element of 1G(E). Suppose first that
k > 1. Then the seed of the product ¢ ...gxe; is e, and it immediately follows
that
zwi = (q1 - qkP1)P2 - - - Pm

is a minimal r-factorisation, whose reduced form is obtained by applying Lemma 2.3
to the prefix ¢ ... qxp1. However, since zey Z q1 - - - rp1, it follows that no matter
how we write Ze; = f1 ... and 1. .- qrp1 = f2... as products of idempotents from
D=, we certainly must have f; Z fo. We do know that zey Z f, and zwy Z fo,
thus we arrive at the required conclusion zZwy; # Ze;. It remains to consider the
case k = 1. Now there are no restrictions regarding the position of the seed in ¢;e;
(it can be either e; or lying in ¢;), but we do know that g1p; is regular. Hence, it
follows (similarly as in Case (2)) that there is a minimal r-factorisation of the form

2wy = (q1p1 - - - Pj)Pj+1 - - - P>

where j > 1 is the maximal index with the property that gipi...p; is regular.
Since there is a seed of ¢p; ...p; lying within one of ¢;,p;, we have

ze1 =qier £ @p1 £ b1 - - -Djs

and now Zwy 73 ze; follows by an analogous argument as above.
This completes the proof that Z is a left congruence of IG(E); by left-right duality

we can show that Z is a right congruence. Therefore, the Fountain semigroup 1G(E)
satisfies the congruence condition. [

It was proved in [6] that IG(E) is abundant whenever £ is the biordered set of a
semilattice. On the other hand, Example 6.5 of the same paper supplies an example
of a finite biordered set £ such that IG(E) is not abundant. Hence, we finish the
paper by posing the following intriguing question.

Problem 2. For which finite biordered sets £ is 1G(€) abundant?
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