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Abstract
Wediscuss some features of thermodynamics in the presence ofmultiple conserved quantities.We
prove a generalisation of Landauer principle illustrating tradeoffs between the erasure costs paid in
different ‘currencies’.We then showhow themaximumentropy and complete passivity approaches
give different answers in the presence ofmultiple observables.We discuss how this seems to prevent
current resource theories from fully capturing thermodynamic aspects of non-commutativity.

1. Introduction and summary of results

In this workwe present several observations concerning the thermodynamics of systemswithmultiple and
generally non-commuting conserved quantities. Ourmain results can be summarised as follow:

1. In the first part of the paper, we prove a generalisation of Landauer erasure in the presence of multiple
conserved charges. This stands in contrast to the standard assertion that erasure of information has an
unavoidable energy cost; we present simple tradeoffs among the different costs, e.g. energy and angular
momentum. These are explicitly illustrated in the qubit case, wherewe give a tight protocol for information
erasure usingmultiple baths.

2. In the second part of the paper we discuss how, in the presence of multiple conserved quantities, different
approaches to equilibrium can disagree. This gives a broader perspective on the tradeoffs analysed in the
context of Landauer erasure.

3. In the last part of the paper, we discuss the consequences of the previous results for the research programme
that looks at thermodynamics from a resource theory perspective. In particular, we argue that current
resource-theoretic approaches are limitedwhen it comes to determining the thermodynamic impact of
non-commutativity.

2. Landauer erasure in the presence ofmultiple conserved quantities

In his standard textbook [1], Callen discusses the foundations of thermodynamics and asks: does energy play a
unique role into it? Linking the first law of thermodynamics toNoether’s theorem, he puts forward a natural
question: ‘Should notmomentum and angularmomentumplay parallel roles with the energy?’. After all, they
are generators of other fundamental symmetries of the physical world.He argues that they do; evenmore, he
concludes ‘The asymmetry in our account of thermostatistics is a purely conventional one that obscures the true
nature of the subject’.

Here we show that this standpoint leads to a reconsideration of themeaning of Landauer’s principle,
traditionally stated as a fundamental thermodynamic relation imposing aminimum energy cost kT log 2 for the
erasure of a bit of information in the presence of a heat bath at temperatureT (k is Boltzmann’s constant) [2].We
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consider situations involvingmultiple conserved quantities (such as energy and angularmomentum) and
provide explicit protocols illustrating the tradeoff between the costs of erasure in different charges.

2.1. General bound
Our derivation [3] of the generalised Landauer’s bound is based on the following assumptions, that follow the
framework introduced in [4]:

1. The initial state S of the system, i.e. the memory to be erased, and the reservoir R are initially in a product
state SR S Rr r r= Ä . This is themost natural framework, because itmodels what happens in a typical
erasure process. Indeed, allowing initial correlations betweenmemory and reservoirs implies that we could
erase amemorywhile extractingwork at the same time, by exploiting thework value of correlations [5–7].

2. The reservoirs have the formof aGeneralisedGibbs Ensemble,

e

Tr e
, 1R

C

C

i i i

i i i
r =

m

m

-å

-å[ ]
( )

for observablesCi (we set C H0 ≔ , theHamiltonian of the system and kT10m b =≔ ( ) the inverse
temperature). This bathmay factorise in the product of baths if allCi commute, but this is not necessary for
the following.

3. The total systemofmemory and reservoir is isolated, so it undergoes a general unitary evolutionU:

U
.SR SRr r¢⟼

Tofix the notation,

C C S S

: Tr , Tr ,

Tr , Tr log ,
S R SR R S SR

i i R R

r r r r

r r r s r r s

¢ = ¢ ¢ ¢

D = ¢ - - -

[ ] ≔ [ ]
[ ( )] ( ∣∣ ) ≔ ( ) [ ]

with S Tr logr r r= -( ) [ ] the vonNeumann entropy. From the notation above, C H0D D≔ is the heatflow
towards the bath. Then,

Result 1 (Landauer principle formultiple conserved quantities).Under the assumptions 1, 2 and 3,

H C S , 2
i

i i S
1



åb mD + D -D ( )

where S S SS S Sr rD = ¢ -( ) ( ).

Proof.The proof of [4] (theorem3) goes through independently of the non-commutativity of theCi. Let
S S SX X Xr rD = ¢ -( ) ( ), with X S R,= , and denote by I S R S S S: S R SRr r r¢ ¢ ¢ + ¢ - ¢( ) ≔ ( ) ( ) ( ) themutual

information in the final state. Unitary invariance of the vonNeumann entropy gives S SSR SRr r= ¢( ) ( ). Then,

S S I S R: , 3S RD + D = ¢ ¢( ) ( )

i.e. the sumof the changes of the local entropies equals the correlations created in the transformation, as
measured by themutual information (this is a refinement of S S 0S R D + D ). Substituting equation (1) in the
expression for SRD onefinds

S H C S . 4R
i

i i R R
1

åb m r rD = D + D - ¢( ∣∣ ) ( )

This equation reduces toClausius relation H kT SRD = D whenwe canmake the assumption S 0R Rr r¢ »( ∣∣ )
(which is typically the case for amacroscopic bath) andwhen only energyflows are involved. Togetherwith
equation (3) this gives

S I S R H C S: .S
i

i i R R
1

åb m r r-D + ¢ ¢ = D + D - ¢( ) ( ∣∣ )

From the non-negativity ofmutual information and relative entropy, we obtain equation (2). ,

The above analysis indicates that the resultant trade-off is not particularly sensitive to the fact that theCimay
not commute. The only impact the non-commutativity has is that throughout the sequence of bath interactions
one obtains a ‘time-dependent’ pairs of expectations C t C t,i já ñ á ñ( ( ) ( ) ) subject to the uncertainty in the two
observables.

2
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2.2. An explicit, tight protocol for qubit erasure
The simplest systemwithmultiple conserved quantities is onewithHamiltonianH and a single conserved
chargeQ, e.g, angularmomentum in some fixed direction. As discussed the reservoir is assumed to have the
formof equation (1),

e

Tr e
. 5R

H Q

H Q

R R

R R
g =

b a

b a

- -

- -[ ]
( )

We take here H Q H Q, , 0R R= =[ ] [ ] .HR,QR are observables on the bathHilbert space physically
corresponding toH andQ on the system.β andα are fixed inverse temperatures. Sincewe assume
H Q, 0R R =[ ] , one can formally factor the quantum state of equation (5).Wewill view it as if we have two
independent baths at our disposal (a thermal bath and a ‘Q-bath’) andwe are able to put the system in contact
with each of them separately.

Consider for simplicity the systemHilbert space 2 2  = Ä , spanned by the eigenstates of two
commuting observables H Ä and Q Ä . Define the states 00 , 01 , 10 , 11ñ ñ ñ ñ{∣ ∣ ∣ ∣ }, where hq h qñ ñ Ä ñ∣ ≔ ∣ ∣
and hñ∣ , qñ∣ are eigenstates ofH andQ, respectively. Assume these four states to be initially degenerate in energy
H and chargeQ. Landauer’s principle is usually stated as a fundamental lower bound on the energy cost of the
process of information erasure [2].We now show explicitly that this is not necessarily the case.

One can erase a qubit system in the angularmomentumdegree of freedomusing a spin bath, with the erasure
cost respecting a bound of the form Q log 21 aD - and zero energy cost [8] (hereα is the inverse ‘temperature’
of the spin bath). Going beyond this, we illustrate here the tradeoff between costs in different charges proven in
equation (2).

Let us encode classical bits in the states 00ñ∣ and 10ñ∣ in.We nowdevelop a one-parameter family of
optimal protocols (seefigure 1):

1. Let us start with the levels 00ñ∣ and 01ñ∣ in amaximallymixed state (which describes the single bitmemory to
be erased):

1 2 00 00 1 2 10 10 .1r = ñá + ñá∣ ∣ ∣ ∣

Also notice that, since 00ñ∣ and 10ñ∣ are degenerate in energy, 1r is initially in thermal equilibriumwith the
thermal bath.

2. Changing the Hamiltonian of the system, map the state 01ñ∣ with energy ̄ to a new state (still denoted by
01ñ∣ )with energy  + D¯ ¯ , at an average cost p  D( ¯ ) ¯ . Then put the system in contact to the heat bath and
completely thermalise it with respect to the currentHamiltonian. Repeating these operations in a sequence
of N  ¥ stepswith 0D ¯ , the cost of raising the energy level from0 to  is given by

H
e

1 e
d

1
ln

2

1 e
.

0


 

 ò b
D =

+
=

+

b

b b

-

- -

⎛
⎝⎜

⎞
⎠⎟¯

¯

¯

Thefinal state of thememory to be erased is

Figure 1.Generalised Landauer erasure. Amaximallymixed state on a two-level system is erased using both a thermal bath (a) and a
spin bath (c). A unitary process interchanges between the two erasuremodes by a rotation from the energy qubit E to the charge qubit
Q, represented in (b) as two orthogonal directions.What is the general tradeoff between the different charges dissipated? The protocol
provided achieves the bound of result 1, i.e. H Q log 2b aD + D = .

3
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3.Now wemake use of the charge degree of freedom. The two states 00ñ∣ and 01ñ∣ are degenerate in chargeQ.
Following the same procedure as beforewe induce a level-raising 01ñ∣ from0 to q, wherewe choose

q . 6b a= ( )

The reason for this choice will be clear in amoment. This can be done at no cost, because there is no
population in 01ñ∣ , i.e. p q 0=( ) throughout the process3.

4.We apply a unitary that performs the swap 00 00ñ  ñ∣ ∣ , 01 10ñ « ñ∣ ∣ , 11 11ñ  ñ∣ ∣ . The costs associated to
this unitary are

H Q q
e

1 e
,

e

1 e
,








D = -

+
D =

+

b

b

b

b

-

-

-

-

and thefinal state, using equation (6), is

1

1 e
00 00

e

1 e
01 01 .

q

q

q3r =
+

ñá +
+

ñá
a

a

a-

-

-
∣ ∣ ∣ ∣

5.We can complete the erasure leaving the system in contact with the Q-bath and raising the level 01ñ∣ from q
to¥. Thanks to the choice of the initial q (equation (6)), 3r is initially in equilibriumwith theQ-bath.
Hence this part of the protocol is formally analogous to steps 1–2, but is achieved using a physically different
bath (e.g. a spin bath). The charge cost of the partial erasure in the charge basis is

Q q
e

1 e
d

1
ln 1 e .

q

q


ò a
D =

+
= +

a

a
b

+¥ -

-
-

b
a

¯ ( )
¯

¯

Thefinal (erased) state of thememory is 00ñ∣ . This completes the protocol.

The total cost of erasure splits into an energy contribution and a charge contribution; these can be expressed
in terms of the single parameter  , the energy at whichwe decide to swap basis:

H
1

ln
2

1 e

e

1 e
, 7tot  





b
D =

+
-

+b

b

b-

-

-

⎛
⎝⎜

⎞
⎠⎟( ) ( )

Q
1

ln 1 e
e

1 e
. 8tot  



a
b
a

D = + +
+

b
b

b
-

-

-
( ) ( ) ( )

The result is shown infigure 2. Each value of ò defines a different protocol, corresponding to a point in the
‘energy-cost’ versus ‘charge cost’ graph. The protocols described yield a curve ( H Q,tot tot D D( ) ( )) forfixed
inverse temperaturesβ andα.

Figure 2.Energy–charge tradeoff for erasure of amemory through two baths in the protocols provided. The protocols achieve tightly
the bound of equation (2). Different points along each curve are parametrised by the energy  at whichwe swap from energy erasure to
charge erasure. (a), black curve: 1b a= = ; (b), blue curve: 2b = , 1;a = (c), red curve: 1b = , 2a = .

3
Also notice that we are assuming that the levels associated to the eigenstates ofQ are perfectly controllable.Wewill comment on this later in

this section.
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As expected, we recover the usual Landauer erasure bound, H ln 2tot
1bD = - , in the   ¥ limit and the

erasure at no energy of [8], Q ln 2tot
1aD = - , in the 0  limit. The curves infigure 2 interpolating between

these two limits satisfy tightly the bound of equation (2), as can be seen combining equations (7) and(8):

H Q ln 2, 0, . 9tot tot  b aD + D = " Î +¥( ) ( ) [ ] ( )

This shows how simple trade-offs exist for erasure in the presence ofmultiple conserved charges. One could
also comparewith [9], where the authors show that if erasure is performedwith respect to angularmomentum
degrees of freedom that are not degenerate in energy, equation (9) cannot be achieved.

Note that in a real experiment itmight not be physically possible tomodify the level structure arbitrarily, as
was assumed here. This is the case for aQ-bath being a spin bath.Onewishes to change the level structure (in
angularmomentum) by introducingmultiple aligned spins and performingCNOToperations [8]. However
Nature places a physical lower bound on the discrete steps, ~ . This does not change the general picture
presented in the optimal protocol above, but introduces non-optimalities, relevant at low temperatures, which
might beworth exploring (see [8] and appendix A)4.

Why do such tradeoffs emerge?Wenowdevelop a broader perspective, based on the clash between different
notions of equilibrium in the presence ofmultiple conserved quantities.

3. Relationships between different approaches to equilibrium states

Standard textbooks extensively discuss the thermodynamics of quantum systemswithmultiple, commuting
conserved quantities, especially in relation to the grand canonical ensemble [10]. Our focuswill be on notions of
equilibriumbased on themaximumentropy principle and complete passivity, andwewill allow for the
conserved quantities to bemutually non-commuting. For relatedworks, see [11–13].

Even thoughwe do not focus exclusively on those, it is useful to give some simple examples of systemswith
mutually non-commuting conserved quantities. One is that of a rotationally symmetricHamiltonianH. The
angularmomentum in three orthogonal directions Li, i 1, 2, 3= , are conserved quantities, H L, 0;i =[ ] of
course, if i j¹ , L L, 0i j ¹[ ] . An even simpler example is the three-qubit systemwithHamiltonian
H Z Z Z= Ä Ä and themutually non-commuting conserved quantities A X X = Ä Ä and
B Y Y= Ä Ä . Assuming that the system attains some equilibrium values for energy and angularmomentum
Há ñ, Liá ñ, i 1, 2, 3= (or Há ñ, Aá ñ, Bá ñ in the second example)what is the equilibrium state?

An alternative point of view is given by the thermalisation of an isolatedmany-body quantum system.
Strictly speaking, such systems cannot thermalise, as they evolve unitarily. However, inmany scenarios, for long
times sufficiently local observables will be effectively described by thermal densitymatrices [14]. In such systems
the existence of local observables whose average value is conserved imposes further constraints.We ask here
what happens whenmany of them are present, and possibly some are non-commuting.

3.1. Themaximumentropy principle
A typical way to proceed is to invoke themaximum entropy principle [15]. Let Ci ≔ { }denote the set of
conserved quantities and cī is their average value at equilibrium (by convention, C H0 ≔ , theHamiltonian of
the systembeing trivially a conserved change). The principle says that the equilibrium state is the solution to the
problem [16] 5

S

C c k n

Maximize Tr log ,

subject to: Tr , 1, , . 10i i

r r r
r
= -

= = ¼
( ) [ ]

[ ] ¯ ( )

The solution is a so-calledGeneralisedGibbs Ensemblewith respect to the conserved quantities, i.e.

e Tr e , 11C C
i i i i i i

r = å åm m- -[ ] ( )

where im are generalised chemical potential that can be easily computed as functions of the given values cī (by the
convention chosen, kT10m b =≔ ( )).6 If  consists of only theHamiltonian, one recovers the standardGibbs
ensemble. H N, = { }, whereN is the particle number operator, gives the grand canonical ensemble. Of course,
asN is by assumption a conserved quantity, H N, 0=[ ] ; hence, non-commutativity cannot appear in this
problem.Non-commutativity, on the other hand, appears in the examples given at the beginning of this section.

4
It is worth noticing that amajor challenge for the experimental realisation of such protocol is the need for a detailed control of the

interaction between the angularmomentumqubit and the spin bath (see [8]).
5
We give a straightforward generalisation of vonNeumann’s formulation that allows formultiple conserved quantities.

6
Note that themaximumentropy description is robust, in the sense that it can be applied to situations inwhich the system only has

approximate constants ofmotion. For details, see [17].
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Abrief comment is necessary regarding the use of themaximum entropy principle in the presence of non-
commuting quantities. In the commuting case, this can be justified as an essentially unique inferencemethod
satisfying consistency axioms in the handling of information [18]. In general, the principle can be given a
microcanonical derivation. This is based on 1. Identifying expectation valueswith ensemble averages 2.
Assigning equal probability to every element of an ensemble characterised by a totalCi peaked around cī.
Technical challenges arise in the non-commutativity case from the fact that the totalCis are only approximately
mutually commuting for anyfinite ensemble, so they cannot all have strictly well-defined values. These issues
were tackled in [19], and recently in [11], through the notion of an approximatemicrocanonical ensemble (Def.
2 section 3 of [11] and equation (2.24) of [19]). This leads to the recovery of equation (11).

Once themaximumentropy principle is accepted, the important observation is the following: the
construction works equally well for commuting or non-commuting observables, In every case, it gives a state of the
formof equation (11). However, there are subtler differences. Consider the projection r r , where r is the
maximumentropy state among all statesσ satisfying C CTr Tri is r=[ ] [ ] for all Ci Î . Thismap is not
necessarily completely positive when  containsmutually non-commuting observables (see appendix B). This
agrees with the fact that themaximumentropy projection entails an inherently inferential procedure and,
strictly speaking, cannot be captured purely dynamically without invoking some notion of coarse-graining or
state-dependent processes. Another difference regards discontinuities induced by non-commutativity, as we
mention later.

We now compare this construction to another standard thermodynamic approach based on the notions of
passivity and complete passivity.We show that a disagreement emerges in the presence ofmultiple conserved
quantities and discuss its significance.

3.2. Complete passivity
Among variousways of describing the content of the second law of thermodynamics, one is that nowork can be
extracted froma system in thermal equilibriumbymeans of an adiabatic process [20]. Adiabatic heremeans a
process where some external controls are varied for some finite time, inducing a unitary evolution generated by a
time-dependentHamiltonianH(t). The total work done on the system is then traditionally defined as

W t t
H t

t
tTr

d

d
d , 12

t

0
ò r=

⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( ) ( )

where tr ( ) evolves under the Schrödinger equation, t t t H td d i ,r r= -( ) [ ( ) ( )]. Equivalently, one can easily
check that ifU is the unitary evolution generated byH(t) up to thefinal interaction time tF,

W t U U H H W UTr Tr , , 13F Hr r r= -( ) [ ] [ ] ≔ ( ) ( )†

where ρ andH denote, respectively, the state and theHamiltonian at the initial time [20]. The second law in the
form stated above imposes that ρ, when in equilibrium, should take a form such thatW U , 0H r( ) for all
unitariesU. This can be interpreted as the fact that one can never displace aweight systemupwards using the
state ρ. If this holds for every unitary evolution, ρ is called a passive state. A relatively straightforward
computation shows that a state ρ is passive if and only if H, 0r =[ ] and its eigenvalues are a non-increasing
function of energy (i.e. there are no ‘population-inversions’) [20–22].

More importantly, in 1978 an answerwas formulated for the following question: what states are completely
passive, in the sense that arbitrarilymany copies cannot raise aweight?More precisely, for what states ρ dowe
haveW U , 0H

n rÄ( ) for all n Î and all unitariesU? The answerwas givenfirst from an algebraic
perspective [21] and later by Lenard using finite-dimensionalmethods [20]. One consequence of these seminal
works is that, forfinite-dimensional systems, theGibbs state is the only functional form (modulo limiting cases
of ground states and ‘infinite temperature’ systems) that does not trivialise every work process when it is
assumed to be freely available7.

3.3.Disconnection betweenmaximumentropy construction and complete passivity
Extending equation (13) to other conserved quantities beyond energy, passivity and complete passivity can be
defined in an analogousway:

Definition 1.Given an observableC, a state ρ is calledC-passive ifW U , 0C r( ) for every unitaryU. ρ isC-
completely passive if nrÄ isC-passive for every n Î .

7
For infinite dimensional systems such as quantum fields this notion is generalised to the set of KMS states and has amore complex

structure, whichwe entirely ignore here.

6
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In the case of a single conserved quantity, there is agreement between themaximumentropy and the
complete passivity point of views of equilibrium. For example, aZ-spin bathwith degenerateHamiltonian has a
maximumentropy state e Lzµ a- , which is completely passive with respect to Lz, so that angularmomentum in
theZ-direction cannot be extracted from any number of copies of it by any unitary interaction.

On the other hand, let us analyse themultiple observables case.We then have

Result 2 (Disconnection between approaches). Let H C C, , , n1 = ¼{ }. Then, for n 1 , themaximum
entropy state Cexp i

n
i i0mµ å =

⎡⎣ ⎤⎦ is C m( )-completely passive, where C Ci
n

i i0m må =( ) ≔ , but in general it is not
Ci-completely passive for each i.

Proof.Consider first the casewhereCi aremutually commuting. It then suffices to focus on the case where there
is a single extra conserved chargeC1 beyond energy (with C H1 ¹ ). In this case themaximum entropy state r
reads, due to H C, 01 =[ ] ,

e e .H C
0 11 1

r g gµ b m- - ≔

Anecessary condition for 0 1g g to beH-completely passive is to beH-passive. Passivity is equivalent to 1.
H, 00 1g g =[ ] (which is satisfied) and 2. The eigenvalues of 0 1g g aremonotonically decreasing for strictly

increasing eigenvalues ofH. However fix  and ̃ with  < ˜ . One in general canfind >ℓ ℓ̃ such that
e e1 1 >b m b m- - - -ℓ ℓ˜ ˜. HenceH-passivity is generically violated.

Consider now the non-commuting case. Given a conserved quantityC, a necessary condition for passivity is
C, 0r =[ ] . A useful equivalent way of thinking about this condition is that ρmust be symmetric under theU(1)

group generated byC, i.e. e eCt Cti ir r=- for all t. Consider then the simple example H L L L, , ,x y z = { }, with
H spherically symmetric. Themaximumentropy state of equation (11) reads

e e e e , 14LH L L L Hx x y y z z
r µ mb m m m b- - - - - -≔ ( )·

where , ,x y zm m m m≔ ( ) and L L L L, ,x y z= ( ). Assuming 0m ¹ , one can quickly check that this generalised
Gibbs ensemble is not spherically symmetric, i.e. it is not invariant under the SU(2) symmetry group generated
by Lx, Ly, Lz. In fact, r is only invariant under aU(1) subgroup representing rotations about the directionm.
This implies that in general the state is not passivewith respect any of the conserved quantities Li, and so it is not
Li-completely passive.

Finally, showing that themaximumentropy state is C m( )-completely passive is based on a standard
argument, that we give in appendix C. ,

Notice that we cannot strengthen result 2 and say that r is notCi-completely passive for any i, even under
the additional assumption 0im ¹ for all i. Here is a counterexample: let C1 = +ñá+∣ ∣, C 0 02 = ñá∣ ∣, C 1 13 = ñá∣ ∣
be observables on an effective qubit degree of freedom,with 01 2 3m m m m= = ¹≔ (H commutes sowe can
leave it out of this discussion). One can check that C C, 01 2 ¹[ ] , C C, 01 3 ¹[ ] . But eC

Sr µ m- ,
S C C C C1 2 3 1= + + = + , so r is completely passive with respect toC1.

What result 2 implies for the example of angularmomentumpresented above is that from arbitrarilymany
copies of themaximum entropy state of a systemwith rotationally invariantHamiltonianwe can generically
extract an unbounded amount of angularmomentum in every direction excludingm.We can nowunderstand
the tradeoffs of result 1 from result 2, noticing that themaximumentropy state used in the derivation is

H Ci i i1b mD + å -completely passive, but notCi-completely passive for each i.

3.4. Physical considerations on aweaker formof complete passivity
Let us come back to the above example of a spherically symmetricHamiltonianH, with H L L L, , ,x y z = { },
and r given by equation (14). Nownotice that  r r= ˜ , where H m=˜ { ˜ ( )}and LH H 1m mb= + -˜ ( ) · . In

fact, this is true in general, taking H m=˜ { ˜ ( )}, H H C1m mb= + -˜ ( ) ( ).
What thismeans is that themaximum entropy construction gives the same state for a systemwithmultiple

observables that it would assign to a systemwith a singleHamiltonian H m˜ ( ), where the Lagrangemultipliers of
the extremumproblemplay the role of coupling strengths im to the various charges. In otherwords, we can think
of C m( )-complete passivity in result 2 as a constrained formof passivity, that coincides with the standard one
applied only to a particular ‘direction’m.

In the example H L L L, , ,x y z = { }, the generalisedGibbs state coincideswith the equilibrium state of a
systemwith the sameHamiltonian and subject to amagneticfield in thedirectionofm. In this dual description the
Lagrangemultipliers are naturally interpreted as constraint parameters definedby thephysics; the residualU(1)
symmetry of r has anobvious interpretation as a special direction singled out by the physical problem.

There are good reasonswhy itmay be sensible to frame the problem in this way. It is well-established that the
low temperature states of interacting spin systems (such as Isingmodels with transversemagnetic fields) display
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thermodynamic phase transitions depending on the particular external field parameters, and are intrinsically
quantum-mechanical in origin.Wemay argue that a thermodynamic approach to non-commuting conserved
charges benefits from starting with this weakened formof passivity, computing its properties, and then
ascertaining if subsequent variation of the parameters displays discontinuities. In fact, it is known that the
maximumentropy inference can have discontinuities [23] if some of the conserved quantities aremutually non-
commuting (whereas it is continuous in the commuting case [24]), and that these are related to quantumphase
transitions [25].

These considerations seem to favour an approach based on constrained passivity and in agreementwith the
maximumentropy principle. On the other hand, as we now clarify, result 2 also shows that themaximum
entropy state effectively acts as a (quantum) reference frame [26].We discusswhy this challenges a proper
inclusion of non-commutativity within the so-called resource theory approach to thermodynamics.

4. Limitations of the resource theory approach

4.1.How shouldwe build a resource theory of thermodynamics in the non-commuting case?
Recently a resource theory formulation of thermodynamics has been put forward, initiated in [27, 28]. Every
resource theory is based on two notions: a subset of all quantummaps defines the set of allowed operations, and a
subset of all preparations defines the set of free states  (these are generically assumed to be available in any
number). For example, in the theory of entanglement, the free operations are local operations and classical
communication and  is given by the set of separable states. Resource states are all entangled states.

In the resource theory of thermal operations the allowed transformations are defined through a conservation
law: they are all unitaries preserving energy; and  is given by all thermal states, i.e. e Tr eR

H HR Rg = b b- -[ ], for
arbitraryHR andfixedβ.We are also allowed to trace away some degrees of freedom.Combining the above, a
general thermal operation can bewritten as

U UTr , 15R R r r g= Ä¢( ) [ ( ) ] ( )†

withU satisfying U H H, 0R+ =[ ] ,H theHamiltonian of the system and R g Î . In general R R¹ ¢. A
detailed discussion of these assumptions and their connection to other approaches is given in appendixD.

Here we extend the conservation law onwhich thermal operations are defined tomultiple, and in general
non-commuting, conserved quantities. For simplicity, we can limit ourselves to two conserved quantities, the
extension tomore charges being obvious.We define H C C, ,1 2( )-thermal operations as the set of
transformationswhose Stinespring dilation reads

V VTr , 16R R r r g= Ä¢( ) [ ( ) ] ( )†

withV obeying

V X X X H C C, 0, , ,R R 1 2 Ä + Ä = =[ ]

and R Mg Î . Here M is an appropriate generalisation of the set of free states tomultiple and generally non-
commuting conserved quantities. Howdowe choose M ?

In the case of a single conservation law the choice is based on the notion of non-trivial work transformations.
A resource theory is called non-trivialwhen some transitions r s are not allowed bymeans of free
operations. An infinite set of possible non-trivial resource theories can be built fromdifferent choices of  ,
given the conservation law on energy. These include the resource theory of thermal operations,U(1)-asymmetry
theory (where  is given by all states ρ invariant with respect to time translations [29], e eHt Hti ir r=- - ), and
theories where  includes states with some specificmodes ofU(1)-asymmetry (as defined in [30]).

A natural question is what singles out  in the resource theory of thermodynamics among all non-trivial
theories. An answerwas given in [31], where it was shown that a state e Hµ b- is the only form ensuring non-
trivial work processes. Specifically, this is the only choice of free state that does not allow to increase arbitrarily
the average energy of a battery system (theorem8of [31]). This is linked to the fact that theGibbs state is,modulo
limiting cases, the only completely passive state, and of course it also agrees with a choice of  based on the
maximumentropy principle. All guiding principles suggest one and the same choice of  .

We are interested here in the generalisation of the resource theory of thermal operations in the presence of
multiple conserved quantities. Due to the incompatibility between different approaches, it seems there are at
least two distinct possibilities to choose M :

1. M should be given by states that are completely passivewith respect to all thermodynamic variables.

2. M should be given by the maximum entropy construction, or equivalently it should respect a constrained
formof complete passivity, as established by result 2. This is the choicemade in [11].
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Aswewill now see, both these approaches have their limitations, highlighting current issues in the resource
theory approach to thermodynamics.

4.2. Limitations of current approaches
If we follow the complete passivity approach, wefind that the free states γ should satisfy C, 0ig =[ ] for allCi. In
the generic case this implies

a O a, with , 17
k

k k k åg = Î ( )

for some collection of observables O CComk i iÇÎ ( ), where Com Ci( ) is the commutant of the operatorCi. The
significance of this is that a C C, , n1 ¼( )-passive state cannot contain any component ofCi in it. To explainwhat
thismeans, for simplicity consider the case of a trivialHamiltonian, and two non-commuting operatorsA andB
such that the only operator that commutes with both is one proportional to the identity (as in the qubit example
with the Pauli observablesA= X andB= Y). In this case the only passive or completely passive state with respect
to both observables is themaximallymixed state d . In particular, it is impossible to reproduce themaximum
entropyGibbsian distribution in theA andB degrees of freedom. This is not to say that a resource theory is
impossible, but the bath states act as randomnoise in the non-commuting charge degrees of freedom, in
disagreement with themaximumentropy principle and equilibration based on typicality arguments.

Notice that the choice of free states based on complete passivity is in agreement with asymmetry theory, as γ
is required to be symmetric with respect to the smallest groupG generated by the non-commuting observables at
hand.More specifically,U Ug gr r=† for all g GÎ , where g Ug is an appropriate unitary representation ofG.
Any state not invariant under the action ofG is called a reference frame, in that it can be used to encode
information about the group element g GÎ (for G SU 2= ( ), g is a direction) [26]. For the qubit example with
A=X andB=Y, we have G SU 2= ( ), so the only symmetric state is themaximallymixed one. Any 2r ¹
breaks rotational symmetry. From a symmetry perspective, any non symmetric state is a resource, and complete
passivity ensures that no reference frame forG is being introduced.

Having a thermodynamic application inmind, and given the strong constraints imposed by complete
passivity, onemay be tempted to follow the second route and select M on the basis of themaximum entropy
principle or, equivalently, a constrained notion of complete passivity with respect to C m( ) (an approach
followed in [11]). As the previous discussion implies, however, this choice of M allows the free introduction of
reference frames for the groupG generated by the non-commuting charges. The point is easily understood in the
example of equation (14), noticing that themaximum entropy states are not rotationally symmetric. The states
in M are only invariant under aU(1) subgroup ofG. The symmetry constraints imposed by the conservation of
multiple conserved quantities are then partially lifted, with exclusion of an abelian (specifically,U(1)) subgroup.
Thermodynamically this implies that only the average value of H Ci

n
i i1b m+ å = cannot be increased indefinitely

acting on a large number of free states.
Hence to recover a clear thermodynamic interpretationwe do not fully capture the underlying non-

commutativity. To summarise, one has to choose between

1.No external, symmetry-breaking axis, but only a limitedGibbsian form.

2. A symmetry-broken scenario with a clear thermodynamic interpretation.

Despite some advances [11, 12]wehence believe that it is still an open question how resource theory
approaches can capture the core aspects of the role of non-commutativity in thermodynamic processes. One
reason at the root of some of these difficultiesmay be that resource theories do not easily handle external
fields [32].

5. Conclusions

Wehave presented an overview of some subtleties of thermodynamics in the presence ofmultiple conserved
quantities.We proved that for some results, such as Landauer erasure, this entails a formally simplemodification
to take into account the presence ofmultiple ‘currencies’ that can be used to pay for erasure.

We have shown that these tradeoffs can also be seen through the lens of amore general result: the
disagreement betweenmaximum entropy construction and complete passivity, that in the single-charge
scenario give equivalent characterisations of the notion of equilibrium.

This also lead us to reconsider the role of non-commutativity in current resource theory approaches. The
seeminglymost reasonable choice for the set of free states (the one based on themaximum entropy
construction) is only equivalent to a constrained notion of complete passivity where a specific directions is
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singled out as special—effectivelymaking the theory insensitive to the stronger formof non-commutativity. The
maximumentropy state acts as a quantum reference frame (in the sense of [26]) for the non-commuting
observables, with exclusion of an abelian subgroup.

Non-commutativity, alreadywell-established in the context of the study of quantumphase transitions, is an
exciting new venue for small-scale thermodynamics. Understanding towhat extent it can be captured in the
resource theory framework is a relevant open question.
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AppendixA. Corrections to Landauer erasure due to discreteness

Following [8] (section (3b)), onefinds that the angularmomentum cost of erasure using a spin bath is

Q
e

1 e
. A1

n

n

n
1

åD =
+

a

a
=

¥ -

-
( )

Note that, from amore general perspective, this is analogous to the standard formula for the erasure cost used in
section 2.2, with the only difference that a discreteness in the operation of level transformation has been
introduced. By an appropriate reinterpretation of the constant ÿ, hence, the previous formula not only describes
processes inwhich a fundamental discreteness prevents a continuous change of the level structure, but also
experimental limitations acting to the same effect.

The above sum can be expressed in terms of elementary functions, the q-digamma functions zqy ( ),

Q
2

i log e 1 i . A2e
 

a
p y p aD = + + - + -a a[ ( ) ( )] ( )

One can check that in the infinite temperature limit Q log 21aD » - ( ), as expected in the continuous case,
whereas for temperatures close to zero QD approaches 2 . The reason is, of course, quantisation of angular
momentum and the fact that erasure requires at least one step, whose cost is 2 (see figure A1).

Figure A1.Angularmomentumbaths and ÿ discreteness. The red continuous curve is the Landauer bound for a single charge in the
continuous case, Q ln 21aD = - . The blue dashed curve represents the erasure cost QD as a function ofαwhen level raising is
discrete (as given by equation (A2), where we set units 1 = ). Discreteness is relevant at low temperatures; in particular theminimum
erasure cost equals theminimumallowed change in the level structure and not 0 for a  ¥, since erasure requires at least one step to
be performed.
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Appendix B. Properties of themaximumentropy projection

Once  isfixed, consider themapping defined in themain text:

. B1r r ( )

From an inference point of view, r is themost unbiased state among all those compatible with the observed
data, when uncertainty ismeasured through the vonNeumann entropy. Thismapping is obviously positive.
Howeverwe now show that, in general, it is not completely positive.

Let X Y, , = { }, whereX andY are Pauli operators in an effective qubit subsystem. Aside from the energy
spectrum constraints (which are independent due to commutativity), r takes the form e X Yx y

r µ a a- - . The

maximumentropy projection 
r r selects xa and ya such that X XTr Tr r r=[ ] [ ]and

Y YTr Tr r r=[ ] [ ]. For this particularmodel, such amap  turns out to be thewell-known ‘pancakemap’,
whose imagewhen acted on thewhole Bloch sphere is the x–y equatorial plane. This defines a positive, but not
completely positive quantummap, in the sense that if applied to a subsystemof amaximally entangled state it
generates negative probabilities. This is seen by computing dir = Ä WñáW˜ (∣ ∣) on the pure bipartite,
maximally entangled state given by 00 11 2Wñ = ñ + ñ∣ (∣ ∣ ) . Since WñáW∣ ∣can bewritten as

XX ZZ XX ZZ YY1

4

1

4
  + + = + + -( )( ) ( ), onefinds that XX YY1

4
r = + -˜ ( )which has eigenvalues

, , ,3

4

1

4

1

4

1

4
-{ }, and therefore does not correspond to a physically allowed quantum state on the global system.

As expected, themaximumentropymap is an inference procedure, not a physicalmap. In fact, one can easily
check that not even close approximations of the pancakemap can be completely positive. For example, an
approximation of the pancakemap is one inwhich the full Bloch sphere is shrank to a circle of radius rwithin the
x–y equatorial plane;moreover, we can also allow the projection to be approximate, by setting the average value
of z to be ò instead of zero. For this approximate pancakemap to be completely positive it is necessary that
r 1 2 +( ) . This shows that not even this approximatemapping is physical.

AppendixC.Maximumentropy state isC(μ)-completely passivity

The proof is based on standard arguments [33]. Consider S r r( ∣∣ ), where r is given by equation (11). Using the
expression for the quantum relative entropy, by direct computation onefinds S F F   r r r r= -( ∣∣ ) ( ) ( ),
where F C STri i i r m r rå -( ) ≔ [ ] ( ). Since S 0 r r( ∣∣ ) , with equality if and only if r r= , we recover that

r uniquelyminimises F . Now consider any two states ρ andσ linked by a unitary transformation, i.e.,
U Us r= †. Then F F C CTr Tr  m ms r s r- = -( ) ( ) [ ( )] [ ( )], wherewe used the unitary invariance of the

vonNeumann entropy. Taking r r= , from F F  s r( ) ( )we obtain that no unitary (more generally, no
constant entropy transformation) can decrease the expectation value of C m( ). Hence, r is C m( )-passive.
Moreover, since F is an additive function, precisely the same argument holds for arbitrarilymany copies n

r
Ä

and thus one deduces complete passivity in the samemanner.

AppendixD. Conservation lawwithin the resource theory framework

The assumptions of thermal operations are extremelyminimal, and can be phrased informally as

1. ‘Energy ismicroscopically conserved’.

2. ‘TheGibbs state is special’.

More precisely, we have that all thermal operations take the form

U UTr , D1R R r r g= Ä¢( ) [ ( ) ] ( )†

withU obeying U H H, 0R R Ä + Ä =[ ] expressing that energy is conservedmicroscopically and
e Tr eR

H HR Rg = b b- -[ ] for an arbitraryHR butfixedβ. Here TrR¢[·]denotes a partial trace on some of the degrees
of freedom R¢ (in general R R¢ ¹ ). If the finalHamiltonian of the system is different from the initial one,H
includes the degrees of freedomof a clock (see [28], appendixH, [34], supplementary note 1, [31] appendix I).

There are key reasons formaking the assumption ofmicroscopic energy conservation, particularly if one
wishes to address thermodynamics in extreme quantum regimes. In traditional, classical,macroscopic
thermodynamics the energy used is the internal energy of the system, expressed typically in terms of the
expectation value of aHamiltonian, HTr r[ ]. However thismethod of quantifying energy is notmadewithin the
resource framework for important reasons, whichwe nowdiscuss.
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An averaged energy conditionworkswell in the classical regime, but in extreme quantum regimes admits
transformations that are highly problematic and questionable. For example, the condition allows unbounded
injection of coherence into thermal states with no accounting of the back-reaction on the field beyond semi-
classical approximations.More explicitly, consider a systemwith energy eigenstates Ekñ{∣ }, initially described by
a thermalGibbs state H Zexpg b= -[ ] , onwhichwe apply the quantumoperation  for which

Z
E

,

1
e . D2

k

E
k

k



å

g y y

y

= ñá

ñ= ñb-

( ) ∣ ∣

∣ ∣ ( )

Any conservation law based on Há ñ, or indeed any function of the themoments Hk
k á ñ Î{ } , will never forbid such

a transformation, despite transforming to a pure quantum state and generating coherence for free. Even if  is
required to be a unitary process, injection of quantum coherence is still possible, e.g. if H 1 1 2 2 2= ñá + ñá∣ ∣ ∣ ∣,
1 0 2 2ñ  ñ + ñ∣ (∣ ∣ ) by a unitaryU that preserves the average energy. Therefore in regimes inwhich
coherence properties are significant, an averaged energy condition is highly questionable and sowemake the
stronger assumption ofmicroscopic energy conservation.

Given the formof thermal operations, it is also important to emphasise that these transformations:

1. Do not assume that the experimenter hasmicroscopic control over the unitaryU that is implemented.

2. Do not assumeweak-coupling, or that system couplings are switched off at the end.

3. Do not clashwith the application of time-dependentHamiltonians in thermodynamics.

Thermal operations only require that the operations applied each have a Stinespring dilation of the form
(D1). Operationally it is  that the experimenter can apply to the system and not the unitaryU, which is anyway
not unique. In fact, a large number of unitaries will induce the same transition, as it is discussed explicitly for the
case of work distillation in [28], appendixH.

Point (2) is less obvious in the context of the decoupling of the system from a thermal bath, or the presence of
strong couplings. Thermal operations permit arbitrarily strong couplings, and do not assume a perfect
decoupling at the end of the process. The latter is permitted by the fact that equation (D1) involves TrR¢[·]and
not TrR[·]. In other words, theworking systemneed not remain the same throughout and so is compatible with
strong-coupling techniques such as reaction coremethods [35].

The assumption of arbitrary time-dependentHamiltonians is ultimately an asymptotic approximation and
makes developing an information-theoretic theory of quantum coherence a subtle one. The framework of
thermal operations provides a rigorous way to deal with suchmatters. Namely, onemakes explicit how the time-
dependentHamiltonian is actually realised through a quantum reference frame.We therefore have
thermodynamic processes of the form

U UTr , D3R Rr c r c gÄ  Ä Ä¢[ ( ) ] ( )†

whereχ is a quantum reference frame state that acts as a clock.When the reference frame is unbounded in the
amount of coherence it has, then one can recover perfect control over time-dependentHamiltonians [26].
However, for regimes inwhich coherencematters, onemakes explicit back-actions and the irreversible depletion
of quantum coherence [36], which cannot be accounted for under the assumption of time-dependent
Hamiltonians.
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