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MAKING SENSE OF THE TEACHING OF CALCULUS FROM
A COMMOGNITIVE PERSPECTIVE

Innocent Tasara

School of Education, University of Leeds

Examining the discourse through the lens of commognitizeory allowedan
investigation of how teachers of mathematics teach el@mngcalculus. Analysing the
teachers’ word use and narratives provided insights into the specialisation of the
mathematical language used in the discourse. Analysengtual mediators, routines
and meta-rules used in the classroom discourse, but mpoetantly, how and when
they were used, explained the modes of mediation used inirigaelementary
calculus.

INTRODUCTION

This paper reports on a discursive analysis of mathematicaludigcon elementary
calculus through the lens dig commognitive framework (Sfard, 2008). Given the
microscopic nature of commognitive analyses and the word cauitdtions, one case
out of nine was selected for this paper. Thus, this caseistpdyt ofamore extensive
(doctoral) study, which seeks to research how teachers of mattenesich
elementary calculus in England. Elementadculus is part of school (pod#) or
college mathematics curriculum in the United Kingdom (UKQd anany other
countries. The object of enquiry is how mathematics tratbach the derivative. The
unit of analysis is the discourse of the teacher, primarily, thabghclassroom
discourse is also consideradas far as it provides the social context of the teacher’s
discourselt is a discursive analysis, therefore, a qualitative studyheénfollowing
sections, a brief introduction to the commognitive framevi®dutlined, followed by
the methodology explaining the discursive approach to aaddysis. Thigs then
followed by a discussion of selected findings, and finalgummary of conclusions
and implications.

THE COMMOGNITIVE FRAMEWORK

Sfard (2008) presents the commognitive framework for the study ath@matical)
thinking. Commogpnition is a term founded by Sfard, which conedips thinking as
a ‘form of communication’ with oneself. Thus cognition plus communication
constitute commognition (p.570). Thinking is construed iradividualisation of
interpersonal communication. Thus, thinking processes amigrpersonal
communication are facets of the same phenomena. Discourse isréheirst of
analysis. Discourse can either be non-specialised discoeutsgkquial discourse’ or
‘literate discourses’ (Sfard, 2008, p.299) which are artefact-mediated mainly by
symbolic tools designed specifically for communication. Mathemetiesgarded as a
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form of discourse, which is characterised by four commognitive constructs:user
visual mediatorsendorsed narratives; and routines

Word use refers merely to the kinds of words used in the dseolarratives are
utterances in the discourse, thus, made up of words, any vaitsgoken text used to
construct or endorse other narratives literate mathematical discourse, endorsed
narratives include processes such as defining, estimatingaclgj, conjecturing,
proving and generalising (Sfard, 2007, 2008). Visual mediators sitdevobjects,
including symbolic artefacts such as formulae, graphs, drawimjsliagrams that are
created and used to enhance mathematical communication. Accordfagit®S807)
visual nediators are the means through “which participants of a discourse identify the
object of their talk and coordinate their communicdtigp. 571). Noticing and
categorising visual mediators is important in commogngivalyses. Routines are the
“well defined repetitive patterns” (Sfard, 2007, p.572) in teacheegtions in classroom
discourse. Didactical and mathematical routines can be noticetieinuge of
mathematical words, visual mediators and narratives, i.e., can eevetbsn the
proceses of “creatirg and substantiating narratives” (p.572) about say, differentiation.
Routines are the meta-rules that govern when and how thess wnediators and
narratives are used. Meta-rules, if formulated, take the form of meta-lexetives—
“propositions about the discourse rathentitgobjects” (Sfard, 2007, p.573).

The commognitive framework allows for the study of the dsigerdevelopments of
individual students and the discursive practices of the teacher.

METHODOLOGY
Data collection and participants

Nine teachers of mathematics (and their classes) took part ituthye However, this
paper reports on data sets from one of the participant teaPle¢es.is a male teacher
of mathematics in a college who had been teaching post-16 mattefoatnore than
three decades. He has a first-class honours degree in mathematics sinGi@méaate
Certificate in Education (PGCE), both from the UKwhs mainly because of his long
teaching experience why Peter was chosen for this study.

Data sets for the case study include two audio-recorded intemagiwthe teacher and
one video-recorded lesson observation in which the teackeusdied tangents,
gradients and differentiation. The teacher was interviewed firgtr to teaching the
observed lesson on calculus and secondly, after teaching the |@$®oesson
observation video data and the interviews audio data weretik@ed with respect to
the participats’ utterances and actions. The primary focus of the studlythe teacher’s
utterances and actions.

Method of analysis

The analysis uses a priori characterisation of discourse camgptise four main
commognitive constructs of word ysearratives visual mediators and endorsed
routines (Sfard, 2008). For the analysis of word use, the extevitith the teacher
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uses specialised mathematical terminologyismiathematical discourse is examined
This focugson the teachers’ literate and colloquial word use in differential calculus.
The analysis explores the visual mediators incorporatéteidiscourse and examines
how the discourse makes use of the multiple mathematical, visdihtors. A key
focusis an analysis of the transitions between different visual medjamnified by
the presence of both, verbal and visual realisatierords or symbols that ‘function as
nouns’ (Sfard, 2008, p.155). For the investigation of routines, the analysis focuses
the meta-rules with respect to analyses of word use, visuahtoegjiand endorsed
narratives in terms of how and when theg ased (Sfard, 2008). For the analysis of
narratives, attention is given to both written and spoken bexitadefinitions, proofs,
and facts related to differentiation. The focus is on the metaHfaveatives that were
particularly pertinent to the teaaheword use, visual mediators, and routines within
the mathematical discourse. The meta-rules are important in theemalnarratives
as they regulate practices when the participants generate andsatestaathematical
meaning (Gugcler, 2013).

FINDINGS AND DISCUSSION

In the analysis below, | discuss three findings of the stibdyteacher’s approach to
introducing the'derivative; inconsistency in the teacher’s use of calculus words; and
ambiguity with calculus symbolism. The excerpts and thebr@uimg of the utterances,
as presented in the discussion, are all extracted from theabtiginscripts of the data
sets.

How do teachersintroduce the idea of differentiation?

In the pre-lesson interview with the teacher, Peter explains thessigceaurd
importance forpromoting conceptual and ‘relational’ understanding, i.e., “knowing
both what to do and whiySkemp, 1976, p.20, italics mine) of differentiation. Talking
about his approach to introducing differentiation, Peter said: [intetvascript]:

46 Teacher | want them to have at least a feel of what we are trying to do, what
differentiation means rather than just state that, right, when you start with
x?you get2x. Right, they will get it, but what does it mean? | jushtva
them to have a feel of what it actually means.

48 Teacher |don't see how you can start saying, rights x?, i—i = 2x ... you know...

| certanly won't be usingheg. I don't think... | certainly ... I mean I can’t
believe | will be using that notation today. If | do, | haven't planned to
anyway.
The word ‘certainly’ is used twice in [48]. The teacher’s view, as expressed here, is
that it would be inappropriate to use té% notation in the first lesson on

differentiation. = Notice the teacher’s didactical objective in [46], what it
(differentiation) means repeated at least three times in [46] alone. The word ‘what’ is
repeated four times and the word ‘mean’ three times.
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Orton’s studies (Orton 1983 and 1983 found that students had ‘instrumental’
knowledgé (Skemp, 1976) of differentiation; they could carry out the standard
calculations/rules in differentiation very well, but they didt f@ave adequate
knowledge of where the standard rules come from. They lackedetagonal
understanding of how and why the methods or rules work. Petaiexthe need for

the substantiation of the narrativeylf= x?, thenj—i = 2x rather than starting with the
standard rules for differentiation. This belief n@glain his approach to introducing
differentiation in the lessons that followed the interview

The teacher gave out the graphyof x? with the following instructions [lesson
transcript]:

26 Teacher: Now | want you to locate the point on the graph where x equals one. Can
you locatethe pointx = 1? y will also be one as welgnd| want you to

AT D A ol L im
~ 3 AN AR AT L

Fig.1: The graph gf = x? Fig.2 Drawing tangents
draw with a ruler the tangent. | want the tangent to be as long as you like, a
straight line.You’re doing this by eye, by no other way, by eye.

30 Teacher: I want you to imagine you’re traveling around this curve... x = 1 is about
there, 1sn’t it? Make your line long and bold. Now I want you to measure
the gradient of thdine.

The mathematical object of the discouisdifferentiation. Tl teacher’s approach is
to construct the definition of derivative by exemplar (Viirman, 20a8hg the visual
mediators [Fig.1 & Fig.2] of the graph wf= x?. Substantiation of differentiatiois
done through estimating the derivative using tatgjéing.2], rather than starting with
the standard rules for differentiation.

Inconsistency in word use

| look at two phrases that Peter used repeatedly in hisulgEgradient of a curve’
and ‘tangent’.

The gradient of a curve: Routines are the meta-rules governing the repetitive
discursive actions of participants of the discourse (Sfard,)20Q8 identify any
well-defined didactical practices or repetitipetterns in the teacher’s actions, i.e.,
routines, it is important to identify the object of the disse (Nardi et al., 2014,
p.185), the ‘discursive objects’ (Sfard, 2008, p.166). Here is Peter introducing the
mathematical object of his lesson, [lesson trandcript

1-4 PME42- 2018



Tasara

4 Teacher: And | want to pose a problem to you, and t
problem is this.. [Teacher writing on th
white board- “The gradient of a curve™].

5Teacher: What do we mean by that? That's my fi
guestion to you. Now we all know, | hop

whatis meant by the gradient of a line. Fig.3: The title of the

7 Teacher: How do you measure the gradient of a lilesson
then? How do you measure the gradient?

9 Teacher: Right, so my question to you is what do we mean by the gradient of a
curve?

The teacher’s narrative ‘gradient of a curve, which is signified both verbally [4] and
visually [Fig.3], is inconsistent with literate mathematicacdurse. An endorsed
narrative describes ‘the gradient of a curve at a point’. The teacher’s narrative ‘the
gradient of a curve’ is, therefore, colloquial discourse. But what is this discersiv
object here frameds ‘the gradient of a curve’? Notice, the teacher begins by asking
the ‘what’ gradient question and he did not get a satisfactory answer from the students;

he changed the question to the ‘how’ to measure the gradient of a line, and then asked
about the ‘what’ gradient of a curve. The questioning suggests that by knowing ‘how

to’ measure the gradient of a line (operational), that would lead the students to knowing
‘what is’ the ‘gradient (object) of a curvgt doesn’t say ‘at a point’. What the teacher
refers to, in the discourses ‘gradient of a curve’, is indeed, the gradient function or
derived function

Tangent: To understand the routine for constructing the object of the deayditis
important to observe and analyse the processes of creatinguasthndiating
narratives (Sfard, 2007). Together with the use of visual mesljdter analysis of
narratives would enable us to identify the types and charaiteradt the routine
procedures. Using the graph of the funciion x?, the teacher talks about the tangent:

20 Teacher: Is there anywhere on that curve where
definitely, already know its gradient?

21 Student: x — axis

22 Teacher: Good, would you all accept that the x-axisis
tangent to the curve? What is tp@adient of the
x — axis?

23 Stucent: Zero

24 Teacher: Zero. A tangent, you did this in mechanics, ™
sort of the direction in which you are |
instantaneously traveling. Fig4: Teacher’s sketct

diagrams

25Teacher: The direction in which you're going ther
[Teacher pointing at the graph on the board] is
the instantaneoudirection, the tangent of the curve.
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In [20] - [25] the teacher constructs a definition of the tanbgréxemplar (Viirman,
2013) by illustrating its key properties with a specific exérgd the visual mediator,
the graph of the functioy = x?, and such routines are characteristic of, and prevalent
in mathematical discourse. However, notice that the teaekeatibes ‘instantaneous
direction’ as ‘the tangent of the curve’ [25]. Although objectified, treatinghe
mathematical concept of direction as a mathematical object, the narmstive
inconsistent with literate mathematical discourse. An esatbmarrative describes
direction as the slope or gradient of the tangent. Thus, the narrative ‘the tangent of the
curve’ here should be substantiated to mean‘the gradient of the tangent’.

Ambiguity with calculus symbolism
In calculus discourse, symbolic artefacts, such acégthare integral to the thinking

and communication process (Sfard, 2007). Appanenhe teacher’s discourseare
visual mediators: written words, graphs [Fig.1 & Fig.2], deitinguage [25] and
gesturing [Fig.4] and symbolism. However, the&sgome ambiguity in the teacher’s
use of calculus symbolism. Here is one of the teacher-std@ddogue from the lesgo
[lesontranscript]

85 Teacher: So, let's make a note of this, [writing on the b@aifr¢f (x) is x 3, it means
f'(x)is3x2
86 Student: What is that dash mean?

87 Teacher: It means the derivative, the gradient function. That's the notation | have
used here.

88 Student: What does the derivative mean?

89 Teacher: It means the gradient function, the gradient of the cur2e,isf x . It's not
a constant, is it?

90 Student: No

91 Teacher: Thegradient, a constant?
92 Student: No

93 Teacher: It's a function of x

95Teacher: We call it a gradient function. We call it the derivative. There are other
names as well, is that ok?

The use of symbolic signifigfi’ ‘f-dash’ in [86 - 87] by the teacher, poses some
challenges for the studentBhe question in [86] suggests that the student is having
some difficulties with symbolic realisations, which seemsdaekacerbated by the
teacher’s response with specialised calculus vocabulary [88]. In substantiatirey th
narrative, the teacher switches between visual and vocal signifiers, from symbols [85]
to specialised words derivative, gradient function [87]. However, these specialised
calculus words added to the student’s difficulty with calculus — the meaning of the
derivative [88]. The teacher reiterates his earlier narrative [87] i) [@&ing the

words ‘derivative’ and ‘gradient function’. Notice that the teacher’s routine is to
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construct a definition of derivative by exemplar (Viirman, 2013). Thysllustrating

the properties [89- 94] of the object of the discourse with a specific example.
However, note the inconsistency in word use of gradient i9§9,1the teacher’s
utterances in [91] and [93] are in fact contradictory; the gratiantleed a constant!
The word derivative could refer to the derivative function (a fungto the derivative

at a point (a constant). This dualism was not substantiatéte lessonit was not
made explicit for the student. A commognitive study veigiiculusstudents by Park
(2013), foundthat ‘most students did not appreciate the derivative at a point as a
number and the derivative function as a functigm624). In calculus discourse, such
ambiguity is compounded by calculus symbolism.

The teacher’s use of visual signifier f* draws upon historically established
mathematical discourse in calculus symbolism (Sfard, 2008). @&iamnnediators

suchasz—i or f'(x) have a dual role. On the one hafit{;,x) canbe an objectified

narrative for ‘the derivative of f(x)’, and an operational narrative féthe process of
differentiation” on the other Such a symbolic signifier is what Gray & Tall (1991)
described as ‘procept’ (Tall, 1992b, p.4). In the mind of a literate mathematician, a
procept can evoke either a process or a concept, and it akriegubconsciously
(Tall, 1992b) The term proceptefers to “the amalgam of process and concept in
which process and produaterepresentetly the same symbolism” (Tall, 1992b, p.4).
The “duality (as process or concept), flexibility (using whichevepigropriate at the
time) and ambiguity (not always making itpdiit which we are using)” (p.4) in the
use of calculus procepts presents challenges for many stu@aidalus symbolism
and vocabulary has been found to present challenges for tbhdénts and teachers
(Tall, 1992a). Given the flexibility and the duality of usesofch procepts, it is
essential that teachers make it explicit enough for studemtsviglop the necessary
flexible thinking and understanding to be able to deal wighpossible ambiguity of
use (Tall, 1992hb).

CONCLUSION AND IMPLICATIONS

Mathematical discourse on calculus involves specialised maticailanguage and
visual mediators. In calculusyrsbolic realisations are an important aspect of visual
mediation, so are graphical representations. For example, nwicéhé graph [in
20-23] is used, not as a mere auxiliary means for conveying exisgAag thought, but
as a way of communicating. Téwisual mediators are integral to commognition, i.e.,
the thinking and communication process in the discoursdrargrio the common
understanding of tool use.

The classroom discourse involves multiple visual mediatotsmbre importantly, the
didactical routines show evidence of constant shifts betwl#érent signifiers or
modes of mediation. We see shifts between symbolic signiéegg ) and specialised
mathematical words (derivative); shifts between verbal medidé@. use of deictic
language) and visual mediation (e.g. the graph, the teacher gesturings] for
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instance. For the teaching of calculus, Tall (1992a) argues foe#tefar versatile
transitions between representations, graphics, numerics arableygn(p.9). Such
representationssemble Sfard’s ‘realisation’ (p.154) of the signifiers which could be
spoken words or written words or visual symbolardi et al. (2014) explain the
importance of gmbolic realisations in mathematical discourse, that symbolic
medation brings ‘generative power’ (Sfard, 2008, p.159) and ‘powerful manipulatie
ability’ (Tall. 1992a, p.9) of the discourse.

There is also evidena& some inconsistency the teacher’s use of calculus words,
and some ambiguity in the use of calculus symbolistharctassroom discourse. This
suggests that difficulties with calculus persist, bmthstudents and teachers alike.
Therefore, mathematics teachers and educators should always paylgraattention
to the specialised vocabulary and symbolism in the calculus discourse.
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