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DUBROVIN-ZHANG HIERARCHY FOR THE HODGE INTEGRALS
A. BURYAK

ABSTRACT. In this paper we prove that the generating series of the Hodge integrals over the
moduli space of stable curves is a solution of a certain deformation of the KdV hierarchy. This
hierarchy is constructed in the framework of the Dubrovin-Zhang theory of the hierarchies of
the topological type. It occurs that our deformation of the KAV hierarchy is closely related to
the hierarchy of the Intermediate Long Wave equation.

1. INTRODUCTION

Let ﬂgvn be the moduli space of stable complex algebraic curves with n labelled marked
points. The intersection theory of Mg,n is closely related to the theory of integrable systems
of partial differential equations. The basic result in this subject is the famous Witten con-
jecture ([Wit91]) proved by M. Kontsevich (see [Kon92]). It tells the following. The class
v, € H 2(Mg,n; C) is defined as the first Chern class of the line bundle over ﬂg,n formed by
the cotangent lines at the i-th marked point. Intersection numbers (74, Tk, - . . Tk, ) , are defined
as follows:

k k k
<Tk17—k2"'7—kn>g = = ¢11 22"'wnn'
g,n

Let us introduce variables h, g, t1, t2, ... and consider the generating series

F = Z h—g' Z <Tk1--'7—kn>gtk1-"tkn'

n:
920,n>1 ki,....kn>0
2g—24n>0

O*F

Witten’s conjecture, proved by M. Kontsevich, says that the second derivative T3 is a
0

solution of the KdV hierarchy. The first two equations of this hierarchy are

h
Uty = UUy, + Eumm>
1 h n?

Here we identify = with ¢,. o
In this paper we study the Hodge integrals over the moduli space M, ,:

k) k
(NjThy e T ) g 1= / Nytas? b,
Mgn

where \; € H% (ﬂgm; C) is the j-th Chern class of the rank g Hodge vector bundle over /Vg,n
whose fibers over smooth curves are the spaces of holomorphic one-forms. Consider the gener-

ating series
Hodge E E hggj E
F = 7 </\ka1H-Tk‘n>gtk1--'tkn-

gn>0 0<j<g " ki,..,kn>0
29—2+n>0

2010 Mathematics Subject Classification. 37K05, 14H10.
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2 A. BURYAK

The main result of the paper is the following. In Section we construct a certain hamil-
tonian deformation of the KdV hierarchy. The first two equations of this hierarchy are

B
(1.1)  wyy = uu, + Zhg o1 29! U2g 1,
g>1
|BZg| 2g+1(,.2 |B2g| g.g—2
Ut, —u Uy + Z 2(uu29)$ + 0797 (u?)) + Z — R (g + 1uggsa.

= (29)!

Here By, are Bernoulli numbers: By = %, B, = —%, ...; and we denote by u; the derivative 9'u
We call this hierarchy the deformed KdV hierarchy. Let

a2gFHodge

1.2 FHOdge = FHodge (
" ! ; 29029+ 1) ~ of

Theorem 1.1. The series % 15 a solution of the deformed KdV hierarchy.
0

We remind the reader that we identify x with ;. o
Let us explain how to compute the series F#°%¢ using this theorem. Since M, 3 is a point
and [ L= o, we have

t3  he
Hodge 0 i
F \t>1 =5 gl
Therefore,

a2ﬁHodge
S = tq.

t?

a 0 t21=0

Using this equation as an initial condition for the deformed KdV hierarchy, Theorem allows
to determine the series %. Note that the transformation is invertible, one can check
that ’

229 1 _ 1 |BQQ| 829FHodge

9-9
220-1 (2g)! e oty?

FHodge FHodge + Z

g>1

2 7 Hodge 2 inHodge
‘9Fa—2 we can reconstruct 2 J%°
2 o83

to determine FH°%9¢  This is the same argument as E. Witten used in [Wit91] in order to

. . . 2
reconstruct the series I’ from the second derivative %Tf.
0

Therefore, using After that the string equation allows

Remark 1.2. In [Kaz09] M. Kazarian proved that after a certain change of variables the
series F'1919¢ hecomes a solution of the KP hierarchy. It seems to be interesting to relate his
result to ours.

Equation coincides (after several rescalings) with the Intermediate Long Wave (ILW)
equation (see e.g. [SAKT9]). We are very grateful to S. Ferapontov and D. Novikov for noticing
this fact after the author’s talk on the conference in Trieste (Hamiltonian PDEs, Frobenius
manifolds and Deligne-Mumford moduli spaces, September 2013). An infinite sequence of
conserved quantities of the ILW equation was constructed in [SAK79]. We compare these
conserved quantities with the Hamiltonians of our deformed KdV hierarchy in Section [§|

Our approach is based on the B. Dubrovin and Y. Zhang theory of the integrable hierar-
chies of the topological type. In [DZ05] B. Dubrovin and Y. Zhang gave a construction of
a bihamiltonian hierarchy associated to any conformal semisimple Frobenius manifold. They
conjectured that the equations and the hamiltonian structures of this hierarchy are polynomial.
In [BPS12a)] the authors suggested a more general construction of a hamiltonian hierarchy as-
sociated to an arbitrary semisimple cohomological field theory and proved the polynomiality
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of the equations and of the hamiltonian structure (see also [BPS12b]). One of the simplest
examples of a cohomological field theory is the one formed by the Hodge classes

(1.3) L+eh +eda+...+e9\, € H(M,,;C).

The main step in the proof of Theorem is the application of the polynomiality theorem from
[BPS12al to the Dubrovin-Zhang hierarchy associated to the cohomological field theory ([1.3)).
We also prove the following theorem.

Theorem 1.3. Consider the Dubrovin-Zhang hierarchy associated to the cohomological field
theory (L.3)). Then the Miura transformation

Y (=1 9.9
(1.4) u>—>u—u—l—;mhsugg

transforms this hierarchy to the deformed KdV hierarchy.

One can see that the variable @ is related to the variable u (eq. (1.4)) in the same way as

the series FH°%e is related to the series FHo%¢ (eq. (T.2)). This is so, because, as it will be
explained in Section [ Theorem [I.1]is a consequence of Theorem [I.3]

1.1. Organization of the paper. In Section [2 we give a construction of the deformed KdV
hierarchy. The main statement here is Proposition [2.3
In Section [3| we recall the Dubrovin-Zhang theory of the hierarchies of the topological type.
In Section [] we formulate three propositions and show that Theorems [L.1], and Proposi-
tion 2.3]follow from them. These propositions are proved in Sections [f] [6| and [7] correspondingly.
In Section 8| we compare the deformed KdV hierarchy with the hierarchy of the Intermediate
Long Wave equation.
Appendix is devoted to the proof of several technical statements.

1.2. Acknowledgements. We would like to thank S. Shadrin, B. Dubrovin, H. Posthuma,
M. Kazarian and R. Pandharipande for useful discussions. We also thank the anonymous
referee for valuable remarks and suggestions that allowed us to improve the exposition of this
paper.

The author was supported by grant ERC-2012-AdG-320368-MCSK in the group of R. Pand-
haripande at ETH Zurich, by a Vidi grant of the Netherlands Organization for Scientific Re-
search, Russian Federation Government grant no. 2010-220-01-077 (ag. no. 11.634.31.0005),
the grants RFFI 13-01-00755, NSh-4850.2012.1, the Moebius Contest Foundation for Young
Scientists and ”"Dynasty” foundation.

2. DEFORMED KDV HIERARCHY

In this section we construct the deformed KdV hierarchy. First, in Section [2.1| we recall basic
facts about hamiltonian systems of partial differential equations. Then in Section[2.2) we present
a construction of the deformed KdV hierarchy. The main statement here is Proposition [2.3]
It says that there exists a unique sequence of local functionals with certain properties. The
uniqueness part is simple. It is based on Lemma that is proved in Section [2.3] The proof
of the existence part is presented in Section []

2.1. Hamiltonian systems of PDEs. Here we recall the hamiltonian formalism in the theory
of partial differential equations. The material of this section is mostly borrowed from [DZ05].
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2.1.1. Dufferential polynomials and local functionals. Consider variables u,uy, us,.... We will
often denote u by ug and use an alternative notation for the variables u, us, . . .:

Uy = U1, Ugy = Ug,....

Let A be the space of polynomials in the variables u,, s =1,2,.. .,

f (s Uy Uy . .) = Z Z ot () ug, g, - . U,

with the coefficients f1*m(u) being power series in u. Such an expression will be called
differential polynomial.
The operator 0,: A — A is defined as follows:

E uerl

Let A = A/im(0,). We have the projection 7: A — A/im(0,). We will use the following

notation:
/hdx =7 (h),

for any h € A. The elements of the space A will be called local functionals
For a local functional h = f hdx € A, the variational derlvatlve E A is defined as follows:

oh . Oh
== Z(—@:) .

1>0

Let us introduce a gradation degg;; on the ring A of differential polynomials putting

degyipur =k, k> 1; degy, f(u)=0

This gradation will be called differential degree. The gradation on A induces the gradation on
the space A. There is an important lemma (see e.g. [DZ05]).

Lemma 2.1. Let f be an arbitrary differential polynomial such that f|,,—o = 0. Then the local
functional f = [ fdz is equal to zero, if and only if 6f = 0.

Let A C A be the subring of polynomials in u,uy, us,.... Sometimes we will use another
gradation on the ring A’ assigning to u;,7 > 0, degree 1. This second gradation will be just
called degree.

2.1.2. Extended spaces. Introduce a formal indeterminate A of the differential degree

Let A:= A® C[[h]] and Al © A be the subspace of elements of the total differential degree k,
k > 0. The space A" consists of elements of the form

f(u;ul,ug,...;h):Zhifi(u;ul,...), fi€e A, degy, fi=2i+k.

>0

The elements of the space EW will be also called differential polynomials.
Let A := A®CJ[A]] and A¥) ¢ A ® C[[h]] be the subspace of elements of the total differential
degree k. The space A¥ consists of integrals of the form

TZ/f(usul,uQ,...;h)dx, fe A,

They will also be called local functionals.
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2.1.3. Hamiltonian systems of PDEs. Let K be a differential operator

(2.1) K=Y fiho,

1,520

where f;; € Aand degy; fij+J = 2i+1. Let us define the bracket {-, -} Al 5 Ay Ale++1]
by

- 5g ,.0h
g, htg = | —K—dx.
{g ) }K / Su’ Su T
The operator K is called Poisson, if the bracket {-, -} is antisymmetric and satisfies the
Jacobi identity. It is well-known that the operator 0, is Poisson (see e.g. [DZ057]).
A system of partial differential equations

ou

(2.2) i

:fl(u,ul,,h), 7,21,

where f; € .2[1], is called hamiltonian, if there exists a Poisson operator K and a sequence of
local functionals h; € A% i > 1, such that

Shi
i K 5
/ ou
{Ei,ﬁj}K:O, for ’L,j Z 1.

The local functionals h; are called the Hamiltonians of the system (2.2)).

2.1.4. Miura transformations. Let us recall the Miura group action on hamiltonian hierarchies.
Consider transformations of the form

(2.3) U U =u+ Zﬁkfk(u;ul, cooug), e €A, deggp fi = 2k,

k>1

It is easy to see that transformations ({2.3)) form a group which is called the Miura group.
Let us define the Miura group action on hamiltonian hierarchies. Given a transforma-
tion (2.3]), any differential polynomial from A can be rewritten in the variables %;. This

defines the Miura group action on A and on A, The action on Poisson operators is defined

as follows:
~ ou ou
_ 1Y _ q
K|—>K_< —8%833)0[(0(5 ( 8x)oauq>.

p=0 q=>0

The Miura group action transforms solutions of hamiltonian hierarchies in the following way
(see e.g. [DZ03]).

Lemma 2.2. Suppose we have a Poisson operator K and a sequence of commuting local func-
tionals h, € Al: {hns by = 0. Let u(x, ty, ... ; k) be a solution of the corresponding hierarchy

of PDEs: 2% = K% Consider a Miura transformation ([2.3)). Then the series u(z,t1,...;h
Oty ou

18 a solution of the transformed hierarchy: 88777 = l??—uf.

2.2. Deformed KdV hierarchy. In this section we give a construction of a deformation of
the KdV hierarchy.
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Proposition 2.3. Let € be any complex number. There exists a unique sequence of local func-
tionals h, € A% n > 1, such that

— u? B
(24) h1 = / g + Z h9891%UU29 d.’E,
g>1 g
_ un+2
hyn, = / <ﬁ + O(ﬁ)) dx, formn >2,

n+ 2)!
{hi,hj}s, =0, fori,j>1.
The hamiltonian system of partial differential equations corresponding to the sequence of
local functionals h,, and the Poisson operator 0, will be called the deformed KdV hierarchy.

The uniqueness statement in Proposition is a consequence of the following simple lemma
that will be proved in the next section.

Lemma 2.4. Let us fix a local functional h € Al of the form h = 1l ( + O(h )> dz. Consider

also an arbitrary power series qo(u). Suppose there exists a local functional g € AL of the
form @ = [ (qo(u) + O(Rh))dx, such that {h,G}s, = 0. Then the local functional § is uniquely
determined by h and qo(u).

We thank B. Dubrovin for telling us about Lemma
The proof of the existence part of Proposition is presented in Section [}

2.3. Proof of Lemma The proof is based on the following lemma.

Lemma 2.5. Let p(u;uq,us,...) be an arbitrary homogeneous differential polynomial of positive

differential degree. Suppose {fpdx, i %dx}a =0, then [pdx =0.

T

Proof. Tt degy;;p = 1, then automatically [ pdz = 0. Suppose deggpp > 2. Define the

bracket [-, -] on differential polynomials as follows:
s\ Or s\ 0q
=3 (@05 - @npt ).
s>0
We have

/ iy, plda / (;35 ) > d — / (pis + udyp)da =
/gia (“2) /a pu)d {/pdx/ dm} —0.

Thus, [uu,,p] is a d,-derivative.
Let us consider the lexicographical order on monomials [[;-; ug*. It is easy to compute that,
for a monomial f(u)[[,-, up*, we have (see [LZ05])

(25)  [uug, f Hu (Z (k+ 1oy, — o — 1) Fu)ug | Jup + maomiats vt the jover
k=1 k=1
Let f(u) [T, ug" be the monomial in p with the highest lexicographical order. From (2.5)
and the fact that [uu,, p] is a d,-derivative it follows that m > 2 and «,,, = 1. The lexicograph-
ical order of the highest monomial in the polynomial

(o (Il ) 0)

is lower than the lexicographical order of the highest monomial in p. We can do the same
process further and prove that p is a d,-derivative and, therefore, f pdx = 0. 0
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__ Now let us prove Lemma Suppose that there exist two different local functionals 7., €
AP! such that {h, @}s, =0 and @ = [ (go(u) + > ;o @ (u; ug, .. )i’) dz. We have

(26) {E7 ql - 62}81 =0.
Let ig be the smallest i, such that [(¢} — ¢7)dz # 0. From (2.6) it obviously follows that
{f %de, [ (g, — q )dz, }a = 0. Hence, by Lemma , [ (4}, — ¢;,)dx = 0. This contradiction

T

proves the lemma.

3. COHOMOLOGICAL FIELD THEORIES AND THE DUBROVIN-ZHANG HIERARCHIES

In this section we briefly recall the Dubrovin-Zhang theory of the hierarchies of the topolog-
ical type. In Section [3.I] we review the definition of cohomological field theory. In Section
we describe the construction of the Dubrovin-Zhang hierarchy associated to a semisimple co-
homological field theory.

3.1. Cohomological field theory. Here we recall the definition of cohomological field theory.
For simplicity, we consider only one-dimensional cohomological field theoriesﬂ We refer the
reader to [Sha09] for a more detailed introduction to this subject.

A one-dimensional cohomological field theory is a collection of classes oy, € H *(Hg,n; C)
defined for all g and n and satisfying the following properties (axioms):

® o, , belongs to the S,-invariant part in the cohomology H *(ﬂgm;C), where the S,,-
action on H* (ﬂg,n; C) is induced by the mappings /ngn — ﬂgm defined by permuta-
tions of marked points.

e We have ap3 =1 € H*(Mg3;C) =C.

o If 7: ﬂwl — mgm_is the forget_ful map, then ™ g, = agni1.

o a) If gl: My, 41 X Mgy not1 = Mg tgsn14n, 1S the gluing map, then gl*ag, g, ny4n, =
Qgini+1 " Xgona+1- o
b) If gl: My_1 10 — My, is the gluing map, then gl* oy, = ay_1n2.

The potential F' of the cohomological field theory is defined as follows. Introduce variables ¢,
where d > 0. Then

F = Zthg, where

g>0
1 n n
o d;
Fye= ) . > | g [ ] ) T ta.
n>0 T dpedn >0 \Y Mg i=1 i=1
2g—2+n>0

Example 3.1. Let € be an arbitrary complex number. Then the classes
Qgn =1+ +e¥Ng+...+e9)\, € H(M,,;C)

form a one-dimensional cohomological field theory.

Example 3.2. Let €1, ¢9,... be an arbitrary sequence of complex numbers. Then the classes
Qg p = €XP (Z g Chgi_l(A)) ,
i>1

where chy;_1(A) are the Chern characters of the Hodge bundle, form a one-dimensional coho-
mological field theory. In fact, any one-dimensional cohomological field theory has this form
(see [MZ0Q]).

ITo be completely precise, we consider one-dimensional cohomological field theories, where the scalar product
of the unit with itself is equal to 1.
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3.2. Dubrovin-Zhang hierarchy. In [BPS12a] the authors gave a construction of a hamilton-
ian system of partial differential equations associated to an arbitrary semisimple cohomological
field theory. In this section we recall that construction. For simplicity, we do it in the case of
a one-dimensional cohomological field theory. Any one-dimensional cohomological field theory
is semisimple.

We fix a one-dimensional cohomological field theory, oy, € H *(mg,n;(C), with a poten-
tial F'= > oo h?F,. In Sections [3.2.1] and [3.2.2] we construct a sequence of local functionals
and a Poisson operator. In Section [3.2.3| we present a solution of the constructed hierarchy.

3.2.1. Local functionals. Let
_0°F
u = 8_75(2)'
We identify x with ¢y. Let u,, := 9}u. From the axioms of cohomological field theory it follows

that
U, =ty + 0,1+ O +O(h), n>0.

Thus, any power series in A and tg,%;,... can be expressed as a power series in A and u,u; —
1, U2, U3z, . . ..
Let
O*F
0,4 = .
’ ot,ot,
Let us express €),, as a power series in h and w,u; — 1,u,.... In [BPS12a] it is proved

that the coefficient of A9 in €, ; is a differential polynomial of differential degree 2g. So, we can
consider €2, , as an element of A Let Ay, = f Qon1dr € A > 1. The local functionals h,,

will be the Hamiltonians of our hierarchy. It is easy to show that €, = (’;lnTJT), + O(h).

3.2.2. Poisson operator. Let us construct a Poisson operator of our hierarchy. Let

0*Fy
V= —5
ot?

and v, := 07v. From the axioms of cohomological field theory it follows that

Uy =ty + 0p1 + O(?).

Thus, any power series in tg, t1, 2, ... can be expressed as a power series in v,v; — 1,09, .. ..
Consider u as a power series in v,v; — 1,vs,.... Consider the differential operator
ou ou
K = —0Y ) 00,0 E (—0z)%0—|.
v, v,
p=>0 q>0

We can express this operator in the following form

K = sz’]hlai,

4,520

where p; ; is a power series in w, uy — 1, ug, . ... In [BPS12a] it is proved that p; ; is a differential
polynomial of differential degree 2¢ + 1 — 5. Thus, K is an operator of the form . In fact,
the operator K is Poisson and the local functionals h, commute with respect to the Poisson
bracket defined by it: {h,, hm}x = 0.

By definition (see [BPS12al), the Dubrovin-Zhang hierarchy, associated to our cohomological
field theory, is the hamiltonian hierarchy, formed by the local functionals h,,n > 1, and the
Poisson operator K.
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3.2.3. Solution of the hierarchy. We have the following lemma (see [BPS12al).

Lemma 3.3. The series %275 15 a solution of the constructed hierarchy:
0
ou oh,
—=K—— n>1
ot., du’ -

4. REFORMULATION OF THEOREMS [I.1], [I.3] AND OF PROPOSITION

In this section we formulate three propositions and show that Theorems [I.1] [I.3] and Propo-
sition follow from them. These propositions are proved in the next three sections of the

paper.
Consider the cohomological field theory (|1.3)) and the corresponding Dubrovin-Zhang hierar-

chy.

Proposition 4.1. The Miura transformation

o (=1)° 9.9
(41) uHu-u—i—gZ;mhsqu

transforms the Poisson operator of the hierarchy to 0, and the Hamiltonian hy to

w  h__ k% _ g g1
(4.2) E ﬁuug + 1440uu4 + Z RIed cqutiyy | dz,
g>3
where ¢g4, g > 3, are some complex constants.

Proposition 4.2. The following two local functionals

51:/< +Z eI~ 1| uu29>dx,

_ ut  h o, | By a9 +1 a1
hg = / (I + @U, Ugr + Z @h‘q 89 TUUgg + Sg Zu Ugg dl‘,

commute with respect to the bracket {-,-}a,.

Proposition 4.3. Suppose there ezists a sequence of complex numbers cg, g > 1, ¢1 # 0, that
satisfies the following property: there exists a local functional he € A of the form

e om)

that commutes with the local functional

3
hy = / (% + Zhgeg_lcguu29> dx

g=>1

with respect to the bracket {-,-}s,. Then all numbers c,, for g > 3, are uniquely determined by
c1 and cs.

Let us show that Theorems [I.1] [[.3] and Proposition [2.3] follow from these propositions.

From the propositions it follows that the Miura transform of our Dubrovin-Zhang hierarchy is
a hierarchy with d, as a Poisson operator and the local functional (2.4 . as the Hamiltonian h;.
This proves the existence statement of Proposition [2.3, The uniqueness statement follows from
Lemma [2.4, We also immediately get Theorem [1.3] T heorem follows from Theorem [1.3]
Lemma [3.3] and Lemma [2.2]
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5. PROOF OF PROPOSITION [4.1]

We have h,, = [ Qo.nt1dx. The proof of the proposition is splitted in four steps. In Section
we derive a certain homogeneity property of the differential polynomials €2, ,. In Section [5.2
find the coefficient of A9 in the potential F°%9¢ In Sectionwe prove that substitution
kills the coefficients of h%9 in the Hamiltonians h,, and show that

73
El = / (% + Z hg€g_1096a29> dx.

g=>1

We also show that ¢; = 2—14. The computation of ¢s is quite technical, it is done in Appendix .
Section is devoted to the computation of the Poisson operator of our Dubrovin-Zhang
hierarchy.

Let us fix some notations. By F°%¢ we denote the potential of the cohomological field
theory . We also use the notations from Section

2 17 Hodge 2 rnHodge
(R

=0 T 08

v ato ’
Recall that we identify z with ;.
5.1. Homogeneity of ,,. The dimension of M, is equal to 3g — 3+ n, thus, the coefficient

of T9e7 [[,5ot% in FHd¢ is non-zero only if >°,. (i — 1)d; +j = 3g — 3. Consider the linear
differential operator O; defined by -

0 0 0
O, = | — Dt;— +e— — 3h—.
: ;“ Yo, o an
We get
(51) OlFHOdge — _3FHodge‘
: : B
From (j.1)) and the commutation relation (recall that 0, = 3;-)
(5.2) [0y, 01] = =0,
it is clear that
Oy, = (n — 1)uy,
Thus,
0 0 0
O, = ) — Du;— +e— — 3h—.
: ;(Z i T 5
From ([5.1)) it is easy to see that
(5.3) 01 =—(P+q+1)Q,

On the other hand, in [BPS12a] it is proved that 2, ; is a power series in A, where the coefficient
of hY is a homogeneous differential polynomial of differential degree 2¢g. This property can be
written as

(5.4) 0,8, , =0, where
0 0
Oy := U —2h—.
2 ; w ou; oh

If we subtract (5.3) from ([5.4)), we get

0
(5.5) (Z Uig—+ h_ - %) Qpg={pP+q+1)Q,.
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We have that (2, , is a power series in hi and € with the coefficients that are differential poly-
nomials. It is easy to see that the coefficient of h9¢’ is non-zero, only if g > j. From (5.5)) it
follows that the coefficient of A% is a polynomial in u,u,,... of degree p+q+1— g+ 7.

5.2. Coefficient of h9%e9. The so-called \;-conjecture, proved in [FP03], tells that

22971 — 1|By,| (29 — 3 +n)!
dn _ 29
(5.6) / A Tps> .l 21 (2g)| dildy . d,) > g d; =29 —3+n.

Mg n

We have

1 (n—3)!
Hodge -
Fo _Zn! 2. il
n>3 di,....dn>0
di+..Adn=n—3
Therefore, from (5.6) it follows that, for ¢ > 1, the coefficient of h9e9 in FHo%¢ is equal

229—-1_1 IBzg\
t 22g—1 (29) UQQ 2.

82 FHodge
OtogOtn

Consider now € ,, = as a series in h,e,v,v; — 1, vy, .... We get that the coefficient

of h¥9¢9 is equal to

B Bl (202 Bl (1) 2l (2

2201 (29)17" \ Oty 2291 (29)1"  \n!'" 22071 (2g)17" \(n+1)!
Thus,
pntl 229—1 -1 |32 | pntl
QOn:—+Zhg€g g82g< )—i—Zhgajf"(vvl 1,v9,...)
; ! 2g-1 |“e [ 1V2eeh
(n+1)! = 2% (29)! (n+1)! S
where f7'; (v,v1 — 1,v9,...) are power series in v,v; — 1,0, ...
5.3. Miura transformation. We have
9229_1_1|B29| g_j £0
(57) U:?}+Z<h5) 229_1 (29>' 29+ Z hE fg](v Ul 1 ,027" )
g>1

g>352>0

It is easy to check that

22971 — 1| By .29 1) 2| _
(5.8) <1+;1 T (g )(1+Zmz )_1.

Therefore,

v=T+ Y WUt — 1, ),

9>j>0
where ¢, ;(uw,u; — 1,4y, ...) are power series in u, u; — 1,4y, . . ..
We get
,l"ZnJrl 22971 —1 |32 |
Qo= 3 s o (o ) S W @, )
; | 29—1 T A
(n+1)! = 229 (29)! (n+1)! o
hn = | Qonprdr = hg]”H ...) | dx.
/07+1x /(n—{—Q Z elw! (w, uy, ))x
g>35>0

Here wy ; are differential polynomials in u;. From (5.5) it follows that wy ; 1s a polynomial
in w,uy, ... of degree n +1—g+j. If g—j =n, then wy; = buy,, for some constant b} and
we have [w} dz = 0. We obtain

h unt? g odgyntl
hn:/ m+ Z hswg] dx.

9,j20
n>g—j>1
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~3
hy = / (% + Zhgsg_lqg> dz,

g>1

In particular, we get

where ¢, are quadratic polynomials in @,uy,.... It is cleat that [wu;de = (—1)" [ty dz.
Therefore, we have

~3
(5.9) hy = / (% + Z hggglcga’d29> dx,
g1
for some constants c,.
It remains to prove that ¢; = ﬂ and ¢, = 7555 4 15 1t € = 0, then our cohomological field theory
is trivial. The corresponding Dubrovin-Zhang hierarchy in this case is the KdV hierarchy
(see [DZ05]). Thus, ¢; = 5;. The computation of ¢, is done in Appendix .

5.4. Poisson operator. Consider the operator O; from Section [5.1] Since Ojv = —v and
Oyv, = (n — 1)v,, we get

0 0
1) s — _3h—
0, ;(z Joigy 52~ 3hap
Thus,
ou ou

The Poisson operator K of our hierarchy is equal to

(5.11) K= <Z %ay) 08, o (Z(—am o (%) |

>0 n>0
Let us express it as K =) - p,0;. From (5.10) and (5.2) it follows that
(512) O1pn = _(n - 1)pn
On the other hand, in [BPS12a] it is proved that the coefficient of 7907 in K is a differential
polynomial in w, uy, ... of differential degree 2g + 1 — n. Therefore, we have

0

(5.13) ( sz +2hah> = (n—1)p,.

1>0

Let us sum ([5.12) and (5.13)), we get
0 0 0

5.14 N e -
(5.14) ( ;“a e 8h>p

We know that p, is a power series in h and ¢ with the coefficients that are differential polyno-
mials in ;. It is easy to see that the coefficient of h9’ is zero, if g < j. Thus, from it
follows that p, = > 450 by W€, where b, are complex numbers From it follows that
bgn =0,if 29 #n — 1 Finally, we get

(5.15) K=Y bh?e09*,
920

where b, are some complex numbers.
We have proved that in the operator K there are no terms with h%7, for ¢ > j. Thus,

by (-7 and (5.11),

2g—1
(5.16) K= |1+ (he)® o2 1|BQQ|829] 08,0

= 22971 (2g)!

229_1 —1 |B2g| 2

g

e
g>1
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This equation together with ([5.8]) implies that the Miura transformation (4.1)) transforms the
operator K to 0,. This concludes the proof of the proposition.

Remark 5.1. Let us compute the product on the right-hand side of (5.16)). By (5.8),

22971 1 B %
S EAmETY SRR .
g>1 2 ex —e 2
Let ¢(z) := §:;J::; A direct computation shows that

On the other hand, ¢(2) =1-3 -, ‘(§2§,| 2?9, Therefore,

(29 — 1)| By 52
oz =14y
; (29)!

We conclude that

K=0 + Z R9c9 (29 — 1)‘B2g’aQQ+1
’ (29)! v
g=>1

6. PROOF OF PROPOSITION

Before the proof of the proposition let us state several useful formulas.

(6.1) {/uu291dx,/uu292dx} =0,
Oz
u? ut
2 — 2 = -2 — :
(6.2) {/ 5 dx,/u Udix}am {/uqud:U,/Mda:}am

They can be easily checked by a direct computation.

From and it follows that
{El’ﬁz}ﬁz = Z hg&,gf2 X

g>2
(6.3)
9+1 |Bzg| {/ / Ullg, } | Bag, || Bag, | {/ / ) }
B T 24 (2051 Wlgg, dz, | u g, dx
O 91—%2:9 8(291)!(292)! 91 g2 N
91,9221

We have to prove that (6.3) is equal to 0. Expression (6.3 is equal to

(g + 1) Bag| o | Bag, || Bags | )

6.4 W9 15| _ Bogsl g o e .

o0 2 Aoy 2+ OO |
91,9221

We have [ 0292 (u®)ugg, y1dx = [uPuggqr. If m > 2, then (see e.g. [GKP94))

| Bema|| Bom, | _ (2 + 1)| Bamn|
Z (2my)!(2my)! (2m)!

mi1+mo=m
mi1,ma>1
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Therefore, (6.4) is equal to

|B2g| 2 |B2g1||B2gz|
U Uggq1 — = W, Usg, 11 | AT
/ 429)1 7 glgzg 2(2g1)!(2g2)! T

91,9221

The variational derivative of this integral is equal to

‘B2g| 2g+1(, .2 |B2gl||B2g2| 2 2g1+1
(2uuggpr — 97 (WP)) = Y oI (g, ting, 11 + O3 (utng, 1) — D27 (wng,))
4(2g)! o 2(291)!(292)!
91,9221
_ |B2g’ 2g+1(, 2 |B2g1HB2gz| 2g
S e T ET T 2 gy (e O )
91,9221

E (20)!(29 = 2i)! (uitingai1 — 05 (uruzg—21)).
=0 ’ :

Lemma 6.1. We have the following identity:

_uiuz

g .
BsiBag 2% ifg=1
6.5 B ——— ; iy — O“ o)) = 4 )
O8) 2y o e ) =

This lemma concludes the proof of Proposition We prove it in Appendix [B]

7. PROOF OF PROPOSITION [4.3]

We have

_ 4
(7.1) ho = / (% + Zhgpg> dx.
g21

It is easy to see that fpldx = f %u2u2da:. Denote %u2u2 by 7.
Let us show that, for g > 2, we have

(7.2) /pgdx = / (89_2qg + 89_17“9) dx,

where ¢, and r, are polynomials in u; of degrees 2 and 3 correspondingly. We prove it by
induction on g. The coefficient of h9 in {hy, ha}s, is equal to

3
(7.3) {/%das,/pgdx} +£972 Z Cqr {/uuzgldx,/TQQda:} +
Ox 91+92=g Ox
- u!
+e97 ¢, {/uuggdx,/ﬂda:}a = 0.

91,9221
The second term in ([7.3]) has degree 3 and the third one has degree 4. Hence, we get ([7.2).
From (7.3) and (6.2) it follows that [ryde = % [w’updr. Clearly, we have [gydz =
ey [ uusgdr, where e, is a complex constant. Using (7.3)), we get

3
(7.4) ey {/%dw,/UUdi.%} + Z % {/uuzgld%/u%zmdl} =0.
d 8

L g1+g92=9 (o
91,9221
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977%92 € A as follows:

3
= {/u_dx,/uu2gda:} )
6 az
7ghg2 = {/uquldx,/UQUngdx} + {/UUngdxa/lﬁuxudm} .
Oz 0.

x

Define the local functionals f

In these notations equation ([7.4) looks as follows:

— Cqg—1C1— Cq,Cqo—
g 9192 _
R R
g1t+92=9g
9129222
Let us show that, for g > 4, this equation uniquely determines c,—; from c;_2,¢4-3,...,¢c1.

For this we have to prove that the local functionals ?g and fg,l’l are linearly independent. We
have

7g = / U2U2g+1di€7
foin :/ [—2(02(u?) + 2uus)ugg—1 — 2(2uugy—s + 92972 (u?))us| do =
=— 4fg -2 /(2uu2ugg_1 + 2uugug_o)dr =
=— 47g -2 /(8§(u2)u291 — Qufugg,l + 6§(u2)ugg,2 — Bugugusg_o)dr =
:—4f —2/u1u29 1dx.

We need to prove that & [(u?usg41)dz and £ [(u?usy—1)dz are linearly independent. We have

) 29 +1
(7.5) 50 /(u2u29+1)dx = —22 ( ; )uzu29+1_2,

J

(7.6) =

2g —1
(u2U29 l)dI = —ZUIUQQ - QUQUQQ 1 — 2 Z ( Zg_ . )uiu29+1—i'

The matrix of coeflicients of ujug, and ugug,—o in ((7.5) and (7.6)) is equal to

(_2(29 + 1) . (294‘1)2?;‘}(29—1) )
—4 —(29 — 1)(29 — 2)

It is non-degenerate, if g > 4. This completes the proof of the proposition.

8. DEFORMED KDV HIERARCHY AND THE ILW EQUATION

In this section we explain a relation of the deformed KdV hierachy to the hierarchy of the
conserved quantities of the Intermediate Long Wave equation constructed in [SAKTY).

In Section we recall the definition of the ILW equation and show how to rescale the
parameters in order to get the first equation of the deformed KdV hierarchy. In Section
we introduce slight extensions of the spaces A" and AlE, Section contains a review of the
construction of conserved quantities of the ILW equation from [SAKT9]. In Section we
compare these conserved quantities with the Hamiltonians of the deformed KdV hierarchy.
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8.1. Intermediate Long Wave equation. The Intermediate Long Wave equation looks as
follows (see e.g. [SAKTI]):

(8.1) wy + 2ww, + T(wy,) =0,

where

B
T(f) — 26271,—12271’ 2”’8271, 1

= (2n)!

and ¢ is a non-zero complex number.

Remark 8.1. In the physics literature the operator 7' is usually written in the following way:

) =rv [ 5 (sgn<x —¢)— coth %) Fe)de.

Let p be a formal variable and € be a non-zero complex number. Let us make the following
rescalings:

L R LGy

8.2 = V2, , -
Then equation (8.1)) is transformed to

| B
(8.3) Up = Uy + Z p29e9~1 ‘(2;§!|UQ9+1.

g>1

If we put h = p?, we get exactly the first equation (1.1)) of the deformed KdV hierarchy.

8.2. Extensions of A¥ and of A¥. We need to enlarge the spaces A and A
Let le\[j I'be the space of series of the form

f(U,U1,'LL27,M):Zulfz(u,ul,), fleAa degdszlzz+k

i>0

Denote by Kﬂg] the space of integrals of the form

?_/f(uaulau%?:u)dx? Wherefe‘lzﬂlf]

We have the following simple generalization of Lemma

Lemma 8.2. Let us fiz a local functional h € /A\[ of the form h = [ < +O0(u )) dz. Consider

also an arbitrary power series qo(u). Supfose there exists a local functional G € /A\E)] of the
form @ = [ (qo(u) + O(p)) dzx, such that {h,q}s, = 0. Then the local functional § is uniquely
determined by h and qo(u).

The proof is the same as the proof of Lemma

8.3. Conserved quantities. Here we review the construction of an infinite sequence of con-
served quantities of the ILW equation. We follow [SAKT79|] except for the fact that we make

the rescalings (8.2)).

Let us introduce the operator R by

R .= ZM29191| 29’8251 1'

g>1 )' :

Consider the following equation:

1 /2 '
e”—lzx(ga—u(%+2R)aw+2u).
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It is easy to see that it has a unique solution of the form o =) ., 2, where o, € .Zﬂ,?}. For
example,

4

+2R>um+—
€

o1 = 2U,
l

(72:—2u2—2,u<\/g

It is not hard to check that, if u is a solution of (8.3)), then o satisfies the following equation:

A
Ot = 5 (60 - 1) Oy — 5_10'0'33 + poy Roy + LRy,

We can easily see that [ oydx = 0, therefore, all local functionals | o, dx are conserved quantities

of the equation (8.3]).

8.4. Relation to the deformed KdV hierarchy. In this section we express the conserved
quantities [ o,dx as linear combinations of the Hamiltonians h,,.

~ Let h = % and consider the Hamiltonians hy,,n > 1, of the deformed KdV hierarchy. Let

ho = [ %dm and h_y := [wudx. It is easy to see that

on g, ut

o = (=1 Ty — e 4+ O(p),

(1S4 3 O

where a; ;,1 <7 < j, are some complex coefficients. Thus, we have

a

;;nﬁnfif2 + O(p).

n—1
/Undx = (=1)"*"'2"(n — 1)lh, o + Z
i=1

Since f opdx are conserved quantities, we have { f ondx,ﬁl}az = 0. Therefore, from Lemma
it follows that

a

N7
—hp—io.

3

n—1
/ oud = (—1)™ 127 (n = 1)hy 5+
=1

APPENDIX A. COEFFICIENT OF h2

Here we compute the coefficient ¢, in and complete the proof of Proposition .

Consider the local functionals [ €gdz before the Miura transformation ([£.1). In order to
compute the coefficient ¢y in , we only need to compute the coefficients of A and of h%e
in [ Qgadz. The coefficient of A is equal to 5; [uusdz. Let us compute the coefficient of h%e.

Q0,2
Oe

e=0
of cohomological field theories. We remind the general formulas for this in Section All
technical computations are done in Section [A.2]

The series can be computed using the Givental operators that act on potentials

A.1. Deformations of cohomological field theories. Consider a one-dimensional coho-
mological field theory, ay, € H*(M,,;C). Let F' be its potential. Consider the following
deformation of the classes oy p:

agn(e) = exp (e chy_1(A)) agn,

where chy;_1(A) is the Chern character of the Hodge bundle. It is well-known that the classes o, ,,(¢)

form a cohomological field theory.
Let F'(e) be the potential of the deformed cohomological field theory. There is the following
formula (see e.g. [BPS12al):

O0F (¢)) _ _ﬁﬁﬁ( )
Oe (21)! ’

e=0
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where ﬁ—\l is the operator that acts as follows:
— h -, O°F 1 OF OF
2l-1 — t — 1)+t - z+1 )
FUE) 8t2l 2 datd+2, T3 Z (=1) oot 2 Z at; ot
d>0 i+j=20—2 =2|—
Consider the second derivatives ,,(e) = ZQtLG(t? They are differential polynomials in
u;(e) == 8;8;;% 2) (see [BPS12a]). Denote u;(e) by u;. Let 2 ” 5)[ | be the derivative of €, ,(¢)

as a differential polynomial in wu;. In other words,

Oqle), . anq O 4(e) auz
Oe [ := Z ou; Oe’

In [BPS124] it is proved that

08, ,(¢) By ——
N kA = —— = 2= 0
S| =~ (@),
where
(A.1)
- 202
2 u](Qpg) =Qpro1-1,4 + Dpgra-1 + Z(_l)HlQp,z’QZh%i,q
i=0
90 20-2n—-1
—Zapq< +28Qogz1+zz<) Z+13k+19 0y k_QQleO
n>0 Un i=0 k=0
22
+ Z Hlan (90,292 zO))

92Q , 22

0,2 1

— § j § (=)o ;07 Qg o4
aunaum p ) r 0% 2=2-30

A.2. Coefficient of h?. Let us return to the case of the cohomological field theory (1.3)):
Q,, = LEY et FKAV be the potential of the trivial cohomological field theory:

2 Dty
KdV E : hd 2
F = —‘ <7—k1---7—kn>gtk1---tk’n

n:
g20,n>1 ki,...;kn>0

29—24n>0
KdV aQFKdV
and Q =%
From Section ﬁ it follows that
’ = —— Q
ag [ ]5_0 122 [ ]( 072 )7

where

zAl[u] (Qgg\/) :QKdV QKdV _ Qo,oQéfng

o0 KdV n—1 n
— Z (9 n+2)0rQf Y — Z (k‘) Uk 1t g1 — O (u?)
n>0 k=0
b PO

Un+1Um+1-

2 2 Oou,,0u,,
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We have the following formulas (see e.g. [DZ05]):

2
u h
Kdv __
Qo’l — u2 3

2 12
w h h?
Qéfgv E —f- 24 (Ul + QUUQ) + %U@,
QKdV:u_4_|_h(uu +uu?) + 2(2uu + duyus + 3ul) + —3u
03 T o4 Tgq 2 Uy 1 2/ T 6720
SR ) uu 23u2  wu h3
Qiav _ 1 3 9 12 4 2 1U3 '
e = g 5y (Butuz - 2uuy) + 90 ' 1440 T 60 2880 6

By direct computations, we get

i Kdv h n?
2u) (QF5") do = 4u ug + 30U dx.

Thus, the coefficient of h*e in [ Qo odx is equal to — 360 J wugdz. Now it is easy to compute

that the coefficient ¢, in (5.9)) is equal to ;5 4 15- Lhis completes the proof of Proposition

APPENDIX B. PROOF OF LEMMA

Introduce the function ¢(z) := ", gf), 2%, For a power series f(z) = > ,5, [i#', we denote

by [2°]f the coefficient f;. The coefficient of ugy 12, o, on the left-hand side of (6.5) is equal

to
BQkBngQk - zg: 2 BZiBng% - Zk: 29 —2i Bzszg 2
(2k)1(29 — 2k)! = \2k/) (20)!(29 — 20)! = \29 — 2k — 1) (2i)!(29 — 2i)
:[229] Bopp22" - ¢¢(2k)z2k - i By ¢(2k72i+1) 2k+41
(2k)! (2k)! (20)1(2k — 2i + 1)!

Therefore, the lemma is equivalent to the following identity.

Bordz? (k) 2k k By (2h—2i41) ;2k+1 52
— — -0 :
(2k)! (2k)! ; 2i)1(2k —2i+ 1)1 Mg
Let us rewrite it in a bit different way:
¢¢(2k BQk¢ z¢ (2k— 2z+1) 22
B.1 00—
(B.1) 2R (2! Z @12k —2i+ 1)1 Tk

Let us formulate another identity of this type.

k

¢ 2k+1)¢ B ¢(2k+2 2z P
2k +1)! Z 2k+2—2) T 0ko

(B.2) T

We prove (B.1)) and (B.2)) by induction on k. For k& = 0, equation (B.1)) looks as follows:
2
(B-3) 2 ==+ o+
It is equivalent to the following identity between the Bernoulli numbers (see e.g. [GKP94]).

m

Z BoiBom-2i _ 2mByy, +5m,1
2)!1(2m -2 (2m)! 4
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Suppose that (B.1)) is true and also (B.2) is true for &' < k. Let us prove (B.2). Let us
differentiate (B.1)), we get

+ + ko

GO ppHD By - i Buih(2-2i+2) k H(2h=2i+1) .
(2

(2k)! (2k)! (2k)!

N2k —2i+1) ZQ@'Qk—Z@—i—l) T2

=0

Using (B.3) and the induction assumption, we get

¢2 ¢(2k) ¢¢(2k+1) B ¢2 e sz k 2k‘2i+2)z B
(B.4) ( + )(2k) + o\ +7 Z ol 2k—2z+1) 0k

i=0
From the induction assumption it follows that
(B.5) ¢2¢(2k) _ Boy? ¢¢(2k+1 Zk: 32i¢(2k—2i+2)22 . ¢(2k)z2 - By 22 5k,022
’ (2k)! (2k)! (2k + 1)! (20 — D12k — 20+ 2)!  4(2k)!  4(2k)! 4

After substituting (B.5)) into (B.4]) we get (B.2]).

Suppose that (B.2) is true and also (B.1)) is true, for any k£’ < k. Then the proof of (B.1) for

k' =k + 1 can be done in a completely similar way. This concludes the proof of the lemma.
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