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Molecular Ejection Transition in Liquid Crystal

Columns Self-Assembled from Wedge-Shaped

Minidendrons†

William S. Fall,a,b Ming-Huei Yen,c Xiangbing Zeng,c Liliana Cseh,d Yongsong Liu,a

Gillian A. Gehring,∗b and Goran Ungar∗a,c

Fan-shaped molecules with aromatic head-groups and two or more flexible pendant chains of-
ten self-assemble into columns that form columnar liquid crystals by packing on a 2d lattice.
Such dendrons or minidendrons are essential building blocks in a large number of synthetic self-
assembled systems and organic device materials. Here we report a new type of phase transition
that occurs between two hexagonal columnar phases, Colh1 and Colh2, of Na-salt of 3,4,5-tris-
dodecyloxy benzoic acid. Interestingly the transition does not change the symmetry, which is
p6mm in both phases, but on heating it involves a quantised drop in the number of molecules 〈n〉
in the cross-section of a column. The drop is from 4 to 3.5, with a further continuous decrease
toward 〈n〉= 3 as temperature increases further above Tc. The finding is based on evidence from
X-ray diffraction. Using a transfer matrix formulation for the interactions within a column, with
small additional mean field terms, we describe quantitatively the observed changes in terms of
intermolecular forces responsible for the formation of supramolecular columns. The driving force
behind temperature-induced molecular ejection from the columns is the increase in conforma-
tional disorder and the consequent lateral expansion of the alkyl chains. The asymmetry of the
transition is due to the local order between 4-molecule discs giving extra stability to purely 〈n〉= 4

columns.

Introduction

Taper-shaped molecules such as the tree-like “dendrons” have
been shown to exhibit rich phase behavior by self-assembly into
supramolecular sheets, columns or spheres. Dendrons display-
ing such liquid crystal (LC) phases usually comprise an aro-
matic core with flexible chains at the periphery1–4. In many
fan-shaped molecules the 2d-ordered columnar phase that ap-
pears at lower temperatures transforms on heating to one or a
series of 3d spherical micellar phases. These have their counter-
parts in metals and are either cubic such as Pm3̄n (A15)5 and
body-centered cubic (BCC)6, or tetragonal (α-phase)7 or even
quasicrystalline8,9. Interestingly, all phases observed so far in
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these series of compounds can be seen in the simplest of them,
known as ‘minidendrons’10–12 (see e.g. Figure 1a). Taper-shaped
mesogens, including minidendrons, are some of the most funda-
mental and widespread building blocks in supramolecular chem-
istry13. They have been attached to moieties such as organic
semiconductors14,15, ionic conductors16–20, crown ether selec-
tive chelators21–23, donor-acceptor complexes and polymers24,25,
peptides26, nanoparticles27,28, quantum dots29 etc. In this way
“dendronized” functional materials may be created, useful in a
variety of applications30.

Beside displaying an impressive array of complex 2D and 3D
nanostructures, wedge-shaped and other “unusual” mesogens un-
dergo numerous phase transitions. However studies giving a the-
oretical basis of such phenomena are surprisingly rare in such
systems31,32. In more traditional LC’s, i.e. nematic and smec-
tic, structures and transitions have been described theoretically
in a number of cases by “borrowing” models from other areas of
condensed matter and understood in the framework of the same
physical principles. Well known examples include the nematic to
smectic-A transition33, the twist-grain-boundary (TGB) smectic
phase34 and the hexatic phases35, the latter being real-life ex-
amples of the Kosterlitz-Thouless theory of 2d melting36. The
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present work describes an unusual transition, one that happens
within the same p6mm hexagonal columnar phase. We show that
the ordering of a LC column may be described using the formal-
ism of a magnetic spin chain. Interestingly an approach linking
magnetism and another type of complex soft self-assembly, i.e.
multicolour tiling in a honeycomb LC37,38, is to our knowledge
so far the only other example in complex LC’s.

In the hexagonal columnar phase (Colh) wedge shaped
molecules assemble to form supramolecular discs which in
turn stack to form columns39. With increasing tempera-
ture these columns show typically a continuous lateral shrink-
age while maintaining positive bulk expansion10,11,40. This
has been attributed to continuous shedding of dendrons along
the supramolecular column. An optimal average number of
molecules per disc, 〈n〉, exists at a given temperature such that
the overall system free energy is minimized. With increasing tem-
perature, the dendrons expand sideways due to the increased en-
tropy of the terminal chains, resulting in a decreasing optimal
〈n〉, and shedding of surplus dendrons. Similar behavior is ob-
served in the cubic phases where spherical micelles shed their
conically shaped dendrons continuously, thus shrinking with in-
creasing temperature10, in some cases down to half their size at
low temperatures41.

All cases so far show continuous thermal shrinkage. Herein we
report a special case where the lateral shrinkage of the columns
is discontinuous, involving a new type of first-order transition be-
tween two columnar LC phases of the same hexagonal symmetry
but with a quantised change in the average number of molecules
in a supramolecular disc. We present experimental evidence and
a quantitative statistical model of this unique LC phenomenon.

Experimental Results

X-ray Diffraction and Calorimetry

The compounds used in this study are Na and Li salts of 3,4,5-tris-
dodecyl benzoic acid. They are labeled 12Na and 12Li and are
shown in Figure 1a, together with their calorimetry (DSC) scans.
Powder small-angle X-ray scattering (SAXS) curves recorded on
heating are shown in Figure 1b. While 12Li shows only two LC
phases, a hexagonal columnar (Colh) and a body centered cu-
bic (BCC), 12Na displays a sequence of four LC phases. Crys-
tals melt into a centered rectangular columnar phase (Colr), sym-
metry c2mm, which gradually transforms into Colh, plane group
p6mm, around 82◦C (see Figure 2a). Above 120-125◦C the colum-
nar transforms into the cubic A15 phase, symmetry Pm3̄n. At the
same time crystalline compound 12Li melts directly into the Colh
phase which subsequently transforms into BCC.

Whilst in most other salts the hexagonal lattice parameter, ah,
i.e. the distance between column axes, decreases continuously
with increasing T 10,11, both 12Li and 12Na are exceptional. In
12Li ah is virtually independent of temperature42 - see Figure 2.
Even more interestingly, in 12Na a clear first order transition is
observed between two columnar hexagonal phases, labeled Colh1
and Colh2, as shown in Figures 1 and 2.

Changes in lattice parameters with temperature for 12Na and
12Li are given in Figure 2a. The first hexagonal phase of 12Na

Fig. 1 (a) The compounds and their first DSC heating scans (5 K/min).
Phase abbreviations: cr = crystal; Colr = rectangular columnar phase
(c2mm symmetry); Colh, Colh1, Colh2= hexagonal columnar phases
(p6mm); BCC and Pm3̄n = body-centered and A15 cubic phases, respec-
tively. (b) Temperature evolution of SAXS curve of 12Na on 1st heating at
5 K/min. (c) WAXS patterns of an extruded 12Na fiber in the Colh1 phase
at 85◦C (top left), Colh2 phase at 105◦C (bottom left) and the mixture of
phases (Colh1+Colh2) at 95◦C (right). (d) Part of WAXS pattern of an
extruded fiber of 12Li in the Colh phase at 70◦C (left) and 120◦C (right).
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Fig. 2 (a) Intercolumnar distance in compounds 12Na and 12Li on heat-
ing, along with schematic drawings of each structure: Colr, Colh1 and
Colh2. (b) Calculated number of minidendrons per supramolecular disc,
〈n〉, for both compounds, along with the best-fit curve from model for
12Na. Fitting parameters are discussed in the subsequent section.

(Colh1) forms at around 82◦C at the convergence of b and a/
√

3

of the Colr phase. In the Colh1 phase the intercolumnar distance
ah remains constant at 39Å, and at about 95◦C it suddenly de-
creases by approximately 3Å to 36Å, signifying the transition to
the Colh2 phase. After that in the Colh2 phase ah decreases grad-
ually with increasing temperature. The transition is reversible,
albeit with a considerable hysteresis.

Determining the Number of Minidendrons 〈n〉
To determine the average number of molecules 〈n〉 in a
supramolecular disc, or stratum of a column we need, beside the
cross-section area of the column, also the height of the stratum
c and the density ρ. While there is no true 3d long-range order,
the wide-angle X-ray scattering (WAXS) pattern of a partially ori-
ented extruded fiber of 12Na shows a relatively sharp meridional
arc corresponding to a spacing of 3.7 Å in Colh1 and 3.9 Å in
Colh2 phase (Figure 1c). These correspond to the π −π stacking
distance of benzene rings along the column axis and are taken
as c values. The density was measured at room temperature10,11

and then corrected, factoring in thermal expansion (see SI† and
Table S3). 〈n〉 , thus obtained, is plotted against temperature in
Figure 2b. In the Colh1 phase of 12Na 〈n〉 is nearly constant at
4 molecules per stratum, dropping abruptly to 3.5 at the Colh1-

Colh2 transition and further decreasing continuously toward 3 as
T is increased further. In 12Li, on the other hand, 〈n〉 is constant
at 3 within the T -range of stability of the Colh phase (Figures 2
and S1†).

Theory

Outline

Figure 3a shows a simplified schematic of the proposed statis-
tical model of a column consisting of interacting supramolecular
discs. Each disc may contain either 3 or 4 minidendrons which are
held together by an attractive energy Un (n is the number of mini-
dendrons in each disc), assumed to be dominated by Coulomb
interactions at the center of the disc. There are also tempera-
ture dependent free energy terms of the end chains Fn(T ), mainly
entropic due to confinement of the molecule in a slice (1/3 or
1/4) of the disc. Interaction energy Jmn between two neighbor-
ing discs in a column is also included, and again considered to
be dominated by Coulomb interactions. The model Hamiltonian
H describing a single column, in Equation 1, is constructed in
terms of these interaction energies and the projection operators,
P
(3)
i and P

(4)
i which correspond to an arbitrary disc, i, containing

3 or 4 minidendrons respectively (P
(3)
i +P

(4)
i = 1).

H = ∑
i

(

U4 +F4(T )
)

P
(4)
i +∑

i

(

U3 +F3(T )
)

P
(3)
i

+∑
i

J44P
(4)
i P

(4)
i+1 +∑

i

J33P
(3)
i P

(3)
i+1 (1)

+∑
i

J43

(

P
(4)
i P

(3)
i+1 +P

(3)
i P

(4)
i+1

)

Equilibrium properties of a single column are calculated from Equa-

tion 1, assuming that molecules are in a heatbath and a reservoir of

free molecules. Weak inter-columnar interactions are included later

to take into account long-ranged interactions both along and across

columns.

Fig. 3 Model of interacting supramolecular discs of 3 or 4 minidendrons
per disc showing the pure (4), mixed (43) and pure (3) phases with in-
creasing temperature. The intra-disc interactions Un, and inter-disc inter-
actions Jmn are also indicated.
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Calculating the Chain Free Energy Fn(T )

Fig. 4 (a) Chain free energy curves with a confined minidendron in a
120◦ segment shown in the inset, close contacts are shown in green. (b)
gauche bonds gn and close contacts ccn vs. temperature in respective
geometries. 90◦ (red) and 120◦ (blue) from the simulation with η= 498K,
γ = 0.4 as defined in Equation 3.

Calculating the free energy of the three end chains Fn(T ) for
a single minidendron presents an interesting problem since there
are interactions with other molecules both within and between
the supramolecular columns. Two important factors govern the
shapes adopted by the chains at a given temperature; these are
the number of gauche defects ng and the extent of crystallisation
with surrounding monomers. To simulate this effect, the miniden-
drons were confined within a segment with vertex angle θ and
thickness d where the chains are restricted to only those confor-
mations which contain discrete trans (t) or gauche (g) bonds,
according to the Rotational Isomeric State model43 - see Figure
4(a). The diamond lattice is therefore chosen as a suitable lattice
upon which the end chains may arrange themselves. The [111]
direction of the lattice is oriented along the axis of the segment,
to ensure a symmetric distribution. The core boundary radius, R,

is fixed such that volume is kept constant hence R90 =
√

4
3 R120,

where R90 = 10Å. For three free chains of length l in unrestricted
space the number of possible conformations N is described by
Equation 2.

N =
(

4.(3)(l−1)
)3

(2)

This is of the order 1017 for l = 12 but for self avoiding chains in
confined space this number falls dramatically, in our case down
to 107. The simulations have been run for vertex angles θ = 90◦

and 120◦, to approximate the confinement of 4 or 3 molecules
per disc respectively, at a thickness d = 3.6Å, the closest allowed
by the experimental thickness on a diamond lattice. It should be
noted that the conformers are self avoiding such that no two H
atoms may come closer than the first nearest neighbour distance.
Successive gg’ bonds are disallowed in the simulation to avoid
H-H conflicts from 5th nearest neighbour monomer units, other-
wise known as “pentane interference”. All possible conformations
are enumerated and the ensemble is then weighted according to
Equation 3.

Ei = η(ng − γncc) (3)

Here η is the energy cost of introducing a gauche defect, ncc is
the number of close contacts between first nearest neighboring
H atoms and γ represents the energy drop of crystallisation and
allows for freezing. In this case η is taken to be 4141 (J/mol)
with and the expected increase in ng and decrease in ncc with
increasing temperature was found for γ = 0.4, see Figure 4(b).
The partition function can then be written as Equation 4 and the
free energy Fn(T ) calculated.

Z = ∑
i

e−β (ng−γncc) Fn(T ) =−kBT logZ (4)

The generated free energy curves are shown in Figure 4. Both
geometries appear identical at low temperature and gradually di-
verge as temperature is increased. Hence for the chains alone a
mixed (43) phase is preferred at low temperature with an increas-
ing preference for (3) at higher temperatures.

Estimating Coulomb Interactions Un and Jmn

Fig. 5 (a) Inter-disc coulomb potentials Jmn as a function of rotation an-
gle φ for rings in plane rotated around an axis perpendicular to their re-
spective centres at the experimentally determined inter-disc separation
of 3.8Å. (b) Simplified rings of cations rotating about their respective cen-
tres, for the three separate configurations considered. Anions are not
shown but included in the calculations, see Figure S2†.

Coulomb interactions inside the supramolecular core, namely
Un and Jmn, are difficult to calculate since the exact arrangement
is unknown. However this can be estimated by considering an

4 | 1–7



idealised symmetric ring of alternating cations and anions, see
Figures 5b and S2†. This serves as an order of magnitude esti-
mate, the intra-disc interactions U4 and U3, were calculated to be
-479289 (J/mol) and -479198 (J/mol) respectively. Inter-disc in-
teractions were estimated by rotating these rings in plane around
an axis perpendicular to their respective centres at the experi-
mentally determined inter-disc separation of 3.8Å. The interac-
tion parameter for like rings Jnn were always found to have an
attractive minimum whereas unlike rings Jmn are always repul-
sive. This can be seen in Figure 5a, where the minima correspond
to J44 = -11241.2 (J/mol) and J33 = -10090.2 (J/mol) at 45◦ or
60◦ respectively.

Solving the 1D Column & Introducing a Mean Field

To solve the model we draw analogy with the spin 1/2 Ising
model44, by writing the projection operator, P

(n)
i , in terms of

σi =±1.

P
(4)
i =

1

2
(1+σi) P

(3)
i =

1

2
(1−σi) (5)

The Hamiltonian takes a convenient form

H =−K ∑
i

σiσi+1 −C(T )∑
i

σi + const (6)

Here

K =
1

4
(2J43 − J44 − J33) (7)

C(T ) =
1

2

(

(F3(T )−F4(T ))+(U3 −U4)+(J33 − J44)
)

(8)

This is then solved via the transfer matrix method44. The ex-
pectation value of 〈σ〉 can be expressed exactly in terms of the
parameters K and C(T ), where Tc occurs at C(T ) = 0.

〈σ〉= sinhβC(T )
√

sinh2 βC(T )+ e−2βK

β =
1

kBT
(9)

Only nearest neighbour interactions along a single column are
considered above, but a mean field interaction, standing for
long range (intra- and inter-columnar) interactions, is crucial
to achieve long range ordering and a first order transition be-
tween phases. Therefore, two additional energy parameters,
λ and µ, are introduced; the first disfavours mixing of unlike
discs/columns and the second reduces impurities in the region
T < Tc. This changes Equation 8 to Equation 10 and this means
that the solution must be obtained numerically.

C′(T ) =C(T )−λ 〈σ〉−µ〈σ〉2 (10)

Discussion

The free energy of the chains Fn(T ) is evaluated by examining
their conformations on a diamond lattice in the confinement of
the segment (1/3 or 1/4 of the disc) as described above. The
intra-disc Coulomb interactions U3 −U4 were calculated assum-
ing a near circular arrangement of alternating anions/cations in

the core of the disc, see Figures 5 and S2†. The interactions
between neighboring cores that were obtained from the fitting,
see Table 1, J33 − J44 and K, were smaller than those calculated
from the Coulomb interactions between the cores. Several im-
portant interactions were not included in the calculation: these
include the interactions between the benzene rings and between
the chains. The mean field interaction terms, λ =115 J/mol and
µ =190 J/mol, which are significantly smaller than the nearest
neighbour interaction K, are additional fitting parameters. Note
that K is equivalent to the χ parameter in the theory of polymer
solutions and blends. The reason that such small additional terms
are so important here is because even in their absence there are
very long regions of order along the chains because K/kBTc ∼1.8
which is greater than unity. Figure 6 depicts the effect of each of
the above described interactions on the shape of the phase tran-
sition. Panel (i) shows how a supramolecular column might be-
have without interaction between its constituent discs: the free
energy of the end chains Fn(T ) alone would prefer a mixed (43)
phase with increasing preference for (3) at higher temperatures;
and introducing the intra-disc interactions Un stabilizes the (4)
phase at lower temperatures. This clearly shows a competition
between the entropy-driven end chains and energy-driven core
interactions. Panel (ii) describes the behavior of the column with
nearest neighbor interactions Jmn. In this case an ordered column
in the (4) phase is stable over a considerable T -range and may
then continuously transform to the (3) phase via the mixed (43)
phase. Comparing (i) and (ii), it is clear that core-core interac-
tions are responsible for the stable formation of columns. The
effect of long range (intra- and inter-columnar) interactions are
shown in (iii) and (iv): λ is responsible for the sharpness of the
transition, and µ for the imbalance in tolerance to impurities in
(4) and (3) phases. This allows us to produce the characteristic
transition shape seen experimentally in Figure 2b.

Our results demonstrate that the observed transition is driven
predominantly by the entropy of the end chains. In our quanti-
tative fitting, the only explicitly temperature dependent term is
the free energy of the chains. With increasing temperature the
entropy of the end chains of the minidendrons increases due to
the growing number of gauche defects, see Figure 4. This leads
to the expulsion of minidendrons from the disc, which are now
able to overcome the attractive energies holding them together.

The size of the inter-disc J33 − J44 in comparison to the intra-
disc U3 −U4 would suggest that discs of 4 minidendrons cannot
exist without forming a column to stabilise their structure. Once
a column is formed the discs are effectively locked into the col-
umn by the attraction between their head groups. By increas-
ing temperature, the free energy of the end chains eventually al-
lows for expulsion of a minidendron; when this occurs the en-
tire column is destabilised leading to a sudden runaway expul-
sion of minidendrons down the column. This is true for an iso-
lated column where K is the only parameter responsible for the
continuity/discontinuity of the transition. Further increasing K

would lead to a completely symmetric strongly first order transi-
tion effectively destroying the characteristic tail seen experimen-
tally. The discontinuity and asymmetry in the transition must re-
sult from the attractive energy between the columns themselves.
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Fig. 6 Average number of molecules per disc as a function of temperature as different interactions are introduced, parameter values can be found
in Table 1. (i) using core free energy Fc and intra-disc interactions Un alone (ii) inter-disc interactions Jmn added, and (iii/iv) long range inter-columnar
interaction parameters λ and µ included. Note the temperature range in (i) is significantly larger than (ii), (iii) and (iv).

Table 1 Calculated vs fitted parameters for the model fit shown in Figure 2, all values stated are in J/mol unless otherwise indicated and T1 is indicated
in Figure 4 at 227◦C.

U3 U4 J33 J44 J43 U3 −U4 J33 − J44 K F3(T1)−F4(T1) λ µ

Calculated -479289 -479198 -10090 -11241 1096 -91 -1151 5881 -2746 - -
Fitted -479289 -479198 -10130 -11985 0 -91 -1855 5529 -2746 115 190

As we approach the critical point from low T , any supramolecular
disc which transitions would break the long range order between
columns, triggering this energetic transition to occur. The λ and
µ terms are then absolutely necessary. Long range interactions
are responsible for the discontinuity in the transition, as well as
the temperature range over which the (4) phase remains stable.

A clear asymmetry is present in the transition which suggests
the supramolecular columns in the (4) phase are able to tolerate
the pressure due to the lateral expansion of the end chains with
increasing temperature. The characteristic high-temperature tail
would suggest that, once shedding has occurred, some (4) discs
still exist due to the free space made available by the transition.
However even these remaining discs are then gradually lost at
higher temperatures. The resilience of the pure (4)-columns be-
low the transition may be, at least partially, due to additional
intra-columnar interactions that develop in (4)-columns, reflected
in the appearance of a weak 7.4Å near-meridional diffraction fea-
ture (Figure 1c). While the main meridional diffraction at 3.7Å
comes from the stacking of individual discs, the weak 7.4Å arc in-
dicates pairing of adjacent discs. Most likely the successive discs
are rotated in-plane by 45◦, minimizing repulsion between alkyl
chains and making the column a quadruple 81 helix (see Figure 5
and Coulomb energy calculations in SI†). It should be noted that
neither the 3.7Å nor the 7.4Å reflect true long-range order. Upon
the Colh1-Colh2 transition the 3.7Å peak shifts to 3.9Å indicating
some tilting of the benzene rings away from the xy plane. At the
same time the 7.4Å feature disappears, meaning that the extra
intra-columnar order is lost in the mixed (43) columns.

In contrast to 12Na, 12Li maintains 3-dendron columns in the
entire temperature range of the Colh phase from 70◦C to above
120◦C. The smaller number of dendrons in 12Li discs is attributed
to the tight-binding small Li+ ions drawing the dendron cores

closer to the column centre thereby effectively increasing the
molecular taper compared to that of 12Na. We also note that
the fibre pattern of the purely (3)-columns of 12Li (Figure 1d)
again contains a clear 7.4Å arc, suggesting relatively high intra-
columnar order, this time possibly of a triple 61 helical type (60◦

rotation between successive discs). Shrinkage of the purely (3)-
columns of 12Li appears to be completely prevented, at least up
to the temperature at which columns turn into spheres that form
the cubic phase (Figure 2).

This strong resistance to shrinkage and the raising of Tc beyond
the range of stability of the columnar phase is primarily due to a
weaker intra-disc cohesion U2 of the (2)-disc. In addition to the
lower Coulomb energy of (2)-discs, the ample volume left empty
by the removal of the third molecule and the resulting breaking
of van der Waals bonds between alkyl chains must contribute sig-
nificantly to raising the energy of the (2) phase. The extra confor-
mational entropy achieved by turning 120◦ segments into 180◦ is
clearly insufficient to offset the energy penalty at these moderate
temperatures.

However it has been shown recently that addition of free alkane
overcomes this obstacle and allows continuous thermal shrinkage
of the(3)-columns in 12Li at moderate temperatures42. It was
established, using labeled alkane and neutron scattering that, fol-
lowing dendron expulsion, the alkane collects preferentially in
the resulting (2)-columns replacing the missing dendrons, effec-
tively increasing U2 by re-establishing the missing van der Waals
bonds. Furthermore we noted the transition in 12Li starts con-
tinuous. Interestingly, the (3)-columns and the (2)-columns were
found to occupy defined positions on a 2D superlattice with a
three-column hexagonal unit cell. By analogy, it is expected that
addition of alkane could turn the shrinkage of (4)-columns in
12Na from discontinuous to continuous.
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Experimental Methods

The synthesis has been described previously10,11. Powder SAXS
experiments were conducted on beamline I22 of the Diamond
synchrotron, and the fiber patterns on a Rigaku rotating anode
source with multilayer mirrors and a MAR 345 image-plate de-
tector. DSC was recorded on a Perkin-Elmer Pyris instrument at 5
K/min. Prior to the experiments the samples were vacuum dried
for 24 hours and kept in sealed capillaries during the X-ray exper-
iments.

Conclusions

We have reported the first example of a transition between two
columnar phases of the same symmetry. To our knowledge this
is also the first case of a transition based entirely on a change
in the number of molecules in a self-assembled aggregate. We
have described the transition quantitatively. The model is quasi
one-dimensional because the largest interactions are along the
columns and only small long range interactions are needed to
cause the phase transition. The transition is driven by the end
chains of the minidendrons that expand as the temperature is
raised. This work is another demonstration of the principle of
universality, which explains why similar behaviour is seen in dis-
parate physical systems with the same dimensionality and num-
ber of degrees of freedom. In the original magnetic system the in-
crease in temperature causes disorder along the spin chain, while
in the system that is described here it also changes the sign of the
ordering field.
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