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❆❜str❛❝t

❲❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✜♥✐t❡ s②st❡♠ ♦❢ ✜rst ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s

✐♥ R
ν ✱ ♣❛r❛♠❡t❡r✐③❡❞ ❜② ❡❧❡♠❡♥ts x ♦❢ ❛ ✜①❡❞ ❝♦✉♥t❛❜❧❡ s❡t γ ⊂ R

d✱

✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❡❛❝❤ x✲❡q✉❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ ❛ ✜♥✐t❡ ❜✉t

✐♥ ❣❡♥❡r❛❧ ✉♥❜♦✉♥❞❡❞ ♥✉♠❜❡r nx ♦❢ ✈❛r✐❛❜❧❡s ✭❛ r♦✇✲✜♥✐t❡ s②st❡♠✮✳

❙✉❝❤ s②st❡♠s ❞❡s❝r✐❜❡ ✐♥ ♣❛rt✐❝✉❧❛r ✭♥♦♥✲❡q✉✐❧✐❜r✐✉♠✮ ❞②♥❛♠✐❝s ♦❢

s♣✐♥s qx ∈ R
ν ♦❢ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ❧❛❜❡❧❧❡❞ ❜② ♣♦✐♥ts x ∈ γ✳ ❚✇♦

s♣✐♥s qx ❛♥❞ qy ✐♥t❡r❛❝t ✈✐❛ ❛ ♣❛✐r ♣♦t❡♥t✐❛❧ ✐❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥

x ❛♥❞ y ✐s ♥♦ ♠♦r❡ t❤❛♥ ❛ ✜①❡❞ ✐♥t❡r❛❝t✐♦♥ r❛❞✐✉s✳ ■♥ ❝♦♥tr❛st t♦ t❤❡

❝❛s❡ ✇❤❡r❡ γ ✐s ❛ r❡❣✉❧❛r ❣r❛♣❤✱ ❡✳❣✳ Zd✱ t❤❡ ♥✉♠❜❡r nx ♦❢ ♣❛rt✐❝❧❡s

✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ♣❛rt✐❝❧❡ x ❝❛♥ ❜❡ ✉♥❜♦✉♥❞❡❞ ✐♥ x✳ ❖✉r ♠❛✐♥ ❡①❛♠♣❧❡

♦❢ ❛ ✏❣r♦✇✐♥❣✑ ❝♦♥✜❣✉r❛t✐♦♥ γ ✐s ❛ t②♣✐❝❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ P♦✐ss♦♥ ✭♦r

●✐❜❜s✮ ♣♦✐♥t ♣r♦❝❡ss✳

❯♥❞❡r ❝❡rt❛✐♥ ❞✐ss✐♣❛t✐✈✐t②✲t②♣❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢

♦✉r s②st❡♠ ❛♥❞ ❛ ❜♦✉♥❞ ♦♥ ❣r♦✇t❤ ♦❢ nx✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞

✭✉♥❞❡r ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s✮ ✉♥✐q✉❡♥❡ss ♦❢ ✐♥✜♥✐t❡ ❧✐❢❡t✐♠❡ s♦❧✉t✐♦♥s

✇✐t❤ ❡①♣❧✐❝✐t ❡st✐♠❛t❡s ♦❢ ❣r♦✇t❤ ✐♥ ♣❛r❛♠❡t❡r x ❛♥❞ t✐♠❡ t✳

❋♦r t❤✐s✱ ✇❡ ♦❜t❛✐♥ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ♦❢ s♦❧✉t✐♦♥s t♦ ❛♣♣r♦①✐♠❛t✲

✐♥❣ ✜♥✐t❡ s②st❡♠s ✉s✐♥❣ ❛ ✈❡rs✐♦♥ ♦❢ ❖✈s②❛♥♥✐❦♦✈✬s ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r

s②st❡♠s ✐♥ ❛ s❝❛❧❡ ♦❢ ❇❛♥❛❝❤ s♣❛❝❡s✳ ❆s ❛ ❜②✲♣r♦❞✉❝t✱ ✇❡ ❞❡✈❡❧♦♣ ❛♥

✐♥✜♥✐t❡✲t✐♠❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❖✈s②❛♥♥✐❦♦✈ ♠❡t❤♦❞✳

❑❡②✇♦r❞s✿ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s✱ r♦✇✲✜♥✐t❡ s②st❡♠s✱ s❝❛❧❡

♦❢ ❇❛♥❛❝❤ s♣❛❝❡s✱ ❍❛♠✐❧t♦♥✐❛♥ ❞②♥❛♠✐❝s✱ ❣r❛❞✐❡♥t ❞✐✛✉s✐♦♥✱ s❡❧❢✲♦r❣❛✲

♥✐s❡❞ s②st❡♠s✱ ❖✈s②❛♥♥✐❦♦✈✬s ♠❡t❤♦❞✱ ❞✐ss✐♣❛t✐✈✐t②

✷✵✶✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✿ ✽✷❈✷✷✱ ✸✹❆✶✷✱ ✸✹❆✸✵

1❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❚❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❨♦r❦✱ ❨♦r❦ ❨❖✶ ✺❉❉✱ ❯✳❑✳
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✶



✶ ■♥tr♦❞✉❝t✐♦♥

■♥ r❡❝❡♥t ❞❡❝❛❞❡s✱ t❤❡r❡ ❤❛s ❜❡❡♥ ❛♥ ✐♥❝r❡❛s✐♥❣ ✐♥t❡r❡st t♦ t❤❡ st✉❞② ♦❢ ❝♦✉♥t✲
❛❜❧❡ s②st❡♠s ♦❢ ♣❛rt✐❝❧❡s r❛♥❞♦♠❧② ❞✐str✐❜✉t❡❞ ✐♥ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ R

d✱
✇❤✐❝❤ ❛♣♣❡❛r✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ♠♦❞❡❧✐♥❣ ♦❢ ♥♦♥✲❝r②st❛❧❧✐♥❡ ✭❛♠♦r♣❤♦✉s✮ s✉❜✲
st❛♥❝❡s✱ ❡✳❣✳ ❢❡rr♦✢✉✐❞s ❛♥❞ ❛♠♦r♣❤♦✉s ♠❛❣♥❡ts✱ s❡❡ ❡✳❣✳ ❬✶✹❪✱ ❬✶✸✱ ❙❡❝t✐♦♥
✶✶❪✱ ❬✷❪ ❛♥❞ ❬✹✱ ✺❪✳ ❊❛❝❤ ♣❛rt✐❝❧❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts ♣♦s✐t✐♦♥ x ∈ R

d ❛♥❞
❛♥ ✐♥t❡r♥❛❧ ♣❛r❛♠❡t❡r ✭s♣✐♥✮ qx ∈ S = R

ν ✳ ❋♦r ❛ ❣✐✈❡♥ ✜①❡❞ ✭✏q✉❡♥❝❤❡❞✑✮
❝♦♥✜❣✉r❛t✐♦♥ γ ♦❢ ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥s✱ ✇❤✐❝❤ ✐s ❛ ❧♦❝❛❧❧② ✜♥✐t❡ s✉❜s❡t ♦❢ Rd✱
♦♥❡ ❝♦♥s✐❞❡rs ❛ s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜✐♥❣ ✭♥♦♥✲❡q✉✐❧✐❜r✐✉♠✮
❞②♥❛♠✐❝s ♦❢ s♣✐♥s qx✱ x ∈ γ✳

❚✇♦ s♣✐♥s qx ❛♥❞ qy ❛r❡ ❛❧❧♦✇❡❞ t♦ ✐♥t❡r❛❝t ✈✐❛ ❛ ♣❛✐r ♣♦t❡♥t✐❛❧ ✐❢ t❤❡
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ x ❛♥❞ y ✐s ♥♦ ♠♦r❡ t❤❛♥ ❛ ✜①❡❞ ✐♥t❡r❛❝t✐♦♥ r❛❞✐✉s r >
0✱ t❤❛t ✐s✱ t❤❡② ❛r❡ ♥❡✐❣❤❜♦rs ✐♥ t❤❡ ❣❡♦♠❡tr✐❝ ❣r❛♣❤ ❞❡✜♥❡❞ ❜② γ ❛♥❞ r✳
❚❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✈❡rt❡① ❞❡❣r❡❡s ♦❢ t❤❡ ❣r❛♣❤ ❛r❡ ❣❧♦❜❛❧❧② ❜♦✉♥❞❡❞ ✭✐♥
♣❛rt✐❝✉❧❛r✱ ✐❢ γ ❤❛s ❛ r❡❣✉❧❛r str✉❝t✉r❡✱ ❡✳❣✳ γ = Z

d✮ ❤❛s ❜❡❡♥ ✇❡❧❧✲st✉❞✐❡❞
✭❡✈❡♥ ✐♥ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡✮✱ s❡❡ ❬✶✶❪✱ ❬✻❪ ❛♥❞ ♠♦❞❡r♥ ❞❡✈❡❧♦♣♠❡♥ts ✐♥ ❬✾❪✱ ❛♥❞
r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❍♦✇❡✈❡r✱ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❛♣♣❧✐❝❛t✐♦♥s t♦ ♥♦♥✲❝r②st❛❧❧✐♥❡
s✉❜st❛♥❝❡s r❡q✉✐r❡ t♦ ❞❡❛❧ ✇✐t❤ ✉♥❜♦✉♥❞❡❞ ✈❡rt❡① ❞❡❣r❡❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢
❝♦♥✜❣✉r❛t✐♦♥ γ ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♦r✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ●✐❜❜s
♠❡❛s✉r❡ ✇✐t❤ ❛ s✉♣❡rst❛❜❧❡ ❧♦✇ r❡❣✉❧❛r ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣②✱ t❤❡ t②♣✐❝❛❧ ♥✉♠❜❡r
♦❢ ✏♥❡✐❣❤❜♦rs✑ ♦❢ ❛ ♣❛rt✐❝❧❡ ❧♦❝❛t❡❞ ❛t x ∈ R

d ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ log |x| ✭s❡❡
❊①❛♠♣❧❡ ✷✳✶✵ ❜❡❧♦✇✮✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r✱ ❢♦r ❛ ✜①❡❞ ❝♦✉♥t❛❜❧❡ γ ⊂ R
d✱ t❤❡ s②st❡♠

d

dt
qx(t) = Fx(q̄(t)), qx(0) = qx,0 ∈ S, x ∈ γ, ✭✶✳✶✮

✇❤❡r❡ q̄(t) = (qx(t))x∈γ ∈ Sγ✱ t ∈ R+ := [0,∞) ❛♥❞ Fx : Sγ → S ❢♦r ❡❛❝❤
x ∈ γ✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ s②st❡♠ ✐s r♦✇✲✜♥✐t❡✱ t❤❛t ✐s✱ Fx ❞❡♣❡♥❞s ♦♥❧② ♦♥
❛ ✜♥✐t❡ ♥✉♠❜❡r nx ♦❢ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦r q̄✱ ✇❤✐❝❤ ♠❛② ❜❡ ✉♥❜♦✉♥❞❡❞
✐♥ x ∈ γ✳

■♥ ♦✉r ♠❛✐♥ ♠♦t✐✈❛t✐♥❣ ❡①❛♠♣❧❡✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✶✮ ❤❛s t❤❡ ❢♦r♠

Fx(q̄) =
∑

y∈γ

Wxy(qx, qy)−∇Ux(qx), ✭✶✳✷✮

✇❤❡r❡Wxy = 0 ✐❢ |x−y| > r✳ ■♥ t❤✐s ❝❛s❡✱ ✭✶✳✶✮ ❞❡s❝r✐❜❡s ❣❡♥❡r❛❧ ❣r❛❞✐❡♥t✲t②♣❡
s♣✐♥ ❞②♥❛♠✐❝s ❢♦r ♣❛rt✐❝❧❡ ❝♦♥✜❣✉r❛t✐♦♥ γ ❛♥❞ ✐♥t❡r❛❝t✐♦♥ r❛❞✐✉s r✳ ❆ s❧✐❣❤t
♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤✐s ❢r❛♠❡✇♦r❦ ❝♦✈❡rs ❛❧s♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✐♥✜♥✐t❡ ❛♥❤❛r♠♦♥✐❝
✭❍❛♠✐t♦♥✐❛♥✮ s②st❡♠ ♦♥ γ✿

d

dt
qx(t) = px(t),

d

dt
px(t) = Fx

(

q̄(t)
)

. ✭✶✳✸✮

✷



❆ ♥❛t✉r❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ st✉❞② ♦❢ s②st❡♠ ✭✶✳✶✮ ✇♦✉❧❞ ❜❡ t♦ r❡❛❧✐③❡ ✐t
❛s ❛♥ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✭✇✐t❤ ✏❣♦♦❞✑ ❝♦❡✣❝✐❡♥ts✮ ✐♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ♦❢
s❡q✉❡♥❝❡s✳ ❍♦✇❡✈❡r✱ ✐♥ ♠❛♥② ❝❛s❡s✱ t❤✐s ♣r♦✈❡s t♦ ❜❡ ✐♠♣♦ss✐❜❧❡ ❡✈❡♥ ❢♦r
❧✐♥❡❛r s②st❡♠s✱ ❛s ✐t ❤❛♣♣❡♥s ❢♦r ✐♥st❛♥❝❡ ♦♥ ✉♥❜♦✉♥❞❡❞ ✈❡rt❡① ❞❡❣r❡❡ ❣r❛♣❤s✳
❇❡②♦♥❞ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛ ✜①❡❞ ❇❛♥❛❝❤ s♣❛❝❡✱ ❧✐♥❡❛r r♦✇✲✜♥✐t❡ s②st❡♠s
❛r❡ ❛❧✇❛②s s♦❧✈❛❜❧❡✱ ❛❧t❤♦✉❣❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s ♠✐❣❤t s❤♦✇ ❛♥
✉♥❝♦♥tr♦❧❧❡❞ ❣r♦✇t❤ ✐♥ x ∈ γ✱ s❡❡ ❡✳❣✳ ✐♥ ❬✼✱ ➓ ✻❪✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s qx(t)✱ x ∈ γ✱
t♦ s②st❡♠ ✭✶✳✶✮ ❦❡❡♣✐♥❣ ❝♦♥tr♦❧ ♦✈❡r t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥ x ∈ γ✳ ■♥
♦r❞❡r t♦ ❞♦ t❤✐s✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥❝r❡❛s✐♥❣ s❝❛❧❡ ♦❢ ❇❛♥❛❝❤ s♣❛❝❡s Sγ

α, α ≥ 0✱
❝♦♥s✐st✐♥❣ ♦❢ s❡q✉❡♥❝❡s q̄ = (qx)x∈γ ✇✐t❤ |qx| ≤ const w

(

|x|
)α

❢♦r ❛ ✜①❡❞
✇❡✐❣❤t ❢✉♥❝t✐♦♥ w✳ ❖✉r ♠❛✐♥ r❡s✉❧t ✭❚❤❡♦r❡♠ ✷✳✹✮ st❛t❡s t❤❛t ❢♦r ❡❛❝❤ 0 <
α < β ❛♥❞ ❛♥② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ q̄0 ∈ Sγ

α t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ q̄(t) ∈ Sγ
β ♦❢

s②st❡♠ ✭✶✳✶✮ ♦♥ ✐♥✜♥✐t❡ t✐♠❡✲✐♥t❡r✈❛❧ [0,∞)✱ s✉❜❥❡❝t t♦ ❝❡rt❛✐♥ ❞✐ss✐♣❛t✐✈✐t②✲
t②♣❡ ❝♦♥❞✐t✐♦♥s ♦♥ Fx ❛♥❞ ❛ ❜♦✉♥❞ ♦♥ t❤❡ ♦r❞❡r ♦❢ ❣r♦✇t❤ ♦❢ nx ✐♥ x ∈ γ✳

❊✛❡❝t✐✈❡❧②✱ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❧♦❣❛r✐t❤♠✐❝ ✐♥ |x| ❣r♦✇t❤ ♦❢ nx ✭❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ ❛ ●✐❜❜s✐❛♥ ❝♦♥✜❣✉r❛t✐♦♥✮ ❛♣♣❡❛rs ♠❛①✐♠❛❧❧② ❛❧❧♦✇❡❞ ♦♥❡✱ s❡❡
❊①❛♠♣❧❡ ✷✳✶✵✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤t ✐s t❤❡♥ ❡①♣♦♥❡♥t✐❛❧✱ w(|x|) = e|x|❀
✐♥ ♦t❤❡r ✇♦r❞s✱ ❣✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ q̄(0) = (qx(0))x∈γ ✇✐t❤ ❛t ♠♦st
❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✐♥ x✱ ✇❡ s❤♦✇ t❤❛t q̄(t) ✐s ♦❢ t❤❡ s❛♠❡ t②♣❡ ❢♦r ❛❧❧
t > 0✳ ❆♥ ✐♥❢♦r♠❛❧ ❜❛❧❛♥❝❡ ❝♦♥❞✐t✐♦♥ ❜❡t✇❡❡♥ nx ❛♥❞ w(|x|) ✐s ❣✐✈❡♥ ❜②
w(|x|) ∼ exp(exp(nx))✱ s❡❡ ❙✉❜s❡❝t✐♦♥ ✷✳✷ ❢♦r ❞❡t❛✐❧s✳

❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ ✭✶✳✶✮ ❜② ✜♥✐t❡ s②s✲
t❡♠s✳ ❯♥✐❢♦r♠ ❡st✐♠❛t❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛
✈❡rs✐♦♥ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ❖✈s②❛♥♥✐❦♦✈ ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r s②st❡♠s ✐♥ ❛ s❝❛❧❡ ♦❢
❇❛♥❛❝❤ s♣❛❝❡s✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❖✈s②❛♥♥✐❦♦✈ ♠❡t❤♦❞ ✭s❡❡ ❡✳❣✳ ❬✼❪✮✱
♦✉r ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ❣✐✈❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ✇✐t❤ ✐♥✜♥✐t❡ ❧✐❢❡t✐♠❡
✭❚❤❡♦r❡♠ ✸✳✶✮✳

❲❡ ❛❧s♦ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✮✱ ✇❤✐❝❤ r❡q✉✐r❡s
❤♦✇❡✈❡r str♦♥❣❡r ❝♦♥❞✐t✐♦♥s ♦♥ Fx ✭❚❤❡♦r❡♠ ✺✳✶✮✳

❲❡ ♣r❡s❡♥t t❤r❡❡ t②♣❡s ♦❢ ❡①❛♠♣❧❡s✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✻✳✶✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❣❡♥✲
❡r❛❧ ❣r❛❞✐❡♥t✲t②♣❡ s②st❡♠ ♦❢ t❤❡ ❢♦r♠ ✭✶✳✶✮✱ ✭✶✳✷✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♦❧✉✲
t✐♦♥s ✐s ♣r♦✈❡❞ ❢♦r ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞ ♣❛✐r ♣♦t❡♥t✐❛❧s W ✱ ♣r♦♣❡r❧② ❞♦♠✐✲
♥❛t❡❞ ❜② t❤❡ s❡❧❢✲✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ U ✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ❚❤❡ ✉♥✐q✉❡♥❡ss
✐s s❤♦✇♥ ✉♥❞❡r str♦♥❣❡r ❛ss✉♠♣t✐♦♥s ✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✻✳✷✮✱ ✇❤✐❝❤ ❡s❡♥t✐❛❧❧②
❜♦✐❧ ❞♦✇♥ t♦ ❡✐t❤❡r ❧✐♥❡❛r ❣r♦✇t❤ ♦❢ W ✭t❤❡ ❤❛r♠♦♥✐❝ ❝❛s❡✮✱ ♦r s❧♦✇ ✭log log✮
❣r♦✇t❤ ♦❢ nx t♦❣❡t❤❡r ✇✐t❤ ❧✐♥❡❛r ❜♦✉♥❞ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳

■♥ ❙✉❜s❡❝t✐♦♥ ✻✳✷✱ ✇❡ r❡♣❧❛❝❡ (qx)x∈γ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✶✮ ❜② t❤❡
♣❛✐rs (px, qx)x∈γ ✇✐t❤ d

dt
px = qx t♦ st✉❞② ✐♥✜♥✐t❡ ❛♥❤❛r♠♦♥✐❝ ✭❍❛♠✐❧t♦♥✐❛♥✮

s②st❡♠s ✭✶✳✸✮ ♦♥ γ✳ ◆♦t❡ t❤❛t t❤❡ ❧❛tt❡r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❣✉❧❛r
γ = Z

d✱ ✇❛s st✉❞✐❡❞ ✐♥ ❬✶✶❪✳ ❋✐♥❛❧❧②✱ ✐♥ ❙✉❜s❡❝t✐♦♥ ✻✳✸✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡①❛♠♣❧❡

✸



♦❢ ♠✉❧t✐♣❛rt✐❝❧❡ ❞②♥❛♠✐❝s ♦❢ s♦♠❡✇❤❛t ❞✐✛❡r❡♥t t②♣❡✱ ♠♦t✐✈❛t❡❞ ❜② t❤❡ st✉❞②
♦❢ s❡❧❢✲♦r❣❛♥✐③❡❞ s②st❡♠s✱ s❡❡ r❡✈✐❡✇ ✐♥ ❬✶✷❪✳

✷ Pr♦❜❧❡♠ ❞❡s❝r✐♣t✐♦♥ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t

✷✳✶ ❚❤❡ s❡t✉♣ ❛♥❞ ♠❛✐♥ r❡s✉❧t

❲❡ st❛rt ✇✐t❤ ♠♦r❡ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♦✉r ♠♦❞❡❧✳ ❲❡ s✉♣♣♦s❡ t❤❛t γ ✐s ❛
❧♦❝❛❧❧② ✜♥✐t❡ s✉❜s❡t ♦❢ t❤❡ s♣❛❝❡ X = R

d✱ d ≥ 1✱ ✐✳❡✳ t❤❡ s❡t γ ∩Λ ✐s ✜♥✐t❡ ❢♦r
❛♥② ❝♦♠♣❛❝t Λ ⊂ X✳ ❲❡ ❞❡♥♦t❡ ❜② Sη t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❡❧❡♠❡♥ts ♦❢ t❤❡
❢♦r♠ (qx)x∈η ✇✐t❤ qx ∈ S ❢♦r x ∈ η ⊆ γ✳

▲❡t ✉s ✜① ❛ ♥✉♠❜❡r r > 0 ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ ❢❛♠✐❧② ♦❢ ✜♥✐t❡ s❡ts

γx,r :=
{

y ∈ γ
∣

∣ |x− y| ≤ r
}

, x ∈ γ.

❈♦♥s✐❞❡r t❤❡ s♣❛❝❡ Sγx,r ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✭✜♥✐t❡✮ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t t♦♣♦❧✲
♦❣② ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥ q̄x,r := (qu)u∈γx,r ✳

❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✱ ✇❤✐❝❤ r❡✢❡❝ts t❤❡ ❢❛❝t
t❤❛t t❤❡ s②st❡♠ ✭✶✳✶✮ ✐s r♦✇✲✜♥✐t❡✳

❈♦♥❞✐t✐♦♥ ✶✳ ❋♦r ❡❛❝❤ x ∈ γ t❤❡r❡ ❡①✐sts fx ∈ C1(Sγx,r , S) s✉❝❤ t❤❛t

Fx(q̄) = fx
(

q̄x,r
)

, q̄ ∈ Sγ.

❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ✉♥❞❡rst❛♥❞ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✶✮ ✐♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ s❡♥s❡✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❲❡ ❝❛❧❧ ❛ ♠❛♣ q̄ : [0, T ) → Sγ ❛ ✭♣♦✐♥t✇✐s❡✮ s♦❧✉t✐♦♥ ♦❢
s②st❡♠ ✭✶✳✶✮ ✐❢ t❤❡ ❢✉♥❝t✐♦♥ t 7→ qx(t) ∈ S ✐s ❝♦♥t✐♥✉♦✉s ✭r❡s♣✳ ❝♦♥t✐♥✉♦✉s❧②
❞✐✛❡r❡♥t✐❛❜❧❡✮ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, T ) ✭r❡s♣✳ (0, T )✮ ❛♥❞ s❛t✐s✜❡s ✭✶✳✶✮ ❢♦r ❡❛❝❤
x ∈ γ✳

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ ♠❛♣♣✐♥❣s (Fx)x∈γ ✐s ✐♥
❝❡rt❛✐♥ s❡♥s❡ ❞✐ss✐♣❛t✐✈❡✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t Ux ∈ C2(S,R+)✱ x ∈ γ✱ ❜❡ ❛ ❢❛♠✐❧②
♦❢ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t

Ux(q) ≥ C1 |q| , q ∈ S, |q| ≥ 1, ✭✷✳✶✮

Ux(q) ≤ C2(|q|
j + 1), q ∈ S, ✭✷✳✷✮

❢♦r s♦♠❡ C1, C2 > 0 ❛♥❞ j ∈ N✳ ◆❡①t✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

❢♦r x ∈ γ, y ∼ x ♠❡❛♥s t❤❛t y ∈ γx,r.

▲❡t ❛❧s♦ nx = nx,r(γ) ≥ 1 ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ γx,r✱ x ∈ γ✳

✹



❈♦♥❞✐t✐♦♥ ✷✳ ▲❡t Ux ∈ C2(S,R+)✱ x ∈ γ✱ s❛t✐s❢② ✭✷✳✶✮✕✭✷✳✷✮✱ ❛♥❞ t❤❡r❡ ❡①✐st
C > 0 ❛♥❞ m ∈ N s✉❝❤ t❤❛t

Fx(q̄) · ∇Ux(qx) ≤ C
∑

y∼x

(nxny)
mUy(qy), q̄ ∈ Sγ, x ∈ γ. ✭✷✳✸✮

❍❡r❡ t❤❡ ❞♦t · ❞❡♥♦t❡s ❊✉❝❧✐❞❡❛♥ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ S✳ ❊①❛♠♣❧❡s ♦❢ t❤❡
❢❛♠✐❧✐❡s (Fx)x∈γ s❛t✐s❢②✐♥❣ ❈♦♥❞✐t✐♦♥s ✶✕✷ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✻✳

▲❡t w : R+ → [1,∞) ❜❡ ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢❛♠✐❧②
♦❢ ❇❛♥❛❝❤ s♣❛❝❡s

Sγ
α :=

{

q̄ ∈ Sγ
∣

∣

∣
‖q̄‖α := sup

x∈γ

|qx|

w(|x|)α
< ∞

}

, α > 0. ✭✷✳✹✮

❍❡r❡ ❛♥❞ ❜❡❧♦✇✱ ✇✐t❤ ❛♥ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥s✱ |x| ♠❡❛♥s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠
✐♥ X = R

d✱ ✇❤❡r❡❛s |qx| ♠❡❛♥s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ✐♥ S = R
ν ✳ ❈❧❡❛r❧②✱ t❤❡

❢❛♠✐❧② ✭✷✳✹✮ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ α✱ ✐✳❡✳ Sγ
α ⊂ Sγ

β ❢♦r 0 < α < β✳
❲❡ ✐♥tr♦❞✉❝❡ ♥♦✇ ❝❡rt❛✐♥ ❜❛❧❛♥❝❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❣r♦✇t❤ ♦❢ nx ❛♥❞

w(|x|) ❛s |x| → ∞✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ▲❡tR ❞❡♥♦t❡ t❤❡ ❝❧❛ss ♦❢ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s f : R+ →
[1,∞) s✉❝❤ t❤❛t

fτ := sup
s∈R+

f(τ + s)

f(s)
< ∞ ✭✷✳✺✮

❢♦r ❛♥② τ > 0✳

❊①❛♠♣❧❡s ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ R ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷ ❜❡❧♦✇✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳ ▲❡t w, z ∈ R✳ ❲❡ ❝❛❧❧ t❤❡ ♣❛✐r (w, z) ❛❞♠✐ss✐❜❧❡ ✐❢ ❢♦r ❛♥②
β, µ > 0 ❛♥❞ α ∈ (0, β) t❤❡r❡ ❡①✐sts D = D(β, µ) ≥ 1 s✉❝❤ t❤❛t

sup
s∈R+

z(s)µw(s)−α ≤
D

α
. ✭✷✳✻✮

❲❡ ❢♦r♠✉❧❛t❡ ♥♦✇ t❤❡ ❜❛❧❛♥❝❡ ❝♦♥❞✐t✐♦♥✳ ▲❡t w ❜❡ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥
❞❡✜♥✐♥❣ t❤❡ s❝❛❧❡ ♦❢ s♣❛❝❡s Sγ

α ✐♥ ✭✷✳✹✮✳

❈♦♥❞✐t✐♦♥ ✸✳ ❚❤❡r❡ ❡①✐sts z ∈ R s✉❝❤ t❤❛t

nx ≤ z(|x|), x ∈ γ, ✭✷✳✼✮

❛♥❞ t❤❡ ♣❛✐r (w, z) ✐s ❛❞♠✐ss✐❜❧❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ♦✉r ♠❛✐♥ ❡①✐st❡♥❝❡ r❡s✉❧t✳

✺



❚❤❡♦r❡♠ ✷✳✹✳ ▲❡t ❈♦♥❞✐t✐♦♥s ✶✕✸ ❤♦❧❞✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ α ≥ 0 ❛♥❞ ❛♥②
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ q̄0 = (qx,0)x∈γ ∈ Sγ

α✱ t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t✇✐s❡ s♦❧✉t✐♦♥ q̄(t) ♦❢
s②st❡♠ ✭✶✳✶✮ ♦♥ ✐♥✜♥✐t❡ t✐♠❡✲✐♥t❡r✈❛❧ [0,∞)✳ ▼♦r❡♦✈❡r✱ ❢♦r j ∈ N ❢r♦♠ ✭✷✳✷✮
✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥

q̄(t) ∈
⋂

β>jα

Sγ
β , t ∈ [0,∞),

❛♥❞ t❤❡ ❡st✐♠❛t❡
‖q̄(t)‖β ≤ Cp(α, β; t)

(

‖q̄0‖
j
α + 1

)

✭✷✳✽✮

❤♦❧❞s tr✉❡ ❢♦r ❛♥② β > jα ❛♥❞ p > 1✳ ❍❡r❡ Cp(α, β) : R+ → R+ ✐s ❛♥
❡♥t✐r❡ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r ρ = p

p−1
> 1 ❛♥❞ t②♣❡ σ = Bρeρ(βr+β−jα+1)(eρ)−1(β−

jα)−
1

p−1 > 0 ✇✐t❤ s♦♠❡ B = B(p) > 0✳

❘❡♠❛r❦ ✷✳✺✳ ❈❧❡❛r❧②✱ ❜② ❝❤♦♦s✐♥❣ p > 1 ❧❛r❣❡ ❡♥♦✉❣❤✱ ♦♥❡ ❝❛♥ ♠❛❦❡ t❤❡
♦r❞❡r ρ > 1 ❛r❜✐tr❛r② ❝❧♦s❡ t♦ 1✳

❘❡♠❛r❦ ✷✳✻✳ ❚❤❡ ♦r❞❡r ❛♥❞ t②♣❡ ♦❢ Cp ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ ✜♥✐t❡✳ ❚❤✉s✱ ❢♦r
❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts Tε > 0 s✉❝❤ t❤❛t

sup
t∈[0,T ]

‖q̄(t)‖β ≤ e(σ+ε)T ρ+ε

(‖q̄0‖
j
α + 1), T > Tε.

✷✳✷ ❉✐s❝✉ss✐♦♥ ♦❢ ❈♦♥❞✐t✐♦♥ ✸ ❛♥❞ ❡①❛♠♣❧❡s

❖✉r ♥❡①t ❣♦❛❧ ✐s t♦ ❡①♣❧❛✐♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❞♠✐ss✐❜❧❡ ♣❛✐rs✳

❲❡ st❛rt ✇✐t❤ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❝❧❛ss R✳ ▲❡t f : R+ → [1,∞) ❜❡ ❛

♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ τ > 0✱ t❤❡ ❢✉♥❝t✐♦♥ f(τ+s)
f(s)

✐s ❜♦✉♥❞❡❞

✐♥ s ♦♥ ❛♥② ❝❧♦s❡❞ s✉❜✐♥t❡r✈❛❧ ♦❢ R+✳ ❚❤✉s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ✭✷✳✺✮ ✐s

t❤❛t lim
s→∞

f(τ+s)
f(s)

< ∞✱ τ > 0✳ ❚❤❡ ❧❛tt❡r✱ ❜② ❡✳❣✳ ❬✶✱ ❚❤❡♦r❡♠ ✶✳✹✳✶❪ ❛♣♣❧✐❡❞

t♦ t❤❡ ❢✉♥❝t✐♦♥ g(s) := f(log s)✱ s > 1✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ r❡q✉✐r♠❡♥t

t❤❛t g ❤❛s r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ✐♥❞❡① ρ ∈ R✱ ✐✳❡✳ lim
s→∞

g(τs)
g(s)

= τ ρ✱ τ > 0✳

❈♦♠❜✐♥✐♥❣ ❬✶✱ ❚❤❡♦r❡♠ ✶✳✹✳✶❪ ❛♥❞ t❤❡ ❡①❛♠♣❧❡s ♦❢ ❬✶✱ ♣✳ ✶✻❪✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t ❛ ❢✉♥❝t✐♦♥ g(s) = sρh(s)✱ ρ ∈ R✱ ❤❛s r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ✐♥❞❡① ρ✱ ✐❢
❡✳❣✳ h(s) ✐s ❛ ♣r♦❞✉❝t ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♣♦✇❡rs ♦❢ log s✱ log log s ✭❛♥❞ s♦ ♦♥✮✱
e(log s)

ν

✱ ν ∈ (0, 1) ❡t❝✳ ❈♦♥s✐❞❡r✐♥❣ f(s) := g(es)✱ s ∈ R+✱ ✇❡ ❣❡t t❤❛t ❡✳❣✳ t❤❡
❢✉♥❝t✐♦♥s

f(s) = (log s)κsνeρs
µ

, ρ, κ, ν ≥ 0, µ ∈ (0, 1]

❜❡❧♦♥❣ t♦ t❤❡ s❡t R✱ ❛s ✇❡❧❧ ❛s t❤❡ ❢✉♥❝t✐♦♥s log f(s)✱ log log f(s) ❛♥❞ s♦ ♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ❞❡s❝r✐❜❡s ❛ s✐♠♣❧❡ ✇❛② t♦ ❣❡♥❡r❛t❡ ❛❞♠✐ss✐❜❧❡ ♣❛✐rs✳

✻



▲❡♠♠❛ ✷✳✼✳ ✭✶✮ ▲❡t w ∈ R✱ w ≥ ee✱ ❛♥❞ z ❜❡ ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛

z(s) = υ log(logw(s)), υ > 0.

❚❤❡♥ t❤❡ ♣❛✐r (w, z) ✐s ❛❞♠✐ss✐❜❧❡✳

✭✷✮ ▲❡t (w, z) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ♣❛✐r✳ ❚❤❡♥ t❤❡ ♣❛✐r (w + c1, z + c2) ✐s ❛❞✲
♠✐ss✐❜❧❡ ❢♦r ❛♥② c1, c2 ≥ 0✳

✭✸✮ ▲❡t (w, z) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ♣❛✐r✱ v ∈ R ❛♥❞ v(s) ≥ w(s)✱ s ∈ R+✳ ❚❤❡♥
(v, z) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ♣❛✐r✳

Pr♦♦❢✳ ❆s ✇❡ ❛❧r❡❛❞② ♣♦✐♥t❡❞ ♦✉t✱ z ∈ R✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t✱
❢♦r ❛♥② µ > 0✱ t❤❡r❡ ❡①✐sts dµ > 0✱ s✉❝❤ t❤❛t (log τ)µ ≤ dµτ ❢♦r ❛❧❧ τ > 0✳
❚❤❡♥✱ ❞❡♥♦t✐♥❣ v(s) := logw(s) ≥ 0✱ s ∈ R+✱ ✇❡ ♦❜t❛✐♥

z(s)µw(s)−α ≤ υµdµ
(

logw(s)
)

w(s)−α = υµdµv(s)e
−αv(s) ≤

υµdµ
eα

,

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ♣❛rt ✭✶✮✳ P❛rts ✭✷✮ ❛♥❞ ✭✸✮ ❛r❡ ♦❜✈✐♦✉s✳

❘❡♠❛r❦ ✷✳✽✳ ■♥ ✭✶✮✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❛ss✉♠❡ t❤❛t w(s) ≥ ee✱ s ≥ s0 ❢♦r
s♦♠❡ s0 > 0 ♦♥❧②✱ ❛♥❞ s❡t ❡✳❣✳ w(s) = 1 ❢♦r s ∈ [0, s0)✳ ❚❤❡♥ ♦♥❡ ❝❛♥ ❝❤♦♦s❡
z(s) = υ log(log(w(s))) ❢♦r s ≥ s0 ❛♥❞ z(s) = 1 ♦t❤❡r✇✐s❡✳

▲❡t ✉s ♥♦t❡ t❤❛t t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❣✐✈❡♥ ✉♥❞❡r❧②✐♥❣ s❡t γ ❞✐❝t❛t❡s t❤❡
❝❤♦✐❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ z✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡t❡r♠✐♥❡s s✉✐t❛❜❧❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥
w ❛♥❞✱ ✉❧t✐♠❛t❡❧②✱ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❢❛♠✐❧② Fx, x ∈ γ✳ ❇❡❧♦✇ ❛r❡ t❤r❡❡
❡①❛♠♣❧❡s ♦❢ ❛❞♠✐ss✐❜❧❡ ♣❛✐rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞✐✛❡r❡♥t t②♣❡ ♦❢ γ✳

❊①❛♠♣❧❡ ✷✳✾ ✭▼✐♥✐♠❛❧ ❣r♦✇t❤✮✳ ❆ss✉♠❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥
γx,r ✐s ❣❧♦❜❛❧❧② ❜♦✉♥❞❡❞✱ t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t z0 ≥ 1 s✉❝❤ t❤❛t
nx ≤ z0 ❢♦r ❛❧❧ x ∈ γ✳ ❆♥ ✐♠♣♦rt❛♥t ❡①❛♠♣❧❡ ♦❢ s✉❝❤ γ ✐s ❣✐✈❡♥ ❜② t❤❡ ✐♥t❡❣❡r
❧❛tt✐❝❡ Zd✳ ❚❤❡♥ ✇❡ ❝❛♥ s❡t z(s) ≡ z0 ❛♥❞ ❝❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② ♥♦♥✲❞❡❝r❡❛s✐♥❣
❢✉♥❝t✐♦♥ w : R+ → [1,∞) s✉❝❤ t❤❛t w(s) ≥ ee ❢♦r s ≥ s0✱ ❝❢✳ ❘❡♠❛r❦ ✷✳✽✳ ❚❤❡
❝❤♦✐❝❡ ♦❢ w ✐s ❞✐❝t❛t❡❞ ❜② t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ q̄0 = (qx,0)x∈γ ∈
Sγ
α✱ ❝❢✳ ❚❤❡♦r❡♠ ✷✳✹ ✭✐✳❡✳ ❜② t❤❡ ❣r♦✇t❤ ♦❢ |qx,0| ✐♥ x ∈ γ✮✳ ◆♦t❡ ❛❧s♦ t❤❛t

♦✉r ♠❛✐♥ t❡❝❤♥✐❝❛❧ t♦♦❧✱ t❤❡ ♠♦❞✐✜❡❞ ❖✈s②❛♥♥✐❦♦✈ t❤❡♦r❡♠ ✭❝❢✳ ❚❤❡♦r❡♠ ✸✳✶
❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✮✱ ❜❡❝♦♠❡s t❤❡♥ r❡❞✉♥❞❛♥t✱ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♥❡❛r
♦♣❡r❛t♦r A ❞❡✜♥❡❞ ❜② ❢♦r♠✉❧❛ ✭✷✳✶✸✮ ✇✐❧❧ ❜❡ ❜♦✉♥❞❡❞ ✐♥ ❛♥② s✉❝❤ ✭✜①❡❞✮
Sγ
α✱ α > 0 ✭✐✳❡✳ t❤❡ ❞②♥❛♠✐❝s ❡✈♦❧✈❡s ✐♥ ♦♥❡ ❇❛♥❛❝❤ s♣❛❝❡✮✳ ❚❤✐s ❝❛s❡ ✐s ✇❡❧❧✲

st✉❞✐❡❞✱ s❡❡ ❬✶✶❪✱ ✇❤❡r❡ w(s) = es ✭❛♥❞ α = 1✮ ✇❛s ❝♦♥s✐❞❡r❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✐❢ (|qx,0|)x∈γ ✐s ❜♦✉♥❞❡❞✱ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ w(s) ≡ ee❀ t❤❡♥ ❛❧❧ t❤❡ s♣❛❝❡s Sγ

α✱
α > 0 ✇✐❧❧ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ s♣❛❝❡ l∞(S) ♦❢ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡s ✭❛♥❞ A ✐s
❜♦✉♥❞❡❞ t❤❡r❡✮✳

✼



❊①❛♠♣❧❡ ✷✳✶✵ ✭▼❛①✐♠❛❧ ❣r♦✇t❤✮✳ ❆ss✉♠❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥
γx,r ❣r♦✇s ❧♦❣❛r✐t❤♠✐❝❛❧❧②✱ t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts a(r) > 0 s✉❝❤ t❤❛t

nx,r(γ) ≤ z(|x|), z(s) := a(r) (1 + log(1 + s)) ✭✷✳✾✮

❢♦r ❛❧❧ x ∈ X ❛♥❞ r > 0✳ ❚❤✐s ❜♦✉♥❞ ❤♦❧❞s ❢♦r ❛ t②♣✐❝❛❧ r❛♥❞♦♠ ❝♦♥✜❣✉r❛t✐♦♥
❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❘✉❡❧❧❡ ♠❡❛s✉r❡ ♦♥X✱ s❡❡ ❡✳❣✳ ❬✶✺❪ ❛♥❞ ❬✶✵✱ ♣✳ ✶✵✹✼❪✳
❚❤❡♥ ✇❡ ❝❛♥ s❡t w(s) = es✱ s ≥ e✱ ❝❢✳ ❘❡♠❛r❦ ✷✳✽✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✼
t❤❛t t❤❡ ♣❛✐r (w, z) ✐s ❛❞♠✐ss✐❜❧❡✳ ❚❤✐s ✐s ♦✉r ♠♦st ✐♠♣♦rt❛♥t ♠♦t✐✈❛t✐♥❣
❝❛s❡✱ s❡❡ ❙❡❝t✐♦♥ ✻ ❛♥❞ ❊①❛♠♣❧❡ ✻✳✹✳

❊①❛♠♣❧❡ ✷✳✶✶ ✭▼❡❞✐✉♠ ❣r♦✇t❤✮✳ ▲❡t✱ ❢♦r s♦♠❡ υ > 0✱

z(s) = υ (1 + log log(e+ s)) . ✭✷✳✶✵✮

❚❤❡♥✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✳✼✱ ✇❡ ❝❛♥ s❡t w(s) = 1 + s✳ ■♥ t❤✐s ❝❛s❡✱ ♠♦r❡
❝♦♠♣r❡❤❡♥s✐✈❡ st✉❞② ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ s②st❡♠ ✭✶✳✶✮ ❝❛♥ ❜❡ ❛❝❝♦♠♣❧✐s❤❡❞✱
❛t ❧❡❛st ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ s②st❡♠s ✇✐t❤ ♣❛✐r ✐♥t❡r❛❝t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❞✐s❝✉ss
✐♥ ❙❡❝t✐♦♥ ✻ ✭s❡❡ ❊①❛♠♣❧❡ ✻✳✺✮✳ ■♥❞❡❡❞✱ s❧♦✇ ❣r♦✇t❤ ♦❢ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥
w ❛❧❧♦✇s t♦ s❤♦✇ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ❧✐✈✐♥❣ ✐♥ Sγ

β ✇✐t❤ ❛♥② ✭✜①❡❞✮
β > 0✳

✷✳✸ ❙❝❤❡♠❡ ♦❢ t❤❡ ♣r♦♦❢

❚♦ ❡①♣❧❛✐♥ t❤❡ s❝❤❡♠❡ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✱ ✇❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
s✐♠♣❧❡ ♦❜s❡r✈❛t✐♦♥✳ ▲❡t q̄(t) s♦❧✈❡ ✭✶✳✶✮✱ ❛♥❞ ❞❡✜♥❡

Lx(t) := Ux(qx(t)), x ∈ γ, t ≥ 0. ✭✷✳✶✶✮

❚❤❡♥ ❈♦♥❞✐t✐♦♥ ✷ ②✐❡❧❞s

d

dt
Lx(t) =

d

dt
qx(t) · ∇Ux(qx(t)) = Fx(q̄(t)) · ∇Ux(qx(t))

≤ C
∑

y∼x

(nxny)
mUy(qy) =

∑

y∈γ

Ax,yLy(t), ✭✷✳✶✷✮

✇❤❡r❡

Ax,y :=

{

C(nxny)
m, y ∼ x,

0, ♦t❤❡r✇✐s❡.
✭✷✳✶✸✮

■♥tr♦❞✉❝❡ t❤❡ ✐♥✜♥✐t❡ ♠❛tr✐① A = (Ax,y)x,y∈γ✳ ❘❡❧❛t✐♦♥ ✭✷✳✶✷✮ ✐♠♣❧✐❡s t❤❡
❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ✐♥❡q✉❛❧✐t② ✐♥ Sγ✿

d

dt
L(t) ≤ AL(t), L(t) = (Lx(t))x∈γ. ✭✷✳✶✹✮

✽



◆♦✇ ✇❡ ❝❛♥ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛♥② 0 < α < β✱
t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

d

dt
Ψ(t) = AΨ(t), Ψ(0) ∈ Sγ

α, ✭✷✳✶✺✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✶✹✮✱ ❤❛s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ✇✐t❤ ✐♥✜✲
♥✐t❡ ❧✐❢❡t✐♠❡ ✐♥ Sγ

β ✭Pr♦♣♦s✐t✐♦♥ ✹✳✷✮✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✉s❡ ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥
♦❢ ❖✈s②❛♥♥✐❦♦✈✬s ♠❡t❤♦❞ ✭♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✶✮✳ ■♥❢♦r♠❛❧❧②✱ ✇❡ ✇✐❧❧ ❤❛✈❡
t❤❡♥ t❤❛t Lx(t) ≤ Ψx(t)✱ x ∈ γ✱ t ≥ 0 ✭❤❡r❡ ❛♥❞ ❜❡❧♦✇ ✇❡ ✉♥❞❡rst❛♥❞ ✐♥✲
❡q✉❛❧✐t✐❡s ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ♦❢ S = R

ν ✐♥ t❤❡ ❝♦♦r❞✐♥❛t❡✲✇✐s❡ s❡♥s❡✮✳ ◆❡①t✱
✇❡ ✇✐❧❧ ❛♣♣r♦①✐♠❛t❡ ✭✶✳✶✮ ❜② ✜♥✐t❡ ✈♦❧✉♠❡ ❝✉t✲♦✛ s②st❡♠s ❛♥❞ ✉s❡ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥s ♦❢ ✭✷✳✶✹✮ ❛♥❞ ✭✷✳✶✺✮ t♦ ✜♥❞ ✭✉♥✐❢♦r♠ ✐♥
✈♦❧✉♠❡ Λ ⊂ X✮ ❡st✐♠❛t❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ♣❛ss t♦ ❛ ❧✐♠✐t ❛s Λ → X✳

✸ ▲✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ ❛ s❝❛❧❡ ♦❢ ❇❛♥❛❝❤ s♣❛❝❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❛ ❣❡♥❡r❛❧ r❡s✉❧t ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✭✐♥✜♥✐t❡✲t✐♠❡✮
s♦❧✉t✐♦♥s ❢♦r ❛ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ❡①t❡♥❞s t❤❡
s♦✲❝❛❧❧❡❞ ❖✈s②❛♥♥✐❦♦✈ ♠❡t❤♦❞✱ s❡❡ ❡✳❣✳ ❬✼❪✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❢❛♠✐❧② ♦❢ ❇❛♥❛❝❤ s♣❛❝❡s Bα ✐♥❞❡①❡❞ ❜② α ∈ (0, β] ✇✐t❤
β < ∞ ✜①❡❞✱ ❛♥❞ ❞❡♥♦t❡ ❜② ‖·‖α t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠s✳ ❲❡ ❛ss✉♠❡ t❤❛t

Bα′ ⊂ Bα′′ ❛♥❞ ‖u‖α′′ ≤ ‖u‖α′ ✐❢ α′ < α′′, u ∈ Bα′′ , ✭✸✳✶✮

✇❤❡r❡ t❤❡ ❡♠❜❡❞❞✐♥❣ ♠❡❛♥s t❤❛t Bα′ ✐s ❛ ✈❡❝t♦r s✉❜s♣❛❝❡ ♦❢ Bα′′ ✳ ❋♦r ❛♥②
δ ∈ (0, β]✱ ✇❡ s❡t Bδ− :=

⋃

0<α<δ

Bα✳

▲❡t A : Bβ− → Bβ− ❜❡ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r✳ ❲❡ ❛ss✉♠❡ t❤❛t A ✐s ❛ ❜♦✉♥❞❡❞
♦♣❡r❛t♦r ❛❝t✐♥❣ ❢r♦♠ Bα′ t♦ Bα′′ ❢♦r ❛♥② 0 < α′ < α′′ ≤ β✱ ❛♥❞

‖Ax‖α′′ ≤ c (α′′ − α′)
−q

‖x‖α′ ✭✸✳✷✮

❢♦r ❛❧❧ x ∈ Bα′ ❛♥❞ s♦♠❡ ❝♦♥st❛♥ts c = c(β) > 0 ❛♥❞ q ∈ (0, 1) ✭❜♦t❤
✐♥❞❡♣❡♥❞❡♥t ♦❢ α′ ❛♥❞ α′′✮✳

❚❤❡♦r❡♠ ✸✳✶✳ ❆ss✉♠❡ t❤❛t t❤❡ ❜♦✉♥❞ ✭✸✳✷✮ ❤♦❧❞s✳ ❚❤❡♥✱ ❢♦r ❛♥② α ∈ (0, β)
❛♥❞ u0 ∈ Bα✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ u : [0,∞) → Bβ ✇✐t❤ u(0) =
u0 s✉❝❤ t❤❛t✿

✶✮ u ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ (0,∞)❀

✷✮ Au(t) ∈ Bβ ❢♦r ❛❧❧ t ∈ (0,∞)❀

✾



✸✮ u s♦❧✈❡s t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

d

dt
u(t) = Au(t), t ∈ (0,∞). ✭✸✳✸✮

▼♦r❡♦✈❡r✱
‖u(t)‖β ≤ a(t)‖u0‖α, t > 0, ✭✸✳✹✮

✇❤❡r❡ a(t) ✐s ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r ρ = 1
1−q

❛♥❞ t②♣❡ σ = (ce)ρ(eρ)−1(β−

α)−qρ✳

Pr♦♦❢✳ ▲❡t ✉s ✜rst ♦❜s❡r✈❡ t❤❛t✱ ❜② ✭✸✳✷✮✱ A ✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ♦♣❡r❛t♦r ✐♥ ❛♥②
Bδ−✱ δ ∈ (α, β)✳ ❚❤✉s✱ ❢♦r ❛♥② n ≥ 1✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r An : Bδ− → Bδ−✳
❊♠❜❡❞❞✐♥❣s Bα ⊂ Bδ− ⊂ Bδ ✐♠♣❧② t❤❛t An : Bα → Bδ ✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❧✐♥❡❛r
♦♣❡r❛t♦r✳

❋✐① u0 ∈ Bα ❛♥❞ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ uk = Aku0 (= Auk−1)✱ k = 1, 2, ...✳
❚❤❡♥✱ ❢♦r ❛♥② n ≥ 1 ❛♥❞ α1, ..., αn s✉❝❤ t❤❛t α < α1 < ... < αn = δ✱ ✇❡ ❤❛✈❡
uk ∈ Bαk− ⊂ Bαk

❛♥❞

‖uk‖αk
≤ c (αk − αk−1)

−q ‖uk−1‖αk−1
.

❙❡tt✐♥❣ αk := α + k δ−α
n

✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡

‖Anu0‖δ ≤ Dnnqn ‖u0‖α , D := c(δ − α)−q, n ≥ 1.

❚❤❡r❡❢♦r❡ t❤❡ s❡r✐❡s

u(t) :=
∞
∑

n=0

tn

n!
Anu0 ✭✸✳✺✮

✐s ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣❡♥t ✐♥ Bδ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, T ] ❢♦r ❡❛❝❤ T > 0✳ ■♥❞❡❡❞✱
t❤❡ ✐♥❡q✉❛❧✐t② n! ≥

(

n
e

)n
✐♠♣❧✐❡s t❤❛t

‖u(t)‖δ ≤ ‖u0‖α

∞
∑

n=0

(De)n

n(1−q)n
tn < ∞ ✭✸✳✻✮

❢♦r ❛♥② t > 0✱ ❛♥❞ t❤❡ s❡r✐❡s ✐♥ t❤❡ r✳❤✳s✳ ♦❢ ✭✸✳✻✮ ❞❡✜♥❡s ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥✳
❙✐♠✐❧❛r❧②✱ t❤❡ s❡r✐❡s

v(t) :=
∞
∑

n=0

tn

n!
An+1u0

✐s ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣❡♥t ✐♥ Bδ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, T ]✳ ❆s ❛ r❡s✉❧t✱

v(t) =
d

dt
u(t) ✭✸✳✼✮

✶✵



✐♥ Bδ✳ ❙✐♥❝❡ t❤❡ ♥♦r♠ ✐♥ Bδ ✐s str♦♥❣❡r t❤❛♥ ✐♥ Bβ✱ t❤❡ ❢✉♥❝t✐♦♥ [0, T ] ∋
t 7→ u(t) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ Bβ ❛♥❞ ✭✸✳✼✮ ❤♦❧❞s ✐♥ Bβ✱ t♦♦✳ ❖❜s❡r✈❡ t❤❛t A
♠❛♣s Bδ → Bβ ❝♦♥t✐♥✉♦✉s❧②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❛♣♣❧② A t♦ t❤❡ r✐❣❤t ❤❛♥❞
s✐❞❡ ♦❢ ✭✸✳✺✮ ❛♥❞ ♦❜t❛✐♥ Au(t) = v(t) ∈ Bβ✳ ❚❤✐s ♣r♦✈❡s ♣❛rts ✶✮ ✕ ✸✮ ♦❢ t❤❡
st❛t❡♠❡♥t✳

◆❡①t✱ ✜① ❛♥② δ0 ∈ (α, β)✳ ❚❤❡ s❡r✐❡s ✐♥ t❤❡ r✳❤✳s✳ ♦❢ ✭✸✳✻✮ ❝♦♥✈❡r❣❡s ✉♥✐✲
❢♦r♠❧② ✐♥ δ ∈ [δ0, β] ✭r❡❝❛❧❧ t❤❛t D ❞❡♣❡♥❞s ♦♥ δ✮ t♦ ❛ ❝♦♥t✐♥✉♦✉s ❞❡❝r❡❛s✐♥❣
❢✉♥❝t✐♦♥ ♦❢ δ✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❝❛♥ ♣❛ss t♦ t❤❡ ❧✐♠✐t ❛s δ → β ✐♥ ✭✸✳✻✮✱ t♦ ❣❡t

‖u(t)‖β ≤ ‖u0‖α

∞
∑

n=0

(Be)n

n(1−q)n
tn < ∞, B := c(β − α)−q. ✭✸✳✽✮

❚❤❡ s✉♠ ♦❢ t❤❡ s❡r✐❡s ✐♥ t❤❡ r✳❤✳s✳ ♦❢ ✭✸✳✽✮ ✐s ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r

ρ := lim sup
n→∞

n lnn

− ln (Be)n

n(1−q)n

=
1

1− q
.

❚❤❡ t②♣❡ σ ♦❢ t❤✐s ❡♥t✐r❡ ❢✉♥❝t✐♦♥ s❛t✐s✜❡s t❤❡ ❡q✉❛❧✐t②

(σeρ)
1
ρ = lim sup

n→∞
n

1
ρ

(

(Be)n

n(1−q)n

)
1
n

= Be,

✐✳❡✳

σ =
(Be)ρ

eρ
=

(ce)ρ

eρ(β − α)qρ
,

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✸✳✷✳ ❚❤❡ ♦r❞❡r ❛♥❞ t②♣❡ ♦❢ a(t) ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ ✜♥✐t❡✳ ❚❤✉s✱ ❢♦r
❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts Tε > 0 s✉❝❤ t❤❛t

sup
t∈[0,T ]

‖u(t)‖β ≤ e(σ+ε)T ρ+ε

‖u0‖α

❢♦r ❛❧❧ T > Tε✳

❘❡♠❛r❦ ✸✳✸✳ ❚❤❡ ❢✉♥❝t✐♦♥ u ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶ ✐s ✉♥✐q✉❡✳ ❚❤❡ ♣r♦♦❢ ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② t♦ t❤❡ ✏st❛♥❞❛r❞✑ ❖✈s②❛♥♥✐❦♦✈ ♠❡t❤♦❞✱ s❡❡
❡✳❣✳ ❬✽✱ ❚❤❡♦r❡♠ ✷✳✹❪✳ ◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ✉s❡ t❤✐s ❢❛❝t ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳

✹ Pr♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t

✹✳✶ ❘♦✇✲✜♥✐t❡ ❧✐♥❡❛r s②st❡♠s

❲❡ st❛rt ✇✐t❤ t❤❡ st✉❞② ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ ✭✷✳✶✺✮✳ ❋✐rst✱ ✇❡ s❤♦✇ t❤❛t t❤❡
♠❛tr✐① ✭✷✳✶✸✮ ❣❡♥❡r❛t❡s ❛ ❜♦✉♥❞❡❞ ♦♣❡r❛t♦r ✐♥ t❤❡ s❝❛❧❡ (Sγ

α)α>0✳

✶✶



▲❡♠♠❛ ✹✳✶✳ ▲❡t ❈♦♥❞✐t✐♦♥ ✸ ❤♦❧❞✳ ❚❤❡♥ t❤❡ ♠❛tr✐① (Ax,y)x,y∈γ✱ ❣✐✈❡♥ ❜②

✭✷✳✶✸✮✱ ❣❡♥❡r❛t❡s ❛ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦r A : Sγ
α′ → Sγ

α′′ ❢♦r ❛♥② 0 < α′ <
α′′ < β✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠ ♦❢ A s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

‖A‖α′,α′′ ≤ Bwα′

r (α′′ − α′)
−1/p

✭✹✳✶✮

✇✐t❤ ❛♥ ❛r❜✐tr❛r② p > 1 ❛♥❞ s♦♠❡ B = B(p) > 0✳

Pr♦♦❢✳ ❋✐① ❛r❜✐tr❛r② 0 < α′ < α′′✳ ❋♦r ❛♥② q̄ ∈ Sγ
α′ ✱ ✇❡ ❤❛✈❡

‖Aq̄‖α′′ ≤ C sup
x∈γ

∑

y∼x

(nxny)
m|qy|w(|x|)

−(α′′−α′)w(|x|)−α′

,

❜② ✭✷✳✹✮✱ ✭✷✳✶✸✮✳ ❘❡❝❛❧❧ t❤❛t y ∼ x ✐♠♣❧✐❡s |y − x| ≤ r✱ ❛♥❞ ❤❡♥❝❡

|y| ≤ r + |x|. ✭✹✳✷✮

❚❤❡♥✱ s✐♥❝❡ w ✐s ❛♥❞ s❛t✐s✜❡s ✭✷✳✺✮✱ ✇❡ ❤❛✈❡

w(|x|)−α′

≤

(

w(r + |x|)

w(|x|)

)α′

w(|y|)−α′

≤ wα′

r w(|y|)−α′

,

✇❤❡r❡ wr ✐s ❛s ✐♥ ✭✷✳✺✮✱ s♦ t❤❛t

‖Aq̄‖α′′ ≤ Cwα′

r sup
x∈γ

w(|x|)−(α′′−α′)
∑

y∼x

(nxny)
m|qy|w(|y|)

−α′

≤ wα′

r ‖q̄‖α′ sup
x∈γ

(

Axw(|x|)
−(α′′−α′)

)

, ✭✹✳✸✮

✇❤❡r❡
Ax := C

∑

y∼x

(nxny)
m, x ∈ γ. ✭✹✳✹✮

❇② ✭✷✳✼✮✱ ✭✹✳✷✮ ❛♥❞ ✭✷✳✺✮✱ ✇❡ ❤❛✈❡

ny ≤ z(|y|) ≤
z(r + |x|)

z(x)
z(|x|) ≤ zrz(|x|), y ∼ x, x ∈ γ.

❚❤❡r❡❢♦r❡✱
Ax ≤ Cnm+1

x zmr z(|x|)m = Mz(|x|)2m+1,

✇❤❡r❡ M := Czmr ✳
❋✐① ❛♥ ❛r❜✐tr❛r② p > 1✳ ❇② ✭✹✳✸✮ ❛♥❞ ✭✷✳✻✮ ✇❡ ♦❜t❛✐♥ t❤❡ ❜♦✉♥❞

‖Aq̄‖α′′ ≤ Mwα′

r ‖q̄‖α′ sup
x∈γ

(

z(|x|)p(2m+1)w(|x|)−p(α′′−α′)
)

1
p

≤ Mwα′

r ‖q̄‖α′

(

D
(

pβ, p(2m+ 1)
)

p(α′′ − α′)

)
1
p

= Bwα′

r (α′′ − α′)
−1/p

‖q̄‖α′ ,

✇❤❡r❡ B = M
(

1
p
D(pβ, p(2m+ 1))

)
1
p > 0✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✶✷



◆♦✇ ✇❡ ❝❛♥ ✉s❡ ❚❤❡♦r❡♠ ✸✳✶ ❛♥❞ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢
❡q✉❛t✐♦♥ ✭✷✳✶✺✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ▲❡t ❈♦♥❞✐t✐♦♥ ✸ ❤♦❧❞ ❛♥❞ ❧❡t A = (Ax,y)x,y∈γ ❜❡ ❣✐✈❡♥ ❜②
✭✷✳✶✸✮✳ ❚❤❡♥✱ ❢♦r ❛♥② 0 < α < β✱ ❡q✉❛t✐♦♥ ✭✷✳✶✺✮ ✇✐t❤ Ψ(0) ∈ Sγ

α ❤❛s ❛
❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ Ψ(t) ∈ Sγ

β ✱ t ≥ 0✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡st✐♠❛t❡

‖Ψ(t)‖β ≤ Ap(α, β; t) ‖Ψ(0)‖α , t ≥ 0, ✭✹✳✺✮

❤♦❧❞s tr✉❡ ❢♦r ❡❛❝❤ p > 1✱ ✇✐t❤ ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ Ap(α, β; ·) : R+ → R+ ♦❢

♦r❞❡r ρ = p
p−1

> 1 ❛♥❞ t②♣❡ σ = Bρwβρ
r eρ−1ρ−1(β − α)−

1
p−1 > 0✳

Pr♦♦❢✳ ❚❛❦❡ ❛♥② p > 1✳ ❇② ▲❡♠♠❛ ✹✳✶✱ ❢♦r ❛♥② 0 < α < α′ < α′′ ≤ β✱ t❤❡
❡st✐♠❛t❡ ✭✸✳✷✮ ✭❢♦r t❤❡ s❝❛❧❡ ♦❢ s♣❛❝❡s Bα = Sγ

α✮ ❤♦❧❞s ✇✐t❤ q = 1
p
∈ (0, 1)

❛♥❞ c = Beβr+β−α > Beα
′r+α′′−α′

> 0✳ ❚❤❡♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠
❚❤❡♦r❡♠ ✸✳✶✳

✹✳✷ ❋✐♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s

❋♦r ❛ ❝♦♠♣❛❝t s❡t Λ ⊂ X✱ ❝♦♥s✐❞❡r t❤❡ ❝♦❧❧❡❝t✐♦♥ q̄Λ(t) =
(

qΛx (t)
)

x∈γ
♦❢

❢✉♥❝t✐♦♥s qΛx : R+ → S s✉❝❤ t❤❛t



















d

dt
qΛx (t) = Fx(q̄

Λ(t)), t > 0, x ∈ γΛ,

qΛx (t) = qx(0), t > 0, x ∈ γΛc ,

qΛx (0) = qx(0), x ∈ γ,

✭✹✳✻✮

✇❤❡r❡ γΛ = γ ∩ Λ✱ γΛc = γ ∩ Λc✱ Λc := X \ Λ✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ▲❡t ❈♦♥❞✐t✐♦♥s ✶✕✸ ❤♦❧❞✳ ❚❤❡♥✱ ❢♦r ❛♥② ❝♦♠♣❛❝t Λ ⊂ X
❛♥❞ α > 0✱ t❤❡ s②st❡♠ ✭✹✳✻✮ ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ q̄0 = (qx(0))x∈γ ∈ Sγ

α

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ q̄Λ(t)✱ t ≥ 0✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡❛❝❤ x ∈ γ✱ t❤❡r❡ ❡①✐sts ❛♥
❡♥t✐r❡ ❢✉♥❝t✐♦♥ Qx : R+ → R+✱ s✉❝❤ t❤❛t t❤❡ ❡st✐♠❛t❡

∣

∣qΛx (t)
∣

∣ ≤ Qx(t), t ≥ 0, ✭✹✳✼✮

❤♦❧❞s ❢♦r ❛❧❧ ❝♦♠♣❛❝t s❡ts Λ ⊂ X✳

Pr♦♦❢✳ ❋♦r ❛♥ ❛r❜✐tr❛r② ❝♦♠♣❛❝t Λ ⊂ X✱ t❤❡ s②st❡♠ ✭✹✳✻✮ ✐s ❡ss❡♥t✐❛❧❧② ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ✇✐t❤ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❝♦❡✣❝✐❡♥ts✳ ❚❤✉s t❤❡r❡ ❡①✐sts ❛
✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✻✮ ✇✐t❤ ❧✐❢❡t✐♠❡ TΛ ≤ ∞✳ ▼♦r❡♦✈❡r✱ TΛ < ∞ ✐♠♣❧✐❡s
t❤❛t |qΛx (t)| → ∞ ❛s t ր TΛ ❢♦r s♦♠❡ x ∈ γΛ✳

✶✸



❙✐♠✐❧❛r❧② t♦ ✭✷✳✶✶✮✱ ❞❡✜♥❡

LΛ
x (t) := Ux(q

Λ
x (t)), x ∈ γ, t ∈ [0, TΛ), ✭✹✳✽✮

❛♥❞ ♥♦t❡ t❤❛t LΛ
x (0) = Lx(0) = Ux(qx(0))✳ ❖❜s❡r✈❡ t❤❛t

d

dt
LΛ

x (t) = 0 ❢♦r

x ∈ γΛc
✱ t > 0✳ ❚❤✉s✱ s✐♠✐❧❛r❧② t♦ ✭✷✳✶✷✮✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②

d

dt
LΛ

x (t) ≤
∑

y∈γ

aΛx,yL
Λ
y (t), x ∈ γ, t ∈ [0, TΛ), ✭✹✳✾✮

✇❤❡r❡

aΛx,y :=

{

Ax,y, x ∈ Λ,

0, ♦t❤❡r✇✐s❡
✭✹✳✶✵✮

❛♥❞ Ax,y ✐s ❣✐✈❡♥ ❜② ✭✷✳✶✸✮✳ ❉❡♥♦t❡

Λr :=
{

x ∈ X
∣

∣ dist (x,Λ) ≤ r
}

.

❲❡ ❝❛♥ r❡♣❧❛❝❡ γ ✇✐t❤ γΛr
= γ ∩Λr ✐♥ t❤❡ r✳❤✳s✳ ♦❢ ✭✷✳✶✸✮✱ ❜❡❝❛✉s❡ aΛx,y = 0 ✐❢

y 6∈ Λr✳ ❆❧s♦✱ t❤❡ r❡❧❛t✐♦♥ d
dt
LΛ

x (t) = 0 ≤ LΛ
x (t)✱ x ∈ γ ∩ (Λr \Λ)✱ ✐♠♣❧✐❡s t❤❛t

✭✷✳✶✸✮ ❛❧✇❛②s ❤♦❧❞s ❢♦r x 6∈ Λr✳ ❚❤✉s t❤❡ s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ✐♥❡q✉❛❧✐t✐❡s
✭✹✳✾✮ ✐s ❛❧s♦ ❡ss❡♥t✐❛❧❧② ✜♥✐t❡✳

❚❤❡ ❝❧❛ss✐❝❛❧ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ✭s❡❡ ❡✳❣✳ ❬✶✻❪✮ ✐♠♣❧✐❡s t❤❛t

0 ≤ LΛ
x (t) ≤ ΨΛr

x (t), x ∈ γΛr
, ✭✹✳✶✶✮

✇❤❡r❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s (ΨΛr
x (t))x∈γΛr

s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠
♦❢ ❡q✉❛t✐♦♥s

d

dt
ΨΛr

x (t) =
∑

y∈γΛr

aΛx,yΨ
Λr

y (t), ΨΛr

x (0) = LΛ
x (0), x ∈ γΛr

.

❚❤❡ ❧❛tt❡r s②st❡♠ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✐♥❣❧❡ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ❝✉t✲♦✛
♠❛tr✐① AΛ = (aΛx,y)x,y∈γ✿

Ψ̇Λr(t) = AΛΨΛr(t), ΨΛr

x (0) = LΛ
x (0), x ∈ γ, ✭✹✳✶✷✮

✇✐t❤ t❤❡ ❵tr✐✈✐❛❧✬ ❡①t❡♥s✐♦♥ ΨΛr
x (t) = LΛ

x (t)✱ t ≥ 0✱ ❢♦r ❛❧❧ x ∈ X \ Λr✳
❇② ✭✷✳✶✶✮ ❛♥❞ ✭✷✳✷✮ ✇❡ ❤❛✈❡

|Lx(0)| ≤ C2(|qx(0)|
j + 1). ✭✹✳✶✸✮

❚❤❡r❡❢♦r❡ q̄0 ∈ Sγ
α ②✐❡❧❞s

(

LΛ
x (0)

)

x∈γ
=
(

Lx(0)
)

x∈γ
=: L(0) ∈ Sγ

jα ❛♥❞

‖L(0)‖jα ≤ C3

(

‖q̄0‖
j
α + 1

)

✭✹✳✶✹✮

✶✹



❢♦r s♦♠❡ ❝♦♥st❛♥t C3✳ ■t ✐s ❡✈✐❞❡♥t t❤❛t ❡st✐♠❛t❡ ✭✹✳✶✮ ❤♦❧❞s ❢♦r t❤❡ ♦♣❡r✲
❛t♦r AΛ ✐♥st❡❛❞ ♦❢ A✱ ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥st❛♥t B > 0✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡
❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t
t❤❡ s♦❧✉t✐♦♥ ΨΛr(t) t♦ t❤❡ s②st❡♠ ✭✹✳✶✷✮ ❡①✐sts ❢♦r ❛❧❧ t ≥ 0 ❛♥❞ s❛t✐s✜❡s t❤❡
❡st✐♠❛t❡

∥

∥ΨΛr(t)
∥

∥

jβ
≤ Ap(jα, jβ; t) ‖L(0)‖jα , β > α, t ≥ 0, ✭✹✳✶✺✮

✇✐t❤ t❤❡ s❛♠❡ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ Ap ❛s ✐♥ ✭✹✳✺✮✳
◆❡①t✱ ✉s✐♥❣ ✭✷✳✶✮✱ ✭✹✳✽✮✱ ✭✹✳✶✶✮ ❛♥❞ ✭✹✳✶✺✮✱ ✇❡ ❝❛♥ ✇r✐t❡✱ ❢♦r ❡❛❝❤ t ≥ 0✱

∣

∣qΛx (t)
∣

∣ ≤
1

C1

Ux(q
Λ
x (t)) + 1 =

1

C1

LΛ
x (t) + 1 ≤

1

C1

ΨΛr

x (t) + 1

≤
1

C1

Ap(jα, jβ; t) ‖L(0)‖jαw(x)
jβ + 1 =: Qx(t) < ∞. ✭✹✳✶✻✮

❚❤✐s ❜♦✉♥❞ ❤♦❧❞s ❢♦r ❛♥② x ∈ γ✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t TΛ = ∞ ❛♥❞ ✭✹✳✼✮ ❤♦❧❞s✳
❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❈♦r♦❧❧❛r② ✹✳✹✳ ❊st✐♠❛t❡s ✭✹✳✶✻✮ ❛♥❞ ✭✹✳✶✹✮ ✐♠♣❧② t❤❛t

∥

∥q̄Λ(t)
∥

∥

β
≤ Cp(α, β; t)

(

‖q̄0‖
j
α + 1

)

, t ≥ 0, ✭✹✳✶✼✮

❢♦r ❛♥② β > jα✳ ❍❡r❡ Cp(α, β; ·) : R+ → R+ ✐s ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r

ρ = p
p−1

> 1 ❛♥❞ t②♣❡ σ = Bρeρ(βr+β−jα+1)(eρ)−1(β − jα)−
1

p−1 > 0 ✇✐t❤ s♦♠❡

B = B(p) > 0✳

◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✹✳ ❚❤❡ ♣r♦♦❢ ✐s ❡ss❡♥t✐❛❧❧② s✐♠✐❧❛r
t♦ t❤❛t ✐♥ ❬✶✶❪✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳ ❋✐① α > 0✱ β > jα ❛♥❞ q̄0 ∈ Sγ
α✳ ❈❤♦♦s❡ ❛♥② s❡q✉❡♥❝❡

Λ
0 ♦❢ ❝♦♠♣❛❝ts Λ ❡①❤❛✉st✐♥❣ X✳ ▲❡t q̄Λ(t) s♦❧✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s②st❡♠

✭✹✳✻✮✳ ❖❜s❡r✈❡ t❤❛t ❜♦t❤ s✐❞❡s ♦❢ ✐♥❡q✉❛❧✐t② ✭✹✳✼✮ ❛r❡ ❝♦♥t✐♥✉♦✉s ✐♥ t✱ ✇❤✐❝❤
✐♠♣❧✐❡s t❤❛t

sup
t∈[0,T ]

∣

∣qΛx (t)
∣

∣ ≤ sup
t∈[0,T ]

Qx(t) < ∞,

❢♦r ❡❛❝❤ x ∈ γ ❛♥❞ ❛♥② T > 0✳ ❚❤❡ ❡q✉❛❧✐t② q̇Λx = Fx(q̄
Λ) t♦❣❡t❤❡r ✇✐t❤

❝♦♥t✐♥✉✐t② ♦❢ Fx ♦♥ Sγx,r ✐♠♣❧② t❤❡♥ t❤❛t supt∈[0,T ]

∣

∣q̇Λx (t)
∣

∣✱ x ∈ γ✱ ✐s ❛❧s♦
❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ Λ✳

▲❡t ✉s ✜① ❛♥ ❛r❜✐tr❛r② ✐♥❞❡①❛t✐♦♥ ♦❢ γ✱ s♦ t❤❛t γ = (xk)
∞
k=1✳ ❚❤❡ ❆r③❡❧à✕

❆s❝♦❧✐ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ Λ
(1) = (Λ

(1)
n ) ♦❢ Λ(0)

❛♥❞ s♦♠❡ qx1(t) ∈ S s✉❝❤ t❤❛t qΛ
(1)
n

x1
(t) ⇒ qx1(t) ❛s n → ∞✱ ✇❤❡r❡ ⇒ ❞❡♥♦t❡s

✶✺



t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t ∈ [0, T ]✳ ❘❡♣❡❛t✐♥❣ t❤❡s❡ ❛r❣✉♠❡♥ts✱ ✇❡ ❝❛♥ s❡❡

t❤❛t ❢♦r ❛♥② k ∈ N t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ Λ
(k) = (Λ

(k)
n ) ♦❢ Λ(k−1) ❛♥❞

qxk
(t) ∈ S s✉❝❤ t❤❛t qΛ

(k)
n

xk
(t) ⇒ qxk

(t)✱ n → ∞✳ ❚❤❡♥ ♦❢ ❝♦✉rs❡ qΛ
(k)
n

xm
(t) ⇒

qxm
(t)✱ n → ∞✱ ❢♦r ❛❧❧ m ≤ k✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ✏❞✐❛❣♦♥❛❧✑ s❡q✉❡♥❝❡ Λ ✇✐t❤ ❡❧❡♠❡♥ts Λn := Λ
(n)
n ✳ ■t ✐s

❝❧❡❛r t❤❛t qΛn
xk
(t) ⇒ qxk

(t) n → ∞✱ ❢♦r ❛❧❧ k ∈ N✳
❚❤❡ ❧✐♠✐t tr❛♥s✐t✐♦♥ ✐♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛❧✐t②

qΛn

x (t) = qΛn

x,0 +

∫ t

0

Fx

(

qΛn

x (s)
)

ds, x ∈ γ,

s❤♦✇s t❤❛t t❤❡ ❢✉♥❝t✐♦♥s qx(t) = lim qΛn
x (t), x ∈ γ✱ s♦❧✈❡ t❤❡ s②st❡♠ ✭✶✳✶✮✳

❚❤❡ ✐♥❝❧✉s✐♦♥ q̄(t) ∈
⋂

β>jα S
γ
β ❛♥❞ ❜♦✉♥❞s ✭✷✳✽✮ ❢♦r ❛❧❧ β > jα ❢♦❧❧♦✇ ❢r♦♠

✭✹✳✶✼✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

✺ ❚❤❡ ✉♥✐q✉❡♥❡ss

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss ❝♦♥❞✐t✐♦♥s t❤❛t ❣✉❛r❛♥t❡❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢
t❤❡ s♦❧✉t✐♦♥ q̄(t) ∈ Sγ

β ✳ ❲❡ ✜① β > 0 ❛♥❞ ❧❡t ∆β,R ❜❡ t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s R > 0
✐♥ Sγ

β ❝❡♥t❡r❡❞ ❛t 0 = (0)x∈γ ∈ Sγ
β ✳

❋♦r x, y ∈ γ ❞❡♥♦t❡ ❜② ∂Fx(q̄)
∂qy

t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ t❤❡ ♠❛♣♣✐♥❣ Fx

✇✳r✳t✳ t❤❡ ✈❛r✐❛❜❧❡ qy✳ ❇② ❈♦♥❞✐t✐♦♥ ✶✱ t❤✐s ❏❛❝♦❜✐❛♥ ✐s t❤❡ ③❡r♦ ♠❛tr✐① ✐❢
y /∈ γx,r✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r❛❞✐❡♥t ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❝t♦r
✇✐t❤ ♠❛tr✐① ❝♦♠♣♦♥❡♥ts✿

∇Fx(q̄) =

(

∂Fx(q̄)

∂qy

)

y∈γ

, x ∈ γ.

❙✐♥❝❡ ❛❧❧ ❜✉t ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❣r❛❞✐❡♥t ✈❡❝t♦r ❛r❡ ③❡r♦
♠❛tr✐❝❡s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ✐ts ♥♦r♠








∇Fx(q̄)








:=
∑

y∈γ

∥

∥

∥

∥

∂Fx(q̄)

∂qy

∥

∥

∥

∥

< ∞, x ∈ γ,

✇❤❡r❡ ‖·‖ ❞❡♥♦t❡s t❤❡ st❛♥❞❛r❞ ♥♦r♠ ♦❢ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ✐♥ S✳
❚♦ ❡♥s✉r❡ t❤❡ ✉♥✐q✉❡♥❡ss✱ ✇❡ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❈♦♥❞✐t✐♦♥ ✹✳ ❋♦r ❛♥② R > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t CR > 0 s✉❝❤ t❤❛t

sup
q̄∈∆β,R








∇Fx(q̄)








≤ CR (|x|+ 1) , x ∈ γ.

✶✻



❚❤❡♦r❡♠ ✺✳✶✳ ▲❡t β > 0✱ ❛♥❞ ❛ss✉♠❡ t❤❛t ❈♦♥❞✐t✐♦♥ ✹ ❤♦❧❞s✳ ❙✉♣♣♦s❡ t❤❛t
t❤❡ ✇❡✐❣❤t s❡q✉❡♥❝❡ w(s) ✐♥ ✭✷✳✹✮ s❛t✐s✜❡s t❤❡ ❜♦✉♥❞ w(s) ≤ eνs✱ s ∈ R+ ❢♦r
s♦♠❡ ν > 0✳ ▲❡t q̄(1)(t), q̄(2)(t) ∈ Sγ

β ❜❡ t✇♦ ♣♦✐♥t✇✐s❡ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✶✮ ♦♥

[0, T ]✱ ❛♥❞ ❧❡t q̄(1)(0) = q̄(2)(0)✳ ❚❤❡♥ q̄(1)(t) = q̄(2)(t)✱ t ∈ [0, T ]✳

Pr♦♦❢✳ ❲❡ st❛rt ❜② ♦❜s❡r✈✐♥❣ t❤❛t✱ ❜❡❝❛✉s❡ ♦❢ ❈♦♥❞✐t✐♦♥ ✶✱ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞

∣

∣Fx(q̄
(1))− Fx(q̄

(2))
∣

∣

≤
∑

y∈γx,r

∣

∣q(1)y − q(2)y

∣

∣ sup
τ∈[0,1]

∥

∥

∥

∥

∂Fx

∂qy

(

τ q̄(1) + (1− τ)q̄(2)
)

∥

∥

∥

∥

, ✭✺✳✶✮

✇❤✐❝❤ ❤♦❧❞s ❢♦r ❛♥② q̄(l) = (q
(l)
x )x∈γ✱ l = 1, 2✳

❆ss✉♠❡ ♥♦✇ t❤❛t q̄(1), q̄(2) ∈ ∆β,R✱ R > 0✳ ❚❤❡♥ τ q̄(1)+(1−τ)q̄(2) ∈ ∆β,R✱
τ ∈ [0, 1]✳ ▲❡t n ≥ 1 ❛♥❞ x ∈ γ ❜❡ s✉❝❤ t❤❛t |x| ≤ nr✳ ❚❤❡♥ |y| ≤ (n + 1)r
❢♦r ❛♥② y ∈ γx,r✱ ❝❢✳ ✭✹✳✸✮✳ ❚❤✉s ✭✺✳✶✮ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

∣

∣Fx(q̄
(1))− Fx(q̄

(2))
∣

∣ ≤ sup
|y|≤(n+1)r

∣

∣q(1)y − q(2)y

∣

∣ sup
q̄∈∆β,R








∇Fx(q̄)








. ✭✺✳✷✮

▲❡t ✉s ♥♦✇ q̄(1)(t), q̄(1)(t) ∈ Sγ
β ❜❡ t✇♦ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✶✮ ♦♥ t ∈ [0, T ]✳ ❙❡t

R := max
t∈[0,T ], l=1,2

∥

∥q̄(l)(t)
∥

∥

β
✱ s♦ t❤❛t q̄(l)(t) ∈ ∆β,R✱ ❛♥❞ ❧❡t CR > 0 ❜❡ s✉❝❤ t❤❛t

❈♦♥❞✐t✐♦♥ ✹ ❤♦❧❞s✳ ❉❡♥♦t❡

δn(t) := sup
|x|≤nr

∣

∣q(1)x (t)− q(2)x (t)
∣

∣, n ≥ 1, t ∈ [0, T ]. ✭✺✳✸✮

❋♦r ❛♥② x ∈ γ s✉❝❤ t❤❛t |x| ≤ nr✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥t❡❣r❛❧ ❢♦r♠ ♦❢ ✭✶✳✶✮✱
✐♥❡q✉❛❧✐t② ✭✺✳✷✮ ❛♥❞ ❈♦♥❞✐t✐♦♥ ✹ t❤❛t

∣

∣q(1)x (t)− q(2)x (t)
∣

∣ ≤

∫ t

0

∣

∣Fx(q̄
(1)(s))− Fx(q̄

(2)(s))
∣

∣ ds

≤

∫ t

0

δn+1(s) sup
q̄∈∆β,R








∇Fx(q̄)








ds

≤ CR (|x|+ 1)

∫ t

0

δn+1(s)ds.

❚❤❡r❡❢♦r❡✱

δn(t) ≤ CR (nr + 1)

∫ t

0

δn+1(s)ds ≤ µnr

∫ t

0

δn+1(s)ds,

✶✼



✇❤❡r❡ µ := CR

(

1 + 1
r

)

> 0✳ ❚❤❡ N ✲t❤ ✐t❡r❛t✐♦♥ ♦❢ t❤✐s ❡st✐♠❛t❡ ❣✐✈❡s

δn(t) ≤
(tµr)N

N !
n(n+ 1)...(n+N − 1) sup

s≤t
δn+N(s). ✭✺✳✹✮

❆ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ ✭✷✳✹✮✱ ✭✺✳✸✮ ❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥ q̄(1)(t), q̄(2)(t) ∈
∆β,R s❤♦✇s t❤❛t δn+N(s) ≤ 2Rw((n + N)r)β✱ s ≥ 0✳ ❯s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥
w(s) ≤ eνs✱ s ∈ R+✱ ✇❡ ❣❡t t❤❛t ✭✺✳✹✮ ✐♠♣❧✐❡s t❤❡ ❜♦✉♥❞

δn(t) ≤ 2Reβν(n+N)r(tµr)N
(

n+N − 1

N

)

≤ 2Reβνnr
(

tµreβνr+1n+N − 1

N

)N

,

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ✐♥❡q✉❛❧✐t②
(

M
N

)

≤
(

M e
N

)N
✱ 1 ≤ N ≤ M ✳

❚❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ n ≥ 1 ❛♥❞ N > n− 1 ✇❡ ❤❛✈❡

δn(t) < 2Reβνnr
(

2tµreβνr+1
)N

, t ≥ 0. ✭✺✳✺✮

❖❜s❡r✈❡ t❤❛t ❢♦r t < t0 :=
(

2µreβνr+1
)−1

t❤❡ r✳❤✳s✳ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✺✮ ❝♦♥✲
✈❡r❣❡s t♦ ③❡r♦ ❛s N → ∞✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t δn(t) = 0 ❢♦r ❛❧❧ n ≥ 1✳
❚❤✉s q̄(1)(t) = q̄(2)(t) ❢♦r t ∈ [0, t0)✳

❚❤❡s❡ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ r❡♣❡❛t❡❞ ♦♥ ❡❛❝❤ ♦❢ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧s [tk, tk+1)
✇✐t❤ tk := kt0✱ k = 1, 2, ...✱ ✇❤✐❝❤ s❤♦✇s t❤❛t q̄(1)(t) = q̄(2)(t)✱ t ∈ [0, T )✱ ❢♦r
❛♥ ❛r❜✐tr❛r② T > 0✳

✻ ❉②♥❛♠✐❝s ♦❢ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s

❖✉r ♠❛✐♥ ❡①❛♠♣❧❡ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ st✉❞② ♦❢ ✭❞❡t❡r♠✐♥✐st✐❝✮ ❞②♥❛♠✐❝s ♦❢
✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s✳ ■♥ t❤✐s ❝❛s❡✱ γ r❡♣r❡s❡♥ts ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣❛rt✐✲
❝❧❡s ✐♥❞❡①❡❞ ❜② ❡❧❡♠❡♥ts x ♦❢ X✱ ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥s✳
❆ ♣❛rt✐❝❧❡ ✇✐t❤ ♣♦s✐t✐♦♥ x ∈ γ ❝❛rr✐❡s ❛♥ ✐♥t❡r♥❛❧ ♣❛r❛♠❡t❡r ✭s♣✐♥✮ σx ∈ S✳
❲❤✐❧❡ t❤❡ ♣♦s✐t✐♦♥s ♦❢ ♦✉r ♣❛rt✐❝❧❡s ❛r❡ ✜①❡❞✱ t❤❡ s♣✐♥s ❡✈♦❧✈❡ ❛❝❝♦r❞✐♥❣ t♦
s②st❡♠ ✭✶✳✶✮✳ ❍❡r❡ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t✇♦ t②♣❡s ♦❢ t❤❡ t✐♠❡✲❡✈♦❧✉t✐♦♥ ✇✐t❤ ♣❛✐r
s♣✐♥✲s♣✐♥ ✐♥t❡r❛❝t✐♦♥✲ ❣❡♥❡r❛❧ ❣r❛❞✐❡♥t✲t②♣❡ ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
❛♥❤❛r♠♦♥✐❝ ❞②♥❛♠✐❝s✳ ■♥ t❤❡ ❧❛st s✉❜s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ s♦♠❡✲
✇❤❛t ❞✐✛❡r❡♥t t②♣❡✱ ♠♦t✐✈❛t❡❞ ❜② t❤❡ st✉❞② ♦❢ s❡❧❢✲♦r❣❛♥✐③❡❞ s②st❡♠s✳

✻✳✶ ●r❛❞✐❡♥t✲t②♣❡ ❞②♥❛♠✐❝s

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❢❛♠✐❧② (Fx)x∈γ t❤❛t ❢✉❧✜❧❧s ❈♦♥❞✐t✐♦♥ ✶✿

Fx(q̄(t)) = Rx(q̄x,r(t))−∇Ux(qx(t)), x ∈ γ, ✭✻✳✶✮

✶✽



✇✐t❤
Rx(q̄) =

∑

y∼x, y 6=x

Wxy(qx, qy), x ∈ γ. ✭✻✳✷✮

❍❡r❡✱ ❢♦r ❡❛❝❤ x ∈ γ✱ ✇❡ ❞❡♥♦t❡ q̄x,r(t) := (qy(t))y∈γx,r ❛♥❞ ❛ss✉♠❡ t❤❛t

Ux ∈ C2(S,R+)✱ ❛♥❞ ❤❡♥❝❡ ∇Ux ∈ C1(S, S)✳ ◆❡①t✱ ❢♦r ❡❛❝❤ {x, y} ⊂ γ✱
x ∼ y✱ ✇❡ ❛ss✉♠❡ t❤❛t Wxy ∈ C2(S2, S)✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ▲❡t✱ ❢♦r s♦♠❡ k ≥ 1✱ j ≥ 2k✱ JU > 0✱ ❝♦♥❞✐t✐♦♥ ✭✷✳✷✮
❤♦❧❞s✱ ❛♥❞ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✮ ✐s r❡✐♥❢♦r❝❡❞ t♦

Ux(q) ≥ JU |q|2k , q ∈ S, x ∈ γ. ✭✻✳✸✮

▲❡t ❛❧s♦✱ ❢♦r s♦♠❡ JW > 0✱

∣

∣Wxy(q1, q2)
∣

∣ ≤ JW
(

|q1|
k + |q2|

k + 1
)

, q1, q2 ∈ S, x, y ∈ γ. ✭✻✳✹✮

❚❤❡♥ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t ❈♦♥❞✐t✐♦♥ ✷ ❤♦❧❞s ✇✐t❤ m = 1✳

Pr♦♦❢✳ ❋✐rst ✇❡ ♥♦t❡ t❤❛t ❢♦r F ♦❢ t❤❡ ❢♦r♠ ✭✻✳✶✮ ❝♦♥❞✐t✐♦♥ ✭✷✳✸✮ r❡❛❞s ❛s

Rx(q̄) · ∇Ux(qx)− |∇Ux(qx)|
2 ≤ Cnm

x

∑

y∼x

nm
y Uy(qy) ✭✻✳✺✮

❢♦r ❛♥② q̄ ∈ Sγx,r ❛♥❞ x ∈ γ✳ ❚❤❡ ✐♥❡q✉❛❧✐t② Rx ·∇Ux ≤ |∇Ux|
2+ |Rx|

2 ✐♠♣❧✐❡s
t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ✐s s✉✣❝✐❡♥t ❢♦r ✭✻✳✺✮ t♦ ❤♦❧❞✿

|Rx(q̄)|
2 ≤ Cnm

x

∑

y∼x

nm
y Uy(qy), q̄ ∈ Sγ, x ∈ γ. ✭✻✳✻✮

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❝❤❡❝❦ ♥♦✇ ✭✻✳✻✮ ✇✐t❤ m = 1✱ ❢♦r Rx ❣✐✈❡♥ ❜② ✭✻✳✷✮ ✉♥❞❡r t❤❡
❝♦♥❞✐t✐♦♥s ❛❜♦✈❡✳ ❇② ✭✻✳✷✮ ❛♥❞ ✭✻✳✹✮✱ t❤❡r❡ ❡①✐st J1, J2, J3 > 0✱ s✉❝❤ t❤❛t

|Rx(q̄)|
2 ≤ J1nx

∑

y∼x, y 6=x

|qy|
2k + J2n

2
x |qx|

2k + J3nx.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✭✻✳✸✮ ②✐❡❧❞s

nx

∑

y∼x

nyUy(qy) ≥ nx

∑

y∼x, y 6=x

JU
(

|qy|
2k + 1

)

+ n2
xJU
(

|qx|
2k + 1

)

= JUnx

∑

y∼x, y 6=x

|qy|
2k + JUn

2
x |qx|

2k + 2JUn
2
x − JUnx.

❚❤✉s ✭✻✳✻✮ ❤♦❧❞s ✇✐t❤ m = 1 ❛♥❞ C = max {J1, J2, J3} /JU ✭✇❡ ✉s❡❞ ❛❧s♦
t❤❛t nx ≥ 1 ❛s x ∈ γx,r✮✳

✶✾



Pr♦♣♦s✐t✐♦♥ ✻✳✷✳ ❆ss✉♠❡ t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧s W ❛♥❞ U s❛t✐s❢②
t❤❡ ❜♦✉♥❞s

∥

∥∇2Uy(q)
∥

∥ ≤ KU

(

|q|j−2 + 1
)

, q ∈ S, x ∈ γ, ✭✻✳✼✮
∥

∥

∥

∥

∂

∂q2
Wxy(q1, q1)

∥

∥

∥

∥

≤ KW

(

|q1|
k−1 + |q2|

k−1 + 1
)

, q1, q2 ∈ S, x, y ∈ γ, ✭✻✳✽✮

❢♦r s♦♠❡ k ≥ 1✱ j ≥ 2k ❛♥❞ KU , KW > 0✳ ▲❡t t❤❡ ♣❛✐r (w, z) s❛t✐s❢② ❈♦♥❞✐✲
t✐♦♥ ✸ ❛♥❞✱ ♠♦r❡♦✈❡r✱ t❤❡ ✐♥❡q✉❛❧✐t②

z(s)w(s)β(k−1) + w(s)β(j−2) ≤ K1s+K2, s ∈ R+. ✭✻✳✾✮

❤♦❧❞s ❢♦r s♦♠❡ K1, K2 > 0✳ ❚❤❡♥ ❈♦♥❞✐t✐♦♥ ✹ ❤♦❧❞s✳

Pr♦♦❢✳ ❆❣❛✐♥✱ ✇❡ ♥♦t❡ t❤❛t ❢♦r F ❛s ✐♥ ✭✻✳✶✮ ❈♦♥❞✐t✐♦♥ ✹ ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✿ ❢♦r ❛♥② R > 0 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t CR > 0 s✉❝❤ t❤❛t

sup
q̄∈∆β,R

∑

y∈γx,r

∥

∥

∥

∥

∂Rx(q̄x,r)

∂qy
− 11{y=x}∇

2Ux(qx)

∥

∥

∥

∥

≤ CR (|x|+ 1) , x ∈ γ,

✇❤❡r❡ ∇2 ✐s t❤❡ ❍❡ss✐❛♥ ♠❛tr✐①✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❛ss✉♠❡ t❤❛t

sup
q̄∈∆β,R

(

∑

y∈γx,r

∥

∥

∥

∥

∂Rx(q̄x,r)

∂qy

∥

∥

∥

∥

+
∥

∥∇2Ux(qx)
∥

∥

)

≤ CR (|x|+ 1) , x ∈ γ. ✭✻✳✶✵✮

▲❡t ♥♦✇ Rx ❜❡ ❣✐✈❡♥ ❜② ✭✻✳✷✮✳ ❚❤❡♥✱ ∂Rx(q̄x,r)

∂qx
✐s t❤❡ ③❡r♦ ♠❛tr✐①✱ ❛♥❞

✭✻✳✶✵✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥✱ ❢♦r ❡❛❝❤ x ∈ γ✱ ❛s ❢♦❧❧♦✇s

sup
q̄∈∆β,R

(

∑

y∼x, y 6=x

∥

∥

∥

∥

∂

∂qy
Wxy(qx, qy)

∥

∥

∥

∥

+
∥

∥∇2Ux(qx)
∥

∥

)

≤ CR (|x|+ 1) . ✭✻✳✶✶✮

❘❡❝❛❧❧ t❤❛t q̄ ∈ ∆β,R ✐♠♣❧✐❡s

|qx| ≤ Rw(|x|)β, x ∈ γ.

◆♦t❡ t❤❛t ♦♥❡ ❝❛♥ ❛ss✉♠❡ R ≥ 1✳ ❚❤❡♥✱ ❜② ✭✻✳✽✮✱ ✭✷✳✺✮✱ ✭✷✳✼✮✱ ✇❡ ❤❛✈❡

∑

y∼x, y 6=x

∥

∥

∥

∥

∂

∂qy
Wxy(qx, qy)

∥

∥

∥

∥

≤ KWRk
∑

y∼x, y 6=x

(

w(|x|)β(k−1) + w(|y|)β(k−1) + 1
)

≤ KWRk
(

nxw(|x|)
β(k−1) + nxw(|x|+ r)β(k−1) + 1

)

≤ KWRk(2 + wβ(k−1)
r )z(|x|)w(|x|)β(k−1).

◆❡①t✱ ❜② ✭✻✳✼✮✱
∥

∥∇2Ux(qx)
∥

∥ ≤ 2KUR
j−2w(|x|)β(j−2).

❆s ❛ r❡s✉❧t✱ ❜② ✉s✐♥❣ ✭✻✳✾✮✱ ✇❡ ❣❡t ✭✻✳✶✶✮✳

✷✵



❘❡♠❛r❦ ✻✳✸✳ ❆ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ t❤❡ ♣❛✐r ✐♥t❡r❛❝t✐♦♥ ✐s

Wxy(qx, qy) = V (qx − qy), V ∈ C2(S, S).

❚❤❡♥✱ t♦ ❡♥s✉r❡ ✭✻✳✹✮✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❛ss✉♠❡ t❤❛t

|V (q)| ≤ JV (|q|
k + 1), q ∈ S

❢♦r s♦♠❡ JV > 0✳ ▼♦r❡♦✈❡r✱
∥

∥

∂
∂q
V (q)

∥

∥ =
∥

∥

∂
∂q2

W (q1, q2)
∥

∥ ❢♦r q = q1 − q2✱ ❛♥❞

❤❡♥❝❡ ✭✻✳✽✮ ❤♦❧❞s ✐❢ ♦♥❧②✱ ❢♦r s♦♠❡ KV > 0✱
∥

∥

∥

∥

∂

∂q
V (q)

∥

∥

∥

∥

≤ KV (|q|
k−1 + 1), q ∈ S.

◆♦✇ ✇❡ ✇✐❧❧ r❡✈✐s✐t ♦✉r ❡①❛♠♣❧❡s ♦❢ ❛❞♠✐ss✐❜❧❡ ♣❛✐rs ❛♥❞ st✉❞② t❤❡ ❝♦r✲
r❡s♣♦♥❞✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❞②♥❛♠✐❝s✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❡①♣♦♥❡♥ts j ❛♥❞ k ✐♥ ✭✷✳✷✮✱ ✭✻✳✹✮✱ ✭✻✳✼✮✱ ✭✻✳✽✮ ❛r❡
❛❧✇❛②s r❡❧❛t❡❞ ❜② t❤❡ ❛ss✉♠♣t✐♦♥ j ≥ 2k✱ k ≥ 1✳

❊①❛♠♣❧❡ ✻✳✹ ✭❊①❛♠♣❧❡ ✷✳✶✵ r❡✈✐s✐t❡❞✮✳ ▲❡t ✭✷✳✾✮ ❤♦❧❞✳ ❚❤❡♥ ❚❤❡♦r❡♠ ✷✳✹
❤♦❧❞s ✇✐t❤ w(s) = es+e✳ ❚❤✉s ❛ s♦❧✉t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡

|qx(0)| ≤ c exp(α|x|), x ∈ γ,

✇✐❧❧ ❧✐✈❡ ✐♥ ❡❛❝❤ ♦❢ t❤❡ s♣❛❝❡s Sγ
β ❛♥❞ t❤✉s s❛t✐s❢② t❤❡ ❜♦✉♥❞

|qx(t)| ≤ c(t) exp(β|x|), x ∈ γ, t > 0,

❢♦r ❛❧❧ β > jα ✭❤❡r❡ c(t) = c(α, β, t)✮✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ✉♥✐q✉❡♥❡ss ❝♦♥❞✐t✐♦♥
✭✻✳✾✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✷ ❤♦❧❞s ♦♥❧② ❢♦r k = 1, j = 2✳

❊①❛♠♣❧❡ ✻✳✺ ✭❊①❛♠♣❧❡ ✷✳✶✶ r❡✈✐s✐t❡❞✮✳ ▲❡t ✭✷✳✼✮ ❤♦❧❞✱ z s❛t✐s❢② ✭✷✳✶✵✮✱
❛♥❞ w(s) = 1 + s✳ ❆ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t j > 2✳ ❚❤❡♥ ❢♦r
1 ≤ k ≤ j

2
✇❡ ❤❛✈❡

z(s)w(s)β(k−1) + w(s)β(j−2) ≤ z(s)(1 + s)
1
2 + (1 + s),

s♦ t❤❛t ✭✻✳✾✮ ❤♦❧❞s ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ Sγ
β ✇✐t❤ ❛♥② β ≤ (j− 2)−1✳ ❚❤✉s ✇❡

❝❛♥ ❛♣♣❧② ❜♦t❤ ❚❤❡♦r❡♠s ✷✳✹ ❛♥❞ ✺✳✶ ✇✐t❤ ❛r❜✐tr❛r② α < j−1(j − 2)−1 ❛♥❞
β ∈ (jα, (j − 2)−1]✳ ❆s ❛ r❡s✉❧t✱ ❢♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛

|qx(0)| ≤ c(1 + |x|)
1

j(j−2) , x ∈ γ,

t❤❡r❡ ❡①✐sts t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡

|qx(t)| ≤ c(t)(1 + |x|)
1

j−2 , x ∈ γ.

✷✶



▼♦r❡♦✈❡r✱ t❤❡ str♦♥❣❡r ❜♦✉♥❞

|qx(t)| ≤ c(t)(1 + |x|)
1
β , x ∈ γ.

✇✐❧❧ ❤♦❧❞ ❢♦r ❛❧❧ β ∈ (jα, (j − 2)−1]✳

❊①❛♠♣❧❡ ✻✳✻✳ ❆ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ✐♥t❡r❛❝t✐♦♥s s❛t✐s❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ✭✻✳✸✮✕
✭✻✳✽✮ ✐s ❣✐✈❡♥ ❜②

Wxy(qx, qy) = Jqy, J ∈ R,

❛♥❞
Uy(qy) = aq2y − b, a, b > 0.

■♥ t❤✐s ❝❛s❡ ✭✶✳✶✮ ✐s ❥✉st t❤❡ ❧✐♥❡❛r s②st❡♠

q̇x = −aqx + J
∑

y∼x

qy.

❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ✐♥ ❛♥② Sγ
β ✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠

❚❤❡♦r❡♠ ✷✳✹✱ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳

✻✳✷ ■♥✜♥✐t❡ ❆♥❤❛r♠♦♥✐❝ ❙②st❡♠s

❈♦♥s✐❞❡r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠

q̇x = px, ṗx = Rx(q̄)−∇Ux(qx), x ∈ γ,

✇✐t❤ Rx ❛♥❞ Ux ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ■t ✜ts t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❙❡❝t✐♦♥ ✷
✇✐t❤ t❤❡ ✏❞♦✉❜❧❡✑ st❛t❡ s♣❛❝❡ S × S ∋ (q̄, p̄) ✐♥ ♣❧❛❝❡ ♦❢ S ❛♥❞

Fx(q̄, p̄) = (p̄x, (Rx(q̄)−∇Ux(qx))) ∈ S × S, x ∈ γ,

❛♥❞ t❤❡ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ❍❛♠✐❧t♦♥✐❛♥

Hx(q, p) =
1

2
|p|2 + Ux(q)

r❡♣❧❛❝✐♥❣ Ux ✐♥ ❈♦♥❞✐t✐♦♥ ✷✳

Pr♦♣♦s✐t✐♦♥ ✻✳✼✳ ❆ss✉♠❡ t❤❛t R ❛♥❞ U s❛t✐s❢② ✭✻✳✻✮ r❡s♣✳ ✭✻✳✶✵✮✳ ❚❤❡♥ t❤❡
♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ❈♦♥❞✐t✐♦♥ ✷ r❡s♣✳ ❈♦♥❞✐t✐♦♥ ✹ ❤♦❧❞s✳

Pr♦♦❢✳ ❲❡ ❝❧❡❛r❧② ❤❛✈❡

Fx(q̄, p̄) · ∇Hx(qx, px) = px ·Rx(q̄) ≤
1

2

(

|px|
2 + |Rx(q̄)|

2) .

✷✷



■♥❡q✉❛❧✐t② ✭✻✳✻✮ ✐♠♣❧✐❡s ♥♦✇ t❤❛t

Fx(q̄, p̄) · ∇Hx(qx, px) ≤
1

2
|px|

2 +
1

2
Cnm

x

∑

y∼x

nm
y Uy(qy)

≤
1

2
Cnm

x

∑

y∼x

nm
y Hy(qy, py),

❛♥❞ t❤❡ ♠♦❞✐✜❡❞ ❈♦♥❞✐t✐♦♥ ✷ ❤♦❧❞s✳ ❆ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t ✭✻✳✶✵✮
✐♠♣❧✐❡s ❈♦♥❞✐t✐♦♥ ✹✳

✻✳✸ ❙❡❧❢✲❛❧✐❣♥♠❡♥t ❞②♥❛♠✐❝s

❚❤✐s ❡①❛♠♣❧❡ ✐s ♠♦t✐✈❛t❡❞ ❜② ✈❛r✐♦✉s ♠♦❞❡❧s ♦❢ s❡❧❢✲♦r❣❛♥✐③❡❞ ❞②♥❛♠✐❝s
❜❛s❡❞ ♦♥ t❤❡ ❛❧✐❣♥♠❡♥t✳ ❲❡ r❡❢❡r t♦ t❤❡ r❡✈✐❡✇ ✐♥ ❬✶✷❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥
❢♦r t❤❡ t❤❡♦r② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡s❡ ♠♦❞❡❧s ✐♥ ❜✐♦❧♦❣✐❝❛❧✱ ♣❤②s✐❝❛❧ ❛♥❞
s♦❝✐❛❧ s❝✐❡♥❝❡s✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ❡q✉❛t✐♦♥ ✭✶✳✶✮ t❛❦❡s t❤❡ ❢♦r♠

d

dt
qx(t) =

∑

y∼x

gx,y
(

q̄x,r(t)
)(

qy(t)− qx(t)
)

, ✭✻✳✶✷✮

✇❤❡r❡ gx,y ∈ C1(Sγx,r ,R), x, y ∈ γ✱ ✐s ❛ ❢❛♠✐❧② ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ✉♥✐❢♦r♠❧②
❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳

◆♦t❡ t❤❛t ✐♥ ❬✶✷❪ t❤❡ ✉♥❞❡r❧②✐♥❣ s❡t γ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✜♥✐t❡ ❛♥❞ ❡✐t❤❡r
✜①❡❞ ♦r ❛❧❧♦✇❡❞ t♦ ❡✈♦❧✈❡✳ ❚❤✉s ✭✻✳✶✷✮ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ✐♥✜♥✐t❡✲
♣❛rt✐❝❧❡ ✭✏q✉❡♥❝❤❡❞✑✮ ✈❡rs✐♦♥ ♦❢ t❤❡s❡ ♠♦❞❡❧s✳

❲❡ ❝♦♥s✐❞❡r t✇♦ ❡①❛♠♣❧❡s ✐♥s♣✐r❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ ♦♣✐♥✐♦♥ ❞②♥❛♠✐❝s✱ ✐♥
✇❤✐❝❤ ❢✉♥❝t✐♦♥s gx,y ❛r❡ ❣✐✈❡♥ ❜② ❡✐t❤❡r

gx,y
(

q̄x,r
)

=
φ(|qy − qx|)

nx

, x ∈ γ, y ∼ x, ✭✻✳✶✸✮

♦r

gx,y
(

q̄x,r
)

=
φ(|qy − qx|)
∑

z∼x

φ(|qz − qx|)
, x ∈ γ, y ∼ x, ✭✻✳✶✹✮

✇✐t❤ 0 < φ(s) ≤ φ0✱ s > 0 ❢♦r s♦♠❡ φ0 > 0✳
▲❡t ✉s ♣r♦✈❡ t❤❛t ❈♦♥❞✐t✐♦♥ ✷ ❤♦❧❞s ✇✐t❤ Ux(qx) :=

1
2
|qx|

2✱ x ∈ γ✳ ■♥❞❡❡❞✱

Fx(q̄) · ∇Ux(qx) =
∑

y∼x

gx,y
(

q̄x,r
)(

qy · qx − |qx|
2
)

≤
∑

y∼x

gx,y
(

q̄x,r
)1

2

(

|qy|
2 − |qx|

2
)

≤ G
∑

y∼x

Uy(qy),

✷✸



❢♦r s♦♠❡ ❝♦♥st❛♥t G > 0✱ ❛♥❞ ❤❡♥❝❡ ✭✷✳✸✮ ❤♦❧❞s ✇✐t❤ m = 1 ❛♥❞ ❛♥ ❛r❜✐tr❛r②
nx ≥ 1✱ x ∈ γ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❛r❡ ♥♦ ❢✉rt❤❡r r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❢✉♥❝t✐♦♥
z ✐♥ ❈♦♥❞✐t✐♦♥ ✸✳

◆❡①t✱ t♦ ❝❤❡❝❦ ❈♦♥❞✐t✐♦♥ ✹✱ ✇❡ ♥♦t❡ t❤❛t

∂

∂qy
Fx(q̄) =

∑

y∼x

gx,y
(

q̄x,r
)

11 +
∑

y∼x

∂

∂qy
gx,y
(

q̄x,r
)

× qy,

✇❤❡r❡ u × v ❞❡♥♦t❡s ✭❢♦r u, v ∈ S = R
ν✮ t❤❡ ♠❛tr✐① (uivj)1≤i,j≤ν ✱ ❛♥❞ 11

✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦♥ S✳ ❲❡ ❝♦♥s✐❞❡r gx,y ❣✐✈❡♥ ❜② ✭✻✳✶✸✮ ❛♥❞ ✭✻✳✶✹✮✱
r❡s♣❡❝t✐✈❡❧②✳

■♥ t❤❡ ❝❛s❡ ♦❢ ✭✻✳✶✸✮ ✇❡ ❤❛✈❡

∂

∂qy
gx,y
(

q̄x,r
)

=
φ′(|qy − qx|)

nx

qy
|qy|

.

❖❜s❡r✈❡ t❤❛t ‖qy × qy‖ ≤ c|qy|
2✱ ✇❤❡r❡ t❤❡ ❝♦♥st❛♥t c > 0 ❞❡♣❡♥❞s ♦♥❧② ♦♥

t❤❡ ❝❤♦✐❝❡ ♦❢ ♥♦r♠ ♦♥ S = R
ν ✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ t❤❡ ✐♥❡q✉❛❧✐t②

∥

∥

∥

∥

∂

∂qy
Fx(q̄)

∥

∥

∥

∥

≤ φ0 + sup
s≥0

|φ′(s)|
∑

y∼x

c|qy|

nx

.

❚❤❡r❡❢♦r❡✱ ❛ss✉♠✐♥❣ t❤❛t |φ′(s)| ≤ φ1 ❢♦r s ≥ 0✱ ✇❡ s❡❡ t❤❛t








∇Fx(q̄)








≤ φ0nx +

cφ1

nx

‖q̄‖βnxw(|x|+ r)β,

❛♥❞ ❤❡♥❝❡ ❈♦♥❞✐t✐♦♥ ✹ ❤♦❧❞s ♣r♦✈✐❞❡❞

z(s) + w(s)β ≤ K1s+K2, s ≥ 0,

❢♦r s♦♠❡ K1, K2 > 0✳
■♥ t❤❡ ❝❛s❡ ♦❢ gx,y ❣✐✈❡♥ ❜② ✭✻✳✶✹✮ ✇❡ ♦❜t❛✐♥

∂

∂qy
gx,y
(

q̄x,r
)

=

φ′(|qy − qx|)
∑

z∼x,z 6=y

φ(|qz − qx|)

(

∑

z∼x

φ(|qz − qx|)
)2

qy
|qy|

❛♥❞ ♣r♦❝❡❡❞ ✐♥ ❛ ❝♦♠♣❧❡t❡❧② s✐♠✐❧❛r ✇❛② ♣r♦✈✐❞❡❞ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❜♦✉♥❞❡❞✲
♥❡ss ♦❢ |φ′(s)| ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ❜♦✉♥❞ |φ′(s)| ≤ φ1φ(s)✱ s ≥ 0✳

❋✐♥❛❧❧②✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ✭✻✳✶✷✮✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ s♦✲❝❛❧❧❡❞ ✢♦❝❦✐♥❣ ❞②♥❛♠✐❝s ❬✶✷❪✿

d

dt
qx(t) =

∑

y∼x

gx,y
(

p̄x,r(t)
)(

qy(t)− qx(t)
)

,
d

dt
px(t) = qx(t). ✭✻✳✶✺✮

✷✹



■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r gx,y ❣✐✈❡♥ ❜② ✭✻✳✶✸✮✱ ✇❡ ✇✐❧❧ ❣❡t ❛♥ ✐♥✜♥✐t❡✲♣❛rt✐❝❧❡ ❝♦✉♥t❡r✲
♣❛rt ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❈✉❝❦❡r✕❙♠❛❧❡ ❞②♥❛♠✐❝s✱ s❡❡ ❡✳❣✳ ❬✸✱✶✷❪✳ ■t ✐s str❛✐❣❤t✲
❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t

Ux(qx, px) :=
1

2
|qx|

2 +
1

2
|px|

2

❢✉❧✜❧❧s ❈♦♥❞✐t✐♦♥ ✷ ❛♥❞ ❈♦♥❞✐t✐♦♥ ✹ ❤♦❧❞s ❢♦r gx,y ❛s ✐♥ ✭✻✳✶✸✮ ♦r ✭✻✳✶✹✮✳

❆❝❦♥♦❧❡❞❣❡♠❡♥ts

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❙❡r❣✐♦ ❆❧❜❡✈❡r✐♦✱ ❨✉r✐ ❑♦♥❞r❛t✐❡✈✱ ❖❧❡s ❑✉t♦✈②✐
❛♥❞ ❚❛♥❥❛ P❛s✉r❡❦ ❢♦r t❤❡✐r ✐♥t❡r❡st t♦ t❤✐s ✇♦r❦ ❛♥❞ st✐♠✉❧❛t✐♦♥❣ ❞✐s❝✉s✲
s✐♦♥s✳ ❋✐♥❛♥❝✐❛❧ s✉♣♣♦rt ♦❢ t❤❡ ❆❧❡①❛♥❞❡r ✈♦♥ ❍✉♠❜♦❧❞t ❙t✐❢t✉♥❣✱ t❤❡ ❊✉✲
r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥ ✉♥❞❡r t❤❡ ♣r♦❥❡❝t ❙❚❘❊❱❈❖▼❙ P■❘❙❊❙✲✷✵✶✸✲✻✶✷✻✻✾
❛♥❞ ❉❋● t❤r♦✉❣❤ ❙❋❇ ✶✷✽✸ ✏❚❛♠✐♥❣ ✉♥❝❡rt❛✐♥t② ❛♥❞ ♣r♦✜t✐♥❣ ❢r♦♠ r❛♥✲
❞♦♠♥❡ss ❛♥❞ ❧♦✇ r❡❣✉❧❛r✐t② ✐♥ ❛♥❛❧②s✐s✱ st♦❝❤❛st✐❝s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s✑ ✐s
❣r❛t❡❢✉❧❧② ❛♣♣r❡❝✐❛t❡❞✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ◆✳ ❍✳ ❇✐♥❣❤❛♠✱ ❈✳ ▼✳ ●♦❧❞✐❡✱ ❏✳ ▲✳ ❚❡✉❣❡❧s✱ ❘❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ ❊♥❝②✲
❝❧♦♣❡❞✐❛ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s ✷✼✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②
Pr❡ss✱ ❈❛♠❜r✐❞❣❡ ✶✾✽✾✳

❬✷❪ ❆✳ ❇♦✈✐❡r✱ ❙t❛t✐st✐❝❛❧ ▼❡❝❤❛♥✐❝s ♦❢ ❉✐s♦r❞❡r❡❞ ❙②st❡♠s✳ ❆ ▼❛t❤❡♠❛t✐❝❛❧
P❡rs♣❡❝t✐✈❡ ✭❈❛♠❜r✐❞❣❡ ❙❡r✐❡s ✐♥ ❙t❛t✐st✐❝❛❧ ❛♥❞ Pr♦❜❛❜✐❧✐st✐❝ ▼❛t❤❡♠❛t✲
✐❝s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✷✵✵✻✮✳

❬✸❪ ❏✳ ❆✳ ❈❛♥✐③♦✱ ❏✳ ❆✳ ❈❛rr✐❧❧♦✱ ❏✳ ❘♦s❛❞♦✱ ❈♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦r ♦❢ ❛♥✐♠❛❧s✿
❙✇❛r♠✐♥❣ ❛♥❞ ❝♦♠♣❧❡① ♣❛tt❡r♥s✱ ❆r❜♦r ✶✽✻ ✭✷✵✶✵✮✱ ✶✵✸✺✕✶✵✹✾✳

❬✹❪ ❆✳ ❉❛❧❡ts❦✐✐✱ ❨✉✳ ❑♦♥❞r❛t✐❡✈✱ ❨✉✳ ❑♦③✐ts❦②✱ ❚✳ P❛s✉r❡❦✱ ●✐❜❜s st❛t❡s ♦♥
r❛♥❞♦♠ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❏✳ ▼❛t❤✳ P❤②s✳ ✺✺ ✭✷✵✶✹✮✱ ✵✽✸✺✶✸✳

❬✺❪ ❆✳ ❉❛❧❡ts❦✐✐✱ ❨✉✳ ❑♦♥❞r❛t✐❡✈✱ ❨✉✳ ❑♦③✐ts❦②✱ ❚✳ P❛s✉r❡❦✱ P❤❛s❡ ❚r❛♥s✐t✐♦♥s
✐♥ ❛ q✉❡♥❝❤❡❞ ❛♠♦r♣❤♦✉s ❢❡rr♦♠❛❣♥❡t✱ ❏✳ ❙t❛t✳ P❤②s✳ ✶✺✻✭✷✵✶✹✮✱ ✶✺✻✕✶✼✻✳

❬✻❪ ●✳ ❉❛ Pr❛t♦✱ ❏✳ ❩❛❜❝③②❦✱ ❊r❣♦❞✐❝✐t② ❢♦r ■♥✜♥✐t❡ ❉✐♠❡♥s✐♦♥❛❧ ❙②st❡♠s✱
▲♦♥❞♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ▲❡❝t✉r❡ ◆♦t❡ ❙❡r✐❡s ✷✷✾✱ ❯♥✐✈❡rs✐t② Pr❡ss✱
❈❛♠❜r✐❞❣❡✱ ✶✾✾✻✳

❬✼❪ ❑✳ ❉❡✐♠❧✐♥❣✱ ❖r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ ❇❛♥❛❝❤ s♣❛❝❡s✱ ▲❡❝t✉r❡
◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s ✺✾✻✱ ❙♣r✐♥❣❡r ✶✾✼✼✳

✷✺



❬✽❪ ❉✳ ❋✐♥❦❡❧s❤t❡✐♥✱ ❆r♦✉♥❞ ❖✈s②❛♥♥✐❦♦✈✬s ♠❡t❤♦❞✱ ▼❡t❤✳ ❋✉♥❝t✳ ❆♥❛❧✳
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