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SOLUTIONS OF THE Uq(sA[N) REFLECTION EQUATIONS

VIDAS REGELSKIS AND BART VLAAR

ABsTracT. We find the complete set of invertible solutions of the untwisted and twisted reflection
equations for the Bazhanov-Jimbo R-matrix of type Aﬁ\})_l. ‘We also show that all invertible solutions
can be obtained by an appropriate affinization procedure from solutions of the constant untwisted

and twisted reflection equations.

1. INTRODUCTION

Let V be a complex vector space and R an End(V®?)-valued meromorphic function of one variable, called
the spectral parameter, satisfying the parameter-dependent Yang-Baxter equation

(1.1) Ria(5) Ris(5) Res(55) = Ros(3) Ras () Rz (%)

which is to be understood as an identity for End(V®?)-valued meromorphic functions of one variable. Here
the lower indices specify the embedding End(V®2) < End(V®3). Equation (1.1) can be seen as a condition
on the interaction of certain particles with internal state space V', see e.g. [ZaZa]. It expresses that two
possible factorizations of the interaction of three such particles into simple interactions (i.e., interactions of
just two particles) are equivalent, which underpins quantum integrability in many physical models.

Given a solution R to (1.1), it is an interesting question to classify all meromorphic End(V')-valued
functions of one variable K, K satisfying

(1.2) Ro1 (%) K1 (u) R(uv) K2 (v) = K2(v) Ra1 (uv) Ky (u) R(%),

v

(1.3) R(3) K1(u) R (55) K2(v) = Ka(v) R" (35) K1 (u) R(3),
where t1 denotes the usual transposition of matrices in the first tensor leg. These equations are known as the
untwisted and twisted parameter-dependent reflection equation, respectively, and arise naturally as conditions
on the interaction of the aforementioned particles with a boundary, see [Ch, Sk, KuSk]. In this case the two
possible factorizations of the interaction of two particles with one boundary into simple interactions (i.e.,
particle-particle and particle-boundary) are required to be equivalent.

In the present paper R will denote the Bazhanov-Jimbo R-matrix of type Ag\l,ll [Ba, Jil], for which
V = C" and the dependence on u is rational. For the case N > 3, we will use the method of separation of
variables to find all invertible solutions K, K € End(C%) of (1.2-1.3).

The N = 2 case is well-known. In this case there is a natural one-to-one correspondence between solutions
of (1.2) and solutions of (1.3); moreover, there exists a general solution [dVGR], which can be specialized to
any invertible solution, for example the general diagonal solution of (1.2) obtained in [Ch, Sk]. The story is
very different if N > 3. The untwisted and twisted reflection equations are not equivalent and in either case
there is not a single general solution which can be specialized to obtain an arbitrary invertible solution.

To our knowledge, the classification of the invertible solutions of (1.2-1.3) is not known and it is our main
goal to obtain this. Many classes of particular solutions are known in the literature. For example, in [MLS] a
wide class of symmetric solutions of (1.2) was found for all Bazhanov-Jimbo R-matrices of classical affine Lie
type. In the case Ag\})_l it generalizes the solution found in [AbRi] but does not encompass all the solutions.
In [CGM] an affinization procedure was used to construct a class of solutions of (1.2) from the invertible
solutions of the constant reflection equation found by [DNS]. Regarding the twisted reflection equation (1.3),
in [Gan] a solution of (1.3) with all entries nonzero was found. In [MRS] it was shown that solutions of type
AT and AII of the constant twisted reflection equation, found in [NoSu], are also solutions of (1.3).
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2 VIDAS REGELSKIS AND BART VLAAR

In the present paper we show that the set of solutions is naturally partitioned into equivalence classes
identified in Lemma 3.3. This extends, explains and makes precise the observation in [MLS, eqns. (39-40)]
that there exists a transformation related to the cyclic group of order N acting on the set of solutions of
(1.2) found in ébid. Our main results are Theorems 3.6 and 3.12. The first theorem states that any invertible
solution of the untwisted reflection equation (1.2) is equivalent to a non-diagonal symmetric matrix given
by the formula (3.9) or a “triangular” matrix given by formula (3.10). We remark that formula (3.9), in a
slightly different formulation, was first reported in [RV]. Solutions found in [MLS] and [CGM] are special
cases of (3.9) up to equivalence. To our best knowledge, the family of solutions given by formula (3.10) was
not known before, with the exception of some low rank cases.

For example, when N = 4, a choice of inequivalent invertible non-diagonal symmetric solutions of (1.2) is

a a b d b d
a b d 1 b d
b d]> 1 ) 1 ) d c ’
d ¢ d c d c d c
where
146, b=1+) L4A 0y, d= 6y, 6= T 1
a= = c= = — = =
bl X? X’ X? A_lu_l—i—u_l’ X A—Mu’

with free parameters A, p € C* satisfying 0 < Arg(\A),Arg(u) < w. A choice of inequivalent triangular
solutions is

1 1 1 1 b 1 1

1 1 1 1 1 b 1

1 ? 1 ’ a ) 1 ) 1 ) 105>
1 a a a a a
1 b 1 b 1 1 b 1 b
1 1 1 b 10 1

a ) a ’ a ’ a ) b a ’

a a a a a
a—ut u—u"t -
where a = , b= with a free parameter a € C satisfying 0 < Arg(a) < 7. In the formulas

a—u oa—u
above u € C* is the spectral parameter.

Theorem 3.12 states that any invertible solution of the twisted reflection equation (1.3) (in a “charge-
conjugated” form explained in Lemma 3.2) is equivalent to the dense matrix (3.62) or one of the generalized
permutation matrices (3.63), (3.64) or (3.65). The latter two are only defined for even N. Although the first
three solutions are well-known [Gan, MRS] and the solution (3.65) was found recently in [RV], heretofore
the statement that these are all solutions to (1.3) was unproven.

Again for N = 4 a choice of inequivalent invertible solutions to (1.3) is as follows. The solution (3.62) is

aqu —a\/—qu  —au 1
—a+/—qu —au 1 aq
—au 1 aq —av/—q
1 aq —ay/—q —a
qg+1

——————. The solutions (3.63), (3.64) and (3.65) are, respectively,
Ne TP (3.69), (3.64) and (.65

where a =

1 1 U
1 1 U
1 ’ 1 ’ 1
1 1 1
Again, u € C* is the spectral parameter (varying in the equation) and g € C* is the deformation parameter
occurring in the R-matrix R(u).

It is important to note that all the invertible solutions of the untwisted reflection equation as given by
the formulas (3.9) and (3.10) can be obtained by an affinization of (possibly non-invertible) solutions of the
constant reflection equation. This is stated precisely in Corollary 3.10. A classification of these solutions
was obtained by Mudrov [Mu] (all invertible ones were found before in [DNS]). A similar statement for the
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twisted reflection equation is discussed in Remark 3.14. A classification of (possibly non-invertible) solutions
of the constant twisted reflection equation will be presented elsewhere.

For small values of N, in [RV] the symmetric and diagonal solutions of (1.2) and all solutions of (1.3)
were derived as intertwiners of representations of quantum symmetric Kac-Moody pair algebras [Ko]. In
particular, the matrix solutions provide one-dimensional representations (characters) of these algebras [KoSt].
This raises the natural question: what are the underlying algebras for which the triangular solutions (3.10)
provide characters? For the N = 2 case this was addressed in [BsBe].

The paper is organized as follows. In Section 2 we find the group of symmetries of the Bazhanov-Jimbo
R-matrix. We believe this must be known, however we were unable to locate a proof of this in the literature.
Another reason to include this is that its proof is similar to, but easier than, the proofs given in the next
section. Section 3 contains the main results of the paper, Theorems 3.6 and 3.12. They provide a classification
of invertible solutions to the untwisted and twisted reflection equations. We note that (1.3) has an equivalent
formulation (3.5) which is more in line with (1.2). Our classification is written for this modified form.

Acknowledgements. The authors thank the referees for some helpful suggestions and Ana Ros Camacho
for her academic tweets. V.R. was supported in part by the Engineering and Physical Sciences Research
Council (EPSRC) of the United Kingdom, grant number EP/K031805/1 and by the European Social Fund,
grant number 09.3.3-LMT-K-712-02-0017. B.V. was supported by EPSRC, grant numbers EP/N023919/1
and EP/R009465/1. The authors gratefully acknowledge the financial support.

2. THE BAZHANOV-JIMBO R-MATRIX AND ITS SYMMETRIES

2.1. Definitions and Preliminaries. Choose N € Z>5. If not stated otherwise, for any indices 4, j, k, [, . ..
we will always assume that 1 < 4,5, k,l < N. Fix a basis {e;}1_, of CV and denote by {e;}I_, its dual:
ef(ej) = 8ij. Let E;; € End(CY) = Endc(CY) denote the standard unit matrices, so that Ejje, = §jxe;.
We will denote the usual transposition of matrices by t : F;; — FEj; and the transposition with respect to
the main antidiagonal by w : E;; +— E5, where 7 := N —i+ 1 for any ¢ € {1,...,N}. Let Gy denote the
symmetric group. Recall that M € GL(CY) is called a generalized permutation matriz if M € Zi\il CE; o0
for some o € Gy.

Let Rat denote the algebra of rational functions in one complex variable. Their arguments will always be
written in terms of complex numbers v and v, known in the literature as spectral parameters, or combinations
of them such as u/v and uv. We write Rat™ for the group Rat\{0}. Given a complex vector space V, let
Rat(V) := Rat ®c End(V) denote the algebra of rational End(V')-valued functions of one complex variable
where End(V) = End¢ (V). We will consider the multiplicative group

Rat(V)* := {M € Rat(V) : M(u) is invertible for generic values of u € C}.

Fix ¢ € C* not a root of unity. The Bazhanov-Jimbo R-matrix of type A%ll [Ba, Jil] is the element R
of Rat(CY @ CV)* defined by

1
(2.1) R(u) = fy(u) Ry + fy-1(u"")PR,1 P, where fy(u) = =
P is the permutation operator and R, is a constant R-matrix given by
(2.2) P= Z E;; ® Ej;, Ry, = Z (qéij E; @ B+ 5i<j(q — q_l)Eij ® Eﬂ) .

1<4,j<N 1<4,j<N

The matrix-valued function R defined above is a solution to the parameter-dependent quantum Yang-Baxter
equation (1.1) on (CNV)®3 see e.g. [Jil]. We will need a few properties of R later on:

Lemma 2.1. Let J be any invertible antidiagonal matriz. For generic u € C we have:
(2.3) J1JoR(u)JT I = Ry (u) = RY(u)
(2.4) R(u*1)|qﬂq71 = Ro1(u).
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Proof. Using (2.1) we obtain (2.3) as an immediate consequence of J; JyR,J; 'J; ! = PR,P = R}. This in
turn follows by a direct computation: we have

NJaReJT Iy =Ry = > (¢ En ® By + 0icjlq — ¢ V) Ey ® Ey) |
1<i,j<N
PR,P= > (¢"Ej; ® Eii +0icjl¢—q ")Ej ® Ey),
1<ij<N
which are seen to be equal if we make the substitution (i, j) — (7,7). Finally, (2.4) follows immediately from
(2.1). O
2.2. Symmetries. We say that Z € Rat(CN)* is a symmetry of R if
(2.5) [R(3), Z(u) ® Z(v)] = 0
for generic u,v. The set of such Z is a subgroup of Rat(C)*.

Lemma 2.2. The group of symmetries of R is generated by rational functions times the identity matriz,
constant invertible diagonal (c.i.d.) matrices and Z° € Rat(CN)* defined by

(26) Z”(u) = Z Ei,i+1 + uFn1.
1<i<N

Proof. (=) We begin by showing that the symmetry relation (2.5) holds if Z is one of the three indicated
generators. Clearly (2.5) is satisfied if Z is a rational function times the identity matrix. Set R(u):= PR(u).
Then (2.5) is equivalent to R(%)Z(u) ® Z(v) — Z(v) @ Z(u) R(%) = 0. Observe that
(2.7) R(%)(er ®er) = ap () et ® ek + b (%) er @ ey,
where
aij (%) = 0™ fo(3) +47°9 fy-1(2),
bij (%) = (¢ — a7 1) (Gis; fo (%) = dicj fo-1(2))-
In particular, a; (%) =1, b; (%) = 0 and by (%) /bji(%) = v/u if i > j.
Let Z be a c.i.d. matrix, i.e., Z(u) = Elgz‘gN d; E;; with d; € C*. Then
Z(u) @ Z(v)(ex @ e;) = dpdy(ex @ €;).
It is clear from (2.7) and the equality above that (2.5) is indeed true in this case. Now let Z = Z”. Then
Z(u) ® Z(v)(er @e;) = (bp>1€h-1 + Ip1uen) ® (0i>1€1-1 + dppven).
It is clear that, if [,k >1or k=1=1,
(R(%)Z(u) ® Z(v) — Z(v) @ Z(u)R(%)) (er ® e;) = 0.
Let £ > 1 and ! =1. Then
(R(3)Z(u) ® Z(v) = Z(v) ® Z(u)R(3)) (ex ® e1)
= v (ap—1,8(%) — ar1 (%)) en @ ep—1 + (vbp—1,n (%) — ubp1 (%)) er—1 ® eny =0,

since k —1 < N and k > 1, so that ap_1 n(%) — ar1(%) = 0 and bx—1 v (%)/br1(%) = u/v. The case when
k=1and ! >1is checked in a similar way. Hence Z” is indeed a symmetry of R.

(2.8)

(=) Conversely, suppose that Z(u) = 3, ;< #zij(u)Ei; with z;; € Rat, so that ef Z(u)e; = 2;(u).
Also observe that
(€; @ ef) R(%) = aij(y)e; @€ +bij(%)ef @ej.
Consequently,
(2.9) (e; ®e;) (R(%) Z(u) ® Z(v) — Z(v) ® Z(u) R(%)) (er @ 1)
z

= (aij (%) — ari (%)) 2 (v) 2z (u) + bij (%
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Next, in two steps, we prove that if Z is a symmetry of R then Z(u) is a product of a rational function,
a c.i.d. matrix and (Z”(u))™ for some 0 < m < N. We do not need to consider greater powers because
(ZP(u))N = ul.

Step 1: Z(u) is a generalized permutation matriz.

Let ¢ = k # j = 1. Then (2.9) gives z;(u) zj;(v) — 2i;(v) zj;(v) = 0 implying z;;(u) = ¢;z11(u) with ¢; € C
for all 1 < j < N. We focus on the N > 3 case first. Let i # j # k # ¢ and [ = j. Then (2.9) gives

Cj (5i<j u + 6i>j ’U) Zik (u) — ((Sk<j u + 5k>j 1)) Zik (’U) =0.

Hence ¢; = 0 or z;;(u) = 0. It follows that

Z(’LL) S le(u) Z CE;; or Z(U) € Z ZZ](’U,)E”

1<i<N 1<i#j<N

The first case yields a rational function times a c.i.d. matrix and hence a generalized permutation matrix.
The second case requires a little bit more consideration. Let i = j # k #1l# jorl =14 # j # k # i. Then
(2.9) gives

(qu + u) zig (u) 2 (v) — (Op<iv 4 Op>1v) (g + 1) Zig (v) 2y (u) = 0,
(qv + u) 2k (V) Zjg (w) — (Sicju+ dis5v) (¢ + 1) zik (u) 25 (v) = 0.

Setting u = —qu this yields that z;;(v) zi(—qv) = 0 and z;;(—qv) zj5(v) = 0 for generic values of v. Hence
there can be at most one nonzero off-diagonal element in each row and each column of Z(u). Together with
the requirement that Z € Rat(C)*, this implies that Z(u) is a generalized permutation matrix for generic
u and hence for all u in the domain of Z. It remains to consider the N = 2 case. Let i # j = k =1
and u = —qu. Then (2.9) gives (0;<; ¢ — d;>;)¢; zij(—qv) = 0 implying Z(u) = c1E11 + caFa or Z(u) =
z12(uw)E12 + 221 (u)Ea1, as required.

Step 2: For generic values of u, Z(u) is a product of a rational function, a c.i.d. matriz and (Z°(u))™ for
some 0 <m < N.

Taking Step 1 into account, it suffices to show that if Z(u) is not a rational function times a c.i.d. matrix,
then it is of the form indicated with 1 < m < N. We have Z(u) = >, < n Zi,o(i)(4) Ej 5(;) for some 0 € Sy.
Assuming that ¢ # j and k # 1 (2.9) gives

(icju + 0ixjv) zik (u) 2j1(V) = (Sp<1t + Ok>1v) zik (v) 251 (u) = 0.
Let z;;(u) with ¢ # j be nonzero and let k,l be arbitrary. Then the equality above is equivalent to

(2.10) Zihgi() oo Zikaw() oy

zi5(w) zi5(w)
For N = 2 the expressions above imply that Z(u) € C(u)(E12+CuFE>;) and the proof is complete. Otherwise,
if N > 3, assume that coefficients zp,(u) and z.(u) with ¢ < p < r < N are also nonzero. By (2.10) we have

Zpk (1) 2r1(w) 2Zri ()
2 (w) zij(u) Zpk (w)

The conditions above are satisfied if and only if j < k <lorl < j <kork <!l <j. For N =3 only the
latter two cases are possible yielding, up to multiplication by a c.i.d. matrix and a rational function in wu,
Z(u) = Erg + Faz + uEs; = ZP(u) or Z(u) = Ea1 + uEa; + uFE3s = (ZP(u))?, which completes the proof.
For N > 4 assume that coefficients z;;(u) and 2,11 (u) are nonzero. If k > j + 1 there must exist a nonzero
coefficient zqp(u) with 1 <a <iori+1<a< N and j < b < k yielding a contradiction. If 1 < k < j there
must exist a nonzero coefficient zqp(u) with 1 <a <iori+1<a < N and b =1 yielding a contradiction
once again. Hence, if z;;(u) is nonzero, z;41 5(u) can only be nonzero if k = j +1 or k = 1. Clearly, if
7 = 1 then the only option is k = 2. Similarly, if j = N, then k = 1. Let 1 < 7 < N and k = 1. But then
there must exist a nonzero coefficient zq,(u) with 1 < a <iori+ 1< a < N and b > j, which yields a
contradiction. Therefore, if z;;(u) is nonzero, then z;1 () is also nonzero only if k =j+1< Nor k=1
and j = N. It follows that a generically non-diagonal Z is a symmetry of R only if, up to multiplication by

€ C(dr<ju+ 0g>j), € Cl0i<ju+ 0r>j), € C(oicku~+ di>k)-
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a c.i.d. matrix and a rational function in u,

Zw)= > Ejmj+ Y, uENpm;=(2°(w)"

m<j<N 1<j<m

for some 1 < m < N. This completes the proof. O

Remark 2.3. The symmetry Z” corresponds to the Hopf algebra automorphism of the quantum affine algebra
U, (ﬁA[ ~) given by an elementary rotation of the Dynkin diagram. The symmetries given by diagonal matri-
ces (with determinant 1) correspond to the Hopf algebra automorphisms that multiply positive non-affine
simple root vectors by nonzero complex numbers; the negative simple root vectors are multiplied by the
corresponding inverses. z

3. SOLUTIONS OF THE UNTWISTED AND TWISTED REFLECTION EQUATIONS

3.1. Equivalence of solutions. Our goal is find all K, K € Rat(CN)* satisfying (1.2) and (1.3), respec-
tively, which we recall here:

Rgl(%) K1 (u) R(UU)KQ(U) = KQ(U) Rgl (UU) K1 (u) R(u),

v

R(%) K1(u) R" (35) Ka2(v) = Ka(v) R (5) Ki (u) R(%).

v
It will be convenient to rewrite the twisted reflection equation (1.3) in a cross-conjugated form similar to
(1.2). (This form has a natural braided counterpart, which will be used to prove the classification theorem.)
We introduce the antidiagonal matrix!
C= Z (=)' B

1<i<N
and the C-conjugated R-matrix
(3.1) RY(u) = Cy'RY (¢>u™)Cy  where ¢ = (—q)V/2
In particular, cf. (2.1),
(3.2) RY(u) = fo(@u ) RY + fy1 (4~ 2u) PRY-. P,
where
(3.3) Ry =Cy'R}Cy = Z (¢°7 By @ Ez; + 6icj(—q) (¢ — ¢ ") Eji ® Exr) .

1<i, <N

Remark 3.1. The matrix C corresponds to the Hopf algebra automorphism of U, (f?[ ~N) given by the reflection
of the Dynkin diagram which fixes the affine node; see also Remark 2.3. &z

Lemma 3.2. Define K € Rat(CV) by

(3.4) K(u) = C'K (G ).

Then the twisted reflection equation (1.3) is equivalent to

(3.5) Ro1 (%) Ky (u) RY (uv) Ka(v) = Ka(v) Ry, (uv) K1 (u) R(%).

1 1

Proof. Upon substituting u — ¢ 'u and v — ¢~ 'v and using the notation (3.1), we obtain that (1.3) is

equivalent to
R(%)Cy Cy Ky (u) RY (uv) K3 (v) = C1 Cy Ko (v) Ry, (uv) K1 (u) R(%).
Now (2.3) gives the equivalence with (3.5). O

There are straightforward transformations on the set of solutions of (1.2) and (3.5).

Lemma 3.3. Suppose K € Rat(CV) is a solution of (1.2) or (3.5). Then the element of Rat(CY) defined
by any of the following is also a solution of the same reflection equation:

(i) w s K(—u),
(11) u s g(u) K(u) for any g € Rat™,

n the physics literature it is called the cross or charge conjugation matrix, see e.g., [Ba].
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(iii) w— ¢(Z (1)) K(u)Z(nu), where ¢ is the inverse map in case of (1.2) and the transposition w in case
of (3.5), for any n € C* and any symmetry Z of R,

(iv) uw — (K (u)), where ¢ is the usual transposition in case of (1.2) and the composition of the three
operations, transposition w, u s u~' and (—q)*/? + (—q)~Y2, in case of (3.5).

Proof. Statements (i) and (ii) are obvious. For (1.2) statement (iii) is a special case of [Sk, Prop. 2]; for (3.5)
we need to use

Zy () RY (w) Z1(qu) = Z1(nu) RY (uv) Z3' (),

Zy (3 ) B3\ (uv) Z3(nu) = Za(nu) R21(uv)Z“’( )

1).

which follow from (2.5) and (3.1). Statement (iv) in the case of (1.2) follows immediately by transposing the
untwisted reflection equation (1.2) and using (2.3). In case of (3.5) we need a little bit more work. Denote
J =31 c;cn Eiz. Then from M* = JM"J for any M € End(C") and (2.3) we obtain

(3.6) (w@w)(R(u™))lgoq-1 = Ra1(u)
Consequently, combining (2.4) with JCJ = (—¢)NT1C|,,,—1 and (2.3) we also obtain
(3.7) (w @ w)(Ryy (u"))lgog—1 = RY ().

Now applying the antiautomorphism w ® w to (1.2) followed by the operations u — u~!, v — v~ and

(—q)'/? +— (—q)~/? (the latter of which induces ¢ — ¢~') and using (3.6-3.7) we obtain statement (iv) in
the case of (3.5). O

1

Note that statements (i) and (iii) of the above Lemma correspond to Hopf algebra automorphisms of

U, (sA[N) Statement (i) corresponds to the automorphism which multiplies the simple affine root vectors by
—1. For (iii) see Remark 2.3.

Definition 3.4. We say that two solutions to the same reflection equation are equivalent if they are related
by a composition of the transformations defined in Lemma 3.3. (It is straightforward to verify that this
indeed defines an equivalence relation.)

In the remaining parts of this section we will provide a classification of solutions of (1.2) and (3.5) up to
equivalence.

3.2. Untwisted reflection equation. In this section we provide a classification of invertible solutions of
the reflection equation (1.2).

Definition 3.5. Let M € GL(CY). We call M a generalized involution matriz or a generalized cross matriz

if
(3.8) Me Y CEquu or Me Y (CE;+CEiygq),
1<i<N 1<i<N
respectively, for some involution o € Gy . 21

If the off-diagonal coefficients in (3.8) are all nonzero, then the matrix M is diagonally similar to a
symmetric matrix. We shall see that solutions of (3.23) evaluate to generalized cross matrices, and more
precisely to matrices which are either diagonally similar to a symmetric matrix or, up to a permutation of
{1,..., N}, a direct sum of a lower- and an upper-triangular matrix.

The solutions will be labelled by the sets
Syt ={(ro0): 0<l<r<g(N+{lando(i)=N+{—i+1forl<i<r},
2 ={(m,0) : IN<m < Nand0<o(j) <o(i) <mform <i<j<Nst.o(i)#i,0(j)#5}

where it is understood that ¢ € Gy is an involution satisfying o (i) = 4 unless otherwise specified in the
definition of the sets above.

Let N be even and suppose (%N, 01), (%N, 02) € X%, We say that involutions oy and o9 are related, if
po1 = oap where p € Sy is the involution determined by p(i) = ¢ + N/2 if ¢ < N/2. For example, when
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N = 4, the involutions o1 = (14) and o2 = (23) are related. We will denote by Eg\r,i’w a maximal subset of
¥4 which has no related involutions. (Note that %"~ = X% if N is odd.)

Theorem 3.6. Let N > 3. Then K € Rat(CN)* is a solution of the reflection equation (1.2) if and only if
it is equivalent to the solution given by

u—u"t 1 -
(39) I+ m ( Z Eii + m Z ()\E“ + A 1Eg(i)a(i) - Eia(i) - Ea(z)2)>

1<i<t t<i<r
with (£,r,0) € XY™ and A\, pu € C* with 0 < Arg(\), Arg(u) < 7, or to the solution given by
uw—u"!
(3.10) I+ a—u Z (Eii + €io()) Bio(s) T+ Ea(i)iEa(i)i)
m<G<N
with (m,o) € Z;f,i’N and a € C with 0 < Arg(a) < 7 and €i5(:), €000 € 10,1} satisfying €;; = 0 and
€io(i) T Eo(i)i = 1 if i # o(i). Moreover, when o #id, €;,(;y = 1 and €,(jy; = 0, where j = min{l <i < N :
i<o(i)}.

We call matrix (3.9) the canonical symmetric solution of (1.2). We call (3.10) the canonical triangular
solution. More particularly, we call (3.10) the canonical diagonal solution if o = id.

Remark 3.7 (Specializations of the canonical symmetric solution). In (3.9) one can make various choices for
and take limits of the parameters:
o Allowing ¢ = r one recovers (up to an overall scalar) the canonical diagonal solution (3.10) with m = ¢
and a = A" tpt.
o Setting A = u = 1 yields the generalized involution matrix

(3.11) Z ubBi; + Z (Eia(i)+Ea(i)i) + Z Ej;.
1<i<t t<i<r r<i<NAl—r

o The p — 0 limit gives the identity matrix. The A — 0 limit gives the canonical diagonal solution
(3.10) withm =N+ ¢ —r and a = 0.

o The N =2, ¢ =0, r =1 case, upon conjugating with a constant diagonal matrix, is the general
solution found in [dVGR]. The type I solutions found in [MLS] are equivalent to the r — ¢ = 1 cases;
their type II (IV odd) solutions are equivalent to the r — £ = (N — 1) cases; their type II (N even)
solution are equivalent to the r — ¢ = %N and r — ¢ = %N — 1 cases. The solution given by Lemma
6.2 in [CGM] corresponds to the £ = 0 case. Z

Below we state two technical lemmas that will assist us in proving Theorem 3.6. The first lemma will
need the following sets:

E%m/:{(ﬁ,r,t,a) t0<l<r<i(l+t),2<t<Nando(i)=t+l—i+1forl<i<r},

v’ 2<2€<m<r<im+N)ando(i)=m—i+1for0<i<m
Y =<9 (,m,r,0) ) 2y ) )
N ando(i)=N+m—i+1lform<i<N

i’ 0<l{<m<r<Nand0<o(j)<o(i)<Llforl<i<j<m
SN =9 U,m,r o) .

and r < o(j) <o(i) < Nform<i<j<rst o@i)#io0(j)#j
Again, it is understood that o € G is an involution satisfying o (i) = ¢ unless otherwise specified.

Lemma 3.8. (i) If K is given by (3.9), then the solutions of (1.2) equivalent to K are given by
u—ut 1
It ~—V———= Eii — — Ei;
9(“)< + )\1M1+U1< Z At Z

t<i<N
(3.12) + )

-1 1
N w ()\E“ + A Eg—(i)a(i) - CiE’ia’(i) - ¢ Ea'(z)z)))
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with (6,7,t,0) € E;};m/ or

u—u"t
9(u) <I+A1u1+u1< > Ei+ > Ey

1<i<e (<i<m—t

1 » o
py—m Z (u uBi; + AEg(iyo (i) — CiuBiq(i) — ¢; uEa(i)Z)
1<i<e
1 —_ —
(3:13) + A — pu Z (AE”' + A Eo oty — CiBiots) — €; 1Ew(i))>
m<i<r

with (6,m,r,0) € E?,’m” and \, p,c; € C*.
(i) If K is given by (3.10), then the solutions of (1.2) equivalent to K are given by
a—u
E.. - " E. -1g..
g<u>( DRI S s
1<i<¢e L<i<r r<i<N

u

—u !
(3.14) + Z (Si<mu + 5i>m)m (Cio(i)Eio(i) + Ca(i)iEa(i)i)>
L<i<lr

with (¢, m,r,0) € Eﬁ\r,i/ and ., ¢is(3), Co(iyi € C such that either ciy;y or cy(;); is 0 for each £ <i <.

Everywhere above g € Rat™ is arbitrary.

Proof. This follows by a tedious computation using Lemma 3.3. Hence we provide the idea behind the proof
only. Recall from Lemma 2.2 that the group of symmetries of R is generated by c.i.d. matrices and Z*
defined in (2.6) satisfying (Z°(u))N = ul. Set D = 3, .,y diEy with d; € C*. Denote the matrix (3.9)
by Kir(u), (3.12) by K}, ,(u) and (3.13) by K/, (u). Then, applying parts (i) and (iii) of Lemma 3.3, we
compute

9(w) D™HZ° (1) " Koy (u)(Z2° ()" D

Ké+k,r+k,N+k(U) if —¢<k<0,

. Kllc/,€+2k,r+k(u> if 0<k<r—4¢,

- 1-1;\25?1 (Ké—T-&-k,k,r—&-k(u)’A(_}u—l) if r—{<k<N-—w,
141:;2531 (KLNM#NJF%,;C(U)|A<_W_1) if N—r<k<N—{,

with ¢; = n° d;ldg(i) and ¢ defined by

O<k<r—fand1l<i<k,
e=—-1if¢r—4<k<N-rand/—-r+k<i<k,
N—-r<k<N-—-fandl?{—N+2k<i<k
e=1 #0<k<r—fland/l+2k<i<r+k,
e =0 otherwise.
Applying part (i) of Lemma 3.3, we find
Kor(—u) = Ko (u)] DKy (—u)D = K (u)],
with d; = —1if i <randd; =1ifi > r, and so A\,u € C* for (3.12) and (3.13). Finally, note that

(3.9) is invariant under the usual transposition; for (3.12), (3.13) it is equivalent to a conjugation with an
appropriate c.i.d. matrix D.

n——p’

In case of (3.10) the arguments are analogous with the following two exceptions. Let N be even and
(3N.01), (3N, 02) € 4% be such that o1 and o3 are related. Let (1), m(c2) € GL(CY) be the correspond-
ing permutation matrices. Then (Z°(u='))"N/27(01)(ZP(u))N/? = n(02) by virtue of Lemma 3.3 (iii).
Consequently, there is an equivalence between the elements in the set of solutions of (3.5) associated to
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(1N, 01) and the one associated to (3N,03). Finally, Lemma 3.3 (iv) allows us to fix the position (i.e., in
the upper or in the lower triangular part) of one of the off-diagonal entries of K (u); a choice is given by the
last constraint in Theorem 3.6. (]

The Lemma below will assist us in proving that the matrix (3.9) is indeed a solution of (1.2).
Lemma 3.9 (See [DNS, Prop. 2.2] and [Mu, Thm. 2]). Define G,Q € End(CY) by
(3.15) G= Z AE;; + Z (Eia(i) + By + (A — A_l)EU(i)U(i)>a Q= Z Ei;
r<i<o(r) L<i<r 1<i<t

with (€,r,0) € XY™ and A € C*. Then

(3.16) (G=MN)(G+AX"T)=0

if =0, and

(3.17) (G = A)(G+X"'DHG =0,

(3.18) Q*’=0Q, GR=GQ=0, Q=I+\-)\)G-G?
if £ > 0. Moreover, setting R, = PR,,

(3.19) R,G>2R,Gs = GoR,GR,,

(3.20) RyGyR,Q2 = Q2RyGa Ry,

(3.21) RQ2R,Q2 — QaRyQ2Ry = (q — ¢ ') (RyQ2 — Q2Ry),
(3.22) RyQ2RGo — GoRyQaRy = (4 — ¢~ ) (Q2RyGa — G2 R Qo).

Proof. The equalities (3.16-3.18) and (3.19-3.22) are verified by applying each of them to the vectors e;
and e; ® ej, respectively. For example, for (3.16) and (3.17) we write Ge; = giie; + go(i)i€o(s), Where
Gii = Opcica(mA T+ Oo(ry<i<n (A — A71) and 9o(iyi = Ot<i<r + do(ry<i<n- Then, using properties of delta
functions, we compute
(G = A)(G+X"t)e;

= ((gii — N (gi + A1) + Gio () 9o (i)i) € + (9o(yi (952 + A7) + (Go(iyo) — ) 9o (i)i) €0 i)

= (97— 9ii A = A" 4+ goiyi — 1) € + (Go(iyi (95 + Goiyoi) — A+ A7) €0gi)

= (dr<i<r + Orcico(r) T Oo(r<isn — 1) €i = —do<i<eéi,
which equals zero if £ = 0 thus proving (3.16). For (3.17) we need to multiply from left with G yielding zero
as required. The remaining identities are verified in a similar way. (Il

Proof of Theorem 3.6. (=) We begin by showing that matrices (3.9) and (3.10) are solutions of the reflec-
tion equation (1.2). It will be convenient to consider (1.2) in the braided form,

(3.23) R(%) K2(u) R(uv) Ko (v) = Ko(v) R(uv) Ko(u) R(%).
Using the characteristic identity (R, — ¢I)(R, + ¢ 'I) = 0 we rewrite the R-matrix R(u) as
(3.24) R(w) = o) (1= )R+ (a— g "yul)

and, using (3.15), we rewrite the matrix (3.9) as

w—u"t

O+ a D= ) (M- @ - ).

Recall that Q? = Q and GQ = QG = 0. In particular, Q = 0 if £ = 0. Using these identities together with
(3.24) and (3.25) we find that (3.23) is equivalent to the equations (3.19-3.22) and

R R,G2 — GoR Ry = (¢ — ¢~ ') (R, G2 — G2Ry),
RqRqQQ - QZRqRq = (q - qil)(RqQQ - QQR(]))
R,G2Gy — GoGaRy = (A — A"H(R,G2 — GoRy) — (R,Q — QR,).

(3.25) K(u)=1+
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(We substituted (3.24) and (3.25) to (3.23), multiplied by the common denominator, and took coefficients
at different powers of u and v.) The first two equalities hold because of the characteristic identity of Rq.
The third equality is true because of (3.18).

We use the same approach to show that the matrix (3.10) is also a solution to (1.2). We rewrite (3.10) as

(3.26) K(u)=1 + 2 Q,

where @ denotes the sum in (3.10). Observe that Q* = Q. The braided reflection equation (3.23) is then
equivalent to the following two equations

RyQ2R,Q2 = Q2R Qo Ry,
RyRyQo — Q2R Ry = (q— 4~ ) (RyQ2 — Q2Ry).
The first equality is the braided constant reflection equation for the matrix @Q); it is a direct computation to

verify that it is indeed is true, i.e., as in the proof of Lemma 3.9 (this also follows from [Mu, Thm. 2]). The
second equality holds by the same arguments as before.

(=) Conversely, suppose that K (u) =3 ,; ki;(u)e;; with &;; € Rat. Then
(ef ® e;)R(%)Kg(u) R(uv) Kso(v)(ex ®¢)
- (aij( Vi (1) €l ® ef + by (L) hyp(u) el @ e;ﬁ)

1<r,s<N

a—u

X (aks(uv)fasl(v) es @ ex + bps(uv) g (v)er ® es)

= > <5jk aij (L) bjr(uv) i (u) Ry (v) + G bij(%)bi'r'(uv)f\’fjr(u)fffrl(v))

1<r<N
+al]( )ak](uv)ﬁ'ik(u)k ( )"’bz]( )akz(uv)ﬁ/jk(u)ﬁ/il(v)
and
(€] ® €5) Ka(v) R(wv) K2 (u )R(%)(ek®ez)
= (fajr v)ai(uwv)er @ e + k(v )bir(uv)e;“@e?)

X
A

u)ap (L) e @ es + kg (u) b (%) er ® 65)
- % (o) 360 )2 90

() g (2) o (0) oo (0) + g (1) bia () Ao (0) o ().
Taking the difference of the expressions above we obtain
S (Fuebans0) (big () R () o (0) = ba(2) B (0) e ()
T s (%) by () oip () ot () — 6 sk (%) biy (1) o (0) o ()
+ (a”( ) arj (uv) — ag(uv) ap (% ))kjl(v)fcik(u)
1 () (b (%) () for (0) — b () g (0) R (1)) = 0.

(3.27)

Next, in five steps, we prove that any solution K of (3.23) is equivalent to the solution given by (3.9)

r (3.10). Recall that a;;(u) and b;;(u) were defined in (2.8). For any ¢ # j we will write a;;(u) = a(u).
We will use the following terminology. Let o € &y be an involution. Let ¢,j be such that i < o(i),
j < o(j) and i < j. We say that the pairs (i,0(%)) and (j,0(j)) are non-crossing if i < o(i) < j < o(j) or
i <j<o(j)<o(i). We call the first case non-crossing split, we call the second case non-crossing non-split.

Step 1: Any solution of (3.23) is a generalized cross matriz, i.e.

(3.28) K(u) = Z (féu (u) +(1— 510(1))'%10(1)(“)) Eis)
1<i<N
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with 0 € Gy satisfying 0 = id. Moreover, without loss of generality, for all i such that i # o (i),
(3.29) Rio(iy(U) = fgyi(u)  or  Rigi)(w) Rg(ayi(u) = 0.
Leti=j#k#landi#lori#j#k=10andi# k. Then (3.27) becomes, respectively,
(a(%) — 1) Rir (u) Rig (v) + brr (%) i (v) R (u) = 0,
(a(%) — 1) ki (v) Rji(u) + bij (%) fq(u) Rji(v) = 0.

Setting u = —qu, i.e., a(%) = 1, these yield, respectively, &1 (v) kii(—quv) = 0 and &4 (v) kji(—qv) = 0 for any
value of v. It follows that there can be at most one nonzero off-diagonal entry in each row and each column
of K(u).

Now let ¢ = j =1 # k. This time (3.27) gives
Z a(%)bir(uv) kir(’l})krk(u) + a(%)ﬁ/”(v)kzk(u)
1<r<N
— a(uv) (Fii (v) i (1) — bii (%) R (u) Rir(v)) = 0.

Since each row and each column of K(u) can have at most one nonzero off-diagonal entry, we can assume
that &;,-(u) = 0 for all r except when r = ¢ and r = s # . Choose k such that k # s. Since b;;(uv) = 0, the
equality above gives %;5(v) ks (u) = 0. It follows that, if #,5(u) with ¢ # s is nonzero, then % (u) = 0 for
any k satisfying k # s and k # 4. In particular, K (u) is a generalized cross matrix.

Let i =k # j =1 and i = o(j). Then (3.27) becomes
bio (i) () (Ria (i) (1) R ()i (V) = Ro(i)i(u) Rio(i) (v)) = 0.

Hence %o () (1) Bo(iyi(u) = 0 Or Rijg(s)(u) = ¢iko(iyi(u) for some ¢; € C*. In the latter case, by Lemma 3.3
(iii), we may assume that ¢; = 1, i.e., Rip(;)(u) = Ry (i);(u). This implies (3.29).

Step 2: For any i such that i < o(i) both ki and ke, ()o(;) are either zero or lie in Rat™. In the first case K (u)
is a generalized permutation matriz such that, for any j satisfyingi < o(i) < j < o(j) ori < j < o(j) < o(i)
and any k,l satisfying k = o (k) and | = o(l), we have, for ay, € C,

2
Forr (u) Qpp—u i (i) (1) 9
3.30 = , 5 = icj<o(j)<o(i) T U Sico(i)<j<o(s)s
(3.30) Fu(n)  am—u RZ ) (W) <j<o(j)<ali) <o(i)<j<o(j)
22 (u _
(3.31) kak((i) = Okeitt 4 Oicco(i) + Oo(iy<kt
1o (i)
Otherwise, i.e., if Rii, ko(i)os) € Rat™, then
Foio (i) (1) w—ut oo (iyi (1) u—u-!
(3.32) © = Bio (i) © = Bo(iyi

oo (u) — Qo) —u™? Ro(o@ (W) Qi) —u™!
with Big(iy; Bo(iyi € C such that Biziy = Bo(iyi # 0 0o Bis(i) Bo(i)i = 0. Moreover, for any i,j such that i < j
and Ry () Roiyi(w) = 0 if i # 0(i) and fjo(j)(u) ko) (w) = 0 if j # o(j) we have that

(3.33) Raluw) _ oy —u

Rjj(u) — aij —u?

for some a;; € C. Furthermore, for any i,k such that k # i < 0(i) # k,

Orei — (Okeitt + Sicheo(i) + 0o (i) <kl ) Vio(ik
Qg (i) — U™}

(3.34) Bk (u) = (1 —(u—ut) ) Foo(iyo(i) (1)

Jor some vioiyi € C, and so kg, is nonzero for all k.

Let ¢ =1 # j = k. Then (3.27) gives
S ) (b (w0) i (w) hrs(0) — bip (u0) oo (w) o (0))

(3.35) 1<r<N
o+ auw) (b (2) i (0) o () = by (%) i) s (0) ) = 0.
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Assume that ¢ < j = o(i). Then

() = 28 gy ) = (L DWO W) ey - @ ul —w)

ou T (u = q?v)(uv — ¢2) ~ (u— o) (uww — ¢?)

and the equality above becomes

= qi){ui —7 (fm(u) (0= ) i (0) + (1 = w0) s (0))

(3.36)
— uhy;(u) (11 (u— )y (v) + (1 — uv)kii(v))> —0.

(In the computations below we will often omit writing the common factors which have no zeros or poles for
generic values of w and v.) Hence %;(u) = %;;(u) = 0 or both are nonzero. Note that the first case can
is only allowed if both %, (;)(u) and %4(;);(u) are nonzero, by the invertibility of & (u). In the second case
assume that
(3.37) Rii(w) _ aij(u) —u

Rijj(u)  aij(u) —u™t
with o;;(u) € Rat. This allows us to separate variables yielding o;;(u) = a;;(v). In particular, a;;(u) =
a;; € C. The case i > j = o(4) yields an analogous result.

Let us return to (3.35) and assume that 4, j are such that i < j and %, (;)(u) Ro()i(u) = 0 if i # (i) and
the same condition for j. Then (3.35) simplifies to (3.36) and %;;(u), #;;(v) must be nonzero, by invertibility
of K (u). Repeating the same arguments as before we find the same result, i.e., (3.37) with a;;(u) = «;; € C.
This completes the proof of the first relation in (3.30) and the relation (3.33).

On the other hand, when i # o(i), j # o(j) and ky(u) = kjj(u) = 0 but kise(u) ke (u) and
Fjo(j) (W) Bo(j)j (1) are nonzero, the equality (3.35) becomes

a(y) (bja(i)(uv)kia(i)(u) Foo(i)i(V) = bio(j) (u0) Rjo () (W) R () (U)> =0

giving

(0j<o(i) W0 + 8o(i)<j) Ria(i) (1) Ra(i)i(v) = (Sica() Ut + 0o () <i) Rjo(j) (1) Raj); (v) = 0.
We focus on the cases when ¢ < o(i) < j < 0(j) and i < j < 0(j) < o(i). Using (3.29) and separating
variables we obtain the second relation in (3.30).

Finally, assume that i = o(i), j < 0(j) and %;;(u) = 0. The equality (3.35) becomes

a(2) (bii(uv) i () Rii (0) = bio () (0) Rio5) (1) o) (v) ) = 0
giving
(05<iuv + bicj) Rii(u) Rii (V) — (0i<o() U0 + 0o (jy<i) Rjo(s) (W) Ro(y;(v) = 0.
By separating the variables we obtain (3.31).
Let i = j =1+# k and i = (k). Upon renaming k — j in (3.27) we find

a(uw) (s (0) iy (u) = by () R () iy (0) ) = a(2) (R (0) R () + b (w0) iy (0) o () )
The trivial solutions are #;;(u) = %;;(u) = 0 and &;;(u) = 0. In the non-trivial case, for ¢ < j = o(%), the
equation above gives
(u— U_l)(aw(i) - U_l)fﬁm(i) (V) B (iyor iy (1) — (v — v ) (o — U_l)fwa(i)(u) Foo(iyo(iy(v) = 0.

Here we used (3.33), which we have already proved. Upon separating the variables we obtain the first identity
in (3.32). If i > j instead, we need to interchange ¢ with j and proceed in the same way as before. This
yields the second identity in (3.32).

Leti=1#j+#k,i#kand o(j) = k. Then (3.27) gives
a(2) (b (0) g (0) oy () + b (wv) o (0) e () )

= a(uv) (b (%) i 0) Rgp () = bia( %) Rii(u) Ry (v) ) = 0.
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Assume further that j < k and %;;(u), Rrr(u) and %, (u) are all nonzero. Using (3.32) and (3.33), and
dividing by the common factor, we rewrite the equality above as

g ((U’U — 1) (Op<itt + 0 v) Fosi(u) + (u — v) (Si<p uv + 5k<i)f"vkk(u))f9kk(1’)

ajp — vl
u — U71
o —ul ((W — 1) (bicju+0j<iv)Rii(v) — (u—v) (dicjuv + 5j<i)f"vjj(v))fikk(u) =0.
J

Upon separating the variables we find, for some ;1 € C,

S § S . AP
kii(u):(l—(u—u_l)alﬁ (Gicju+ Gj<ick + Ok<its h”’“)fckk(U).

-1
Qi — U

The case when k < j yields an analogous result. It follows that, if %;;(u), o (j),0(;)(u) and &; ,(;)(u) or
foo(j),;(u) with j # o(j) are nonzero for some j, then %4;(u) are nonzero for all 4. This completes the proof
of the second statement of Step 2.

Step 3: If K(u) is a generalized involution matriz, then K is equivalent to the solution given by

(3.38) il Z o

m<G<N

for some m satisfying %N <m < N and a € C satisfying 0 < Arg(a) < 7, or to the solution given by

(3.39) Z uF;; + Z Eioiy + Eo()i ) Z E;;

1<i<t £<i<r r<i<N+4+L—r
for some (¢,r,0) €

Suppose that K(u) is diagonal, i.e., K(u) = >, ;o n Rii(u) Eyi. Then the first relation in (3.30) implies
that there can be at most three different entries, i.e., for any ¢, r satisfying 0 < ¢ < r < N we have, for all
i,i', 5,5 k, k' such that i,i’ < €< j,§ <r <k, K,
foii(u) 1—au Roj;(w) a—u foii(u) 9

= = = U s
fij(u)  1—aul’ ﬁ‘,kk(u) a—ut’ R (u)
Rii(u) _ Ryi(u)  Rek(u)

R (w)  Ryp(w)  Fp(u)

with a € C. This yields, up to an overall scalar factor,

(3.41) = > uEi+ Z E”+ > u'E,

1<i<e €<z<r r<i<N

sym
DRES

(3.40)

which, by Lemma 3.8 ((3.41) is a special case of (3.14) when ¢ = id), is equivalent to (3.38): denoting the
matrix (3.38) by K,,(u) and (3.41) by K, ,(u) we have, for 0 < k < N,

au—1 :
_ _ auKkkm if k4+m <N,
(271 0) ™ Ko () (27 () = el
WKpym-np(u)|, -+ ifk+m>N.
Next, suppose that K (u) is non-diagonal, i.e.,
(3.42) K@) = Y Riow (W) Eiog)

1<i<N

with o € &x of order 2. We will assume that %;,(;) (1) = ko) (u) for all i satisfying i < o(i); this follows
from Step 1. Let 4, j, k, [ be all different or i, j, k different and [ = j. Then (3.27) gives

aluv) (b (2) Rin(0) Rsn() = b2 Rin(w) i (v) ) = 0.
Using (2.8) we obtain
((5i>j’l) + 5i<j u) kil(v)kjk(u) — (6k>l'U + 6k<lu) ﬁ,il(u) ftjk(’l}> =0,
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or equivalently (cf. (2.10))

Rtk ji(u)
Fij(u)

Ritr,j+1(u)

(3.43) oy (1)

e CuTt, e C.

Let i, j be such that i < o(i), j < o(j) and i < j. The relations (3.43) applied to the coefficients %; 5(;)(u),
Foo(iy,i(u) and o o5y (1), Re(s),j(u) imply that we must have o(i) < j or o(j) < o(i), i.e., the pairs (i, 0(i)
and (j,0(j)) are non-crossing. We represent these configurations diagrammatically by

i j o(j) o(i)

where the filled nodes indicate the nonzero entries of K (u) in question. Moreover, since K (u) is a generalized
permutation matrix, the filled nodes correspond to the only nonzero entries in each dotted line and each
dotted column. The grey shadings are added to emphasize the non-crossing property of the pairs (i,0(7))
and (j,0(j)): they are split in the first case and non-split in the second case. In particular, when N = 3
we have o € {(12),(13),(23)} and when N = 4 we have o € {(12), (13), (14), (23), (24), (12)(34), (14)(23)}.
When N > 5 we need additional arguments.

Let us focus on case when the non-crossing pairs (i,0(i)) and (j,0(j)) are split. Let k be such that
k < o(k). By the same arguments as before, the relations (3.43) imply that the pair (k,o(k)) must satisfy
one the following four conditions:
k<i<o(i)<o(k)<j<o(j), i<k<o(k)<o(i)<j<o(j),
i<o(i)<k<j<o(j)<o(k), i<o(i)<j<k<o(k)<oa(y).

In other words, all the pairs must be simultaneously non-crossing and there can be at most two simultaneously
split pairs. We represent these configurations by

respectively. (Note that the first two diagrams describe equivalent configurations; the same is true for the
last two diagrams.) Now let k be such that k = o(k) instead. The relations (3.43) together with (3.31) imply
that k must satisfy one of the following two conditions:

(3.44) i<k<o(i)<j<o(j), i<o(i)<j<k<o(j).
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We represent these configurations by

Let us now focus on the case when the non-crossing pairs (¢,0(i)) and (j,0(j)) are non-split, i.e., when
i<j<o(j) <o(i). Let k be such that k = o(k). (The case when k # o(k) follows from the considerations
above.) Then (3.43) and (3.31) imply that k& must satisfy one the following three conditions:

(3.45) k<i<j<o(j) <o(i), i<j<k<o(j)<o(i)), i<j<o(j)<ol(i)<k.
We represent these configurations by
ki j o(j)o(i) ij ko(@j) o)
— [ ————
it
k .
o(d) |
o (i)

Since K (u) is generically invertible, the considerations above imply that all simultaneously non-crossing

non-split pairs (i,,0(i,)) satisfying i, < o(i,) for r = 1,...,n, where n is the number of such pairs, form a
sequence
(346) (Z,O’(Z)), (Z—I—I,O'(Z) _1)a (Z+27U(Z) _2)7 cee (Z+Tl— 130(2) —TL—|—1)7
where ¢ = min{iy, 49, ...,4,}. It follows that
o {+1 L+2 ... r t—r t—r+1 ... t—0+1
T\t t—0 . t—r r r—1 {41
withé,r,tsatisfying0§€<r§%(€+t)and2§t§]\7,or
(1 2 14 m—{0+1 m—0+2 ... m
T \m om-1 ... m-—t+1 ¢ (-1 .1
m+1 m+2 ... r N+m—-r+1 N+m—r+1 ... N
N N—-1 ... N+m-r+1 r r—1 ... m+1

with ¢, m,r satisfying 2 < 2 < m < r < 3(N 4+ m). In other words, we have that (¢,r,t,0) € Esﬁm, and

{m,r o) € Zsym//7 respectively. Typical configurations for the first and the second case are shown below
N
(the grey lines denote locations of the only nonzero matrix entries):

41 r t—r t—0+1

e : : L
Ol | i RN 0l
- o AN |

g' ; m—_+1

m

t—?“ ........... o m+1

r

t_g_i'_]_ ..... U o TP

N+m—r+1 |:
) N L
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In the first case (3.30) and (3.31) imply that, up to an overall scalar factor,

Ku)= > uBi+ Y &(Biini+ B+ Y, xBui+ Y, u'Ey,

1<i<e t<i<r r<i<t—r t—0<i<N

with g;, x = £1. In the second case, by the same arguments as before,

K(u) = Z u€i (Bim—i+1 + Em—it14) + Z uwly;
1<i<t £<i<m—2

+ > ei(Bingm-is1 + Engm_ivri) + > xEu
c<i<r r<i<N+m-—r
with €;,x = +1. These are A = p = 1 and ¢; = +1 specializations of (3.12) and (3.13), respectively. By
Lemma 3.8 and Remark 3.7 they are equivalent to the matrix (3.39).

Step 4: If K(u) is a symmetric generalized cross matriz (3.28) but not a generalized involution matriz, then
K is equivalent to the matriz (3.9).

We start by studying ratios between the matrix entries associated to the pairs (i,0(i)) and (k, k) satisfying
i < o(i) and k = o (k). There are three cases we need to consider, k < i < o(i),i < k < o(i) and i < o(i) < k.
The corresponding configurations are represented below

ki o(i) ik o(i) i o)k
e T N
P Y- Y i i e ®- PR

SRR k 5

o(i) . ...... . ....... a(4) o (i) e @ - P

M M M k .................. .

Substituting ¢ — o (i) and j — k in (3.35) gives
a(y) (bki(uv)ko(i)i(u)ﬁ'ia(i)(v) + b (3) (UV) B (3o (i) () oo (30 (3) (V) — ba(i)k(uv)fﬂkk(u)fikk@D
+a(uv) (ba(i)k(%)f%(i)o(i) (v) R (u) — bko(i)(%)ka(i)a(i)(u)f{'kk(v)> =0.
Assume that ¢ < k < o(i). Using (2.8) we obtain
(1—uv) (ukkk(v)ka(i)a(i) (u) — vRik(u) Ro(iyo(i) (”))
+ (u—v) (uvﬁ‘a(i)a(i)(u) Foo(iyo(i) (V) + Ro(i)i(U) Rig(i) (V) — fﬂkk(u)ftkk(v)) =0.
It remains to use (3.32) and (3.34) giving

wv (u—v)(1 —u?)(1 —v?

(1 — aw(i)u)(l — aw(i)v)

(’Yia(i)k(%‘a(i)k +1) - Bzg(i))ka(i)a(i) (u) Ro (iyo(i) (V) = 0.
The equality above is only true if 61-20(1-) = Yio i)k (Vie (i) + 1) with Yie(iyk € C. We have thus arrived at the
following result, when ¢ < k < o(i),

Fopr(u) uw—u"! 5
BAN @ M g —amt ek 8 = oot + 1)

Now assume that k < i < o(i) instead. Repeating the same steps as before we find

Fopr ()

(3.48) _Fewrln)
R (i)o (i) ()

— (1 u—ut 1 2 _
= + m (U%‘a(i)k - ) ) 5ig(i) = %‘a(i)k(%‘a(i)k - aio—(i))'

Finally, assume that ¢ < o(¢) < k. This time we find
-1

forr (w) u—u

—1 2
(3.49) Tooto(n (@) = (1 + WU %a(i)k), Bio(iy = Vio(iyk Vio (ipk + Qio(i))-
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We now focus on the ratios between the matrix entries associated to the pairs (i,0()) and (j,0(4))
satisfying ¢ < o(i) and j < o(j). Note that (3.43) holds, i.e., the pairs (¢,0(¢)) and (j,o(j)) must be non-
crossing. Moreover, there can be at most two simultaneously non-crossing split pairs. Hence there are two
cases we need to consider, ¢ < (i) < j < o(j) and i < j < 0(j) < o(i). The configurations in question are
represented below

il .
G @ @i
o(5) . ...... o
o (i) . ....... ...... .

Since K (u) is a generalized cross matrix, the filled nodes represent the only nonzero entries in the dotted
lines and columns.

Let 4, j be such that i < o(i) < j < o(j). The relation (3.34) implies that, for v;,(;)0a) € C,
Fowew® _y, = w ) Wogrem = 1)
Foo(i)o ) (1) Ajo(j) — U™

By (3.43) we have %, (;)(u)/% o (jy(uw) € Cu. Then, using (3.32), we deduce that, for n € C*,

Fo(o(n () _ Qio(i) — Uill .
Ro(o()(u) Qo) —u
By equating the above expressions we find
(350) ry‘]o'(j)o'(l) = Oa n + ajU(j) = 0’ aio’(i)aja(j) =1
Hence, upon combining with (3.33), we have, when i < o(i) < j < o(j),
Room W) Qo) —u Ri(w) 1 —uajoq)
(3.51) - -, - — ,
Ro(iyo () Qo) —u jj(u) 1 —u"lage)
and so
(3.52) i) e R
o ()0 () (1) Foo(i)o(iy (1)

Next substitute i — o (i) and j — o(j) in (3.35). Provided i < o(i) < j < o(j), this gives
a(y) (ba(j)i(uv)fia(i)i(u)f%(i)(?)) + bo ()0 (i) (W) R (i) (i) (W) Ror (i) () (V)
= b (i (wv) Bojo ) (W) R ) () = ba(i)a(j)(uv)ﬁa(j)o(j)(“Vfw(j)o(j)(v))
+ a(uw) (b(r(i)o(j)(%)fﬂtr(i)o(i)(v)f%(j)o(j)(U) = b (1)) (5) Roiyoti) (1) f%(]’)am(v)) =0.
Using (2.8) and dividing by the common scalar factor we rewrite the equality above as
(u—v) (ka(i)i(u)kia(i)(v) + ko (iyoi) (u)f*’uo(i)o(i)(v)>
—uv(u—v) (ftjau)(u) R ()5 (V) + Ro()o () (W) Ro ()0 (5) (U))
= (1= ) (W00 (0) o)) (W) = Ve yo) (W) Fir(i)o (0) ) = 0.

Finally, using (3.32), (3.35), (3.50) and (3.51) we obtain

wo(u—v)(1—u?)(1—v?) 2 2
2 02— B2 ) Byt (W) o ye () (V) = 0.
T a1 = ayy) (Pe00) = o) Retirot) (0ot (0)
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Hence the above equality is only true if ﬁfa(i) = aj_f(j) ﬂ?a( nE We have thus arrived at the following result,
when i < 0(i) < j < o(j),
Rio(i) (1) u—ut

(3.53) — —uBo(s)-
Fooy (W) ey —ut 07

Let 4, j be such that i < j < o(j) < o(i). The relation (3.34) now implies that, for v,,(;)s(;) € C,

Fo()o () () w—u!
7 =Lt S V(o)
Foo(iyo (i) () oy — w1 V7 @0)

By (3.43) we have k;q(;)(u)/kjq(;)(u) € C. Then, using (3.32) and (3.33), we deduce that that, for n € C*,

Ro(yo() () Qo(j) —u

Fo(iyoy(U) Qo) —u™

1 T]’
yielding Vs (iyo(;) = 0, 7 =1 and @5y = @js(;)- Upon combining with (3.33) we obtain

Roii(w) _ Foo(iyor (i) (1)
Fjj(u)  Ro()og) ()

Finally, by repeating the same steps as before, i.e., by combining the above results with (3.32) and (3.35),

(3.54) =1.

we find ﬂ?g(i) = ;U(j). Therefore, when i < j < o(j) < o(i),
kio’ i

(3.55) Rioy(W) _ +1,
Rjo(s) (1)

The last ingredient that we need is a constraint on the choice of the pairs (k,o(k)) with k = o(k). Let
i,J,k be such that i < k < j < o(j) < o(i) and k = o(k). We already know that in this case a;s(;) = o))
and 87, ;) = B2,y Thus, upon combining (3.54), (3.55), (3.47) and (3.48), we find
1

uU—u-
— (L + wYjo (k)

~1
I+ %’Wa(i)k =1+
Qi (i) — U Aig (i) — U
where BZZU(Z.) = Yio(i)k Vie (k1) = Vjo i)k (Vie()k—jo(j))- The equality above is only true if v;, ;) = —1 and
Yjo(jye = 0. But then B;,(;y = 0 yielding a contradiction. Now let 7, j, k be such that i < j < o(j) < k < o(i)
and k = o(k) instead. Using similar arguments as above, with (3.49) instead of (3.48), we again obtain a
contradiction. In other words, the following two configurations

ik j o(j)ali) i j o(j)koli)

are not allowed. Recall that the filled nodes represent the only nonzero entries in the dotted lines and
columns. This means that all simultaneously non-crossing non-split pairs (i,,o(i,)) satisfying i, < o(i,)
with r = 1,...,n, where n is the number of such pairs, form the sequence (3.46). Moreover, by (3.54) and
(355), Uio(iy) = = po(in) and so

(3.56) Fiyiy(u) = -+ =R i, (), Ro@ipo@) (@) = = Ro(iy)o(in) (1)

By (3.30) we have 51.210(1_1) = ... = 51_2710(1."). Finally, by combining (3.33) with (3.47), (3.48) and (3.49), we
deduce that, for all i,4’, j, j', k, k' fixed under o and satisfying i, < i1, i, < j,j' < 0(in) and o(i1) < k, &’
the relations (3.40) hold.
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The above results imply that o must be given by E?,’ml or E?\'}'mﬁ. The nonzero entries of K (u) can thus

be represented as follows (recall a similar result in Step 3):

41 r t—r t—0+1

{ :
[_A'_l ..... o - ................ ® -
o . ........ @ i
t—r e . ........ YOI
t*é+1 ..... @ ® -
N+m—r+1
[ ]

Let (¢,r,t,0) € 2™ . By (3.54), (3.55), (3.56) and (3.40) we have

Rar(u) = = koe(u) = v ky_ipoip2(u) = - = v (u),
fﬂe+1,z+1(u) == krr(u), ff/tfr,rfr(u) == kt76+1,t76+1(u)a
Frgtrpr(w) = =k 1 r1(U),  Riyy gpny (W) = = Rig (u).

Without loss of generality, we set %y41,r+1(u) =1 and

1 —1
B p A
(357) Ao (r) = N N1’ VYro(r),r+1 = N1 /\,M e C”.

Using (3.32), (3.33) and (3.47) we find

AMu—u=1) A (u—ut)
Bopr(u) =1+ s Romyor)(u) =1+ )
. W A ey o T G )
' u—ut 1
k == :I: = .
ro(r) (’LL) ()\_1/}[/_1 ¥+ ’U,_l)(A — Mu)v BT‘(T(T) :F)\ 1
Finally, using (3.48), (3.49) and (3.40), we find that
(3.59) foa(u) = 14— An(u) =1 u—u!
. u) = _ u)=1— .
11 Al g NN AT+ u DA

Hence, up to an overall scalar factor,

w—u"t 1
K(“):IJFWW( D Bi—y— > B

1<i<e P N
1 -1
* \— nu Z (AE“ T A Eo(iyo(i) F Bio(i) F Eia(i)))
K L<i<r

By Lemma 3.8, it is equivalent to (3.9).
Now let (¢,m,r,0) € 2™ . By (3.52), (3.53), (3.54), (3.55), (3.56) and (3.40) we have

fir(u) = = fy(u) = 2By _pmori1(u) = - = w2 hyn(u),
7%/'mffjtlmlféJrl(u) == 79“/'mrn(u) = km+1,m+1(u) == ff/rr(u)7
ff/ﬁ-&-ll-&-l (u) == km—f,m—f(u)a kr-‘rl?r-ﬁ—l(u) == kN-&-m—r,N-{-m—T(u)a

f{/%a'(l)(u) == ﬁ/lgd(f) (u) = ’LL2 k3n+1,a'(m+1)(u) == ’LL2 f{/fo‘(r) (u)
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As in the previous case, we set ,y1,+1(u) = 1 and choose the parametrization (3.57). Then (3.58) also
holds. Moreover, %1 ¢+1(u) coincides with %41 (u) given by (3.59). Hence, up to an overall scalar factor,

u—ut

1<i<e £<i<m—¢

Z (lflUEu‘ + Ay (iyo (i) F uBio) F UEa(i)i)

A= pu 1<i<e
1 -1
+ )\ — /J,’U, Z ()\Eu + )\ Eo’(i)o’(i) :F EZO‘(’L) q: Eza‘(z))) .
m<a<r

By Lemma 3.4, it is equivalent to (3.9).
Step 5: If K(u) is a non-symmetric generalized cross matriz, then K is equivalent to (3.10).

Let K (u) be given by (3.28). Assume that K (u) is a non-symmetric matrix, i.e., there exists k such that
k < o(k) and e k) (w) Roryk(u) = 0. Then for all i such that i < (i) we have %, (;)(u) Ro@yi(u) = 0, ie.,
a non-symmetric K (u) is triangular. We will show this by contradiction. (Note that if k is the only index
such that k < o(k), for example when N = 3, then there is nothing to prove.) Assume that there exists 4
such that i < 0(i) and R;q(;)(u) Ry(i)i(u) # 0. There are four cases we need to consider:

(3.60) k<ok)<i<o(i), i<o(l@)<k<o(k), i<k<olk)<o(), k<i<o@i)<o(k).
Consider the first case above. The equality (3.35) in this case becomes, upon substituting i — o(i) and
J—rk,
a(3) (bki(uv)ﬁ'o(i)i(u) Rio(iy (V) + bk (i) (u0) Bo(iyo (i) (W) Ro(iyo (i) (V) — ba(i)k(uv)kkk(u)kkk(v))
+ a(uv) (ba(i)k(%)f{'a(i)a(i) (V) Btk (w) = bro (i) (5) Ro (i)o (i) (U)f%k(v)) =0.
By (3.52), which holds for i, k described above, we have Ry (u) = qug(i)g(i)(u) giving
a(3) bri(uv) Ro(iyi(u) Rio () (v) + A(u, 0) Roi)o ) () R (i)o (i) (V) = 0,

where
A(u,v) = a(uv) (u?be(iyr (%) — V7 bro@) (%)) + a(%) (bre() (wv) — v by iy (uv))
1w (¢®> — Du?v B (% — 1uv? v—u (¢®> — Duw B (g% — 1u?v?
( ) ww )

g —q lw v —u ;v —u v—qglu\ ¢2—wv g% —wv

B (* =D w(l —w)(u—v) (¢*—1)uv(v—u)(uw—1) 0
(¢ — ¢ ) (¢Pv —u) (qv — ¢ 'u) (¢* — uv) '
Hence a(%) bri(uv) B (3)i (1) Rig(s) (v) = 0 yielding a contradiction. Proceeding in a similar way we find that
each of the remaining three cases in (3.60) also yields a contradiction. Therefore a non-symmetric K (u) is
triangular.

Next, note that (3.33) holds for all diagonal entries of a triangular K (u). Hence the diagonal part is the
same as in (3.41), i.e.,

B o —U B 1
ooy S b S re $
1<t L<i<r r<i<N

with ¢, r satisfying 0 </ <r < N.

We also note that for any 4,7 such that ¢ < o(i) and j < o(j) the pairs (i,0(i)) and (j,0(j)) are
non-crossing, and there are at most two simultaneously non-crossing split pairs. This follows by the same
arguments as before, i.e., from (3.43). Moreover, (3.51) and (3.54) also hold in the split and non-split cases,
respectively. Recall that in the split case we have a;q ;)05 ;) = 1, while in the non-split case @js(;) = Qo (;)-

Finally, we note that constraints involving parameters 3;,(;) in (3.47-3.49) are not present in the triangular
case, i.e., repeating the same analysis as we did in Step 4 does not yield any constraints on S, (;). In particular,
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if 4, j, k are such that ¢ < j < 0(j) < o(¢) and k = o(k), the the configurations
i<k<j<o(j)<o(i), i<j<o(j) <k<o(i)
are also allowed. (Recall that in the symmetric case only k < i < j < o(j) <o(i), i <j<k<a(j) <o(i)
and i < j < 0(j) < (i) < k were allowed.) This implies that all simultaneously non-crossing non-split pairs
(ir,0(i,)) satisfying i, < o(i,) for r = 1,...,n, where n is the number of such pairs, form a sequence
(ia1,0(iay))s (fazs0(iaz)), -- -5 (fa,,0(ia,))
such that
oy <lay < <lq,, 0(iqy) > 0(lay) > -+ > 0(ia,)-
Furthermore, if ¢, j, k are such that i < o(i) < 7 < o(j) and k = o(k), then the following three configurations
are also allowed:
k<i<o(i)<j<a(j), i<o(i)<k<j<oa(j), i<o(i)<j<o(j) <k

(Recall that in the symmetric case only i < k < 0(i) < j < o(j) and i < 0(i) < j < k < o(j) were allowed.)
This implies that there exist ¢, m, r satisfying 0 < ¢ < r < N and ¢ < m < r such that for all i, j satisfying

i#o(i), j # o)),
0<o(j)
r<o(j)

<o(i) <t if L<i<j<m,
<o(i)) <N if m<i<j<r

In other words, (¢,m,r,0) € E}f,il. Finally, by combining (3.32), (3.34) and (3.61), we find that, for i # o (i),

-1
Uu—u
ﬁ’ia(i) (U) = (6Z§mu + 5i>m)71ﬁio'(i)

au —
with Bi(;) € C. Hence

K(u) = Z ul;; + Z %EnJr Z u By

1<i<t t<i<r r<i<N
u—u"!
+ Z (Oi<mu + 5i>m)m (Cio(i)Eia(i) + Co(i)iEa(i)i)
<i<r
with ¢;,(;) € C satisfying c;; = 0 and ¢;5(;)Co(s); = 0. By Lemma 3.8, it is equivalent to (3.10). O

Recall that in the proof of Theorem 3.6 we used an affinization procedure to show that K (u) is a solution
of the reflection equation(1.2). The equivalence relation for solutions of the constant reflection equation (i.e.,
an analogue of Lemma 3.3) is given by a conjugation with a diagonal matrix and a multiplication by an
arbitrary nonzero scalar. Taking this into account, the Type 1 solutions stated in [Mu, Thm. 2] correspond
to the matrix G in (3.15), while the Type 2 solutions correspond to @ in (3.26).2 This fact combined with
Theorem 3.6 leads to the following important corollary.

Corollary 3.10. Every invertible solution of the reflection equation (1.2) can be obtained by the affinization
procedure (3.25) or (3.26) of a symmetric (Type 1) or triangular (Type 2) solution of the constant reflection
equation and an application of Lemma 3.3, respectively.

Remark 3.11 (Non-invertible solutions). Consider the triangular solution (3.10). Multiply by « and substi-
tute €535y — oz_lew(i), Eo(i)i = a‘lag(i)i. Taking the limit o — 0 gives a set of non-invertible solutions of
(1.2)
Z (ifia(i)Ew(i) + Ea(i)iEa(i)i>
m<i<N

with (m,0) € S¥ and €,,(;), €4(); satisfying the same conditions as those in (3.10). A numerical low-rank
analysis of (1.2) suggests that these are indeed all non-invertible solutions, inequivalent in the sense of
Lemma 3.3. A similar limit of (3.9) does not give any new solutions. z

2Note that solutions found in [Mu] are w-transposed with respect to the ones considered in the present paper. This is
because of a difference in the definition of the constant R-matrix Ry.
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3.3. Twisted reflection equation. We now turn to classification of invertible solutions of the twisted
reflection equation (3.5).

Theorem 3.12. Let N > 3. Then K € Rat(CN)* is a solution of the twisted reflection equation (3.5) if
and only if it is equivalent to one of the solutions given by the following matrices:

(3.62) Z Ei; + Z L+ ((*Q)%UEM*JF(*Q)%C]EJ?)’

1<i<N 1<icyen I
(3.63) > Ea,
1<i<N
(3.64) Z (Byi—13 + Eaizi1)s
1<i<N/2
(3.65) Z (uEiz nj2 + Eiynyog)-
1<i<N/2

The last two cases are only allowed if N is even.

We first state a technical lemma which will help us with proving Theorem 3.12.

Lemma 3.13. Let K be given by (3.62), (3.63), (3.64) or (3.65). Then the solutions of (3.5) equivalent to
K are given by

(3.66) g(u)< Z B + Z c 65 ~1+q (i(—q)%quiJ—i-(—q)i?jéjEjl)) for (3.62)

1<i<N 1<i<j<N q+qu
(3.67) g(w)Y eEir  for  (3.63)
(3.68) g(u) Z Ci(Ezi—1,?i+E2i,Z+1) or
1<i<N/2
(369) g (ci@Bn+u Exn)+ Y. a(Bygies+ Fyazyn)  for  (3.64)
1<i<N/2
(3.70) gw) Y ci(FuBinjp+ Eiynjg)  for  (3.65)
1<i<N/2

for some g € Rat™ and ¢; € C*.

Proof. The proof is analogous to that of Lemma 3.8, i.e., the statements above follow by tedious computations
using Lemma 3.3. In particular, for 1 <k < N,

9(u) DP (29(2))) K (20) (27 (qu))*D = K'(w), s = v,
where K (u) is the matrix (3.62), (3.63) or (3.65) and K'(u) is the matrix (3.66), (3.67) or (3.70), respectively.
The coefficients ¢; are given by din®=r, d;yn%i<t, d?n*=+ and dyjo—;41dsm°~/2=i<*, accordingly. In case of
(3.64) we have instead
K'(u) if k is even,

w P (N \W k 14 —
() D ((27(2)") K () (2 (nu))kD—{ K ik o

where K(u) is (3.64), K'(u) is (3.68) with ¢; = 7]2555’%15615“ and K" (u) is (3.69) with ¢; = ndidy and
c = 77255”9%@ 4105545 Lastly, all matrices (3.66-3.70) are invariant under the transformation given by
Lemma 3.3 (iv). O

Proof of Theorem 3.12. (=) We start by showing that matrices (3.62-3.65) are solutions to (3.5). The
matrices (3.62-3.64) in the form given by K (u), cf. (3.4), are known to be solutions of (1.3). For (3.62) this
was shown in [Gan]. For (3.63) this is accounted for by the fact that R-matrices R(%) and R (-1-) commute.

For (3.64) this was shown in [MRS] (in the proof of Theorem 3.10). For (3.65) this was stated without proof
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in [RV]. Hence we only need to show that (3.65) is indeed a solution of (3.5). By Lemmas 3.2 and 3.3 it is
sufficient to show that the matrix

K(w)= > (uBiinsi+ Eiivn)
1<i<N/2

is a solution of (1.3). Let T be the unique element of GL(CY ® C¥) that sends the ordered basis
(61 ®e1,...,e1 ®6N,€2®€1,...,€2®6N,...,€N®€1,...,€N®€N)
to the ordered basis

(e1 ®er,...,e1Qen/z,e2@€1,...,620€N/2,...,6N D €1,...,6N K €N/,

€1 ®eN/241s--+5€1 D EN, €2 @ EN/2p1y---,€2 D ENy .-, N @ ENJ241,- -, EN D EN).

We conjugate the matrices R(u), R (u), Ki(u) and K,(v) with the matrix 7. This gives

R(®)
o L= fo(8) ] (q=q V)2 fo(2)P
TRG)T™ = G- f(MP (- %) f ()1 !
R(u)
R (@—aq ) f ()Pt
ti( 1 \p—1 _ 1 - ﬁ q 1711; I
TR GoT™ = (1 ) fy()1
(@—q1) L f,(L)pn R (L)
and
I I
~ _ I ~ _ vl
TKl(’lL)T = wl 5 TKQ('U)T t= I )
ul vl

where the operators inside the matrices are each acting on a copy of CV/2 ® CN/2. Tt remains to conjugate
both sides of (1.3) with T and use the expressions above together with the identities PP = PP = ph
and PR (u) P = R* (u). Then a straightforward computation shows that both sides of (1.3) agree. Hence
(3.65) is indeed a solution of (3.5).

(<) Conversely, suppose that K(u) = >_,; kij(u)e;; with £;; € Rat. We write the twisted reflection
equation (3.5) in the braided form,

(3.71) R(%)Kg(u) Rv(uv)Kg(v) = Ks(v) Rv(uv) Ks(u) R(%),
where RY(u) := PRV (u). Recall (3.2) and (3.3). Observe that

Rv(uv)(ek ®e;) = cp(uv)e; ® e + 0y Z dir-(uv) e ® ey,

1<r<N
(65 ® ) RV (wo) = eua(wn) 6} @ e} + 07 3 dip(un)e; © 5,
1<r<N
where
a2 s
(3.72) eu(u0) = ¢ fy (55) +a fo (%),

dkr(uv) = (q - qil) (7(])771C (5k<r fq(%z) - 5k>r fq*l (g%))
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In particular, ¢;;(uv) = 1 and dix(uv) = 0. Repeating the same steps as in the proof of Theorem 3.6 we
find

(e7 @ e;)R(%)KQ(“) RY(uv) Ka(v) (e, ® e1)
— Z (aij(%)féir(u) 6; ® ey + bij(%)féj,«(u) ef® e;‘j)

X (cks(uv) ksi(v)es @ e + ks Z dit(uv) kg (v) eF ® et)
1<t<N

= 55 (%) (g (1) R () oy (0) + i (u0) e () o () )
o+ b1 (2) (i) o) g (0) + e (00) R (w) R (0))
and
(¢ ® ¢5) Ka(v) R (uv) Ka(u) R(%) (e ® 1)
= Z (kjr(v)cir(uv)e;i ®ef + 0in Z fojr(v) dig(uv) e ® e’{)

1<r,s<N 1<t<N

x (Rok(u) a (%) er ® e, + (W) bra (%) ep @ ¢, )
= ara() (dig(w0) fyav) Ry (1) + can(wo) su(0) Fin (1))
o bra(2) (i (u0) s (0) o () + cin (u0) e (0) R (u) )
Taking the difference of the expressions above we obtain
(%‘(%) ckj(uv) — api () Cu(uv)) Feik (u) Rji(v)
(13 () digw) iza0) + by () diawv) oge(w) ) e (0)

— (ana () di () R () + bia(2) di (uw0) Ry (w) ) o)
+0ij (%) cri(uv) Rojr (u) kg (v) — by () cap (uv) foj (v) oy (u) = 0.

(3.73)

Next, in four steps, we prove that any invertible solution K (u) of (3.71) is equivalent to (3.62), (3.63),
(3.64) or (3.65). For any i # j we will write a;;(u) = a(u) and for any i # j we will write ¢;;(u) = c(u).

Step 1: Without loss of generality, for any i we have
(3.74) fRiz(u) =1 or fky(u) =0.

For any 1, j such that i < 7 we have R;j(u) = ky(u) =0 or both are nonzero and

(3.75) () = —(-0) Tqu T )

with ¢ € C. Moreover, when k;;(u) =1, we have

(3.76) Fij(u) = (1+ q)q;;#, Fpi(u) = (=¢)' 77 qu™ i (w),
or, if i > 7 instead,

(3.77) farw) = (k) Ty i) = (—aP ™ qu (),

where ¢;j,c;; € C.
Setting ¢ = j and k£ =1 in (3.73) we obtain
dia(uv) Rz () Ry (0) — dij (w0) iz (0) R (u) = 0,

which, by (3.72), is equivalent to &;;(u) = ¢k (u) for some ¢, € C. Then, by Lemma 3.3 (iii), we may
assume (3.74).
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Next, setting 7=k and 7=1in (3.73) we obtain

(@) digwv) i) + big(2) o) V() = (a(2)dis (w0) Rga(u) + biy(2) Riy()) o (v) = 0.

Let #;3(u) = 0. Then the equality above gives a(%)d;;(uv)k; z(u)kjz(v) = 0. Hence kiz(u) = 0 implies
#jz(u) = 0. Now suppose that both %,7(u) and %;;(u) are nonzero instead. Assuming further that ¢ < j the
equality above gives

(=)™ (¢ — ) (whya(u) iz (0) = vhis () Rya(v) )
(= 0) (@) 1@ Ray(w) Rig(v) = (=) uva(u) () ) =0,

which can be solved using separation of variables. In particular, upon subsituting j — 7, we obtain the
required relation (3.75).

Finally, setting i = j = k in (3.73) and assuming #;(u) = 1 (by (3.74)), we find
(3.75) (a(2) e(wv) — 1) i (0) + ba(2) aa(w) + a(2) dig(w0) e (w) = 0.
Using (2.8), (3.72) and setting v = Gq~! we obtain

(Oscit+ 05108 Rip() = (=) (icrqu+ 0,51@) ia() = 0
which we rewrite as
(3.79) Fog(u) = (=)' (Gicgqu" + 8is30 u) Roij(w).
(This corresponds to the ¢ = 1 case in (3.75).) We now substitute (3.79) back to (3.78) giving
q(—q)l_i(u —v)(¢° Gis + uvd;op) Ry (u)
+ (0% = q*uv) (Woing +v0; o) Rir(u) — u (@ — ¢*v*) ki (v) = 0.
Substituting ! — j and separating variables we find (3.76) (when ¢ < 7) and (3.77) (when ¢ > 7), as required.
Step 2: Suppose that Ri;(u) # 0 for all i,j. Then K is equivalent to (3.62).

By (3.74) we can assume that %;;(u) = 1 for all i. Then (3.76) allows us to find all the remaining matrix
entries up to the unknown constants ¢;; with i + 5 < N. Set i = and j = k in (3.73). Assuming ¢ # 7 we
obtain

a(3) ((C(W) — Dkji(v) Riz(u) + dn(uv)fwj(u)fﬂﬁ(vo + 35 () dij (wv) R (u) Rz (v)
+ c(uv) (bﬁ(%)f%i(u) kjz(v) — bz‘j(%)fm(v)fﬁﬁ(u)) = bij (%) dgi(uv) Rji(v) R j(u) = 0.
Assuming further that i < j and i +j < N and using (2.8) and (3.72) we find
(0P - )@ — ) k) )
+(=0)"™ (¢% = 1)?uv (ukyi () Rji(u) — vhji(u) Rya(v)

+ (g = D)= ) (=0 (@ + quo) Rya(v) iy ()

We now need to substitute (3.76). The resulting equality is
¢* (¢ +1)(¢* — Duw(u — v)(uv — §*)(cii — cizcji)
(qu+ q)(qu + §)(u — ¢*v)(¢* — ¢*uv)
This is only true if ¢;; = ¢;3¢5;. Now set i = I=kin (3.73). Assuming i # 7 we obtain

a() ((c(uv) — 1) fyi(u) kjz(v) + dij(uv)fcn(v)kij(u)) + bij (%) dig(uv) haz (v) Rojr(u)

) (big () ogi () Ria(v) = bia(%) i 0) Ria () ) = bia (%) dia(uv) Ra(w) Ra(v) = 0.

=0.
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Assuming further that ¢ < j and i +j < N and using (2.8) and (3.72) we find

1
(u—¢*v)(¢* — ¢*wv)

(006 = 0@ = 00) i) — )
+(=0)?(q* — 1)*uPv (Rz(v) Foja(u) — Faz(u) oy (v))
+ag = D)= 0) (@ + quo) Ris(w) hja(v)
—(—q)" (g + 1)uvk”(v)f¢i](u))> —0.
Substituting (3.76) yields

qq(qg—1) (g + 1)%u(u—v)(¢* — ww)((—q)" 7 eiiciz — ¢ji)

@+ W@+ 40) (u — P0)(@ — Puv) =0

and so ¢j; = (—q)*J¢iici;. Upon combing with the identity ¢;; = ¢;;5¢j; we find cfj = (—q)% We
will use Lemma 3.3 (iii) to narrow down the choice of the sign for ¢;;. Conjugation by the symmetry
Z =Y 1<i<n % Eii maps each k;j(u) to z;z;ki;(u). Assume that z; € {£1}. Then all the anti-diagonal

entries %;;(u) are mapped to themselves, hence the assumption that #;;(u) = 1 remains valid. Choose
zny = 1 so that each %4,(u) is mapped to zf1;(u). This allows us to choose the square root ¢i; = (fq)%
for1<j < N.

Next, set k =1 in (3.73). Assuming i # k # j and i # j we find
() ((a(%) = 1) ur (1) e () + bij (2) R (0) e (u))
+ a(3) diz(uv) Riz(w) + bij () diz(uv) fja(u) — dig (uv) Rjz(v) = 0.
Assume further that i < k < j, i+ k< Nandi+j > N + 1, so that 2 < k < N. Then, using (2.8) and
(3.72), the equality above becomes
1 (u+ qu) Rie(w) Ry (v) — (¢ + D) ukip(v) Rjk(u)
(u—q*v)(¢* — q*uv) q(g — 1)(¢* — w)
(=) 7@ (u — v) Riz(u) +uv ((u — ¢*0) Rya(v) + (¢ — Dukya(u) | _ 0
(—9)""*(¢* - 1)

Upon substituting (3.76) we obtain the relation Ci = clk Cg;- Setting ¢ = 1 and using the expression for ¢y

+

we find cg; = (—q)%7 or equivalently ¢j; = (—¢ )7 for 1 <i<j<N. Nowset j =N incj; = cicp;
and use the expression for ¢;j;. This gives ¢; = (—¢) 2 = . It remains to find the expressions for coefficients

Ciis = Ci5Cji = (—q)% By combining the above results we find that c¢;; = (—q)% for i+7 < N. Substituting
this back to (3.76) and using (3.74), namely %,;(u) = 1, we obtain the solution (3.62), as required.

Step 3: Suppose there exists i,j such that i # 7, k;j(u) = 0 and k;z(u) = 1 or ky;(u) = 1. Then K(u) is
given by (3.63).

We know from Step 1 that %,;(u) = 0 implies &5;(u) = 0. With this condition in mind, i.e., when
kiz(u) = fjz(u) = 0 or kg, (u) = kg (u) =0, (3.73) gives
bij () Rt (0) Fojre(u) = bra () Foan () e (v)
= (ubh<t + v0k>1) Rt (w) Rjr (v) — (wlics + visj) Rir(v) Rjk(u) = 0.

(
Note that the equality above also holds if { =7 or £ = 7. (The case when | =7 and k = J holds trivially by
(3.74).) We first focus on the case when ﬁ,”(u) = fj7(u) =0 and i < j. By separating the variables we find

(380) ((5k<l + u6k>l)(C.



28 VIDAS REGELSKIS AND BART VLAAR

which can be represented by

Here the empty circles represent matrix entries that are equal to zero, i.e., Riz(u) = %j;(u) = 0. The
filled circles represent the nonzero entries in question, %;(u) and %;x(u). In the cases | =7 or k = j the
corresponding vertical dotted lines should be identified.

In the case when %, (u) = ;(u) = 0 and k < [ we find instead

Foqr(u) -1
3.81 di<j 9i>5) C,
( ) ﬁ/]k(u) e( <J +u >J>
which we represent by
k l k l
7 0 ................... [ - SETTITRRO S
7 .............. & - ,7 T
J .. ................... Z ................... .
k SO O--- ];, ................... O---

Similarly as before, when [ =i or k = j the corresponding horizontal dotted lines should be identified.
Next, setting ¢ = j and R, (u) = 0 in (3.73) and assuming %,;(u) = 1 we obtain
a(5) dip(uv) Ry (w) + b () dig, (uv) gy (u) — dia(uo) Ry (v) = 0.
Assume further that i < k. Then the equality above gives
(=) (u = 0) (P61 + uvd; ) g (u)
(3.82) + (=0) w0 (4% = 1) (ke + v8o0) g () + (1 — %) gy (0)) = 0.

There are three cases we need to consider: [ < k, k <! < 7 and 7 < [. They are shown diagrammatically
below

Ik 7 k'l 7 k 71

f Tt @i

R Orvvrrnnnnnn @ - R EEEE ¢ ........... @ - R EEEE ¢ ........... @ -
Do : Tl , ..... Do

L . ........... o Bl . ..... o Bl ........... o.
1 SO S : -

Relation (3.80) with { = 7 implies that in the first two cases we have %;;(u)/kz;(u) € C. Since &z (u) = 1, it
follows that %z;(u) € C. In a similar way, relation (3.81) with | = 7 implies that &,;(u)/fp,(u) € C and so
fip,(u) € C. In the third case (3.80) implies &, (u) € Cu~!, while (3.81) gives j;,(u) € Cu. Applying these
arguments to (3.82) we find

() = (= (=) 1 8c + (=) Bpcrc + (—0) 20t o (w).
On the other hand, (3.75) gives

fop(u) = ((*Q)k717151<k + (*Q)kil+l5k<l<i + (*q)k+[72uz5i<l)kfk(u)
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yielding a contradiction. Assuming (above (3.82)) that i > k instead and repeating the same steps as before
we obtain a similar contradiction. Hence, if £, = 0 and %;;(u) = 1, then the only nonzero entry in k-th line
and k-th column of K (u) is kj;(u) = 1. We indicate this result by

k 7 7 k

Z‘ ................... . k Y

when i < k and i > k, respectively. Here the grey lines indicate that the matrix entries in that line or
column are all equal to zero except k. (u) = 1. By combining both cases and repeating the same arguments
line-by-line (and consequently column-by-column) and using the fact that each line and each column of K ()
must have at least one nonzero element we conclulde that, if there exists 4, j such that i # J, ;;(u) = 0 and
fiz(u) =1 or ky;(u) = 1, then K (u) is the constant antidiagonal matrix (3.63).

Step 4: Suppose there exists i such that &z (u) = 0. Then K(u) is given by (3.64) or (3.65).
Set i = j in (3.73) and assume that %;;(u) = 0. This gives

(CL(%) — 1) fczk(u) féil(v) + bkl(%)fcik(v) kll(u) =0.

Upon setting v = —g~tu this yields & (—q¢ 'u)ky(u) = 0. Now set & = [ in (3.73) and assume that
fi,(u) = 0. We now have

(a(¥) = 1) Fig(w) Fojr (v) + bij (%) Roir (v) ojr, (w) = 0.

Upon setting v = —¢~'u this yields &, (—¢ 1 u) &, (u) = 0. Therefore, if ;;(u) = 0, then there exists only
one nonzero entry in the i-th line and in the z-th column of K (u). Arguments used in Step 3 further imply
that ®;z(u) = 0 for all i. Hence K(u) is a generalized permutation matrix with nonzero entries distributed
symmetrically with respect to the main antidiagonal (this follows from Step 1) and N is an even positive
integer greater than 2.

We will use (3.80), (3.81) and (3.75) to determine the distribution of the nonzero entries of K(u). Let
i,7,k,1 be all different and let %;5(u), & 7(u), 7(u) and &;5(u) be all nonzero. According to (3.80) and
(3.81) there can be three inequivalent configuration, namely when ¢ < j < k < [, i < k < j < [ and
i < k <l < j. We represent these configurations as follows:

Ik J 7 I Jk 7 JI k7
i o i .
Jofeeieie s ®-- : b ¢

7 TR URRTIR S k
j L R ¢
: L}
LI l . .......... gt

Note that the only nonzero matrix entries in each dotted line and each dotted column are the ones indicated
by the filled circles. The grey shadings are used to emphasize the differences between the configurations.

We start by focusing on the first case, when ¢ < j < k < [. Relation (3.80) implies that £;;(u)/%;;(u) € C,
while (3.81) gives £j;(u)/%,;(u) € C. By requiring these to be compatible with (3.75) we deduce that

(3.83) fjr(u) = (=) hiz(u),  Rp(u) = ()" ().
Hence, without loss of generality, we may assume that

(3.89) Poig(w), oo (1), oy (), g () € C.
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In the second case, when i < k < j < [, by similar arguments as above we deduce that, without loss of
generality,

(3.85) Riz(u), kyi(u) € Cu,  Rjz(u), kg (u) € C,

and in particular,

(3.86) () = £(=q) T qu Riz(u),  Fyg(u) = (=) quT Ryg(w).
Finally, in the third case, when i < k <l < j, we find that, without loss of generality,
(3.87) fij(u) € Cu, Fog(u), hyp(u) € C,  kjz(u) € Cu™?,

and in particular,
(3.88) () = (=) Pu P Rig(w),  Rg(u) = (=) Ryp(w).

If N = 4 then the relations above are enough determine K. If N > 6 we need additional arguments. We
return to the first case, when i < j < k <. Let r, s be such that %,5(u) and %s7(u) are also nonzero. Then
(3.80), (3.81) and (3.75) imply that there are two inequivalent configurations, when i < j <r < s <k <l
with #,5(u), Bsr(u) € C, and when r < i < j < k <1 < s with &,5(u) € Cu and k4(u) € Cu~!. These cases
correspond to the following two diagrams, respectively,

lksrJa sl kJir
i : r
J i
r j
S k.
l S t--

All the remaining cases are either equivalent to the two above or are not allowed. For example, the case
1< j<k<l<r<s, after renaming k <> r and [l «<» s, gives i < j < r < s < k < [. As a second
example consider the case, when ¢ < 7 < j < s < k < [. Such a configuration is not allowed since then
Riz(u), krs(u) € Cu and Ri5(u), Rrs(u) € C yielding a contradiction.

We now focus on the second case, when i < k < j < [. As before, we assume that r,s are such
that ®,s(u) and ksr(u) are nonzero. Then there is only one configuration we need to consider, when
i<r<k<j<s<l, yielding ,5(u) € Cu and #s7(u) € C. (All the remaining cases are either equivalent
to this one or are not allowed.) Diagrammatically this configuration is as follows,

It remains to consider the third case, when ¢ < k < [ < j. Once again, we assume that r, s are such
that R,.s(u) and %¢-(u) are nonzero. The only allowed configuration is i < r < s < k < | < j with
trs(u), frs(u) € C. (Again, all the remaining cases are either equivalent to this one or are not allowed.)
Note that this configuration was already discussed above, i.e., it is equivalent to the case, when r < i < j <
k <l < s. Also note that in each case above the allowed configurations are of even dimension.

The considerations above together with the requirement for K (u) to be invertible imply that if there exists
i such that %;7;(u) = 0 then K (u) is given by

Z (’%21'71,2(“) E2i71,2 + ﬁ/2i,ﬁ+1 (u) E%,ZH)
1<i<N/2
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with Ry, 5;(u), Ry; 37,1 (u) € C, or by
fi1(u) Enn + Ryn(u) Eny + Z (k%,ﬁ—l(u) Eyiziq + R340 (w) E%,Zﬂ)
1<i<N/2
with %11 (u) € Cu, Ayy(u) € Cu~ and Ry, 5;(u), Ry, 37, (u) € C, or by
Z (fém—N/z(U) Eiz N2+ Riyny2q(u) Ei-‘rN/?,i)
1<i<N/2

with %;;_n/2(u) € Cu and ki n/27(u) € C. The ratios between the entries symmetric with respect to
the main antidiagonal follow from (3.83), (3.86) and (3.88) yielding matrices (3.68), (3.69) and (3.70),
respectively. By Lemma 3.13 this completes the proof. O

Remark 3.14 (Affinization procedure for (3.5)). Upon dividing by (1 + ¢ 'qu) the solution (3.62) may be
written as

(3.89) (14 ¢ tqu)J + L+ ¢ 'uC 'LICY,

where

(3.90) J= Y Es L= Y (1+q(-q)7 Ej.
1<i<N 1<i<j<N

Similarly, the solution (3.65) may be written as

(3.91) G+q luCc'G'C? G = Z Eitny2i
1<i<N/2

The above identities may be viewed as analogues of the affinization procedure for the twisted reflection
equation (3.5). The matrices J + L and G defined above and the matrices (3.63) and (3.64) are solutions of
the constant braided (C-conjugated) twisted reflection equation

(3.92) R,Go(R)) G2 = G2(RY) ' GaRy.

This can be seen by taking the u, v — 0 limit of (3.5). More generally, if a matrix G € End(C") is a solution
of (3.92), then it also a solution of (3.5) if it has nonzero entries both above and below the main antidiagonal.
Otherwise, if G has no nonzero entries above the main antidiagonal, then the matrix (3.89), where J is the
antidiagonal part of G and L := G — J, is a solution of (3.5). The matrices (3.63) and (3.64) and the
matrix J + L given by (3.90) are the only invertible solutions of (3.92) subject to an equivalence relation
G ~ DYGD, where D is a c.i.d. matrix, cf. Lemma 3.3 (iii). A classification of non-invertible solutions of
(3.92) will be presented elsewhere. The non-invertible solutions of (3.92), with the exception of the matrix
G given in (3.91), yield non-invertible solutions of (3.5). 24

Remark 3.15 (Unitarity). A solution K of (1.2) or (3.5) is called unitary if K(u)K(u™') = I for generic w.
Solutions defined by (3.9-3.10) and (3.63-3.65) are unitary. Upon multiplication by (—¢)"/2(q+qu)(1—Gu)~!
the solution (3.62) also becomes unitary. z

Remark 3.16 (Regularity). A solution K of (1.2) or (3.5) is called regular if K(1) or K(—1) equals I.
Regularity is a requirement for defining quantum spin chain Hamiltonians with reflecting boundary conditions
as derivatives of transfer matrices in the usual way, see [Sk] for the untwisted case. All solutions of (1.2)
are regular unless A2 = p? = 1 in the solution given by (3.12-3.13). In the latter case K (u) is a generalized
involution matrix, cf. Remark 3.7. None of the solutions of (3.5) are regular, except the very special case
of (3.69) with N = 4. For solutions of (3.5) there exists a special construction to define a quantum spin
chain Hamiltonian, see [Do]. To our best knowledge this is the only known construction of Hamiltonians
associated to non-regular solutions of (3.5). &
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