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A SIMPLE PROOF OF THE FORMULA FOR THE BETTI NUMBERS OF
THE QUASIHOMOGENEOUS HILBERT SCHEMES.

ALEXANDR BURYAK, BORIS LVOVICH FEIGIN, AND HIRAKU NAKAJIMA

ABSTRACT. In a recent paper the first two authors proved that the generating series of the
Poincare polynomials of the quasihomogeneous Hilbert schemes of points in the plane has a
simple decomposition in an infinite product. In this paper we give a very short geometrical
proof of that formula.

1. INTRODUCTION

The Hilbert scheme (C?)[" of n points in the plane C? parametrizes ideals I C Clxz,y] of
colength n: dim¢ Clz,y]/I = n. It is a nonsingular, irreducible, quasiprojective algebraic
variety of dimension 2n with a rich and much studied geometry, see [7, 13] for an introduction.

The cohomology groups of (C?)" were computed in [5], and the ring structure in the coho-
mology was determined independently in the papers [10] and [14].

There is a (C*)%-action on (C2?)" that plays a central role in this subject. The algebraic
torus (C*)? acts on C? by scaling the coordinates, (t1,t2) - (z,y) = (t12,toy). This action lifts
to the (C*)%-action on the Hilbert scheme (C?)".

For arbitrary non-negative integers o and 3, such that a + 3 > 1, let T, 5 = {(t*,t*) €
(C*)?|t € C*} be a one-dimensional subtorus of (C*)2. If o and 3 are non-zero, then the fixed

point set (((Cz)[”])To"B is called the quasihomogeneous Hilbert scheme of points on the plane C2.
The quasihomogeneous Hilbert scheme (((CZ)[”])T“’B is compact and in general has many

irreducible components. They were described in [6]. In the case a = 1 the Poincare polynomials
of the irreducible components were computed in [3].

The Poincare polynomial of a manifold X is defined by P,(X) = .., dim H;(X; Q)gz. In [4]
the first two authors proved the following theorem. -

Theorem 1.1. Suppose o and 3 are positive coprime integers, then

n n 1 1
ZP( GOk )t = 11 1_tig1—qt<a+ﬁ>i'

n>0 i>1
(a+B)fi

In this paper we give another proof of this theorem. In [4] the large part of the proof
consists of non-trivial combinatorial computations with Young diagrams. Our new proof is

more geometrical and is much shorter. In fact, we prove a slightly more general statement.
Let T',, be the finite subgroup of (C*)? defined by

= {(C]7Cj> e (C*)2 C:exp (%) 7j:0’]‘7"'7m_1}'

For a manifold X let H?™(X;Q) denote the Borel-Moore homology group of X with rational
coefficients. Let PPM(X) = 37, dim HPY (X Q)qz.
We prove the following theorem.

Theorem 1.2. Let o and 8 be any two non-negative integers, such that o+ 5 > 1. Then we
have

n a, FOt n ]- 1
(1) ZPBM ( () ]) - Hj) = H 1_¢i H 1 — gtlath)i’
i>1

n>0 i>1
(a+B)fi
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Here we use Borel-Moore homology, because the variety (((CQ)M)TO"B Tats s in general not
compact, if « = 0.

If o and 3 are coprime, then I'y4 3 C T;, 3. Hence, Theorem 1.1 follows from Theorem 1.2.

Our proof of Theorem 1.2 consists of two steps. First, we prove that the left-hand side of (1)
depends only on the sum a+ 3. We use an argument with an equivariant symplectic form that
is very similar to the one that was applied by the third author in [12] (proof of Proposition 5.7).
After that the case @ = 0 can be done using a notion of a power structure over the Grothendieck
ring of quasiprojective varieties.

In [4], as a corollary of Theorem 1.1, there was derived a combinatorial identity. In the same
way Theorem 1.2 leads to a more general combinatorial identity. Denote by ) the set of all
Young diagrams. The number of boxes in a Young diagram Y is denoted by |Y|. For a box
s € Y we define the numbers ly(s) and ay(s), as it is shown on Fig. 1.

ly (s) = number of &
ay(s) = number of ©

w (BB I3

LI

Y

FIGURE 1. Definition of the numbers ay (s) and ly (s)

For a Young diagram Y define the number h, g(Y") by

has(Y) = {s ey

aly (s)=B(ay (s)+1)
(a+B)|ly (s)+ay (s)+1 } )

The following corollary is a generalization of Theorem 1.2 from [4].

Corollary 1.3. Let a and 8 be arbitrary non-negative integers, such that o+ 3 > 1. Then we
have

(2) Z gt = H 1 i ti H 1 — qi(oz+,3)i'

Yey i>1 i>1
(a+B)fi

Proof. The proof is similar to the proof of Theorem 1.2 in [4]. We apply the results from [1, 2],

in order to construct a cell decomposition of the variety (((C2)[”])Ta’ﬁ ot , and show that the
left-hand side of (1) is equal to the left-hand side of (2). O

We thank Ole Warnaar for suggesting this more general combinatorial identity after the
paper [4] was published in arXiv.

1.1. Organization of the paper. In Section 2 we recall the definition of the Grothendieck ring
of complex quasiprojective varieties and the properties of the natural power structure over it.
Section 3 contains the proof of Theorem 1.2.

2. POWER STRUCTURE OVER THE GROTHENDIECK RING Ky(v¢)

In this section we review the definition of the Grothendieck ring of complex quasiprojective
varieties and the power structure over it.
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2.1. Grothendieck ring. The Grothendieck ring Ko(vc) of complex quasiprojective varieties is
the abelian group generated by the classes [X] of all complex quasiprojective varieties X modulo
the relations:

(1) if varieties X and Y are isomorphic, then [X]| = [Y];
(2) if Y is a Zariski closed subvariety of X, then [X]| = [Y] + [X\Y].

The multiplication in Ky(v¢) is defined by the Cartesian product of varieties: [Xi] - [X3] =
[X; x X5]. The class [Af] € Ko(vc) of the complex affine line is denoted by L.

We will need the following property of the Grothendieck ring Ky(vc). There is a natu-
ral homomorphism 6: Z[z] — Ky(vc), defined by z — L. This homomorphism is injective
(see e.g.[11]).

2.2. Power structure. In [8] there was defined a notion of a power structure over a ring and
there was described a natural power structure over the Grothendieck ring Ky(v¢). This means
that for a series A(t) = 1+ajt+agt*+... € 1+t-Ko(vc)|[t] and for an element m € Ky(vc) one
defines a series (A(t))™ € 1+t - Ko(vc)[[t]], so that all the usual properties of the exponential
function hold.

For a series A(t) = (1 —¢)~! and a quasiprojective variety M the series A(t)™! coincides
with the motivic zeta function (us(t) introduced by M. Kapranov ([9]):

L=ty ™M =14 [SMt,

i>1

where S?M is the i-th symmetric product of the variety M. There is the following generalization

of this formula. Suppose that M, M, ... and N are quasiprojective varieties. Then we have
[V]
(1 + Z[Ml]tz> =1+ Z X,t",  where
i>1 n>1
(3) X,= Y [((NW\A) x (HMd)>/HSd] .
2 iz idi=n

Here A is the "large diagonal” in N>%  which consists of (3 d;) points of N with at least
two coinciding ones. The permutation group Sy, acts by permuting corresponding d; factors in
[IN% and [] M simultaneously.

We also need the following property of the power structure over Ky(vc). For any ¢ > 1 and
j > 0 we have

(4) (1 —LtY ™ = (1 - L)~

It can be derived from several statements from [8] as follows. Let a;, ¢ > 1, and m be from the
Grothendieck ring Ko(vc) and A(t) = 1+ 3,5, a;t’. Then for any s > 0 we have

() AL )™ = (A6 popor -
(6) 1-t) "= 1=

t—Lst *

Formula (5) follows from Statement 2 in [8] and equation (6) follows from Statement 3 in [8].
Also for any s > 1 we have (see [8])

(7) A@)™ = (AB)™ys -

Obviously, formula (4) follows from (5), (6) and (7).
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3. PROOF OF THEOREM 1.2

Using the (C*)2-action on (C?)[" and the results from [1, 2] one can easily construct a cell
decomposition of ((CZ)[”])F“+6 “fe# Thus, Theorem 1.2 is equivalent to the following formula

a,B XL o n ]‘ 1
(8) Z [((Cz)["])T XTI +B} "= H T g H —Li@di
i>1

n>0 i>1
(a+p)ti

It is clear that equation (8) is a corollary of the following two lemmas.

Lemma 3.1. For any o, 8 > 0, such that o+ 8 > 1, we have

|:((<C2)[n) aBXFaJrﬂ] _ |:((C2>[n])T0,a+6XFa+5] '

Lemma 3.2. For any m > 1 we have

m m n 1 1
> [y e = =51l
Zn?ﬁ =

n>0

Proof of Lemma 3.1. Let ((@2)[n})Fa+B = 1L, (((Cz)[”])iraw be the decomposition in the irre-
ducible components. It is sufficient to prove that

[eyn] = | (i)™

where d; = dim (((Cz)[”]) **7. The subvarieties ((CQ)[”])?*B are quiver varieties of affine type
fla+5_1. We prove the above equality by using the idea in [12, Proposition 5.7].
Let (((Cz)[n])f‘”[i) " =11; ((c2) ) PernxTad o the decomposition in the irreducible com-

ponents. Consider the C*-action on (C2)[”] induced by the homomorphism C* — (C*)2 ¢
(t*,¢7). Define the sets C; ; by

Cij = { € ([ )Zaw

From [1, 2] it follows that the set Cj; is a locally trivial fiber bundle over ((C?) ”]) ot Lot
with an affine space as a fiber. Let us denote by d;; the dimension of a fiber. For p €

((C?) ”]) FetsTes the tangent space T, ((CQ)[") “* is a C*-module. Let

((CZ [n] a+/3 Z H

mEZ

be the weight decomposition. It is clear that d; ; = dim (€D,,~, H(m)).

The Hilbert scheme (C2?)" has the canonical symplectic form w that is induced from the
symplectic form dz A dy on C? (see e.g.[13]). The form w has weight —a — 3 with respect
to the C*-action on (C2?)". The restriction w| (€22 is the canonical symplectic form

lim ¢z e ((C)M)! ““”TW}.

t—0,teC* ]

on the quiver variety (see [12]). Therefore, the spaces ,,o H(m) and B, H(m) are

a+

dual with respect to this form. Obviously, the (a4 [5)-th root of unity 1 acts trivially on
(€))% thus, H(m) = 0, if (a + B) t m. We get @,,50s5 H(m) = @2, H(m) and

d;j = dim (€D,,~, H(m)) = %. This completes the proof of the lemma. O

Proof of Lemma 3.2. Obviously, we have ((CQ)[”])TO”" = ((Cg)[”})To’l. For a partition A =
(A, Ay AL > A > 0. > A > 1, and a point 2y € C define the ideal I ,, C Clz,y| by

A A2 -1, N

I)\,x():(y ,(l'—.’ﬂo)y 7"'7(x_$0) Y 7(x_x0)l>'
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In [13] it is proved that each element I € ((C2)[”])TO’1 can be uniquely expressed as
I - ]A175E1 N...N I)\k@k

for some distinct points 1, ..., z; € C and for some partitions A, ..., \¥ satisfying Zle INe| =
n.

Denote by C, the z-axis in the plane C2. Consider the map 7, : (((C2)[”])
by

To,1

— S™C, defined

k
Tn (I/\l’x1 N...N I)\k,l"k) = Z ‘)\’LHI’Z]
=1

Suppose Z is an open subset of C,. From (3) it follows that

sene (1)

n>0 i>1

The I',,-action on C,\{0} is free and (C,\{0})/I',, = C,\{0}, therefore,

(w;l(sm(Cx\{O}D)szg {2}1(5%(%\{0}))’ iiZiii;L

We obtain

S [t sm(@A o)™ ¢ = (H : _{W) |

n>0
Therefore, we get

Z [((CQ)[H})To,lem] "= (Z[Wnl(n[()})]t"> (Z [(77;1 (S”(Cx\{()}»)rm} t") =

n>0 n>0 n>0
1 A 1 1
:<H1—ti> (Hl—tmi> :Hl—tinl—umi'
i>1 i>1 i>1 i>1
The lemma is proved. O

The theorem is proved.
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