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Chern-Simons deformation of vortices on compact
domains

S.P. Flood* and J.M. Speight!
School of Mathematics, University of Leeds
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Abstract

Existence of Maxwell-Chern-Simons-Higgs (MCSH) vortices in a Hermitian line bun-
dle L over a general compact Riemann surface . is proved by a continuation method. The
solutions are proved to be smooth both spatially and as functions of the Chern-Simons
deformation parameter s, and exist for all |k| < k., where k, depends, in principle, on
the geometry of 3, the degree n of L, which may be interpreted as the vortex number,
and the vortex positions. A simple upper bound on k., depending only on n and the
volume of 33, is found. Further, it is proved that a positive lower bound on k., depending
on X and n, but independent of vortex positions, exists. A detailed numerical study of
rotationally equivariant vortices on round two-spheres is performed. We find that k.
in general does depend on vortex positions, and, for fixed n and radius, tends to be
larger the more evenly vortices are distributed between the North and South poles. A
generalization of the MCSH model to compact Kahler domains 3 of complex dimension
k > 1 is formulated. The Chern-Simons term is replaced by the integral over spacetime
of ANF AwF~!, where w is the Kihler form on ¥. A topological lower bound on energy
is found, attained by solutions of a deformed version of the usual vortex equations on .
Existence, uniqueness and smoothness of vortex solutions of these generalized equations
is proved, for |k| < K, and an upper bound on k, depending only on the Kéhler class of
> and the first Chern class of L is obtained.
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1 Introduction

Vortices are the simplest class of topological solitons occuring in gauge theory. Being simple,
they are useful prototypes for more complicated, higher-dimensional solitons (monopoles, in-
stantons, calorons), as well as having interesting applications in their own right, in condensed
matter physics and cosmology. They arise in the abelian Higgs model, a (2 + 1)-dimensional
field theory consisting of a complex scalar field ¢ (the Higgs field) minimally coupled to a
U(1) gauge field A, obeying Maxwell electrodynamics. For a particular choice of the Higgs
self-interaction potential, this theory exhibits the mathematically interesting property of “self
duality”: there is a topological lower bound on energy which is attained by solutions of a
coupled system of first order PDEs. The space of gauge equivalence classes of solutions of
this system, in a fixed topological class, is a finite dimensional smooth manifold, the so called
n-vortex moduli space M,,, which inherits a canonical Kahler structure. One may identify
M,, with the space of unordered n-tuples of marked points in physical space, these being the
points at which the Higgs field vanishes. This is true whether physical space is R? [23] or a
compact Riemann surface [6, 11]. There is a well-developed formalism for extracting the low
energy dynamics of vortices from the geometry of M,,, originally developed by Manton, see
[21] for a thorough review.

Many elaborations on the basic abelian Higgs model preserving a self-duality structure are
possible. (One can, for example, allow both physical space and the target space of the Higgs
field to be Kéhler manifolds, and the gauge group to be any Lie group with a Hamiltonian and
isometric action on target space.) From a physical standpoint, perhaps the most interesting
elaboration is the inclusion of a Chern-Simons term in the theory. This converts the vortices
into dyons, that is, particles carrying both magnetic flux and electric charge, and allows the
possibility of exotic exchange statistics once the theory is quantized. There are two ways
to introduce a Chern-Simons term into the theory while keeping Lorentz covariance and a
self-duality structure. In one [18] the Maxwell term for A is directly replaced by the Chern-
Simons term, and the usual quartic Higgs potential is replaced by a certain sextic potential.
This Chern-Simons-Higgs (CSH) model has been quite thoroughly studied but, even so, the
existence theory for vortices is less well developed than for standard vortices. It is known that
an n-vortex exists for each choice of n points in physical space X if ¥ = R? [26, pp. 164-177] or
a flat torus [7]. Once the model is put on a compact domain, the coupling constant in front of
the Chern-Simons term, usually denoted x, becomes a nontrivial parameter (on R? it can be
scaled away). It is proved in [7] that for each set D of n marked points on a torus, there exists
k«(D) > 0, depending on D, such that, for all k € (0, k.(D)) there is a vortex solution with
©1(0) = D, and that k,(D) is finite for all D (that is, for large enough r, no n-vortex exists).
Existence of vortices on compact Riemann surfaces of higher genus has not been established,
and there does not appear to be a quick and simple resolution for this. In particular, a direct
application of Bradlow’s approach [6] to this vortex system is unhelpful because the higher
nonlinearity of the sextic Higgs potential produces an elliptic PDE with analytically difficult
nonlinear terms. Even recent studies of this type of vortex, dealing with the generalization to
nonabelian gauge groups, restrict themselves to the case of flat tori [16].

In this paper, we address the vortex existence question in the second, rather less well-
studied Chern-Simons vortex system, making progress on arbitrary compact domains. This



model, originally due to Lee, Lee and Min [20] is a one-parameter deformation of the basic
abelian Higgs model, the deformation parameter being the Chern-Simons coupling . The
model keeps the usual Maxwell term for A, but adds (x times) the Chern-Simons term, and
couples the Higgs field ¢ to a new neutral scalar field N via a k-dependent, but still quar-
tic, interaction potential. We shall refer to it as the Maxwell-Chern-Simons-Higgs (MCSH)
model. Following Bradlow [6], one can, for a fixed set of vortex positions, formulate the vortex
equations as a coupled pair of semilinear second order elliptic PDEs, for |¢| and N. Prov-
ing existence of solutions of systems of semilinear PDEs is, in general, a much more difficult
problem than for a single PDE. Considerable progress has been made, in the case ¥ = T2 by
Ricciardi and Tarantello [22]. By a thorough analysis of the coupled system, they establish
that, for each set D of vortex positions, and for all k > 0 sufficiently small, there are in fact at
least two inequivalent vortex solutions with ¢ ~1(0) = D. They also find a global upper bound
on k4(D), depending only on the volume of ¥, and prove that, in two different limits, vortex
solutions of the MCSH model converge to solutions of both the CSH and original abelian Higgs
models.

It is plausible that the methods of [22] should extend to arbitrary compact Riemann sur-
faces ¥ (and, indeed, existence results for MCSH vortices on general 3 are sometimes asserted
as folk theorems on this basis [13]). That is not, however, the aim of the current paper.
Rather, we will directly exploit the deformation character of the MCSH system to give a much
simpler existence (and local uniqueness) proof of those vortices which continue smoothly to
k = 0. The idea is that, at k = 0, we know a unique solution exists for each choice of D,
namely the standard abelian Higgs vortex augmented by N = 0. An Implicit Function The-
orem argument then allows us to deduce that, for each D, there is k(D) > 0 such that, for
all K € (—k«(D), k(D)) there is a locally unique vortex solution with ¢~'(0) = D. This
solution is smooth, and depends smoothly on the deformation parameter . We also prove
the existence of a positive lower bound k.. on k.(D), depending on n and ¥, but independent
of D. Hence, for all position sets D of size n, locally unique vortices with p=1(0) = D exist
for all —k.. < Kk < K. Loosely, this shows that, for sufficiently small k, the entire moduli
space of n-vortices M,, survives the Chern-Simons deformation, a key underlying assumption
of the various proposals for moduli space approximations to low energy vortex dynamics in this
model [19, 9, 2]. As far as we are aware, this is the first time existence of a global lower bound
on kK, has been established, and the smooth continuation viewpoint is crucial to our argument.
In comparison with [22], we obtain more refined information (existence of smooth curves of
solutions parametrized by k, and a lower bound on k,) in more general geometries, but only
for one type of vortex: those continuously connected to ordinary abelian Higgs vortices. Our
argument is also considerably simpler, using only basic facts from functional analysis.

We will also find a global upper bound on k. (D), independent of D. In the case ¥ = T2, this
is larger (hence worse) than a bound obtained in [22], but, again, the proof is much simpler.
Neither bound is expected to be sharp. Our bound may be thought of as the MCSH analogue of
the Bradlow bound for existence of undeformed vortices [6], which states that n-vortices cannot
exist if the volume of ¥ is less than 47n. As we will see, Chern-Simons deformation makes
this requirement more stringent: x-deformed vortices cannot exist if Vol(X) < 4mn(1 + x?).

The question arises whether the maximal coupling . (D) at which vortices with ¢~*(0) = D
exist actually depends nontrivially on D. We will produce robust numerical evidence that it



does, by studying the MCSH model on the round sphere (of radius R > /n) in the cases
where D consists of the north pole, with multiplicity n, and the south pole with multiplicity
n_ =mn —n,. In these cases, the Bogomol'nyi equations reduce, due to rotational invariance,
to an ODE system, which we solve numerically via a shooting method. We find that, for
given n and R, the maximal x at which vortices exist depends on n_, the number placed at
the south pole. For example, (ny,n_) = (1,1) vortices have larger k. than (ny,n_) = (2,0)
vortices. We also find that the solution curves, rather than disappearing at Kk = k,, have a
turning point in s, continuing smoothly back towards x = 0, approaching a singular limit in
which the magnetic field becomes uniform, the Higgs field vanishes, and the neutral scalar field
becomes uniform and diverges to —oo. This indicates that the two distinct vortex solutions
whose existence for each D (on T?) and small x > 0 was proved in [22], merge at k = k.(D),
and can actually be considered as a single, connected solution branch.

To illustrate the power and elegance of the continuation/IFT strategy, we go on to for-
mulate a Chern-Simons-like deformation of vortices on a general compact Kahler manifold of
complex dimension k. In this setting, D is an effective divisor in X, and the Chern-Simons
term is replaced by a constant multiple of

/ ANF AT
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where w is the Kéahler form on Y. Again, a simple IFT argument establishes the existence
and local uniqueness of a smooth curve (parametrized by k € (—k.(D), k«(D))) of smooth
solutions for each divisor D. A uniform upper bound on k., depending only on the Kéahler
class of ¥ and the first Chern class of the line bundle supporting the Higgs field, is readily
found.

2 The Maxwell-Chern-Simons-Higgs model on a general
surface

Let (X, g) be a compact oriented Riemannian two-manifold, (L, k) a hermitian line bundle over
Y of degree n > 1, and I a closed interval containing 0. We denote by I'(L) the space of smooth
sections of L, 2((L) the space of metric connexions on L, QP the space of smooth p-forms on X,
x 1 QP — Q2P the Hodge isomorphism, d : QP — QP! the exterior derivative and § = — * dx
its L? adjoint. To a collection of curves ¢ : I — T'(L), A: T —2A(L), Ag: I = Q°, N: T —Q°
we associate the action

S = Symn + KScs (2.1)

where
1 )
Svun = 5/1{\\19090\\2— [dasll? + llell” = |B]I* + [ N]|* — [ldN]?

1
I ]|ng|]2}dt (2.2)



is a deformed Yang-Mills-Higgs action for which the Higgs field ¢ is coupled to the neutral
scalar field IV, and

See = % /I {(AO,*B> (A, *e)}dt (2.3)

is the Chern-Simons action. Here Dy = 0; —i Ay, (-, -) denotes L? inner product on (X, g), || - ||
the associated L? norm, & is a real parameter, and e : I — Q' B : I — Q? are the electric
and magnetic fields

e=A—dA,, B=dA. (2.4)
This is the Maxwell-Chern-Simons-Higgs action on spacetime (I x X,dt? — g) [20, 13]. The
Euler-Lagrange equations, satisifed by formal critical points of .S, are

1
D+ dadap = g1+ 26N — o) — N, (2.5)
N+AN = —g(1+2m— 0?) — [@I?N, (2.6)
é+0B—rxe = h(ip,dap) =:j (2.7)
—de+rk*B = h(ip,Dop) =:p (2.8)

where j = h(ip,dap) and p = h(ip, Dop) have the physical interpretation of electric current
and charge density, respectively. Here, and henceforth, A = dd + dd denotes the Hodge
Laplacian, which has the opposite sign convention to that favoured by analysts (e.g. A =
—(92 + 07) for functions on euclidean R?). The last of the field equations, (2.8), obtained by
varying Ag, is Gauss’s law, and should be thought of as a constraint on initial data which, if
satisfied at ¢t = 0, automatically holds for all t € I. Solutions of this system conserve the total
energy

1 .
E = §{||D0<P||2 + [l da]l® + el + | B]1? + | N]]? + [N |2

+1I1+ 268 = o+ 1N 29)

There is a Bogomol'nyi type topological lower bound on the energy of any (possibly time-
dependent) field configuration satisfying Gauss’s law (2.8). To see this, it is convenient to
decompose dap into its (1,0) and (0,1) components (with respect to the almost complex
structure on ¥ defined by ¢ and its orientation),

dap =: Dap + dap, (2.10)

and note the standard identity

*Blol* = |0apl” — [0ap)”. (2.11)
Then, for all fields satisfying (2.8),

1, . 1 1 1 1 ) =
0 < UM+ glle+ANIE+ Sl B~ 11+ 26N — [oP)| + 1| Do + il + [T
1
= E——/B—l—(N,p—i—(Se—n*B)
)

2
— E—mn. (2.12)



Hence

E>mn (2.13)
with equality if and only if

N 0 (2.14)
e = —dN (2.15)
Dyp = —iNgp (2.16)
Oap = 0 (2.17)

1
*B = 5(1+2mv— lo]?). (2.18)

This system simplifies considerably if we make the gauge choice Ay = N. Then all fields are
static (i.e. t-independent) and the system, together with (2.8), reduces to

Oap = 0 (2.19)
1
*B = 5(1 + 26N — |¢|?) (2.20)
AN+ kxB+p°N = 0 (2.21)

a coupled system for (¢, A, N) which we call the Bogomol'nyi equations. It is straightforward
to verify that any static solution of (2.19)-(2.21) satisfies the Euler-Lagrange equations (with
Ag = N). It is known [13] that the converse is false (that is, there exist static solutions of the
Euler-Lagrange equations which do not satisfy the Bogomol'nyi equations).

The rest of this paper concerns existence, regularity and uniqueness of solutions of the
Bogomol'nyi equations (2.19)-(2.21). A simple, but crucial, observation is that, for k = 0 and
Vol(X) > 4mn, (2.20) implies ||¢]| > 0, whence (2.21) implies N = 0, and (2.19),(2.20) reduce
to the standard vortex equations for L,

dap =0, *B = %(1 — o), (2.22)
studied in [6]. Hence, the only solutions of the model with x = 0 are the usual vortex solutions
augemented by N = 0. This is unsurprising given that, when x = 0 and N = 0, our action
(2.1) reduces to the usual Maxwell-Higgs action.

3 Existence of vortices

Let (¢, A, N) be a smooth solution of (2.19)-(2.21). Then, by (2.19), ¢'(0) C ¥ defines an
effective divisor D of degree n (that is, an unordered collection of n points on ¥, not necessarily
distinct). Conversely, let such a divisor D be fixed. Then, provided Vol(X) > 47n, the vortex
equations (2.22) have a unique (up to gauge) solution with »~!(0) = D, and this solution is
smooth. Let us denote this solution (¢, A). We have already observed that (¢, A, N = 0) is
trivially a solution of (2.19)-(2.21) for x = 0. Our aim is to prove, via the Implicit Function
Theorem, that this trivial solution has a locally unique smooth continuation to |x| > 0, for all
|k| sufficiently small.



Theorem 1 Let D be an effective divisor of degree n on ¥, and assume Vol(3) > 4mn. Then
there exist ki, > 0 and a smooth curve (p, A, N) : (—k., ki) — (L) X A(L) x Q°, unique up to
gauge, such that, for all k € (—k., ki), (p(k), A(k), N(k)) satisfies the Bogomol’'nyi equations
and o(k)71(0) = D.

Proof:  Let (¢, A) be the solution of (2.22), unique up to gauge, with ¢~'(0) = D, whose
existence was established in [6]. Every section ¢ with ¢~'(0) = D has a unique representative

in its gauge orbit of the form ¢ = e*, where u : ¥ — R. This section satisfies (2.19) if and
only if A = A — *du. Then (¢, A, N) satisfies (2.20), (2.21) if and only if

Au + g(e% —1)—srN =0 (3.1)
AN + (K2 + fe™)N + gu — fe?) = 0 (3.2)

where f : ¥ — [0,00) is the smooth function |5|* vanishing only on D. Clearly, (¢, A, N) =
("¢, A — xdu, N) is smooth if (u, N) is. We have thus reduced the problem to proving
the following Lemma which, for later convenience, we formulate on an arbitrary compact

Riemannian manifold.

Lemma 2 Let M be a compact Riemannian manifold of dimension m > 2, and f a smooth
non-negative function on M vanishing on a set of measure 0. Then there exists k, > 0 and a
smooth curve (u, N) : (—kKy, ki) = C®°(M) x C*°(M) with (u, N)(0) = (0,0) such that, for all
K € (=K, ki), (u(K), N(K)) satisfies (3.1), (3.2). Furthermore, this curve is locally unique.

Proof: Let H* denote the space of real functions on M whose derivatives up to order k are
square integrable. This is a Hilbert space with respect to the inner product

(u,v) gr = (u, ) + (Vu, Vo) + - + (VFu, VFv), (3.3)

where V denotes the Levi-Civita connexion [3]. Furthermore, for all k > r, where

ro= L%J + 1, (3.4)

H* is a Banach algebra under pointwise multiplication: for all u,v € H*, uv € H*, and there
exists a constant C'(k) > 0, such that, for all u,v € H*, ||uv||ge < C(k)||ullgrl|v||gs. (This
fact is well known, though we have been unable to find a proof of it in the literature. The
analogous statement for H*(Q), where Q is a domain in R™ with the cone property, is proved
in [1, pp. 115-117]. This proof uses only Sobolev embeddings, which hold equally well on
a compact Riemannian manifold [3, pp. 35, 44], so works, mutatis mutandis, in our setting
also.) It follows from this that, for all £ > r, the exponential map exp : u — €" is a smooth
mapping H* — H*. One can deduce this directly, by observing that exp(u) is the limit of
the absolutely convergent power series » - u"/n! in the Banach algebra H k or appeal to

general results on smoothness of composition maps (see [10, p. 424], for example).
It follows that F - R@® H" & H" — H™ 2@ H™ 2,

Flr,u,N) = (Au + g(e% —1) — KN, AN + (82 + fe*)N + g(1 — fe)), (3.5)

7



is a smooth map between Banach spaces. To see this, one notes that F' is a composition of
the maps A : H" — H"2 multiplication by f (H" — H", u — fu), projections (pry s :
H* @ H¥ — H* H"), inclusions (H* — H* @ H* | uw > (u,0), H* — H* @ H*, v~ (0,u),
H* — H*Y), exp: H" — H", and the multiplication map (u: H* ®@ H" — H", u: R® H" —
H"). All but the last two of these are bounded linear, hence trivially smooth, and we have
already observed that exp is smooth. Clearly u, being bilinear, is continuous. Its differential
dptguey (U, v") = p(u,uv’) + p(v,v'), is a bounded linear map (for each fixed (u,v)) which is
continuous, by continuity of j, so p is C', and hence smooth by the chain rule.

By construction, our PDE system (3.1),(3.2) is equivalent to F(k,u, N) = (0,0). Let
F|:H &@H" — H?®H 2, F|(u,N) = F(0,u,N). Now F(0,0,0) = (0,0), and dF|,) :
H ®H — H 2@ H2%is L ® L where L : H" — H"2 is the second order linear elliptic
operator

L=A+f. (3.6)
Since f > 0 and vanishes only on a measure zero set, if Lu = 0 then
0 = (u, Au) + (u, fu) > (u, fu) = ||/ ful* = 0 (3.7)

so u = 0 almost everywhere. Hence ker L = {0}, so, by the standard elliptic estimate for L
[10, p. 423], there exists C' > 0 such that, for all u € H",

ull - < C|| L] o2 (3.8)

It follows [17, p. 42] that L is invertible, that is, L is bijective and its inverse L™ : H"2 — H"
is a bounded linear map. Hence, dF| (o) is likewise invertible, with inverse L=' @& L~'. Thus,
we may apply the Implicit Function Theorem [10, p. 420] to F' at the point (0,0,0): there
exist k. > 0 and a unique smooth map x : (—k., k) — H" & H" such that x(0) = (0,0) and,
for all kK € (=K, ki), F(k,2(k)) = 0. This establishes existence of a unique smooth curve of
solutions x(k) = (u(k), N(x)) of (3.1),(3.2) in H" x H" with w(0) = N(0) = 0.

Up to this point, we know that the curve of solutions (u(x), N(k)) is smooth with respect
to k, but we do not yet know that, for fixed s, each of u(x), N(k) is a smooth function on
M. This follows from a standard bootstrap argument. Dropping the argument x from wu(x),
N(k), we know that they lie in H" and satisfy (3.1), (3.2). Hence, by the standard elliptic
estimate for A [10, p. 423] if u, N € H*2" then

[ull s < C| AUl s + Jlull) < Cle* e + 1+ |K[[N]| g+ Jullgr) < o0, (3.9)
using (3.1), so u € H*' and
[Nl see1 < CJAN [ ga-s + [IN[) < C [N+ | Nl e + [6] 4[] [[€*[| 1) < 00 (3.10)

using (3.2) and the algebra property of H*. Hence, by induction on k, (u, N) € H* & H* for
all k > r. But, for all K > 7 we have the continuous Sobolev embedding H* < C*~" [3, pp.
35, 44]: every u € H* is (k — r) times continuously differentiable, and there exists C'(k) > 0
such that, for all v € HF,

lullr-r = sup{lu(@)], [Vu(z)], ..., [V*u(z)} < COE)f] - (3.11)

zeM



So U, N € C*" for all k > r, and hence are smooth. |

This completes the proof of Theorem 1. O

4 Bounds on k&,

In this section we find upper and lower bounds on k., the maximal Chern-Simons coupling to
which we can smoothly continue a standard vortex. In principle, x, may depend on D, the
choice of vortex positions. We shall show that, for fixed n, there are global upper and lower
bounds on k,(D), independent of D. Much the simpler is the upper bound.

Theorem 3 Assume that the Bogomol'nyi equations (2.19), (2.20), (2.21) have a smooth

solution. Then
Vol(%)

2
K° <
— 4mn

— 1.

Proof: Tt is clear that (k, ¢, A, N) satisfies the Bogomol'nyi equations if and only if (—x, ¢, A, —N)
does, so we may assume, without loss of generality, that x > 0. Integrating (2.21) over X, we
see that

(N, |o]2) = —K/ B = —2mn. (41)
2
The L? inner product of (2.21) with N implies ||[dN||? + ||[N¢|* + k(xB, N) = 0, whence
(+B,N) < 0. (4.2)
Similarly, the L? inner product of (2.20) with N implies
1 1 9 9
(BN) = 1 [ N LN Il + IV (4.3
>
and the integral of (2.20) over X yields
1
KJ/ N > 2mn — 3 Vol(X). (4.4)
2
Hence, by (4.2),
K K 9
s
= E/ N + mk*n by (4.1)
2 s
1
> ™ — ) Vol(X) +mk*n by (4.4)

and the claim immediately follows. |



Remark 4 In the case where ¥ is a flat torus, Ricciardi and Tarantello [22] prove a consid-
erably stronger upper bound on k, equivalent, in our conventions, to

, _ Vol(%) drn \°

Vol(¥) > 4mn and k< T <1 Vol(Z)) . (4.5)
There is no reason to suppose that their proof cannot be adapted to deal with the case of
general X, so one expects this stronger bound to be true more generally. The proof, however,
requires pointwise control of |p| and N and so is, inevitably, much longer and more difficult
than the proof of Theorem 3. Since neither bound is likely to be sharp, we shall not attempt
to generalize their argument here. It is the existence of an upper bound on k, which is of
primary interest to us.

We turn now to the existence of a positive lower bound on k., independent of D. Recall
that the set B(V, W) of bounded linear maps between Banach spaces V, W is itself a Banach

space with respect to the norm ||Alv_w = sup{||Au|lw : |ully = 1}. We will omit the
subscript V' — W where no confusion is possible. Let
Csob = ||t|| 22512, (4.6)

the norm of the inclusion ¢ : H?> — C°, or, equivalently, the optimal (smallest) constant in
(3.11) for k = m = 2. The space M,, of effective divisors of degree n on ¥ is a compact
topological space homeomorphic to Sym"¥., the n-fold symmetric product of ¥. Assuming
4mn < Vol(X), let fp € Q° denote, for each D € M,,, the squared length of the Higgs field ¢
of the unique (up to gauge) standard vortex vanishing on D. The map M,, — C°, D — fp is
continuous [11], from which it immediately follows that

Z M, — B(H? L?), Dw— Lp=A+fp (4.7)

is continuous. Note that Lp is the linear map we previously called L, introduced in the proof
of Lemma 2. The new notation calls attention to the fact that this operator depends on the
divisor D. As previously argued, each operator Lp is invertible, and inversion is a continuous
map [5, p. 170] from the subset of invertible operators in B(V, W) to B(W, V), so it follows
that

LM, — B(L* H?), D~ Ly (4.8)

is also continuous. Since M,, is compact, .Z’'(M,,) is bounded, that is
C. = sup || L] < oo. (4.9)
DeM,,
Note that C, > 0 depends only on (¥, g) and n. It would be useful to have a more explicit

upper bound on C, but we have been unable to find one. By contrast, a simple bound on
Z(M,,) is easily obtained. For all D,

L[l < |A] +sup{|| foull : Jullmz =1} < V2+ Csapllfoll < V2+ CsaCont,  (4.10)

where

Crot := / Vol(X) — 4mn, (4.11)
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since, by (2.22),

vol*

I foll* = /2(1 — 2% B)? = Vol(%) — 4/Z B +4||B|]* < Vol(X) — 8mn + 4E = C? (4.12)

Having introduced the constants Cs,, (depending only on (¥, g)) and C,, C,y (depending
also on n), we can establish the existence of a global (i.e. independent of D) lower bound on
ky. For fixed D € M,,, let F : R® H? ® H?> — L? @ L? be the smooth mapping between
Banach spaces defined in equation (3.5), and for fixed x € R, let F;| denote the map (u, N) —
F(k,u, N). The first step is to show that dF}| is uniformly invertible on a small ball, of radius
independent of D.

Lemma 5 Let D € M,, and Vol(X) > 4mn. Then there exists a constant ¢ € (0,1], inde-
pendent of D, such that, for all k € (—¢,¢), and (u, N) € B.(0) C H*> & H?, the linear map
dFy )Ny : H* ® H* — L* @ L? is invertible, and

1(AE, ] un)) H] < 2C..

Proof:  Choose € [—1,1] and u, N € H? with ||u|lgz < 1, ||N||lgz < 1. Then dFy| =
Lp @ Lp+ T, where

T N') = (fp(e® —1)u' — kN', fp(e® —1)N' + k>N’ + 2fpe** Nu' — rfpe*“u’). (4.13)
Now

1T, N ez < 11e = Uleo(llelleo + [NV lleo) | foll + 21l [N']) +
2 o[ Nllcoll llcoll foll + Iallle* oot ool foll — (4.14)

Since ||u|lgz <1, =Csop < u(p) < Cggp for all p € X, whence
€2 — 1]|co < 225 ||ul|co < C|lul| g2, (4.15)
where C' = 2Cg,,e2¢570. Tt follows that

1Tl = sup{|IT(u/, N)I| + [l/l[ + IN'lZ = 1}
Cllull a2(Csob + Csan) L foll + 2|5| + ClIN[|z2Csabl fol| + Clxl [ /ol

<
< 2C'Cgowal(||u||Hz -+ HNHHQ) -+ (2 + CCMZ)|I<L|, (4.16)

by (4.12). Let

1
’ 16CCSOvaol’ 8 + 4001;0[

and note that this is independent of D. Then, for all (k, (u, N)) € (—¢,¢) x B-(0), since ¢ < 1
the estimate above, (4.16), for ||| holds, and so

~1 ~1
€ = min { C. C. } >0, (4.17)

1 1 1 1 1
Tl < <1 _ . 4.18
1T < 36 < 3= = 2o & Lo) 7] 418)

11



It follows that ||(Lp & Lp)~*T)|| < %, and hence [5, p. 169] that
dFy.| = (Lp & Lp)(1+4 (Lp & Lp)~'T) (4.19)

is invertible with inverse

(dF) ™ = <§:(—1)k((LD @ LD)_IT)'“> (Lp® Lp)™", (4.20)

k=0

whose norm satisfies

)

1
I(dF)TH < (Z 7) I(Lp & Lp) || = 2| Lp'|| < 2C.. (4.21)

k=0

Theorem 6 Assume Vol(X) > 4mn. For each D € M, let (—k.(D), k(D)) > 0 be the
maximal open interval on which a smooth curve of solutions of the Bogomolnyi equations with
0 1(0) = D exists. Then

1
C,(6 + (1 + €2Pser)(/Vol(T)) }

k«(D) > £ min {1,

where Cgop, Cy, € are the positive constants, independent of D, defined in (4.6),(4.9),(4.17).

Proof:  Denote by z(k) = (u(k), N(x)) the solution curve in H? & H? whose existence
was established in Theorem 1. This curve starts at 2(0) = 0 and exists whilever dF, | is
invertible. By Lemma 5, dF |, is invertible if || < ¢ and ||z(k)||p2em2 < €. Hence, either
k«(D) > €, or the curve exits the ball B.(0) C H? ® H? at some “time” k' < k. (D) < e.
In the latter case, its “speed”, must, at some time prior to its first exit, be at least /k.(D).
That is, there exists 0 < k1 < k(D) < € such that z(k;) € B.(0) and

: £
(k1) || 2emz > m (4.22)
Now F(k,x(k)) = 0 for all k, so z(k) satisfies the ODE
OF
i :_anmn PR . 4.23
(k) = —(dFulai) ™ 5 - - (4.23)
Hence
oF
()]l < 2C% (4.24)
w1,2(k1) || [2g 12
by Lemma 5. Now
or = (—N,2 N+1(1—f ) (4.25)
Ok " 2 e ‘
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SO

OF 1
. < (14 2m)e+ (I + [[e*leoll fl])
Ok 2
r1,2(k1) || L2 12
1
< 3450+ e?Csor)\/Vol (). (4.26)
Hence, either k.(D) > ¢, or
1
C < 20,(3+ = (1 + s\ /Vol(X)), (4.27)
K«(D) 2
which establishes the claim. a

5 Vortices on S?: a numerical study

In order to study the dependence of k,(D) on the divisor D, we consider the case where ¥ is
the round sphere of radius R > /n and use numerical techniques to investigate the deformed
solutions away from x = 0. Now (L, h) is a degree n > 1 hermitian line bundle over S?. Let
Us = S2\{(0,0,F1)} and 1 be unit length sections of L on Uy such that e. = "¢, on
U, NU_, where 6 is the azimuthal angle around the North-South axis on S2. Then any section
@ of L is determined by a pair of functions ¢4 : Uy — C satisfying

pr =e"p_ (5.1)

on U; NU_. A unitary connexion on L is represented by a pair of real one forms Ay € Q'(Us)
satisfying

on U, NU_. On Uy we use the stereographic coordinate obtained by projection from (0,0, F1),
denoted zy = rye®*. Of course @ =0,, and 2. =1/z, on Uy NU_,s0 _ = —0,.

Consider the case where D = n,(0,0,1) + n_(0,0,—1), that is, the North pole with
multiplicity ny > 0 and the South pole with multiplicity n_ > 0, where n, +n_ = n. Then,
by the rotational equivariance of the system, we may choose gauge so that

Y+ = fi(ri)emiei, Ai = ai(ri)dei. (53)

We also use Ny to denote the restriction of N to UL, considered as a function of r,. The
Bogomol'nyi equations (2.19), (2.20), (2.21) then reduce to a system of ODEs, namely,

% _ 1 (ns — ax(r)) fu(r)
d;_; = 20(r) (1+26Ne(r) = £2(r)?)
ddi\;i = Q(r) <Ni(r)(/-@2 + fo(r)?) + g (1- fi(r)2)> B %%’ (5:4)
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where Q(r) = % is the conformal factor on S?. We must solve these six ODEs on the
interval [0, 1] subject to matching conditions at » = 1 (corresponding, in both coordinate

patches, to the equator of 5?) determined by (5.1), (5.2). These are

f) = 1), a-(l) —n-=ns —ar(l), N_(1)=Ny(1), N.(1)=-Ni(1). (55)

Owing to the coordinate singularities of the system (5.4) at r = 0, we must step away to
r =6 > 0, small, by constructing a power series solution of (5.4) about 0. One finds that

_ [ A +26pe — )R+ ifng =0

() = { (14 2rps)R*r% + - - otherwise (5:7)
_ [ pet g+ 26%ps — kgt + 2pagd)RPP 4o ifne =0

Nelr) = { Pt + 5(k+ 2% )R?r? + - - otherwise (58)

so solutions on [0, 1] are uniquely determined by four shooting parameters Z = (¢, q_,p+,p—).
Finding a global solution on S? then corresponds to finding a zero of the map M : R* — R*,

M Z = (f+(1) = f-(1), a+(1) + a—(1) = n, No (1) = N_(1), N} (1) + N”.(1)). (5.9)

We use a fourth order Runge-Kutta method to solve (5.4), and hence evaluate the map M,
for a given Z, and a Newton-Raphson scheme to solve M(Z) = 0 in the initial case x = 0. In
this way, we can numerically construct undeformed solutions with n, vortices at the North
pole, and n_ at the South pole.

We now allow & to vary, so that the shooting map becomes a function R> — R*, (k, Z) —
M (k, Z). We seek to construct a smooth curve in R®, (k(s), Z(s)) satisfying M (x(s), Z(s)) = 0
with x£(0) = 0 and Z(0) the shooting parameters of the undeformed vortex. To do this, we use
pseudo-arclength continuation. Having obtained one point on the curve (kg, Zy), we construct
a tangent vector (Ko, Zo) to the curve at (kg, Zp) and then seek a nearby point (k, Z) on the
curve satisfying

Zo - (Z — Zy) + ko (K — ko) = ds,
where ds > 0 is a small constant. This is an approximation of the arc-length condition
1211 + |&* = 1.
We achieve this by seeking a zero of the augmented map M:R5 — RS,
M(k,2Z) = (M(k, Z), Zo - (Z — Zo) + Fio (K — ko) — 65) (5.10)

again using a Newton-Raphson scheme (and a Runge-Kutta method to evaluate M).

For each equivariant divisor and sphere radius R, we used the known solution at x = 0 and
the initial unit tangent vector in the positive x direction in order to begin the continuation
process. For the subsequent points, we use the difference between the solution (k,, Z,) and
the previous solution (k,_1,Z,-1) to approximate the tangent vector at (k,, Z,). In every
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case we find that the solution curves exhibit a single global maximum value of k(s), that is,
k(s) initially increases monotonically, before reaching a turning point, after which it decreases
monotonically towards 0. The numerics suggest that, after its turning point, x(s) approaches
0 arbitrarily closely but never reaches 0. This is consistent both with the uniqueness of
undeformed vortices [6] and with the existence, for all small x > 0 of (at least) two distinct
vortex solutions for each divisor, as suggested by Ricciardi and Tarantello’s analysis of the
model on 72 [22]. We see then, that on compact ¥, these two distinct solutions probably
lie on the same solution branch, along which s has a turning point. The solution curves for
(ny,n_) = (2,0) and (ny,n_) = (1,1) with R = 4 are depicted in Figure 1. The behaviour
of the solutions as s approaches its supremum s; (and x approaches 0) is interesting: the
vortex appears to degenerate into a configuration with vanishing Higgs and electric fields and
spatially constant magnetic field. The value of the constant magnetic field’s spatially constant
limit is 575, since the magnetic flux is still quantised. Furthermore, the neutral scalar field
becomes spatially constant and diverges to —oo, in such a way that kKN — 555 — %, in this
instance to —7/16, as is shown by Figure 2. Note that in the large R limit, (¢, N) approaches
the alternative vacuum ¢ = 0, N = —(2x)~!, which diverges as k — 0. This suggests a
possible link between the extra vortices found on compact domains and the nontopological
“vortices” found on the plane (which tend, as r — oo to this alternative vacuum) [20]. The
limit where x(s) returns to 0, while reminiscent of dissolving vortices in the Bradlow limit [4],
is quite subtle, since the Bogomol'nyi equations do not support solutions of this type.

Since k(s) has a single turning point, at s, say, it attains a maximum value k. (D) = k(s,).
Figure 3 shows the maximal coupling k.(D) for a range of D and sphere radii R. Note that
ks depends on both n, and n_, not just their sum n = ny +n_. In general, for fixed n,
the more evenly the divisor is split between the two poles (i.e. the smaller is [n,. — n_|), the
larger is k(D). In fact, k.(D) does not always depend monotonically on n: for instance for
R greater than ~ 3.4, the maximal x for the symmetric n = 4 (n; = n_ = 2) configuration
is larger than the maximal s for the asymmetric n = 3 (ny = 3,n_ = 0) configuration. Note
also that in all cases k(D) is considerably smaller than the upper bound obtained in Theorem
3. The conjectured upper bound suggested by [22], equation (4.5), is better, though still far
from optimal, particularly at large R.

6 Higher dimensions

A key strength of the continuation/IFT strategy used here to prove existence of Maxwell-
Chern-Simons vortices is its adaptability. In this section we illustrate this point by formulating,
and proving vortex existence in, a higher dimensional generalization of the MCSH model.
For the rest of this section, ¥ will be a compact Kéahler manifold of complex dimension k,
with Kahler form w. For any p-form ¢ we use €M™ to denote £€™/m!. Note that the volume
form on ¥ is wi*, that *wl™ = w*F=™ and |[wI™? = k!/(m!(k — m)!) pointwise. We denote
by A : QP(X) — QP2(X) the L? adjoint of the Lefschetz map L : & — w A £ (explicitly,
A = (—=1)Px Lx) [24, p. 139]. Other than this, we adopt the same notation as in section 2. It is
convenient to define L = pr*L, where pr: I x ¥ — X, pr(t,z) = z, and A = prrA(t) — i Ao(t)dt
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Figure 1: Snapshots along the curve of vortex solutions with ny = 2 and n_ = 0 ((a)-(d)) and
ny =1 and n_ =1 ((e)-(h)) for a sphere of radius R = 4 starting at the undeformed x = 0 solution.
(a), (e): Higgs profile function f, (b), (f): magnetic and (c), (g): electric fields each plotted against
the sphere’s angle of declination ©. The colours in (a)-(c) (resp. (e)-(g)) correspond to position along
solution curves (d), (resp. (h)): the total electric energy versus k. Note that the solution curves are
not closed (as can be seen, for example, from the magnetic field plots (b), (f)).
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Figure 2: Snapshots of kN against O for (a) n. =2 and n_ =0 and (b) ny =1 and n_ = 1 with

colouring to indicate the position along the vortex solution curve as in Figure 1(d) for (a) and Figure
n 1

1(h) for (b). As the curves (see Figure 1(d), (h)) reach .(D) and turn back to zero, kN — 557 — 3,
which for this configuration is —1—76 ~ 0.44.
2 T o T = T = =T
——e—— ()= (10)
18k — (n+,n_)=(2,0) o /},’
s (n,.n)=(1.1) o L
1k | —=— (=eo) P
' e (n,n) = (2.1)
. e (Ln)=() , % , . e . /){/X/x
: - 2’2 ,’:.v . ; /x//)g,
1ol ——— (n,.n)=(2.2) ‘ 7 o
1+ ;
0.8
o6
04/
02
0c& - 1
1 2 25 3 3.5 4 4.5
R

Figure 3: A plot of k.(D), against sphere radius R for various choices of divisor D. Data plotted in
red, orange, green and blue corresponds to n = ny +n_ = 1,2, 3,4 respectively. The dashed lines
represent our upper bound on k(D) (Theorem 3) and the dotted lines the bounds of Ricciardi and

Tarantello [22] (see (4.5)).
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for the connexion on L defined by the pair (A(t), Ag(t)). The curvature of this connexion is
F = B(t) +dt Ae(t) (6.1)

where B(t) = (dA)(t) € Q*(X) and e(t) = (A — d4,)(t) € Q*(X) are time varying forms on X
interpreted as the magnetic and electric fields respectively.
The field theory of interest has action

S — SYMH + KZS\I/CS (62)

where Sy, is defined in (2.2) and

1 -
X

which we call the pseudo-Chern-Simons functional, since it coincides with S.g = % J AN FF
only in the case that ¥ has complex dimension k£ = 1. As we will see, Sycs defines a much
more satisfactory electrodynamics for £ > 2 than S.g.

The Euler-Lagrange equations for S are (2.5), (2.6) along with

é4+0B—kx(enwt ) = j (6.4)
—de+KkAB = p. (6.5)

Note that these reduce to (2.7) and (2.8) when k£ = 1, and maintain the desirable feature of
being linear in electromagnetic fields. This feature is broken, for £ > 2, if we use S¢g rather
than Sgcg. More importantly, solutions of this system conserve the total energy F, defined in
(2.9), and there is a topological lower bound on F, saturated by solutions of a coupled system
of PDEs generalizing the Bogomol'nyi equations (2.19), (2.20), (2.21), as we next demonstrate.

The argument follows closely the Bogomol'nyi bound for the undeformed (that is, x = 0)
model in general dimension, as presented, for example, in [6], and the £ = 1 argument presented
in section 2, so we will be brief. It relies on the so called Kahler identities, valid for any metric
connexion on the hermitian line bundle L over X::

(AB, o) = [0a¢l? — 194l (6.6)
B’ = |AB]PW — B A B AWE 44| B2 P20, (6.7)

So, for any (possibly time dependent) collection of fields (¢, N, A, Ay),

2

1 1 = 1 . 1
B o= 3| 30420 P + 2B 4 [Bapl? + Db+ NP + ke + QNP

1, . 1
FS IV + (N, =8¢ = p+ kAB) + 5/

1
BAwhk— = / B A BAwFA, (6.8)
X 2 Y

and it follows that, for all fields satisfying Gauss’s law (6.5),

E > By, [w]) = %/

1
BAwkE1— / B A BAwF (6.9)
b 2 b
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with equality if, and only if, in the gauge Aqg = N, all fields are static and

Oap = 0, (6.10)
B%? = 0, (6.11)
1
AB = 5(1+2/€N—‘g0|2), (6.12)
AN +kAB = —N|p|%. (6.13)

Note that the quantity Ey(L, [w]) on the right hand side of (6.9) depends only on the coho-
mology class of B/2w, which is a topological invariant of the bundle L (its first Chern class
c1(L)), and the cohomology class of w. Hence, any static triple (¢, A, N) satisfying (6.10)-
(6.13) minimizes E in its homotopy class, among fields satisfying (6.5). It is straightforward
to verify that such fields also satisfy the Euler-Lagrange equations. In the case k = 1, (6.11)
is vacuously true on dimensional grounds, and the system reduces to (2.19)-(2.21).

In the case kK = 0, (6.13) is solved by N = 0, and (6.10)-(6.12) reduce to the usual vortex
equations on a Kéahler manifold [6]. A necessary condition for existence of solutions of this
system (obtained by integrating (6.12) over X)) is that

1 1

EVOI(Z) > C4y(L, [w]) = by /2 B AWk, (6.14)
If Vol(32) > 4nC(L, [w]), solutions exist and are (up to gauge) in one-to-one correspondence
with effective divisors D representing the homology class Poincaré dual to ¢;(L) [6]. Just as for
vortices on a Riemann surface, D = ¢~1(0), but now D is a collection of irreducible analytic
hypersurfaces in ¥ [12, pp. 128-139]. Our aim is to prove an existence, local uniqueness and
smoothness result for pseudo-Chern-Simons deformations of these vortices.

Theorem 7 Let D be an effective divisor homologous to the Poincaré dual of ¢i(L), and
assume Vol(X) > 4w Cy (L, [w]). Then there exist k. > 0 and a smooth curve

(0, A, N) : (—ky, k) — (L) x A(L) x Q°,

unique up to gauge, such that, for all k € (—kK., ki), (@(k), A(k), N(k)) satisfies the Bogo-
mol’nyi equations (6.10)-(6.13) and o(k)~1(0) = D.

~

Proof: By the results of [6], there exists a unique (up to gauge) pair (¢, A) satisfying (6.10),
(6.11) and (6.12) with £ = 0, such that ¢~'(0) = D. Now any other smooth section vanishing
on D has a unique representative in its gauge orbit of the form ¢ = e“. Let A = A+i(8u—5u).
Then 04 = €0 4% = 0 by construction, and

B = B — 2iddu, (6.15)

so B%? = B% = (. Hence (¢, A) automatically satisfies (6.10) and (6.11). Furthermore,
(A, 0] = iéT, where 1 denotes L? adjoint [24, p. 139], so

AB = AB —2i([A,0)0u + OATu) = AB +20'0u+ 0= AB +2(0 du+ 00 )

1
= 5(1 — %) + Au (6.16)
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since Adu = 0 = 0'u on dimension grounds, and A = 2A5 [24, p. 141]. Hence, (¢, A, N)
satisfies the remaining Bogomol'nyi equations (6.12), (6.13) if and only if u, N satisfy (3.1),
(3.2), with f = |$[*. The claim now follows immediately from Lemma 2. O

Remark 8 Rehearsing the proof of Theorem 3 with equations (6.12), (6.13) playing the roles
of (2.20), (2.21), one easily deduces an upper bound on «,(D) independent of D. Namely, if
(6.12), (6.13) admit a smooth solution, then

2 < Vol(X%)

S oL 1. (6.17)

Establishing a nontrivial lower bound on k,(D) is more challenging.

7 Concluding remarks

In this paper we used a simple Inverse Function Theorem argument to prove existence and local
uniqueness of vortex solutions of the MCSH model in the small |k| regime on an arbitrary
compact Riemann surface. This method has several advantages over more direct analytic
approaches: it works uniformly on all geometries, immediately gives very strong smoothness
information (both spatially and in terms of x dependence), and readily adapts to a natural high
dimensional generalization of the model. We found a simple upper bound on k., the maximal
|| for which vortices exist. Interpreting the solution curve (¢, A, N)(k) as a solution of an
(infinite dimensional) ODE problem, we proved existence of a positive lower bound on k. (D),
independent of the set of vortex positions D, the first result of this type that we are aware of.
It follows that the entire moduli space M,, of n-vortex solutions persists for sufficiently small
|k|. We conducted a numerical study of rotationally equivariant vortices on round two-spheres,
demonstrating that (D) does, in fact, depend on the vortex positions, not just their number,
and that the two distinct vortex solutions (suggested by previous analysis of the model on flat
tori [22]) actually merge at k = k(D). It would be interesting to see whether this is a generic
phenomenon on compact domains.

Two other interesting questions suggest themselves. Can one develop a moduli space
approximation to the low energy dynamics of vortices in this system? There are at least two
competing conjectures for such a dynamics [9, 19], structurally similar (geodesic motion on M,
perturbed by an effective magnetic field) but known to differ from one another [2]. Neither
has been rigorously derived from the parent field theory. Having proved persistence of the
whole moduli space, this question is now well founded in the analytically simpler setting of
compact domains where one can hope to make rigorous progress more easily.

Second, can the IF'T method pursued here be adapted to deal with Chern-Simons deforma-
tion of the O(3) sigma model, in which the Higgs field ¢ takes values in S?? The undeformed
model is known to support BPS vortex-antivortex superpositions [26, ch. 11]. By shifting the
vacuum manifold from the equator of the target S?, one obtains a model where vortices and
antivortices differ in size and mass, yet still coexist in marginally stable equilibrium. These
have been proved to persist in the deformed model on R? for small |«| in general [14], for all &
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in the case of pure vortex (or pure antivortex) solutions [15], and to be unique in the case of
pure coincident vortices (or antivortices) [25]. As for the MCSH model, the model on compact
domains seems to have been explored only in the special case of flat tori, see [8] for example.
For mixed solutions (that is, those with both vortices and antivortices), the moduli space, even
on compact X, is noncompact due to missing points where vortices and antivortices coalesce,
so the global persistence of entire moduli spaces becomes an interesting and quite nontrivial
problem.
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