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ON GENERALIZED THUE-MORSE FUNCTIONS AND THEIR
VALUES.

DZMITRY BADZIAHIN and EVGENIY ZORIN

(August 14, 2017)

Abstract

In this paper we extend and generalize, up to a natural bound of the method, our previous work [2], where we
proved, among the other things, that the Thue-Morse constant is not badly approximable. Here we consider
Laurent series defined with infinite products fa(z) = [[>2,(1 —27%"), d € N, d > 2, which generalize

n=0
the generating function f2(z) of the Thue-Morse number, and study their continued fraction expansion. In
particular, we show that the convergents of af‘“lfd(x) have a regular structure. We also address the question
whether the corresponding Mahler numbers f4(a) € R, a,d € N, a,d > 2, are badly approximable.

1. Introduction

Our work on the well approximability of Thue-Morse constant [2] exploits the functional
approximations to its generating function. Moreover, we show in [2] that the generating
function of Thue-Morse constant is rationally equivalent to Laurent series with a simple
continued fraction. In this work, we generalize methods from [2] to cover larger classes of
numbers and functions. At the same time, this generalization exposes the internal structure
of the original proof in [2] and gives better results for the original setup of the Thue-Morse
constant (see Theorem 3 below).

We are going to work with the following functions, defined by an infinite product:

o0

fa@) =JJa-2"") eQ(="), deN, d>2 (1)

t=0
The class of functions (1) contains the generating function of the Thue-Morse constant, fao(z).
We call the functions (1) the generalized Thue-Morse functions.

By expanding the brackets in the infinite product (1), the function fg(z) defines an infinite
Laurent series in z~! which is absolutely convergent in the disc || > 1. By substituting z¢
in place of x we obtain the following functional equation,

 fq(x)

x—1"

fa(z?) = (2)
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Like in the classical case of real numbers, one can apply the continued fraction algorithm
to Laurent series from Q((z~!)), we discuss this in more detail in Section 2. In particular,
we can construct the continued fraction for f;(x). Its properties were investigated by van
der Poorten and others in a series of papers [1, 6, 7]. They discovered quite an irregular
behaviour of the sequence of partial quotients of f;(z), see [1]. In this paper we show that,
on the other hand, the function g4(x),

ga(x) =z~ fy(), (3)

which is rationally dependent with fy(z), has a pretty regular continued fraction expansion,
see Theorems 1 and 2 below.

Note that definition (3) and functional equation (2) together give a Mahler type functional
equation for g4(z):
d ga()
) = — . 4
gd( ) $d272d(l’ _ 1) ( )
In [2] we established a precise recurrent formula for the sequence of partial quotients
a;i(z) € Q[z], i € N of ga(x). Here we generalize this result to get more general properties of
continued fraction of g4(x) for the other integer values d > 3. For instance, we manage to
provide a nice description of convergents to g4(x), which is done in Theorem 1. In Section 3
we make this description completely explicit for the values d such that fy(x) is so called badly
approximable, see Theorem 2.

Also, in this paper we investigate the question whether f;(a) is badly approximable for
given integer values of a and d with a,d > 2. Recall that a number z € R is said to be badly
approximable if there exists a positive constant ¢ = ¢(x) > 0 such that

0<|z—p/gl>c/q

for all integers p, ¢ with g # 0. Equivalently, the number z € R is badly approximable if and
only if all its partial quotients are uniformly upper bounded.

We explain in Subsection 5.1 that, for a trivial reason, f;(a) is not badly approximable for
d > 4. In Subsections 5.2 and 5.3 we provide the results which allow to verify that for a given
integer a > 2 the numbers fy(a) and f3(a) are not badly approximable. In particular, these
results generalize the theorem from [2] concerning fs(a). They remove a principal obstacle
which did not allow to apply that theorem to the whole set of integers a > 2, this obstacle is
explained in the discussion after Corollary 16 in [2].

We would like to emphasize that this paper extends the methods used therein up to their
natural limits. For instance, it would be very interesting to get similar results for functions

f(@) =] PE"")
t=0

where P belongs to as large class of polynomials (or even rational functions) as possible.
Of course for many polynomials it is possible to check that f(x) is not badly approximable
as a Laurent series and therefore f(n) is not badly approximable as a number. However in
many other cases f(z) is a badly approximable Laurent series and it leaves open the question
whether f(n) is badly approximable or not. To answer this question in full generality some
new fresh ideas are needed.

2. Some definitions and preparatory results on functional continued fractions

Definition 1. We will denote by ||u(z)|| the degree of Laurent series u(z) € Q((z~1)), that
is the biggest degree having a non-zero coefficient in the Laurent series u(x). In case if u(x)



is a polynomial in x, this definition of degree coincides with the classical definition of degree
of a polynomial.

Definition 2. Let p(x)/q(z) be a rational function and u(x) be a Laurent series. We say
that an integer c is the rate of approximation of p(x)/q(z) to u(z) if

lu(z) = p(x)/q(@)[| = =2[lq(z)[| - e

Remark It is easy to verify with a bit of linear algebra that for any Laurent series u(z) and
any n € N there exist polynomials p,(x) and ¢,(x) such that degg, < m and the rate of
approximation of p,(x)/q,(x) to u(z) is at least 2n — 2degq, +1 > 1.

In this paper, we will extensively use the apparatus of continued fractions. It is well
known that Laurent series admit the continued fraction construction analogous to that for
real numbers,

U(QZ‘): [(lo(l’),al(fl)),ag(l‘),,], (5)
where a;(x) are non-zero polynomials, i € N. The n-th convergent to u(z), n € N, is defined
to be the following rational function:

Pu(®)/an(2) = lao(2); a1(), .. ., an(2)] (6)

where the rational function p,(z)/¢,(x) is taken in its reduced form. In some situations we
will need to precise Laurent series which we approximate, so we denote by py, () /¢n.u(z) the
n’th convergent to Laurent series u(x). Similarly, we denote by a;,, the ith partial quotient
of Laurent series u(x).

The set of convergents to Laurent series p,(x)/q,(x), n € N, enjoys many nice proper-
ties similar to the properties of convergents to the real numbers. So, the rational fraction
Pn(x)/qn(x) approximates u(z) with the rate of approximation deg ay+1(x). In other terms,

x

qn ()

Also, convergents p,(z)/qn(x) are precisely the rational fractions having strictly positive

rate of approximation to u(x) (see [10, Proposition 1]). Numerators and denominators of
consecutive convergents enjoy the following recursive relations:

‘ = = g (@)gn1(2) | = =21lgn(@)]| — llani(2)]- (7)

Pn1(2) = ang1(2)pn(x) + pr_1(x),
In+1(x) = ang1(2)gn () + gn-1(x).

(8)

We refer the reader to a nice paper [10] by van der Poorten for a more detailed account on
continued fractions of formal power series.

Note that p,(x) and g¢,(z) are defined up to a multiplication by a non-zero constant.
Sometimes for convenience we want to get the convergents p,(z)/g,(x) such that ¢,(z) is
monic. In that case (8) should be modified to make sure that the resulting polynomial

Gn+1(z) remains monic:
Prt1() = @nr1(2)pn () + Bnr1Pn—1(z),
(jnJrl(:E) = &n+1(x)(jn($) + ,Bn+1(jn71(l‘).

9)

where we define, with p,, denoting the leading coefficient of ¢, (x),

N an+1(T)p Pn—1
i () = 2ot g Pt
Pn+1 Pn+1
Below we prove two lemmata which provide two different sources of convergents to the

function g4(x), defined by (3).



Lemma 1. Let hy(z) := a1 fy(x). If p(x)/q(x) is a convergent to hgq(x) with the rate of
d
approzimation c then % is a convergent to gq(x) with the rate of approzimation at least

dc — 1. Moreover, this rate of approzimation is precisely dc — 1 if and only if (x — 1) t q(z).

Proof. We simply use the following functional relation:

ha(zd) = 2@ dzgd(w)' 1
If )
p(x
ha(x) — —=|| = —2||q(x)|| — ¢, 11
) - 22| = 2l (1)
then by substituting % in place of z in (11) and by using (10) we find:

iy PED| _lga(@)  p@D| _ o
[ty - 22 | = [ 2423 — 22 — —2aa(o) - e (12)
hence, by multiplying both sides of (12) by = — 1,
=0 g
Joato) - 2 DR — ety - s

d
Note that the rate of approximation of the convergent % to gq() exactly equals de—1

as soon as ged((z — 1)p(z?), ¢(z?)) = 1. Since p(x) and ¢(x) are coprime by the definition of
a convergent, this is equivalent to (z — 1) 1 g(x). O

Lemma 2. Let ug(z) := (1 —z~ ) fq(x). If p(x)/q(x) is a convergent to ug(x) with the rate
of approximation c, then

p*(x) p(a?)

¢*(2)  (A+zta?+- et leld)

is a convergent to gq(x) with the rate of approrimation d(c — 1) + 1. Moreover, this rate of
approzimation is precisely d(c — 1) + 1 if and only if (x — 1) { p(x).

Proof. The proof is very similar to the proof of Lemma 1. We firstly observe that

ug(z®) = (L—a™ ) fa(z?) = A+ 2+ - + 27 ) ga(2).

If ()
pr = — xT — C
) = 20| = 2o

then
| waeh) pla)
l+z+4+--- 42471 (1+az+---+2d1)g(ad)
Nty — 2@ ot — de — (d —
— te - ZE| = ~2aator - e - - .

Finally, the equality |¢*(z)|| = d|l¢(z)|| + d — 1 completes the proof of the first part of the

lemma.
If (x—1) { p(x) then ged(p(z?), 1 +2+...+2%71) = 1 and therefore ged(p* (), ¢* (x)) = 1.
Hence the rate of approximation of the convergent p*(x)/q¢*(x) to gq(x) is exactly d(c—1)+1.
O



In fact, two collections of convergents of g4(x) provided by Lemmata 1 and 2 cover the
set of all the convergents of g4(x). We prove this in Theorem 1 below. Beforehand we need
one more technical lemma.

Lemma 3. Let functions hq(x) and ug(z) be as defined in Lemmata 1 and 2 respectively.

1. If % approximates ug(z) with the rate of approximation c, then % approximates

hq(x) with the rate of approximation at least ¢ — 1.

(z—1)p(z)

2. If% approzimates hq(x) with the rate of approximation c, then a(2)

approrimates
ug(z) with the rate of approzimation at least ¢ — 1.

Proof. 1. Note that ug(z) = (¢ — 1)ha(z). Then we have
e (- 22)

= ~2fg(a)] ~ o1
= =2||(z — 1)g(z)|| — ¢+ 1,

_ p(x)
") = T D)

which proves the first claim.

2. Roughly speaking, we reverse the order of calculations in (13):
(z — Dp(x) ‘ < p(fﬁ)) H
——ll=|(zx—1) | hglx) — —=
@) ) = )
_ ‘ 1

ug(z) —

ha(z) — plz) (14)

q(z)
= —2[lg(z)|| — e+ 1.

This proves the second claim of the lemma, hence completes the proof.
O

Theorem 1. FEuvery convergent of gq(x) is either of the form given in Lemma 1 or in the

form given in Lemma 2. More precisely, let zm‘jd , m €N, be a convergent to gq(x). Then,
m,gq

1. If m is odd, then there exists t € N such that the t-th convergent ZI’A to ug(x), where
U

ug(z) is defined in Lemma 2, verifies
pm7gd ptzud (l‘d)

- th —1 u 15
dm.ga (I4+z+-+ $d_1)Qt,ud (xd) with ( ) 1 Pty (@) (15)

2. If m is even, then there exists s € N such that the s-th convergent zs’:d to hq(x), where
sihq
hq(x) is defined in Lemma 1, verifies
-1 d
Pm,gq — (l’ )ps,h; (CL’ ) with (.’L’ - 1) *Q‘;,hd (.7}‘) (16)

qmvgd qs7hd ("'U )

Proof. We prove by induction. One can readily verify that the first two convergents of g4(x)
are pog,(7)/q0.g,() = 0/1 and py g,(z)/q1.g,(7) = 1/(1 + 2z + -+ + 2971). The first one is
generated by Lemma 1 from the convergent 0/1 to hg(x) and the second one is generated by
Lemma 2 from the convergent 1/1 to ug(x). Therefore the zeroth and the first convergents
of gq(x) satisfy (16) and (15) respectively.



Assume that we have proved the claim of the theorem up to an odd m € N, so we have (15)
for this m € N. We are going to prove that the claim of the theorem holds true for m+1. To
this end, consider (15), take the index ¢t € N given by this equality and denote by ¢ the rate
of approximation of u4(z) by ptu,(z)/gtu,(z). Then by Lemma 2 the rate of approximation
of g4(x) by Z:—’zj is d(c — 1) + 1. Moreover, by the general property of continued fractions
this rate of approximation also equals to ||@m+1,4,]/, hence ||am1,4,]| = d(c —1)+ 1. Further,
(8) implies

gm+1.94 ()| = llgm. ga @)+l am-+1,64 (@) | = llgm.ga (@) +d(c=1)+1 = dl| gt u, (2) [ +-de. (17)

Also, (8) together with the definition of ¢ imply

e+ 1,0q (@) | = NGt (@) + a1, (@) ] = llgtu, ()] + . (18)

Now consider two cases: ¢ > 2 and ¢ = 1.

Case 1. ¢ > 2. By Lemma 3, % is a convergent to hg(z), let us say it is the
yUg

s-th convergent to hg(x),
psvhd(x) _ ptvud(x)

= . (19)
ds,hg (33) (:U - 1)Qt,ud (33)
Moreover, the numerator and denominator of @ L i’)l;‘j (x)(m) are coprime, since (x —1) { pt o, ().
yUg
Therefore the rate of approximation of h4(z) by s-th convergent equals ¢ — 1. The latter fact
implies that the next convergent Pet1,hy (%) to hy(z) satisfies
As+1,hg (x)

1Gs+1,1a ()| = 15, (@) | + € = 1= [l gty ()] + ¢ (20)

Note that (x — 1) { gs41,4,(z). Indeed, (20) implies that gsp,(x) is divisible by  — 1 and
by a general property of continued fractions ged(gs+1,4,(2), gsn,(z)) = 1.

(z=D)pst1,n, (%)
q5+1,hd (xd)

Finally, we have by Lemma 1 that is a convergent to gq(x). Note that

194114 (@) = dll gty (@) + de = [lgm1,6, ()]

because of (20) and (17). Therefore py,41,9,/Gm+1,9, i generated by Lemma 1 from
Ps+1,hy(€)/qs+1,h,(x) and (x — 1) t gsy1,n,(z). The formula (16) is verified for the value
m + 1.
Case 2. ¢ = 1. We firstly show that there exists a convergent ps 5, (z)/qs n,(x) to hq(x)
with
1@s,nq (@) | = llgtug (2) || + 1. (21)

Consider the convergent py p,(z)/qw h,(z) to hg(z) where the index w € N is the biggest
possible such that the degree of ¢, 5, does not exceed ||qty,(z)||. Denote by ¢ the rate of
approximation of hg(z) by pw n,(%)/qw,h,(z). It follows from (7) and (8) that

¢ > [19tuq (@) | = llquwhg ()] (22)

Indeed, by (7) we have that ¢ is equal to the degree of the w + 1-st partial quotient of hg(x).
At the same time, (8) implies that the next convergent to hg(x), following py, p,()/quw n, (%),
has the denominator of degree equal to

@u1.0a ()] = g ny(2)]| + ¢ (23)



Recall that by the definition of w, the denominator |g,1,4,(x)| has to be strictly greater
than ||g¢,u, ()], hence

1 Guw.ha ()] + &> [l gty ()]
and (22) readily follows.

By (22), we have ¢ > | gu,(@)| — llquwn,(x)]] + 1.  Note that in case if
lqw.hy ()] + € = ||gt,u, (2)|| + 1, then (by recalling (23)) we readily have (21) with s = w + 1.
So, in order to prove (21), it remains us to consider the subcase

¢ 2 119tuqa (@) | = llqu.ng (@) + 2. (24)

We deduce with Lemma 3 (point 2) that (z —1)py h,()/quw,n, (%) is a convergent to uy(z)
and, by taking into account (24),

Ud($) _»(17__1)pughd(x)

< 2|lgun, ()] —c+1
nghd(lﬁ ” w, d( )H

(25)
< 20w, ha ()] = gt.ug (@) + | Gu,ng ()] = 1.

The rational function (z—1)py b, ()/quw,n, (x) does not coincide with py 4, () /e u, (x), because
otherwise we must have ||qyn,(2)| = ||gtu,(2)|| and (x — 1) | pru,(x). The last condition
contradicts (15) (recall that we have (15) for the index m and the implied index ¢t € N by the
hypothesis of recurrence).

Therefore we have ||qyn,(z)|| < [@tu ()] At the same time, it follows from (25)

(as well as the general properties of the continued fractions (7) and (8)), that the

%Lw has the degree of the denominator at least
w,hg

ug @]+ Ntaea @) = N @I+ 1 > [grug(@)]l- So, necessarily || is contained
strictly between the degrees of denominators of two consecutive convergents of ug. There-
fore gy, itself can not be a denominator of a convergent to ug4, which is absurd. The last
contradiction shows that there exists s € N verifying (21), and this completes the proof
of (21).

next convergent of wug(z) after

Ps,hg (%) given by (21). We claim that
qs,hd(x)

(x — 1) { gsn,(x). Indeed, assume this is not the case. Then by Lemma 3 we have that

% is a convergent to u4(x), moreover its rate of convergence to ug is at least 2

S:q

(xfl)ps,hd(m)
qs,hd (CC)

the degrees of numerators and denominators to find

Further, we consider the rational fraction

(because has the rate of convergence at least zero). Then use (21) to compare

Dtoug () _ Doy (1)
Gtug (L) Qopg(z)(z—1)71

Ptuy (I)
qt,ug (:E)

This is a contradiction, because we consider the case when the rate of convergence of
to ug(x) is ¢ = 1.

(x_l)ps,hd (xd)
qg,hd (md)

Finally, by Lemma 1,
and (17),

is a convergent to gq(z) verifying, in view of (21)

(21) 17)
19514 (@)= Aty @)+ d = lgme1,g4 ()]
Therefore in both Case 1 and Case 2 we have that pyy1,9,(%)/G@m+1,9,(x) is generated
by Lemma 1 from a convergent psp,(z)/gsn,(x), for some s € N, to hg(xz) such that
(x — 1)t gsn,(x). In other words, (16) is verified for the value m + 1.



To complete the induction, we need to assume that (16) is verified for an even m, and
to check (15) for m + 1. Arguments here are analogous to those for an odd m, which was
treated in the first part of this proof, therefore for the case of an even m we will provide an
outline of the arguments and skip some of the details.

Denote by c the rate of approximation of hg(x) by psn,(x)/qsn,(x), where s is taken
from (16). By Lemma 1, we have

1,00 @ = [ g (@) + de — 1 = dllgup (@) + de — 1.

Also, (8) implies
s+ 1,n4 (@) = lgs.na (@) ]| + .
We consider two cases.

(xfl)ps,hd(m)
qs,hd(w)
the ¢-th convergent to ug(z). Moreover, its numerator and denominator are coprime, since

( — 1) { gsn,(z). Therefore it approximates uq(x) with the rate ¢ — 1, that is

Case 1. ¢ > 2. By Lemma 3, is a convergent to ug(x), let us say it is

1ge4+1,0a (@ = g8 (@) ]| + € = 1 = llgs ny(@)]| + ¢ = 1.

Since pi41.u,(z) is coprime with p;,,(x) and the latter is divisible by (x — 1), we have

Pet1,uy (%)
T4zt 42?1 i1, (x?)

(x —1) { pt41,u,(x). Finally, by Lemma 2, ( is a convergent of g4(x) and

11+ 2+ + 2T a1, (@) = dllgsn, (@) + de = 1= [lgm1,g, (@)l

The last equation confirms (15) for the value m + 1.

Case 2. ¢ = 1. We firstly show that there exists a convergent p ., (2)/qtu,(x) to ug(x)
such that

[19t,ua ()| = lgs,nq (2)]]- (26)

Consider the convergent puy u,()/qwu,(x) to uq(zr) where the index w € N is the
biggest possible such that ||qu.u,(®)| < ||gsn,(x)]]. If its rate of approximation ¢ equals
g5,y ()] = Nl qw,ug(@)] then ||guws1,u,(x)|| = l|gsn, (z)|| and (26) is verified. Otherwise we
have

€ 2 [|gs.ng ()] = [ gy (@) [| +1 = 2.

We are going to get a contradiction. By Lemma 3, pyu,(z)/(z — 1)qu.u,(z) is a convergent
of hg(x). (z —1)qu,u,(z) does not coincide with g5, () because by the inductional assump-
tion (15), (x — 1) { gs n,(z). Therefore ||(z — 1)quu, (®)|| < ||gsn, (z)|. At the same time, the
next convergent of hy(z) after py u,(x)/(x — 1)quw,u, («) has the degree of the denominator at
least

(2 = D) guug (@) + =1 > [|gsn, (2)].

So, necessarily, ||gsn, ()| is strictly between the degrees of denominators of two consecutive
convergents of hg(x), which is absurd. This finishes the verification of (26).

Consider the rational fraction 2244 given by (26). We claim that (z — 1) { ptu,(2).

Qtug (T)
Indeed, otherwise, by Lemma 3 we hagl/e that

Pt,ug (w)(x - 1)71 _ DPs,hy (.73)
Qtug (1’) qs,hg (CL‘)

is a convergent to hg(x) with the rate of approximation at least 2. This is a contradiction,

ps,h, () .
s:hg (%) isc=1.
QS,hd(x)

because we consider the case when the rate of convergence of



pt,ud (Cvd)
» (ItatAzd g, (29)

Finally, by Lemma 2 is a convergent to gg(z) and

11+ 2+ .+ 2D g, (@) = dllgsn, @)+ d = 1 = [lgm1,g, (@)l

Therefore in both Case 1 and Case 2 we have that pp11,g,(2)/@m+1,9,(x) is generated by
Lemma 2 from a convergent py y,(x)/qt.u, (), for some ¢t € N such that (x —1) { p 4, (). This
completes the proof by induction.

O]

Theorem 1 shows that all convergents of gq(x) are of a very special form. That form
allows us to compute the precise formula for convergents of g4(x) in case fy(x) is badly
approximable.

3. Badly approximable Laurent series

As in the classical case of real numbers, we say that f(x) € Q((z~!)) is badly approximable
if the degree of every its partial quotient is bounded from above by an absolute constant.
Otherwise we say that f(x) is well approximable. In other terms, f(z) is well approximable
if its continued fraction expansion contains partial quotients of arbitrary large degree.

We recall one standard result about well (badly) approximable series, which counterpart
in R is classical.

Proposition 1. Let f(z) € Q((z71)), a(z),b(x) € Q[z]\{0}. Then f(z) is well (respectively
= @)

badly) approximable if and only if g(x) : %f(az) is well (respectively badly) approximable.

Proof. If f(x) is well approximable then Ve > 0 there exists p(x)/q(z) such that

7@~ 22 < ~2latal -

Therefore (2)p(2)
a(x)p(x
glz) — ———=|| < =2||b(x)q(x)|| — ¢+ ||la(x)| + ||b(z)]].
Jot0) - S22 < —2lpta)a(o)] - e+ lafe)] + 0o
Since ||a(z)|| and ||b(x)|| are fixed and ¢ can be made arbitrarily large, g(x) is also well approx-

imable. The inverse statement can be proved analogously by noting that f(z) = % g(z). O

The next lemma shows that the continued fraction of gg4(z) verifies the following very
special dichotomy: either the degrees of its partial quotients are unbounded, or, if not, all
these degrees are upper bounded by d — 1.

Lemma 4. If g4(z) has at least one partial quotient of degree at least d then gq(x) is well
approximable.

Proof. Assume that there exists a partial quotient of g4(x) of degree ¢ > d. Then there exists
a convergent p(x)/q(x) to gq(z) with the rate of approximation equals c:

q(x)

The idea is to find another convergent p*(x)/q"(z) to g4(x) which has the rate of approxi-
mation ¢t > c¢. If we are able to do this, then we apply this construction recursively to find

Hgd(m) p(z)

' — ljga)]| - c. (27)



that there exist convergents of g4(x) with arbitrarily large rate of approximation which in
turn implies that g4(z) is well approximable.

Substitute 2¢ in place of = to (27) to get

Further, substitute the right hand side of (4) in place of gq(z?) into (28) and multiply both
sides by 2% ~2(z — 1):

dy p(l“d)
9a(") q(x?)

‘==-—2Hq(xd)|—-dc- (28)

2P (g — 1)p(a?)
94() q(z)

‘ = —2lq(a?)|| - de +1+d* —2d = =2|l¢" (x)[| - ¢,

where ¢+ (z) = q(z?) and ¢t = dc+2d — 1 — d?. One can easily check that for ¢ > d we have
¢t > c¢. This finishes the proof of the lemma. O

Lemma 5. If f;(x) is badly approzimable then all the partial quotients of hq(x) and ug(x)
are linear.

Proof. Assume that hg(x) has a partial quotient of degree at least 2. In this case there exists
a convergent p(x)/q(x) to hg(x) with the rate of approximation at least 2. Then Lemma 1
gives

Since 2d — 1 > d, we have by Lemma 4 that ggq(x) is well approximable. Then Proposition 1
implies that f;(x) is well approximable as well.

z — 1p(x?
gd(-’L') - ( q(x)f)( )

| < 2loteh — 2041

Similar considerations work in the case of ug(x). If there exists a convergent p(x)/q(x) of
ug(x) with the rate of approximation at least 2 then we use Lemma 2 to get

p*(z)

_ P

‘g—mmwwu—d—L
Again, we have d+ 1 > d and therefore g4(x) together with f;(z) are well approximable. [

If we know that fg(z) is badly approximable then with the help of Lemma 5 we can
find the recurrent formula for the convergents of gg4(x). The following theorem generalizes
Proposition 3.2 from [2].

Theorem 2. If fyi(z) is badly approzimable then the monic denominators gy g4,(x) of the
convergents of gq(x) satisfy the following recurrent equations

ngd(x) :xd_1+"'+x+1§ q27gd(x) :xd+1§

2N 4 1+ 1) o, () + okt @or-1g,(7); kK EN (29)
x — 1)qak+1,9, (%) + Bokt2q2k g, (), (30)

Q2k+1,gd($)

P2k+2,9,(x) = (
where By are some rational numbers.

In other words Theorem 2 almost completely describes the continued fraction expansion
of badly approximable functions g4(x), up to determination of rational parameters [.

10



Proof of Theorem 2. We assume that fy(z) is badly approximable, so by Lemma 5 we have
that the partial quotients a, ,(x) of hg(x) are linear which in turn implies that the nth
Pn,hy (z)
qn,hg (CC)
Hence by Lemma 1,

convergent to hg(z) has denominator of degree n with the rate of approximation 1.

(:L‘ - 1)pn,hd (:Ed)
Gn,hg (l‘d)

(31)

is a convergent to g4(x) with the rate of convergence at least d—1. The polynomial x —1 does

d
% is a convergent to g4(z) with the rate
nhg

of approximation at least d and therefore by Lemma 4, gq4(x) is well approximable, which is
not true.

not divide gy 5, (z) because otherwise

Pn,uy ()
dn,ug (33)
the rate of convergence 1. Then we infer with Lemma 2 that

Also, Lemma 5 implies that the n-th convergent

has denominator of degree n and

p;’;,ud (.73) — pn,ud (xd)
@Ghay(@) (@ a4 1) g, (29)

(32)

is a convergent of gg(x) with the rate of convergence 1. As before, x — 1 does not divide
Pn,uy () because otherwise

(xd_l - 1)_1pn7ud (wd)
n,ug (xd)

is the convergent of g4(x) with the rate of approximation at least d which is impossible.
Therefore, pyu, (%) and (1 +z + ... + 297 1) gy ., (#?) are coprime.

So for each k € Zx( there exists a convergent of g4(z) of the form (31), with the de-
nominator of degree kd, and another one of the form (32), with the denominator of degree
kd + d — 1. By Theorem 1 no other convergents of gq4(z) exist. This allows us to construct

41,94 (z) and 42,94 (z):

Grge(@) = (@ 4z Dgouy() =2+ a1
42,94(T) = 91,hd($d) =244 1.

The second line above readily follows from the fact that ﬁ is the first convergent of hy(z).

For the general denominators ¢y 4,(2) we have the following formula

Q2k+1,94 (1:) = (md_l +-txT+ 1)(1k,ucz (‘/Ed) and @k, g4 (J;) = Gk,hg (xd)

Using the formula (9) for the monic convergents of g4(x) we have

Pkt1,9,(T) = 2p41(2) G2k, g, () + Port1G2k—1,9, (%) (33)

where agr11 € Q[z] is monic and Sax+1 € Q. By comparing the degrees of both sides of this
equation we find |lagg+1(7)]| =d—1. We also have 2971+ ...+ 2+ 1| gog41.0,(T), G2k—1,9,(T)
and

ged(@® 4+, Q2k,94(2)) | 8Cd(Gar—1,9,(7), G2r,g,(x)) = 1.

Therefore %1 + - 4+ + 1 | ag,1(x). Since the degrees of these two polynomials coincide
and both of them are monic we conclude agyi(z) = 241 4+ 4+ + 1.
Next,

Q2k+2,9, (1) = a242(x)qor+1,9, () + Bok+2q2k,g, () (34)

11



where asp42(z) € Q[z] is monic and for12 € Q. Degree comparing gives us that agyyo(x) is
linear. Also we have

xdfl

agkr2() - ( o 24 D (79 = Geng (@) — qrpg (27)

Therefore agyy2(z) - (v 1 +--- + 2 + 1) is a polynomial in x%. This is only possible if

agk4+2 = T — 1. O

Remark. The formulae for ¢ g,(z) and g2 4,(x) do not require fy(z) to be badly approx-
imable. So this part of Theorem 2 is satisfied for all values d.

Unfortunately, Theorem 2 does not cover too many cases of functions gg4(z). In fact fy(z)
is badly approximable only for d = 2 and d = 3. For d = 2 it is shown in [2] and for d = 3
it is shown in [1]. It is not too difficult to show that fy(x) is well approximable for d > 4,
however for the sake of completeness we provide the proof here.

Proposition 2. Let d € N, d > 4. The function fq(x) is well approrimable.

Proof. The finite products r(z) = Hfzo(l — 2~ provide approximations to fy(z) good
enough to conclude that it is well approximable. Indeed,

k 00
[T -2 (Hu A 1) H = g1,

t=0 t=1

fa(z) —re(2)]] =

ri(z) is a rational function with denominator

k+1
kgt a1l
x =0 d" — xr d-1

Finally we have that for d > 4, d*+1 — 2% — 00 as k tends to infinity. Therefore the
rational functions ri(x) provide approximations to fg(x) with an arbitrarily large rate. This

completes the proof of the proposition. O

4. Computing the values of g
To find the precise formula for the continued fraction of g4(x) we still need to compute
the values of the parameters f, in (29) and (30). For d = 2 this has already been done in [2].

Theorem BZ1 . In the case d = 2 the values By in (29) and (30) can be computed by the
following recurrent formulae

53 = _]-7 /84 = 17
B
Bokt1 = — ;;7

Bogro =14+ (=D)* = Bopy1 fork > 2.

In the case d = 3 the formulae for 5; are more complicated. In this section we will get
several equations between different values of the sequence [ and will explain how to get
other equations which will finally enable us to provide the complete recurrent formula for 5.

From now on we will most often speak about the convergents of g3(z) therefore for con-
venience instead of py, ¢, (x) and gy 4,(x) we will just write p,(x) and g, (x) respectively.

12



Lemma 6. For all k € N the convergents to gs(x) satisfy the following formula:
qor(€) = qar(z®);  per(x) = 2 (& — 1)pax(a?).

Proof. Note that by Theorem 2 the degrees of gi(z) exhaust all positive integers congruent
to 0 or 2 modulo 3. Therefore ||gox(x)|| = 3k and ||gok+1(x)|| = 3k + 2, k € N.
From Theorem 2 we also have that
P2k ()
g3\r) —
(=) ok ()

= —2llgar ()| = [lagr+1(2)[| = —=2[[qar(x)[| — 2. (35)

Recall that gq(z) satisfies the functional equation (4). In particular, gz(z3) = xfgggf)l). Then

the equation (35) with o3 substituted in place of  gives us

3 3
3y Paw(z”) ‘ 93() pak(”) ‘
z3) — = - =—6 x)|| — 6.
Hg3( @) | TP g | e
Multiply both sides of this equation by z3(x — 1) to get
3\,.3
pok(z” )z (x — 1
Hgs<x> - Pl ) )H = 2|2 ()] - 2

qok(2?)

This shows that % is a convergent to gq(x). Note that the fraction % is

irreducible, because in the opposite case the rate of its convergence to gs(x) would be at least
3, hence Lemma 4 would have implied that g3(x) is not badly approximable, which is not the
case [1]. Finally, by calculating the degree of denominator of this convergent we conclude the
proof. O

Since qo(x) = 1, formulae for ¢;(x) and g2(z) allow us to conclude that [y = 2.

Proposition 3. For each integer k > 0 we have
Bek+686k-+486k+2 = Bok-+2- (36)
Proof. By (30) we have

@rr2(x) = (. — 1)gory1(x) + Bory2q2r(T).

We substitute 2 in place of z, use Lemma 6 and consider the resulting equation modulo
z — 1 to get
Gok+6(T) = Bok+2qek(r) (mod z —1). (37)

Consequent usage of formula (30) for ggr16(x) down to ger+2(z) leads to
gok+6(7) = ( — 1)qor+5(7) + Bor+6G6k+4(T) = Bort6q6k+4(T)
= Bek+686k+406k+2(T) = Bok+6Pok+aB6k+2q6k () (mod x —1).

Hence we get Popi2q6k() = Bok+686k+486k+2q6k () (mod z — 1). Finally from Lemma 6,
ged(x — 1, ger (7)) | ged(per(x), gor(z)) = 1, therefore we can divide the congruence by g ().
This finishes the proof of the proposition. ]

More relations between values of 8 can be derived by considering coefficients with the
highest degrees of x in gi(z). More exactly, write the polynomials gx(x) in the following form
(recall Theorem 1)

q2k($) = qkyhd (1'3) = $3k + agkx3k_3 + bgkxgk_6 4+ ... ;
Gorr1(x) = (2% + 2+ Dgpuy (@) = (2% + 2 4+ D)@ + agpp12™ 72 4 bopa™ 0+ ).
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Proposition 4. Coefficients ap and By, k € N, are related by the following equations

agr, =0, agr — agp—1 = Bor — 1,  aopt1 — a2k = Bog+1-

In particular, these equations imply
6
> Bekyi = 3. (38)
i=1

Proof. Firstly, by Lemma 6 and Theorem 1, gex(z) = qor(2®) = qgn,(2?), therefore the
coefficient at 2°%73 in gg () is zero.

Secondly, we compare the coefficients at several leading degrees of = in Equation (34).

3k—3<+ 3

23 4+ agpa =) = (2 = D)@t agp_ 1230+ ) 4 Bop (PR ).

3k—3

Comparison of the coeflicients at x gives us the equation asy, — aggp_1 = Bor — 1.

Thirdly, for gor+1(z) we have, by using Equation (33),
(2 4+ 24+ 1) (@ + agp 122+ ) = gopr1(2) = @2 + 2+ D)@ 4+ aguz® 3+

+Bopgr(@? x4+ 1) (F 3 40

2 3k—3

Then dividing by z° 4+ z 4+ 1 and comparing the coefficients at = gives us
agk+1 — A2k = Bogt1-
Finally we sum up six equations of the above form to get
6 6
0= Q66 — Aok = Y _(A6kri — Gehtio1) = D _ Bokti — 3.
i=1 i=1
O

One can compare the coefficients at the preceding powers of x in the formulae (29) and (30)
for qi(x) to get the relations between by, a and ;. The result is presented in Proposition 5
below. Its proof does not involve any new idea in addition to those from Proposition 4.
Therefore we leave this result without proof.

Proposition 5. Coefficients by, ar and By are related by the following equations

ber =0, bop — bog—1 = Poraog—2 — agp—1, bags1 — bap = Bogy1a2k—1-

In particular, these equations imply

> BokriBorss = 3+ BoBokt1- (39)

1<4,5<6
j—i>1

By considering more coefficients we can get more equations relating values
B6k+1, - - -, Bek+6 With the previous values of §;, ¢ < 6k. However they become overwhelm-
ingly complicated. Perhaps one can use some tricks similar to those in Proposition 3 to find
simpler relations between different values of 5. It would be very interesting to discover such
relations.
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5. Mahler numbers

In this section we will consider the Mahler numbers f;(a), where a > 2 is an integer and
fa(x) is the Laurent series defined by (1). It appears that some of approximation properties
of these numbers can be derived from the study of the continued fraction of the function
fa(x). In this section, we investigate the following problem:

Problem A. Given a,d € Z,a,d > 2, determine whether fy(a) is badly approximable.

5.1. The case d > 4 Problem A is relatively easy in the case d > 4. For this case the
answer follows from a simple Proposition 6 below.

Recall that the exponent of irrationality of x € R is defined to be the supremum of all
positive real numbers 7 such that the inequality ‘x - %‘ < ¢~ 7 has infinitely many integer

solutions p,q with ¢ # 0. It is easy to verify with the definitions that the irrationality
exponent of a badly approximable number necessarily equals two.

Proposition 6. Let d € N, d > 4 and let a € N, a > 2. Then the number fq(a) is well
approximable. Moreover, the exponent of irrationality of fq(a) is at least d — 1.

Proof. The proof is very much similar to the proof of Proposition 2. With the reference to
the notation of the proof of Proposition 2, note that the coefficient with the highest degree
in the series fy(z) — ri(x) is 1. So substituting a in place of = we find

oo

dFtl_y
whilst the denominator gx of the rational fraction rg(a) is at most a @1 . The estimate

qk_(d_l) = o (@) 5 gq—d™! proves that fg(a) has exponent of irrationality at least

d—1 >3 and so fy(a) is not badly approximable. O

Proposition 6 immediately tells us that for d > 4, f;(a) are not badly approximable for
any integer a > 2. So it remains to study Problem A for the cases d = 2 and d = 3. In
these two cases the exponent of irrationality of fy(a), a € N, a >2,d =2,3,is 2. For d =2
this is proved in [3] and for d = 3 it follows from [4, Theorem 2.5]. Therefore the solution to
Problem A in the cases d = 2,3 needs more subtle considerations.

5.2. The case d =2 The case d = 2 is studied in [2, Theorem 5.1] where the following
theorem is proved. Recall that a || b means that a divides b but a? does not.

Theorem BZ2 . Let pi(x)/q:(x) be the convergents of the series ga(x). Assume that there
exist positive integers n,t,p such that

1. p is a prime number and p || a?' —1;
2. 2 is a primitive root modulo p?.

3. pll a:(1);

4- qi(1) # 0 (mod p).

Then fo(a) is not badly approzimable.
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This theorem allows us to show that fy(a) is not badly approximable for many integer
values of a. However, as explained in [2], there are some integer values a that can not be
covered by Theorem BZ2. The smallest uncovered integer is a = 15.

Here we provide a stronger version of Theorem BZ2, which covers the case a = 15 as well
as many other extra values of a. For this stronger statement, Theorem 3, we did not detect
any constraints which prevent Theorem 3 to be applied to any integer a > 2. So we believe
that this theorem allows to prove that fa(a) is not badly approximable for all a > 2. On the
other hand the conditions in Theorem 3 depend on several parameters and we do not know
a general procedure which provides these parameters for a generic a.

In what follows, we denote by I'(a,p*), k € N, a € Z, the multiplicative subgroup of
7./p*7Z generated by a.

Theorem 3. Let pi(z)/q:(x) be the convergents of the series ga(x). Assume that there exist
positive integers ng,t,p such that

1. p is an odd prime number and p || a*"" — 1;
2. |0(2,p°)] = pL(2.p)l;
3. q(a®**) =0 (mod p?);
4. (1) # 0 (mod p).
Then fa(a) is not badly approximable.

Remark 1. Condition 2 of Theorem 3 is satisfied for the most of primes we know of. More
precisely, the only primes which do not satisfy this condition are the so called Weiferich
primes, i.e. the primes p such that p? divides 2P~ — 1. Indeed, if p is a non-Weiferich prime
then property 2 of Theorem 3 follows from Lemma 7 below. Weiferich primes were rigorously
studied. Currently only two of them are known: 1093 and 3511, and no more Weiferich
primes exist [5] below 3 x 10%°.

Lemma 7. Let p be an odd prime and assume that
2771 21 (mod p?). (40)
Then [T(2,p%)] = p|T(2,p)|.

Proof. The multiplicative subgroup H of Z/p?Z of all elements a = 1 (mod p) has order p.
Because of the small Fermat’s theorem, T'(2°~!,p?) < H. Hence Assumption (40) implies
that |F(2p*1,p2)‘ =p.

Note that, by definition, T'(2P~1, p?) C I'(2,p?), hence p | ’F(2,p2)‘. At the same time,
by a reduction modulo p the group I'(2, p?) is mapped onto the group I'(2,p), hence |I'(2, p)|
divides |T'(2,p?)|.

By the small Fermat’s theorem |I'(2,p)| | p — 1, so ged (|I'(2,p)|,p) = 1. We readily infer
that p|T'(2, p)| divides |T'(2, p?)| and so |['(2,p?)| = p|T(2,p)|-

On the other hand, the reduction modulo p sends I'(2, p?) onto I'(2, p) and under this map
each element in I'(2,p) has at most p preimages. We conclude that ‘F(Q,pz)’ = p|['(2,p)]
and this completes the proof of the lemma. O

The big part of the proof of Theorem 3 is the same as for Theorem BZ2. Therefore it
will be just briefly outlined here and we refer the reader to [2] for the details. In this paper
we mainly focus on the part of the proof which is specific to Theorem 3.

In the proof of Theorem 3 we will need the following lemma.
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Lemma 8. Let a € Z\ {0}, and let p be an odd prime number. If

T(a,p*)| = p|T(a,p)], (41)

then for each m € N,
IT(a,p™ )| = p™[T(a, p)].

Proof. We will show that for any m > 2,
T (a, p™ )| = pIT(a, ™), (42)

then the lemma readily follows by induction.

Fix m € N. To simplify the notation, we write

h:=|D(a,p™ ).

m+1 By reducing modulo p™ we get a” =1 mod p™, hence

Then, a” =1 mod p
h = s|I'(a,p™)| (43)
for some s € N. At the same time, we have
al" @™l =1 4+ ¢p™ mod p™t.

By raising both sides of this congruence to the power s and applying (43), we find

1= (14tp™)* mod p™T. (44)
By expanding brackets on the right hand side of (44), we find

1 =1+ stp™ mod p™*t,

hence p divides either s or ¢ (or both).

If p divides s then (43) implies h > p|I'(a, p™)|. On the other hand the reduction modulo
p™ sends I'(a,p™*!) onto I'(a,p™) and under this map each element in I'(a, p™) has at most
p preimages. Therefore

h = p|T'(a,p™)],
and this is precisely (42).

Now suppose that p divides ¢. In this case we have
h = [T(a,p"™ )| = [T(a, p™)|- (45)
Consider the polynomial congruence
f(z) = 0mod p™*!, (46)

where f(z) = zIT(@P™)] 1,
Because of (45) the solutions to the congruence (46) are precisely the elements of
I'(a,p™*!) and these solutions are congruent modulo p™*?! to

1,a,...,all@P™)I=1, (47)

Note that, as the representatives of I'(a, p™), the elements of the list (47) are pairwise distinct
modulo p™.
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At the same time, we easily calculate
f(z) = |r(a,pm),xlf(a,pm)lfl

The assumption (41) readily implies that |I'(a,p™)| is divisible by p for any m > 2, so for
any integer value x we have
f(x) =0mod p.

Then Hensel’s lemma implies that for any integer u that verifies (46) and any  =0,...,p—1
the integer u + #p™ is also a solution to (46).

For any # = 0,...,p — 1 the number a + p™ is not congruent modulo p™*! to any
element of the list (47), because all representatives there are distinct modulo p™. However it
contradicts the fact that all the residues modulo p™*! verifying (46) are given in (47). This

contradiction proves the lemma. O

Proof of Theorem 3. Firstly, since fo(a) and go(a) are rationally dependent, to prove the
theorem it is enough to show that ga(a) is not badly approximable.

Secondly, for each convergent p(x)/q(x) of ga(x) we provide the series of convergents
Dn(x)/Gn(x) of go(x) such that

pn(z) = [[* = Dp@®);  dnl@) = g(a®). (48)

By multiplying both p(x) and ¢(x) by some integer constant, we can always guarantee that
p(z), ¢(z) and in turn p,(x), @, (x) are all in Z[z]. Moreover (see [2, Lemma 4.3]), values
Pn(a)/Gn(a) provide very good (but probably not the best) approximations to ga(a). Namely,
there exists a constant C' which does not depend on n, such that

C
= (@n(a)?

Hence, to show that go(a) is not badly approximable, it is sufficient to find the initial
convergent p(x)/q(z) and n € N such that p,(a) and §,(a) have an arbitrarily large com-
mon integer factor. By (48) and the first condition of the theorem we already have that
p" "™ | pn(a). So we only need to show that the sequence ¢,(a), n € N, contains elements
which are divisible by arbitrarily large powers of p.

_ pn(a)
qn(a)

g92(a)

For the initial convergent we choose pi(z)/q:(x). The aim now is to show that for each
m € N one can find n € N such that ¢(a?") is divisible by p™. Conditions 3 and 4 and
Hensel’s lemma imply that the equation g;(z) = 0 has a solution x € Z,, such that

z=a?"" (mod p?). (49)

In particular, x =1 (mod p). We want to show that for each m € N there exists n € N such
that
" =z (mod p™), (50)

which will immediately imply that p™ | ¢,(a).

For every m € N the multiplicative group Rym = (Z/p™Z)* of residues modulo p™ has
the order (p—1)p™ 1. As the element a®" is congruent to one modulo p, it lies in the kernel
of the canonical projection Rym — R;. The multiplicative group R, of residues modulo p has
the order p — 1, so the residue a®"® has the order p' in Rpym, for some [ < m — 1. If the value

2m0

[ is strictly smaller than m — 1, then we necessarily have a®>"° = 1 mod p?, which contradicts
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the first condition of the theorem, hence the multiplicative order of a"° modulo p™ is exactly
p™ 1 and thus the set of residues {aQ"O'smod p™: s € N,ged(s,p) = 1} coincides with the
set of residues modulo p™ congruent to 1 modulo p but not congruent to 1 modulo p?. So,

there is an s € N such that
a?"** = x mod p™ (51)

and s Z 0mod p. Moreover, because of the congruence (49) we have
s =1mod p (52)

The congruence (52) implies that the residue of § = 20 s modulo p lies in T'(2, p).

Because of Condition 2 we can apply Lemma 8. It implies that for any m € N the group
['(2,p™) coincides with the full preimage of I'(2, p) under the canonical projection Rym — R;.
In particular, there exists ¢, € N such that

2tm = 90 mod p™~L.

For this t,,, we have
22" = 22" ;mod p™ (53)

(recall that 22"°¢ has order p™ ! in Rym, because 22" has order p™~! and s is coprime to
p). Taking (51) and (53) together we conclude

tm
22" = z mod p™,

which is precisely (50). This finishes the proof.
]

Theorem 3 provides an algorithm for showing that f,(a) is not badly approximable for a
given a. We firstly find p such that Conditions 1 and 2 of the theorem are satisfied. Then we
try to find the denominator of a convergent ¢;(x) which satisfies Conditions 3 and 4.

Let’s use Theorem 3 for some small prime values p. For p = 3 Condition 1 is satisfied for
all a except @ = 0 (mod 3) and a = £1 (mod 9). Condition 2 can be easily checked. With
help of Theorem BZ1 we find

qo(z) = (z + 1) (2% — 25 + 2% 4+ 2)

which satisfies go(7) = 0 (mod 9) and ¢4(1) # 0 (mod 3). It is not difficult to show that
for a # 0,3,6,£1 (mod 9) one can always find ng such that a®>*® = 7 (mod 9). Therefore
Theorem 3 states that f2(a) is not badly approximable for all a # 0,3,6,4+1 (mod 9).

Remark 2. In [2] we were too brave, stating that f2(a) is not badly approximable for all a
coprime with 3. Unfortunately we forgot about the case a = +1 (mod 9) which violates the
first condition of Theorem BZ2.

Using p = 5 and ¢11(x) we can show that f(a) is not badly approximable for all a € N
such that a Z 0 (mod 5) and a # +1,4+7 (mod 25).

We conducted this procedure (using a small computer program) for some other small
primes p. The results are presented in the following table, where the column z mod p?
specifies the solution to the congruence ¢;(z) =1 (mod p?).
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p | q(x) | 2 mod p? | values a which pass Conditions 1 and 3

3| gox) 7 a=+2,4+4 (mod 9)

5 | qui(x) 11 a#0 (mod b5),a # £1,+7 (mod 25)
qu () 15 _

7 7 (z) 43 a==+1 (mod 7),a # £1 (mod 49)

11 | qu3(x) 34 a==+1 (mod 11),a #Z £1 (mod 11?)

13 | g¢33(x) 14 a=+1,45 (mod 13),a # +1,£70 (mod 13?)
q13(2) 69 16 — 16 2

17 g7 (2) 26 a'’® =1 (mod 17), a'® # 1 (mod 177)

19 | qio(x) 210 a=+1 (mod 19),a # +1 (mod 19?)
Q79(x) 277 _ )

23 s () 954 a==+1 (mod 23),a # £1 (mod 23°)

29 | g35(x 117 a=+1,+12 (mod 29),a # £1,+41 (mod 29?)

)
31 | qool(2) 156 | a=+156, 2280, £311, £340, £402 (mod 31%)
37 | go1(x) 408 a==+1,46 (mod 37),a # +£1,4117 (mod 37?)

There are only two values of a below 100 which are not covered by this table: a = 26 and
a = 82.

For a = 26 we can take p = 677 = a® 4 1. Then Conditions 1 and 2 are satisfied. Further,
Conditions 3 and 4 are satisfied for gsio(z) which has root z = 291111 = 26>*"" (mod 6772)
in Qg77 and so Theorem 3 implies that f2(26) is not badly approximable.

For a = 82 we can take p = 83 = a 4+ 1. Then Conditions 1 and 2 are satisfied. Further,
Conditions 3 and 4 are satisfied for gg; () which has root z = 5479 = 822™ (mod 832) in Zgs
and so Theorem 3 implies that f2(82) is not badly approximable.

We believe that for each a we can carefully choose p and ¢ (x) such that Conditions 1 — 4
of Theorem 3 are satisfied.

5.3. The case d = 3 In the case d = 3 we can use methods very similar to those for
the case d = 2. However not every convergent p(x)/q(x) to g3(x) produces a nice infinite
sequence of convergents to gs(x). On the other hand some of them do, as it is shown in
Lemma 9 below.

Lemma 9. Let pi(x)/q(x) be the sequence of the convergents of g3(x) and dy be the least
common multiple of the denominators of all rational coefficients of pi(x) and q;(x). Then for
each even t the rational functions pypn(z)/Gen(x) where

n—1

() =[] @ = D))p@®)  and  Ginl2) = @), (54)
k=0

are all convergents of gs(x). Moreover for each positive integer a > 1 there exists a constant
C independent of n such that

_dtﬁt,n(a) C
‘93(“) diin(@)| S [ran(@)

In other words Lemma 9 is an analogue of Lemma 4.3 from [2] and it says that
dipin(a)/diGen(a) is almost the best rational approximation of gz(a).

Proof. The first statement of the lemma follows from the successive application of Lemma 6.
We proceed with the proof of the second statement.
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Denote G(x) := g3(x) — pi(z)/q:(x), an infinite series in 7!, Since t = 2t; is even,

Theorem 2 implies that G(z) starts with the term c;2~5%0~2 where ¢ is some integer constant.
Take a compact disc D C {x € C : |z| > 1} with the center at infinity inside the set of
convergence of G(z) which contains the value a. For the sake of concretness we can take
D = {z € C : |z[ > 142}, Then there exists a constant ¢ such that for each z € D,
G(z) < cx%=2. Consider \G(:):3n)]HZ;é(:):3k+l(:c3k — 1)) where n € N. Surely 2%" also
belongs to D therefore, taking into account the functional relations (4) for gs(x), we find

n—1 $3n+1 n—1 $3k+1 $3k__
LBl Gt E (o)~ Mool =D )

1 k41 k
< anzo(mg (z% —1))
= 13" (6t0+2)

By noticing that 3" —1 < 2% and comparing the powers of x at the numerator and the
denominator we get that the right hand side of this inequality is bounded above by

-1 k+1 k
Iy (@ (@ — 1)) c
23" (6t0+2) 23742

By substituting (54) into the inequality (55) we get

&
= p2:3n g2

. ﬁt,n (33)
q~t,n ({I,‘)

g3()

The degree of the polynomial ¢ (x) is 3tp. Thus there exists an absolute con-
stant co such that for each * € D, |q(7)] < c22%° which in turn implies that
|G (2)] = Jqe(2®")] < c22®"" 0. Therefore

dipen(x c-c2r2d?
g3(z) — t}jt, (z) < 22 t2
diGin () (diGtn (7))
This implies the second statement of the lemma with C' = ¢ - c3a—2d?. O

Lemma 9 suggests an analogous method for checking whether f3(a) is badly approximable
as in Theorem 3. As soon as we have p | a®"° — 1 for some prime p, we immediately have from
the formulae (54) that p"~"0 | p; ,(a) for all integer n > ng and all even t. Then if we are able
to show that for some fixed even t the sequence §; ,(a) contains elements which are divisible
by an arbitrarily large power of p then g3(a) and in turn f3(a) are not badly approximable.
We conclude this idea in the following theorem. Since its proof mostly repeats the steps of
Theorem 3 we leave it for an enthusiastic reader.

Theorem 4. Let, as before, pi(x)/qi(xz) be the convergents of the series g3(x). Assume that
there exist positive integers ng,t,p such that

1. p =5 is a prime number and p || a®™® — 1;

2. [0(3,p%)| = pIT'(3,p)l;

3. t is even and q;(a®™) =0 (mod p?);
4- (1) #0 (mod p).

Then fs(a) is not badly approzimable.

21



Remark 3. Similarly to the remark to Theorem 3, we can note that condition 2 of Theorem 4
holds true for all the primes verifying

371 #£1  (mod p?). (56)

As far as the authors are aware, currently they know only two primes failing (56), 11 and
1006003. Tt is also known that all the other primes in the range 5 < p < 232 verify (56),
see [8]. So, for all primes in the range 5 < p < 232 different from 11 and 1006003, condition 2
of Theorem 4 holds true.

Corollary 1. The number f3(2) is not badly approximable. Moreover, for any integer a
congruent modulo 49 to any number from the set

{2,4,8,9,11,15, 16,22, 23, 25, 29, 32, 36, 37, 39, 43, 44, 46}
the number f3(a) is not badly approzimable.

Proof. With a bit of computational efforts we can find that Theorem 4 is applicable with the
parameters ng = 2, t = 4 and p = 7. Indeed, in this case

923" _ 1 =21 mod 72,

so Condition 1 of Theorem 4 is satisfied. Further, Condition 2 of Theorem 4 is satisfied as
well because of the Remark (or alternatively it is easy to check straightforwardly that 3 is a
primitive root modulo 72). Finally, ps(z)/qs(z) is the convergent to g3(x) with

gg(x) = 1+ 23 + 25 + 229 + 2212, (57)

hence
qs (232> = 0 mod 72

and

g5 (1) =3 mod 7,
thus Conditions 3 and 4 of Theorem 4 are satisfied as well and we conclude that f3(2) is not
badly approximable. This proves the first part of the corollary.

To prove the second part of the corollary, we also choose t = 8, p = 7 and choose ng
according to the following table

a (2148911151622 23|25 |29 32|36 |37|39|43 |44 |46
n|3(1(2|6|3 6|5 |1|1|6|4|4]3|4|5]5|2]2

Then, verification of conditions of Theorem 4 goes in the same way as in the first part of
this proof. It is easy to verify by straightforward computations that 23" — 1 is never divisible
by 49 for any integer n in the range 1 < n < 6 (actually, with a bit more of computations
and a use of Euler’s Theorem one can verify that 23" — 1 is never divisible by 49 for any
n € N). Also, 22 = 1 mod 7, so for any n € N we have 23" — 1 = 0 mod 7, and we readily
have condition 1 of Theorem 4. Condition 2 of Theorem 4 holds true because of Remark 3.

Verification of conditions 3 and 4 of Theorem 4, with the polynomial gg(x) given by (57),
is just a simple routine computation, so we leave it to the interested reader.

As far as all the conditions of Theorem 4 are verified, its conclusion is that f3(a) is not
badly approximable, for the corresponsing values of a, and this proves the second part of the
corollary. O
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