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Asstract. We prove the equivalence of two presentations of the Yangian Y(g) of a simple Lie algebra g and we
also show the equivalence with a third presentation when g is either an orthogonal or a symplectic Lie algebra.
As an application, we obtain an explicit correspondence between two versions of the classification theorem of
finite-dimensional irreducible modules for orthogonal and symplectic Yangians.
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1. INTRODUCTION

Many mathematical objects can be described in apparently different, but actually equivalent, ways. Different ways
lead to different points of view, some of which being better than others depending on what one is interested. This is
true for algebraic structures given by generators and relations: different sets of generators and relations can lead to
isomorphic structures, and which set is the most appropriate depends on the use made of that structure. In this paper,
we consider three different presentations for the Yangian of a complex simple Lie algebra g. Yangians form one of the
two important families of quantized enveloping algebras of affine type, the second being the quantum affine algebras.
The original presentation of Yangians given in the work of V. Drinfeld (see [Drll)) is convenient for quantizing the
standard Lie bialgebra structure on the polynomial current algebra of a semisimple Lie algebra g and it is commonly
used in the work of theoretical physicists (see, for instance, [Mal]). We will call it the J-presentation: see
Definition 2.1} It is not convenient, however, for the study of representations of the Yangian of g, which is what
motivated V. Drinfeld to obtain another presentation which is better suited for this purpose [Dr3]]; we will call this one
the current presentation, see Definition 2.4} There is a third set of generators and relations for Yangians which has its
origins in the quantum inverse scattering method of theoretical physics and leads to the so-called RT T -presentation: it
is sometimes also called the R-matrix or FRT-presentation, see and Definition

Those three different presentations of Yangians are all equivalent. The equivalence between the J and RTT-
presentation was stated in Theorem 6 of [Drl]] and the equivalence between the J and current presentation is the
content of Theorem 1 in [Dr3]. When g = sl,, formulas for an explicit isomorphism between the current and RT T -
presentations are given in [Dr3]]. It is possible to interpolate between the current and RTT-presentations for the



Yangian of gl,,: this was accomplished in [BrKI] where the authors obtained so-called parabolic presentations of that
Yangian depending on a partition of n, one extreme case being the RT T-presentation, the other extreme case being the
current presentation. As a consequence, an isomorphism between the RTT and current presentations of the Yangian
of sl, is obtained; it is in agreement with the formulas provided in [Dr3]: see Remarks 5.12 and 8.8 of [BrKI]. The
results of [BrKl] are also explained in Section 3.1 of [Mo3|].

The formulas for the equivalence between the RTT and current presentation in [BrKl] came from the Gauss de-
composition of the matrix of generators in the RT T-presentation. Very recently, this approach has been successfully
extended to Yangians of orthogonal and symplectic Lie algebras: see [JLM]. (The so3;-case was treated previously in
(L)

In this paper, we give a proof of Theorem 6 in [Dr]]] for orthogonal and symplectic Lie algebras (see Theorem[3.16)
and a proof of Theorem 1 in [Dr3] for any g (see Theorem @ These are two of the three main contributions of this
paper. The RT T-presentation for symplectic and orthogonal Yangians was first treated in [AACFR| IAMRI, and later
received more attention in the mathematical literature in such papers as [Mo4, MM1, MM2, |GRIGRW2]. The initial
motivation for this paper came from a desire to better understand why this presentation of the Yangian is equivalent to
the others. This led us to consider the analogous question regarding the J and current presentations. Another motiva-
tion came from representation theory. It has been known since [Dr3] that finite-dimensional irreducible representations
of Yangians are classified by certain polynomials, usually called Drinfeld polynomials in the literature: to prove this
classification result, Drinfeld used the current presentation. When g = sl,,, such a classification theorem can also be
proved using the RT T -presentation (see, for instance, Corollary 3.4.8 in [Mo3]]) and the resulting classification is also
given in terms of certain polynomials. This raises the question of how these two families of polynomials are related:
the answer is provided in the proof of Corollary 3.4.9 in loc. cit. and uses the Gauss decomposition. When g = soy
or g = spy, the classification theorem was reproved in [AMR] using the RTT-presentation: see Corollary 5.19 in
loc. cit. It was explained by the authors of [AMR] that, without an explicit isomorphism between the RT T and current
presentations available, it was not clear how to translate Drinfeld’s classification result into one compatible with the
RTT-presentation of the Yangian. However, they were able to use techniques available in the R-matrix setting to pro-
vide a separate proof which again yields a parameterization in terms of certain tuples of monic polynomials. This left
open the question of how the polynomials in Drinfeld’s classification are related to those in [AMR]: in Theorem [4.5]
we are able to use the isomorphism (3.50) to provide an answer to this question. This is the third main result of this
paper. It should also be possible to use the isomorphism obtained very recently in [JLM] via the Gauss decomposition
to answer that question, as was done when g = sl,, in the proof of Corollary 3.4.9 in [Mo3].

The results of Section[2]are valid for any semisimple Lie algebra g. After recalling the J and current presentations of
the Yangian in Sections[2.Tand[2.2] we prove in Section[2.3]that these are equivalent: see Theorem[2.6] (The sl,-case is
proved separately in the Appendix.) Along the way, we show that the associated graded ring of the Yangian as given by
the J-presentation is isomorphic to the enveloping algebra of the polynomial current algebra of g: see Proposition
This result has been known for a long time for the current presentation [Lel]] and the RT T-presentation [Mo3, IAMRYI],
but Proposition [2.2] cannot be deduced from these without first proving the equivalence between these presentations
and our approach requires this proposition to prove Theorem [2.6] Of course, Proposition [2.2]is also already known,
but not only has its proof never been published, it seems to have not been explicitly stated anywhere in the literature
as far as we know. A major part of the argument in the proof of Theorem 2.6 relies on Theorem which is the main
result of [Le2[| and tells us precisely how to reduce the number of generators and relations in the current presentation.

In the next section, we prove the equivalence of the J and RT T-presentation when g is an orthogonal or symplectic
Lie algebra - see Theorem[3.16] We start with the Yangian given by the J-presentation and show how to extend certain
representations of g to the Yangian (e.g. the natural representation on CV), thereby providing a proof of Theorem 7
in [Dr2] in types B, C and D. (Actually, we fill in some details in the proof of Proposition 12.1.17 in [ChPr2|] which
the authors had decided not to include.) In order to construct the isomorphism between the J and RTT presentations
as given in Theorem [3.16] we needed to know that the R-matrix (3.13)) could be obtained by evaluating the universal
R-matrix on the natural representation: this is the content of Proposition[3.13] which is a special case of Theorem[3.10]
which in turn is Theorem 4 in [Drl]. Whereas Proposition [3.13]is valid when g is an orthogonal or symplectic Lie
algebra, Theorem is valid for any simple Lie algebra g. In Subsection [3.6] a more direct and elementary proof,
bypassing the use of the universal R-matrix, is provided of the isomorphism between the J and RT T presentations: see
Proposition [3.19] This makes use of [Le2] via Proposition [3.18]
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In the last section, we prove Theorem4.5] which establishes a correspondence between the two families of Drinfeld
polynomials originating from the two equivalent classifications of finite-dimensional irreducible representations of the
Yangian. Furthermore, we explain how a highest weight vector remains a highest weight vector after pulling back the
action of the Yangian via the isomorphism (3.50).

Yangians and quantum affine algebras are known to be intimately connected: see for instance [Dr2, |(GuMal (GTL1|
GTL2| IGTL3]. It should thus be possible to obtain analogous results for quantum affine algebras: for instance, a
complete proof of the equivalence of the original definition (see Section 4 in [Drll]) with Drinfeld’s loop realization
(given in [Dr3]]) was provided recently in [Dall, IDa2].

Acknowledgements. We thank V. Toledano Laredo for some helpful pointers and H. Nakajima for indicating that
the results in Section A.8 of [GTLI] can be used to prove Proposition [2.2] below. The first and third named authors
gratefully acknowledge the financial support of the Natural Sciences and Engineering Research Council of Canada
provided via the Discovery Grant Program and the Alexander Graham Bell Canada Graduate Scholarships - Doctoral
Program, respectively. Part of this work was done during the second named author’s visits to the University of Alberta;
he thanks the University of Alberta for the hospitality. The second named author was supported in part by the Engi-
neering and Physical Sciences Research Council of the United Kingdom, grant number EP/K031805/1; he gratefully
acknowledges the financial support.

2. J AND CURRENT PRESENTATIONS OF THE YANGIAN

2.1. J-presentation. As our starting point we recall the definition of the Yangian as it was first introduced by Drinfeld
in [Drl]] and is now conveniently called Drinfeld’s first or J-presentation of the Yangian. Let g be a complex simple Lie
algebra and (-, -) be an invariant, non-degenerate symmetric bilinear form on g. We set g[s] = g ® C[s], the polynomial
current Lie algebra of g. We will assume 7 to be a formal variable. Tensor products ® and spaces of homomorphisms
(including Hom and End) will be over C, unless specified otherwise. Lastly, S,, will denote the symmetric group on
the set {1,...,m}.

Definition 2.1. [Drll] Let {X, },cn be an orthonormal basis of 6. The Yangian Yy(g) is the unital associative C[h]-
algebra generated by elements X and J(X) V¥ X € g with the following defining relations:

2.0 XiXo - XoX1 = [X1,X0] €9, [X1,J(X2)] = J([X71, X2)),

2.2) J(aX; + bX5) = aJ(Xy) + bJ(X3),

(2.3) [J(X1), [J(X2), X311 = [X1, [J(X2), JX)] = 1 ) @t Xa, X X,
Ay

where @y, = (X1, Xal, [X2, X1, [X3, X,1]) and {x1, x5, X3} = 35 Ypea, Yo()Xe@Xe@). When § = sb, relation 23)
should be replaced by the following one:

(2.4) (I (XD), T, [X3, JX)N + [[T(X3), JX)L X1, TN = 7 ) Bad X X (X)),
Auy

Where B/UJV = ([X19X/1]9 [[X29X/J]’ [[X39X4]5XV]]) + ([X33X/1]’ [[X4’X/,l]’ [[XI’XZ]’XV]])' The Hopfalgebra structure Of
Y5 (o) is given by:

AX) = X®C[h] 1+1 Qcn X, AUX))=JX) ®crn] 1+1 Qcn JX) + %h[X ®crn 1,Q],
S(X) =X, SUX) =-JX)+ theX, &(X) = a(J(X)) =0,

where C is the eigenvalue of the quadratic Casimir element Q) in the adjoint representation of g.

The Yangian Y;(g) enjoys the following properties:

e Itis a free graded C[#]-algebra, with grading induced by the degree assignment deg X = 0 and deg J(X) = 1
for all X € g, together with deg# = 1;
o It has a one-parameter group of Hopf algebra automorphisms 7, given by

2.5) 7.(X) =X and 7,(J(X)) = J(X) +zhX forall X eg and z€C.

e Let Ug[s] denote the universal enveloping algebra of g[s]. There is a natural isomorphism of Hopf algebras
Ug[s] — Yu(9)/RYx(g) which sends g identically to its image in Y3(g)/%Y5(g), and X®s to Jo(X) for each X € g,
where Jo(X) is the image of J(X) in the quotient Y;(g)/%Y5(g). (See [Drl] and Proposition 3.1 in [BeRel.)



Let £ € C and denote by Y;(g) the Hopf algebra Y;(a)/(f — {)Y5(g). We will denote the generators of Y,(g) again
by J(X) and X, except in the rare instances where additional emphasis is required on the parameter . In such a case,
we shall replace J(X) by J,(X). The grading on Y;(g) induces a filtrating on Y,(g) defined as follows: set deg J(X) = 1
and deg X = O for all X € g, and let F;Y,(g) denote the subspace of Y;(g) spanned by monomials of degree less than or
equal to k. Note that for any two nonzero complex numbers {1, {, € C*, the assignment

(2.6) XX, Ja(X) e £J,X) forallX e g
extends to an isomorphism of filtered Hopf algebras.

Proposition 2.2. Let gr Y,(g) denote the associated graded algebra of Y,(g) with respect to the filtration {FY(g)}.
Then gr Y;(g) is isomorphic to Ug[s].

Although this result is certainly well known (see [Lell] for instance), a proof has never appeared in the literature
for the Yangian in Drinfeld’s J-presentation. Since this result is significant and will be used throughout our paper,
we include a complete proof. It cannot be deduced directly from the main result in [Lell] because Proposition [2.2]
is needed to obtain an isomorphism between Drinfeld’s J-presentation and the one used in [Lell] (see Theorem [2.6]
below).

Proof. The argument which we present was observed by H. Nakajima in an unpublished note related to [GNW]. It
closely follows the techniques of [GTL1, A.7-A.9], which have been attributed to Drinfeld.

This is immediate for { = 0, so let us assume that { # 0. Since Y, (g) = Y, (g) as filtered algebras for any
(1,4, € C¥, it is enough to prove the proposition for the Yangian Y(g) = Y;=i(g). In order to distinguish between
generators of Y;(g) and generators of Y(g), which both play a role in our argument, we will henceforth denote those of
the latter algebra by X and J(X), for all X € g.

Let Rees Y(g) denote the Rees algebra corresponding to the filtrating {FY(8)};2:

Rees Y(g) = @ R F Y (g) € Y(o)[H].
k=0

We have Rees Y(g)ln=0 = gr Y(g) and Rees Y(g)ln=1 = Y(9).
There is a natural homomorphism @y, of graded C[#]-algebras given by
2.7 Dy : Yi(g) = ReesY(g), Dx(X) =X, Ox(J(X)) =RI(X) forall X € g.

Since Rees Y(g) is generated by {X, iJ(X)}xeq, @ is surjective. Our goal is to show that @y is in fact an isomorphism,
which will imply the proposition.

By the same argument as given in the proof of Proposition A.8 of [GTL1], to show that Ker®y, is trivial, it is
enough to show that the quotient K = Ker®;/iKer®@;, is zero. In addition, K embeds into Y;(g)/AYz(g) (= Ug[s]).
For completeness, we take a moment to recall why these two results are true. If K is trivial, then Ker®; = HFKer @,
for all k € Zso, hence Ker®; = N Ker @y, C Nisofi*Vi(g) = {0}, since Yi(g) is separated. To show K embeds into
Y5(0)/hY5(g), note that if 7ix € hiYy(g) N Ker @y, then ady(x) = 0. In Rees Y(g) € Y(g)[#] this implies that ®,(x) = 0;
therefore hKer ®; = 1Y;(g) N Ker®;, so K is contained in Y;(g)/AY5(g).

Rees Y(g) is equipped with a natural C[%]-bialgebra structure, in particular it has a coproduct also denoted A such
that (O ®cpn) @) © A = A o ©y. Hence, Ker @ is a coideal subalgebra of Y;(g):

A(Ker®;) C Y(g) ®crn Ker ®; + Ker @y ®crn Y ().

This implies that K is a co-Poisson Hopf ideal of Ug[s]. By [GTLI} Corollary A.9], the only co-Poisson Hopf ideals
of Ug[s] are {0} and Ug[s]. Suppose that K = Ug[s] and consider the composition P; o @5 : Y5(g) - Rees Y(9)ln=0,
where Py, is the natural quotient map Rees Y(g) - Rees Y(g)ls=0. Since the two-sided ideal 7Y% (g) + Ker @y, is contained
in the kernel of P; o @;, we obtain a surjective homomorphism Y(g)/(7Y7(g) + Ker®;) - Rees Y(g)lz=0. However,
K = Ker @y, /hiKer ®; = Ug[s] implies that

O va@) + Kerdy) = (1 Wy, () [ (1@ + Ker@alp o) = (M y, ) [K = 00,

and hence that gr Y(g) = ReesY(g)ls=0 = {0}. This is a contradiction since, for instance, FY(g) embeds into gr Y(g)
and is nonzero. Therefore we must have K = {0}, and hence ®;, is an isomorphism of graded C[#%]-algebras.



Since @y sends the ideal 71Y;(g) isomorphically onto 7iRees Y(g), we obtain the sequence of isomorphisms

Ug[s] = Yi(9)/hYn(g) = Rees Y(g)ln=0 = gr Y (g). |

It can be deduced from (2.6) and (2.7) that, under the isomorphism between gr Y,(g) and g[s], J(X) corresponds
to /X ® s where J(X) is the image of J(X) in the quotient F'; Y;(g)/Fo Y;(9).

We end this subsection with a simple lemma which will play a role in the proof of Theorem as well as in
Sections [3land [

Lemma 2.3. Let ¢ be an automorphism of the enveloping algebra 0g. Then the assignment
(2.8) X ¢(X), JX)H J@X) forall Xeg

extends uniquely to an automorphism ¢ of Y(g).

Proof. 1t is straightforward to see that the assignment (2.8) preserves the defining relations (2.1) and (2.2). The same
is true for the relations (Z.3) and 2.4). To see this, first observe that the right-hand sides of both of these relations
are independent of the choice of orthonormal basis {X,},ca. The desired conclusion is then obtained from the second
observation that, since the Killing form B(:, -) of g is invariant under automorphisms of g, the same is true for the form

(., ) [m}

2.2. Current presentation. We now focus our attention on what is often called Drinfeld’s new or second presentation
of the Yangian of g. We will call it the current presentation of the Yangian and denote it by ¥;'(g). Let 7 be an indexing
set for the simple roots «; of g, C = (¢;;); jer denote the Cartan matrix of g and A* denote the set of positive roots. We
normalize the standard Chevalley generators x7, h; of the Lie algebra g such that (x;r, x;)=1land h; = [x], x; 1.

Definition 2.4 ([Dr3], Theorem 1). Let { € C. Set {x1, x2} = x1x2 + xpx1. The Yangian Ygr(g) is the unital associative
C-algebra generated by elements x;, h;, with i € I and r > 0, subject to the following relations, for i, j € I and
r,s >0:

(2.9 Vrir hjs1 = 0, [hio, x5] = (@i, @) x5, [, x50 = 8ijhiras,

(2.10) (i1, X751 = Thir, X511 = 3¢ (@i @) {hir, ks

(2.11) [0 X5] = [ X5y ] = £30 ( @) {5, x5,

(2.12) Z [x;fr[rm,[xf,{r(z), . [x;'mm), o ] 0 for m=1-c¢j, i#j, ri,....rm >0.
o

Theorem 2.5 ([Le2l], Theorem 1.2 and [GNW]|, Theorem 2.13). The algebra Y“(q) is generated by its elements x;,, h;,
withi € I and r = 0,1 and is isomorphic to the associative C-algebra generated by these elements subject to the
following relations fori,je I andr,s =0, 1:

(2.13) [Rir hjs] = 0, [hio, X501 = (i, ) X, [hin, x5 = (e, @) x5, where hiy = hy = 3 hy,
(2.14) [ X301 = Gijhir, (55, x50] = [x0, X511+ 34 (i, @) {x5, X5 ),
(2.15) 1 —c¢;j commutators [x;—'o, (X%, - - - [xl%,xfo] ... ]] =0 for i # J.

When g = sly, we should also include [[ﬁil,x;],xi‘l] + X, [ﬁil,xi‘l]] = 0. The isomorphism is given by the map:
x: - xiand i v h for r > 0, where xifm = +(a;, @;)”! [izil,x;—'r] and hi, =[x}, x,] are defined recursively for
r>1.

ir’

In [Lell], an analog of the Poincaré-Birkhoff-Witt Theorem was proved for YE‘ (g). One consequence is that Propo-
sition also holds for Ycr(g) with respect to the filtration F, on Y“(g) given by assigning filtration degree r to x;.

and h;,. The isomorphism Ug[s] = gr Ycr(q) sends x ®s" and h; ® 5" to {"x;, and £ ’hl,, respectively, viewed as

elements of F,.Y Cr(g)/ F,._; Y “I(g). In partlcular we have an embedding Ug — Y’ Cr(g) which sends £; to hjy and x* to
Consequently, we will sometlmes write /; and x;" instead of Ao and xj;
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2.3. Equivalence between the J and current presentations of the Yangian. In [Dr2], it was stated that the algebra
Y1(g) given by Definition @is isomorphic to the Yangian Y;'(g) as presented in Deﬁnition@ Moreover, an explicit
isomorphism was given. We provide in this section a proof of the equivalence of those two definitions which makes
use of Theorem This fills a gap in the literature since, to the best of our knowledge, no such proof has appeared.
We start by stating the main result of loc. cit.

For each @ € A*, let x;, € g., be such that (x}, x;) = 1 and that x— = x— We may write x7 instead of x

a’ (Y

Theorem 2.6 ([Dr3], Theorem 1). The algebras Ygr(g) and Y,(g) are isomorphic and an isomorphism ©. ; between
the two realizations is provided by:

Dery(hio) = hiy  Qery(hiy) = J(h) = Lvi,  where vi=1 ) (a,a){x}, x;) - k7,

aeA*

+ + + + + + 1 N
O (X)) = x7, (I)ch(le) =J(xf) = {wi, where wi =+; Z {6, x5 1 xg ) = g x5 ).
a€EAt

For (untwisted and twisted) quantum affine algebras, such a theorem was proved in [Dall [Da2]].

To prove the theorem, we will employ the following lemma which has been proven in [GNW]. Set ¥; = v; + %hlz for
allie 1.

Lemma 2.7 ([GNWI], Lemma 3.9). The following relations hold in the universal enveloping algebra Ug:

(2.16) [hi,vi1 =0,  [hi,wi] = (i, @) w3,

2.17) [V, 671 = H(ai, @) wi,

(2.18) wi, x;1=6ijvi = [x;',w;],

(2.19) Wi, 671 =[x, wil = F5 (e @) (5 X7 + x7x7).

Proof of Theorem2.6] We will assume for this proof that g # sl,; the sl,-case will be considered in Appendix [A]
Step 1: @, ; extends to a homomorphism of algebras.

It was observed in (3.12) of loc. cit. that the above relations already imply that the images of the generators x:, /-
under @, ; satisfy those defining relations of Y”(q) given in (Z.13)-2.15)) except [h;1, hj1] = 0. For completeness, we
repeat this observation here with some added detall The relations 1nv01v1ng only elements of the Lie algebra g hold
automatically, so we need not consider these relations.

Step 1.1: @, ; preserves the defining relations (2.13)-(2.13)) except [A;1, h;i] = 0.
Let us begin by showing [®¢, ;(7;;), Der. J)] = £, @) Qer y(x5) forall i, j € I. Since hiy = hyy — 1k, we have

[Der s (Bir), Der, s (Ki)] = [I(he) = £V, 651 = J([hi, X51) F L@ @) wh = £, @) (J(65) = {w?) = (@i, @) Der g (%),
Here we have made use of (Z.17) and the relation [J(X), Y] = J([X, Y]) (for all X,Y € g) in the second equality.

Next, we show that [®c; ;(x]), Der, 1G] = 6;jPer, J(hi1). Using relation 2.18) and [J(x]), Xl = J([x;',x;]), we
obtain the sequence of equalities

[@cr (7)) Per, s (X30)] = [ (X)) = Ewi, x71 = 63 (i) = LIwy s x71 = 645 (J(hi) = {vi) = 6@y (hir)-
We now verify [D¢ j(hi1), Per s (hio)] = 0
[Der, s (hi1), Pery(hjo)] = [J(h) = Lvi, byl = J([hi, hy]) = {[vi, hj] =0
by the first relation in (2.16).

The last relation which follows from Lemma[2.7]is

[(Dcr,J(xiii), (Dcr,J(xji‘())] =[D crj(x()) q)crj(le) %g(al’ a’]){q)crj(xo) (Dcrj(x/())}



To see why this is true, let us begin with the left-hand side:
[ (05, Per g ()] = [ = LW,
= J(Ix;7, x5 D) = {wi', x5
=[x, JeD] - £l wil # S(an e [, x5 by @T9)
=[x, J(x7) = oWyl £ 5 (i @) {@er s (x5), Per (X))

= [q)cr,J(x,'i(—))s (Dcr,l(xjiq )] = %g(ais a;) {(Dcr,J(x?(—))s q)cr,J(x?())}

Step 1.2: @, j preserves the relation (A1, fzjl] =0.
By definition of @, ;, we have
(er.s(in), Per s (rj)] = [I(he) = £¥i, I (hj) = 7)1 = [T (ha), J(h] = L[Ti, J(h] = LT ), 77 + L3, 9.
Using the relations (2.1 and (2:2)), it can be deduced that [J(%;), ¥ i1 = [J(h}),¥], and hence
(2.20) [@cr s (hit), vy (hji)] = [J(hi), J(h )] = 5, 7).
From (Z.3) with X; = h;, X, = x;.’ and X3 = x; we obtain

[0, DT = 8l Xa, X Xy} where ey = (Ui Xal, [}, X, [x7, X, 1)
NTRY

Here we have used [J(h;), [J(xj*.), x]T]] = [J(h), J(h)] and [h;, [J(x}r), J(x]’.)]] = 0. As a consequence, we deduce from

(2:20) that

[@cr s (hir), Der s (hj1)] € Ug.

Our present goal is to show that [D, Sy, D, J(h 1)1 also belongs to the subspace of primitive elements of g, which
is precisely the Lie algebra g.

LetO: Y(g) — Y:(g) ® Y;(g) be the linear map defined by O(X) = X® 1 + 1 ® X for all X € Y;(g). Then, setting
Q= Year Xo ®x, and Q, = Q —Q_, we have
1
A(J(hy)) = O(J(h)) + g[hi ®1,Q] and A®)=0) - E[hi ®1,0Q,-Q],
which implies that A(®c, (1)) = O(Ders (1)) + {[hi ® 1,Q,]. Therefore,
(A-O)([Der s (hir ), Der s (hj1)])
=[0(Dery(hin)), [h; ® 1, Q1] + £[[h: ® 1,21, O(@cr s (hj))] + £ [[hi ® 1,21, [h; @ 1, Q1.

By Part II of the proof of [GNW, Thm. 4.9], the right-hand side of the above equality vanishes. This proves that
[@cr s (hi1), Dy y(hj1)] is primitive, and hence an element of g. By (2.20) and Lemma this element also commutes
with the Cartan subalgebra ) of g, and hence must itself belong to b:

(@ (Bir), Der s (Rji)] = [J(hy), J(h)] = £, i) €D
To complete the proof, we appeal to Lemma[2.3| with ¢ specialized to the Chevalley involution x of g:
(2.21) x(hj) = —h;, x(x7)=—x; forall i€ .
We will denote its extension to Y;(g), defined by (2.8)), again by ».

Note that  fixes [J(h;), J(h;)], and the same is true for [¥;, ;] as it is a linear combination of elements of the form
{xt, x3}, all of which are fixed by ». Since »(H) = —H for all H € ), we can conclude that

[@cr.s(hir), Der s ()] = [J(hi), J(h )] = P[5, ] = 0,
as desired. O
Step 2: @, ; is an isomorphism.
Recall that Y;(g) and Ygr(g) admit filtrations and, by definition, @, ; respects these and hence we may consider

the associated graded homomorphism gr @ ; : gr ¥;"(8) — gr Y5(g). After identifying gr ¥;"(g) and gr Y;(g) with the
enveloping algebra of g[s], gr @, ; becomes the identity map, so gr @, ; is an isomorphism and hence so is @ ;. O



Up to this point we have not equipped Yé?r (g9) with the structure of a Hopf algebra. This is remedied by imposing
on Ygr (9) the unique Hopf algebra structure such that the algebra isomorphism @, ; of Theorem becomes an
isomorphism of Hopf algebras. Formulas for the coproduct applied to the generators /;; and x;; of Theorem are
not difficult to compute and can be found, for example, in (4.7) and (4.12) of [GNW]], respectively. In general, it is not
at all a simple task to compute A(4;,) and A(xl?‘;) for arbitrary r > 2. This has, however, been achieved for g = sly: see
Theorem 4.5 of [Cx].

3. ORTHOGONAL AND SYMPLECTIC YANGIANS

The main result in this section is the proof of the equivalence between the RTT and the J-presentations, and thus
with the current presentation as well. The general approach was sketched in [Drll]: we will follow this approach and
provide more details, but we will also be able to offer a second, more elementary proof which circumvents the use of
the universal R-matrix.

Before stating and proving these results, we need to recall some basic facts and notation related to the orthogonal
and symplectic Lie algebras.

3.1. Orthogonal and symplectic Lie algebras. Let N = 2n or N = 2n + 1. We will denote by gy either spy or soy:
the latter case is only possible if N > 3. The Lie algebra gy can be realized as a Lie subalgebra of gly as follows. We
label the rows and columns of gly by the indices {+1,...,+n} if N = 2n and by {0,+1,...,+n} if N = 2n + 1. Set
6;j = 1 in the orthogonal case and 6;; = sign(i) - sign(j) in the symplectic case for i, j € {£1,+2, ..., +n}. We denote
by (>) the symbol > in the orthogonal case and the symbol > in the symplectic case. We define (<) analogously. Let
E;; denote the usual elementary matrix of gly. Define the transposition ¢ by (E;;) = 6;;E_;_; and set F;; = E;; — (E;;)
so that
(Fij, Frul = 6 Fi — 6uFkj+ 6-16;ijFi-i — 6i—0;;F-j; and  Fij+6;;F_;_; = 0.

Then gy = spanc{F;; : —n < i, j < n}. It is understood here and for the rest of this paper that, for inequalities of the
form —n < i < n, the index i can be 0 only when N is odd. A vector space basis of gy is provided by

{(Fij: —n<i,j<nandi+ j(=)0}.
As invariant, non-degenerate, bilinear form (-, -) on gy, we can take (X, X;) = %Tr(Xle) for any X, X, € gy.

It follows that (F;j, Fy;) = 20-i 56 i for i + j(=)0 and k + [(=)0. Since the J-presentation of the Yangian is given in
terms of an orthonormal basis, we provide here such a basis for gy.

A basis {X,}1en, of soy orthonormal with respect to this bilinear form consists of X;; with (i, j) € Ay where
(31) X’J = (Flj +Fjl)/ \/E, X], = (Fl] - F],)/ V-2 for i< ] and Xii = Fii; AN = {(l,_]) . i+j> O}
For spy, an orthonormal basis will include all these matrices along with, for 1 <i <n,

(3.2) Xii=(Fii+Fii)/2, Xoii= V=1(F_i; = Fi_)/2, 5o Ay =1{G,J) : i+ j(=)0}.

Introduce the permutation operator P and a one-dimensional projector Q on CY ® CN by

P=) E;®Ej, Q=) 64E;®E
ij i
where the sums are assumed to be over the range —n, . .., n, and it is understood that the index 0 is omitted when N is
even. (We will always assume this sum rule for indices i, j, ... and a, b, . . ., if not specified otherwise.) Let I denote the

identity matrix. Then P?> = I, P" = P> = Q, PQ = QP = (+)Q and Q> = NQ. Here (and further in this paper) ¢; and
t, denote the partial transpositions on End(CY ® CV), and the upper sign in (+) or (¥) corresponds to the orthogonal
case while the lower sign corresponds to the symplectic case.

Using the orthonormal basis of gy given in (3.1I)) and (3.2)), it can be computed that
(3.3) > Xij®Xj=1> Fj®F;=P-0, > XiXij =% ) FijFj
i+j()0 ij i+j(2)0 ij
and the Casimir element 3, ;>0 Xi;jX;; of gy operates in the adjoint representation of gy by the eigenvalue 4« where
1 —
k= 5N (#)1.



We choose as Cartan subalgebra of gy the abelian Lie subalgebra by spanned by the basis {Fy,..., Fy;,} and we
denote by {ef, ..., ey} its dual basis. The elements F;; with i < j (and j # —i when gy = soy) are chosen to be the
positive root vectors as in [Mo3]. With this choice, the simple roots are the following, fori =1,2,...,n—1:

AN = 50241 - —€1, € — €y,
Oy = SPon - —2€1, € — €11,
Gy =502, 1 —€ — €, €~ €y].
These simple roots will also be denoted «, a1, . .., @, in this order. (To obtain the standard description of the simple

roots of gy as given, for instance, in Appendix C in [Knl, apply the correspondence €; <> —¢,,1-;.) We will denote by
wj the i™ fundamental weight. These are given by the following expressions:

n n
OGN = S0pp41 - woz—%Zej, a)iz—Zej for 1<i<n-1,
j=1 Jj=itl
n
Oy = %P2 wi:_ZEj for 0<i<n-1,
Jj=i+1
n n n
= 5D : a)——lZe w; = —1(-€ +Ze~) w'——ZE- for2<i<n-1
gn = S0y, (U] s 1= 73 1 j)s i = j =1L = .
=1 =2 j=itl

The Lie algebra gy can be presented using generators x7, ; with i € 7 and relations (restrict Definition to
generators with » = 0). The map between the generators x, &; and the standard basis elements F; is given by,

(3.4) for 1<i<n-1: x\+ Fiu, x; - Fi, h; > Fi — Fiy1,41  and
(3.5) ON = $0241 : xy P For, Xy > Fio, ho = —F11,

(3.6) Oy = $P2n DXy e Foi1/V2, Xy = Fi1/ V2, ho s =2Fy,

(3.7 Oy = 502, ©oxy e Fopg, Xo > Farq, ho = —F11 — Fp.

The current Lie algebra gy[s] (which equals gy ® C[s]) is generated by elements F fjr) (= Fij ® s") satisfying

[F{, FiP) = (6Fu = 6aFyj + 00 1Fri — 050 «F_j) @ s"*,  F+60,F")_ =0.

Finally, we remark that the following notation will be used throughout this section. For an N X N matrix X with
entries x;; in an associative algebra A over C we write

X, =Y I*"®E; ® " ® x;; € End((C")™) ® A,
ij

where k € N, will always be clear from the context.

3.2. Extending certain representations of gy to Y;(gy). We explain how to obtain a representation of the Yangian
on certain fundamental representations of the Lie algebra gy. In particular, to prove the main theorem of this section
(which is Theorem [3.16)), we need to turn CV into a representation of Y;(gy).

Proposition 3.1. The natural representation of gy on CV extends to a representation of Y;(gy) by letting J(X) act by 0
forall X € gy.

To prove the proposition, we will use the following lemma which states the relevant representation of Ygr(gN).

Lemma 3.2. Leta = —{/4if gy = 500,11, @ = (/2 if gy = sPo and a = ={/2 if gy = s0y,. Then the following
formulas provide an algebra homomorphism o : Ygr(gN) — End(CV), forl1<i<n-1landr=0:

o(x}))=(a+il/2)Eij1 —(—a—il/2)'E_i_1—i, o0(x;)=(a+i{[2)Eis1;—(—a—i{[2)'E_i_i,

3.8
38) o(hiy) = (a+il[2) (Eij — Eis1,41) — (ma — i{/2) (E_i—; — E_i_1 —i-1)
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and
o(xg,) = (={/4) Eo1 — ({/4)E_1, o(xy,) = (=¢/4) Eio — ({/4) Eo-1,
(3.9 GV = S02n41 _ ; ;
o(hoy) = (=L/4) (Eoo — E11) + ({/4) (E_1-1 — E0o),
(3.10) Oy = $Pan 2oo(xg,) = 6,0F-11/ V2, o(xy,) = 6,0F -1/ V2, o(hor) = =20,0F 11,
(3.11) aN = 502, ©oo(xg,) = 6,0F-12, o(xy,) = 6,0F2 1, o(hoy) = =0,0(F11 + F2).

Proof. Ttis known that the formulas @) define a representation of the subalgebra Ygr(sl,,) C Ygr(gN) on the space CN.
For instance, they have appeared in Section 3 in [ReSp] and can also be deduced using the evaluation homomorphism
ev : Y(sl,) — Usl, (see Proposition 12.1.15 in [ChPr2])) together with the isomorphism @, ; of Theorem @ Thus,
proving the lemma amounts to verifying that this representation of Y’ cr(sln) can be extended to all of Y' cr(qN) via the
assignments (3.9), (3-10) and (3-TT). It is possible to check that these formulas respect all the relatlons in Definition
L or to use Theorem [2.5{along with the inductive formula Q(xl ) = iz [Q(hll) o(x;)] and o(h;) = [o(x}), o(x; )]
Let us verify only one of these relations, namely (]m when gy = s0p,+1 and i =0, j = 1, £ = +. We have
[0(x7,-41)» (X1 )] = [0(xg,), 0(x] ()]
= [(=¢/™ Eg) — ({/4) ™ E_10, (/4 Ery = (=L /4 E_51]
—[(=¢/4) Eo1 = (/4 E-10, (/4 Era = (={/4) E5 1]

= (1B Ep = (14T E 0 = (1 (/AT Ep + (1) (/4 E 5

(3.12) = 20/ D™D B + (-1 Eo)

and

—£{0(xg), 0 )} = = §{(=L/4) Eor = ({/4) E_10,({ /4 Erz — (={/4)°E_»_1}

(3.13) = = §W/H™ (1Y Ep + (-1)*E_a).
The equalities (3.12) and (3-13)) show that applying o to the left-hand side and the right-hand side of Z:T1)) yields the
same result. It is not more difficult to check all the other relations in all the cases. o

Proof of Proposition[3.1) We will denote by p the representation of ¥,(gy) on CV obtained from o via the isomorphism
of Theorem[2.6] Since gy is a simple Lie algebra (except when gy = s04), we only need to show that J(X) acts by 0 on
CN for a single X € gy by @) The case gy = spyq =~ s, @ s0, will be treated separately at the end. We choose X = hg
and thus we need to compute the right-hand side of p(J(hg)) = o(hg;) + i{ Yo (@, o) {o(xF), o(x;)} - %( (o(hoo))? as
an operator on CV. We check each case of gy individually.

Case I: gy = 50y,+1. From Lemma we obtain that o(ho1) — 3¢ (0(hoo))* = —=3{(E_1 -1 + 2Eo + Ey1). Moreover,
D7 (@, o) fo(x)), 0(x)) = (@0, @) {o(xy), 0(xp)t + D (€1 — &, —eD) folxt ) 0(xe, )}

aeAt 2<i<n

={Fo1. Fio} = D (Fii, Fiu} = {F-15, Fi—1}) = E_1 -1 + 2Eqo + Eny.

2<i<n
Case II: gy = spy,. We now have o(hgy) — l§(g(hoo))2 =-2{(E_; -1 + E) and

D (@, ap)o(x)). 0(x)} = (@0, o) {o(xiy). oxgy)} + D (e — &, —2€e){o(xL,, ). 0(Xoq o)}

aeAt 2<i<n

=20F_1 1, Fi-1} =2 ), ({Fui, Fa) = {F_1;, Fi1}) = 8(E_1_1 + E1p).

2<i<n
Case III: gy = s0,,. This time, we compute o(ho1) — 3¢ (0(hoo))? = =3{(E_p,—> + E_i_1 + Ey1 + E2) and
2, (@ @) {o(xy), 00} = (a0, @) fo(xge) o)} + D D (€ — € —€1 — @) fo(xi ), 0o )}

aeA* 3<i<n j=1,2

=2F_10,Fo1} = Y D (Fj Fijy ={F_ji, Fiej)) = 2E—p 2 + E_1 -1 + Ey + En).
3<i<n j=1,2
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The expressions above yield p(J(hy)) = 0 for each case of gy, as required. Finally, for gy = so4 we additionally need
to compute p(J(hy)):

o(J(h)) = o(hi1) + 3L {o(x}y), 0(x )} — 2L (0(h10))* = $L{F 12, For} = 30(Eo s + EL i + E;y + Ex) =0. O

That CV can be made into a representation of Y;(gy) is also a consequence of the more general Proposition
stated below, when w; = w,_; and thus V(w;) = CN. ([Drll Example 2] is Proposition specialized to CN and
soy.) We presented the calculations above to show that, via the realization of the Yangian given by Definition it
is not difficult to turn CV into a representation of Ygr(gN) (and thus Y;(gy)) using rudimentary means, especially when
starting with the known representation of YE‘ (sly) on CN. Moreover, it is rare that one can give an explicit formula for
the action of x;; on a representation of Ygr(gN) for all » > 0 and the formulas in the previous proof could be useful. The
more general results of Proposition [3.4] are not needed in this section, but will be required in Section ]

Before stating Proposition [3.4] we need to recall what a fundamental representation of the Yangian is.

Definition 3.3. Let a € C and i € I. We denote by V(i; a) the irreducible finite-dimensional representation of Ygr(gN)
with Drinfeld polynomials (P ;(u)) ey given by Pj(u) = 1if j # i and P;(u) = u — a. We are referring here to the
classification theorem for finite-dimensional irreducible representations of Yangians given in [Dr3] - see also Theorem

12.1.11 in [ChP12] and @I) below.

We also use the same terminology and notation when V(i; a) is viewed as a Y;(gy)-module via the isomorphism of
Theorem

Proposition 3.4 ([Dr2] Theorem 7, [ChPr2] Proposition 12.1.17). Let m; be the multiplicity of the simple root «; in

the highest root 6 of an. If m; = 1 or if m; = (((f_"i)‘), the fundamental representation V(w;) of gy can be made into a

Sfundamental representation of Y;(ay) by letting J(X) act by aX for any a € C.

Remark 3.5. This proposition holds more generally for an arbitrary semisimple Lie algebra g, but we restrict our-
selves to gy because this is the case which interests us the most in this paper and a more general proof would require
a case-by-case analysis for the exceptional Lie algebras.

This proposition is not proved in [Dr2]], but a sketch of a proof is given in [ChPr2|]. In the particular case when
gy = sby, there is a proof provided in [AMR] (see Theorem 5.31) except that it omits the details for one important
step, so we provide more explanations below.

Proof. We start by repeating the beginning of the proof of Proposition 12.1.17 given in [ChPr2]. Consider V(i; 0)
which is generated by a highest weight vector, so it follows that, as a gy-module, it decomposes as

Vw) & P V™, m, 20,
H<w;
where V(u) is the irreducible finite-dimensional representation of gy with highest weight y. The map gy ® V(w;) —
V(i;0) given by X @ v — J(X)(v) is a gy-module homomorphism; it is enough to show that the image of gy ® V(w;)
under this homomorphism equals V(w;) and that the action of J(X) is given by aX. We need to prove the following
two claims:

O Ifm =1orm = % and y is a dominant integral weight less than w;, there is no non-trivial gy-module

homomorphism gy ® V(w;) — V(w).
(i1) The space of gy-module homomorphisms gy ® V(w;) — V(w;) has dimension one and hence consists of the scalar
multiples of the action of gy on V(w;).

Let us explain now how to prove (i) which, as suggested in [[ChPr2], can be checked using a case-by-case analysis.
We will need the following classical fact (see, for instance, exercise 25.33 in [FuHa] or Proposition 3.2 in [Kul): if
V(v) and V(»,) are finite-dimensional, irreducible representations of a semisimple Lie algebra g with highest weights
vy and v,, and if V(v) is an irreducible component of V(v;) ® V(v,), then v = v, + n where n is a weight of V(v).
It follows that, to prove (i), we only have to consider weights u of the form w; — @ where « is a positive root of gy.
Information about the multiplicities m; can be found, for instance, in Appendix C of [Knl].

Proof of (i) for gy = s0y,+1. In this case, 6 = —€,-1 — €,. The only value of i for which m; = 1isi = n— 1 and the

only one for which m; = (C(f’?) is i = 0. For these two values i, w; — a is never dominant for any positive root @ of gy,
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except that w; —a = 0 when i = n — 1 and @ = —¢,. However, gy ® V(w;) does not contain the trivial representation as
an irreducible component because V(w;) is not isomorphic to the coadjoint representation. Therefore, we can conclude
that, provided i is such that m; = 1 or m; = ©6_ 1o irreducible component of gy ® V(w;) has highest weight w; — «,
and thus (i) holds for gy = s07,,11.

Proof of (i) for gy = s0,,. All the roots have the same length, so (t(f_’?) = 1foralli. § = —€,_1 — ¢, and the only

values of i for which m; = 1 are i = 0, 1,n— 1. Observe that w; — « is never dominant for i = 0, 1, n— 1 and any positive
root & because (w;, @) = 0 or 1 for these values of i and a.

Proof of (i) for gy = spy. In this case, § = —2¢, and the condition m; = 1 or m; = (C(f’z)_) is satisfied for all i. In
general, w; — @ is not dominant except when @ = —€4] — €42 and 0 < i < n — 2, in which case w; — @ = w;4; or 0.

When i =n-2and a@ = —€,-1 — €,, we have w; —a = 0, but the trivial representation is not a submodule of gy ® V(w;)
for the same reason as given in the gy = s0,,41 case. Let us suppose that 0 < i < n — 3. We have to see why V(w;42) is
not a submodule of gy ® V(w;). Suppose that, indeed, it is a submodule. Then it admits a highest weight vector vyax
of the form

n—1
k
X5i+1+5i+2 ®Vy, + Z Iy ® Vortentesn T Z cﬁX€i+1+Ei+2+ﬁ ® V- CpE C.
k=0 BeZagA*

B#€is1+€iv2
Here, ¢g = 0if €11 + €42 + 18 not a root or w; — B is not a weight of V(w;), X, +e,, and X, 1,,+p are root vectors
for the roots €4 + €2 and €41 + €4 + B3, and v,,_g is a weight vector of weight w; — 8. The vfj)l, te+e, AT€ also some
weight vectors of weight w; + €11 + €. Moreover, the weight space V(w;)[w; — «;] is zero unless a; = «;.

Since vmax is a highest weight vector, 0 = X,,,, (Vmax) = [Xo,,,» Xe. 601 ® Vo, + X where X is a linear combination
of tensors of the form X, ® v with v a weight vector of V(w;) of weight < w; because V(w;)[w; — @;+1] = 0. This is
a contradiction because, for some non-zero factor ¢, [Xo,,,, X, +6.,] = C[Eit1i+2 — E—ica—i—1, Eivo—ic1 + Eiz1-i-2] =
2cE;;1 —i-1 # 0, so there is no highest weight vector in gy ® V(w;) of weight w; + (€41 + €42).

Proof of (ii). Since the map gy ® V(w;) = V(w;) given by X ® v = X(v) is a non-zero gy-module homomorphism,
V(w;) occurs with multiplicity at least one as a gy-submodule of gy ® V(w;). The proof that its multiplicity is exactly
one is given by Lemma 2.3 in [ChPrl]. It follows that J(X) must act as bX for some b € C in V(i; 0). To obtain a rep-
resentation where J(X) acts as aX for an arbitrary fixed a € C, we twist the representation V(i; 0) by the automorphism
T(a-py-t (see (2.3)), which coincides with V(i;a — b). O

Letd;=1forl1 <i<n-1,andsetdy = % if gy = s02,41, dop = 2 if gy = $P2y, and dy = 1 if gy = s0y,. The proof
of Proposition[3.4]leads to the following corollary.

Corollary 3.6. Suppose that m; with i € I satisfies the conditions of Proposition[3.4} and let a € C. Then, viewed as a
an-module, the fundamental representation V(i; a) is isomorphic to V(w;). Its Y(gn)-module structure is obtained by
allowing J(X) to operate as bX for all X € gy, where

(3.14) b=da+ Lk-dy).

Proof. Aside from the specific relationship (3.14)), the corollary has been proven when a = 0 in the proof of Proposition
[3.4] and in the general case the same argument applies. It is left to show that b is related to a via the relation (3.14).
Let (A))ier >0 denote the highest weight of the Y;r(gN)-module V(i; a), and £ the highest weight vector (see Section [4)).
That is, & generates V(i; a), while x;;f = 0 and >h,-,§ = A€ are satisfied for all i € 7 and r > 0. The fact that V(i; a)
corresponds to the Drinfeld tuple (P;(u));er with P;(u) = u — a and P;(u) = 1 for j # i means precisely that

u—a+{d;

& wald =
147> Xyt = ’
{;‘) ! {1 otherwise.

Expanding the right-hand side of the above equality as an element of C[[z~']] and comparing coefficients, we deduce
that /1; = 0;jd;a" for all j € I and r > 0. Via the isomorphism @, ; of Theorem J(h;) corresponds to h;; + {v;, and
thus to complete the proof we just need to show (A + {v;)é = b&, where b is defined by (3.14).

In [GNW, 3(ii)], it was shown that v; = %hvhj + %Z[,€A+(a', @)X Xy — %h? for all j € I, provided (-, -) has been
normalized such that a long root has length 2. In the gy = spy case, the latter property does not hold so we must
replace 1Y with 2h" to account for this discrepancy. Here A" is the dual Coxeter number of gy: it is equal to 2n — 1 if
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Ay = S0ou41, t0 2n — 2 if gy = 0y, and to n + 1 if gy = spy,. After multiplying the 4" in the sp,, case by 2, we see
that these scalars coincide with 2«. As h; & = d;aé, hipé = d;¢ and x ¢ = 0 for all @ € A*, we obtain

(hiy + (V)€ = diag + {(32kh; — Y€ = diag + S (k — d)E. o

3.3. RTT-presentation. There is yet another presentation of the Yangian of gy, which we denote by Yf(gN) and
which is based on the R-matrix R(x) € End((C")®?)[[u~']] associated to its representation on C" [KuSK, [ZaZal:

(3.15) Ru=1-Spr—t

N
0, where k= —=(F)1.
u—C_Ck 2

It is a solution of the quantum Yang-Baxter equation on (CV)®?, that is,

Rip(u = v)Ri3(u) Ry3(v) = Rs(V)Riz(u) Rin(u — v).
Definition 3.7. [AACFR| The Yangian Y ?(gN) is the unital associative C-algebra generated by the coefficients tg.),
with —n < i, j < nand r € Zs, of the formal series t;j(u) = 0;; + X, t?;)g“’u” satisfying the following relations in
Yf(gN)[[u’l, v,v '] and Yf(gN)[[u’l]], respectively:

(3.16) [1;;(w), (V)] = — v(tkj(u) 17(v) = 1 (v) til(u)) - #—{K Za: (5k,—i Oiataj)t_qi(v) = 0100tk —a(v) Iia(u)),
(3.17) D tiaW g+ LK) = D 1o it + LK) 1 (u) = 6.

Proposition 3.8. [AACER] We can collect the series t;;(u) into the generating matrix T(u) = 3; ; Eij ® t;(u). Then
the defining relations of Y f(gN) are equivalent to

(3.18) R —v)T\(u)T2(v) = To(v) T1(w) R(u — v),

(3.19) T'wu+K)Tw)=Tw)T (u+ k) =1

Furthermore, Yg(gN) admits a Hopf algebra structure with coproduct A : t;j(u) — Y tu(u) ® tj(u), antipode S :
T(u) — T~ '(u) and counit € : T(u) — 1.

Introduce an ascending filtration on the Yangian Y?(gN) by setting deg tl(,J’.) = r—1forr > 1 and denote by ffj’)

the images of the elements tf;) in the (r — 1)-th component of the associated graded algebra gr Y?(gN). Then, by
Theorem 3.6 of [AMR], the map defined by

(3.20) v : aylsl = gr¥fen).  Fii e 7))

forall -n < i, j < nandr > 11is an isomorphism of algebras. As a consequence, we have an embedding Mgy — Yf(gN)
which identifies F;; with t;}) - see Proposition 3.11 of [AMR]].

3.4. Universal R-matrix. Our main goal in this subsection is to relate R(u) to the universal R-matrix of Y;(gy). A
precise relation will be given in Proposition which itself can be viewed as a particular case of Theorem
The latter of these two results is valid for any g and first appeared in [Drl1]] without proof: see Theorem 4 therein. Let
us begin by introducing some useful notation and the universal R-matrix R(u) of Y,(g) for any complex simple Lie
algebra g.

For each z € C, denote by 7, the automorphism of Y;(g) defined analogously to that in with 7 specialized to £.
Given an arbitrary Y;(g)-module V with corresponding homomorphism o : Y;(g) — End(V), we set V, = 77(V) and
denote by g, the resulting algebra homomorphism Y;(g) — End(V_). We also set 7,5 = 7, ® 7, and g, = 0, ® 05 for
alla,b e C.

Let o : w; ® wy, — wy ® w denote the permutation operator on the tensor product W @ W of any vector space W.

Theorem 3.9 ([Drll], Theorem 3). There is a unique formal series R(u) = 1+ Y77, Rk Cu* with Ry, € Y (g) ® Ys(g)
such that (id ® A)R(u) = Ri2(w)Ri3(w), (id ® S)Ru) = R~ () and

(3.21) Tour ' A (Y) = R(M)_I(TO’M{—IA(Y))R(M) forall 'Y € Yi(g).
where A" = o o A. This R(u) satisfies the universal quantum Yang-Baxter equation

(3.22) Riz( = v)R1i3(@)Roz(v) = Roz(M) Rz (@) Rz (u — v)



14

and is called the universal R-matrix. Moreover,

(3.23) Ri2(u)Ro1(—u) = 1, Ta-1 p RW) = R(u + b — a),
(3.24) InRw) =¢u™"' Y X, @X, +Lu> ). (J(X)® X, — X, ® J(Xp) + Ow™),
AeA AEN

where {X,}en is an orthonormal basis of g with respect to the given bilinear form and A is an indexing set.

Theorem 4 in [Dr]] is the special case of the next theorem when V = W. Its proof relies on Theorem [3.9] above.

Theorem 3.10 ([Drl]], Theorem 4). Let V, W be two irreducible representation of Y;(g) with corresponding homomor-
1

phisms ¢" : Y;(g) = End(V) and " : Y (3) = End(W). Then, up to multiplication by a formal power series in u™",
R"Y(u) = (0¥ ® 0")(R(~u)) is the unique solution R(u) € End(V ® W)[[u"']] of the equation

(3.25) @1 © 0y VAUCONR( = v) = R =) (@1 ® 0,y A (J(X)) forall X €.

Moreover, there exists f(u) € 1 + u~'C[[u"']] such that the rescaled R-matrix f(u)R"Y (u) is rational.

Remark 3.11. IfR(u) € End(V ® V)[[u"'1] is a solution of (3.25), then R(u) intertwines the action of gon V@ W. To
see this, first write Ru) = 1 + Y50, ROu™k. Then, for any fixed m > 1, multiply (3:23)) by (u — v)"~! and expand both
sides as elements of (End(V @ W)[V)((u™1)). In particular ﬁ should be expanded as the formal series Y7, Ve R
By comparing the coefficient of vu™" on both sides of the resulting expression, we obtain (0¥ ® 0" )(AX))R™ =
R™ (0" ® 0" )(A(X)).

Since a proof of Theorem has not appeared in the literature, we provide one here. We note however that a
proof of the analogous result for quantum affine algebras has appeared in [Ji] and [FrRe] (see also [EEKI]). The proof
which we present is in the same spirit as that of [FrRe]]: to this end, see Remark@]below.

Proof. First observe that RY" (u) is in fact a solution of the equation (3.25). Indeed, after replacing u by v, we can
rewrite (3:21) with ¥ = J(X) as R(v) 7,01 A’ (J(X)) = (70,01 AU (X)) R(v); applying Q;’g,l ® o) to both sides of this
equality, we obtain, by (3.23)), that the left-hand side equals

(@11 ® 00 RO (0,1 ® 0y NTo,u1 A (J(X)) = (0" ® 0" IRV = ) (0,1 ® 0); (A (J(X))).

Similarly, the right-hand side becomes (,gl‘;v,1 ® ,QVVZ,, WAUTEN(RY — w)).

To show that the solution space of @]) is in fact equal to Cllu"1IRYY (u), we will proceed in a few steps,
beginning with a proof of the theorem in the case where V and W are assumed to be fundamental representations.

Step 1: The statement of the theorem holds whenever V and W are fundamental representations of the form V = V(i;; 0)
and W = V(iy;0) with iy,i, € 1.

Fix V and W of this form and suppose that R(x) € End(V ® W)[[u"']] is any solution of (3:23). Since R(x) has
constant term 1, RYY (u)~! is also an element of End(V ® W)[[u"!]]. As R(x) and R"Y (u) are both solutions of (3:23)),
we have that

@1 ® O AU R@ =R (- v = R - R (=) @¥, @0 NAUX)) forall Xeg.

To be able to conclude that R(u — v)RVW (u — v)~! is a formal power series, it is thus enough to prove the following
claim:

Claim: any 3(u) € End(V ® W)[[u~']] satisfying the relation

(3.26) (@1 ® 0y AU NI = v) = I = )0y, @0y NAUX)))

for all X € g is of the form f() - idygw for some f(u) € C[[u']].

Proof of claim. Suppose that 3(u) is as in the statement of the claim. By the same argument as given in Remark 3.11],
the equality (3.26)) also holds if we replace J(X) by X, and hence J(u — v) intertwines the representation Q":(] ® QXZ,[ .
Equation (3.26) is thus equivalent (after setting w = u — v) to

(3.27) (@1 ® 00 AU XN IW) = IW)oy, 1 ® 0y NAUX)) forall X €g.

After choosing bases of V and W, we can view J(w) as a matrix whose entries are unknown variables and, after
restricting X to a basis of g, the previous equation becomes equivalent to a finite system of linear equations where the
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variables are the entries of I(w) and the coefficients are polynomials of degree < 1 in w. The space of solutions is thus
of the form

(3.28) S = {3(w) = > 3ew) frw) : fow) € C[[w™']] forall 1<¢< m}
=1
where m > 0 is a fixed integer and J3;(w), ..., 3,(w) are rational intertwiners which are linearly independent over

C[[w™'1]. As any element of C[[u~']] - idygw provides a solution of (B27), the integer m must be at least one. If
m is exactly one, then it will follow that § = Cllu 1] - idyew, concluding the proof of the claim. To see that
this is indeed the case, it is enough to show that any rational solution JI(w) of belongs to C(w) - idygw. Let
J(w) be a rational solution of (3.27). Then for any z € C which is not a pole of J(w), we obtain an intertwiner
3(2) : V1 ® W — V. ® W. The tensor product V-1 ® W is an irreducible representation of Y;(g) for all but finitely
many values of z € C: this follows from the results proven in [GuTa] and [Tal], but was certainly known a long time
ago to experts. It follows by Schur’s Lemma that 3(z) is a scalar multiple of idygyw for generic values of z. This shows
that 3(w) must be a multiple of the identity by a rational function in w, concluding the proof of the claim.

As a consequence of the claim we can deduce that the first statement of the theorem holds when V = V(i;;0) and
W = W(i,;0) with iy, i, € I.

To finish the proof of Step 1, it remains to be determined that there is f(u) € 1+u~'C[[u~']] such that f(u)RVY (u) €
End(V ® W)®C(u). The same argument that led us to conclude that the solution space S of (3.27) took the form (3.28)
allows us to conclude that the solution space of is the C[[u~']]-linear span of finitely many independent rational
solutions Ry (u),...,R(x) (with k > 1). Conversely, as a consequence of the first part of Step 1 we must have k = 1
and Ry (1) = h(u)R"V(u) for some h(u) € C[[u"']]. Letting z € C* and m € Z( be such that f(u) = zu"h(u) €
1 + u~'C[[u~1]], we obtain the desired result.

We now turn towards proving the theorem for arbitrary finite-dimensional irreducible modules V and W.

Step 2: Let V and W be any two finite-dimensional irreducible modules of Y;(g). Then V-1, ® W is irreducible for all
but finitely many values of z € C.

A proof of this statement for quantum loop algebras was given in Corollary 2.5 of [[AkKal, pending the proof of
Conjecture 1 therein (which was obtained in [Kas]]). For Yangians, the analogue of [[AkKal Conjecture 1] is proven in
[GuTal] and [Tal, following earlier work on tensor products of representations of the Yangian of gl,, by A. Molev [Mol]],
M. Nazarov and V. Tarasov [NaTa]. A careful reading of the proof of [AkKa, Corollary 2.5] reveals that the same
argument will apply in the Yangian setting provided the following fact holds: given V = V(i;;0) and W = V(iy;0),
there exists an intertwiner Sy —v) : Wy ® Vyer = Vet ® W, which is rational in u — v. By Step 1, there
exists a rational solution R(u) of when V = V(i1;0) and W = V(ip; 0). If oy denotes the permutation operator
W®V — V®W, then it follows from that Syw(u — v) = R(u — v) o owy is an intertwiner of the desired form.

Step 3: The theorem holds in full generality.

The only barrier to carrying out the argument of Step 1 when V and W are arbitrary finite-dimensional irreducible
modules is that it requires the assumption that V1 ® W is irreducible except at finitely many values of z € C. By
Step 2, this assumption is always satisfied, and thus we may in fact apply the argument of Step 1 to conclude the proof
of the theorem. o

Remark 3.12. It was mentioned before the proof of Theorem that the analogous result for the quantum affine
algebra U ,(§) was proven in [FrRel, Theorem 4.2]. It was known to the authors of loc. cit. that, given finite-dimensional
irreducible modules V and W, the modules V, ® W, and W, ® V,, are irreducible when u and v are regarded as formal
variables. Let us assume that this is true for Y;(g) after extending the base ring appropriately. Then, any nonzero
solution R(u) of (3:23) yields a module homomorphism

Ru—v)oowy: Wyt @ Vet = Vit @ W,

By Schur’s Lemma (as stated, for instance, in Lemma 2.1.3 in [ChGil), this property uniquely determines R(u) up to
multiplication by f(u) € C[[u~"1], and hence the solution space of is equal to C[[u"'11R(u). This provides a
proof of the first statement of Theorem[3.10} As we were unable to locate a proof of the irreducibility of the modules
V. ® W, and W, ® V, in the formal setting, we have taken a different approach relying on [AkKal as well as the more
recent papers |GuTal] and [Ta]. It should be possible to prove the irreducibility of those tensor products following
arguments analogous to those used in [|[KaSol for quantum affine algebras. Another roundabout way to deduce that
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V.®W, and W, ®V,, are irreducible may be to combine the corresponding result of [KaSol for quantum affine algebras
with the meromorphic tensor equivalence constructed in |GTL3||, taking into account that the coproduct considered in
loc. cit. is related to the standard coproduct by a meromorphic twist - see Subsection 2.13 therein.

We now return to the specialized setting where g = gy and ¢ = p is the natural representation on CV.

Proposition 3.13. When V = W = CV, the solutions of are precisely the elements Ry(u) € End(CYN@CM[[1~'1]
which are of the form

Ry(u) = f)R(u) with f(u) € Cllu™"]]
where R(u) is given by (3.13). In particular, (o ® p)(R(—u)) = h(u)R(u) where h(u) € 1 + uw 'Clu™'1] is uniquely
determined by the property

(3.29) huh(u + ¢x) = (1 = Zu™?)7"

Note that the second statement of the above proposition was observed in Example 2 of [Drl] in the case when
gy = S0y.

Proof. One can verify that the matrix R(x) from (3.13) is a solution of (3.25) when V = W = CV. The first statement
of the proposition then becomes an immediate consequence of Proposition[3.10] However, in this specialized case it is
also not too difficult to determine the solution space directly and this approach has the benefit of allowing one
to recover R(u) as a solution of (3.23)) explicitly. With this in mind, we proceed along this alternate route.

Step 1: A direct proof that the solution space of (3.23) is equal to C[[u™']]R(u).

Suppose first that N > 2. Let us begin by decomposing CV ® CV as a direct sum of irreducible gy-modules and
determining the corresponding projection maps. Let vp = 3, O ex ® e_y.

Consider first the case where gy = spy. We have the decomposition C¥ ® C¥ = A*(CV) ® Sym?(CV), where
Sym*(CV) is an irreducible spy-module, but A%2(CV) is not. Indeed, V;; = Cvy ¢ A*(C") is isomorphic to the trivial
representation of spy, and + @ is the projection operator of C¥ ® C" onto V. Let V5 = Ker(Q) N A*(C"). Then V} is
an irreducible spy-module with the highest weight vector %(e_n ®e_p1 —€_pr1 ®e_y) =e_, Ae_,i1, and we have the
decomposition C¥®CY = V@V, ®Sym*(C"). The corresponding projection maps are = %Q, T, = %(1 -P)- %
and 73 = $(I + P), respectively.

Suppose now that gy = soy. Then, we have CY ® C¥ = A%(CY) @ Sym?*(C"), where A%(CV) is irreducible, but
SymZ(CN ) decomposes as the direct sum Vsyy @ Vi, Here Vi, = Cvg is isomorphic to the trivial representation, and
the projection of C¥ ® CV onto Vj, is again given by 7} = 1 Q. The soy-module Vsyy, is the submodule of Sym*(C")
defined by Vsym = Sym?*(CY) N Ker(Q), and the corresponding projection map is 7 = (I + P) — + Q. Finally, the
projection of CV ® CY onto A*(C) is given by 7§ = (I - P).

Next, assume that R(z) € End(CY ® CV)[[u~']] is any solution of (3:23). Then, by Remark R(u) intertwines
the action of gy, and thus we can express it as a C[[u~']]-linear combination of the projection operators ﬂ(li), ngi) and

7r(3i). As a consequence of the definition of these projection operators, this means that there exists A(u), B(«) and C(u)
in C[[u~"1] such that

(3.30) R(u) = A(u)I + Bw)P + C(u)Q € End(CY @ CM)[[u~"1].
Since the Casimir element Q operates as P — Q on CV ® CV (see (3.3)), we can rewrite (3:23)) explicitly as
uX®1+18vX + $[X® 1, P - Q1) (A — v)I + B(u - v)P + C(u — v)Q)

(3.31) =(Au-I+Bu-vP+Clu-v)Q)uX®1+1®vX - %g[x(zo 1,P-Q])

for all X € gy (here we identify X with p(X)). We now proceed to solve (3.31)) for A(u — v), B(u — v) and C(u — v).

Since P? = I, 0> = NQ and PQ = QP = (+)Q, we have the following set of equalities:
X®LP-Q0IP=X®1-103X)+(FHX® 10+ (x)0(1 ® X),
XL,P-Q0l0==x)X®1-19X)0-NX®1)0+0Xe1)Q,
PIXLP-Q0]l=(10X-XD)+#HUX)0+ (x)Q(X®1),
OIX®1L,P-0l=)0(1X-X®1)-0X® 1O +NQOX®1).
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Therefore, after expanding (3:31) and subtracting the expressions A(u — M(uX ® 1 + 1 ® vX — 2/[X ® 1,P - Q]),
B(u - v)%(X ®1-1®X)and C(u — v)%Q(X ® 1)Q from both sides, we obtain the equivalent relation

Au-vIP1X-X®1)+Au- QX 1) - (X®1)Q)
+Bu-v)(uX®1+1®vX)P + (FBu-i(Xe DO - 0 ®X))
(3.32) +Cu-v(uXe1+10vX)Q0+ Clu - v)%g“((i)(X R1-19X)0-NX®1)Q)
= Bu—-v)PuX®1+18vX) + (+)Bu - v)1{((1®X)0 - QX ® 1))
+Cu—v)QuX®1+1®vX)—-Clu- v)%{((i)Q(l RX-X®1)+NOX®1)).
Since A(X)Q = 0 = QA(X) for all X € gy, we have the the equalities
1X)0=-X®1)Q and Q(1®X)=-Q0(X®]1) forall X € gy.

Using these relations repeatedly, together with the identity PT = PTP? = o(T)P for all T € End(C" ® CV), we find
that (3:32)) can be rewritten in the simple form
Aw-E+Bu—-vu-v) (X1 -1 X)P
=(Clu=-v)u-v-_)-Au-v)(QXe1) - (X Q).
Multiplying on the left by the projector n(;) = %(1 (¥)P), and on the right by the projector n(zi) = %(I (2)P) - #Q, we
obtain the relation

(3.33)

(A =v) +Bu—-vu-v)3UIFP)(XQ1-18X)(3U)P) - +0) =0.

If we apply both sides to, say, ¢,-1 ® ¢, (%) e, ® e,-1, and take X = F,,,, we obtain the equality

(A =)+ Bu—v)(u—v))(en-1 Q@ en(F)e, ® ep—1) = 0,
which implies that A(u — v){ = B(u — v)(v — u). Reinserting this into (3.33) and left multiplying by the projector
%(I (¥)P), we arrive at the equation

Cu—-v)u—v—-_Kk)—A(u— v)g“)%(l(i)P)(X ® 1) =0.
Applying both sides to the vector I%VQ and taking X = F; yields

(Clu—v)u—-v=L4K) - Alu-v))(e; ®e_1(Fe-; ®e) =0,

which implies that C(u — v)(u — v — (k) = A(u — v){. Hence, we have shown that if (A(«), B(u), C(u)) satisfies (3.32),
then the relations

Au-v){ =Bu-v)(v—u) and Clu—v)u—v—_Ck) = Alu—-v){
must hold. Conversely, it follows immediately from (3:33) that if A(u), B(u) and C(u) satisfy the above relations,
then they satisfy (3.31). Therefore, we have shown that the solutions of are exactly the elements R(u) €
End(CY ® CM)[[1~']] which are of the form

R(u):A(u)(I—£P+ ¢
u u—_Lk

Q), with A(u) € C[[u""].

If instead N = 2 (i.e. gy = sp;), we have A?(C?) = Cvg, and P+ Q = I, so we may assume that, for instance, C(u) = 0
in (3:30). Since Q(X® 1) - (X® 1) =(X® 1 - 1 ® X)P, we can rewrite (3.33) as

(3.34) QRAu-vC+Bu-v(u-v)(X®1-19X)P=0.

Applying this to, say, e; ® ey, and taking X = F_; 1, we obtain 2A(u — v){ = B(u — v)(v — u), and any pair (A(u), B(u))
satisfying this relation will solve (3.34). Hence, we obtain that R(x) is a solution of (3.25)) if and only if it is of the
form

Ru) = A(w) (1 - %P) = A(u)u—_2§ (I - £P + _c_ 0|, with A(u) e C[[u"]]. O
u u—¢ u u—_{k

We thus recover (4.21) from [GRW1]]. Now let us turn to proving the second statement of the proposition.
Step 2: (p ® p)(R(—u)) = h(u)R(u) where h(u) € 1 + u~'C[[u~"]] is uniquely determined by (3:29).

Set R,(u) = (p ® p)(R(—u)). Since R,(u) satisfies (3:23), there is h(u) € C[[u~"]] such that R,(u) = h(u)R(u). As
R(u) and R,,(u) belong to 1 + u~'End(CY ® CY)[[u~']], h(u) belongs to 1 + u~'C[[u~"]]. It will be proven in the proof
of Theorem that R,(—u — {k)' = R,(-u)~'. Conversely, R(u) satisfies Ru)R(u + (k) = Ru)R(—u) = 1 — 2u™?
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(see (2.23) in [AMRY). Therefore, from the equality 1 = R,(—u)R,(—u — {x)' = h(u)h(u + {K)R(w)R(u + (k)" we obtain
(3:29). As there is a unique series in 1 + u~'C[[u~']] satisfying (3.29), this relation uniquely determines /(u).
Remark 3.14. The appearance of the scalar « in R(u) can be explained by the fact that the adjoint representation

ad(ay) appears as a summand of CN ® CN (note that this is not the case for sly, where we have R(u) = I — {u™'P
instead) and that the Casimir element operates as 4« in this representation (see the line below (3.3)).

3.5. Equivalence between the J and RT T presentations of the Yangian. In this subsection, we prove Theorem 6
of [Drl] when g = gy, which provides an isomorphism of Hopf algebras between Yf(gN) and Y;(agy) (see Theorem
3.16). Our proof will employ the following lemma: ’

Lemma 3.15. For any X € Y,(ay) we have that
(3.35) P81 (X) = (pswe(X))'.

Proof. 1t is enough to demonstrate for all F;; and all J(F;;). This is immediate for F;;, since S(F;;) = —Fj;
and Ff.j = —F;;. For J(F;;), we have py(S*'(J(Fi)))) = ps(-=J(Fij) £ {kFij) = ={(s F k) F;;, which coincides with
(s (J(Fi)). o
Theorem 3.16 ([Drl], Theorem 6). The map

ers ¢ YE@an) = Ye(an),  T(w) = (o ® id)(R(-u))

is an isomorphism of Hopf algebras.

The original formulation of this result, which appeared in [Drll] without proof, states that there exists a surjective
Hopf algebra homomorphism Xf (an) = Y(gn) whose kernel is generated by the coeflicients of a distinguished central

series z(u) = 1 + Y, z,u~" satisfying Tu)T(u + k) = z(u) - I. Here X? (an) is the extended Yangian of gy whose
definition can be obtained from that of Yf(gN) (Definition by omitting the relation (3.17), and 7(14) denotes its
generating matrix: see [AMRI. »

Proof. We know that the universal R-matrix R(u) defined by Theorem 3.9]satisfies the universal quantum Yang-Baxter
equation (3.22). Replacing u and v by —u and —v, and then applying p ® p ® id to it gives, combined with Proposi-
tion [3.13}
Rio(u = v)or s (T )13 ¢r,1(T(V))23 = R J(T (V)23 R 1 (T (W))13 R12(ut — ),
which shows that @g ; respects the defining relation (3:18). We also know that (S~! ® id)(R(-u)) = R(-u)~". (This
is a consequence of (id ® S)(R(u)) = R(u)~! and (3:23).) Left multiplying both sides of this equality by R(-u) and
applying p ® id gives, combined with Lemma [3.15] @g ;(T(w)) ¢ ;(T(u + {x))" = 1. This shows that ¢g ; respects
@.19.
Next, we demonstrate the surjectivity of ¢g ;. Using (3.3) we rewrite (3.24) for g = gy as
2
(336) Rw)=1+3u ' Y Fi@F;+1u™ Y (J(F)®F;—F;®J(F;))+ %g%ﬁ(z Fij® F,-,-) +0u™).
iJ iJ iJ
Notice that
(p®id)( Y Fij® Fji)= Y (Eij—0jE_;-)®F; =2 E;®F;
iJ iJ iJ
and
. 2 2
(p®1d)(ZF,‘j®Fﬁ) = (ZZEU‘@F]‘,*) = 4ZEij®Fkiij-
ij i.j ik
Thus, upon substituting # — —u in (3.36) and then applying (o ® id) we find that g, J(tﬁjl.)) = —Fj; and ¢p, J(t;]2.>) =

—VI(F i)+ % 2.k FiiFF jk, which follow from the definition of 7 () in Proposition and Proposition Since Fj;
and J(F;;) generate the whole Yangian Y,(gy), the map ¢ ; is surjective.

It remains to show that it is injective. We have filtrations on both Y,(gy) and Yé’f(gN) given by deg(F;;) = 0,
deg(J(Fij)) = 1 and deg(tf,;)) = r — 1, respectively, with respect to which ¢g; becomes a filtered homomorphism
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(because t?}l.) and tsz.) for all i, j generate Yf(gN)). We can thus consider the associated graded homomorphism gr g ;
which is given by:

(3.37) grors e Vian) - gr¥eon), I - —Fj 0P = I(F).

By (3:20) and Proposition we already know that the graded algebras gr Yf (gn) and gr Y;(gy) are both isomorphic
to Ugy[s]. After identifying both associated graded algebras with g[s], gr ¢ ; becomes the automorphism F;;® s”

—F;; ® s" of Ug[s]. Thus, ¢g ; is also an isomorphism of algebras.

To complete the proof that g ; is an isomorphism of Hopf algebras, we need to show that it is a coalgebra homo-
morphism commuting with the antipodes of Y;(ay) and Yf (gn). First note that

(er1 ® PR AT (0)) = Z E;; ® op j(tiu(u)) ® @r gt j(u))
ik

= (p®id ® id)(Ri2(~w)Ri3(~w)) = (id ® A)(p ® id)R(—u)) = Apr (T ())),
and hence ¢r; ® prs o A = A o ¢gy. In addition, it follows from a standard argument that (id ® €)R(u) = 1 (see

[Kal Theorem VIII.2.4]), and hence that e(¢g ;(T(1))) = I. Since €(T'(u)) = I, we can conclude that ¢ ; is indeed a
homomorphism of bialgebras. Finally, since

PrJ(S(TW)) = ¢r/(T~ (W) = (p @ id)(R™' (~w) = (p ® id)(id ® S)R(~u)) = S (pr /(T W))),

it is in fact a Hopf algebra isomorphism. (This also follows from the fact that a bialgebra isomorphism is automatically
a Hopf algebra isomorphism.) O

We will end this subsection by showing that there exists an automorphism x of Y,(gy) such that the composition of
YR Yf (8n) = Y (gn) with % yields an isomorphism @ ; which equals the identity map when restricted to Ugy. In
fact, we may take x to be the extension of the Chevalley involution of gy (which is also denoted x — see (2.21))) to
Y,(gn) furnished by Lemma[2.3}

Proposition 3.17. Let x denote the extension of the Chevalley involution to Y;(gy) provided by Lemma Then the
isomorphism

Dy =x0@rs: Yi(an) = Y(9)
is the identity map when restricted to Ugy.

Proof. Comparing (2.21)) with the relations (3.4) through (3.7) we deduce that x(F;;) = —F ; for all —n < i, j < n. This
implies that ®@g ; is given on tlfjl.) and tsz.) by the formulas
t}f > F;j and tg.) b CUF) + 3 Y FaFyy forall —n<i,j<n,
3
from which the proposition follows. O

3.6. An approach independent of the universal R-matrix. Our proof that ¢g ;, and thus ®p ;, is an isomorphism
relies on Drinfeld’s remarkable result that there exists R(u) € 1 + u‘l(Yg(gN) ® Yé«(gN))[[u‘l]] satisfying all of the prop-
erties listed in Theorem [3.9] The purpose of this section is to give a more direct and conceptually more rudimentary
proof that @z = (DI‘{'J is a Hopf algebra isomorphism which does not rely on R(x). In order to do this, we will first
make use of the isomorphism of Theoremtogether with the presentation of Ygr(gN) given in Theoremto obtain
a realization of Y,(gy) which better suits our goal.

Proposition 3.18. Let gy be a simple Lie algebra of orthogonal or symplectic type not isomorphic to sl,. Then Y (an)
is generated by {F;, J(Fij)}_<i j<n Subject only to the defining relations

(3.38) [Fijs Frul = 6uFi — 6ubyj + 0;j0~1Fk—i — 0;j0; 1 F-ji;, Fij+0;F ;i =0,
(3.39) [Fij, J(F)] = 6 (Fip) = 6ud (Fyj) + 6561 (Fr ) — 6;;0; 1 J(F_jp) = [J(F3)), Ful,
(3.40) J(Fij) +0;;J(F_;_;) =0,

forall —n < i, j < n, together with

(3.41) 42 IFD), J(Fi)) = 3 [FiaFais FipFpj]l + 2 (FjaFaiF-ij— F;iF_iaFa)) ¥ 1<i#j<n.
a,b a
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Proof. Itis immediate from the relations (2.1)) and (2.2) that (3.38)), (3.39) and (3.40) are satisfied in Y,(gy) for all -n <
i, j < n. On the other hand, it is not difficult to see that (3.38)—(3.40) imply (Z:I) and (2:2). One obtains the definition
of J(X) for arbitrary X € gy in the natural way: first write X = 3., ;) a;;F;; and then set J(X) = 3 jy0 @i (Fij)-

In Step 1.2 of the proof of Theorem [2.6] we argued that, given (2-I)) and (Z:2)), the relation obtained by applying
O, ; to (Z13) is equivalent to

(3.42) [J(hy), J(hj)] = {2[vj,vi] forall i,je 1.

Therefore, (3:38), (3.39), (3:40) and (3:42) provide a set of defining relations for Y;(gy). To complete the proof, we
need to rewrite @) in terms of the basis {F;} | of the Cartan subalgebra D)y of gy, and then show that the resulting
relations can be expressed as in (34T).

Claim: The set of relations (3:42) are equivalent to
(3.43) 162 [J(Fi), JCFipl = > [FolFjj, Frsl, FylFii, Ful] - forall 1<i,j<n.

k<l, r<s

Proof of claim. The relations of the claim are linear in both F;; and F;;. Hence, we can rewrite them equivalently in
terms of the basis {her (see (3:4) - (377)) as

(3.44) 16072[J(h), J(hp)l = > [Felhj, Fril, Fulhi, Full-

k<, r<s

Note that 3, yisc0 Forlltjs Frsl = Xy, rrs<o For—slhjs Fos -] = X<y, ress0 Fsrlh, Frs], and therefore
ZFsr[hjs Frl = Z Fs,—s[hjs F—s,s] +2 Z Fsr[hj, Fl.

r<s 1<s<n r<s, r+s>0
The same relation holds with (7, s) replaced by (k, /) and 4; by h;. For each —n < i < i, < n with i + i,(>)0, let a;, ;,
denote the positive root sign(i;) €;,] — sign(iz) g;,;. Then we have x;q,iz = (V2) -2 F; ;, and Xy o = (V2) ey
This implies that (3.44), and thus (3:43), is equivalent to

AT, Il = |5 D Folhj Fog )+ Y. Fyulhj Frl, 5 D) Fialh Foul+ Y. Fylhi Ful

1<s<n r<s, r+s>0 1<l<n k<l, k+I1>0
= > [xalhy il xghi 51| = 4lvjvil,
a.feA,

where the last equality follows from the fact that v, = ghk + % Diaen, (@, ) X x5 — %hi for all k € I (see the proof of
Corollary [3.6). This completes the proof of the claim.

Our next step is to argue that the right-hand side of (3.41)) is equal to the right-hand side of (3:43) up to a factor
of 4. First note that

n k-1 —k=1 n
Z Fy[Fu, Frs] = Z(ékr = Oks + Ok ms — Ok ) F s Frs = Z FoFrs — Z FiFr + Z FoprFrx — Z FyiFogs.
r<s r<s s=k+1 r=-n r=-n s=—k+1

When k = j, we expand this as

Y FlFjjFrl= =2 % FiFy+4 Y FuFuy+2( Y. Fp—(n— jFj;)+2F3,

r<s r=-n r=j+1 r=j+1

and when k = i, we instead expand it as

n i—1 n
Y FolFi,Frl=2 ) FuFyi=4 ) FoFu+2( Y, Fr—(n—iF;)-2Fp

r<s r=—n r=—n r=i+1
Thus, using that elements of the form Fy,F, belong to the centralizer of Wby in Ugy, we deduce from (3:43) and the
above relations that

j-1 i-1 n

(345)  ALIFNIF Pl = > [FuFais FipFpl+2 Y > [FiaFajs FirFril +2 Y > [FjF,j FisFpil.

b,a=—n a=-nr=-n b=i+1 r=j+1
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We now show that 3, ;i [F - Fj, FipFpi] = 0. By (anti)symmetry, it is enough to prove this in the case where i > j.
For each pair (r, b) such that s > j and b > i, we have

[FjFj, FiFpil = = 6 Fjr FijFpi — 6piF iFipFpj + Opr FipF jiFrj + 04 F j FipiFyj.
Taking the sum over all » > j and b > i, we obtain

(3.46) Z [FirFyj, FipFyi] = Z (Fjb[FbiaFij] + [Fib,Fji]Fbj) = Z(Fijbj - Fijbj) =0.

r>j.b>i b>i b>i

Next, we expand Z ——n UIF jaFaj, FirF1i]. As before we assume i > j. This gives

r=—n
[F Fa]a F Frl] = ja(_é‘arFij + eajé‘j,—rFi,—a - eajéa,—iF—j,r)Fri + FjaFir(éerai - eajéa,—rF—j,i)
+ Fir(éaeri + ejaéa,—iFr,—j - Hjaéj,—rF—a,i)Faj + (_6eria + gjaéa,—rFi,—j)FriFaj-

Taking the sum over —-n <a < j— 1 and —n < r <i -1, we find that

J-1 =1 izl
Dy D FjaFajs FuFrl =) 04F jaFi oF ji+ ). 0; iFiaFa jFij— Y, 0-aiFj-aFiaF_j
a=—nr=-n a<j a<i a=—j+1

(3.47) »
-
+ 2 Oj-aFijFuiF-aj= ) ,0-ijFj-iF-jaFui~ ) 0jaFi-jF-aiFaj.

a=—j+1 a<i a<j

The first term on the first line on the right-hand side of (3:47) can be rewritten as follows:

(348) Z eaijaFi,—aF—jl Z FjaFa IF—lj Z FjaFa lF—lj

a<j a=j

For the second and third terms, we have

Zgj,—iFiaFa,—jF—i,j: Z FioFoq iF_i;+ Z [Fo-is FialF_ij,

349 a<i a=—i+1 a=—i+1
(3.49) i-1 1
D O-ajFj-aFiaF-ji=— ), FiaFa iF_ij.
a=—j+1 a=—i+l

Adding (3:48) and (3.49), we obtain that the first line on the right-hand side of (3.47) is equal to

ZF/“F" lF*lj+ Z [Fa —i> ja]F—tj

a=—i+1

Similar computations show that the second line of (3:47) is equal to — Y, Fj_iF_;sFaj — 2o .o Fj—ilFajs F-ial.
Hence,

-1 i-1 n
Z Z [FiaFaj, FirFri] = Z (FjaFa,—iF—i,j - Fj,—iF—i,aFaj> + Z ([Fa,—ia FiF_i;— F;_i[Faj, F—ia]) .
a=—-nr=—-n a a=—i+l
By (3:43) and (3.46)), all that remains is to show is that the second summation on the right-hand side vanishes, which
is immediate by the bracket relations of gy. ]

Proposition 3.19. Let O,k denote the assignment {J(Fyj), Fij : -n <i,j<n} — Yf(gN) defined by
(3.50) Fiyo 0, J(Fy) o g( RO <1>)
Then @ extends uniquely to an isomorphism @ : Y (gn) — Y?(gN) of Hopf algebras.

Proof. Step I: ®;r is a homomorphism of algebras.

To prove this, we will check that @, preserves the relations of Proposition @ That is, we must show that
@, r(J(F;))) and @, &(F;;) satisfy the relations (3.38), (3:39), (3:40) and (3.41). Since F;; — tg) defines an embedding,
(3:38) is preserved by @, z. When gy = $pa,, it was established in Lemma 5.29 of [AMR] that the subspace of Y (an)
spanned by the elements @, z(J(F;;)) is isomorphic to the adjoint representation of gy, which shows that, in this case,
@, preserves (3.39) and (3:40). Aside from the appearance of the complex parameter £, the proof in the general




22

setting is the same, but we provide some details nonetheless. Taking the u~! coefficient of both sides of relation (3.16)),
we obtain

LI, taW)] = 8l ta(v) = 5altij(v) + 6310 1L th, (V) = 04jL6i it ().
Comparing the v=2 terms gives the identity
(3.51) 47,101 = Sty — Suty) + 046, 1), = 0461 ).
We also have
[, 1101 = @ty = Siatl) + 046ty = 0461 11" V1) + 1) (B jatia = Sutaj + 0:j8—ita—i = 0:;0; ~alj1)-

Taking the sum as a varies over —n < a < n, we obtain

A (D L1y (M (0 (M) (D 1) (M (L1
[ Ztku al] 6 Ztta al 6 Zt +66112tkua z_ea_kztjaal
Combining this with (3:5T), we see that @, preserves the relation (3.39).

We now turn to (3:40). Taking the u~? coefficient of both sides of the second equality in (3.19) and using that
) + 6ut")_, = 0 for all k and I, we find that

(3.52) <2> —9,.4% (l) +Zt(l) ()

Jr—j—i ia aj
Thus
5_1 (‘I’J,R(J(Fij)) + Qijq)J,R(J(F_j,—i)) 5 Z(tl(ll)tl(clj) t(lj) kt(lk) ) thjl.) = %Z [l‘l(,i), ]((l])] Kt(l) 0.
k

We now turn to proving that @, respects the relation (3:4T). We need to see that

@) )] (1) (2) (D) (1) (1) (1) (l) (1) (l) (1) (1) (l) (1) 1
(353) 4[!! ZZt ’jj ZZt/k k]} Zb:[ta al’/b ]+2Z(jaa —i'—ij j l—lataj)
a,
The left-hand side is equal to
(2) (2) )] (l) (2) (1) (1) (2) (1) (1 (1) (1)
(354) [u 5 ]+22[t]k kj> ” ZZ[ ’ ]+Zb;|:la z‘at’t/bl‘b]
a,

Consider the two middle terms. By (3:31)), for 1 < ¢ # d < n, we have
(D (1) Q] — D[LD () (1) @M _ (1) (2) @) @ D
[0 12| = [ (2] + |85 12 ]k = €50 = 0kets) = Ouade-ct%) ) + (Sucty + Ot ) 1ih.
Taking the sum over all k yields

M 1) (2) (1) (2) (1) (2) (2) (1) (2) (1)
Zk: [tdk harléc | = lgetog = O-caly_ 1g .+ 1qteg +0a—ct. " 4
e 2) (1 2 2
Applying again (3.51) we find that t( ) ( ) tfic)ti_ d) +12 - ( ) . Therefore, setting (c,d) = (i, j) and (c,d) = (j, i), we
obtain

MM @] _ [0 @ 1,2, @)D W @ @ (1) W @ @ (1)
(3.55) Zk:([tjktkj,tii —[t[.k 14,12 ]) =260 + 2D — 0. ;0 A2 0, D w0t A% — 0 D)

The first term in (3.54) can be computed directly using the defining relation (3.16) and is equal to [£

i
tf)tfjl) Combining this with (3:53), we can rewrite the first three terms of (3:34) as follows:

2) (2 D @2 D @2 D @ 2) (1 D @2 2) (1
(3.56) 4[5(,)’ ()]+22([ ik) /(w) ()] [t()() ()D 2( 9_”() @ .+ 6; 1t() () +9—jlt()t(l)j_ei,—jti",)[t(,;’[)~

(D] = {0

Consider the second term on the right-hand side of the above equality. Employing (3:32), we find that it can be
written as

@ () _ (2) 1 (D (1) )] (l) (1)
9] lt jt—lj_ jlt—lj_ef thlj—lj+9]thlaaj—lj

Similarly, the third term can be expressed as
9,jlt(l) t(2) — (1) t(2) =g ../ t(z) Kt(.l_).t(_l.). _ t(.l_). z A L
Jmit=ig g

ljj —i —iLaaj



23

Substituting these new expressions back into (3.56) and using the identity Za[l(l,)a till)] = 2Kl(_ll.)j, we arrive at the
relation

[1(12> (2>] +22([ o) (1> 512)] (DD ¢ (2>]) 2(2’<f§1), (11>J _Z(g) i,l),f(lj), (,1)1 (II)JZIJ)))
a

— 22( AD DD LD (D)D) )

jza] —ia az]a —i,j

A similar calculation shows that
ZZ( (1) t(l)t(l) t(l) t(l)t(l) ) Q’Z( (l)t(l) t(l) [(1) t(l) (1))
a a

jl(lj —ia a,—i’"ja —i,j ja‘a—~i —ij J—i —iaa,j

From this, together with (3.54), we can conclude that (3.53)) is satisfied for all 1 < i # j < n. This proves that @z is a
homomorphism of algebras.

Step 2: @ ;g is a morphism of coalgebras.
For the remainder of the proof, we will write g, Ag and S y for the counit, coproduct, and antipode, respectively, of
the Hopf algebra Y (gn).

Let us start by showing ®;x is a morphism of coalgebras. It is immediate that g o @,z = €. To verify that
Ao Djr = (O ® Dyr) o A, we actually just need to check that both sides are equal when applied to Fy; and J(F};)
forall -n < k,l < mand 1 <i < n, which are generators of Y,(gy) and we already know @, is a algebra morphism.

Since ¢ : gy — Yf(gN), Fij tl(,jl.)

(357) AR((DJ’R(J(F,'I'))) = ((D‘]’R ® (DJR)(A(J(F”))) fOI' all 1 < l <n.
We have

is an embedding of Hopf algebras, we just need to verify that

65&(®m®®MXMﬂﬂmw4®m®®mxmﬂEm+‘w;®1Qr—(ﬁ”—% &%ﬂ+§@?®LQ@
k

where Qp = (1 ®()(Q2) and we recall that, given any vector space W, O is the linear map given by O(w) = w® 1+ 1®w
forallwe W.

Consider now the left-hand side of the equality (3.57). Since Ag(ty(1)) = >, tra(tt) ® ty(1), we have AR(t](j)) =
D(t(z)) + 2l Ve (l) . Therefore,

mmmmwmwhﬂﬁﬂuW%@ﬁ“hg<%@>
k

a

_ (2 (D (D) ¢ ( (1) (1) (1)
- |:|(é/tii - gz tm [al ) + 2 Z( ia al tcu tia )
a

In order for this to be equal to (3.38)), we need to establish that [tfl.l) ®1,0] = Za(tf;) (1) t(l) tfi)), which can be
computed directly. This completes the proof that (3.57) is satisfied, and thus that @5 is a morphlsm of coalgebras.

Step 3: @ is an isomorphism of Hopf algebras.

All that is left to show is that @ is a bijection because an isomorphism of bialgebras must be an isomorphism of
Hopf algebras. (This is a consequence of the uniqueness of the antipode.) This follows from the same type of argument
as used in the proofs of Theorems [2.6/and [3.16; @, is a filtered morphism and, after identifying both gr Y;(ay) and
ar Yf(gN) with Ugy[s], gr @, is just the identity map. m}

4. AN APPLICATION TO THE REPRESENTATION THEORY OF THE YANGIAN OF an

In this section we set £ = 1, and write Y®(ay), Y(ay) and Y*"(gy) for Yle(gN), Y,-1(gy) and Ycr T, (gn), respectively.
Letd; =1forl <i<n-1,andsetdy = 1if gy = s0p,, dy = 2 if gy = spy, and dy = % if gy = s09,,41, L.e. as in
Corollary 3.6

Let @ep: Y(n) = ¥ R(gy) be the Hopf algebra isomorphism obtained by composing ® ;& With the isomorphism
Dy : Y(gn) — Y(an) of Theorem @ The goal of this section is to prove that @ z is compatible with the two
definitions for highest weight module which have appeared independently for Y*"(ay) and YR(gy) in [Dr3]] and [AMRI],
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respectively, and also to show that @, induces an explicit equivalence between the two classification theorems for
finite-dimensional irreducible modules proven in those two papers. Both of these results constitute Theorem [.5]

Let us begin by recalling the classification of finite-dimensional irreducible modules obtained in [Dr3] (for Y"(gy))
and [AMR] (for YR(an)).

A Y“(gy)-module V is a highest weight module if it is generated by a vector & such that x7 ¢ = 0 and h;,¢ = AL& for
all i € 7 and r > 0, where (A))cz,»0 is a family of complex numbers which is called the highest weight of V. Such
a vector ¢ is called a highest weight vector. By Theorem 2 of [Dr3]], every finite-dimensional irreducible module is
a highest weight module, and moreover the isomorphism classes of these modules are in one-to-one correspondence
with tuples of monic polynomials (Q;(«))cr, called Drinfeld polynomials. The relation between the highest weight
(ADier,r>0 of a finite-dimensional irreducible module V and the corresponding tuple (Q;(u));cr is provided by

Qi(u + d))
Oi(u)
Conversely, a Y®(gy)-module V is a highest weight module if it is generated by a vector & such that #;(u)& = 0 for all
—n<k<l<nand ti(u)é = 4(u)é for all —n < k < n, where Ax(u) € 1 + u'C[[u']] for each k. The vector ¢ is
called the highest weight vector, and the tuple A(u) = (A4 (4))_,<k<n 1s called the highest weight. Theorem 5.1 of [AMR]
implies that every finite-dimensional irreducible Y?(gy)-module is of highest weight type, and by Theorem 5.16 and
Corollary 5.19 of [AMR] the isomorphism classes of such modules are parameterized by tuples of monic polynomials
(Pr(u))1<k<n,» Which are also called Drinfeld polynomials. The relationship between the highest weight A(u#) and the

associated tuple (Pr(u))|<k<n 1S given by
Ag— Pru+1 A Pi(u+d
1) _ Pr(u+ 1) forall 2<k<n and k() _ Pi(u+do)
Ar(ue) P(u) A, () Pi(u)
where (ko, k1) = (0, 1) if gy = 502441, (ko, k1) = (=1, 1) if gy = sp2,, and (ko, k1) = (=1,2) if gy = 502,
In Deﬁnitionwe gave the definition of the fundamental Y*"(gy)-module V(i; a), where i € 7 and a € C. We also
have the notion of fundamental representation for Y*(qy):

.1) L+ Au" = forall ieI.
r=0

Definition 4.1. Leta € Cand 1 < k < n. We denote by VR(k; a) the unique, up to isomorphism, finite-dimensional
irreducible YR(gy) -module with Drinfeld polynomials Pi(u), ..., P,(u) given by Piu)=1if j#iand P(u) = u - a.

If ¢ € VR(k; a) denotes the highest weight vector, then the gy-module generated by ¢ is isomorphic to the funda-
mental module V(wi_).

Given a Y®(gy)-module V with corresponding morphism o : Y®(gy) — EndV, let (I)ZF’R(V) denote the Y"(gy)-
module realized in the vector space V with module structure given by o o @, g. For each b € C, we denote by Tf the
automorphism of Y®(gy) given by T'(u) — T(u—b). We also denote by 7, the automorphism of Y*'(gy) inherited from
the automorphism of Y(gy) of the same name via the isomorphism @, ; : Y"(an) =Y (an): see Proposition 12.1.5
of [ChPr2] for its definition on the generators /; and x;.. The observations that 7¢,(R(-u)) = R(-u + b) (by (3:23))
and x o T, = T;, 0 % (see Proposition ([3.17)), together with Proposition 2.14 of [ChPrl]] and the definition of Tff imply
the following lemma.

Lemma 4.2. For each b € C we have TI; 0 Dy g = D g © Tp. In particular, if V is a finite-dimensional irreducible
YR(an)-module with Drinfeld tuple (Pi(w)).,, and (I)ZryR(V) is attached to the tuple (Q;(u))ics, then V™ corresponds to
the tuple (P;(u — D))!_, and CDZr,R(VTb) corresponds to (Q;(u — b))jes.

In order to prove Theorem [.5]stated below, we will need to know more explicit information about certain funda-
mental representations of Y?(gy). The majority of the following lemma is a reformulation of Lemma 5.18 of [AMR]:

Lemma 4.3. Leti =0 if ay = 500,41, and i = 0 or 1 if gy = s0y,,, and let f(u) € 1 + u'C[[u"'1] be the unique series
such that

du(u + k)
4.2 +k) = .
(42) Ju ) = =2k =1
Then the fundamental representation of V(w;) of soy can be extended to the Yangian YR(an) by assigning ty(u) —
F@) (S + Fyu™) for all —n < k,1 < n, and the resulting module is isomorphic to V(i + 1; %).

In addition, ®©;g(J(Fy)) operates on this module as —%szfor all -n < k,1 < n.
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Proof. In Lemma 5.18 of [AMR] it was shown that V(w;) extends to a representation V of the extended Yangian
X(soy) (defined in the same way as Y(soy) only without (3.19)) by the rule () = 8y + Fuyu™', and moreover that
the resulting module has the Drinfeld tuple (u — 1/2,1,...,1)ifi = O and (1,u — 1/2,1,...,1)if i = 1. Here the
notation 7(u) is used to denote the generating series of the extended Yangian X(soy) (these were denoted by (1) in
[AMRY]). Therefore, to complete the proof of the first part of the lemma we just need to show that the restriction of
this X(soy)-module to the subalgebra Y(soy) is indeed given by the formula #,;(«) — f(u)(0x + F, wu ) for all k and [.
LetF =2, Eu®Fye€ End(C") ® End(V(w;)). Then, since F’ = —F, we have the equality of operators

- = FF'F FF F-F?
T T W+ = 2001 =1+ ——+ —14+%
u K

+ =1+ ,
u  uU+k) u(u+ k)
where z(u) is the distinguished central series of X(soy) defined in (2.26) of [AMR]. By (5.44) of [AMR],

2_ (k.1
43) = (5+3) 14,
and hence z(u) operates as multiplication by 1 — (g + %) u'(u+x)"in V. Now T'(u) and 7(14) are related by T'(u) =
y(u)™! f(u), where y(u) is the central series with constant term uniquely determined by y(u) y(u + k) = z(u). It follows
by definition of f(u) given in (4.2)) that y(u)~! must operate as multiplication by f(x) in V, and hence that #;;(x) acts as
f) (6 + FuuY) forall —-n < k, 1 < n.

Now let us show that ®;r(J(Fy;)) operates as ——F w in V. From @.2) we can deduce that f(u) = 1 + ( )u‘z +

K

O@™3). Therefore the coefficient of u~2 in f@)(6u + Fru 1 is (Z §)5k1, ie. t,(d) operates as multiplication by
(ﬁ + %) 81 in V. Combining this with .3)) and (3.30), we obtain the equality of operators

(I)‘[’R(](Fkl)) = l‘](j) 5 Ztl(cz)tz(zll) ( é)ékl - (g + é)éki - ngl = _ngl forall —n <k,l<n. [m}

Let g(u) be the unique series in 1 + u~'C[[u~']] such that g(u) g(u + k) = 2 Tt was proven in part of the proof of
Theorem 3.6 of [AMR]] (see (3.20) therein with ¢ = «) that the natural representatlon CN = V(w,-1) of gy extends to a
representation of Y®(ay) by the assignment

(4.4) tiju) > g(w) (i + Eij(u — 0™ = 04E_; ") forall —n<i,j<n.

Our choice of specializing the parameter ¢ to « is motivated by the fact that with this choice, one can show that
@, r(J(F;j)) operates as 0 in CN, so that L R(CN ) coincides with the extension of the natural representation of gy to
Y*"(gy) constructed in Proposition[3.1]

For each a € C, set (CV), = 78(CN). Then, for any 1 < m < n, we can consider the Y*(gy)-module CV¥ ® (CV)_; ®
-+ ® (CM)_u11. As in [AMR], we let &, be the element of this module defined by

‘fm = Z Slgl’l(O’) €—n—1+o(1) - ® €—n—1+o(m)-

~
o€,

We let C¥" denote the submodule of CV ® (CV)_; ® - -- ® (CV)_,.1 generated by &,,.

The last lemma we will need is also a reformulation of a result from [AMRI], where it played a crucial role in
proving the main classification theorem [AMR} Theorem 5.16].

Lemma 4.4. The YR(qy)-module CN" is a finite-dimensional highest weight module with the highest weight vector
&n. Its highest weight A(u) is determined by the relations
4.5) gm@) i) = {1 if n+m<i<n—-m,

-1 . .
uu) if n—-m+1<i<n,

where g,,(u) = gw)gu+1)---glu+m-—1).

Proof. After taking into consideration the series g(u) in the formula (@.4), this lemma is just a restatement of (5.39)
and (5.40) of [AMR] with u replaced by u — «. ]
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Theorem 4.5. Suppose that V is a highest weight YR(gy)-module with the highest weight vector £. Then O, x(V)isa
highest weight Y (an)-module with highest weight vector &. Moreover, if V is a finite-dimensional irreducible module
corresponding to the Drinfeld tuple (Py(u), . .., P,(1)), then (I)’C‘r’ (V) is the unique (up to isomorphism) Y (gn)-module

corresponding to the Drinfeld tuple (Qo(u), ..., Qn—1(u)), where

(4.6) 0iu) = Py (u+”+2K‘i) forall 1<i<n—1,
Pi(u+ ] = = $Pay,

“@.7 Oo(u) = 1(u+K) ) lf N = 8D, OF N = SP2
Pl(“+'<+z) if OGN = 50241

Remark 4.6. It should also be possible to use the isomorphism obtained very recently in [JLM] via the Gauss decom-
position to prove this theorem.

Proof. Part I The assignment V - @ (V) sends highest weight vectors (resp. modules) to highest weight vectors
(resp. modules).

Let V be a highest weight Y2(gy)-module with the highest weight vector £. Let us first show that ®, g(h;,)é € CE
foralli € 7 and r > 0. After identifying t](c}) with Fy; for each —n < k, [ < n, O is just the identity when restricted
to Ugy, and thus @ g(hip)é € CE for all i € 7. To prove the general case, we employ the standard result that, if
AW = (/ll(.l));?zl denotes the tuple of Fj;-weights of & (for i > 1), then the weight space Vo is one-dimensional. This
follows from the Poincaré-Birkhoff-Witt property proven in [AMR| Corollary 3.7], together with the commutation
relations [Fj;, tyy(v)] which can be found in (5.3) of ibid. Since each member of {®¢ g(hi/)}ier ~0 commutes with
Fix € by, we have Fi(Qcrr(hir)é) = /l,(cl)(d)cr,R(h,-,)f) forall 1 < k < n, and hence @ p(h;)é € Vo = C& for each
ielandr>0.

It now follows easily that @ z(x} )& = O for all i € 7 and r > 0 by induction on r. The r = 0 case is immediate
since (DCT,R(XIB) is a scalar multiple of an element of the form t,((}) = Fy; with k < [. The general case follows from
the fact that x;fr = (@, @) hi, x;’r], the induction assumption, and the result that CDcr,R(izil)f € C¢ proven in the
previous paragraph. Since we already know & generates @ ,(V), we can conclude that @7 (V) is indeed a highest

weight module with the highest weight vector &.
Part II: Proving the correspondences (4.6) and (@.7) of Drinfeld polynomials.

Due to Part I, the fact that @, x is a Hopf-algebra isomorphism, and the multiplicative property of Drinfeld polyno-
mials (see [AMR| Lemma 5.17] for Y®(gy) and [ChPr2] Proposition 12.1.12] for Y*"(gy)), it suffices to show that the
correspondence and (#7) hold for each fundamental representation VZ(i;a) of Y®(gy). In fact, by Lemma
we only need to prove that (#.6) and (@7) hold when V = VR(k; ay) for 1 < k < n and (ar);-, a set of fixed complex
numbers.

Suppose first that 2 < i < n — 1 and set m = n — i. Then by Lemma[.4] and in particular the formulas @.3), the
irreducible quotient V of the highest weight module CY*" is isomorphic to the fundamental representation V(i + 1; 1).
By Part I of the theorem, we already know that CD;’R(V) must be isomorphic to the fundamental module V(i; a) for
some a € C. Indeed, @ (V) is a finite-dimensional irreducible module with the highest weight vector &, equal to
the image of &, in V, and since @, g is the identity when restricted to Ugy, the gy weight of Em is equal to w;. On
the other hand, it is also equal to the element A € b, defined by A(hjo) = d;deg Q;(u), where (Q;(u))cr denotes the
Drinfeld tuple of @ (V) (see Remark 2 of [ChPr2, Section 12.1.C]). This implies that deg Q;(u) = ¢;;, and hence that
@ (V) = V(i;a) for some a € C. Thus, to verify and (@7) for V = VR(i + 1;1) (with 2 < i < n - 1), it suffices
to show that
4.8) a=1-

n+k—i

2
The same argument as used to prove the relation (3.14) of Corollary shows that, if b denotes the &,, weight of the
operator J(h;), then a is determined by

4.9) a=d'b-1k-d).

Let us compute b. Since g(u) g(u + «) = u*(u? = 1)™!, we have g(u) = 1 + u™> + O(u™), and thus g,,(u) = 1 + Zu™> +
O@u™3). Therefore, from (@.3) we deduce that

(4.10) (&, = 5&, forall 0<j<n.
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Conversely, since t .fm = wi(Fi)ém = =& if k > i + 1 and w;(Fip)&n = 0 otherwise,

FUNOY: () 2 , Mz ) (2 méy 0 < j<i,
(4.11) jk k] §m Z.t/k k} (n_]+1)tjj é:m Zt §m+(t ) fm—{gm ifi+1§j$l”l.
This allows us to conclude that @ r(J(F;;))&, = 0if 0 < j < i, and ®(J(Fj) = (%) &, if i + 1 < j < n. Since
hi,O = Fi,' - F,‘+1,i+] for2<i<n- 1, we obtain
n+k—i

bén = Oip(Ihig)En = (52) & =  a=b-jk-1D=1-"7,

where we have used that d; = 1 for 2 < i < n — 1. This completes the verification of (4.§)), and hence the proof of the
relations (#.6) and in the case where V is the fundamental module V(i + 1; 1) with2 <i<n—1.

Wheni = 1andm = n—i = n - 1, the irreducible quotient V of C" is no longer isomorphic to a fundamental
module when gy = sy, but it still is isomorphic to VE(2;1) when gy = by, OF gy = SPo,, and the exact same
argument as used above can be repeated. When i = 0, m = n, the irreducible quotient V of CN" is only a fundamental
module when gy = sp,,, Where we have V = VE(1;2). The same reasoning applies in this case, except now we must
show instead that @ = 2 — «, and we must also take into account the fact that dy = 2 in the expression (@.9) and that
hoo = =2F;. The relations (#.10) and (@.TT) still hold and together with (&.9) yield that

ben = OunlhoEn = 2" e = (1 -mEn = a=13"-" =2k
Thus, to complete the proof of the theorem is suffices to show that the relations and ([@.7) hold for gy = soy when
V = VR(1;1/2), and for gy = so,, when V = VR(2;1/2). Realizations of these modules are provided by Lemma
Consider first the Y®(s0,,)-module V = V*(2;1/2). By Lemma this module is isomorphic to V(w;) as a soy,-
module, and it is extended to all of Y®(gy) by allowing ®;(J(F; ;) to operate as —5 F;; for all i, j. By Corollary
this means precisely that @ (V) is isomorphic to V(1;a) where a = —« + %, and hence the formulas (4.6) and @.7)
hold for the Y% (s0,,)-module VE(2;1/2).

Lastly, we have to show and (@.7) are respected when V is the YR(soy)-module VE(1;1/2). Just as above,
Lemma and Corollaryyield that @7 (V) = V(0; a), where a is given by @9) with b = —5. Hence, the relation
is respected. In the so,, case, we again obtain @ = —« + %, which agrees with (@.7). For gy = 02,41, do = % and
we obtain @ = =3k + + = —k — % + 1, which is also compatible with (7). ]

APPENDIX A. PROOF OF THEOREM [2.6] WHEN g = sl,

In this appendix, we complete the proof of Theorem [2.6]in the case where g = sl,. The extra difficulty when g = sl,
is to check that @, ; preserves the relation [4;, [xl.*l, x;11=0of Y;r(g).

We normalize our symmetric invariant non-degenerate bilinear form (-, -) on sl, so that it is given by (X, ¥) = Tr(XY)

for all X, Y € sl,. With this choice, the single positive root @ has length 2 and {x}, x},, h} coincides with the standard

basis {e, f, h} of sl,. We will primarily employ the latter notation throughout the remainder of this proof, but when
dealing with equations involving e and f simultaneously, we will sometimes replace them with x* and x~, respectively.

An orthonormal basis with respect to (-, ) is 8 = {E, F, H}, where
E=se+f) F=-5(~-f)., H=h
In particular, we have

[HEl=e—-f=N=2F, [HFl=-{l[he-fl=Ye+f)=-V2E, [EF]=V-1h= V22H.

Step I: Reducing the defining relations.

We begin by showing that the relation
[[J(e), J(NL, I = (fI(e) = J(fHe) h

is satisfied in Y;(g). This relation is well known throughout the literature (see for instance (4.64) in [BeCr] and
Definition 2.22 in [Mo2]), but to our knowledge the relevant computations have never appeared explicitly, so we have
decided to include them.
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Consider equation (2.4) with X; = E = X3 and X, = F = X4. Since [J(E), J(F)] = V=1[J(e), J(f)] and [E, J(F)] =
V—1J(h), the left hand side is equal to =2 [[J(e), J(f)], J(h)]. Thus it suffices to show that the right-hand side of (2.4)
with X; = E = X3 and X, = F = Xy is equal to —=2¢2 (fJ(e) — J(f)e) h. By definition, it is equal to

(A.1) 222 Y (1B XL [IF, X, [E, F1, X, 11) {Xa, X, JOX)).
X0.X,u.X,€B

As[E,F] = vV=1h and (+,-) is invariant and symmetric, we have
(LB, X1, [F, X, ), [E, F1.X,11) = V=1 (15, X, 1, [[E, X1, [F, X,1]).
Thus, we can rewrite (IE]) as
(A2) > (0h ELIIE, XL, R, X)) X0 X JE + 3 (U, F1L [LE, Xal, [F, X,1) (X, X, J(F))

X,.X,€8 X, X,€8
multiplied by 2 V—1¢£2. Consider the different nonzero possibilities for [[E, X;], [F, X,,]]. They are
[[E,H],[F,H]], [[E,H][F,E]] and [[E,F][F, H]]

Both ([H, E],-) and ([H, F1], ) applied to the first of these is zero, while ([H, E], -) applied to [[E, H], [F, E]] is zero,
and ([H, F1, ) applied to [[E, F1, [F, H]] is zero. Therefore, (A.2) reduces to

([h, EL [[E, F1, [F, HID{F, H,J(E)} + ([h, F1, [[E, H], [F, EID{H, E, J(F)}.
By invariance, ([h, F1, [[E, H], [F, E]]) = — ([h, E1, [[E, F], [F, H]]), and moreover
(lh, EL[LE, F1,[F,H]]) = =V2(e = f,[he + fI) = 2V2(e — fre — f) = 4V2.

Hence, (A-2) multiplied by 2 V—1£2, which is the right-hand side of 2.4) with X; = E = X3 and X, = F = X, is
equal to 8i \/§§2 ({F,H,J(E)} —{H,E,J(F)}). Let us rewrite this in terms of e, f and h:

8iV20* ({F, H, J(E)} = {H, E, J(F)}) = 4" ({e = f, 1, J(e + )} = th,e + f, J(e = ) = 8% ({e, h, J()} = {h, £, J()}) .
Expanding {A, f, J(e)} — {e,h, J(f)} and using the defining relations of sl, to rewrite it only in terms of fJ(e)h and
J(f)eh, we find that it is equal to %(J (f)eh — fJ(e)h), which gives the desired result.

Step 2: Checking the relation [A;, [x7, x{]] = 0 is preserved.

By definition of @, ,, this amounts to checking that
[J(h) = v, [J(f) = {w™, J(e) = ¢w™]] = 0,

where
v=1(e fl-h), wh=-Heh), w =—1{f.h)
Expanding the left-hand side we obtain
[J(h), LI(f), J@]] = £ [J(h), LI(F), w] + [w™, J (@] + & [J(h), [w™, w]]

(A3) ; o B -
~ [ I JON + & v w1+ ™, J@1] = & [v. Tw™, ]

Step 2.1: =3 [v,[w™,w*]] = 0.
We have
(Ad) [wrwi]= 1—16([eh, fhl + [eh,hf] + [he, fh] + [he, hf]) = 1—16(4}13 —2{e, f1h = 2e{f, h} — 2{f, h}e — 2hle, f}).
Now, since [v, h] = 0 and [{e, f}, h] = 0, we have that [v, {e, f}h + h{e, f}] = 0. Hence,
v, [w* wll = =g [v, 2el f, b} + 2{f, hle] = —f¢ [fe, f} = 1%, el f, b} + {f, he].
Using the commutator relations of sl,, we can write e{f, i} + {f, h}e = 4efh — 2h — 2h%. Note that [k, efh] = 0. Thus,
[v. [w* w7l = —3lle. fl. efhl = j(lef.efh] + [fe,efh]) = 1([fe.ef1h) =

Step 2.2: The terms in (A23) involving £°.
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After rewriting [J(h), [J(f), J(e)]] = £>(fJ(e) — J(f)e)h, the sum of the terms involving 2 in (A3 is
(A.5) C((fI@) = J(Hreyh+ [J(h), [w™, w1l + [v, [T, w'T + [w™, J(e)]])

Consider first [J(h), [w™,w*]]. Recall that (A:4) and {e, f} = 2v + h%. Hence, since J(h) commutes with & and v, we
have

[J(m), W™, w']] = 8 L ([J(h), 2vh + 2hv] + [J(h), (e {f h1)
=3 L (4[J(h), vIh + [J(h), {e, {f, h}}
Observe that e{f, h} + {f, hle = 4efh — 2h — 2h* and [J(h), (e, {f, h}}] = 8(J(e)fh — eJ(f)h). Therefore, we have
(A.6) [J(R), [w™, w*]] = 5 (LJ(R), vIh + 2(J () fh = eJ (f)R) .
Let us now turn to the last term in (A.5). The identity
[J(xH),w] = [J(xi) XTh+hx™] =3 (J(h)h xXTJ(xF) = J(xH)xF)
implies that we can expand [J(f), w*] + [w™, J(e)] in the form
), w T+ W, J(e)] = 5 (J(Wh —eJ(f) = J(e) + (J(Wh = f(e) = J(e)f)) = J(hh = 5({e, J(N)} + 1, J(e)).
Hence,
(A7) v, (), wi T+ [w™, J(@)]] = [v, J(W]h = 5(Iv, fe, J(H} + {f. J()}])

We would like to simplify the last term. Since [4, x*J(x) + J(x7)x*] = 0, we can replace v by ¥ (= v + %hz = %{e, fh.
Next, the sequence of equalities

7, {x=, J(xDH = [7, 1) + 5[5, J(xH] + [F, J()H]xE + J(xXD)[P, x5]
= % (FxhJ(xF) F hx* J(XT) £ x* x5 J(h) £ X J(Wx™ + xFJ(h)x*™ = J(Wx™x* F J(xF)x h F J(xXT)hx*).
allow us to express 2[¥, {e, J(f)} + {f, J(e)}] as
—ehJ(f) — heJ(f) + efJ(h) + eJ(h)f + fI(We + J(h)fe — J(f)eh — J(f)he
+fhJ(e) + hfJ(e) — feJ(h) — fJ(h)e —eJ(h)f — J(Wef + J(e)fh + J(e)hf
The terms involving J(h) all cancel, and we are left with
2[%,{e, J(H)Y + {f, J(e)}] = —ehJ(f) — heJ(f) — J(f)eh — J(f)he + fhJ(e) + hfJ(e) + J(e)fh + J(e)hf.

We would like to express the right hand side in terms of fJ(e)h and J(f)eh only. Using the defining relations of sl,,
we find that

2[W, e, IO+ S J(@}] = 4(fI(e)h = J(f)eh).
Multiplying by § and substituting the result back into (A7), we obtain

v, (), wi T+ [w™, J()]] = [v, J(W]h = (fJ(e)h — J(f)eh).
Substituting this and (A.6) back into (A.3) gives
(I = I(Ph+ [Jh), Iw ™, wH ] + [v, [T, w' T+ [w™, J(@)]])
= ((fJ(e) —J(Neh + 5 (), vIh +2(J(e) fh = eJ(fHh) + [v, J(W)]h = (f I (e)h — J(f)eh))
= £ (v Jh + 2(J(e) fh = e ().

Since [v, J(h)]h = %[ef + fe, J(Wh = (eJ(f) = J(e)f + J(f)e— fJ(e)) h =2 (eJ(f) — J(e)f) h, the above expression
is zero, hence (A.3) is also zero.

Step 2.2: The terms involving £.

In order to see that @ vanishes, it remains to see that
(A.8) [T, [T, w1+ [w™, J(@]] + [v, [J(f), J(e)]] =
First observe that [12, [J(f), J(e)]] = 0, so we may replace v by ¥ in (A8). We then have
[7, [J(f), J()]] = =[J(f), [J(e), V1] = [J(e), [V, J(H)]].
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Since 2w* = [¥,e] and —2w™ = [¥, f1], we can rewrite the left-hand side of (A-8) as

(A.9)

= (), (@), 711 = (@), [7, J(ON + 3L (0), LI (), [7, ell] = 5 [J(h), 17, £1, J(e)]].

Consider the last two terms. Since [J(h), [J(x%), [V, x11] = [J(h), [[J(x¥), V], x7]] = [J(h), [V, J(h)]], we have

(), LIS [V, e]]] = [J(), [V, f1, J(e)]]
= [J(W), [LJ(f), V], el] = [J (), [[V, J(e)], f1]
= [[J(W), [J(), V11, e] + 2[[J(f), V1, J(&)] = [[J(h), [V, J(e)]], f1+ 2V, J(e)], J()].

Substituting these new expression back into (A.9) we obtain that the left-hand side of (A-8) is equal to

(A.10)

5 (R, LI, P11 €] = [T (h), [, (@)1, £]).-

Let us show that this vanishes. Since V = %{e, f}, we have

[J(x), 7] = 2[J5), x* f + fxT] = £2(xFT(h) + J(h)x™).

Thus, [J(h), [J(f), P]] = J(f)J(h) + J(h)J(f) and, similarly, [J(h), [V, J(e)]] = —=J(e)J(h) — J(h)J(e). Substituting these
back into (A-I0), we see that it vanishes, and hence (A-8) holds. This completes the proof that @, ; preserves the
relation [Ay, [x7,x7]] = 0. ]

[AkKa]
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