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Institute of Functional Surfaces, School of Mechanical Engineering, University of Leeds,
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Abstract

Most power transmitting components operate under mixed lubrication condi-
tions. Concentrated pressures and smaller lubricant film thickness may cause
surface and subsurface stresses to exceed the material yield limit causing per-
manent geometrical changes. A model was developed to include elastoplastic
behaviour within a deterministic unified mixed lubrication framework. Model
details are presented and the model is validated against published simula-
tion data. A parametric study to address the effect of material yielding on
the contact parameters is performed. It is found that the model successfully
produces all the key features of the PEHL contact. The model provides a
valuable tool to analyse the PEHL contacts with minimal increase in com-
putational effort and complexity.

Keywords: mixed lubrication, numerical solution,

elastic-perfectly plastic, PEHL

1. Introduction

The science of lubrication is the key to the operation and optimization of
almost all power transmission components. Rolling element bearings, gear
assemblies, cams are a few key examples. Whether oil or grease lubricated,
all these components encounter harsh loads and severe environmental con-5

ditions. Industry is constantly looking for components that can reliably
operate under extreme conditions. This means that the lubricated systems
are expected to perform in rather severe conditions. The presence of surface
roughness on real engineering surfaces adds another complexity i-e. discrete
contact and lubricated spots within the Hertzian contact zone. The resulting10

lubrication regime is called mixed lubrication. Most lubricated components
operate under mixed lubrication conditions. As the load increases, so does the
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number of contacts and finally the effect of the lubricant film becomes negli-
gible and the system moves from a state of full film lubrication to boundary
lubrication or dry contact conditions. Mixed lubrication models are getting15

increasingly important.
The mixed lubrication regime links the two extreme conditions of full

film regime and the boundary lubrication regime. Thus, a mixed lubrication
framework, in essence, converges asymptotically to one of these extremes as
the operating conditions change from one extreme to the other. Two distinct20

mixed lubrication modelling methodologies exist. Stochastic models and the
deterministic models. The stochastic models consider the approximate effect
of roughness and the film thickness is calculated by the macroscopic geom-
etry of the contact alone. The effects of roughness at the local scale are
defined in terms of the statistical parameters which account for the over-25

all effect of roughness. Greenwood and Williamson [1] developed a model
for a nominally flat surface in contact against a rough surface. They ex-
tended the Hertzian contact theory for single elastic asperity contact to a
collection of asperity contacts with Gaussian distribution of asperity heights.
The contact model between two nominally flat rough surfaces was given by30

Greenwood and Tripp [2]. Later, Patir and Cheng [3, 4] proposed the average
flow model. They used flow factors to accommodate different roughness pat-
terns and the modified Reynolds equation was solved for a smooth contact
condition. Several studies combining the load-compliance criteria from the
Greenwood and Tripp [2] model and the average flow model from Patir and35

Cheng [3] modelled mixed lubrication [5, 6, 7, 8]. The average flow model
was later improved by Elrod [9]and Tripp [10] to address the issues arising
due to roughness anisotropy. The stochastic models provide a convenient
tool to analyze the effect of roughness on lubrication characteristics using
a limited number of statistical parameters to describe roughness [11]. The40

limitation of these models was that only the global effect of surface roughness
could be analysed. The detailed distribution of pressure peaks, film thick-
ness and deformation within the contact were not accessible. This detailed
information is essential in developing an understanding about the lubricant
film rupture and the lubrication transition. Thus, with greater availability45

of computational resources and algorithmic improvements, the trend shifted
towards the development of deterministic mixed lubrication solvers. These
models consider the precise definition of roughness in calculating the gap and
film thickness within the contact. Both the macro-geometry and the micro-
geometry are used to determine the film thickness. The roughness can be50

input as single asperity, sinusoidal roughness functions or the true rough sur-
face topography. The challenge then lies in the fact that the problem becomes
highly time dependent due to roughness, especially the moving roughness.
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Steady state deterministic EHL solutions [12, 13, 14, 15] to the point contact
problem started to appear in the late 1980s. These studies assumed that the55

rough surface was stationary while the smooth counterpart was moving. In
reality the rough surface is moving and thus, a transient solution is required.
Transient deterministic EHL solvers were presented for a line contact by Ai
et al. [16] and for a point contact by Ai and Cheng [17] and Venner and
Lubrecht [18] for simplified roughness and by Xu and Sadeghi [19] and Zhu60

and Ai [20] for real measured roughness.
The deterministic mixed lubrication solvers can be further categorized as

either separate approaches or unified approaches. In the separate approach,
different equations are solved for the solid and lubricated regions. The han-
dling of the transient boundaries between the solid and fluid regions is the65

key challenge in these models. Jiang et. al. [21] presented the first mixed lu-
brication model using the separate approach. Later, Zhao et al. [22] used the
separate appraoch. The unified approach relies in getting both the solid and
fluid pressures through the solution of the Reynolds equation. This approach
is based upon the idea that under extreme conditions, the pressure flow terms70

in the Reynolds equation lose their significance. Thus, the entrainment flow
terms are also included in building the coefficient matrix. This ensures di-
agonal dominance under all conditions of operation. The unified approach
was first presented by Hu and Zhu [11] and later improved to consider the
effect of differential scheme and mesh density [23], the treatment of rough-75

ness derivatives [24], the effect of viscosity model [25], the agreement of the
model output with the dry contact results [26], effect of finite geometry [27]
and the ability to handle arbitrary entrainment speeds [28]. Later, Holmes et
al. [29] used the unified approach to develop a mixed lubrication solver based
upon the differential deflection method. Li and Kahraman [30] developed a80

mesh independent unified model by using the asymmetric integrated control
volume approach.

The traditional approach to solving the EHL as well as mixed lubrication
problems considers only elastic deformation behaviour. In reality, it is of-
ten unavoidable to have a system without plastic deformation. The demand85

for higher power density and high efficiency compact designs is creating a
constant challenge for the engineering and research community to design in-
terfaces that can handle extreme conditions. The wind turbines are nowadays
designed with power ratings in several megawatts, putting extreme loads on
power transmitting components. In some modern power transmission equip-90

ments like the continuously variable transmissions, the Hertzian pressure may
reach as high as 5 GPa [31]. These pressures are sufficient to cause plastic
deformation of the surfaces due to material yield which may in turn modify
the lubrication and contact characteristics significantly. Mixed lubrication

3



models that consider ideally elastic behaviour are prone to producing un-95

realistically high pressure peaks especially under rough surface conditions.
Under such high pressures, the subsurface stress might become several times
higher than the material yield limit [32]. The specific case of running in of
engineering surfaces is a plastic deformation dominated process. Moreover,
the start-stop of any tribological contact inevitably faces mixed lubrication100

conditions and severe contact conditions due to low speeds where PEHL
conditions might prevail.

A good design should ensure that the plastic deformation is kept under
control [31] as the reliability of contacting bodies is significantly affected
by the presence of plastic deformation [33]. The plastic deformation will105

cause permanent change on the surfaces affecting both the macro and micro
geometry at the contacting interface. Work hardening may also result and
eventually, the lubrication and contact characteristics change. Simple EHL
solutions will give misleading information under such extreme conditions and
accurate information about the film formation and breakdown cannot be110

obtained. Thus, for a realistic EHL model, plastic deformation should be
included. This paper addresses this need for an efficient EHL and mixed
lubrication model incorporating plastic deformation.

Several approaches are available for performing rough surface contact
simulations [34] and various statistical asperity contact models have been115

proposed in the past. The pioneering work of Greenwood and Williamson
[1] formulated the problem of nominally flat rough surfaces with a statistical
representation of asperities. The Hertzian single asperity contact theory was
extended to the contact of nominally flat surfaces with statistical distribution
of asperities. A recent review summarizes key work in the area of elastic-120

plastic contact analysis [35]. A rough surface contact model that includes
the Johnson, Kendall and Roberts’ (JKR) [36] adhesive contact model was
presented by Fuller and Tabor [37]. Later, the CEB (Chang-Etsion-Bogy)
[38] asperity contact model was presented to account for the elastic-plastic
adhesive contact of asperities. This model enjoyed widespread use but was125

limited due to not being able to handle the discontinuities in the intermediate
state of deformation. Zhao et al. [39] presented the ZMC (Zhao-Maietta-
Chang) asperity contact model that smoothly links the elastic and plastic
deformation through analytical functions. The ZMC model was based upon
mathematical manipulations rather than physical understanding [40]. Recent130

studies by Kogut and Etsion [41] utilized finite element simulations of a single
asperity in contact against a flat surface. Their work resulted in empirical ex-
pressions to relate different deformation conditions. Their model is called the
KE (Kogut-Etsion) model. The elasto-plastic deformation was divided into
two empirical equations representing different behaviours of the evolution of135
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the plastic core below the contact region. They utilized statistical analysis
to extend the single asperity deformation to rough surface calculations [42].
Later, the JG (Jackson-Green) [43, 44] model was presented. It was based
upon finite element analysis and considered finer meshes and the effect of
material properties and geometry. They suggested that the elastic assump-140

tion can be valid until the contact interference value of 1.9 times the critical
interference value. They also considered the variation of hardness which was
considered absent in the KE model. The JG model also concluded that the
average pressure to yield strength ratio never reaches 2.8 as suggested by the
KE model. The work from Jackson and Green [43] resulted in the following145

equations that relate the contact parameters for a circular contact to the
initial yielding. To derive these equations, the von Mises yield criterion was
used which can equally be applied to flattening as well as indentation cases
[45].

Py = 1.295e0.736νσy (1)

Wy =
π3R2p3y
6E2

(2)

ay =
(3WyR

4E

)1/3
(3)

The critical load, Wy and the critical pressure, Py are the load and pres-150

sure at which initial yielding starts while the critical Hertzian contact radius,
ay is the half width of Hertzian contact corresponding to the initial yield.
Here R is the effective radius of curvature at the contact, 1

R
= 1

R1

+ 1

R2

where
R1 and R2 correspond to the radius of curvature of the two bodies, respec-
tively. E is the Young’s modulus, ν is the Poisson’s ratio, and σy is the yield155

strength of material. To facilitate the discussion and comparison against
published results, these parameters will be used throughout the paper.

Only a few attempts have been made until now to include the elastoplastic
behaviour into EHL and mixed lubrication models [46]. A 2-D line contact
model to study the effect of debris induced indentation was given by Xu et160

al. [47]. The deformation due to plastic deformation to update topography
was calculated using the FEM package and then EHL calculations were run
to get new pressures. Niu and Huang [48] gave a line contact EHL model
to study elastic-plastic deformation of rough surfaces. They used an elastic-
plastic modulus instead of Young’s (simple elastic) modulus. A series of165

studies were conducted more recently by Ren. et al. [31, 49] and He et
al. [46, 32] to include plasticity and work hardening into the unified mixed
lubrication framework. The volume integration method of Jacq et al. [50]

5



and Chen et al. [51] to model plastic deformation was used. This model was
implemented, first to study the elastoplastic deformation of smooth surfaces170

and then included simple geometries like a single asperity and single dent.
Studies involving sinusoidal and real machined roughness were presented later
[49].

This study develops a model to include elasto-plastic behaviour into lu-
brication analysis. A simplified approach to include elastic-perfectly plastic175

behaviour in mixed lubricated contact is formulated. The model is then ap-
plied to investigate the plastic deformation of a smooth contact which based
upon input conditions may be under full film or mixed lubrication conditions.
The model provides a convenient way to include plasticity into traditional
EHL solvers. The elastic-perfectly plastic model is integrated into a unified180

mixed lubrication solver and thus requires no distinction as to whether a par-
ticular node under load is fluid lubricated or a solid contact spot, also if the
plastic deformation is caused by fluid or solid contact pressures, enabling a
true PEHL model. Moreover, the algorithm offers several advantages. Min-
imal modifications to the original EHL solution algorithm are required and185

compared to the approach of Sahlin et al. [52], this new algorithm requires
fewer constraints and can handle plastic deformation due to lubricant pres-
sures as well.

First, the mathematical model is presented with emphasis on the nu-
merical implementation. Then results from the current study are validated190

against the PEHL simulation results [31], and good agreement is found among
the film thickness and pressure profiles. The selection of plastic flow pressure
in the current model is critical and detailed discussion on the choice of this
parameter is presented. The model exhibits all the key PEHL characteristics.
The current study presents the details of the model, initially using smooth195

surfaces to enable comparison with previous work. The final section then
gives an illustration of the application of the PEHL model to rough surfaces.

2. Basic PEHL equation set

The EHL equation set contains the Reynolds equation, the film thickness
equation and the load balance equation along with the two equations of200

state relating the density and viscosity of the lubricant to pressure. The
same equation set is applied to develop the PEHL model. First of all a
mixed lubrication model is developed and then the PEHL model is applied.
The mixed lubrication model developed in this work is based upon the semi-
system approach [53] which requires the coefficient matrix for solving the205

Reynolds equation to contain terms from both the pressure flow and the
entrainment flow parts of the Reynolds equation. This is to ensure that under
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extreme conditions when the pressure flow terms become insignificant, the
diagonal dominance is maintained. The coefficient matrix built solely from
the pressure flow terms is prone to slow or no convergence especially at higher210

loads or when high frequency roughness is involved. Hu and Zhu [11] suggest
that the pressure flow terms should be turned off when the lubricant film
thickness reduces to very small value. Their approach enables the solution
of the EHL mixed lubrication problem in a unified manner where both the
lubricant and solid contact pressures are calculated by solving the Reynolds215

equation. When modelling rough surfaces, the flow obstructions arising from
asperity contacts manifest themselves in the form of a very small local film
thickness. At nodes where the film thickness falls below a certain predefined
value (1 nm in this study), the reduction of the pressure flow terms in the
Reynolds equation to negligible values represent obstructions to the flow.220

In the current study, the unified solution algorithm was used. The Reynolds
solver based upon the semi-system and the unified algorithm is robust enough
to generate lubricant and solid pressures in a single framework. The plastic
deformation algorithm will be described in the next sections while a brief
summary of the equations describing the EHL and mixed lubrication system225

is presented in the current section.
The complete pressure profile is computed by solving the Reynolds equa-

tion, given as

∂

∂x

[(

ρh3

12η

)

∂p

∂x

]

+
∂

∂y

[(

ρh3

12η

)

∂p

∂y

]

=

(

u1 + u2

2

)

∂(ρh)

∂x
+

∂(ρh)

∂t
(4)

The variables h, ρ and η define the lubricant film thickness, density and230

viscosity. The pressure, speed of body 1 and speed of body 2 are given by
p, u1, u2 while x, y represent the coordinate directions and t is the time.
The lubricant properties are described through its viscosity. In this study
the lubricant is assumed Newtonian and the x-coordinate is aligned with the
flow direction. Two boundary conditions are applied. At the boundaries of235

the solution domain, the boundary condition p = 0 is applied. The exit of the
EHL contact is diverging and the pressure in this region may fall below the
vapour pressure and results in fluid cavitation [54]. The boundary condition
to handle this phenomenon is called Swift-Steiber boundary condition or
the Reynolds exit conditions and enforces the pressure beyond cavitation240

boundary, xe, to be zero i.e. {∀ x ≥ xe, p < 0 ⇒ p = 0}.
The film thickness equation for the point contact is expressed by combin-

ing all the terms defining the gap between two surfaces.

h = h0(t) +
x2

2Rx

+
x2

2Ry

+ ve(x, y, t) + δ(x, y, t) (5)
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The film thickness is also termed as gap as it defines the relative gap between245

mating surfaces. In this equation, h0(t) is the undeformed film thickness.
The term ve describes the total deformation. The deformation may be elas-
tic or elasto-plastic. At this stage the deformation cannot be separated into
individual components. The algorithm presented in the next section out-
lines the procedure for extracting the magnitude of plastic deformation. The250

variables Rx and Ry define the radius of curvature in the x and y direction

respectively while the term x2

2Rx
+ x2

2Ry
gives the macro geometry of the con-

tact. The microgeometry is defined deterministically by the roughness term
δ(x, y, t). The surface elastic deformation ve is represented by the famous
Boussinesq integral formulation.255

ve =
2

πE ′

∫ ∫

σ

p(x, y)
√

(x′ − x)2 + (y′ − y)2
dxdy

This equation is non-dimensionalised and converted into discrete form and
represented as a deformation matrix.

Vij = 2
∆X

π2

M
∑

k=1

N
∑

l=1

Dkl
ijPkl

In this equation, the matrix Dkl
ij is called the flexibility matrix and the pres-260

sure Pkl = pkl/Ph, where Ph is the Hertzian pressure. This matrix forms
a convolution with pressure which can be solved more efficiently using Fast
Fourier Transforms (FFTs). The use of FFTs makes the solution process
much quicker and makes denser grids accessible. The deformation matrix is
written as a convolution.265

V (Xi, Yj) =
M−1
∑

k=1

K(Xi −Xk, Yj − Yk) ∗ P (Xk, Yk)

The application of FFTs require the conversion of this linear convolution to a
cyclic convolution and the pressure matrix and the flexibility matrix require
pre-treatment [55]. The DC-FFT method is computationally much more
efficient compared to the other methods for calculation of surface deformation270

[56]. The viscosity is considered a function of pressure and the Roelands
equation is used to describe it.

η(p) = exp (ln(η0) + 9.67)(−1 + (1 +
Ph

p0
p)z) (6)

The term η0 is the viscosity at ambient conditions and z is a dimensionless
parameter called Roelands pressure viscosity index obtained through curve275
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fitting. In the current study, z=0.68 was used. The lubricant density is
also considered a function of pressure and is calculated using the following
equation,

ρ = ρ0

(

1 +
0.6X10−9p

1 + 1.7X10−9p

)

(7)

The load balance equation in the non-dimensionalized form for a point con-280

tact is applied as,
xo,yo
∑

xi,yi

P (X, Y )dXdY =
2π

3
(8)

where the i and o values correspond to the inlet and outlet of the solution
domain.

These five equations (4 to 8) form a complete set of equations which is285

solved to get the mixed lubrication pressure and film thickness profiles. The
solution requires a robust numerical technique as the equations are highly
non-linear in character. An iterative solution process is applied. The pressure
at each time step is calculated in an iterative fashion. The pressures are
then truncated as described in the next section. The truncated pressures290

are used to calculate the elasto-plastic deformation. This new deformation
then is used to extract the plastic deformation magnitude from the total
elasto-plastic deformation. This process is repeated until convergence of film
thickness. In the current study, the difference in the film thickness was found
to be less than 1 % when the mesh density was changed from 128 x 128 to295

256 x 256. Therefore, to be consistent with the work of Ren et al. [31], a
mesh of 128 x 128 is employed. Liu et al. [23] also suggest that this mesh
density is sufficient to get accurate results.

3. Plastic deformation model and algorithm

Plasticity is a non-linear phenomenon and the calculation of plastic defor-300

mation is a fairly complex problem. For engineering applications, a simplified
approach is required where desired accuracy can be achieved by including as-
sumptions that simplify the problem. This current study is focussed on the
engineering applications. The developed model is expected to give conser-
vative estimates about the material failure but the design process can be305

complimented with suitable factors of safety. Thus, the tool developed in
this study is of immense engineering value.

The plastic deformation model developed in this work is based upon the
idea that the nodes that deform plastically float on the surface to form a
plane as shown in figure 2. The criterion for plastic deformation is assumed310

to be the condition where the pressure at a node reaches the average yielding
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pressure. Once a node is under plastic deformation, the pressure on this node
is limited to the yielding pressure. This condition is referred to as floating

in the current study and it is due to this condition that more nodes start
to support load and the contact area increases. The yielding pressure is315

generally found to be 2.8 times the yield strength [57]. The deformation of
the nodes in this way eventually forms a plane. Sahlin et al [52] used similar
concept to develop an elastic-perfectly plastic model under mixed lubrication.
Their model is based upon the assumption of dry contact which requires the
application of complementarity condition and is unable to simulate plastic320

deformation due to lubricant pressure. Thus, it is not a true PEHL model.
In practice, the contact pressures in rough surface EHL simulations can

reach values high enough to cause yielding of material especially under severe
contact conditions of high load and low speeds. Therefore, a deterministic
mixed lubrication solver based upon the unified solution approach was se-325

lected and developed in this study. The unified algorithm can give solid and
fluid pressures by solving the Reynolds equation alone without defining the
solid and fluid contact regions prehand. Moreover, this solver can be used for
simulating the entire transition of lubrication regimes. The mixed lubrica-
tion solver is modified to include elastic-perfectly plastic behaviour. So, the330

PEHL algorithm also inherits this strength of being able to simulate the com-
plete lubrication transition from full film to boundary. In the current paper,
the unified solution algorithm is modified and extended to study plastically
deforming contacts.

The application of the elasto-plastic deformation algorithm requires mod-335

ifications to be made to the Reynolds solver. The first change is made within
the solver, at the point of application of load balance condition. The points
that undergo yielding are considered to float and their role in carrying load
is limited to the yielding pressure. This is achieved by limiting the pres-
sure values during the summation in equation 8 to the yielding pressure i.e.340

∀P ≥ Py, P = Py while calculating the undeformed film thickness value, ho

in equation 5. This modifies the film thickness values to account for the
elasto-plastic contact behaviour. This process gets repeated as it is a part of
the pressure and film thickness convergence loops. No other modification is
required inside the Reynolds solver.345

Once the pressure and film thickness have converged, the nodal pressures
are truncated and the reduced elastic deformation is calculated using these
truncated pressures. These new deformation values are then used to get
the new values of film thickness. The plastic deformation is evaluated by
subtracting this new film thickness for all the plastically deforming nodes350

from the minimum value of the new film thickness among the elastically
deforming nodes. The truncated pressure is then given as initial guess to the
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EHL solver and the Reynolds solver is again used to get the new pressure
profile and film thickness. In this way, the solution moves from purely elastic
to elasto-plastic by repeating this process until a stable solution is reached.355

There is no need to apply a plane convergence criteria as was done by
Sahlin et al. [52]. This is automatically taken care of as the un-deformed film
thickness h0(t) is converged as part of the EHL solver during the film thick-
ness convergence loop. The resulting algorithm is simple enough for engineer-
ing applications and extremely useful for performing lubrication transition360

studies.
The conceptual definition of plastic deformation needs to be revisited

here. It has been discussed in detail by Johnson [57] that the material yielding
starts at the subsurface and with further increase in load, the size of this
plastically deformed zone increases and it eventually reaches the surface.365

Thus, two yielding pressures can be identified. The initial yielding pressure
and the plastic flow pressure. The initial yielding pressure is the pressure
at which the plastic deformation starts to occur and a plastic core is formed
within the elastic material. This value cannot be used as the hardness of the
material. The hardness of the material is related to the value of pressure at370

which the plastic deformation moves from the subsurface to the surface of
the material. At this condition, the actual material flow starts to occur and
the pressure is called the plastic flow pressure.

symbol value units

Applied load F 30 N
Radius of curvature (ball) R1 9.525 mm
Radius of curvature (flat) R2 ∞ mm
Surface speed (ball) U1 0.5 m/s
Surface speed (flat) U2 0.0 m/s
Young’s modulus (ball) E1 ∞ GPa
Young’s modulus (flat) E2 219.78 GPa
Dynamic viscosity η 0.0112 Pa.s
Pressure-viscosity coefficient α 14.94 GPa−1

Yield Strength σY 500 MPa

Table 1: Parameter input symbols, values and units

4. Numerical implementation

In this section, the numerical issues are discussed and the details of simu-375

lation set up are given. The flow chart in figure 1 gives the general procedure
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for the solving the PEHL problem. The steps in the algorithm present the
key concepts and the way these were implemented.

1. The first step involves the solution of the mixed lubrication problem
with the load at the plastically deforming nodes limited to the plastic380

yielding values. The simulation starts with the Hertzian pressure profile
and moves towards a converged solution. Limiting the pressures to
yielding values ensures that the plastically deforming nodes carry load
only up to the yielding limit. It is important to note that the pressure
values are not truncated at this stage.385

2. The converged pressure and film thickness profiles are obtained and the
deformation values are recorded in a matrix Ve+p.

3. The pressures are then truncated and the deformation is again calcu-
lated based upon these reduced pressures using Boussinesq formulation
in another variable, V trun

e . This deformation is then used to calculate390

the gap (film thickness) profile using equation 5.

4. The deformation Ve+p is the elastoplastic deformation and the deforma-
tion V trun

e is the elastic deformation obtained that would result if the
reduced pressures were present in an equivalent elastic contact. At this
stage, the distribution of the nodes, Ie undergoing elastic deformation395

alone and Ip undergoing elasto-plastic deformation is recorded.

5. In this step, The plastic deformation magnitude is extracted by sub-
tracting the deformation V trun

e for the plastically deforming nodes, Ip
from the minimum value of deformation Ve+p for the elastically deform-
ing nodes, Ie.400

6. The nodal plastic deformation magnitude is used to update the geom-
etry by permanently deforming the plastically deformed material and
this new geometry is input to the mixed lubrication solver again until
the plastic deformation magnitude is zero.

The last step in the procedure is only applied if the evolution of the405

contact pair is simulated. Otherwise, the truncated pressure profile is input
into the next simulation step until the PEHL film thickness obtained after
successive iteration steps has converged. It was found that 5 iterations are
sufficient to get completely converged plastically deformed geometry and the
plastic deformation magnitude while in the first iteration, almost 90 % of410

the plastic deformation magnitude has already been predicted by the solver.
It was also found that irrespective of the number of iterations to reach the
final geometry, when the evolution of the contact pair is considered, the
final deformed geometry is always the same. In terms of numerical effort, to
converge the pressure difference to less than 1 × 10−6, a single iteration for415
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the smallest load of 10 N takes ≈ 16 s for the EHL calculations and ≈ 10 s
for a PEHL calculations on a standard single core of the computation. But
considering the fact that it takes almost 5 iterations to completely predict
the plastic deformation, a single PEHL calculation requires almost 3 times
more computational effort.420

To illustrate the model output and validity, the contact between a rigid
ball and deformable flat is realized. The flat is assumed to be an elastic-
perfectly plastic semi-infinite solid. The ball motion is defined by its speed,
U1 > 0 and the flat is assumed stationary U2 = 0. At every step, the plastic
deformation gets accumulated until plastic deformation itself converges and425

so does the film thickness.
The input parameters have been summarized in table 1. For all the simu-

lation cases presented in this paper, the material yield strength is considered
to be 500 MPa. This corresponds to a critical pressure of 807 MPa and crit-
ical load of 5.11 N. The ball diameter is 19.05 mm and ball speed is fixed430

at U1 = 0.5m/s which gives an entrainment speed of Ur = 0.25m/s. Differ-
ent load values were used to develop the plots in the following sections. Six
different load values were chosen (between 10 N and 125 N) to consider the
contact condition from fully elastic to elasto-plastic and finally fully plastic
regime. The pressure and film thickness profiles are presented in 2-D at the435

centre line of the contact along flow direction.

5. Model validation and discussion

In this section, the model output is validated against published simula-
tion results [31] and the effect of inclusion of elasto-plastic behaviour on the
contact performance is analyzed. Two values of the yielding pressure are440

used. The initial yielding pressure, using yield strength of 500 MPa comes
out to be 0.807 GPa and the plastic flow pressure is taken as 2.22× σy and
is fixed at 1.110 GPa. A discussion on the choice of the hardness value will
be presented at the end of this section.

The simulations were performed by varying the load from 10 N to 125445

N in six steps. Figure 3 presents the non-dimensionalized pressure profiles
and film thickness profiles for the different load values. The pressure is non-
dimensionalized by the yield strength of the material σy and the film thickness
values are non-dimensionalized by the Hertzian contact radius at the initial
yielding, ay. The presence of the pressure spike can be clearly seen in the450

pressure profiles but only for the cases where the yielding pressure is greater
than the pressure value at which the pressure spike appears. Otherwise the
pressure profile is flattened as soon as it reaches the material yielding limit.
The film thickness profile shows flatness at the middle of the contact region
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and the exit constriction appears much sharper. It can be seen that with455

increasing load, the flatness of the profile increases and at the highest load
it spans the complete contact region. The exit constriction also gets sharper
and deeper with increasing load.

The plastic deformation magnitude and profile are plotted in figure 4.
It is to be noted that for the smallest load value used the predicted plastic460

deformation is zero. The plastic deformation profiles also suggest that the
deformation occurs smoothly from the middle to the sides of the contact.
Moreover, the contact area is also expected to increase as more and more
plastic deformation takes place.

A close comparison of the results presented in figure 3 and the PEHL465

results presented by Ren et al. [31] shows that the current model produces
almost identical pressure profiles. Due to the nature of the model, the reduc-
tion of the pressure in the middle region of the contact zone is not observed
and a flat pressure profile with pressures capped at the yielding value of 1.110
GPa is present. The overall pressure profiles have been predicted very accu-470

rately. The pressure and the area increase predicted by the current model
in comparison to the predictions of Ren et al. [31] is presented in figure 5.
The pressure predictions match almost exactly but the area increase is under
predicted by the current model. This was expected as the current model is
a simple version of PEHL.475

The film thickness profiles in figure 3,on the other hand, do not match
exactly. The overall qualitative trend matches fairly well but quantitative
differences exist. It was found that these differences are not only present
in the PEHL results but also in the EHL results. The EHL film thickness
profiles were digitized from Ren’s work [31] and plotted against the film thick-480

ness profiles from the current study in figure 6. The current PEHL model
predicts consistently thicker lubricant films. Next, the magnitude and trend
of the differences in the film thickness values at the centre of the contact were
plotted in figure 7. The quantitative differences in the EHL predictions may
result due to the differences in the numerical solution procedures and the dis-485

cretization schemes used to solve the problem. A detailed study addressing
the effect of mesh density and discretization schemes in EHL / mixed lubri-
cation solvers was presented by Liu et al. [23]. Once these differences in the
EHL predictions are accounted for, the quantitative match among the PEHL
film thickness predictions is improved as shown in figure 8. The differences in490

the central film thickness prediction still exist, albeit greatly reduced but the
minimum film thickness values and the point in space where this minimum
film thickness occurs match exactly.

The PEHL model presented is based upon defining a hardness value for
the material to consider its yielding once the pressure exceeds this hardness495
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value. It was found that the model output is sensitive to the choice of this
hardness value. A sensitivity analysis was performed by varying the hard-
ness value from 800 MPa, slightly below the initial yielding pressure to 1500
MPa. For all these cases, the load was fixed at 75 N and the rest of the
parameters were kept the same as given in table 1. The pressure and film500

thickness profiles were plotted for varying values of hardness and are shown
in figure 9. It is observed that as the average yielding pressure is decreased,
more and more plastic deformation takes place. Smaller contact areas are
observed for higher hardness values. It is also observed that the pressure
profiles predicted from the current PEHL model give very good qualitative505

and quantitative match with the results of Ren et al. [31] at a hardness value
of ≈ 2.3×σY while excellent qualitative and quantitative agreement is found
between the film thickness predictions from the current model and Ren et
al.’s [31] results when the hardness value moves from 2.8 ×Σy towards Σy.
Moreover, if the permanent deformation of material is taken into account by510

considering the permanently deformed material to be physically not present
in successive EHL / mixed lubrication solution iterations, the predictions
from the current model improve. Ren et al. [31] also included the work
hardening property by assuming a linear variation of stresses with yielding
which might be a reason for the slight mismatch of the predictions. These515

differences are expected considering the simplicity and ease of implementa-
tion of the model. Nevertheless, the current model successfully produces all
the key features of the PEHL and gives results within reasonable accuracy
which are very useful for design purposes.

Hardness is defined as the average pressure in a contact under fully plas-520

tic deformation. Jackson and Green [43] simulated the contact between a
deformable sphere and a rigid flat using finite element analysis. The increase
in deformation of the sphere was found to reduce the average pressure from
about 2.84 times the yield strength towards the yield strength value. The
average pressure is the same as hardness as used by Tabor [58] and Ishlin-525

skii [59]. Later, Wadwalkar et al. [60] showed that the average pressure /
hardness approaches the yield strength as the deformation increases. This is
due to the fact that the shape of the sphere changes to a punch with defor-
mation increase [45]. Several equations have been suggested that relates the
deformation to the hardness and yield strength of the material [61].530

Mesarovic and Fleck [62] analysed indentation of a deformable flat by a
rigid sphere. They also found that at large deformations, the average pres-
sure decreases to less than 2.8 times the yield strength. Kogut and Etsion
performed elastic-plastic indentation analysis and found that the reduction
of the hardness value was similar to the flattening analysis performed by535

Jackson and Green [43]. Later, Ye and Komvopoulos [63] and Kogut and
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Komvopoulos [64] suggested that the indentation pressure in an elastic-plastic
contact case was always lower than the popular value of 2.8 times the yield
strength [45]. They formulated an equation to relate the change in the av-
erage pressure as a function of the ratio of combined elastic modulus to the540

yield strength. Indentation of spherical metallic surfaces was performed by
Alcalá and Esqué-de los [65]. They found that the change in average pres-
sure with deformation was similar to previous observations, in the absence of
hardening or pileup. Yu and Blanchard [66] curve fitted data from literature
and found a similar relationship between geometry and hardness. Therefore,545

the fact that the current model gives better match at the magnitude of the
hardness value below 2.8 is in line with the findings and suggestions of previ-
ous studies. Jackson and Green suggest that the ratio of average pressure to
yield strength never reaches 2.8 [43, 44]. The differences among the predic-
tions from the current model against simulation data are greater at higher550

loads. This may be due to the fact that the geometry changes from a rigid
ball on a deformable flat to a rigid punch deforming the flat or in the case of
rigid flat and deformable ball, the geometry of the ball changes significantly
forming a flat faced object. It has been suggested recently by Jackson et
al. [45] that as the ratio of contact area to the radius of curvature moves555

towards unity (with increasing load), the ratio of hardness to yield strength
moves towards unity as well. For an intermediate state, 0 < a

R
< 1, the ratio

of hardness to yield strength lies between 2.84 and 1 i.e. 2.84 > H
σy

> 1.

Therefore, the output from the current model deviates at higher loads due
to the fact that the hardness is also changing at higher loads. It is expected560

that due to this variation in hardness, with increase in load values, the film
thickness predictions from the current model give better match against Ren
et al. [31] if the Hardness to yield strength ratio moves towards unity.

The general behaviour of an elastoplastic contact resembles that of the
EHL behaviour. The film thickness profiles retain their typical EHL charac-565

ter. The exit constriction is visible at all load values. It can be seen that due
to plasticity, the film thickness profile becomes much flattened at the middle
region of the contact and this flatness increases with applied load. The model
developed in the current study gives estimate of the PEHL pressure and film
thickness profiles within reasonable accuracy and provides a highly valuable570

tool in the design of lubricating interfaces.

6. Application to rough surfaces

The current section illustrates the application of the PEHL model to the
elasto-plastic contact of rough surfaces. The real rough surfaces are char-
acterized by randomness and irregular features. The PEHL characteristics575
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are greatly affected by these features. It is the permanent changes in these
features that results in the running in of surfaces. Therefore, there is a grow-
ing need to develop the capability of simulating PEHL in contacts involving
real machined roughness. The roughness was generated numerically using
the method of Hu and Tonder [67]. Figure 10 presents the center line PEHL580

results for the pressure profiles, film thickness profiles and the original and
deformed geometry of the rough ball. The corresponding EHL results are
also presented for comparison. The input conditions were kept the same as
for smooth surface cases (see table 1) and the load was fixed at 10 N. The
ball surface was considered to be elastic perfectly plastic while the flat was585

assumed to be rigid. A roughness of 35 nm was imposed on the ball surface
while the disc was assumed to be smooth. The hardness value was chosen
to be ≈ 2.3 × σy where σy = 500 MPa. The pressure profile shows the flat-
tening of pressure values to the imposed hardness value corresponding to the
plastically deforming nodes. The merging of the two pressure peaks at the590

centre of the contact for the PEHL simulation results in area increase. The
film thickness for the PEHL case is reduced at certain nodes. It can be seen
that the nodes corresponding to film thickness reduction due to elastoplastic
deformation do not coincide with the pressure peaks. On the other hand,
the asperities corresponding to the pressure peaks at the centre of contact595

undergo large flattening. The contact during these simulations was under
mixed lubrication conditions with a contact area ratio of 7 %.

7. Conclusion

A method to include elastic-perfectly plastic behaviour in the mixed lu-
brication models was developed and presented. The model algorithm and600

the implementation details are given. The model successfully produces all
the general features of PEHL and was validated against published simulation
results. It was found that the model is robust and computationally very effi-
cient requiring minimal changes to the existing EHL solution algorithms and
is able to quantify plastic deformation, changes in film thickness and geome-605

try within reasonable accuracy, providing an invaluable tool for engineering
applications.
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Initial guess Pinit= Hertzian

Call the mixed lubrication solver:
Load balance satisfied as: ∀ Pi,j ≥

Py, Pi,j = Py but pressures not truncated.

Converged film thickness and pres-
sure profile obtained. The deforma-
tion at this stage is recorded as Ve+p

Truncate pressures to get profile, P trun

and calculate the elastic deforma-
tion at this reduced pressure as V trun

e

update
geometry
or pressure

Pinit = Ptrun.

Retrieve film thickness (gap) based upon the
elasto-plastic deformation and record the dis-
tribution of elastic, Ie and plastic, Ip nodes

Retrieve plastic deformation magnitude

N
∑

K=1

Up = [(h+ ue)e]min −

N
∑

K=1

(h+ue)p

Has film
thickness
converged?

stop
end of simulation

No

Yes

Figure 1: Flow chart to illustrate the PEHL model.
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Figure 2: An illustration of the floating nodes in the PEHL solver. Top: the conceptual
explaination of floating nodes. Bottom: geometrical explanation of floating nodes.
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Figure 3: Contact characteristics for PEHL. (top) pressure profile, (bottom) film thickness
profile. Six different force levels have been used as labelled.
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Figure 9: A comparison of the effect of the choice of hardness value on the PEHL charac-
teristics. (top) Pressure profiles (bottom) film thickness profiles.
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Figure 10: An illustration of the application of the PEHL model to rough surfaces. Top:
pressure profile. Middle: film thickness profile. Bottom: permanently deformed ball
geometry.
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