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CLOSED EXTENDED r-SPIN THEORY AND THE GELFAND-DICKEY
WAVE FUNCTION

ALEXANDR BURYAK, EMILY CLADER, AND RAN J. TESSLER

ABSTRACT. We study a generalization of genus-zero r-spin theory in which exactly one inser-
tion has a negative-one twist, which we refer to as the “closed extended” theory, and which is
closely related to the open r-spin theory of Riemann surfaces with boundary. We prove that
the generating function of genus-zero closed extended intersection numbers coincides with the
genus-zero part of a special solution to the system of differential equations for the wave function
of the r-th Gelfand-Dickey hierarchy. This parallels an analogous result for the open r-spin
generating function in the companion paper [5] to this work.

1. INTRODUCTION

Witten’s conjecture [26], which was proposed in 1991 and soon proven by Kontsevich [I§],
states that the generating function for the integrals of the cotangent line classes ¢y, ... ¢, €
H?*(M, ) on the moduli space of curves is governed by the Korteweg-de Vries (KdV) hierarchy.

At around the same time, Witten also proposed a generalization of his conjecture [27], in which
the moduli space of curves is enhanced to the moduli space M;{{Ta 1many OF T-spIn structures.
The latter is a natural compactification of the space of smooth marked curves (C; z1, ..., z,)

with a line bundle S and an isomorphism
SO = we | — Z%‘[Zi] ;
i=1

where o; € {0,1,...,7—1}. This space admits a virtual fundamental class ¢y, which is referred
to as Witten’s class and is defined in genus zero by

cw = e((R'1,S)Y),

. 1/ . . . .
with7:C — Mo/{a1 ...an) the universal curve and S the universal r-spin structure; constructions

of ey in higher genus have now been given by a number of authors [22], 8 19, [15] [7]. Let ¢
and e be formal variables, for 0 < o <r — 1 and d > 0. The r-spin Witten conjecture states
that if

29—2

1o € - d n n
SRR VD SR | g IRy ) P

g>0,n>1 0<ay,...,an<r—1 ’ g.{a1,-an}
2g—2+n>0  dy,...,dn>0

is the generating function of ¢-intersection numbers against Witten’s class, then exp(F %’C)
becomes, after a certain rescaling of the variables t§, a tau-function of the r-th Gelfand-Dickey
(r-GD) hierarchy in the standard normalization of flows [13]. The superscript “c”, which stands
for “closed”, is to distinguish this theory from the open theory discussed below. This result
was proven by Faber—Shadrin—Zvonkine [14].

If one allows that exactly one of the indices «; is equal to —1 and the rest lie in the range

{0,1,...,7 — 1}, then the space ﬂé’/fmwan} is still defined and R'm,S is still a vector bundle
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for New Scientists of Weizmann Institute, and by Dr. Max Rossler, the Walter Haefner Foundation and the
ETH Ziirich Foundation.
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2 ALEXANDR BURYAK, EMILY CLADER, AND RAN J. TESSLER

in genus zero, so genus-zero r-spin intersection numbers can be defined exactly as above. This
kind of intersection number was first considered in the paper [16]. We refer to this theory as
closed extended r-spin theory, and we define a genus-zero generating function by

l,ext * 1 d o an
Fy (t*) = Z Z ﬁ (T /M1/,~ ew N - win> tdll .. 'tdn'

n>2 0<ay,...,an<r—1 0,{aq,...,an,—1}
di,...,dn >0

1

In the current paper, we prove that FO;’eXt coincides with the genus-zero part of a special
solution of the system of differential equations for the wave function of the r-GD hierarchy.
The proof of this result proceeds by verifying that the closed extended r-spin correlators satisfy
certain topological recursion relations that allow the entire theory to be recovered from just
two initial conditions that can be explicitly calculated. We then verify that the genus-zero part
of the special solution satisfies the same recursions and the same initial conditions.

The reason for our interest in the closed extended generating function arises from an intriguing
connection to open r-spin theory, which is the generalization of r-spin theory to Riemann

surfaces with boundary. In [5], we construct a moduli space ﬂéy/,:’l of “graded r-spin disks”

that generalizes Mé/,: to genus-zero curves C' equipped with an involution that realizes C' as
two copies of a Riemann surface with boundary ¥, glued along their common boundary. The

moduli space H(l)/,:l itself has boundary and is not necessarily canonically oriented, so one must
prescribe boundary conditions for sections of bundles and specify relative orientations in order
to ensure that integration of their relative top Chern class is well-defined. After carrying out
this technical work, we obtain in [5] a definition of open r-spin correlators. When calculating
recursions for open genus-zero correlators, the closed extended correlators appear naturally,
and in fact, there is an intimate relation between the genus-zero sectors of the two theories that
we call the open-closed correspondence; see Section [5| below. The origin of this correspondence
is at present mysterious.

1.1. Plan of the paper. In Section 2 we recall the relevant background information on closed
(non-extended) r-spin theory. Section [3| then generalizes the definitions to closed extended
r-spin theory, proves the topological recursion relations, and calculates the two correlators

1
that form the initial conditions for the potential FO?’eXt. We turn to a detailed treatment of
the integrable hierarchy in Section [4) which allows us to state the main result of the paper,
Theorem and to prove it. Finally, in Section [5] we explain the correspondence between
closed extended and open r-spin theory.

2. BACKGROUND ON r-SPIN THEORY

We begin by reviewing the relevant background on the moduli space of r-spin structures and
its intersection theory, referring the reader to [9, I7], among many other references, for more
details.

Throughout what follows, fix an integer r > 2. An r-spin structure on a smooth marked
curve (C; z1, ..., 2z,) of genus g is a line bundle L on C together with an isomorphism

(2.1) L¥ > Woeg i= We (i%]) ,

=1

There is a smooth Deligne-Mumford stack M;/f{ parameterizing such objects, equipped with
a finite étale morphism to (indeed, a torsor structure over) the moduli space M, , of smooth
curves. Some care must be taken in the compactification in order to preserve these properties
of the moduli space of r-spin structures, and there are several ways to do so, as summarized
in [12 Section 2.2]. In our case, we compactify by allowing orbifold structure.
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More precisely, following [I], we define an orbifold curve as a one-dimensional Deligne—
Mumford stack with a finite ordered collection of marked points and at worst nodal singularities
such that

(a) the only points with nontrivial isotropy are marked points and nodes;
(b) all nodes are balanced—i.e., in the local picture {zy = 0} at a node, the action of the
distinguished generator of the isotropy group Zj is given by

(:L', y) = (Cka CEly),

where (} is a primitive kth root of unity.

An orbifold curve is said to be r-stable, following [9], if the coarse underlying marked curve is
stable and the isotropy group is Z, at every special point.

Let (C;z1,...,2z,) be an r-stable curve. An r-spin structure on C'is an orbifold line bundle L
together with an isomorphism as in . If 2y € C is either a marked point or a branch of
a node, then the multiplicity of L at zy is defined as the integer m € {0,1,...,7 — 1} such
that, in local coordinates (z,v) on the total space of L near zj, the action of the distinguished
generator of the isotropy group Z, at zy is given by

(’Z’U) = (CTZ7C:nU)'
A standard but crucial fact about the multiplicities is that they determine the relationship
between L and its pushforward |L| to the coarse underlying curve. Specifically, suppose that
C’ C C is an irreducible component with special points {z;} at which the multiplicities of L
are {my}. Then, if p: C" — |C’| is the natural map to the coarse underlying curve, we have

Llo =" (1El] ) ® O (Z %za) .

Given that werjog = p*Wicr|10g, We find that |L|MC,| satisfies the equation

(2.2) (‘Lch)w > Wi og (— ka[Zk]> .

Using (2.2)), one can prove (see, for example, the appendix of [T1]) that there is an equivalence of
categories between r-spin structures as above and orbifold line bundles L with an isomorphism

L®T =~ we (— Zul[zl]>

for which p; € {—1,0,1,...,r — 2} and the isotropy groups at all markings act trivially on
the fiber of L. Finally, replacing L by S := L(—>_, _ [z]), we find that there is a further
equivalence with the category of orbifold line bundles satisfying

(2.3) SO o~ ( Zaz % )

with
o; € {0,17...,’]"—1},
where again, the isotropy groups at all markings act trivially on the fiber of S. We view r-spin

structures as in ([2.3]) in what follows, and we refer to the integers «; as twists. When a; = r—1,
we say that z; is a Ramond marked point, and otherwise, it is said to be Neveu-Schwarz.

There is a proper, smooth Deligne-Mumford stack M ,: of dimension 3g — 3 + n parame-
terizing r-stable curves together with an orbifold line bundle S satisfying (2.3)). It is equipped
with a decomposition into open and closed substacks

——1/r - - Ml/’r’

Mgz{al’ )
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on which S has twist «; at z; for each i € {1,...,n}. Furthermore, it is equipped with a
virtual fundamental class ¢y from which a beautiful intersection theory can be defined. The
construction of ¢y, which we refer to as Witten’s class, was first suggested by Witten in genus

zero. Specifically, it is straightforward to check that in genus zero, if 7 : C — ./\/l L ,, denotes the
universal curve and S the universal line bundle, then R°7,.S = 0 and hence Rlﬂ'*S is a vector

bundle. We define the Witten bundle as
W = (R'1,8)" = R'7.(S" ® w,)
and set ¢y to be its top Chern class:

cw = e(W).

Via the Riemann-Roch formula, one can check that the restriction of ¢y to M(l)/{al an} has

complex codimension
—(r=2)+>

r

which is a non-negative integer if and only if /\/l0 {a1,..an} 18 HONEIMPLY.

It is interesting and highly non-trivial to find the appropriate generalization of this definition
to higher genus. Various constructions have now been given, by Polishchuk—Vaintrob [22],
Chiodo [8], Mochizuki [19], Fan Jarvis-Ruan [15], and Chang-Li-Li [7]. The result, in any of

these cases, is a class on M an} OF complex codimension

g{al, o

(24) e = (g B 1)(T _3) + Z?:l ai.

All of these constructions have been shown to agree after pushforward to M,,, [20, Theorem
3], at least when all insertions are Neveu-Schwarz (which, by the Ramond vanishing explained
below, is all that is needed).

One obtains correlators by integrating Witten’s class against 1-classes on the moduli space.
Namely, for each ¢ € {1,...,n}, let L; be the cotangent line bundle to the coarse curve |C| at
the 7th marked point. Then, in genus zero, we define closed r-spin correlators by

n 1 l
<i1_11:7—2i>0 . T/Ml/r € (W D @L@@dz> s

0,{ay,..., an}

which is nonzero only if the equation

(2.5) e+Zdi:3g—3+n

=1

is satisfied with g = 0.

Remark 2. 1 Putting the coefficient r in front of the integral in the definition of the correlators
<]_[Z 1 Td > and, more generally, putting the rescaling coefficient 719 in the definition of the

generating function Fr °(tf,e) is a matter of tradition. This allows to present some results in
a slightly more compact form.

A crucial fact that we require about these correlators is that they satisfy Ramond vanishing: if
a; = r—1 for some 7, then the correlator is zero. To prove this, suppose that S satisfies (2.3]) and

that a; = r —1. Let S be the universal line bundle on the universal curve 7 : C — M(l)/{rahman},

let A; C C be the divisor corresponding to the first marked point, and let S=8 (A1). Then
there is an exact sequence

(2.6) 0 — R'7.S = R°1.8 — ¢S — R'7,8 - R'1.8 — 0,
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where o4 is the section corresponding to the first marked point. We have RO, S = 0 and

( 8)®T &= O’lwﬂ- log = O 1/r 5

which implies that e(a{gl) = 0. By multiplicativity of the Euler class in (12.6)), this implies that
Cw — 0.

3. CLOSED EXTENDED THEORY: GEOMETRY

Although we have thus far only defined the Witten class ¢y under the assumption that

all twists lie in the range {0,1,...,r — 1}, there exists a smooth Deligne-Mumford moduli
stack M. 7 {al Lan} Darameterizing r-stable curves with a line bundle S satisfying (2.3) for any

tuple of integers {a1,...,a,}. This observation was made by Jarvis—-Kimura—Vaintrob [16],
who studied precisely how the virtual class should vary when «; is replaced by a; + .

3.1. Definition of extended r-spin correlators. Suppose that g = 0,
(3.1) a; € {-1,0,...,r—1}

for each 7, and there is at most one i such that a; = —1. In this case, one still has R, S = 0,
so we can define W := (R'7,S)" and set

&= e((R'm,.8)Y) = e(R'7.(SY @ wy)).

When there is no ¢ for which a; = —1, this simply recovers the definition of cy, given above.
The same formula (2.4) (with ¢ = 0) gives the complex codimension of ¢§*, and there are

correlators
7ext l
e dd;
T

0,{ay,...,
that vanish unless the dimension condition ({2.5) is satisfied. We refer to these as extended
r-spin correlators.

Remark 3.1. We caution the reader that the Ramond vanishing property does not hold for the
extended r-spin correlators. For example, a nonvanishing extended correlator with an insertion
of twist r — 1 is calculated in Lemma

3.2. Properties of the extended Witten class. Our goal for this section is to prove that
the genus-zero extended r-spin correlators satisfy certain equations analogous to the string
equation and topological recursion relations in Gromov—Witten theory. To do so, we must
study how ¢§i* behaves under the inclusion of boundary lelsors and forgetful morphlsms

Let us fix some notation. In general, boundary strata in M. 7 {a1 a,} are indexed by certain
decorated graphs, in which each vertex v represents an irreducible Component and is labeled
with its genus g(v), each half-edge h represents a half-node and is labeled with its twist «(h),
and there are n numbered legs labeled with the twists a, ..., a,. We denote by @(v) the tuple
recording the twists at all half-edges incident to v, including the legs. Note that the elements
of d(v) lie in {—1,0,1,...,r — 1} and that the twist is —1 at each half-node on which the
isotropy group acts trivially on the fiber of S.

Given I' as above, let /V; c MY

g.{a1,..
curves with decorated dual graph I'. Let I be the disconnected graph obtained by cutting all
of the edges of I', and let
—l/r . l/r
H M (v),a(v)

veV(T)
be the associated moduli space, where V(I") is the vertex set of I". Unlike the moduli space of

Lan} be the boundary stratum consisting of r-spin

curves, the r-spin moduli space does not in general have a gluing map ﬂ%/r — Mi/’] because
there is no canonical way to glue the fibers of S at the nodes. Nevertheless, letting Mp and ./\_/lf
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denote the moduli spaces of marked curves with dual graphs I" and f, respectively, one has
morphisms

(3.2) MY & M xg. MY B MY M

gv{alr--van}'

Let ¢ = 0. Then for any decorated graph I' of genus 0 we have Mf = My and, therefore,

./\/l X Wiy Ml/r Ml/r. Then the map g in is the identity. Suppose now that the
tw1sts aq, ..., a, at the legs of I' satisfy with at most one ¢ such that a; = —1, then we
refer to [' as a genus-zero extended r-spin dual graph. Note that even in this case, the vertex
moduli spaces ﬂé{;(v) may not themselves fit into the extended framework, since there may
be more than one half-edge of twist —1 incident to a given vertex. Nevertheless, there is a
consistent way to rectify the situation. Indeed, there is a unique function

o HI)—{-1,0,1,...,r =1}

on the half-edge set H(I") such that
(a) /(h) = a(h) mod r, for all h,
(b) o/(h) = a(h), if h is a leg,
(c) for each edge e = (hy, hy), such that a(hy) = a(hy) = —1, we have
(i) /() = (hy)=r—1,if ay,...,a, €40,...,r — 1},
(ii) exactly one i € {1,2} with o/(h;) = r — 1, if there exists 1 < j < n, such that
a; = —]_,
(d) for any edge e, each of the two connected components of the graph, obtained by cutting e,

has at most one leg h for which o/(h) = —1.
Let
—1/r
(3.3) : H M)

veV (T

where @'(v) is the tuple recording the values of o/ (h) at all of the half-edges incident to v. For
each v, let 7 (v) C H(v) denote the subset of the incident half-edges for which o/(h) # «a(h).

Then there is a morphism 7, : ./\/l0 &) ./\/l0 & (v) defined by sending an r-spin structure S
with twists @(v) to

S=8S20| Y ]|,
heT (v)

where zj, is the marked point corresponding to h; it is straightforward to see that S’ is an r-spin
structure with twists @’(v). The product of the morphisms 7, defines

—1/r  ——ext
T /\/lf - M5,

so we now have
——1/r

Mext q Ml/r i MO{al,...,an}7

where q ;= 7o p.
We can now state the decomposition property of the extended Witten class along nodes.

Lemma 3.2. Let I' be a genus-zero extended r-spin dual graph with two vertices vy and vy

connected by a single edge e. Let My and My be the factors of M%Xt corresponding to the two
vertices, and let ceXt and ceXt be the Witten classes on these two moduli spaces. Then

Tx ext ext ext
(3.4) gyipcyy = cyy, Xy
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Before proving the lemma, let us present an alternative way to construct the extended Wit-
ten class. Note that for each 1 < ¢ < n there is a canonical identification ﬂé’/{alman} =

Mo tar,..astr,...any defined by sending an r-spin structure S with twists a;, ..., a, to
S'=820(—[z]).

Moreover, this allows to identify the moduli spaces ./\/l0 {ot,..an) and Mé/fﬁl . pnys I all the

differences «; — 3; are divisible by 7. Denote by Sy, 4, — C the universal line bundle over the

——1/r
universal curve C = M, o}

Lemma 3.3. For any n > 2 and an n-tuple 0 < By,...,0, < r — 1, the extended Witten
class &3 on M(l)/{r 1B1,..3n) 1S €qual to
1/r 1/r

C%};t = Crk -1 ((Rlﬁ*srfl,ﬁl,.,.,ﬁn)v) € H” (Mo {r— 1,,6’17...,,6’”}) (MO{ 17517...,,871}) )
where tk = vk (R'm.S,—15,...5,)") = HTZB’

Proof. Let us consider the exact sequence ([2.6)) over the moduli spac M(l),/{:—l, Br,....3ny- Note that
S=S8_15,..p4, and S = S_14,...p,- Therefore, by multiplicativity of the total Chern class

in (2.6).
et =e((R'mS-1p,,.6,)") = k-1 (R'™Sr—16,,.8.)") 5
which proves the lemma. [l

This lemma implies the following symmetry property of the extended Witten class.

Corollary 3.4. Suppose n > 1 and 0 < By,...,08, < r — 1. Then, under the identification
M(l]/f Lr—1,81,80) = ./\/l(l]/;:; L—1,1,..8,}, the extended Witten classes on these moduli spaces

become equal. In other words,

(3.5) e (R'mS-1r-161,..8.)") = € (R'MSr1-11,8.)") -
Proof. By Lemma , both sides of (3.5) are equal to ¢y —1 (R'TSr—1r-1.8...8.)")- O

Proof of Lemma([3.9. Over M;/r, there are two universal curves: namely, we define Cr by the
fiber diagram

Cr —C

——1/r ir ——1/r
M - MO Sar,...,an}s

and we define Cg by the fiber diagram

C~——Cs

L r
M%xt ./\/l 1/7"

in which C is the universal curve over M%Xt, induced by the product description (3.3]). One can
decompose Cx = C; U Cy, and we let m; = 7|, for i = 1,2. Let

n:Cqs— Cr
be the universal normalization morphism.

Denote (by a slight abuse of notation) the pullback to Cr of the universal line bundle on C
by S, and let S; = n*S|e, for i = 1,2. There is a normalization exact sequence

0—=8—=nn'S = S|a, —0,
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where A, C Cr picks out the node that corresponds to the edge e of I'. The associated long
exact sequence reads

(36) 0— R07r1*81 S5, ROWQ*SQ — Roﬂ'*( Ae) — R17T*S — Rl’ﬂ'l*Sl D RI’JTQ*SQ — 0.

From here, we break the argument into three cases.

First, suppose that one (hence both) of the half-edges of e is Neveu-Schwarz. Then R7r,(S|a,)
0, since sections of an orbifold line bundle necessarily vanish at points where the isotropy group
acts nontrivially on the fiber. Thus, we have

RIW*S = le*Sl D RIWQ*SQ

on Mi/’". This implies that i8¢0 = ¢* (¢ i X et ), and the claim follows from the fact that
degq =1 [12] page 1348].

Next, suppose that one (hence both) of the half-edges of e is Ramond. Assume, without loss
of generality, that the vertices v; and vy of I" are incident to the legs marked by {1,...,n;} and
{n1+1,...,n}, respectively. Consider the universal line bundles Sah_,,7anl7,1 and S_

1704n1+17~--aan
over C, corresponding to the components M; and Ma, respectively. The pullbacks, via the

map Cz — 5, of these line bundles to C; and Cs, respectively, will be denoted by the same
letters. Clearly,

Sl - SOél,...,Oénl,—lv 82 - S—l7an1+1,...,an-
Note that R, (S|a,) = 078, where o, is the section of Cr with image A.. Since

(0:8)%" = 0hwn log = O—m,

we have ¢, (03S) =

Suppose, additionally, that a, ..., a, € {0,...,r—1}. Then we have R1,S; = R°m,. Sy = 0
and, by multiplicativity of the total Chern classes in (3.6)), we find that
B7) ¢ ((R'mS)Y) = ¢ (R'7148ay,any 1) @ (R'728 1.0, 10an) ) 120

By the Ramond vanishing, the right-hand side of (3.4) is equal to zero. Note that rk(R'm,S) =
rk(R'711,S1 @ R'7m2.82) + 1, therefore, by (3.7), et = e((R'm,S)Y) = 0.

Finally, suppose again that one (hence both) of the half-edges of e is Ramond, but there is
a marked point of twist —1. Without loss of generality, we can assume that oy = —1. Let

us write equation (3.7) for the n-tuple r — 1, as,...,q, and for i = tk (R' 1S, 1.0...0,) — 1.
Then, by Lemma , the left-hand side is equal to zrce"t The right-hand side of (3.7 . is equal
to

-----

= ((Rlﬂ-l*‘sfl a2,...,anl,r71)v) - € ((Rlﬂ'Q*Sfl,anﬁl,...,an)v) =

= (R GR).

Hence, 5.5t = (it W efpt) and using again that degq = 1 [12 page 1348] we see that the
lemma is proved. [l

The other property of the extended Witten class that we require is its behavior under pullback
via the forgetful map. There is only a forgetful map on the r-spin moduli space forgetting
marked points whose twist equals zero. Let

—1/r
Fory i1t Moty anot = Mojar,...ant

be the map that forgets 2,1 and its orbifold structure and stabilizes the curve C as necessary.

Lemma 3.5. Let ¢t be the Witten class for Mo {o1,...an}s and let it be the Witten class for

M(l)/{oa1,...,ozn,0} . Then

~ext * ext
cy = For, ey
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Proof. This follows immediately from the fact that the universal line bundle pulls back under
the induced morphism For,,; : C' — C on the universal curves. O

3.3. TRRs and string equation in extended r-spin theory. We are now prepared to
state and prove the topological recursion relations satisfied by the extended r-spin correlators
in genus zero. These follow from Lemmas and [3.5] by essentially the same argument as
given by Jarvis—Kimura—Vaintrob in [I7]. We denote by [n] the set {1,2,...,n}.

Lemma 3.6. For any i with d; > 0 and any j # k € [n] \ {i}, we have

%,ext r—1 1 ,ext %,ext
(3.8) <H > = Z Z <7’6"7’d H > < 2 O‘H > :
le[n] 0 I]_[}I:gf}\{i} a=-—1 lel leJ 0

In particular, we have the following equations, where K C [n] is the set of marked points

whose twist is r — 1 and without loss of generality we can assume that o = —1:
(a) (Neveu-Schwarz TRR) For any i € [n]\(K U {1}) with d; > 0 and any j € [n] \ {i,1}
we have

(3.9) <H TLZZ>T = Z Z<T0°‘Td HTd > < 7 aH >T +

l€[n] IT]J=[n)\{i} a=0 lel leJ 0
{1j}uKCJ
%,ext %,ext
-1 _oy ay r—1 (%)
+ E <TO Td,—1 Hle > <TO Hle > .
IT]J=[n)\{i} lel 0 leJ 0
1,5€J

(b) (Ramond TRR) For any i € K with d; > 0 and any j € [n]\ {1,i} we have

Fext T ext Lext
g o -1 __«o; (a7} r—1 [e%}
(3.10) <H le> = Y <7’0 Tdi_ll_[rdl> <To Hle> .
0

le[n] I1TJ=[n]\{:} lel 0 leJ 0
1,5€J

(c) (=1 TRR) Suppose that dy > 0. Then for any j # k € [n] \ {1} we have

s (M) - > S (vt M) (oIl ) +
le[n] 0 0

ITTJ=[n]\{1} a=0 lel 0 leJ
7.ke J,KCI

l,ext l,ext
s T
r—1__—1 oy —1 o
+ E <7‘0 Tagy—1 Hle > <7’0 Hle > .
ITTJ=[n)\{1} lel 0 leJ 0
j,keJ

Proof. Observe that the right-hand side of is always defined. Indeed, while it could be the

case that one of the two correlators in a summand has two insertions of twist —1, it is always

multiplied by a correlator with at least one insertion of twist 7 — 1 and no insertions of twist

—1; thus, by Ramond vanishing in the usual closed theory, that summand of (3.8} - ) vanishes.
The proof of (3.8) follows [17, Section 4.2]. Namely, on My, we apply the relation

i =Y ira(1),

r
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where the sum is over all single-edged graphs on which tail ¢ is separated by the edge from
tails j and k (see, for example, [28]). From here, we use the commutative diagram

——1/r ;F —1/r

(312) M MO,{al,-..,an}
S
m;}(t 7 p
N

- ir -
Mpr ——— My,

for each single-edged graph I'. First of all, note that if.p, =17- ﬁ,j;, which follows from the fact
that degp = % and deg p = 7%2 Combining this property with Lemma shows that

repe(th N ) = sz* (phirc() N ) =
= TZZF* Nplay') =
—~ TZZF* irp(ciyt)) =
=r? Z i pair (65) =
=7 ZZr*p*q*ZF (3 =
=7 Zmp* (i R eis)

Finally, multiplying this equation by the remaining 1-classes and integrating proves the claim.
The other items are specializations of the general case, using that the extended theory agrees
with the usual closed theory in the absence of an insertion of twist —1, and that in the usual
closed theory Ramond vanishing holds. O

The string equation in the closed extended r-spin theory is exactly as usual:

Lemma 3.7. We have

l,ext %,ext
A\ T ifn>3
ar) ™ - {Ergama)) " e
0

ZE[’VL] 5d1,06d2,05a1+a2,r727 Zf n = 2

Proof. The string equation can either be deduced algebraically from the topological recursions
above, or geometrically, by mimicking the proof of the ordinary string equation on M, and
applying Lemma [3.5] 0

3.4. Base cases. In addition to the above relations, the proof that the extended r-spin corre-
lators satisfy the equations for the wave function of the Gelfand-Dickey hierarchy requires two
base cases. We collect these simple correlators in the following lemma.

Lemma 3.8. We have
<7'_17'01’Tg 2>1/rext -1

and
1

1_r—1_r— 11/rext
) .

<’7'0 1’7'0 To
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Proof. In the first case, the moduli space is isomorphic to BZ, and Witten’s class has rank
zero, so the claim is immediate.
In the second case, Witten’s bundle has rank one, so
& = ((R'7,8)Y) = —c1(R'7,.S) = —ch (R'7,S) = ch(R7.S).

The latter can be calculated via Chiodo’s Grothendieck-Riemann-Roch formula [I0]. In our
situation, Chiodo’s formula reads:

1
C%);t — BQQ(T) K1 — 322(0)

B (3)
2

Bs(1)
2

Ball)y, 522l ),

U1 — 5

V3 —

P2 —

Yy + 3

where
2 1
By(z) == —x—l—a

is the second Bernoulli polynomial and I' is any of the three one-edged graphs on ﬂ(l),/{r—l,l,r—l,r—l}ﬂ

all of which yield the same divisor ir,(1). From here, the claim is immediate from the fact that

1
/W K1 = /W P = ;7

MO,{—Ll,r—l,r—l} MO,{—I,l,T—l,T—l}

-~ 1
/1/7“ ZF*<1) - ﬁ’

MO,{—I,l,r—l,r—l}
in which the last integral is a consequence of the Z, scaling and the additional Z, ghost auto-
morphisms on a nodal r-spin curve. U

for each i, and

4. CLOSED EXTENDED THEORY: ALGEBRA

In this section we prove the main result of the paper, Theorem [4.6] which describes the

1
function FO;’QXt in terms of the r-th Gelfand-Dickey hierarchy.

Sections 4.1| and contain the necessary background information on the KP hierarchy, its
Gelfand—Dickey reduction, and their relation to the closed r-spin partition function. Then,
in Section 4.3 we consider a special solution of the system of differential equations for the
wave function of the r-GD hierarchy and discuss its main properties. In Section 4.4} we prove

1 X . . . . .
Theorem M the function F({’e * coincides with the genus-zero part of the special solution. As
a consequence of this result, in Section [4.5 we obtain a simple interpretation of the genus-zero
1
part of the Lax operator of the r-GD hierarchy in terms of the potential FOT’eXt. Finally, in
Section 4.6, we propose a conjecture about the structure of the closed extended r-spin correlators
in all genera.

4.1. Brief review of the KP hierarchy. The material of this section is borrowed from the
book [13].
Consider formal variables T; for i« > 1. A pseudo-differential operator A is a Laurent series

m

A= > a,(T. )0y,

n=—oo

where m € 7Z, 0, is considered as a formal variable, and a, (7T, €) are formal power series in the
variables T; with coefficients that are complex Laurent polynomials in e:

an(Ty, €) € Cle, e Y[[Ty, Ty, . . ).
The non-negative and negative degree parts of the pseudo-differential operator A are defined
by

Api=) 0,0} and A_:=A- A,

n=0
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and residue of the operator A is defined by
resA:=a_;.

The Laurent series
m

zzl\(T*, £,2) = Z an (T, e)2",
in which z is a formal variable, is called the symbol of the operator A.
The space of pseudo-differential operators is endowed with a structure of a non-commutative
associative algebra, in which the multiplication is defined by the formula

k(k—1)...(k—=1+1)0"f ,_
Orof =2, 0 Pa

=0

where k € Z, f € Cle,e !][[T1, Ty, .. .]], and the variable z is identified with 7;. For any r > 2
and any pseudo-differential operator A of the form

A=a)+ i a0, ",
n=1

there exists a unique pseudo-differential operator A+ of the form
Ar =9, + Za,ﬁ;”,
n=0

such that <A%)T = A.
Consider the pseudo-differential operator
L=0,+ Zuﬁ;i, u; € Cle, e Y[[Ty, Ty, . . ]].
i>1

The KP hierarchy is the following system of partial differential equations for the power series u;:

a‘c n—1 n
For n = 1, the equation is equivalent to
ou;  Ou; .
= Y Z Z 17
8T1 8x

compatible with our identification of x with 77.

Remark 4.1. The factor "' is not included usually in the definition of the KP hierarchy (4.1]).
This rescalling is necessary, if we want to describe the function exp (F %’C(T*,g)) as a tau-
function of the KP hierarchy.

Suppose an operator £ satisfies the system (4.1)). Then there exists a pseudo-differential
operator P of the form

(4.2) P=1+> pu(T.£)d,",
n>1

satisfying £ = P o d, o P71 and

or

or,

The operator P is called the dressing operator.

(4.3) —"NLM_o P, n>1.
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We can now introduce the notion of a tau-function. Denote by G, the shift operator, which
acts on a power series f € Cle, e |[[T1, T3, . . .]] as follows:

1 1 1
Gz(f)(T17T27T3a"') ::f (Tl _;,TQ__Z,Tg—— ) .

ez 3223’

Let P =1+ Zn>1 pn(Tk, )0, ™ be the dressing operator of some operator L satisfying the
KP hierarchy (4.1). Then there exists a series 7 € Cle, e |[[T1, T3, T3, . . .]] with constant term
T|p_o =1 for Which
G.(1)

-
The series 7 is called a tau-function of the KP hierarchy. The operator £ can be reconstructed
from the tau-function 7 by the following formula:

P =

L 0% log T
, n>1.
o107,
Another important object associated to a solution of the KP hierarchy is the wave function

(also called the Baker—Akhiezer function). Let P be the dressing operator of some operator £
satisfying the KP hierarchy (4.1) and let 7 be the tau-function. Let

E(Ty,e,2) = ZT@’“ 1k,

k>1

res L7 = el

The wave function is defined by

G.(7)

T

w(T.,e,2) =P ¢ = ¢t € Cle,e [Ty, Ta, - - )l[[z, 2]

It satisfies the equations
ow

=¢
o7,

4.2. Gelfand—Dickey reduction and the closed r-spin partition function. Let r» > 2.
It is easy to see that the equation

(4.5) (L) =0

is invariant with respect to the flows of the KP hierarchy (4.1]). Therefore, it defines a reduction
of the KP hierarchy that is called the r-th Gelfand—Dickey hierarchy. Let

(4.4) LM yw, n> 1.

r—2
L:=L"=0;+ ) 0.

Then all the coefficients u; of the operator L can be expressed in terms of the functions
fos J1,- .., fr—2, and the Gelfand-Dickey hierarchy can be written as the following system of
equations:

OL  \yiw
. — n n/r > X
(4.6) i (T S

Clearly, % =0 for any d > 1.

Suppose L is a solution of the KP hierarchy satisfying the property . Then the dressing
operator P and the tau-function 7 can be chosen in such a way that 57— = 0 and 87 =0 for
any d > 1. In this case, the functlon T is called a tau-function of the Gelfand D1ckey hlerarchy

Consider the generating series Fr “(tt,e) of the closed r-spin intersection numbers,

29—2

1 9 1
Fre(tie) = >, = DL (maeemin ety

g>0,n>1 T0<an,. e an<r—2
2g—2+4n>0 d1,e..sdn >0
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1e
In [14], it is proven that the exponent 77¢ := e becomes a tau-function of the Gelfand—
Dickey hierarchy after the change of variables
1

(—p)rin 2 ),

(4.7) T, = ty, 0<a<r—2 d>0,

where k = o+ 1+ rd and

d
ko= [+ 14 7).
=0
The corresponding solution L of the Gelfand-Dickey system (|4.6)) satisfies the initial condition
(48) L|T22:0 = 8; +e "rx.

Let us prove a simple lemma describing the lowest-degree term in e of the operator L.
Lemma 4.2. Define a Poisson bracket {-,-} in the ring C[[T.]][z] by
{27 f} = amfv IS C[[T*H7
{flafZ}:{Zaz} = 07 flaf?eCHT*H
Then:
(a) The functions f; for 0 < i <r — 2 have the form

fi= S fHlemrts g e olm])

920

(b) Denote
r—2
Lo=0a,+Y  fYL.
i=0

Then the operator Ly is uniquely determined by the equations

n/r 62}7‘()1/7"7C

Ly = l<n<r-—1.
S = 9nar, ST
(c) We have
8L0 ~a ~
_ L"") T\,
aT, { ( )4 0}
Proof. Introduce the notation
2t
0 . g1-igg O F 1<i<r—1, j>0
w;”" = ¢ $8T18E7 ST>T ) J =Y,
9 =00 0<i<r—2 j>0.
Then it is easy to see that
i * *
(49) w; = ;fr—i—l + Pz(fyg—)fu s ?f£7)2>7
where P; is a polynomial in fﬁ)i, oo f @2. Moreover, if we assign to fé] ) degree r — k + 7, then

the polynomial P; is homogeneous of degree i+ 1. The transformation (4.9)) is clearly invertible,
so we have

r * *
(410) fz - ;wr—i—l + Qz(wg )7 ) 7w1("7)i72)7

where ); is a homogeneous polynomial of degree r — ¢ if we assign to wj(»k) degree 7+ 1+ k. It
remains to note that e
L PR
oT,0T;
and parts (a) and (b) of the lemma become clear.

w; = + O(E_i)
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Let us prove part (c), again using the homogeneity argument. We have

[

r—

[(L9), L) = 3 Ri(r)a,

7

Il
=)

where a polynomial R; has degree a + r — 7. Let us assign to fi(j ) differential degree j and
express a polynomial R; as

Ri(f&) =Y Ri;(f1),

Jj>0
where a polynomial R;; has differential degree j. Clearly, R;, = 0 and for R;; we have the
formula

We have R, ; = O(""~%"2), for j > 2, and
Ri,l — gi—r—a—i-léi(T*) + O(gi—r—a—i—Z)’

where

ﬂ
&
oo
=
N@
I
—N
/N
)
O3
N—
+
)
S
—

<.
I
o

Part (c) of the lemma is proved. O

4.3. Special solution of the equations for the wave function. Let L be the solution of
the Gelfand-Dickey hierarchy (4.6) associated to the tau-function 77¢ Let O (T, e) be the
unique solution of the system of equations

0P

_ n—1l/rn/r
(4.11) o =L

that satisfies the initial condition

Dy, o =1.

Remark 4.3. In the case r = 2, the function ® was first considered in [4], and the first author
proved there that the logarithm of ® coincides with the generating series of the intersection
numbers on the moduli space of Riemann surfaces with boundary. Properties of the function ®
for general r were first studied in [2]. Note that the system of equations for the function ®
coincides with the system of equations for the wave function w of the KP hierarchy. In [2],
the authors found an explicit formula for ® in terms of the wave function w.

Denote ¢ := log ® and consider the expansion

¢ = Zgg_l(bga ¢q € C[[T.]].

9gEL

Let

1
(4.12) Ty = -l o om > 1.

T ™
(=) mlr

Define correlators <T§‘ll x -T;">j by

3
<a1.__ an>¢._ a(bg
Tay = Tdn /g *7 gpar ] gpom ’
dy dn ltx=0

0<ay,...,a,<r—1, dy,...,d, >0.



16 ALEXANDR BURYAK, EMILY CLADER, AND RAN J. TESSLER

Lemma 4.4. The correlator <T§‘11 x -Tjn">j can be non-zero only if

(4.13) g>0,

~ (0 (r+Dg -1
" (% g —1) = T D=1
(4.14) ; —+ ;
Proof. Let us prove property (4.13)). The function ¢ satisfies the following equations:
a¢ — gn—l (L%)-‘re(b

oT, e

Therefore, it is sufficient to prove that for any function 6 € Cle, e7!][[T.]] such that § = O(e™!),

we have 5”_1@2%69 = O(¢71). From Lemma it follows that the operator L+ has the form
Lr =Y. RO, R, € Cl e [[T.], where R; = O(s"™"). By induction, it is easy to prove
that -

ol (020)™ ,
(4.15) =1l > H Yot > 0.
mi,ma,...>0 j>1

ijJ =1
Since 6 = O(e™"), we have [[,,(920)™ = O(¢™"). Therefore, R; 8&50 = O(e™") and

" 0le?
n—1 T _ —1
5 E_O Ri—ee =0().

Property (4.13]) is proved.
Let us prove property (4.14]). Consider the linear differential operator

0 r+1 0
0= > (F+d- )data—T%
0§3§671

We have to prove that O¢ = 0 or, equivalently, O® = 0. Using the Gelfand-Dickey equa-
tions (4.6)), it is easy to show that

P ~
—+0 =rL.
(2 o)z
Then, similarly, using equations (4.11]) one can show that O® = 0. The lemma is proved. [

Lemma 4.5. The function ¢ satisfies the string equation

0 0
(416> (a_ﬂ - Z(Z + T) 'L+raT) (Zs = T&‘ilTr.

i>1

Proof. Equation (4.16)) was proved in [2], but in order to make the paper more self-contained let
us give a proof here. Denote by O the operator in the brackets on the left-hand side of .
Using the Gelfand—Dickey equations , it is easy to show that OL = ¢~ "r. Then, similarly,
using equations one can show that O® = (re~'T,)®. U

4.4. Closed extended potential and the special solution. Consider the generating se-
1
ries [y ’eXt(tI) of the closed extended r-spin intersection numbers in genus zero,
s L ext 1 1 L ext n
Ero () :Z; DG RRERE a ) SR R i
n>2  0<ay,...,0n<r—1
d1,---7dn20

The main result of our paper is the following theorem.
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Theorem 4.6. We have
F%,ext <r—2 yr-ly /7 <r—2 r—1
R i A SR VAR 7\/—_—7]5* :
Before proving the theorem, let us formulate several auxiliary statements.

Lemma 4.7. The function ¢q satisfies the equations

000
8T;L 2=(¢0)x 7

Proof. From Lemma [4.2] it follows that the operator L+ has the form L» =" < Ri0,, where
Ry =) 50 Rije ™", Rij € C[[T.]]. Tt is also clear that >_,_ Rio2' = E(? We have

00 ix— o, Oie?
a—j,,n—éf ;Rl e

>+ nZl

Os3

(4.17) = (L

Since ¢ = e ¢y + O(£?), for any numbers mq, mo, ... > 0, satisfying > jm; = i, we have
IB%@W={2éﬁ£+O@iH%iﬁﬁ@iwdmfﬂ%:'”:Q
i1 ’ '
Using formula (4.15) we then get R; aﬁf = R0 "(¢o). + O(e™ ") and
n—1 ;e R i 0 -1 (7% 0
€ i— g =€ ;Ri70(¢0)x +0() = (Lg)+ o T O(e”).
The lemma is proved. 0

Proposition 4.8. The function ¢y satisfies the equations

P PEC 6 0oy 96
a 5 Z ataat“ v AL + a o r—1a,8"
ote, ot aOth o ats | Ot otn ot

Proof. In the variables T; equations (4.18]) look as follows:

3¢0 a+r 82FT 8¢0 CL+T8¢0 8¢0
> 1.
(aTW) Zbr—b 8T6de<8Trb o, \ar. ) =

By Lemma [4.7] this equation follows from

OSOZ,,BST—17 paQZO

(4.18)

ptv=r—2

—_

r—

~a+r 2F%7C ~T—b ~a ~
(4.19) d(Lot) _yoafr Ok d(LO’"> +a+T(L5) dLo, a>1.
+ + +

— b(r — b) 0T,0T, r
Let .
V; :zres(Lé), 1<i<r-—1
Clearly, the functions fé‘”, e fio_]Q and vy,...,v,_1 are related by an invertible polynomial

transformation. Therefore, for any ¢ € 7Z, the coefficients of the Laurent series Zg can be
considered as polynomials in vy,...,v,_1;. Fora >1and 1 <b < r — 1 we have the following
identity (see, for example, [13], Sections 3.5 and 3.6)):

Lc
(9Ta(9Tb n a+r 5’11,,_1,
We see that equation (4.19) is equivalent to

~a+r
res L,"

(4.20) d <thr>+ = Z %res (Z?) d <Z§>+ + 2 —: L (Z§>+ dL.
b=1
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Let us express the left-hand side in the following way:
~atr a+r [~e a+r ~a ~
a(Ly) = <L5> dLy + ((Lg) dL0> .
+ r - N

Notice that the underlined term here cancels the underlined term on the right-hand side

of (4.20)). Therefore, equation (4.20]) is equivalent to
r—1
(4.21) atr ((fg) dio)

r

+ b=l
We compute

> e (B) 0 (1), = 3 b (1) (B0

We see that equation (4.21]) follows from the property

r—1
a+r (oo b o satry sbor o) 0] 11.—1
(4.22) o (E) =gy e (L) B sl )
Recall that (see, for example, [I3, Section 3.5])
r—2
a+r [~a 0 ~atry e _
(4.23) . (Lg)i Z Yok (L G )Z Ve e O
For any two elements f, g € C[ 0 . ,f,uQ][[z* ]] let us write f = g if the difference f — g lies

in 27"1C| (g()]’ e fio_g][[z*l]] Then, using identity (4.23)), we can compute

arr (E%> E§ 0 res (Aay> —i-1 — ii_res (Aa?> Iup i1 =
r 0)_ P f[O] oup P fz‘[O]

=0
b a ~a+r ~b—r r—1 b 8 Aa+r ~
—y 29 Lr)(Lr>z v 7 (L )L
;rﬁvb res< 0 0 )_ bz:rﬁvb res
Formula (4.22)) is proved. This completes the proof of the proposition. [l

Lemma 4.9. We have

1 ifr=2 e 1 ifr=2
4.94 1_r—2\¢ ’ ) L r=1\2\? _ ’ )
( ) <7’0 > { 1_T7 ifr23, <T0<7'0 ) >0 1_r’ if?"23.
Proof. Let us prove the first equation in (4.24]). We compute

8% ) 2 a1
0T -7 ((%)i * Ffi%) =T
20Lr—1|7,=0 r—1 Tx=0 r—1 T, =0
We proceed as follows:
oL N -
0 = (LO’" ) , Lo = <(ZT+7“$)T> 2 4 rx
aT’r’—l + T, =0 + =0
T.=0 *
= {z’”_l, 2"+ r:v}LEZO =r(r—1)2"2
Therefore, 8T§(29<§£—1 o 2(r —1). Applying changes of variables (£.7) and (4.12)), we see that

the first equation in (4.24)) is true.
Now, let us prove the second equation in (4.24]). First of all, we compute

Py
00T,

a$((¢0); + Tx)|T*:0 =T.

T«=0
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_ 0 5 2 [0] o 52% ?
T, =0 - oT? ((%)m " r TQ) T, =0 =7 (8T18Tr)

Using equations (4.7) and (4.12)), we can see that the second equation in (4.24) is also true. [
Proof of Theorem[{.6, We have seen (see Section and Lemmas that the func-

1 X 1 Xt . . .
tion F({’e * and the correlators <7'0’ 17'(‘1)‘1 Ty" ’“’e satisfy the following properties:

Therefore, we have

Py
0T,0T?

r

= 22

=,ex _1
(4.25) <7017§11- T ) “=0 unless Za (r Zd:n—Q

1 1
02 Fy RETCRET™ QR 2
(4.26) —0— = Z ata(;tﬂ e aota 7_01 5, 0<a,f<r—1, pqg>0,
atp+1at D 0 atoatq D 8t0 atq
ext 1,ext ]—
(4.27) <7'0 Moo 2> =1, <7'0 7o (75" >o -

It is easy to see that for any non-zero complex constant C, the function 50 defined by
Go(t7 2,171 = O (5572, C7HIT)

also satisfies equations (4.18]). Let C' = y/—r and

an $ . 8n¢0

)

0" oty ---oty" o

<Td1

Lemmas , and Proposition imply that the function (Zo and the correlators <T°‘1 s Ty >¢
also satisfy properties (4.25) — (4.27)). Therefore it is sufficient to check that these properties

are enough to reconstruct the function £ re
Note that the dimension constraint in property (4.25) implies that n > 2. Therefore,
by (4.26]), it suffices to determine the primary correlators

lex
(4.28) (o tag g (T 0 < an, o S -2,

By (4.25)), such a correlator can be non-zero only if

(4.29) Z(r—ai)—l—k:r—l—l.

i=1
First of all, suppose that [ < 1, so we consider the correlators
l X
Xo = (75 7 (g 1)) Y0<a<r—1.
Suppose 0 < v < r — 2 and consider the correlator
1.1 2\ =.ext
Y, : <7‘0 Ty (rh )t >0 )

Let us compute it using the topological recursion relation (4.26]) in two different ways. Apply-
ing (4.26) with @ =1, p=¢ =0 and 8 =, we obtain

2
(4.30) Y, = ('y;r )Xle.

On the other hand, applying (4.26) with a =1, p=¢g=0and g =r — 1, we get

+ 1 ext
(4.31) Y, = (7 9 )Xle +{(n7 T 7> X541
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For v < r — 3, we have (rj7J75~ - 7>0 = 1 (see e.g. [20, Section 0.6]), and, by (4.27),
lCX . . .
<Tong_2TO_ 1>6’ * = 1. Therefore, equating the right-hand sides of (4.30) and (4.31)), we ob-

tain

Xom=(0+1)XiX,, 0<~y<r—2.

Since X; = —1, this immediately implies that X, = (—1)“?—;, forany 0 < o <7 —1.
Consider now the correlator (4.28) with [ > 2. Suppose that condition (4.29)) is satisfied.
Recall that by [I] we denote the set {1,2,...,(}. For a subset I C [{], let

l,ext
my ::r_f_l_Z(r—ai), A[ = <7‘0_1 (HT(?Z> (Tg—l)m1> .

el

Consider the correlator

(432) 7 _< -1 a1 (H ) r— 1 k+r>r’ |

Applying (4.26) with « = oy, p=¢q =0 and § = «;, we get

(4.33)
1 l,ext
oy o i r 1 k+r ' T+ k
IuJ=[l] ptv=r—2 el 0 JjeJ 0 TuJ=
lel,leJ lel, ZGJ

Note that the underlined term on the right-hand side of this equation vanishes, because other-
wise we should have

r—u—l—Z(r—aj)—l—k—l—r:r—i—l:Z(r—ai) =r+(r—v)=
JjeJ i€l
I
:>Z(r—04i) 27“+2:>Z(r—04i) >r+42,
iel i=1
which contradicts (4.29). On the other hand, applying to the correlator (4.32) relation (4.26)
with a =ay, p=¢=0, and f =r — 1, we obtain

r+k—1
Z:Z( my )AIAJ:

TuJ=[l]
lel
(4.34)
T+k—1 T+k_1 T+k_1 -1 T*1T+1 %,ext
Dl L i e L G I
IuJ=[1] TuJ=[l]
1€l,led 1,lel, J£D

Note that here, by the same argument as above We also do not have terms with closed r-
spln correlators Equating the right-hand side of | and expression (4.34)) and using that

< 0 7"+1>0 sext ( 1>r 1(7’T 11) , we get

(r+k—1)! r+k—1 r+k—1
klypr—1 A[l] = Z my — 1 AIAJ - Z my A[AJ.

TuJ=[l] TuJ=[l]
1€1,leJ 1,lel, J£0D

(4.35)  (=1)"!

We see that for [ > 2, this equation allows one to compute the primary correlator (4.28) in
terms of primary correlators with smaller [. The theorem is proved. O
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4.5. Lax operator and the closed extended potential. Let us show that the opera-

1oy .
=0 has a simple interpretation in terms of the function FO“e ' Define the primary
closed extended potential in genus 0 by

1 1
=.ext . r—1\ .__ =,ext
FOT (to 900y to ) - FOT

#2,=0

Proposition 4.10. We have

oF; 1 -
(4.36) — = —— Lo
ato (—T>2(7‘+1>’]”

1—2r 1
— 2 T
z=(-r) g
t21:0

Proof. Using Theorem [4.6| we see that equation (4.36]) is equivalent to the equation
I _
oT - LO z=rT,

T1Ts .y 1=0 T>r411=0

that follows from Lemma and the fact that, by the string equation (4.16)), (¢0)$|T>r+1:0 =
rl,. -

~

4.6. Main conjecture. We conjecture that for any b > 1, gon > 0,0 < ay,...,a, < r—1,
and dy,...,d, > 0, there is a geometric construction of correlators
1
—1\b\ y-ext
(e )
generalizing the construction for b = 1 and g = 0. Given such correlators, define a generating

1 ex
series Fy’ t(t*) for any g > 0 by

T,ext o am (——1\b\ 7€t Loy an
Fy E g 'n' E (gt o1 (g ) A S

h>0, b>1 n>0 0<ai,....,an<r—1
2htb— di,...,dn>0

Conjecture 4.11. For any g > 0,

L ext 1—g 1
ng-v — (_T>T¢g (tgr—27 _tr—l ]
L

5. OPEN—CLOSED CORRESPONDENCE

In the forthcoming work [5], the authors generalize the definition of the moduli space of
r-spin structures and its Witten class to the setting of genus-zero surfaces with boundary, or
disks. We summarize the construction of [5] in this section and explain the connection between
open and closed extended theory.

5.1. Open r-spin theory. A Riemann surface with boundary is a tuple (C, ¢, 3, {2}, {z;}),
where C' is an orbifold curve equipped with an involution ¢ : C' — C' that realizes |C| as a union
of two copies of the Riemann surface with boundary 3, glued along their common boundary;
we write

|C| = Y Uy 3.
Here, z1,..., 2, € C are the internal marked points (whose images in |C| lie in 33\ 9%, and each
of which has a partner Z; := ¢(z;) whose image lies in ) and z1, ..., z,, € 9% are the boundary

marked points. We define a graded r-spin structure on a Riemann surface with boundary as an
orbifold line bundle S on C' together with an isomorphism

S®r§wc®(9(—iai[zi]—iai[21 ir—2 ),
i=1 i=1 j=1

an involution 5 : S — S lifting ¢, and an additional structure that we refer to as a grading.
(Roughly, a grading is an involution-invariant section of S on the complement of the special
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points in 0% that changes sign at each boundary marked point, this notion was first defined for
r =2 in [23].) Here, we assume that the internal twists oy, . .., , lie in the range {0, 1,...,r —
1}. Note that we can re-express the genus in terms of the number b of boundary components
of ¥ and the genus g. of the closed surface obtained from ¥ by gluing a disk to each boundary
component:

g=b+g.— 1
For example, a disk has g = g. =0 and b = 1.

In [5] we construct the moduli space ﬂé/; {o1,...an} Parameterizing graded r-spin disks, and
prove that it is nonempty exactly when a certain congruence condition on the twists «; is satis-
fied. There should be no difficulty with constructing the all-genus generalization ﬂ;/; {1 ran}
and this space is nonempty if and only if

(g+m—=1)(r—-2)+23" o

(5.1) € 1= eN and e,=14+m+g mod 2.
r

There are line bundles L; for each i = 1,...,n, defined by the cotangent line to the orbifold
curve C at the ith internal marked point. Furthermore, in genus zero, there is a real analogue
of Witten’s bundle,

Wim (R (S @ wr))s,
a real-rank-e, bundle over ﬂéﬂ;,{ah_,_M whose fiber over (C, ¢, %, {2}, {z;}, 5, ¢) consists of

¢-invariant sections of SV ® wc.

Because ﬂ[l)/; {o1,..an} D@s boundary, one must work with a relative version of the Chern
classes of the cotangent line bundles and the Witten bundles. In [5] the requisite canoni-

i —=—1/r o .
cal boundary conditions are defined over the space PM, o, o 1, which is some canonical

-----

1, n
(5.2) <H T am> = /m e (W ® @]L?di, scanonical) ,
=1 an}

0 PMy m tay,..., i=1

where e(E, s) is the Euler class relative to the canonical boundary conditions s. Alternatively,
the number in can be defined as a weighted, signed count of the number of zeroes of a
generic extension of Scanonical, defining this count to be zero unless e, +2 Z?Zl d; = m+2n—3+3g,
or in other words, unless

(5.3) €o+2) di=m+2n—6+3g,+3b.
i=1
One of the key results of [5] is that these intersection numbers are independent of the specific
choice of Scanonical-
We define a generating function for genus-zero open r-spin theory by

Lo

l,o 1 n V r’
ZRUETED SRND S (| E2 R
n,m>0 O0<ai,..,on<r—1 \i=1 0
2n4+m—2>0  dy,...,dn,>0
Remark 5.1. We caution the reader, that, similarly to the closed extended theory, the Ramond
vanishing property doesn’t hold for the open r-spin correlators.

Remark 5.2. In the case where r = 2 and all of the insertions are Neveu-Schwarz, open r-spin
theory is equivalent to the intersection theory of disks constructed by Pandharipande, Solomon,
and the third author in [21]. This is currently the only case in which we can extend the theory
to higher genus [24], calculate all numbers [25], and prove the relationship to the wave function
in all genus [4] [6].
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5.2. Connection to closed extended theory. In [5, Theorem 1.3], we prove that the genus-
zero open r-spin potential is related to the closed extended potential in the following way:

1 1 1 ext ]. L oxt
Fpo@o e, 7l s) = —= Fy’ + —F)
0 ( ¥ T ) T 0 t;flf—nfgflfrédyos r 0
We currently do not know of a geometric explanation for the intimate relation between these
two theories. Nevertheless, let us explore more explicitly what is known.

Heuristically, the dictionary between closed extended and open r-spin theory is given by

(a) replacing a marked point with twist —1 by a boundary component, and

(b) replacing a marked point with twist 7 — 1 by a boundary marked point.
To make this more precise, we first observe that these exchanges are compatible with the rank-
dimension constraints for the two theories. That is, replacing every boundary component in
the open theory with a marked point of twist —1 converts equation (5.3)) into equation ({2.5)),
and replacing an internal marked point of twist 7 — 1 by a boundary marked point leaves ([5.3))
invariant[] Moreover, at the level of intersection numbers, we have the relation

0, ifm=20,

- %70 L ext
<HTCZiO-m> - —1 —1 - a; (_r—1\ym " :
i=1 0 (=)™ To HTdil(To ) ifm>1,
=1 0
which realizes the above dictionary when there is a single boundary component.
Moreover, this dictionary matches the topological recursion relations in genus zero. In [5],

we prove two topological recursion relations for open r-spin theory. First, for any i € [n] with
d; > 0 and any j € ([n] \ {i}), we have

%,O r—2 %,ext l,o
(54) <H o m> _ Z Z <T(§¥T(Zi—1 HT(ZZ> < r—2— aH Q m> +
0

le[n] IT]J=[n]\{i} a=-1 lel 0 leJ 0
JjeJ

1,
T

+ - 011 m1 o al mz
IL[JZ[H]\{}ml' < 1111 >0 < lg >0

mi1-+mao=m
jeJ

lO
T

Second, if m > 1, then for any ¢ € [n] with d; > 0, we have

-
<H ey m> _ Z Z <7_0a7_§n H > < r—2— aH o m> +
0

len] ITIJ=n)\{i} a=—1 lel 0 leJ 0

1 1 o

( A ;M1 Q m2+1 "

B )
111 J=[n)\{i} lel 0 leJ 0
mi+mo=m—1

Under the above dictionary, every term on the right-hand side of or corresponds to

a single term on the right-hand side of or with m Ramond marked points.

Since marked points of twist » — 1 in closed extended theory may have descendents, one
would expect the open-closed correspondence to generalize to that setting. In [3], the first
author conjectured the precise equations that the open theory for r = 2 should satisfy if it
incorporates boundary descendents. The construction of boundary descendents when r = 2
and all insertions are Neveu—Schwarz, was carried by Solomon and the third author, and will
appear in the near future. It is also known how to construct these descendents for any r in

IThese observations are mostly numerological at this point, since the open theory is currently only defined
for disks and the closed extended theory in genus zero with a single —1 twist.
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genus zero, and that will also appear in a forthcoming work. The resulting topological recursion
relations in genus zero are as follows. First, if ¢ € [m], b; > 0, and j € [n], then

(5.6)

l,O %,O %,O
— aq g
Oy, le = Op;—1 Oy, le g Oy, le s
he[m] le[n] 0 Kr H][_[({I [[m}]\{z} heK; lel 0 heK leJ 0
n
jeJ

where o, corresponds to b descendents at a boundary marked point; and second, if i € [m],
b; >0, and j € [m]\{i}, then

(5.7)
170 lvo 170
. g (o7}
Oy, = Op;—1 Oy, le o Oy, le
he[m] le[n] 0 Kr I Ks=[m)\{i} heKr lel 0 heK; leJ 0
IT]J=[n]
JEK S

These two equations indeed transform to (3.10)) under the open-closed dictionary.

Perhaps the most surprising effect of the open-closed correspondence is the —1 TRR (equa-
tion (3.11)). If we believe the dictionary, then this equation suggests, on the open side, the
existence of “cotangent line classes” corresponding to a bundle L., associated to a boundary
component. These classes should satisfy the following equation for h > 0 and i, € [n]:

(5.8)

- r—1 %,o l,ext
boun boun__« « r—2—a e}
o 11 73 H o, ) = 2 2 Ao [Ty I o) (117
pE(n] q€[m 0 IT]J=[n] a=0 pel q€[m)] 0 pEJ 0
ijed
0 0
boun ap ap
+ 2 (amve]lm [Lew) (17 11 eon)
IT]J=[n] pel qeK| 0 peJ qEK 0
Kr[] K =[m]
1,j€J

where a}l’oun corresponds to h copies of Lyou,. (There are analogous equations, also, if one or both

of 4, j lies in [m].) Based on this hint, the first and the third authors have constructed a “class”
that satisfies equation —or, more precisely, a line bundle L., and boundary conditions
for which generic extensions give rise to (5.8)). We leave the details of the construction, however,
to future work.
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