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ON INTEGRABLE FIELD THEORIES AS
DIHEDRAL AFFINE GAUDIN MODELS

BENOIT VICEDO

ABSTRACT. We introduce the notion of a classical dihedral affine Gaudin model,
associated with an untwisted affine Kac-Moody algebra g equipped with an action of
the dihedral group Dor, T' > 1 through (anti-)linear automorphisms. We show that
a very broad family of classical integrable field theories can be recast as examples of
such classical dihedral affine Gaudin models. Among these are the principal chiral
model on an arbitrary real Lie group Go and the Zr-graded coset o-model on any
coset of Gy defined in terms of an order T" automorphism of its complexification.
Most of the multi-parameter integrable deformations of these o-models recently
constructed in the literature provide further examples. The common feature shared
by all these integrable field theories, which makes it possible to reformulate them as
classical dihedral affine Gaudin models, is the fact that they are non-ultralocal. In
particular, we also obtain affine Toda field theory in its lesser-known non-ultralocal
formulation as another example of this construction.

We propose that the interpretation of a given classical non-ultralocal integrable
field theory as a classical dihedral affine Gaudin model provides a natural setting
within which to address its quantisation. At the same time, it may also furnish a
general framework for understanding the massive ODE/IM correspondence since
the known examples of integrable field theories for which such a correspondence
has been formulated can all be viewed as dihedral affine Gaudin models.

1. MOTIVATION AND INTRODUCTION

The ODE/IM correspondence describes a striking and rather unexpected relation
between the theory of linear Ordinary Differential Equations in the complex plane on
the one hand, and that of quantum Integrable Models on the other. Concretely, the
first instance of such a correspondence was formulated by V. Bazhanov, S. Lukyanov
and A. Zamolodchikov for quantum KdV theory in the series of seminal papers [8] —
[12], building on from the original insight of P. Dorey and R. Tateo in [25]. These
works culminated in the remarkable conjecture of [12] stating that the joint spec-
trum of the quantum KdV Hamiltonians on the level L € Z>q subspace of an ir-
reducible module over the Virasoro algebra is in bijection with the set of certain
one-dimensional Schrédinger operators —d? + Vi,(z) with ‘monster’ potentials Vy (z)
of a given form. The justification for this conjecture comes from the central obser-
vation that the functional relations and analytic properties characterising the eigen-
values of the Q-operators of quantum KdV theory [9, 10| on a given joint eigenvector
coincide with those satisfied by certain connection coefficients of the associated one-
dimensional Schrédinger equation. These ideas were soon extended to other massless
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2 BENOIT VICEDO

integrable field theories associated with higher rank Lie algebras of classical type, see
e.g. |26, 22, 5, 21| and the review [23].

Despite the variety of examples of the ODE/IM correspondence, its mathematical
underpinning remained elusive for a number of years. This problem was addressed by
B. Feigin and E. Frenkel in [37] where they argued that the ODE/IM correspondence
for quantum g-KdV theory could be understood as originating from an affine analogue
of the geometric Langlands correspondence. To explain this connection we make a
brief digression on Gaudin models, which provide a realisation of the global geometric
Langlands correspondence for rational curves over the complex numbers.

Let g be a finite-dimensional complex semisimple Lie algebra. The Gaudin model,
or g-Gaudin model, is a quantum integrable spin-chain with long-range interactions
[47]. If we let N € Z>; denote the number of sites then the algebra of observables of
the model is the N-fold tensor product U(g)®" of the universal enveloping algebra
U(g) of g. The quadratic Gaudin Hamiltonians are elements of U(g)®V given by

N ra(i) 79)
1°0 1,
H; = _—
2P Vi o
J=1
JF#i
where the z;, i = 1,..., N are arbitrary distinct complex numbers, {I*} and {I,} are

dual bases of g with respect to a fixed non-degenerate invariant bilinear form (,-) on
g, and x(® is the element of U(g)®" with x € g in the i*" tensor factor and 1’s in every
other factor. The quantum integrability of the model is characterised by the existence
of a large commutative subalgebra 25 (g) C U(g)®" with z := {2}, U{oco}, known
as the Gaudin algebra, containing in particular the quadratic Gaudin Hamiltonians.

Let M;,7=1,..., N be g-modules. One is interested in finding the joint spectrum of
%.(g) on the spin-chain ®Z]i 1 M;. Note that a joint eigenvalue of the Gaudin algebra
defines a homomorphism % (g) — C sending each element of 27 (g) to its eigenvalue.
The joint spectrum can therefore be described as a subset of the maximal spectrum
of the commutative algebra 2 (g), i.e. the set of all homomorphisms Z(g) — C. It
was shown by E. Frenkel in [43, Theorem 2.7(1)] that the maximal spectrum of the
Gaudin algebra 25 (g) is isomorphic to a certain subquotient of the space of *g-valued
connections on P, known as “g-opers, with regular singularities in the set z, where L'g
denotes the Langlands dual of the Lie algebra g. In other words, each joint eigenvalue
of the Gaudin algebra 27 (g) on the given spin-chain ®f\;1 M; will be described by
such an “g-oper. In fact, when all the g-modules M; are finite-dimensional irreducibles
V), of highest weights A\; € b*, [43, Conjecture 1] states that for each integral dominant
weight Ao € h*, the joint spectrum of Z(g) on the subspace of weight A singular
vectors in ®f\i 1 Vi, is in bijection with the subspace of such Lg-opers with residue at
the points z; and infinity given by the shifted Weyl orbits of the weights \; and A
respectively, and with trivial monodromy representation.

The description of the maximal spectrum of the Gaudin algebra Z(g) in terms
of Fg-opers also generalises to the case of Gaudin models with irregular singularities;
see [40, 39]. Another possible generalisation of Gaudin models is given by cyclotomic
Gaudin models, introduced in [86, 87| and more recently [88] for the case with irregular
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singularities. A similar description of the corresponding cyclotomic Gaudin algebra
of [86] was recently conjectured in [62] in terms of cyclotomic “g-opers, i.e. “g-opers
equivariant under an action of the cyclic group. In fact, these descriptions of the
various Gaudin algebras in terms of global “g-opers on P! follow (conjecturally in the
cyclotomic case) from the ‘local’ version proved by B. Feigin and E. Frenkel in their
seminal paper [36] (see also [44, 45]) which states that the space of singular vectors
in the vacuum Verma module V§it(g) at the critical level over the untwisted affine
Kac-Moody algebra g, which naturally forms a commutative algebra, is isomorphic to
the algebra of functions on the space of “g-opers on the formal disc.

The apparent similarity between the description of the joint spectrum of the Gaudin
algebra on any given spin-chain in terms of certain “g-opers and the statement of the
ODE/IM correspondence for quantum KdV theory is more than just a coincidence.
Indeed, as argued in [37], quantum g-KdV theory can be regarded as a generalised
Gaudin model associated with the untwisted affine Kac-Moody algebra g, or g-Gaudin
model for short, with a regular singularity at the origin and an irregular singularity of
the mildest possible form at infinity. Unfortunately, much less is know at present about
Gaudin models associated with general Kac-Moody algebras; see however [72, 42]. In
particular, there is currently no known analogue of the Feigin-Frenkel isomorphism
for describing the space of singular vectors in the suitably completed vacuum Verma
module over the double affine, or toroidal, Lie algebra E It is not even clear what
the critical level should be in this setting. Nevertheless, the notion of an affine oper,
or g-oper, on P! can certainly be defined [42] and so it is tempting to speculate that
the description of the spectrum of the g-Gaudin Hamiltonians in terms of “g-opers
persists when g is replaced by an affine Kac-Moody algebra.

In this spirit, the explicit form of the “g-opers which ought to describe the joint
spectrum of the quantum g-KdV Hamiltonians on certain irreducible modules over the
W-algebra associated with g was conjectured in [37], by using as a finite-dimensional
analogy a certain description of the finite W- algebra for a regular nllpotent element
in terms of “g-opers. Remarkably, when g = 5[2 so that also g = 5[2, these 5[2 -opers
were shown to coincide exactly, after a simple change of coordinate on P!, with the
one-dimensional Schrodinger operators written down in [12]. This result not only
confirms the idea that the ODE/IM correspondence can be thought of as a particular
instance of the geometric Langlands correspondence but also provides strong evidence
in support of the general claim that the joint spectrum of the higher Hamiltonians of
an affine Gaudin model can be described in terms of affine opers for the Langlands
dual affine Kac-Moody algebra.

Another approach to testing the proposed link between the joint spectrum of the
quantum g-KdV Hamiltonians and “g-opers of the prescribed form is to follow the
same strategy originally used to establish the ODE/IM correspondence for quantum
KdV theory. Specifically, one should compare the functional relations and analytic
properties of the joint eigenvalues of the Q-operators of quantum g-KdV theory on
joint eigenvectors in the irreducibles over the W-algebra associated with g, with those
satisfied by the connection coefficients of the associated “g-opers. This programme
was initiated in [81] and was further developed very recently in [68, 69| where some
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remarkable functional relations, referred to as the Q@-system, were obtained for cer-
tain generalised spectral determinants of the ODE associated with the “g-opers of
[37] corresponding to highest weight states in representations of the W-algebra. Even
more recently in [46], the very same Q@-system was shown to arise as relations in the
Grothendieck ring Ky(O) of the category O of representations of the Borel subalge-
bra of the quantum affine algebra U,(g) for an untwisted affine Kac-Moody algebra
9. Analogous relations were also conjectured to hold when g is a twisted affine Kac-
Moody algebra. Since non-local quantum g-KdV Hamiltonians can be associated with
elements of K((O) by the construction of [9, 10, 5|, the joint spectrum of these Hamil-
tonians also satisfy the Q@—system, thereby providing further evidence in favour of
the ODE/IM correspondence for quantum g-KdV theory.

The recent developments towards formulating and ultimately proving the ODE /IM
correspondence for quantum g-KdV theory, which we briefly recalled above, can be
summarised in the following commutative diagram

quantum ﬂ) g-Gaudin | [?’Z] N
g-KdV theory model gropers
I
-system
QQ-sy (2)

The top line of this diagram, corresponding to the work [37], consisted of two steps.
The first was to reinterpret quantum g-KdV theory as a particular affine g-Gaudin
model. The second, which we represent by a dashed arrow to emphasise its conjectural
status, was to make use of the existing description of the spectrum of g-Gaudin models
in terms of “g-opers as an analogy. The big open problem here is to establish the affine
counterpart of the latter statement to put the second step on a firm mathematical
footing. Indeed, this would promote the top line in the above diagram to a proof of
the ODE/IM correspondence for quantum g-KdV theory. While the top line is still
partly conjectural, the bottom part of the diagram provides a solid link between both
sides of the ‘KdV-oper’ correspondence of [37] through the common Q@-system.

Until relatively recently, the study of the ODE/IM correspondence had been limited
to describing integrable structures in conformal field theories only. This left open the
important question of whether similar ideas could be used to describe the spectrum of
massive quantum integrable field theories as well. The first example of such a massive
ODE/IM correspondence was put forward by S. Lukyanov and A. Zamolodchikov for
quantum sine-Gordon and sinh-Gordon theories in their pioneering paper [64]. Specif-
ically, they showed that the functional relations and analytic properties characterising
the vacuum eigenvalues of the Q-operators of quantum sine/sinh-Gordon theory were
the same as those satisfied by certain connection coefficients of the auxiliary linear
problem of the classical modified sinh-Gordon equation for a suitably chosen classical
solution. Subsequently, various higher rank generalisations of this massive ODE/IM
correspondence for quantum affine g-Toda field theories were also conjectured, when
g is of type A for rank 3 in [24] and for general rank n in [1]|, and more recently for
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a general untwisted affine Kac-Moody algebra g in [52, 53| as well as examples of
twisted type in [54]. Another important quantum integrable field theory for which a
massive ODE/IM correspondence has been conjectured in [63], and further studied
in |7, 6], is the Fateev model [35]. It can be viewed as a two-parameter deformation
of the SU, principal chiral model and as such it is equivalent [49] to the so called
SUs, bi-Yang-Baxter o-model [58]|. Here as well the correspondence is a conjectured
link between the spectrum of the Fateev model on the one hand, and solutions of the
classical modified sinh-Gordon equation on the other.

A noteworthy feature of the massive ODE/IM correspondence for quantum affine
g-Toda field theory in the non-simply-laced case is the appearance of the Langlands
dual g of the affine Kac-Moody algebra g on the ODE side. This strongly suggests
that the geometric Langlands correspondence may also underly the massive ODE /IM
correspondence. One of the aims of the present paper is to make the first step towards
generalising the above picture in (2) for quantum g-KdV theory to massive quantum
integrable field theories. In fact, as in the case of g-(m)KdV theory, one typically
starts from a description of the classical integrable field theory. Therefore, in a first
instance, one is faced with the initial problem of how to quantise the given classical
integrable field theory. We will argue that both problems are in fact closely related.

The most effective approach for quantising a given classical integrable field theory
and establishing its quantum integrability is the quantum inverse scattering method
[33, 60|, whose mathematical underpinning gave rise to the theory of quantum affine
algebras. In particular, it can be used to obtain functional equations such as Baxter’s
TQ-relation and the QQ-system, all of which follow from corresponding relations in
the Grothendieck ring of category O. Unfortunately, the quantum inverse scattering
method is well known to apply only under the restrictive assumption that the classical
integrable field theory one starts with is ultralocal. Since the main focus of the present
paper is to address the problem of quantising classical integrable field theories which
violate this condition, we begin by briefly recalling why this condition is necessary in
the standard quantum inverse scattering method.

The starting point of the classical inverse scattering method, as crystalised by A.
Reiman and M. Semenov-Tian-Shansky in |73, 76], is to identify the phase space of
the given classical 1ntegrable field theory with a coadjoint orbit in the smooth dual
(‘5* of a hyperplane ®; in a certain central extension of the double loop algebra &.
The latter consists of smooth maps from the circle S* to the loop algebra g((2)), or
possibly its twist by some finite-order automorphism of g. The smooth dual is defined
relative to a certain bilinear form on & given in terms of a model dependent rational
function ¢(z), called the twist function, as

(Z,%), = /51 dires. (2 (0,2), 2 (0,z2))p(z)dz (3)

for 2°,% € . The Poisson bracket on & is the Kostant-Kirillov R-bracket associated
with some solution R € End & of the modified classical Yang-Baxter equation. Given
any pair of differentiable functionals f and g on &7, their Poisson bracket at a generic
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point (£, 1) € @’{, where .Z € &, may be written as
F9H(Z01) = iz, (ad Lo R+ R 0ad £ — (R+R)D) - dgs)),  (4)

where df ¢ € & denotes the Fréchet derivative of f at (£, 1) and R* is the adjoint
operator of R with respect to (3). In this language the theory is said to be ultralocal
if R* = —R, otherwise it is non-ultralocal.

It is well known that the integrals of motion of the classical integrable field theory
can be obtained from spectral invariants of the monodromy M ¢ of the differential
operator dy+.Z, which is valued in the loop group G((z)). Given any smooth functional
# on G((2)) which is central, the Fréchet derivative of the functional ¢ : &+ ¢(M.y)
on &% defines an element of &, and hence its Poisson bracket (4) with any other
smooth functional f on (’Aiik is well defined. In particular, the involution property of
the integrals of motion is established by showing that for any pair of central functionals
¢ and 1 on G((2)) we have {¢™ M} = 0 [77]. If a functional ¢ on G((2)) is not central,
however, then the Fréchet derivative d¢™ will in general exhibit a jump discontinuity
at the base point of M &. In the case of an ultralocal theory where the Jp-term in (4) is
absent, the bracket naturally extends to such functionals f and g with discontinuous
Fréchet derivatives. One can then evaluate {¢™, 1M} for arbitrary smooth functionals
¢ and ¢ [77], yielding the celebrated Sklyanin bracket on G((z)). The quantisation of
the latter then serves as a starting point for the quantum inverse scattering method.
By contrast, in the non-ultralocal case the bracket {¢™, M} is clearly ill-defined for
arbitrary smooth functionals ¢ and . This issue has precluded the direct application
of the quantum inverse scattering method to a wide range of important integrable
field theories due to their non-ultralocal nature.

Although generalisations of the quantum inverse scattering method capable of also
accommodating non-ultralocal systems do exist, see for instance [41, 48, 78|, these
remain applicable only to a very restricted class of non-ultralocal systems. Faced with
this limitation, the common strategy for quantising a given non-ultralocal system is to
attempt to ‘ultralocalise’ it by different means. These include modifying the classical
field theory itself by altering its twist function, see e.g. [32] (and also [78, 15]),
finding a suitable gauge transformation which will bring it to an ultralocal form, see
e.g. |8, 74], or possibly by finding a dual description of the theory which would be
ultralocal. Yet such attempts at ‘curing’ a classical integrable field theory of its non-
ultralocality ultimately work only in a limited number of cases. Let us mention also
some alternative approaches to dealing with the problem of non-ultralocality which
have been put forward recently in [70] for the Alday-Arutyunov-Frolov model and
very recently in [75] for the A-deformation of the AdSs x S° superstring.

A possible way around the problem of dealing with the monodromy in a non-
ultralocal field theory, at least for describing local integrals of motion, was first pro-
posed in [27] on the example of the principal chiral model associated with any Lie
algebra g of classical type. These ideas were subsequently developed for other models
in [28, 29, 30, 31|, and more recently in [61]. Specifically, it was shown in [27] that local
integrals of motion in involution could be constructed directly from the Lax matrix,
without needing to use the monodromy matrix. A striking property of this family
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of local charges is that their degrees precisely match the pattern of exponents of the
untwisted affine Kac-Moody algebra g associated with g. This is very reminiscent of
what happens in the g-Gaudin model, where the degrees of the homogeneous integrals
of motion also correspond to the pattern of exponents of g. Indeed, this parallel also
served as a source of inspiration for the present work.

It is interesting to note that classical g-(m)KdV theory is one of those distinguished
classical integrable field theories which admits both an ultralocal and a non-ultralocal
formulation, related to one another through a gauge transformation. Its ultralocal
description serves as the starting point in the approach of [8, 9, 10, 5| for quantising
the theory using the quantum inverse scattering method. As recalled above, within
this approach non-local quantum g-(m)KdV Hamiltonians can be associated with
elements of Ky(O) and the Q@-system is obtained from corresponding relations in
Ko(0O) established in [46]. In other words, the bottom left arrow of the diagram in
(2) starts from the quantisation of g-(m)KdV theory in its ultralocal formulation. By
contrast, treating classical g-KdV as a non-ultralocal theory enables one to regard it as
a classical affine Gaudin model'. The proposal of [37] to then quantise g-KdV theory
by viewing it as a classical affine Gaudin model led to the conjectural description of
its quantum spectrum in terms of affine “g-opers, corresponding to the top line of
the diagram in (2). Since the ultralocal and non-ultralocal formulations of classical
g-KdV theory are related by a gauge transformation we expect that their respective
quantisations should agree. In this setting, the fact that the work [68, 69] makes the
diagram in (2) commutative can be seen as evidence of this.

The goal of the present paper is to initiate a program for quantising non-ultralocal
classical integrable field theories and propose a framework within which to understand
the massive ODE/IM correspondence for such models. Specifically, we introduce the
notion of a classical dihedral (or real cyclotomic) affine g-Gaudin model associated
with an arbitrary untwisted affine Kac-Moody algebra g. We then show that classical
dihedral g-Gaudin models describe a general class of classical non-ultralocal integrable
field theories, namely those whose Poisson bracket is as in (4) with R-matrix given by
the standard solution of the classical Yang-Baxter equation on the (twisted) double
loop algebra &. We illustrate this relation between classical dihedral g-Gaudin models
and non-ultralocal classical integrable field theories on a wide variety of examples,
listed in Table 1, including the principal chiral model on a real semisimple Lie group
Go and the Zp-graded coset o-models for any 7' € Z>o as well as some of their
various multi-parameter deformations introduced in recent years [57, 58, 17, 80, 50,
20]. Replacing the semisimple Lie algebra g by the Grassmann envelope of a Lie
superalgebra, the present formalism also describes Zp-graded supercoset o-models |89,
67, 83, 56] and various deformations recently constructed [18, 19, 51]. It is interesting
to note, in particular, that the examples of integrable field theories for which a massive
ODE/IM correspondence has been formulated can all be recast as classical dihedral
affine Gaudin models. Our proposal is therefore that the problem of quantising non-
ultralocal integrable field theories and that of formulating an ODE/IM correspondence

et us note here that it will also follow from §5.3, where we discuss affine g-Toda field theory, that
g-mKdV theory can be regarded as a classical cyclotomic affine Gaudin model.
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for such models can both be addressed within the context of quantisation of dihedral
(affine) Gaudin models.

Non-ultralocal field theory Divisor D o€ Autg
Principal chiral model (PCM) 2:0+2-00
PCM with WZ-term 2-k+2-00, ke R*
Yang-Baxter (YB) o-model (in) +2-00,n € Rsp id
YB o-model with WZ-term | (k+iA)+2-00, k € R*, A€ Ry
bi-Yang-Baxter o-model e 4 W) oo, 9,1 €]0, 7l
Zr-graded coset o-model 21+ o] =T
g-deformation (¢ € R) e + 00, ¥ €]0, all ; _Z ’
g-deformation (|g| = 1) p+pt+oo, pel0 1] € L2
| Affine Toda field theory | 2.0+2-00 |« o Coxeter |

TABLE 1. Examples of dihedral affine Gaudin models associated with
an untwisted affine Kac-Moody algebra g.

To end this introduction we motivate the definition of classical dihedral g-Gaudin
models by considering the simpler case where g is replaced by a finite-dimensional
complex semisimple Lie algebra g. The datum for a (classical) g-Gaudin model with
irregular singularities can be described by a divisor D on P!, i.e. a formal sum of a
finite subset of points z = {2;}}¥., U{oc} on P! weighted by positive integers n, € Z>1
for each z € z. We further restrict attention in this introduction to the case where
ng, = 1 for all x € z for simplicity. The algebra of observables of the classical g-Gaudin
model is then given by the N-fold tensor product S(g)®" of the symmetric algebra
S(g) on g. The classical quadratic Hamiltonians H{!, i = 1,..., N of the model are
given by the same expressions as the quantum Hamiltonians H; in (1) but regarded
as elements of S(g)®". They can be obtained from the Lar matriz L(z), defined by
the expression

as the spectral invariants H¢ = res,, (L(z), L(z))dz where the inner product is taken
over the first tensor factor, i.e. the auxiliary factor.

Now let 0 € Aut g be an automorphism of g whose order divides 7" € Z>; and pick
a primitive T*-root of unity w= € C*. These both induce actions of the cyclic group
I := Zr on g and P!, respectively. The quadratic Gaudin Hamiltonians of a classical
cyclotomic g-Gaudin model are similarly obtained from the same spectral invariants
but using the Lax matrix defined by

1 Y Idz ,
L(z)dz = TZZ@<Z_Zj> ® 1%

j=1 a€l

where & denotes the action of a € I' on g-valued meromorphic differentials defined by
combining the action on g with the pullback on differentials over P'. This Lax matrix
has the I'-equivariance property 0 L(z) = wL(wz), where o acts on the auxiliary factor.
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If we are also given an anti-linear automorphism 7 € Aut g of g which preserves the
eigenspaces of o then we obtain an action of the dihedral group II := Dsop of order
2T on g. Promoting also the action of I' on P! to an action of II by adding complex
conjugation z — z, we can define the Lax matrix of the classical dihedral g-Gaudin
model by an expression similar to the above but replacing the sum over I' by a sum
over II. Specifically, we should now take the tensor product over R rather than C and
use dual basis elements of the realification of g so that we set

1, dz , —il,dz ,
2)dz = — 71°0) 1+ 4 a 700) .
= T () e a(F) o) o

By construction, this Lax matrix is II-equivariant in the sense that o L(z) = wL(wz)
and 7L(z) = L(z) where o and 7 both act on the auxiliary factor.

In order to describe integrable field theories on the circle one should replace g in the
above discussion by an untwisted affine Kac-Moody algebra g. Concretely this means
replacing the dual bases {I*} and {I,} of g in the expression for the Lax matrix (5)
by dual bases {I®} and {I3} of g and working in a suitable completion of the tensor
product. We will demonstrate that in this affine setting the Lax matrix (5), or its
generalisation to other divisors D, reproduces the Lax matrices and twist functions
of all the integrable field theories in Table 1.

Let us finally note that reductions of general 2-dimensional integrable field theo-
ries of Zakharov-Shabat-Mikhailov type by discrete symmetry groups, such as cyclic
or dihedral groups, were introduced in the important paper [71]. The purpose of
the present work is to show that many integrable field theories of interest fall, in fact,
within a very restricted subclass of reduced Zakharov-Shabat-Mikhailov type field the-
ories, namely that of affine Gaudin models with dihedral symmetry. Indeed, given an
integrable field theory which can be formulated within the Zakharov-Shabat-Mikhailov
scheme (often in different gauge-inequivalent ways), it is by no means guaranteed that
it can also be regarded as an affine Gaudin model. In particular, an affine Gaudin
formulation is typically not preserved by formal gauge transformations of the zero
curvature representation. In §5 we give explicit examples of well known zero curva-
ture representations of integrable field theories which are not of Gaudin type. Yet, as
outlined above, having an affine Gaudin formulation of a given classical non-ultralocal
integrable field theory puts the problem of its quantisation on a firm mathematical
footing and should provide a framework for establishing an ODE/IM correspondence
for it. In the present context, the reduction by a dihedral group is expected to play
an important role in extensions of this correspondence to the massive case.

The plan of the article is as follows. We begin in §2 by recalling some basic results
about (anti-)linear automorphisms on finite-dimensional Lie algebras and affine Kac-
Moody algebras. In §3 we construct a direct sum of Takiff algebras for g attached to
the finite subset 2z C P! as a quotient of a direct sum of loop algebras of g, and describe
its dual space in terms of certain g-valued meromorphic differentials on P!. The main
section is §4 where we define classical dihedral g-Gaudin models and establish their
relation to a general family of non-ultralocal integrable field theories. The Lax matrix
is defined as the canonical element of the dual pair constructed in §3. Finally, §5 is
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devoted to a detailed construction of important non-ultralocal integrable field theories
as dihedral g-Gaudin models. We collect in an appendix some facts about dual pairs
and our conventions on tensor index notation.

Acknowledgements. The author thanks Sylvain Lacroix for a careful reading of the
draft and many useful comments and suggestions.

2. REAL AFFINE KAC-MOODY ALGEBRAS

Let T € Z>1. We denote the dihedral group of order 27" by II := Do = (s, t|s! =
t? = (st)?2 = 1), and we let I' := (s) C II be the cyclic subgroup of order 7', which is
normal in II. Given a complex Lie algebra a, we let Aut a denote the group of all linear
and anti-linear automorphisms of a. The subgroup Auta of linear automorphisms
is normal of index 2. We denote by Aut_ a the subset in Auta of all anti-linear
automorphisms of a so that Auta = Auta L Aut_a. For any y € Aut_a we can
identify Aut_ a with the coset y Aut a.

2.1. Finite-dimensional Lie algebras. Let g be a finite-dimensional complex Lie
algebra and o € Autg be a linear automorphism whose order divides T', i.e. such
that o7 = id. Fix a primitive T"-root of unity w and let g = @;:01 g¢j),c be the
decomposition of g into the eigenspaces g;)c = {x € g|ox = wx} of 0. Let 7 €
Aut_ g be an anti-linear involutive automorphism of g, namely such that 72 = id, and
let go := {x € g|7x = x} denote the corresponding real form of g. Its complexification
go ®r C is naturally isomorphic to g.

We shall assume that each of the eigenspaces g(; ¢ for j € Zr is T-stable, i.e.

7),
T9(j).c = 8(j).C (6)

It follows from this, and using the property @ = w™!, that (o0 o 7)? = id. We use the
property (6) to define the real subspaces g(;) = g(j),c N go for each j € Zr so that
90 = D5 90)-

Note that o* o 7 € Aut_g defines an anti-linear involutive automorphism of g
for each k € Zp. Introduce the corresponding real forms of g by g = g° For —
{x € g|o*rx = x}. The notation reflects the fact that the case k = 0 gives back
the original real form gg. We note that for each k € Zp, the anti-linear involutive

automorphism o* o 7 clearly also preserves the eigenspace 9(j),c for each j € Zr. For
k

7,
any p € Zr the anti-linear map w™*Po* o 7 is also an involution (but in general not
an automorphism). We shall make use of the corresponding real subspaces gy, =
wTtPokor {x € g|o¥rx = w*Px}. In this notation we have g = gio. We shall also
use the notation gy, for any p € Z, which will be understood to mean g jmod7-
By virtue of the relations o7 = 72 = (0 o 7)? = id satisfied by the automorphisms
o and 7, we have an action of the dihedral group Il on the complex Lie algebra g
by linear and anti-linear automorphisms. That is, we have a group homomorphism

r: Il — Autg, a — r, defined by rs == 0, ry == 7.
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Let (-,-) : go X go — R be a non-degenerate invariant symmetric bilinear form on
go- We extend it to a non-degenerate symmetric invariant bilinear form on g as

(,):gxg—C, (x®@u,y ®v) — (x,y)uv, (7)

using the canonical isomorphism between g and gg ®g C. It has the property that
(T, Ty) = (x,y) for any x,y € g. We assume it is also o-invariant, in other words that
{ox,0y) = (x,y) for any x,y € g.

In the following lemma we make use of the notion of dual pair recalled in §A.1.

Lemma 2.1. For each j € Zr, the triple (g(—jy, 8(j) (s ‘>|g<,j)xg is a dual pair. In
particular, the restriction of (7) to 9(0) s non-degenerate.

For any k,p € Zr, the triple (8k,—p; Okps (s ) or._pxar,) 15 @ dual pair. In particular,
(7) restricts to a non-degenerate invariant symmetric bilinear form on the real form

g for each k € Zr.

(j))

2.1.1. Canonical element. For each k,p € Zr we shall fix a basis Iy, fora=1,...,dimg
of the real subspace gy, ,,, and we let I,.x ), fora = 1,...,dim g denote the dual basis of
gk,—p With respect to (7), 4.e. such that <I,§7p, Ib;k,_p> = 0 forevery a,b=1,...,dimg.
In the case p = 0 we obtain dual bases I} = I/?,o and I, = I 0 of gg, for each
k € Zr. For the real form gy we will denote these dual bases simply as I* := [ and
I, == I,y . Note that any basis of the real subspace g, for any k,p € Zr also forms a
basis over C for the complexification g. A basis for the realification gg is then given,
for instance, by I* and i[® for a = 1,...,dimg. We shall also fix a basis 162 for
a=1,...,dimgg c of g¢;) and let [_;,) for a = 1,...,dimg;) ¢ denote the dual
basis of g(_;) so that <I(j7°‘),l(_j75)> =dg forall a,f=1,...,dimg( c.

Let C =1, ® I* € g ® g denote the canonical element of g, where sums over
repeated Lie algebra indices will always be implicit. Using the decomposition of g
into eigenspaces of o, for each j € Zr we also have the canonical element CU) =
I(—ja) ® 19 € g_j)c ® 8¢ of the dual pair (g(—j).c,9().c: (Mo exagc)- AS
above, repeated indices labelling dual bases of g(_j) ¢ and g(j)c, here o, will always
be implicitly summed over.

2.2. Affine Kac-Moody algebras. Let £g := g ® C[t,t!] be the polynomial loop
algebra associated with g. For any x € g and n € Z we define x,, :=x®t" € Lg. The
Lie bracket in £g is defined by letting (Xm,Yn) — [X,¥]m+n and then extending to a
bilinear map £g x Lg — Lg by linearity. Similarly, define a non-degenerate invariant
symmetric bilinear form on £g by (Xm,Yn) — (X, ¥)0m+n,0-

The (untwisted) affine Kac-Moody algebra associated with g is defined as the vector
space direct sum g := Lg & CK & CD endowed with the Lie bracket [-,-] : gxg—g
defined by

[Xm +aK+2D,y, + K + yD] = [X, Y]ern + NTYn — MY Xm + m5m+n,0<xa Y>K (8)

for any x,y € g, m,n € Z and o, 58,2,y € C. It is equipped with a non-degenerate
invariant symmetric bilinear form (+|-) : g x g — C, defined for any x,y € g, m,n € Z
and o, 8, z,y € C by

(xm + aK + 2Dlyn + K+ yD) = (X, y)dm1no + ay + Sz (9)
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We shall also make use of the subalgebra g := Lg®CK C g and the quotient g := g/CK.
Let ¢ : g — g denote the canonical homomorphism with kernel CK. It follows from
the defining relations (8) that Lg is isomorphic as a Lie algebra to the subquotient
g/CK.

2.2.1. Action of the dihedral group. Consider the automorphisms o,7 € Autg of g
introduced in §2.1. We extend these to linear and anti-linear automorphisms of the
loop algebra Lg, respectively, which by abuse of notation we also denote ¢ and 7, first
on homogeneous elements by letting o(x,,) = (0X)pn, 7(Xp) = (7X)_p, for x € g, n € Z
and then to the rest of £Lg by (anti-)linearity. Letting oK := K, oD =D, 7K := —K
and 7D := —D further extends 0,7 € Aut £g to (anti-)linear automorphisms of the
affine Kac-Moody algebra g, which we shall also denote by o, 7 € Autg.

By construction, o, 7 € Autg satisfy 07 = 72 = (¢ o 7)? = id and thus define a
representation of the dihedral group IT on g. Specifically, we have a homomorphism

r: 11— Autg, a—> Ty (10)

defined by rs := o, r '= 7. Given any complex vector space V equipped with a real
structure, namely an anti-linear involution 7 : V — V  we extend the action of I on
g given by (10) to the complex vector space g ® V' by defining

rs(X®v) = r X ® v, rt (X ®@v) == reX® 7. (11)

In other words, if we define an action of IT on V by letting s act trivially and t act as
7 then (11) gives an action of IT on the tensor product g® V.

As in the finite-dimensional setting of §2.1, for each pair k, p € Z we consider the
involutive anti-linear map w=*Pc¥ o7 : g — g which for p = 0 defines an automorphism
of the affine Kac-Moody algebra g. We denote the corresponding real subspaces
by g, Ghp = g et or — (X € §loFTX = whPX}. When p = 0 we obtain the real
forms g, Ok = gko of g for each k € Zp. We have the direct sum decomposition
OrR = Ok,p +10k,p of real vector spaces, where gr denotes the reahﬁcatlon of g. Denote
the corresponding projections relative to this decomposition by Wk’p Or — Okp
X = (X +w™*aF7rX), and Thp ' OR = 1 0kp, X — L(X—w™ gk7rX). When p = 0 we
denote these W,j : gr — Ok and 7, : gr — 7 gk, given explicitly by X — (X £ o k1X)
respectively.

We denote the eigenspaces of automorphism o € Aut g by g(;)c = {X|oX = WX}
for each j € Zr. By using the definition of 0 € Aut g these can be described explicitly
as follows. For j # 0, g(;) ¢ coincides with the subspace g(j) ¢ ® C[t,t'] of g whereas
g(0),c can be identified with the subspace g(g)c ® Clt,t7'] @ CK & CD. We have
the eigenspace decomposition g = @;‘-F:_Ol 9(j),c- It follows from the assumption (6)
that 7 € Aut_g preserves each eigenspace. Defining corresponding real subspaces

9(j) = 8(j),c N Go we have gg = @;‘F 01 9( ). We denote the projections relative to

this decomposition by ;) : go — g( Ny X 5 Zk 0 Lw=kighkX. We will also need the
projections ;) : g — g(j),c defined by the same formulae.
The bilinear pairing (9) is both o- and 7-invariant in the sense that

(@XloY) = (XY),  (X|rY) = (X]Y), (12)
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for any X,Y € g. Recall the notion of dual pair from §A.1.

Lemma 2.2. For each j € Zr, the triple (g—j), 8¢;), (") is a dual pair. In

55 <3
particular, the restriction of (9) to fj(o) is non-degenerate.

For any k,p € Zr, the triple (§k,—p, Bk p, (-\-)\aky_prng) s a dual pair. In particular,
(9) restricts to a non-degenerate invariant symmetric bilinear form on the real form
gk for each k € Zr.

2.2.2. Canonical element. Given any basis of g, such as I*, a = 1,...,dimg which
was defined initially as a basis for the real form gg, we define a corresponding basis of
g consisting of I? :== I*®t™ fora = 1,...,dim g and n € Z together with the elements
K and D. We denote these basis elements of g collectively as I*. The dual basis of g
with respect to (9) is then given by I, _,, =1, @t " fora=1,...,dingand n € Z
together with the elements D and K. We denote the elements of this basis as I;. A
basis of the realification gg is given by I% and iI°.

For any anti-linear map g — g of the form x := zo”* o1 with |2| = 1 and k € Zr we
have x? = id and xx, = (xX)_n for all x € g and n € Z. Therefore x,, + (xX)_,, is x-
invariant. Recall the dual bases of the real subspaces gy, and gy, _,, for each k,p € Zr
from §2.1.1. We introduce the notation I,‘;p,n = Ig’p @t" and Iy ppn = Lgkp @t" for
all n € Z. In terms of these, a basis of the real subspace g, of the affine Kac-Moody
algebra g is then given by

Ilg,p,[)v %(Iltg,p,n + Ilg,p,fn)v %(Il?,p,n - Ilg,p,fn)’ (133“)

forn € Z>p and a = 1,...,dimg together with iw k2K and iw*P/2D. We denote
the elements of this basis collectively as I kp- The dual basis of the real space gi,—p is

Lok, —po, %(Ia;kv—pvn + Lask,—p,—n), %Ua;kv—pvn — Lask,—p,—n), (13b)

for n € Zsg and a = 1,...,dim g together with —iw*?/2D and —iw*?/?K. We use the
notation I _, for these basis elements.

Similarly, recall the dual bases of g(;) and g(_;) for each j € Zr from §2.1.1, and
introduce the notation Ir(lj’a) = I @ ¢ and I_joayn = L—ja)y @t" for all n € Z.
Define dual bases of g;) and g(_;), which we denote respectively by I (4:8) and T (—,&)>
as follows. For j # 0 the basis 1% consists of elements

Y U 1%, e — 157, (142)
for n € Z>o and a = 1,...,dimg(; c. Its dual basis I(_;7) in ﬁ(_j) consists of the
dual elements

I(_j,a)’(), %(I(_jp‘):n + I(_jva)v_n)’ ﬁ(I(_jva)vn B I(_j’a)7_n)’ (14b)
for n € Z>op and @ = 1,...,dimg(;)c. The basis 103 of ﬁ(o) comprises the same

elements as in (14a) with j = 0 together with iK and iD, and its dual basis Iy z) of
§(0) consists of (14b) with j = 0 along with —iD and —iK.

Consider the subspaces of g defined by F,,g := g ® t"CJt], for each n € Z>(. They
define a descending Zx>-filtration on g, denoted (F,g)nez.,, in the sense that F,,g C
Fimg for all n > m in Zsq, i.e. Fog D F1g D F2g O F3g D ..., and N,F,g = {0}.
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Note that the subspaces F, g define, in fact, a descending Zso-filtration of g as a Lie
algebra since we have [F,,,g, Fng] C Fypng for any m,n € Z>¢. It induces descending
Z>o-filtrations on both the realification gr and real subspaces g p, k,p € Zr given by
Fror = (Frg)r and Fpgi,p = W,Ip(Fn’gv), respectively. We shall also make use of the
‘conjugate’ descending Zx>o-filtration of g as a Lie algebra defined by the subspaces
F.g = g ® t "C[t™']. Note that by definition of 7 € Aut_g in §2.2.1 we have
Fng = T(Fnﬁ)' _ _

The subspaces F, (g ®g) = F,g ® F,g + F,g ® F,,g for n € Z>(, endow the tensor
product g®g with a descending Zxo-filtration. Note that these subspaces are invariant
under the action of II on the tensor product g ® g. We define the completed tensor
product g ® g as the completion of g®@g with respect to the associated linear topology,
in which the subspaces F, (g ® g) form a basis of fundamental open neighbourhoods
of the origin. In other words, it is given by the corresponding inverse limit g &g =

img® g/Fr(g®g).
The canonical element of g living in g® g is then defined as
C=LoI"=DaK+KaD+> I, &I (15)

nez
where, as in the finite dimensional case, sums over repeated Lie algebra indices, here
@, shall always be implicit. Similarly, for each j € Z7 we let CU) =T (—j@) ®1 @:0) =

0y (DRK+K®D)+>, o7 I(,j7a)7,n®l7g]’a), where 4 is the periodic Kronecker delta,
equal to 1 if 7 = 0 mod T and 0 otherwise, and summation over the repeated indices
a and « is implicit. As above, the infinite sum over n € Z represents an element
of the subspace g_j) c ®§(j)7(c of the completion g&g. We have the decomposition
C=Yy1.,Cu.

The statement of the following lemma uses standard tensor index notation recalled
in §A.2. Specifically, in the notation used there we take a = b = g and 2 = C so that
we may drop the last tensor factor in L.

Lemma 2.3. For any X € g we have [Xl + Xs, 6’12] = 0. Moreover, for any i,j € Zr
and X € g(;),c we have [Xl,él(lzﬂ)] + [X, 6’9] =0.

2.2.3. Connections on S'. Recall the canonical map g : § —» g, whose restriction to
g is the homomorphism ol : g — Lg, where from now on we use the isomorphism
g/CK = Lg implicitly. In particular, we regard £g as a subalgebra of §. To make
contact in §4 with classical field theories on the circle S! := R/277Z, in this section
we provide concrete realisations of the Lie algebras £g and g respectively in terms of
g-valued trigonometric polynomials and connections on S!.

Let .7 (S') be the commutative differential C-algebra of trigonometric polynomials
on S', namely functions S — C of the form 6 — P(e?) with P a Laurent polynomial.
We denote by 0 : 7 (S') — F(S') the derivation on .7 (S') sending 6 + P(e?) to
0 — i P'(e). A basis of 7(S') is {e,}nez where e, : S — C, 6 — ™. Complex
conjugation provides .7 (S!) with an anti-linear involution, which sends the basis
element e, to e_,,. We equip .7 (S') with an action of II by letting s act trivially and
t act by complex conjugation.
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Let 7(S,g) = g® 7(S') be the space of g-valued trigonometric polynomial on
S1. We obtain an action of I on .7 (S, g) by combining the above action on .7 (S)
with that on g given in §2.1. A non-degenerate symmetric bilinear form on .7 (S, g)
is given by

1

(A|B)s1 = o . di(A(0), B(9)), (16)

for any A,B € .7(S',g), where the bilinear form (7) is extended to a map (-,-) :
T (8%, 9) x T(S',9) = F(S') defined by (x @ f,y @ g) = (x,y)fg for any x,y € g
and f,g € 7(S").

Consider the complex vector space Conng(S') of g-valued connections on S' of
the form ¢0 + A where £ € C and A € 7(S!,g). We extend the action of II on
T (S, g) to Conng(S') by letting it act trivially on the derivative 8 and using (anti-
)linearity. We refer to £0 + A € Conng(S!) as an f-connection to emphasise its
dependence on the coefficient ¢ of the derivative term. In particular, we may regard
an element of 7 (S, g) as defining a O-connection in Conng(S'). The commutator
of two connections then defines a Lie bracket on Conng(S'), which we denote [+, ] :

Conng(S1) x Conng(S') — Conng(S?).

Lemma 2.4. We have a ll-equivariant isomorphism g = Conng(Sl), under which
the bilinear form (16) on .7 (S',g) corresponds to that on L£g. Its composition with o
is the Lie algebra homomorphism o : § — Conng(S1) given by o(D) = —id, o(K) = 0
and o(xp) =X ® e, for any x € g and n € 7.

The vector space Conng(S*) is endowed with a pair of descending Zxo-filtrations de-
fined as the images of the subspaces (F,g)nez., and (?n’gv)nez>O under the linear map
o from Lemma 2.4. Concretely, the subspace F,(Conng(S')) (resp. F,(Conng(S')))
for n € Z> is spanned by X ® e, (resp. X ® e_,,) with x € g and m > n. Since p® g
is continuous it extends to a linear map o ® ¢ : g ® g — Conng(S!) @ Conngy(St). We
shall need the image of the canonical element C under this map. It follows from the
form of C in (15) that its image in fact lies in the subspace .7 (S, g) ® 7 (S%, g) ¢
g®g® 7(S)®7(Sh), where the pair of conjugate descending Zso-filtrations on
T (S') are given by the subspaces F,, (7 (S')) and F,,(.7(S')) for n € Z>( with bases
{€4+m}mez. , respectively. Given any element x € 7(S1) ® 7 (S1), for each § € S*
we can regard x(,-) as the kernel of a formal distribution on S!, in the sense that
it yields a linear map 7 (S') — C, f % Jo1 d0'k(6,0") (). In particular, the
element (9 ® 0)C € g@ g ® T (S') & 7 (S1) given explicitly by

(e® 0)C)(8,0) =3 Lo ® ["c_n(B)en(d) = C bpy (17)
nez

is related to the Dirac §-distribution § := ", _, e, ® e_,, € T(S1) ® .7 (S'). For any
6 € S', the expression §(6,-) is the kernel of the distribution on S! sending the test
function f € 7(S') to f(6). Note that we use the notation dgg instead of 6(6,").
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3. DOUBLE LOOP ALGEBRAS AND TAKIFF ALGEBRAS

Consider the Riemann sphere P! := C U {oo} and fix a global coordinate z on C.
At each finite point z € C C P! we have the local coordinate ¢, := z — = and at the
point co € P! a local coordinate is given by &5 = 271,

We denote by CJt] the ring of polynomials in ¢, by C{¢} the ring of convergent power
series in ¢t and by C({t}) the ring of convergent Laurent series in ¢, i.e. f(t) € C{t})
if and only if t¥f(t) € C{t} for some k € Zx.

For each z € P!, we let 0, := C{&,} denote the local ring of germs of holomorphic
functions at x, i.e. the ring of convergent power series in §,. Denote by m, := £, C{{, }
the maximal ideal of &, consisting of germs of holomorphic functions at  which vanish
at . The ring 0, has a natural descending Z>o-filtration 0, = mg Dmy D mg D)
m3 O ... where m? := £*C{¢,} for any n € Z>(. Denote by %, = C{&,}) the field
of germs of meromorphic functions at x, i.e. the field of convergent Laurent series in
&,. It has a natural descending Z-filtration which by abuse of notation we also denote
m$, namely

Loomgomiom D0, om,omiomdo ...

where we extend the notation m?, n € Zx¢ introduced above by letting m¥ := ¢*C{¢,}
for any k € Z. Let p, = & 'C[¢;!] denote the set of principal parts at z, which
forms a ring without identity. If we choose to also include the constant term in the
principal part then we obtain the corresponding ring p? = C[¢;!]. This ring also
has a natural descending Zso-filtration p? D p, D p2 D p3 O ... where we use the
notation p? := ¢, "C[¢, 1] defined for any n € Z.

We define an injective homomorphism

p: I — Aut P O —> Ly, (18)

of II into the full M&bius group of holomorphic and anti-holomorphic automorphisms
of P! by letting js : 2 +— w2z and p; : 2z — 2. The image of the cyclic subgroup I' con-
sists of Mobius transformations and the image of the coset I't consists of orientation-
reversing Mobius transformations. Given any point z € P! we let II, C II denote its
stabilizer under the action (18). We will refer to # € P! as a complex point if II, is
trivial and as a real point if II, N T't # (. Specifically, the set of all real points is
formed of the union {oo} U Uez,. WF/?R since I, = (s*t) for any = € wW*/?R\ {0}
with k € Zp and II, = II for any = € {0, 00}. Moreover, the set of complex points is
the complement of the set of real points. We refer to {0, 00} as the set of fized points.
This terminology reflects the fact that when T" € Z~1 we have II, = II if and only
if z € {0,00}. However, by convention we will still refer to 0 and oo as fixed points
even when T' = 1.

Let N € Z>¢. Pick and fix a finite set z :== {z1,...,2n,00} C P! which includes
the point at infinity labelled as zy4+1 = co. We will assume that the II-orbits of the
points in z are all disjoint, in other words z; # i, 2; for all o € IT and 7 # j. Denote
by z. the subset of complex points in z and by z, the subset of real points, so that
in particular co € z, and we have the disjoint union z = z. U z,. We also define the
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subsets
zs = 2zN{0,00}, zl =2\ {0,000}, zf ={xr ez |, = (skt)}

corresponding respectively to fixed points, to real non-fixed points and to real points
with stabiliser (s*t). The disjoint union decomposition of z may be refined as z =
ze Uzl Uz =2z U UkeZT zf U z¢. For any finite subset & C P! we also introduce the

notation & = {z € P' |z € x}.

3.1. ‘Local’ Lie algebras. For any z € P!, we define an action of II, on the field
A, as follows. Given a germ [f], € J, we choose a representative f : D, — C on a
small disc D, around x. We set

af]e = [f o ngtla if acll,Nl
R [cofourtle, if aell,NIt,

where ¢ : C — C denotes complex conjugation and p, : D, — D, is the restriction of
lo € AutP! to the open disc D,. This defines a left action of II,, on .#, which also
preserves its Z-filtration, in the sense that a.m? C m” for any k € Z. By combining
the actions of II, C IT on g and .#, we obtain a natural action on the tensor product
g ® #,. Explicitly, we define a homomorphism

I, — Aut(g ® A#,), o Q& (19)

by letting, for any a € II;, X € g and [fls € H%, (X ® [f]z) = raX @ a.[f]s. It
induces a homomorphism II, < Aut(g ® J#;)r into R-linear automorphisms of the
realification (g ® #;)R.

To every point z € z we attach the real Lie algebra Lg, = ((g ® %)R)HI. Ex-
plicitly, to any complex point z € z. we attach the realification Lg, = (g ® J#)r
and to a non-fixed real point # € z¥ we attach the real form Lg, = (g ® )8t If
0 € z then we attach to it the II-invariant subalgebra Lgy = (g ® #p)". Similarly,
to the point at infinity, which by assumption always belongs to z, we also attach the
II-invariant subalgebra L., = (g ® #5 ). Define the direct sum of real Lie algebras
Laz = @xez Lax-

We also introduce the Lie subalgebras Lg} = ((g ® 0,)r)"* C Lg, at every finite
point z € 2\ {oo}. In particular, if 0 € z then Lg{ = (g® 0p)'!. However, for reasons
to be clarified in the next subsection, cf. Lemma 3.1, at infinity we consider instead
the Lie subalgebra Lgl, = (§ ® moo) of Lgoo. We set Lgt = D, c, Lo

There is a natural complementary subalgebra to Lg} in Lg, defined as follows. To
every finite point # € z\{oco} we attach the Lie subalgebra Lg; = ((§®p.)r)"* C Lg,
and similarly we define Lgy, = (g ® p2 ) for the point at infinity. Recall here that
p = C[¢7}] includes the constant term. In particular, we then have the direct
sum decomposition of linear spaces Lg, = Lg) + Lg, for any x € z. We define
the direct sum of Lie subalgebas Lg; = €, ., Lg; , so that we have the direct sum
decomposition Lg, = Lg} + Lg,;. We will be interested in a different complement of
Lg} in Lg, provided by Lemma 3.1 below.
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3.2. ‘Global’ Lie algebras. Given a finite subset S C P! with 2z C S, we denote
by Rg the ring of meromorphic functions on P! with poles contained in S. We let
Rs(g) = g ® Rg be the corresponding Lie algebra of g-valued meromorphic functions
on P! with poles in S. For each 2 € z there is an injective homomorphism of rings
ty : Rg < %, which assigns to a meromorphic function f € Rg its germ [f], € 4,
at . Correspondingly, there is an embedding of Lie algebras

ty s Rs(g) — @ﬁ@ Kz (20)
zez
which assigns to any meromorphic function X® f € Rg(g), where X € g and f € Rg,
the set of its germs ¢, (X ® f) = X ® [f] € g ® A at the points z € z.

Consider the set I1z := {uqz| @ € I,z € z}. We define an action of I on Ry, by
setting a.f == fopug,! for any f € Ry, and a € I'. This lifts to an action of IT by
letting t act as t.f == co fou = f on any f € Ry,. We therefore obtain an action
of II on an(a) =g ® R,

IT — Aut Ry (g), ar— & (21)

where the action of « € II is given explicitly by &(X® f) = roX® a.f, for X € g and
f € Ryz. Define the real Lie algebra of Il-invariants RY(g) := Ry, (g)".

The property of invariance under the action (21) may equivalently be rephrased
as follows. Let Ry, be the ring of anti-meromorphic functions on P! with poles
contained in Iz, and define the corresponding Lie algebra Ry, (g) = § ® Ry, of
g-valued anti-meromorphic functions. For any o € I" we extend r, € Autg to a linear
map 74 : Riz(9) = Ruz(9), 7a(X® f) = roX® f. Similarly, for any o € T't we extend
ro € Aut_g to an anti-linear map 74 : Rz (§) — Ruz(8), 7a(X® f) = raX®co f.
Now for any o € I' we define a linear map 4, : Riz(g) — Rz (g) using the pullback
by e on the second tensor factor. On the other hand, the pullback by u, for a € T't
defines instead a linear map p}, : Ri»(g) — Ri-(g). By combining the above, we can
then describe the II-invariant subalgebra RE (g) equivalently as

R}(g) = {F € Ru=(9) | roF = p,F for all a € IT}. (22)
By restricting the embedding (20) with S = Ilz to the above subalgebra R (g) we
obtain an embedding ¢4 = (14, ..., lzy,loo) : RY(F) = Lgz. In what follows we shall

often regard R (g) as a subalgebra of Lg, by identifying an element X € RJ(g) with
its image 1, X = (1, X)zex € Lg5.
Lemma 3.1. We have the direct sum decomposition of real vector spaces Lg, =
Lgi + RZ(9)-
3.3. Dual spaces. For any € P! we define an action of the stabilizer subgroup
11, C II on the space of germs of meromorphic differenials J#;d¢,. We let o € II, N T
act on [w], € H#,d¢, via pullback by u;!, namely a.[w], = [(M;I)*w]x, whereas if
o € II, N Tt then pu, is orientation-reversing and so we set a.[w], == [co (uy!)*w]
instead. Define an action of II, on the tensor product g ® #,d&,,

I, — Aut(g ® H#,d&,), ar— @& (23)
given for any o € I, X € g and [w], € Hpdé,: by &(X @ [w]y) == roaX ® a.[w],.

T
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To any point « € z we attach the real subspace of Il -invariants in the realification
(g ® H#,d&, )R, namely Qg, = ((§® %dfx)R)Hx. Introduce also the subspace Qg =
(§® Opdy)r) M for each x € 2\ {oo} and at infinity we set QgL = (@ mtdé)L.
These have natural complementary subspaces in g, given respectively by Qg, =
(8 @ padée)r)= and Qg5 = (§ @ pZodé)™. Let Qg = P,., 0, and Qgf =
easz Qﬁi— : _

We shall also need the space of globally defined Il-invariant g-valued meromorphic
differentials on P! with poles contained in the set IIz. Given a finite subset S C P!
containing z, we let Qg denote the space of meromorphic differentials on P! with poles
at most in .S. The differential dz, where z is the global coordinate on C, provides an
Rg-basis for g since any w € Qg can be written as w = fdz for some f € Rg. In
the case S = Ilz, the group II acts on the space Q. by letting € I' act as the
pullback by the inverse of the multiplication map p, : P! — P! defined in (18) and
letting t send @ = fdz to t.ww = fdz where f = co f o y;. In particular, this allows
us to define an action

I — Aut Q1. (g), a— & (24)
on the tensor product Q. (g) == g ® Qu2, given explicitly by (X @ @) == r X ® a.w
for any a € TI, X € g and @w € Q. Define the real vector space of Il-invariants
QU(3) = Q. (@)™

This subspace can alternatively be described in a similar fashion to the subalgebra
of Il-invariant g-valued rational functions (22). For this we introduce the space Qri,
of anti-meromorphic differentials with poles contained in 11z, of the form ¢ = fdz for
some f € Rr,. We then also define the corresponding space an( ) =g® Q. The
map 7, € Aut g extends to a linear map Qi (g) — Q2 (g) for @ € I' and to an anti-
linear map Q12 (g) — Q= (g) for a € Tt in the same way as done in §3.2 for Ry, (g).
If we also define linear maps pf, : Q»(g) — Qn=(g) (vesp. uf : Q=(9) — Q=(9))
for each o € T' (resp. «a € T't), then the real vector space QL (g) may be equivalently
described as

Q@) = {® € 1. (g) | ra® = p),® for all a € IT}. (25)
As in §3.2, we have an injective map tz = (21, - -, Loy, boo) : Q2(g) — Qg which
assigns to a meromorphic differential in QI (g) the set of its germs at the points in z.
In what follows we will also often implicitly identify an element ® € QI(g) with its
image 1, ® = (1,P) e € Q9.
Lemma 3.2. We have the direct sum decomposition of real vector spaces g, =
Qgl +9(9).
3.3.1. Dual pairing. Let R: C - R, u+— R(u) and S : C — R, u +— I(u) denote the
maps which return the real and imaginary parts of a complex number, respectively.

By combining the non-degenerate bilinear form on g with the residue pairing, we can
define a bilinear form (-,-) : Qg, x Lg, — R as

(@, X)) (Z T, |resx (Bp| X, )) (26)

rez

for any & = ((I)x)sz € Qaz and X = (Xx):vez € Lﬁz-
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In what follows we make use of standard results on dual pairs recalled in §A.1.
Lemma 3.3. The triple (Qg, Lgx, (-,-)) is a dual pair.

The first part of the following proposition is a generalisation of the I'-equivariant
strong residue theorem on P! as in [86, Lemma A.1] to the II-equivariant case. For
the non-equivariant version of the strong residue theorem on an arbitrary algebraic
curve see, for instance, (82, §2.3].

Proposition 3.4. We have RI(g)* = QU(g) and QI (g)* = RI(g). Also, (QgF)* =
L5% and (Lgt)* = O

Proof. According to Lemmas 3.1, 3.2 and A.1 it suffices to show that QI(g) L RI(g)
and Qg} L Lgt. We prove each of these statements in turn.

Let ® € Q(g) and X € RU(g). It follows from (22) and (25) that these have the
properties ro® = pf® and ro X = p), X for any o € II. Then by the o-invariance of
the bilinear form on g it follows that, for any € P! and v = s” € T,

1 1 1
res, (1000 X) = 5 [ (@1%) = 5 [ (u®lra) = o [ Guzalex)
1 1
= % Lo ((D|X) = % /%MQI(Q)’X) = reswnx(Lwnx(p“wnIX)’

where €, is a sufficiently small counterclockwise contour around the point x. Likewise,
by the 7-invariance of the bilinear pairing (9), in the sense of (12), we have

o . - ) 1 *
e ®uX) = 5 [ @ = o | o) = o [ uoluix)
1 1
= —— CI) X = — Q) X — _ 7@ *X
2mi Mt‘ﬁz( 1X) 211 /ﬁz( | X) = resz(1z®[z X),

noting that ut%, is oriented clockwise so that 1%, = —%%. Hence

(@, X) =% (Z .

rEZ

res; (LJD]%X)) = Z T (resy (Lz®|eeX) + resz (12®[0z X))
rTEZc

+ Z Tresy (LzPle X) + Z resy (1P X) = Z resg (1zP[e X) =0,

T€Z! TEZE z€llz

where the last equality is by the standard residue theorem.

Now let ® € Qg and X € Lg}. At any point z € z\ {oo} the germs ®, € Qg and
X, € Lg; are elements of the spaces g ® 0,d¢, and g ® O, respectively. Therefore
(P2 X2) € OpdE, so that res,(P;|X;) = 0. On the other hand, at infinity the germs
P, and X, belong to g ® mldéy and g ® my, respectively. So in this case as well
we have (Poo| X o) € Onodéso, and hence ress (P Xoo) = 0. It therefore follows that
each term in the sum of residues in (26) vanishes, and thus (&, X)) = 0. O

Corollary 3.5. The triple (Q(g), Lat, {-,-)) is a dual pair.
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3.4. Divisors and Takiff algebras. Let Div(P!) be the free abelian group generated
by the points of P!. An element D € Div(P!) is called a divisor, which we write as a
formal sum D = 3" _p1 n, x with n, € Z being zero for all but finitely many x € P
The divisor D is said to be non-negative, and we write D > 0, if n, > 0 for all
x € PL. For any D,D’ € Div(P!) we write D > D’ if D — D’ > 0. This defines a
partial ordering on the set Div(P!). The support of D € Div(P!) is the finite subset
suppD = {z € P'|n, # 0} and its degree is defined as degD = > p1ng € Z.
Given a finite subset S C P! we let Divs>1(S) denote the subset of all non-negative
divisors with support S.

Fix a divisor D € Divsj(z). We associate to it a non-negative divisor IID =
Y werz Mz € Divsy(Ilz) with support Ilz, where for any z € Ilz, n, € Z> is
defined by noting that there is a unique y € z such that x € Iy, i.e.  and y lie on
the same orbit of II, and we set n, := n,. In what follows we assume D to be such
that deg(IID) > 2, i.e. we have ny > 2 or |z| > 2.

Given a meromorphic differential @ € Qp,, its order at = € P!, denoted ord,w,
is by definition equal to n € Z if its germ at z takes the form [w], = > 7o artkdé,
with ap € C and a, # 0. The canonical divisor of w is then defined as (w) =
> sepi (ordy@) z € Div(P!). Let Qup == {w € Qu; | (w) > —IID}. For any complex
vector space V we introduce the notation

QHD(V) =V Q. (27)

The linear space Qqp(g) admits a natural action of II defined in the same Way as
(24). We shall be interested in the subspace of Il-invariants Q(g) == Qo (g)™. This
is a subspace of QU(g) which, as usual, we will implicitly identify with its image in
Qg. under the map ¢, from §3.3.

For eachz € z and n € Z>1 we define the ideal Lg;" = ((g@m?)g)"* of Lﬁ We
note in particular that Lg; ! is a proper ideal in Lg; for x # oo whereas Lgl! = Lgt .
Set Lg, == @,c, Ly, ", which is an ideal in the real Lie algebra Lg}.

Lemma 3.6. We hcwe the direct sum decompositions (Lﬁ;g)J- = Qg + Q%(ﬁ) and
Q% (8)*+ = Rl (9) + La} p of real vector spaces.

Proposition 3.7. The triple (Q5(a), Lg3 /La5, (. -)) forms a dual pair, where the
bilinear form

{0 - B(@) x Lyl /Loy, — R (28)
is induced from the restriction (-, ‘)HQ%(Q w1zt of (26) to Qi (9) x Lgf.

3.4.1. Direct sum of real Takiff algebras. The quotient Lie algebra Lg} /LgD can be
described in terms of real generalised Takiff algebras for g as follows.

We assign to each x € z a formal variable e,. At every finite point = € z \ {0} we
consider the ring of polynomials Cle,], whereas for the point at infinity we consider
instead the ideal £,Clex] of polynomials without constant terms. There is a natural
action of IT on C[e,] for each x € z\ {oo} given by s.f(e,) = f(w™le,) and t.f(g,) =
f(ez), for any f € Cle,]. Here f € Cle,] denotes the complex conjugate polynomial,
defined as f(e;) = Y, ael if f(e;) =Y, ael. By contrast, we let IT act on £0Clex]
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by s.f(ex) = f(Weno) and t.f () = f(Eco), for any f € c0oCleno], With f € £00Cleso]
denoting its complex conjugate.

Now given the above divisor D =3 n, 2 € Div>1(2), we can form the quotient
ring Cle,]/el*Cles] of ng-truncated polynomials for x € z\ {oo}. At infinity we have,
instead, the quotient e,,Clen]/el°Cles] which forms a ring without identity. The
actions of IT on C[e,]| and £4,Cleo| defined above both descend to these quotients since
the respective ideals e?*Cle,] and el*Cles] are invariant. By abuse of notation we
denote the action of a € I on the class f € Cle,|/e2*Cle,] also as a.f and similarly
for the point at infinity.

At a finite point 2 € z \ {00} we form the Lie algebra T7*g := g ® Cle,|/el=Cle,],
which we shall refer to as a generalised Takiff algebra for g. For the point at infinity
we define instead the nilpotent Lie algebra J7%°g = g ® €0,Cle]/e%*Cles]. By
combining the action of II on n,-truncated polynomials for each = € z introduced
above with that on g, we obtain an action of II on the Lie algebra T7+g for each
T € 2z, i.e. a homomorphism IT — Aut(T7=g), a + & given by

GX® f) =roX® a.f, (29)

forany o € II, X € gand f € Cle,]/el*Cle,] if & € z\{o0} or f € £50Clexs]/el°Cleso)
for the point at infinity. In what follows we will be interested only in the restriction
IT, — Aut(T7=g) of the above homomorphism to the stabiliser subgroup II, C II.

To any z € z we attach the real Lie algebra of Il -invariants g"+* = ((TQ“ﬁ)R)
We refer to these as real (generalised) Takiff algebras for g. Consider the direct
sum of real Lie algebras g° = @P.c. 9"*". Note that when n, = 1, the summand
corresponding to the point at infinity is absent.

g

Proposition 3.8. We have an isomorphism of real Lie algebras Lgy/Lgs = g°.

In particular, the triple (Q%(ﬁ),ﬁD, (-,-)) forms a dual pair where the bilinear form
(-, - O (g) x g2 — R is induced from (28).

In the next section we shall make use of explicit bases for g* and its dual Q(g)
from Proposition 3.8, which we now describe.

Recall the dual bases {I°} and {I;} of § introduced in §2.2. In terms of these, a
basis of the Takiff algebra T7+g for € z\{oo} is given by I°®¢ek forp =0, ..., n,—1.
Here we denote the class b + "= Cle,| € Cle,] /el Cle,] simply by €. In particular,
we have e+ = 0 for every x € z. A basis of the realification (T7*g)r then consists of
I°® el and iI* ® €k for p=0,...,n, — 1. Likewise, a basis of (77g) is given by

%@l and iI* @ 4 for q=0,...,n50 — 2.
A basis of g%, whose elements we denote collectively as I4, is given by
I"@eb, iI® @€l (30a)
for each x € z. with p=0,...,n, — 1,
If,®eb, (30b)

foreachxezf, k€ Zp withp=0,...,n, — 1, and
1P @b (071 g g0t (30¢)
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forp=0,...,np—1land g =0,...,ns — 2. The dual basis elements I 4, with respect
to the pairing from Lemma 3.8, of the real vector space Q% (g) read
1 . < I; ) 1 . ( —il3 >
— ol ———dz — Z al ——dz (31a)
_ +1 ’ _ +1 ’
2T (z—x)P 2T (z —z)P
for each x € z. with p=0,...,n, — 1,
a;k,—p
iy ( s pHdZ) (31D)
aGF
for each x € 2¥ k € Zp with p=0,...,n; — 1, and
I(_p?a)z_p_ldz, —lgr1,8)7%dz, (31c)

forp=0,...,np—1and ¢ =0,...,ns — 2. Note that the factor of 1/2T (resp. 1/T)
in the differentials at points 2 € z. (resp. = € z¥) stems from the corresponding factor
of 2T /|I1;| = 2T (resp. 27'/|ll;| = T') in the definition of the bilinear form (26).

3.4.2. Complezification of g°. In the next section we shall also make use of an explicit
description of the complexification of g2 defined in Proposition 3.10 below. First we
need the following lemma.

Given any complex Lie algebra a we denote by a the complex conjugate Lie algebra,
namely the realification ag of a endowed with the opposite complex structure given
by i -v = —iv for any v € a.

Lemma 3.9. Let a be a complex Lie algebra, 7 € Aut_a an anti-linear involutive
automorphism and a” = {a € a|Ta = a} the corresponding real form of a. We have
the following isomorphisms of complex Lie algebras:

(i) Ye:a®a = a®rC, (a,b) = L(a®1—ia®i+b® 1+ ib®1i), under which
the anti-linear involution a ®r C — a®r C, a ® u — a ® u corresponds to the
exchange a @ a — a®a, (a,b) — (b,a).

(i1) ¢r:a = a"®@rC, a = i(a+7a)®1—3i(a—Ta)®i, under which the anti-linear
involution a™ QR C = a” Qr C, a ® u — a ® u corresponds to T : a — a.

Proof. One checks that 1. is C-linear and that ¢, : aQrC — a®a, a®@u — (ua, ua) is
its inverse. Moreover, the latter is seen to be a homomorphism of complex Lie algebras.
It also follows from the form of the isomorphism . that complex conjugation on the
second tensor factor in a ®g C sends (a,b) to (b,a) in a & a. This proves (i).

Next, the map 1), is C-linear since it is R-linear and ¢, (ia) = i1, (a) for all a € a. Its
inverse is given by ¢, : a7 @rC — a, a®u +— ua. The latter is clearly a homomorphism
of complex Lie algebras and the remaining claim in (i7) follows from the explicit form
of the isomorphism ;. O

The following important proposition is a direct application of Lemma 3.9.

Proposition 3.10. Let ﬁ% =3P @r C = DB, 3"" @r C be the complezification of
g2 and denote by ¢ : Eg — fj% the complex conjugation in the second tensor factor.
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We have an isomorphism of complex Lie algebras
v DI e P Tae @ (e T e (32)
TEZf szé TEZc
More precisely, we have the following isomorphisms of complex Lie algebras:
(i) For every x € z., Tl*g @ Tp°g = g"** @g C given by
X@el,Yoel) — X + Y0 =l (Xed) ol - (X ) o (33a)
+(Y®e) @1+ (1Y ®el)®i).
Moreover, we have C(X%)) = Xg]) for any x € z, U Z..
(i) For every x € zF with k € Zg, T3 = §"+* @r C given by

X @ eP —» x[(p]) (mE X @) @1 — i(m, X ® eb) @i (33b)
F]VMoreover, c(Xf;])) = (w_kpakTX)%). In particular, c(Xfp])) = X( for X €
gk,p-
(iii) For every x € z;, (TPeg)l = g=® @r C given by
X@el s X = (rf X @ ) 91— i(mg X © eb) @14, (33c)
with X € gpyc if v = 0 and X € ﬁ( ), if © = oo. Moreover, C(X%)) =
(TX)EZ]). In particular, c(XE;)])) = X for X € g and C(XE;}O)) = X[(;o) for
X €g(—p)-
Using the notation of Proposition 3.10, a basis for ﬁ?é =3P ®g C is given by
a(z) ._ ray(@) a(z) ._ ray (@)
Iy” =)y Iy =) (342)
forx € z. with p=0,...,n, — 1,
) = <Ik,p>fpf (If,0d)®1, (34b)
foerszitthZT,p:O +— 1, and
a(0) ._ & (0) :
[[p] — ([(p ))[p} 1P @ Mol,

4
Ja) (I(—q—l,&))(w) _ (I(*qfl,&) ® €q+1) @1 (34c)
[q+1] [q+1] * ’
forp=0,...,np—1land ¢=0,...,nc — 2.

We Wlll use the notation I ([% = (I“)([;]) and I( )[p] = (I,, )EP]) for any x € z. U

Z.Uz,p=0,....,n, — 1, a = 1,...,dimg and n € Z. Likewise, for the origin
: a0) _ (r(pa) (0) () (0) _
we write [ iy = (Inp )[p] and Ian[p] (I(na) )[p] for any p = 0,...,n9 — 1,

a=1,...,dimgg, cand n € Z, and for the point at infinity I ([ Jr)l} = ([}L_q_l’a)) [(;i)”

and IL n)[q+1] (I( a—1,a), ">Eq+)1]’ forq=0,...,n00—2,a=1,...,dimg_,_1)c and

n € 7.
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4. CLASSICAL DIHEDRAL AFFINE GAUDIN MODELS

Let g be an affine Kac-Moody algebra equipped with an action r : II — Autg of
the dihedral group II by (anti-)linear automorphisms as in §2 and let us fix a divisor
D=3 c,nex € Divsi(z), cf. §3.4. We introduce the set of points Z := 2. UZ. Uz,
and let Z' =2\ {0,00} = 2. U z. U 2/. Let £ be a tuple of complex numbers

G, th _, foreach z €%, Q... 0 and £9°,...,0° . (35)

no—1»

We require that Eg ={,° =0 for p # 0 modT'. Note that the latter condition on p is
never satisfied when 7" = 1, so that in this case none of the levels at the origin and
infinity are required to vanish. Throughout this section we will always assume that

£ #0 (36)
for all x € Z. In particular, we assume that ng,no = 1 mod7. The condition (36)
will be important in the discussion of §4.1.2. However, we will show in §5.3 how this
assumption can be relaxed on the example of affine g-Toda field theory where such a
condition does not hold. By convention, we set £ = 0 for every z € Z and p > n,.
We refer to the tuple £ as the levels and require them to satisfy the following reality
conditions:

=1 for x € z.UZ, (37a)
Iz _ , —kppx k

0 =w P for x €z, (37b)
6 eR for x € z. (37¢)

In this section we associate a classical dihedral affine Gaudin model to the datum
(g,7, D, mp) where 7 is a homomorphism depending on the tuple of levels £, from
the complexified algebra of formal observables to the complexified algebra of local
observables, both introduced in §4.1 below. We will construct an explicit such homo-
morphism in §4.1.2 under the assumption that the condition (36) is satisfied. In §5.3
we will also give a definition of 7y when (36) fails to hold, on the example of affine
g-Toda field theory.

4.1. Algebra of formal observables. Let S (ﬁg ) denote the symmetric algebra on
92. The Lie bracket on g2 uniquely extends to a Poisson bracket on S(g2), which we
denote

{--}:8(@%) x S(@z) — S(@2)- (38)
Explicitly, we require 1 € S(g2) to lie in the centre of (38) and set {X,9} = [X,9)]
for any X,9) € fjg, then use linearity and the Leibniz rule to uniquely define {f, g}
for every f,g € S(g2).

The commutative Poisson algebra S (ﬁg) is not large enough for our purposes. For
instance it does not contain the quadratic Hamiltonians constructed in §4.5 below. A
suitable completion of it is defined as follows. Recalling the descending Zx-filtration
on g defined in §2.2.2, to every n € Zx>¢ and each finite point = € z\ {co} we associate
the subspace Fp, (T2*g) := F,,g®Cle,] /e Cle,] C T2=g, and for the point at infinity we
define the subspaces Fp, (77°9) = F§ ® £0cClecc) /e7° Cless] C T7°g. This defines a
descending Zxo-filtration on T} g for each = € z. At every = € z, let us also introduce
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a ‘conjugate’ descending Zx>-filtration on J7*g, which we denote as (?n (‘ngﬁ))neho’
defined by the subspaces, F,, (7279) := F,§ @ Cle,] /el Cle,] C Ti*g. For any x € 21,
the action (29) of I' C II on J7*g preserves the respective subspaces F,, (T27g), n € Z>q
so we may consider the T-invariant subspaces (F,(772g))f. We can now define a
descending Z>o-filtration on the complex vector space ﬁ?cj introduced in Proposition
3.10 using the isomorphism (32). Specifically, we let

Fu(@2) = w(@ (Fu@28)" © @ Fu(T:8) © @ (Fu(T229) @anwa»),

TE2¢ T€Z] TE€2Z

for each n € Z>o. Recalling the fact that the subspaces F,g define a descending
Z>o-filtration on g as a complex Lie algebra and that the linear map ¢ from Propo-
sition 3.10 is an isomorphism of complex Lie algebras, we have [Fm(fj?g), Fn(fj?g)] -
Frin(82) for every m,n € Zsq. It follows that (F,,(g%))nez., defines a descending
Z>o-filtration on ﬁg as a complex Lie algebra. In turn, using this we set

Fo(S@2)) = Fu(88)S@@2) Ne(Fu(a2))S(@0), (39)

where ¢ : ﬁ?@ — ﬁg is the anti-linear map introduced in Proposition 3.10. This
defines a descending Z>o-filtration on the commutative algebra S (ﬁg ) by ideals. It
therefore follows that the corresponding completion, which we denote by g(ﬁg) =
@S(ﬁg)/Fn(S(Ag%)) and call the complezified algebra of formal observables, is a
commutative C-algebra. We note that

(Fa@) = w(@ F9) o DD & @D D @anz@))

TEZf TEZ, TEZ

for each n € Z>(, which defines the ‘conjugate’ descending Z>o-filtration on ﬁ% as a
complex Lie algebra.

Although the F,, (5(g2)) are not Poisson ideals of S(g2), the Poisson bracket (38) is
continuous at the origin with respect to the associated topology, where S (Ag% ) x S (Eg)
is given the product topology, since for all m,n € Z>q we have {Fm (S(ﬁg)) ,Fn (S(ﬁg)) } C
Fmin(m,n)(S (ﬁg)) By linearity it follows that the Poisson bracket (38) is uniformly
continuous and hence extends to a Poisson bracket

{-}:5@2) x 5@2) — S(@7)- (40)

on the completion S (ﬁg), which is therefore also a Poisson algebra. We note here that
the completion of the Cartesian product with respect to the product topology is the
Cartesian product of the completions.

We extend the anti-linear automorphism ¢ : g2 — g2 defined in Proposition 3.10
to an anti-linear automorphism of the Poisson algebra S (ﬁg) Since it preserves each
subspace Fp, (S(a2)), n € Zxg of the descending Zx>-filtration on S(gg) introduced in
(39), by construction of the latter, it follows that the map ¢ is continuous with respect
to the associated topology. It therefore extends to an anti-linear automorphism of the



ON INTEGRABLE FIELD THEORIES AS DIHEDRAL AFFINE GAUDIN MODELS 27

completion S (Eg) which we still denote c. Hence we can consider the real subalgebra
S(@%)C of fixed points under ¢ which we refer to as the algebra of formal observables.

In §4.1.1 below we use the levels (35) to define another Poisson algebra S’g(ﬁ?@ ) and
in §4.1.2 we construct a homomorphism of Poisson algebras g : S (82) — Se (82).

4.1.1. Algebra of local observables. Recall the Lie subalgebra g of g from §2.2. Let
3?2 be the real Lie subalgebra of g? defined in the same way as g° in §3.4.1 with g
replacing g. Its complexification g2 = g> ®g C is a subalgebra of g2. In particular,
the Poisson bracket (38) restricts to the symmetric algebra S(g2) on g which is thus
a Poisson subalgebra of S(g2).
Let Jg denote the ideal of S (ﬁg) generated by the elements
K%) — e, Kfjj]) +ity1, K[(f]) — 01, K[( +)1] %9, 1

for every x € z, U 2z, withp=0,...,n, — 1, every y € 2, with ¢ =0,...,n, — 1 and
r,s 4+ 1 =0 modT. Since these elements all lie in the centre of the Poisson bracket
(38), Je is also a Poisson ideal of S(g¥). The quotient Sp(g2) = S(gg)/Je is therefore
a Poisson algebra whose induced Poisson bracket we denote

{1} : Se(@C) x Se(@) — Se(a2)- (41)

Let g2, be the image of the Lie subalgebra g8 C S(gZ) under the quotient map

S(gZ) — Se(g2). By a slight abuse of notation we will denote the image in g¢ , of an

)

element X[(;] € fjg with X € £g by the same symbol.

The descending Zx>o-filtration on the subalgebra ﬁ(c inherited from ﬁg is simply
given by F,,(2) = g2 NF,(8%) = Fn(g2) for each n € Z>0 Let F, (ggi) denote the
bubbpaces of the induced descending Zx>o-filtration on 9((:713' The ideals F, (Sg(ﬁg)) =

Fr (g2 0)5e(@ 2)n (Fn(ﬁae))Sg(ﬁg), for n € Z>g, define a descending Z>o-filtration
on the Poisson algebra Sg(g2). As in the above discussion for S (§2), since the Poisson
bracket (41) is uniformly continuous with respect to the associated topology, it follows
that the corresponding completion Sg Q(C L m Se (g, /F (Sg AD)) the complexified
algebra of local observables, is also a P01sson algebra over C, whose Poisson bracket
we denote

{-}: Se(@2) x Se(82) — Se(2)- (42)
The restriction of ¢ : g2 — g2 to g2 C g2 extends as an anti-linear automorphism
to the Poisson algebra S(g2). Using the reality conditions (37) on the tuple of levels £
and the properties of the isomorphism 1 with regards to complex conjugation ¢ given
in Proposition 3.10, it follows that the ideal Jy is invariant under ¢. Hence ¢ acts on
the quotient Se(g¥). And since it preserves each of the subspaces F,(Se(g2)), it is
continuous with respect to the associated topology and so extends to the completion
Sy (/g\g ). We then define the algebra of local observables of the classical dihedral affine
Gaudin model as the real subalgebra Sp (82)¢ of fixed points.
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4.1.2. Fizing the levels. Let C(n) denote the set of compositions of n if n € Z>( or the
empty set if n € Z.y. By convention the empty composition is the only composition
of 0, i.e. €(0) = {0}. Given a composition ¢ € €(n) for some n € Z>( we denote by

|c| its length and by ¢; # 0, j = 1,...,|¢| its parts so that ¢ + ...+ ¢ = n.
Lemma 4.1. Letn € Z>1 and £, € C, p € Z>( be such that {,_1 # 0 and £, =0 for
all p > n. Consider the system of linear equations for kp, p =0,...,2n — 2 given by
Zp>0 Kptglp+s = 0qs with q,5 =0,...,n — 1. It has the unique solution

le]
kp = kp(lo, ..., lp—1) = Z (=1)le I—W (43)

ceC(p—n+1)

Moreover, if n =1 modT and ¢, =0 for p# 0 modT then k, =0 for p % 0 modT'.

We define a linear map

U ﬁg — Sg(/g\g) (443,)
as follows. For any x € z. Uz, and r =0,...,n, — 1 we let
(:p a(x)
¢(Dy, Z > mprarly i)
pq>0 neL
K(I) il a(:v) I a(x) 44b
me( [r})' Wopds W(n[r]) n,[r]’ (44b)

rn
the assumption (36) is used here for satisfying the conditions of the lemma. For any

Y € Z¢ andrzO,...,ny—lwelet

me(Dy)) = —3 Z Zﬁpﬂ ra,—n,[p] ([q%’

where Ky = kp(lg, -5 by 1) forp=0,...,2n, —2is given by Lemma 4.1. Note that

p q>0nez
Wg(KEf])) =i, (1) =10, (44c)
where kp = k(€0 ... ,Ezyfl) for p = 0,...,2n, — 2 is given again by Lemma 4.1.
In particular, it follows from the reality conditions (37a) and the definition (43) that
/T% = /4;;": for any z € z.UZ.. At the origin, for any r =0,...,n90—1 withr =0 mod T
and any s =0,...,n9 — 1 we let
(0) a(0)
D)) Z > fprarla il
p q>0neZ
0 . 0 0
m(Kfo) =i°1, m (Ij:f[s])) — Ifjf[s]), (44d)
where mg = rip(L9, ... ,620_1) for p = 0,...,2n9 — 2 is determined by Lemma 4.1.

Here we used again the assumption that 620_1 # 0 from (36). We note that ng =0
whenever p Z 0 mod T, using the last part of Lemma 4.1, so that the double sum
over p,q > 0 restricts to p and ¢ satisfying p + ¢ = 0 mod T and hence the implicit
summation over the repeated index a = 1,...,dim g, c = dim g(4) ¢ in (44d) makes
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sense. Finally, at infinity we set, for r = 0,..., N — 2 with r +1 = 0 mod T and any
§=0,...,N00 — 2,
(c0) a(o0)
e [r+1] Z D R r41do Zn o1 o fg41)
1,q>0neZ
(K =iesy1,  mp(100))) = 100 (44¢)

e\ N 41 Wrt1 e\Ly 1s+1)) = Lns+1]p

where r75 1 = rip1(0,£9°,..., €50 ) foreachp =0, ..., 2noc—4. Note that r,41(4, €7, . ..

does not depend on £ whenever p < 2n,, — 4, as can be seen directly from the explicit
formula (43). Now from Lemma 4.1 we have xp5, .1 = Ounlessp+qg—r+1=
0 modT, or in other words p + ¢ + 2 = 0 mod7T, so that the implicit sum over
a=1,...,dimg, 1)c =dimg_,_1)c in (44e) makes sense.

Ezample 4.2. Let D = Y p1 ngx € Divs1(2z). If # € 2\ {0, 00} is such that n, = 1

then .
(@) _ (z) a(z)
me(Dyy) = 50 > o njoTnjol- (45)
neL

This coincides with the standard expression for the classical Segal-Sugawara operator
Ly in terms of the Kac-Moody algebra generators I ([0% If z € z\ {0, 00} is such that
n; = 2 then instead we have

(@)y _ * (@) ja() Mo
W(D[O]) = Ezja,fn,[()] 1 2 a n[l 1]v
nez
. (46)
D@) i (@) a(z)
me(Dpyy) = ggxzfa,—n,mfn,w

nEZ

Expression (46) is the classical analogue of the generalised Segal-Sugawara operator
L constructed using the generators I ([ % and [ ([1% of the generalised Takiff algebra

for g, whose quantum counterpart can be found in |3, Theorem 1]. N

Recall the definition of the anti-linear automorphisms ¢ of g2 and Sy (§2) defined
in Proposition 3.10 and §4.1.1 respectively. The proof of the next proposition is a
lengthy but straightforward case by case check from the definition of the map (44),
so we omit it.

Proposition 4.3. The map (44) is a homomorphism of Lie algebras which commutes
with c.

We extend the map (44) to a homomorphism 7, : S(g7) — gg(ﬁg) of commutative
algebras. It follows from Proposition 4.3 that the latter is in fact a homomorphism of
Poisson algebras. For each n € Zxo, the image of F,(S(8Z)), defined in (39), under

this homomorphism lies in F,, (S’g (82)) = ker (Sg(ﬁg) — Se(88)/Fn(Se(a?))) so that
it extends by continuity to a homomorphism

e S(EE) — Se(@2). (47)
4.2. Fields.

EOO

Y "Moo —1

)
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4.2.1. Formal fields. Let § denote the completion of the tensor product of complex
vector spaces g ® 5?8 with respect to the descending Zx(-filtration given by

Fo(@®82) = Fug ® c(Fag2) + Fag @ Fu(32) (48)

for all n € Z>g. We refer to the first tensor factor in § as the auxiliary factor and the
second tensor factor as the opemtor factor.

We gather the basis (34) of g2 together into a finite collection of elements of §,
which we will call the formal ﬁelds of the dihedral affine Gaudin model, defined as

L=Leln”, AL =rhEeIN),  for z€z (49a)
Ay = ak_p®l[(p]), for zezF keZr, (49Db)
where in each case p =0,...,n, — 1, and
(0) ) (o)
.A[p] = I( —p, a) &® I[p] N [q+1} = I(q+1 Ct) & I[q+1] (49C)

with p=0,...,n9 — 1 and ¢ =0,...,n, — 2. Note in particular that for each x € %
we have Afp} = 0 whenever p > ny. In order to see that the formal field (49b) indeed
defines an element of § it is enough to note that by a C-linear change of basis, recalling

a(z)
()
of the notation introduced in (33b). Similar considerations apply to the formal fields

(49¢) at 0 and oo.

We equip ﬁ% = g? ®rC with an action of IT by letting s act trivially and letting t act
by complex conjugation on the second tensor factor, cf. Proposition 3.10. Combining
this with the action (10) of II on g we obtain an action on the tensor product § ® g2,
cf. (11). Now each subspace F,(g ® g%) given by (48) is preserved by this action of
II. In other words, II acts on g ® Eg by continuous (anti-)linear maps. We extend
this by continuity to an action of II on §, which we denote by

the definition (13), we may rewrite it equivalently as AE)] = I; ® I\ making use

r: Il — Autg, O T (50)

In order to reflect the fact that the original action of II on g, as given in (10), was
defined in terms of the pair of automorphisms o,7 € Autg, we will sometimes also
write rs and 7 simply as ¢ and T, respectively

~ A~ A~
~ A~ A~

notation of §A2 wehavea=b=7, c= g(c and 2 = C (hence we do not include the
superfluous tensor factor in ). Note that although the elements in the third tensor
factor all belong to the Lie algebra fjg c S (Ag'?CD), we prefer to use the Poisson bracket
notation (40) for their Lie bracket to emphasise that they ought be regarded as ‘linear’
functions in the complexified algebra of formal observables S (ﬁg ). Moreover, in order
to conform to the standard notation, cf. Corollary 4.5 below, we shall also drop the
tensor index ; corresponding to the operator factor, in the terminology introduced in

T

§4.2.1. For instance, instead of A[p] we shall simply write A[p} L



ON INTEGRABLE FIELD THEORIES AS DIHEDRAL AFFINE GAUDIN MODELS 31

Proposition 4.4. The collection of non-zero Poisson brackets between the elements
of § defined in (49) reads

{‘A[p v q]z} - = [Cllu‘A[xp+q]Z:|7 (51&)
for each x € Z' with p,q=0,...,n, — 1, and

{‘A?p]N‘A([)q]z} == [C§Z)7A[p+q]z] {'A([)T?+1]17A[OSO+1]Z} == [51(2_T_1)7 [oro+s+2}z]’
(51b)
forp,gq=0,....ng—1andr,s =0,..., N — 2.

Proof. From its definition in Proposition 3.10, ﬁ% is a direct sum of complexified Lie
algebras g"=* ®g C attached to each point x € z. It follows from the definition of the
formal fields (49) and using Proposition 3.10 that {A[p] » [ 2 ,} =0 for any distinct x

and y in Z. To show (51a) for z € z., note that for such z we have

I ®I ®|:I (a:)j]’(x):| _I~®[ ®[Ia Ib]() —I; ®[Ia7]b]®j[() (52)

[p] ] [p+ql p+q)’

using first the fact that X ® b — XEZ]) is a homomorphism of complex Lie algebras,
since it is a composition of the isomorphism (33a) with the natural embedding 7= g —
Trag @ Theyg, followed by Lemma 2.3.

The relation (51a) for x € z. simply follows from applying the anti-linear involution
T ® T ® c to the equality (51a) for & € z. and noting that 7[; ® 71 = C.,, by the
T-invariance (12) of the bilinear form on g.

In order to prove (51a) holds for z € 2/, recall that the formal field at such a point

can be rewritten as ‘AE? =L®I L;(x) . The result then follows by the same calculation
as above in (52), using the fact that (33b) is a homomorphism of complex Lie algebras
followed by Lemma 2.3.

The first relation in (51b) for the formal fields at the origin follow from a similar
calculation, namely

[1® 1(2.8))©)

&(0) A0 _
Iy ® 1,5 ® [T I ] = I—pay @1 [p--al

]+ 11q (—0.5) ®

= I pa @ [PV, olQ

(—p—qﬁ)] [p+Q]

where in the first step we used the fact that (33c) with z = 0 is a homomorphism of
complex Lie algebras and in the last line we used the second part of Lemma 2.3. The
proof of the second relation in (51b) is analogous. O

4.2.2. Classical fields. Recall the homomorphisms of Lie algebras g and mg introduced
in §2.2.3 and §4.1, respectively. Consider their tensor product, namely the linear map
0@ : g ®gP — Conng(S) ® Sp(gP). Given the descending Zso-filtration on its
domain with the subspaces (48), we endow its codomain with the image descending
Z>o-filtration whose subspaces are defined by (o ® mp) (Fn (ﬁ@ﬁ%)) for each n € Z>y.
Let Conng(S') & Sy (/g\g ) denote the corresponding completion. By construction, the
map p®7rp is then continuous at the origin and hence uniformly continuous by linearity
so that it extends to the respective completions ¢ ® mp : § — Conng(S*) ® Sg(ﬁ%)
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To describe the image of the formal fields defined in (49) under the homomor-
phism o ® g, it is convement to introduce the followmg elements of the inverse limit
3(51)®§g’£ = Lgn(? ®9(C£)/F ( ®g(c£) where Fn(ﬂ(Sl) ®/g\8z) =
Fo(7(SY)) ® c(Fn(ﬁge)) + Fo(Z7(Sh)) ® (g(cx) for all n € Z>¢. To every point

x € z.Uz. and y € Z. we associate the classical fields A‘[ll;}x = ez f-n ® n(g

and AT = Y, 5 €0 ® IZ%, labelled by a = 1,...,dimg, p = 0,...,n; — 1 and

g = 0,...,ny, — 1. Here we use the notation from §3.4.2. Likewise, to the ori-
gin and the point at infinity we associate the classical fields Af‘p’}o =Y ez €-n ®
Ijj(m’ and AP = Y, e 0 ® Iﬁﬁ‘;‘ju, labelled by a = Jdimg,yc, B =
L...,dimg4-nc,p=0,....ng —land ¢ = 0,...,nc — 2 We then gather all

these classical fields at each point in Z into g-valued classical fields, belonging to
7(S',9) ®a¢?’z =g ®.7(5") ©Fg, and defined by

. a,r 0 . a,0 o a,00
AE?] = A[p] 5 A[q} = I(_q7 ) A[q] 5 F’/‘o'f‘l] — I(T’-‘rl,a) ® A[T-‘rl}’ (53)
forallz € Z',p=0,....,n, —1,¢=0,...,ng—1land r = 0,...,n4 — 2. We may
now describe the image of the formal fields (49) under p ® 7 as g-valued connections
on S! with components given by the g-valued classical fields in (53), namely

(Q®7T£).A[ ] = Exa‘i‘A[p], (Q@W[).A?q] = £28+A([)q], (Q®7T£)‘Af7“o+1] = gﬁla—i_A([iikl]’
(54)

where we suppressed the tensor product with 1 € Sg(ﬁg ) in the derivative terms.
We recall here that I, is by definition a basis of the real form gg, cf. §2.1.1, so that
71, = 1,.

Recall the Dirac J-distribution 599/ introduced in §2.2.3. In what follows we shall
also need its derivative &' ==Y €l ®e_p =3 yine, ® e, € T(S') @ T (SY),
with the property that for any § € S, §(6,-) is a distribution on S' sending a test
function f € 7(S') to f'(#). We use the shorthand notation &j,, for §(6,6).

Corollary 4.5. The non-trivial Poisson brackets between the g-valued classical fields
(53) read

{A[xp]l(e)7 A@]z(el)} = - [Clla A[acp+q]z(0)] 599’ - Eg+q0125/99/,

for each x € Z' with p,q=0,...,n; — 1, and

{AO q]l } = [ 12 7A[p+q]2(0)]599/ - £g+qc£§)5é9/,
{A 'r+1]1 [S+1]2 9/ } — 7|: ) ([):+5+2]l( )]509/ - 623_84_201(;7"71)5&0/,

forp,gq=0,....,ng—1andr,s =0,...,n — 2.

Proof. This follows from applying the tensor product of Lie algebra homomorphisms
0 ® o ® mp to the identities in Proposition 4.4, and using (54) together with (17) and
the analogous relation for CV). We also make use of the fact that 9y dgg = —0pg- O
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4.3. Canonical element. Recall the dual pair (Q(g), 3>, (-,-)) of Proposition 3.8.
Given the dual bases {I} of g2 and {I4} of QI(g) introduced in (30) and (31)
respectively, we can consider the corresponding canonical element I, ® I living in
a suitable completion of the tensor product Q(g) ®g g2 over R defined below. It
can be naturally rewritten as a linear combination of formal fields from §4.2.1 with
coefficients given by meromorphic differentials on P'. This expression, in Proposition
4.6, will be related to the (formal) Lax matrix of the dihedral affine Gaudin model.
By regarding g ®r g~ as a complex vector space with scalar multiplication acting
in the first tensor factor, we get an isomorphism of complex vector spaces g Qg g> =
g fj@ In turn, taking the tensor product with Qp induces a linear isomorphism

¢: (@) ®r §° — Qo (3@ 82, (55)

where we made use of the notation (27). Given any X € g, @ € Qpp and % € g°, the
linear map in (55) is given explicitly by ((X@w®@r#) = X® (¥ ®r 1) ®w, where here
we denote the tensor products over R explicitly by a subscript. Recalling the action
of IT on the subspace Qqp(g) C Qi (g) defined by (24), we extend it to an action on
Qo (g) ®r g2 by letting it act trivially on the second tensor factor. The map (55)
can then be made Il-equivariant if we define the action of IT on Qpp (ﬁ@ﬁg ) through
the homomorphism IT — Aut Qpp (g ® g2), @ — @& given explicitly by &(X ® w) =
roX ®a.w for any a € 11, X € g® g2 and @ € Qup, where the action of Il on §® g2,
denoted here o — 7, was defined in §4.2.1.

The linear isomorphism (55) becomes continuous if we equip its codomain with the
descending Zso-filtration given by the subspaces Qpp(Fp(§ ® g2)), cf. (48), and its
domain with the induced descending Z>o-filtration whose subspaces are

Fo(Qm0(8) @ §7) = (! (Qmo(Fa(@© 82))), (56)

for n € Z>o. Let Qnp(g) ®r 3?2 be the completion of the tensor product Qo (9) Or g”
with respect to (56). We note that the action of II on Qup(g) ®r g preserves the
subspaces (56) and therefore extends to the completion Qo (g) ®r g2. We obtain a
II-equivariant linear isomorphism

¢ Qrp(8) Grg” — Qo (). (57)

Here we have used the fact that the completion of the codomain of the isomorphism
(55) with respect to the descending Zso-filtration with subspaces Qpp(F,(g ® g2))
is Qmp(F), where we use again the notation (27). Note that the action of IT on the
latter is given by the homomorphism IT < Aut Qp(F), o — & defined explicitly by
X @w) =r, X @ aw for any a € I, X € §F and w € Qyp, where the action of 11
on § is given in (50).
Now the II-invariant subspace (Qp(g )®R g2)I of the completion Qg (N) Or g>

coincides with the completion QI (g) @g g” of the tensor product QI(g) ®@r g¥ with
respect to the descending Zx>(-filtration defined by the subspaces F,, (QH( )RR G )

(o (Fr(a ® ﬁg)))n) If we define the subspace of Il-invariants Q5(F) =
Qo (F)Y, then the restriction of (57) to the subspace QL (g) ©r g7 yields a linear
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isomorphism with Q% (%) which we denote by the same symbol, namely

¢ QB rT” — (F). (58)
Proposition 4.6. The canonical element ® = [4&I4 of the dual pair (QX(g), a7, (-, ),
where the tensor product is over R and the infinite sum over the repeated multi-index

A is implicit, defines an element of the completion Q% (g) ®r g®. Its image under the
linear isomorphism (58) reads

-1

((®) = 1 gk ZZ pHdz + Y AQ Pz =Y AR 2%z (59)

k:0 xeZ’ p>0 p=>0 q=0

Proof. The proof of both statements, namely that ® lives in Q%(E) ®rg? and that
its image under (58) is of the form (59), rely on very similar computations. Since
our main focus is to prove (59), we choose to begin by proving the second statement
assuming that the infinite sum over A in ® makes sense and then comment on the
proof of the first. We work separately on the dual basis elements of g and QI (g)
associated with points in z., 2z and z.

Consider first basis elements associated with a complex point € z.. We may write
the elements (31a) from the basis (31) of Q% (g) as

1 R I;dz 1 = w kb Idz 1 = ke krIzdz
—_— [0 —_— = —_— —_—_—m —_—
2T Z (z — z)ptl 2T Z (wkz — p“ 2T (wkz — 2P
acll k=0 k=0

1 . —ilzdz 1 iw kb dz 1

- o - - @ _ - 0= -

2T Z (z — z)ptl 2T (wkz —x) p“ 2T ¢
a€ll k=0

T—-1 _
iwk kTI~dz

Z—$p+1

M

Taking their tensor product over R with the corresponding dual basis elements of g»
given in (30a) we obtain

T-1 —k kT T-1 —k k -~
1 Z w o zdz 1 Z w Tlzdz @ (I @ &)
2T (w2 —2) p“ 2T (wFz — z)pHt
k=0 k:0
-1 . _k L T-1 —k k
1 w FoI;dz 1 w TI;dz ~
= Y fare oy L 7 Trare 1% @ eP), 60
* ( 2T kzo (w=kz — )P+l + 2T kzo (wkz — ;p)p—s-l) ® (i ®ep),  (60)
where the tensor product between the expressions in brackets is over R and as usual

the summation over repeated Lie algebra indices a is implicit. Applying the linear
map (58) to the latter we may rewrite it as

1 wkokLdz Jite 1 = wkohrLdz (@)
T2 e apt Ol T 2 e ©
k=0 0
T-1
1 & A + [p] dz
k—() Z — x p+1 (Z — j;)P-f—l :

To show that the infinite sum in (60) indeed defines an element of the completion
Qg (g) ®r g7, consider the same expression but where instead of summing over the
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index @ we replace the dual basis elements I; and I% respectively by I, and I
for some fixed n € Z. Then by applying the linear map in (55) to this we obtain an
element of (QHD(F|n|( ® g(c)))n. We therefore deduce that the original element of
Q% (3) or g? we started with lives in Fin| (Q% (9) ®r 59), by definition of the latter.
In particular, it follows that the infinite sum in (60) defines an element of the inverse
limit Q% (g) ©r g7

Next, for a non-fixed real point = € z¥, the elements (31b) from the basis (31) of
Q% (g) read

1 Z A Lak,—pdz ) 1 Tz:l w*kakla;h_pdz
T £ (z—x)ptl) T (wkz — g)ptl”
acl k=0

Their tensor product with the elements I}} a »® P from the dual basis of g° can then

be rewritten, after formally applying the hnear map (58) and recalling the notation
(34b), as

T-1 _k k1. T-1 Az
1 Ia' _d alz 1 R
75 wia 7k7pz®]():f§sk B
T (whz — z)ptl kel T (z — z)Ptl

k=0 k=0

The same argument as above applies to show that the terms in ® corresponding to a
non-fixed real point « € z* belong to the right completion. Specifically, we consider
the tensor product

T-1 _
1 w kO'kI;i;k’_de

T (wkz — x)ptl
k=0

® (I}, ® )

over R, where there is no implicit sum over a but instead Ig,p is a particular basis
element from (13a) and Iy _, is its dual basis element from (13b). Applying the
linear map (55) yields an element of (Qp(Fn(g ® EC)))H for some n € Z>g, from
which it follows that the above belongs to F,, (Q(g) ®r §7) as required.

Finally, the tensor product over R of the basis elements (31c) of QH(g) with the
basis elements (30c) of g° gives the last two terms in (59) after formally applying
the linear map (58). The proof that we have in this case as well an element of the
completion QH(g) @g g? is as above. O

4.4. Classical
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4.4.1. Lax matriz algebra. We define the formal Laz matriz L € § ® R, by writing
¢(®) = L(z)dz. Explicitly, from the expression (59) for {(®) we obtain

1 T-1 wfko,k‘A[mp}
MOEEDY ZZWJFZA&]Z LS AR (62)
k=0 zcZ’ p>0 p=>0 q>0
Since ® € QII(g) ®g g© by Proposition 4.6, its image ((®) € Q% (F) under the isomor-
phism (58) is Il-invariant by construction. Recalling the action of II on Qup(F)
in §4.3, it follows that the formal Lax matrix is Il-equivariant in the sense that
0l(z) = wl(wz) and 7L(2) = L(Z2).

In the following proposition we make use of the tensor index notation from §A.2
with a = b =, ¢ = g2 and where 2 is the algebra of rational functions on C2, with
coordinates z, z’. Moreover, as in Proposition 4.4 we drop the index ; for the operator
factor and use the Poisson bracket (40) to denote its Lie bracket.

Proposition 4.7. The bracket of the formal Lax matrix takes the form

{£.(2). £2(z)} = [
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where 2 denotes here the algebra of rational functions on C2, with coordinates z, 2’.
Applying to it the linear map o ® ¢ ® id we obtain, cf. (17),

((o® o ®id)
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We extend (68) in the obvious way to a bilinear map (-]-) : § ® Rpx X § ® Ry, —
S(ﬁg) ® Rpz, by sending the pair (X ® f,Y ® g) for any X,Y € §F and f,g € Ry, to
(XY) @ fg.

Recall the formal Lax matrix £ € § ® R, from §4.4.1. The following proposition
is to be compared with [88, Proposition 2.5] corresponding to the case of a quantum
cyclotomic Gaudin model associated with a semisimple Lie algebra g.

Proposition 4.9. We have

- k= 1)3-(96
Heele) - D ST S et T o
€z/ p=>0 p>0 q>0
p=1modT q+2= OmodT

where the formal quadratic Gaudin Hamiltonians in S (ﬁg ) are given by

_Tzl T oy (1 (_1)s”£q(ﬂfp+s1\"éﬂ?q1)
- s (.I _ wfy)querl

£=0 ye2Z'u{0} ¢,5>0

(€y)#(0,)
p—1
- Z ( )xq *(Af e MAR) +%Z falAf-g-1)- (69a)
q,5>0 q=0

forallz € Z andp=0,...,2n, — 1,

q+s (A?p+sﬂﬂﬁ) =
2 S e (1) T - Y (A ) + X D).
q=0

:EGZ' 4,520 q>0
(69b)

forp=20,...,2n9 — 1 such that p=1modT, and

q
-2 > < ) (AL AR ra) = D (AD AR ) + D 3 (AR AR )
p=0

z€’ p,s>0 p>0
(69c¢)

forallq=0,...,2no — 4 such that ¢4+ 2 =0modT.
4.5.1. Lax equations.

Proposition 4.10. The formal quadratic Gaudin Hamiltonians from Proposition 4.9
Poisson commute, i.e. {fH}’;, HYY =0, for any pair of points x,y € Z and p,q € Z>o.
Moreover, we have the Lax equations {30}, L(2)} = [M5(2),L(2)] for every x € %,
where

Z‘Am

Z Z wtz lp—;-ss—‘rl’ Mg(z) = Z‘A([)q—i-s]z_s_l’ M;xa(z) = Z-A([):+s+2]z8

/=0 s>0 s>0 s>0

forallz € Z' and forp=10,...,2n, —1,¢=0,....2ng— 1 andr =0,...,2n, — 4
with ¢ = 1modT and r+2=0modT.
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We define the local quadratic Gaudin Hamiltonians in gg(/g\g) as Hy = mp(37) and
H = mp(3HZ°) for all z € Z\ {oo} withp =0,...,2n, —1land ¢ =0,...,2n — 4.

Following the discussion in §4.4.2, we apply the linear map o®mp®id to the element
M;" € § ® Ry, from Proposition 4.10. It follows from the assumption (36) made at
the start of this section and the explicit form of Mj in Proposition 4.10 that the result
takes the form, cf. (64),

(0® e ®Id)ME(2) = ¢3(2) (0 + A} (2)) € Conng(S") ®ﬁag ® Rz,

where ¢7(z) € R, is not identically zero provided p < n, — 1 when z € Z \ {co}
and p < no, — 3 for the point at infinity. Here o (2).#%(z) € 7 (S, g) ®fg\8e ® Rz
is a linear combination of the g-valued classical fields (53) with coefficients given by
rational functions in z with poles in IIz. In §5.3.3 below we will consider also the case
where the assumption (36) fails in the context of affine Toda field theory.

Corollary 4.11. The local quadratic Gaudin Hamiltonians Poisson commute. More-
over, we have zero curvature equations { Hy , £(2)} = 0N, (2)+[ZL(2), A,7(2)], where
() = () (L) — M=),

4.5.2. Hamiltonian and momentum. In all the examples of integrable field theories
discussed in §5 below, the Hamiltonian of the model will be related to a specific linear
combination of the formal quadratic Gaudin Hamiltonians introduced in Proposition
4.9. Recall that the latter are associated with the set I1z of poles of the twist function
and appear as coefficients in the partial fraction decomposition of 1 (£(z) |L(z)) The
Hamiltonian of a specific model will instead be naturally associated with zeroes of the
twist function. Specifically, to each zero x € P! of the twist function, 4.e. such that
o(x) = 0, we associate a formal quadratic Hamiltonian

Hy = res, 1 (L(2)]£(2))p(z) " de. (70)

It is given by a linear combination of the formal quadratic Gaudin Hamiltonians from
Proposition 4.9. We can then associate with (70) a local Hamiltonian by applying to
it the homomorphism 7y from §4.1.2, namely H, = mp(H,) € Se(gR).

We shall also need the local momentum of the integrable field theory, which is
an element P € gg(ﬁ?@) whose Poisson bracket with any classical field, cf. §4.2.2,
is equal to its derivative, i.e. {P, A%} = OAEJ] and {P, A‘[’;H]} = 8Aﬁq°+1] for all
x € %\ {oo} with p=0,...,n, —1 and ¢ = 0,...,n, — 2. For every example of
dihedral affine Gaudin model considered in §5 we always have ny, < 2, cf. §3.4. If
Neo = 1 then there is no classical field attached to infinity, as will be the case in §5.2.
When no, = 2 the only g-valued classical field at infinity is Afﬁ which turns out to be
a Casimir of the Poisson bracket (42), see Corollary 4.5. By a suitable modification of
the homomorphism mp from §4.1.2 we will set this Casimir to a constant in both §5.1
and §5.3. In each of these cases the local momentum can be defined as P = mp(P)
with the formal momentum given by

— (@) (7)
Pi=—i Y Dy +iy Dy (71)

.’I?GZ\{OO} TEZc
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By inspection, cf. also the proof of Proposition 4.13 in §4.5.3 below, we see it Poisson
commutes with the formal quadratic Gaudin Hamiltonians defined in Proposition 4.9,
i.e. we have {P,H(7} =0 for all z € Z and p > 0.

4.5.3. Constraints and Hamiltonian reduction. The integrable field theories discussed
in §5.2 below all possess Hamiltonian constraints. To account for such constraints, in
this section we introduce a set of first class constraints in the dihedral affine Gaudin
model and describe the associated Hamiltonian reduction of the complexified Poisson
algebra of formal observables S (ﬁg ). The reduction remains non-trivial when passing
to the complexified Poisson algebra of local observables Sy (’g%) provided the tuple of
levels £ satisfies an extra condition.

We introduce the formal constraint € := resos () = 3, co (00} T(0) Ag €5
where the second equality follows from the explicit form of the formal Lax matrix in
(62). This can be rewritten explicitly as

C=D®iK+K@iP+> Iga)_n®C (72)
nez
where P is the formal momentum given by (71), we introduced K := —i erz\{oo} K%)—i-
iZmezc K[((:)Yi) and the modes eg = Zmez\{oo} (17(10’04))[(86]) + erzc (I(_O,;a))[(g_]) with o« =

1,...,dimgg) c and n € Z of the formal constraint €. Note that X lies in the
Poisson centre of S(g2) and that C¢ € F,(g) and €%, € ¢(Fr(a®)) for all a =
1,...,dimgq)c and n € Z>o, recalling the definition of the pair of conjugate de-
scending Z>o-filtrations on g2 introduced in §4.1.

Let Je denote the ideal of the commutative algebra S (ﬁ%) generated by K and Cf
for all @ = 1,...,dimg(g) c and every n € Z. Let Je = lim Je/(Je N Fr(S(82))) be
the corresponding ideal of the completion S (ﬁg ). We would like to set K and every
€y for a =1,...,dimg)c and n € Z to zero. In other words, we want to impose
the set of constraints

X ~ 0, Cor~0 (73)
for a =1,...,dimg(g)c and n € Z. However, simply working in the quotient algebra

S (?jg ) / Je is not enough since the latter is not a Poisson algebra. Indeed, although Je
is an ideal of S(g2) it is not a Poisson ideal, i.e. we do not have {S(g2), Je} C Je.

Proposition 4.12. The ideal Jo C S’(Eg) is a Poisson subalgebra, i.e. {Je,Jo} C Je.
In other words, the set of constraints in (73) is first class.

Consider the normaliser of Je in S(g2) defined by N (Je) = {2 € S@E2) {2, Je} C
je}. This is the subalgebra of first class elements in S (ﬁ%) By Proposition 4.12 we
have that Je is contained in N(Jg), but then by definition of N(Je) it is in fact a
Poisson ideal. The subquotient S (82)red = N (Je) / Je is therefore a Poisson alge-

bra, called the Hamiltonian reduction of S(fj%) with respect to the set of first class
constraints given in (73). It consists of equivalence classes of first class observables
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in S (fj?g ), where two such observables are considered equivalent if they differ by an
element of Je, i.e. a term proportional to the constraints.

Proposition 4.13. Let noo = 1 in the notation of §3.4. Then the formal momentum
P and the collection of formal quadratic Gaudin Hamiltonians 3 for every x € Z and

p >0 all belong to N (Je). Hence they descend to the Hamiltonian reduction S’(Eg)red.

The set of elements K and €, a = 1,...,dimg(g) c, n € Z is seen to be invariant
under the anti-linear automorphism c : fjg — ﬁg using Proposition 3.10. Specifically,
c(X) =K and ¢(C) = €2, foralla=1,...,dimg(g) c and n € Z. It follows that the
ideal Jg is stable under the action of the extension of the anti-linear automorphism
¢ to the completion g(fj%) defined in §4.1. In particular, its normaliser N(Je) is also
stable since the anti-linear map c is an automorphism of the Poisson algebra S ('gv?g ).
We may therefore consider the real subalgebra S (ﬁ?g )S.q of fixed points under ¢ in the
Hamiltonian reduction S (ﬁg )red-

Since the linear map 7 in (47) is a homomorphism of Poisson algebras, it sends
the ideal and Poisson subalgebra Je of S (Eg) from Proposition 4.12 to an ideal and
Poisson subalgebra m(Je) of S (82). Let us describe the latter more explicitly.

Recall from §4.1.1 that, given any element Xg) € g2 with z € 2\ {0}, X € Lg
and p=0,...,n,; — 1, we denote its image in ﬁaz by the same symbol. In particular,
we will also keep the same notation for the image in ﬁg ¢ of the modes €} of the
formal constraint, so that m¢(C%) = €% for every a = 1,7. ..,dim g c and n € Z,
cf. the definition (44). On the other hand, the central element X is sent to m¢(XK) =
(erz\{m} 5)1 € Se(gR). In other words, m(Je) is a proper ideal of Sp(g2) if and
only if the tuple of levels £ satisfies the condition

rese p(2)dz = Z 5 =0. (74)
zeZ\{oo}
In the remainder of this section we will assume this condition to hold. Then applying
the homomorphism ¢ ® mg to the formal constraint (72) we obtain the gg)-valued
classical field (0 @ mg)€ =3, 7 (L(0.a) @ €—pn) ® CX in T (51, g) ®§£e, where we note
that the derivative term disappeared by virtue of the conditions (74).

Since the linear map 7 in (47) is a homomorphism of Poisson algebras it maps ele-
ments of N(Jg) into the normaliser of my(.Je) in S’g(ﬁg), namely N(ﬂ'g(j@)) ={Z ¢
Se(@R) {2, me(Je)} C ﬂ'g(j@)}. In other words, by restricting (47) to the normaliser
N(Je) € S (g2) we obtain a homomorphism of Poisson algebras mp : N (Jeo) —
N (ﬂ'g(je)), which sends the subalgebra of first class formal observables in S (82) to
the subalgebra of first class local observables in Sp (ﬁ% ).

As in the formal setting, the ideal mg(Je) of Sp (g2) is contained in N(m(j@)), and

by definition of the latter it follows that ﬂ‘g(j@) is in fact a Poisson ideal of N (m(je)).
The corresponding subquotient

Se(@2)rea = N (me(Je)) /me(Je)



42 BENOIT VICEDO

is therefore a Poisson algebra. It is the Hamiltonian reduction of S (ﬁg) with respect
to the set of first class constraints €} ~ 0 for a = 1,...,dimg(g)c and n € Z, i.e.
(0 ® mp)C = 0. Finally, the c-equivariance of g, cf. Proposition 4.3, ensures that the
ideal 7¢(Je) of Sp(g2) and its normaliser N (Wg(j@)) are both stable under the action

of ¢ so that we can consider the real subalgebra S’g(’g\%)fed of fixed points under ¢ in
Sf(ag)red-
5. EXAMPLES OF NON-ULTRALOCAL FIELD THEORIES

In this section we explicitly show how all the classical integrable field theories listed
in Table 1 of the introduction can be formulated as dihedral affine Gaudin models.

In the case of the principal chiral model and its various multi-parameter integrable
deformations, discussed in §5.1, the affine Gaudin model formulation exactly matches
the conventional description of these models for an arbitrary real finite-dimensional
Lie group. We relate the standard notation for the Lie algebra valued fields and Lax
matrix of these models to the notation introduced in §4.2.2 and §4.4.2, respectively,
in the context of a general classical dihedral affine Gaudin model.

In §5.2 we turn to the description of Zp-graded coset o-models and their integrable
deformations. Here as well, the affine Gaudin model formulation of these models
exactly matches the standard one. More precisely, for the symmetric space o-model,
corresponding to the case T' = 2, two different formulations exist in the literature. We
show that only one of these formulations admits an affine Gaudin model description
and argue, at the end of §5.2.1, that the other one does not. The bi-Yang-Baxter
o-model is also formulated as an affine Gaudin model in §5.2.3. More precisely, we
match its description as a two-parameter deformation of a symmetric space o-model
established in [14]| within the Hamiltonian formalism. Its more standard description
as a deformation of the principal chiral model, originally given in [58], was only shown
to be integrable within the Lagrangian formalism [59]. This alternative formulation
therefore does not lend itself to an affine Gaudin model interpretation.

We give a general treatment of affine Toda field theory in §5.3. Whereas the Lie
algebra homomorphism 7y constructed in §4.1.2 could be used in all previous examples,
here this is no longer possible because the basic assumption (36) on the levels does
not hold in the present case. We thus introduce an alternative homomorphism 7,
which can be seen as realising the formal fields of the affine Gaudin model in terms
of classical Toda fields. In the case of affine Toda field theories there is another
substantial difference to the previous cases. The standard formulation of affine Toda
field theory is ultralocal, whereas the affine Gaudin model formulation is inherently
non-ultralocal, cf. Corollary 4.8. We show that the Lax matrices in both formulations
are related by a gauge transformation. We illustrate the general discussion of affine
Toda field theories in detail on the example of the sinh-Gordon model, corresponding
to the sly case, in §5.3.4.

5.1. Principal chiral model and deformations. Throughout this subsection we
set T =1 so that II = Dy = (t|t? = 1) =~ Zy. In particular, the automorphism o of g
is the identity. We pick and fix an anti-linear automorphism 7 € Aut_ g and denote
by go the corresponding real form.
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5.1.1. Principal chiral model. Consider the divisor
D=2-042" . (75)

In the notation of §4 we have Z = {0,00} and Z' = 0. There are three formal
fields ‘A?o]v A?l] and A‘[’f]. Since 0 and oo are both real points and we are in the non-

cyclotomic setting, these fields are defined by (49b). In terms of them, the formal Lax

matrix is given by £(z) = .A?l]z_Q + A([)O}z_l — AR, cf. Proposition 4.6.

We fix the levels £) = 0, £ = 1 and ¢° = 1. Consider the go-valued classical fields
o

Jp = A[(jv] for p = 0, 1 associated with the origin and £ = A[l} associated with infinity,
defined by (54). By Corollary 4.5 these satisfy the Poisson brackets

{301(0), j0:(0") } = —[Ch2, jo2(8)] bger, (76a)
{jOl(e)ajlz(el)} = - [0127].12(0)}599’ - 0125/99/7 (76b)
{512(0),41.(6") } =0, (76c)

and {&,(0),£,(0")} = 0, with all other brackets being zero. In particular, the go-valued
classical field £ is a Casimir of the Poisson bracket. We therefore choose to set it to
zero from now on. This is formally achieved by altering slightly the definition of the
homomorphism 7 in (44). Specifically, we replace the definitions (44e) of 7y on the
elements of g"~> @g C attached to infinity by

ﬂ'g(DEf]o)) =0, ﬂg(KEf]o)) =1, e (If:([%o)) = 0. (77)
The resulting linear map 7y : Eg — gg(ﬁg ) is still seen to be a homomorphism of Lie
algebras, cf. Proposition 4.3, using the fact that n., = 2. In what follows we use this
altered definition of mp. We recognise (76) as the Poisson brackets of the principal
chiral model written in terms of the components of the current 1-form j = —dgg™",
where g denotes the principal chiral field, see for instance |34, §1.5 of Part 2|.

Applying the representation ¢ ® mp ®id to the formal Lax matrix £(z), as in §4.4.2,
and comparing with the general expression (64) we read off the Lax matrix and twist
function to be

2() = 2glitzi), e = 5L (78)
which coincide with those of the principal chiral model. See e.g. [34, §1.3 of Part 2|
for the Lax matrix and |79, 15| for the twist function.

It remains to be checked that the Hamiltonian of the principal chiral model can
be obtained from the formal quadratic Gaudin Hamiltonians of Proposition 4.9. The
twist function defined in (78) has a pair of simple zeroes located at +1. We then find
that the associated formal quadratic Hamiltonians (70) read Hyq = :Fi (AO + A?l} F

(0]
Afﬁ ‘A([)o] + A?l] F AOO). The terms involving D and K on the right hand side take the

(1]

form :F%(DE(?]) + Dﬁ)]) F fo]o)) (ng}) + Kﬁ)]) F Kfloo)). However, these disappear upon

applying the homomorphism 7, since £ + ﬁg — ¢7° = 0, which is related to the fact
that £1 are both simple zeroes of the twist function ¢(z) in (78). Recalling that we
have set & to zero, cf. (77), we therefore find Hyj = We(f]-fﬂ) = F1(jo £ j1ljo £ /1)
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where in the last equality we used Lemma 2.4. The difference of these local quadratic
Hamiltonians is

H=H., -~ H = /S d0((io(6),Jo(6)) + (1 (6), 72 (6))). (79)

™

which coincides, up to an overall factor, with the Hamiltonian of the principal chiral
model, see |34, §1.5 of Part 2|. Using (46) from example 4.2 we find the momentum
P =my(P) to be P = 3 [, dB{jo(6),1(0)). Note that H_y — Hy = H? + HY + H
in the notation of Proposition 4.9. Moreover, in the present case we have 7p(H3) =
me(HF®) = 0 so that the local quadratic Hamiltonian can also be obtained as H =
7e(HY). In particular, applying Corollary 4.11 we obtain the zero curvature equation
{H, % (2)} = 0.4 (2) + [£L(2), #(2)], where, noting that ©{(z) = 27! and .4 (z) =
71, we have

M) = H2) =

We deduce from the above analysis that the classical dihedral affine Gaudin model
associated with the divisor (75) and the corresponding choice of levels as above co-
incides with the principal chiral model described in terms of the current 1-form
j = —dgg~'. Recall, however, that the actual phase space of the principal chiral
model is given by the cotangent bundle T*LGqg of the loop group LG of the real
Lie group Gg with Lie algebra gg. The above formulation in terms of the 1-form
current j therefore only describes the principal chiral model dynamics on the quotient
(T*LGy) /Gy of the cotangent bundle by the right action of the subgroup of constant
loops. Obtaining a complete description of the principal chiral model requires intro-
ducing a Gyp-valued field g satisfying j; = —9gg~! so that together with the g-valued
field X := —g~ljog they parametrise the global (left) trivialisation of T*LGy. We
shall not discuss this issue further here, and refer to [85| for further details.

5.1.2. Two-parameter deformations. Integrable deformations of the principal chiral
model may be constructed by altering the data of the affine Gaudin model of §5.1.1
in various ways. In what follows we will only be concerned with deformations which
alter the divisor (75) itself. More precisely, we shall deform the divisor IID, cf. §3.4,
while preserving its Il-invariance. One possible way of doing so is to split the double
pole at the origin into a pair of simple poles, either both real or complex conjugate of
one another. We refer to these as the real and complex branches respectively [85].

To describe the deformation in the complex branch we use the divisor D = x4 42-00.
for arbtirary x € C such that Sz, > 0. Writing ;. = k + 74 we can regard k € R
and A € Ryg as two real deformation parameters. We shall treat the limiting case
when A — 0 with £ # 0 in §5.1.3 below. Similarly, to construct the deformation in
the real branch we would start from the divisor

D=wy+z_+2- 00, (80)

with distinct 1 € R being the two real deformation parameters. To treat the two
branches in a unified way we note that in both cases the divisor IID takes the form

D =24y +2_+2-00,
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with x4 # x_, where x4+ € R in the real branch and z_ = Z1 in the complex branch.
In particular, we then have Z = {x4,2_, 00} in the notation of §4.

There are three formal fields Aﬁ;]’, AECOT and Afﬁ, which are respectively attached to

the points x, z_ and infinity. By Proposition 4.6, the formal Lax matrix is expressed
in terms of these as

N
Z—Ty Z—T_

— AT (81)

To fix the levels, recall that the twist function (78) of the principal chiral model has
a double pole at the origin. The requirement that this double pole is recovered in the
limit 1 — 0 uniquely fixes the singular behaviour of the levels associated with the
points x4 and x_. We shall also require that the zeroes of the twist function remain
fixed at £1 under the deformation, which leads us to set

121

e R —— > = 1. 82
0 l’+—l',7 1 ( )

We introduce the g-valued classical fields 1 = A”ﬁ[ and € = Afﬁ, which according
to Corollary 4.5 satisfy the Poisson brackets {J+,(0),d+.(6')} = —[Ch2,d+.(0)]d0er —
Eﬁicuég@,, with all other brackets being zero. As in §5.1.1 we observe that £ is a
Casimir so in what follows we will set it to zero by suitably modifying the definition
of mg on the elements of g"=> @g C given in (44e), replacing it by (77).

To obtain the Lax matrix and twist function we apply the linear map o ® mp ® id
to the formal Lax matrix in (81). We find

o+ 34 N b o+3-

id)L(z) = 0
(e@m ®id)L(z) z— Ty z—x_
1— 2 1
_ PG .
(c—a)(z—a) ( T2 ‘““”0)) ’
where in the second line we introduced the linear combinations j; = —z_J+ —x4+dJ—

and jo = J4+ + J_ of the g-valued classical fields. In terms of these, the Lax matrix
takes the same form as for the principal chiral model in (78). However, these fields
satisfy a two parameter deformation of the Poisson bracket (76) which reads

{j01(9)7j02(9,)} = - [ClZajOZ(Q)] dogr + (3U+ + 537)0125&9’7 (833)
{jOl(a)vjlz(el)} = - [Cllajlz(e)] 569’ - (1 + $+$_)Cl25é9/, (83b)
{jll(e)ajlz(el)} = [Cl27 ($+ + x—)jlz + $+$—j01(9)]599’ + (.CU+ + x—)Clz(séa/- (83C>
Such a deformation of the Poisson brackets of the principal chiral model was considered
in [4] for g = suy, but the same brackets immediately extend to any Lie algebra (see
e.g. [55, 20]). By construction, the Poisson brackets (83) for the g-valued classical

fields jo and j; are equivalent to the Lax matrix (78) satisfying the Poisson bracket
from Corollary 4.8 with the twist function

1— 22

z—ay)(z—ao)

p(z) = ( (84)
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Consider now the collection of formal quadratic Gaudin Hamiltonians introduced
in Proposition 4.9. Since the twist function (84) still has simple zeroes at the points
+1, the specific linear combinations (70) of the above quadratic Gaudin Hamiltonians
read Hip = F1(1 Fa4)(1 Fa_)(L(£1)|L(£1)). Just as in §5.1.1, the terms on the
right hand side involving D and K disappear once we apply the homomorphism 7,
using the fact that ¢(£1) = 0. We then find

b = [ gtz (Go0).o0) + Ga(8).7(6)) + 2y +a-)ol6).1(6))
g1 4r(1—2%)(1 —22)

which coincides, in the complex branch, with the Hamiltonian for the two-parameter
integrable deformation of the principal chiral model constructed in [17]. The latter

model has two interesting limits. Writing x4 = k 4+ i A, the limit £ — 0 corresponds

to the Yang-Baxter o-model first introduced by Klimcik in [57]. Alternatively, taking

the limit A — 0 yields the principal chiral model with a Wess-Zumino term which we
describe in more detail in §5.1.3 below. Note also that the momentum P = m(P) is

found, using (45) from example 4.2, to be

o [t ) (@) 8) + (16),51(6)) + 20 e )io(8). 1 (0)
g1 Am(1 —2%)(1 — 22) '

The classical integrable structure of the real branch was studied in [55] but the
action of the corresponding model has not yet been identified. The above analysis
shows that at the Hamiltonian level this model is described by a dihedral affine Gaudin
model associated with the divisor (80), where x4 € R, together with the choice of
levels (82). When x4 = —x_ we obtain a one-parameter deformation described by an
integrable gauged WZW-type theory introduced by Sfetsos [80], which interpolates
between the WZW model and the non-abelian T-dual of the principal chiral model.

The remark made about the principal chiral field at the end of §5.1.1 also applies to
its two-parameter deformation. Consider for simplicity the one-parameter deformation
where z, = —z_. In this case, defining a pair of fields parametrising the global (left)
trivialisation of the cotangent bundle T*LGq of the loop group of the real Lie group
G requires the introduction of a solution R € End g of the modified classical Yang-
Baxter equation on gg. We refer to [85] for more details.

5.1.3. Principal chiral model with WZ-term. Another way to deform the divisor II1D,
where D is given by (75), besides splitting its double pole at the origin into a pair of
simple poles as in §5.1.2, is to simply shift this double pole along the real axis. That
is, we define the divisor
D=2-k+2- o0, (85)
where k € R\ {0} plays the role of the deformation parameter. For a suitable choice
of levels, see below, this can also be seen as a limit of the setup in §5.1.2 where the
pair of simple poles x4+ collide at k.
As in the principal chiral model case we have three formal fields AIFO]? Aﬁ} and
Afﬁ. By Proposition 4.6, the corresponding formal Lax matrix reads £(z) = .Aﬁ] (z—

k)72 + Afﬂo}(z — k)1 - Afj- We require the deformation not to alter the position of

the zeroes of the twist function at £1, as in §5.1.2. This will ensure that the Lax
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matrix takes the same form as in the principal chiral model (78) for suitably defined
linear combinations jg and j; of the classical fields. We therefore fix the levels to be
0k = —2k, (% =1 —k? and £5° = 1.

If we define the g-valued classical fields j, = AF] for p=10,1 and & = AOO} then
according to Corollary 4.5 their Poisson brackets read

{701(6),Jo.(0")} = —[C12, J01(0)] 60 + 2kC1, 65/, (86a)
{]01 } = [ 127]12(0)] dogr — (1 - k2>0125é9/; (86b)
{jll( ajlz(e )} =0, (860)

and {&,(0),&,(0")} = 0, the remaining brackets all being zero. As usual we shall set &
to zero since it is a Casimir, cf. §5.1.1 and §5.1.2.

The Lax matrix and twist function are then constructed by applying the linear map
0 ® m¢ ® id to the formal Lax matrix £(z). We have

(1-k)0+5  —2kd+Jo , 1-2° 1
(o@me®id)L(2) = G-k + P 8_(,2—14:)2 5+ (j1+230)

where we introduced the linear combinations j; == 71 — kjo and jp == jo. In terms of
these, the expression for the Lax matrix is exactly the same as in the principal chiral
model (78). However, the Poisson brackets between the classical fields jo and j; are
a deformation of (76). They follow from (86) and take the form

{jOl(e)ajOz(el)} = - [0127j01(9)] dge + chlz(séela (873)
{jOl(Q)ajlz(el)} = - [Cllajlz(g)] dggr — (1 + kQ)Cudée’a (87b)
{512(0), 12(0")} = [Cu2, 2K j12(0) + k?502(0)] S9or + 2kC12 844 (87¢)

This corresponds precisely to the coinciding point limit £+ — k of the Poisson brackets
(83) of §5.1.2. We note that the twist function

1— 22
SO(Z) - (Z o k)g (88>
can also be obtained from the two-parameter twist function (84) by taking the same
coinciding point limit.

Since the twist function (88) still has a pair of simple zeroes at +1 by construction,
we may associate to these formal quadratic Hamiltonians (70) which read Hyi; =
FilF k‘)Q(L(:I:l)’L(:I:l)). Applying the homomorphism 7 we find that the terms
involving D and K drop out because p(+1) = 0. We therefore obtain

(14 E2)((Go(0),70(0)) + (j1(0),31(0))) + 4k{jo(0), 1(6))
4m(1 — k2)2 '

HZZH_l—le/ do
S1

This Hamiltonian and the Poisson brackets (87) agree with those resulting from a
Hamiltonian analysis of the principal chiral model action with a Wess-Zumino term
added, see e.g. [20] and setting 7 = 0 in the notation used there.
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5.2. Zp-graded coset oc-model and deformations. Let g be a finite-dimensional
complex Lie algebra and o € Aut g an automorphism of order T' € Z>5. We also fix
an anti-linear involution 7 € Aut_ g and denote by go the corresponding real form of
g. In the present case we have Il = Do ~ Z7 % Z3. Throughout this section we will
impose the set of first class constraints (73) as described in §4.5.3.

5.2.1. Zp-graded coset o-model. Consider the divisor
D=2-1+c0. (89)

In the notation of §4 we have Z = {1,00} and Z' = {1}. There are two formal fields
Aﬂp}, p = 0,1 associated with the point 1. However, since no, = 1 there is no formal
field associated with the point at infinity. It follows from Proposition 4.6 that the
formal Lax matrix is given by

T-1 k kg1
1 wa" A ok Al
Z) — 2 : [1} [0] , (90)
T (z — w”“)2 z—wk
k=0
where w is a primitive T*-root of unity. We shall fix the levels to be 5 = 0 and

¢} =1, and define the g-valued classical fields A = A[1]7 A[lo]. Using Corollary
4.5 we find their Poisson brackets to be

{Al(9)7 Az(el)} = 07 (91&)
{4,(0),TL,(0')} = —[Cha, A, (6)]S90r — Cralgy, (91b)
{Hl(9)7 Hz(el)} = - [0127 Hz(e)] doer - (910)

These coincide with the Poisson brackets of the Zg-graded coset o-model (for which
T = 2), also known as the symmetric space o-model, see e.g. [15]. If g is the
Grassmann envelope of a Lie superalgebra then these Poisson brackets are also those
of the Z4-graded supercoset o-model, i.e. semi-symmetric space o-model, for which
o € Autg is of order T = 4 [67, 83|, or more generally those of the Zs,-graded
supercoset o-model for which o € Aut g is of order T = 2n with n € Z>o [56].

To compute the Lax matrix and twist function we apply the linear map o ® 7 ® id
to the formal Lax matrix (90) which gives

T-1

1 wkd 4+ whok A okTI
d)L -
(0® e ®id) Tz( e )
7,71 T—j+jzT o 12T .
:m a+Z#ZJA(J)+ZTZJH(J) . (92)
j=1 Jj=1

Here we have introduced the projections of the gg-valued classical fields A and II onto
the graded subspaces g(;) for j € Zr relative to the direct sum decomposition of gg

given in §2.1. Specifically, we set AU) := () A, o) = ;) II. Comparing the above
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expression with the general form in (64) we read off the Lax matrix to be

T T
T — ] + ] z -T () 1-— )
P(z) = Z; - AW 4 Z L (93)
J
and the corresponding twist function

TZT—I

When T = 2 these are precisely the expressions for the Lax matrix and corresponding
twist function of the Zg-graded coset o-model, see e.g. [15]. If g is taken to be the
Grassmann envelope of a Lie superalgebra and T = 4 then (93) is the Hamiltonian
Lax matrix of a semi-symmetric space o-model, i.e. a Z4-graded supercoset o-model
[67, 84], the Green-Schwarz superstring on AdS5 x S° being a particular example of the
latter. More generally, when g is the Grassmann envelope of a Lie superalgebra and
T = 2n with n € Z>2, the expressions for the Lax matrix (93) and the twist function
(94) agree up to differences in conventions with those obtained from the Hamiltonian
analysis of the Zg,-graded supercoset o-model [89] performed in [56]. Moreover, for
a semisimple Lie algebra g and general T' € Z>9, the above expressions (93) and (94)
reproduce, again up to conventions, those of the bosonic truncation of the Zop-graded
supercoset o-model from [56].

The formal constraint defined in §4.5.3 is given by € = m(q A[lo}. We note that the
above choice of levels trivially satisfy the condition (74) of §4.5.3. Applying to it the
linear map ¢ ® mp and using the II-equivariance of ¢ we find (o ® )@ = 1), This
coincides with the constraint of the Zg-graded coset o-model, see e.g. [15], or more
generally with that of the Zp-graded coset o-model for T' € Z>o [56].

Finally, we turn to the definition of the Hamiltonian. The twist function (94) has
zeroes at the origin and infinity. Consider the associated quadratic Hamiltonians
defined as in (70) for = € {0, c0}.

Lemma 5.1. The quadratic Hamiltonians (70) are given by

1= (400 a0) N (=) (=)
Ho = ﬂ; (48] - A | - aly” - ag?).
K. = _LT_I ((T—j)ﬂ( ‘A(] ‘].A —|—.A( )) (.A(O)‘.A(O))
o0 2T e [1] [0] (1] |*[o] )»

where AE;]) = 7)) A[lp} forp=0,1.
Note that the expression for Hy in Lemma 5.1 does not involve D and K since

these are in the grade 0 component gy of g, cf. §2.2.1. Thus Hy = me(Ho) =
2T Z (]AJ) — j)’ F)AD) — H(_j)). On the other hand, we also have

P = m(fP) = —img(D EO]) (A|H) Z (A(j)’H(_j)), cf. example 4.2. We define
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the Hamiltonian as H := 2Hy + P, which reads

As discussed in §4.5.3, in the reduced theory the Hamiltonian is given by this same
expression but up to the addition of a term proportional to the constraint II(9). In the
simplest case when T' = 2 the above expression for H coincides with the Hamiltonian of
the symmetric space o-model, see e.g. [85]. If, however, we take g to be the Grassmann
envelope of a Lie superalgebra and T' = 2n then H coincides, up to conventions, with
the Hamiltonian of the Zg,-graded supercoset o-model [56]. Moreover, for semisimple
gand T € Z>9 arbitrary, the Hamiltonian H reproduces that of the bosonic truncation
of the Zop-graded supercoset o-model [56].
The twist function (94) in the case T' = 2, namely

2z

¢(z) = ma (95)

coincides with the twist function of the symmetric space o-model in both the formalism
of [79] and [85]. More precisely, due to a difference in conventions, the twist function
in [79] which is denoted as ¢(22) there, is related to the twist function (95) as ¢(22) =
—2z¢(z). However, it is worth pointing out here that the Lax matrix (93), which
coincides with that given in [85, (3.12)] for the case T = 2, namely

L(z) = A0 1 11— 20O 4 Lz 4+ 27HAW 4 1z — .~ Hn®),

differs from the expression in |79, (61)] for the same model, which in the present
notation reads

L(z)=-A0 _ Lz +27HAaW — Lz — .~ Hn®.

Aside from a trivial overall sign, we see that the difference between these two Lax
matrices is a term proportional to the Hamiltonian constraint IIY). However, the
presence of the latter is crucial. Indeed, whereas the Lax matrix of [85, (3.12)| admits
an affine Gaudin model description, as shown above, the Lax matrix of |79, (61)]
does not. This can be seen explicitly from the form of the r- and s-matrices in |79,
Theorem 3.1]. Indeed, the r- and s-matrices of [79] which we denote here by 7,(z, 2’)
and $;,(z, 2’) respectively, take the form

2 12 2 12
24—z - 2—2z°—2z
CJ(.g)7 812(27 Z/) == 812(27 Z/) - fcl(.gh

4
(96)

m2(2,2) = r(z,2) +
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in terms of the r- and s-matrices in (66) which in the present case with 7' = 2 explicitly
read

2—222—22/2+Z4+Z/4 z2+zl2_4z2 /2+z4/2+z2 14

B © (1)

le(z’ Z/) — 4(22 — 3/2) Clz + 42,2 (22 _ Z/2) Clz )
no 22222 o (=27

S_'LZ(Z7 z ) = 4 Cll + 422 Cll .

We refer the reader to [83, §3| for a more detailed discussion of such a difference in
the r- and s-matrices coming from the omission of the Hamiltonian constraint I1(9)
in the Lax matrix, in the context of semi-symmetric space o-models, i.e. the case
T = 4. Since the r- and s-matrices (96) of [79] differ from those of a general affine
Gaudin model derived in Corollary 4.8, it is therefore clear that the formulation of the
symmetric space o-model given in [79] cannot admit a Gaudin model interpretation.

5.2.2. One-parameter deformations. To construct integrable deformations of the Zp-
graded coset o-model we proceed as we did in §5.1.2 for deforming the principal chiral
model. Namely we will deform the divisor (t)D, with D the divisor (89) underlying
the affine Gaudin model from §5.2.1, while preserving its (t)-invariance. There are
two ways of splitting the double pole at 1, either into two real points or into a pair of
complex conjugate points, which we will also refer to as the real and complex branches
respectively. We note, however, that moving the double pole in the divisor (89) from
1 to r > 0 amounts to a trivial rescaling 2+ 2/ == r~12z of the coordinate on P! along
with a rescaling of the formal field A[1] appearing in (90) by r, namely A [ | = rﬂm
cf. [19]. It follows that the Poisson brackets (91) of the g-valued classical fields
remain undeformed except for a possible change in the level in front of the dj,-term
n (91b). We shall therefore only consider one-parameter deformations. To build the
deformation in the complex branch we start from the divisor

D =e" + 00 (97a)

where 9 €]0, %[ plays the role of the real deformation parameter. Similarly, in the
real branch the deformation is constructed using the divisor

D=2+ 22 4 (97D)

where A € Ry is the deformation parameter. In order to treat both branches at
once we note that in both cases the divisor (t)D is of the form (t)D =z +x_ + o0
where z_ = mjrl. When x4 € R this corresponds to the real branch whereas |z4| =1
corresponds to the complex branch. In the notation of §4 we have Z = {z4,x_, 00}
and 2’ = {z,2_}.

By virtue of Proposition 4.6, the formal Lax matrix can be written in terms of the
pair of formal fields A[o} associated with the pair of points x4 as

- ok A
Z( “” L — L“;_) (98)
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We fix the levels to be
T

0 =+ 99

0 wz - mz ( )
Define the pair of g-valued classical fields J4+ = Aﬁ[. If the deformation is in the real
branch then these are in fact both gp-valued and moreover ¢*+ € R. By contrast, in
the complex branch we have 7J1 = J_, recalling the action of IT on § from §4.2.1, cf.
also (54). Moreover, the levels (99) satisfy ¢#+ = ¢*=. It follows from Corollary 4.5
that the non-trivial Poisson brackets of the classical fields are given by

{041(0),3+2(0")} = —[C12, 3+2(0)] 0p0r — €5 Cr2p4- (100)

The Lax matrix and twist function are then obtained from the formal Lax matrix
(98) by the procedure described in §4.4.2. We find

T—1
, 1 b O+0okg. gm0+ okg-
(o®@me®id)L(z) = T kgo ( P, + P (101)
711 ]+]2T S 1T
= T o+ E { A B S iy § : = LI11)

Here we defined the following linear combination of the g-valued classical fields,

. 1 -7 o 1=gT o
0 g LT, (024
H(]) = ‘74—1— (T — ‘]) — T 33+ ‘7 + (T )$+ T .73(.7 (102b)

T T

for j =1,...,T, and where H(i]) ‘= m(;) d+- By comparing (101) with the general form
n (64) we deduce that, when written in terms of the classical fields (102), the Lax
matrix is of exactly the same form as it was in §5.2.1 for the undeformed case, cf.
(93). On the other hand, the twist function (94) gets deformed to

TZT—l
cp(z) = (ZT — $£)(ZT

—Ty (103)
As expected, we recover the original twist function (94) in the limit x4 — 1. Now
by Corollary 4.8, the twist function being deformed corresponds to the fact that the
fields (102) satisfy a deformation of the Poisson brackets (91). These can be derived
using the expressions (102) and the Poisson brackets (100). However, since they are
equivalent to (100) we will not give their explicit form. See [17, Appendix D] for
explicit expressions in the case T = 2.

In the present case, the formal constraint defined in §4.5.3 reads C = m(q ).Aﬁﬁ +

(0 )A[o] We note that the levels (99) still satisfy the condition (74) of §4.5.3. Upon
applying the linear map o ® mp we find

(e@m)e =3 +30 =1, (104)
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where the first equality uses the Il-equivariance of ¢ and the second equality follows
from the definition (102b) with j = 7. When T' = 2 this corresponds to the constraint
of the deformed Zs-graded coset o-model [17].

Consider, finally, the quadratic Hamiltonians defined as in (70), namely H, =
resy %(L(z)}ﬁ(z))go(z)_ldz, for = € {0, 00}, where ¢(z) is the twist function given in
(103) whose zeroes are at the origin and infinity. By comparing the expression for the
formal Lax matrix (98) to the right hand side of the first line in (101), it follows by
the same reasoning leading to the second line in (101) that we can write, cf. (93) in
the undeformed case,

T . . T
L@y:¢@y45@%:§22:1%¥i——UW §:1

j=1

LA ol (105)

where here we defined the formal fields Ag]) for j € Z7 and p = 0, 1, by analogy with
the definition of the g-valued classical fields (102), as

T T
() 1—a2 T— Ty 1_1:4— T—j4 x_
«L_J+G”JM7T; J+U‘Jm -
A[é] = #$+ jﬂ'(j)ﬂ[o] + Ter_ jﬂ'( )‘A[O] , (106b)

forj=1,...,T.

Lemma 5.2. The expression for the quadratic Hamiltonians in terms of (106) are
related to those of the quadratic Hamiltonians from Lemma 5.1 as

: : 2—ay —al ()] 40
Ho = Ho, Hoo = Hoo + 5T (A[O] ‘A[O] )
Applying 7, to Fy we obtain Hy = 773(5:(0) = mg(Hp) = Hp using Lemma 5.2,
where the latter was defined in §5.2.1. Likewise, the momentum reads P := mp(P) =

pP— 2:1:+736 (H(O ‘H ) We define the Hamiltonian of the deformed Zp-graded coset
o- model as

= ofly + E 2oz~ © (), 11
H:zm+P:H;/dwn(mﬂ (0)). (107)
4’/TT S1

Note that since H and H differ by a term proportional to the constraint (104), they
define equivalent Hamiltonians in the reduced theory, cf. §4.5.3. When T = 2 the
expression (107) coincides with the Hamiltonian of the deformed symmetric space
o-model in [85, §4.3| for the complex branch and [50, (5.5)] for the real branch. For
T = 4 and g the Grassmann envelope of a Lie superalgebra, the expression (107)
corresponds, in the complex branch, to the Hamiltonian of the so called n-deformed
semi-symmetric space o-model [18, 19] where n = tan® with 2, = ¢, Likewise, in
the real branch with z. = A'/2 € R it corresponds to the Hamiltonian of the so called
A-deformation [51]. More precisely, the - and A-deformations can both be defined
as certain ‘lifts’ to the cotangent bundle T* LG of the dihedral affine Gaudin model
with divisor (97a) and (97b) respectively, and levels (99), cf. discussions at the end
of §5.1.1 and §5.1.2.
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The maximal deformation limit in the complex branch is ¥ — 7. It corresponds to
the point x4 coinciding with wz_. In this limit the divisor becomes D =2 - x4 + oo
with 2, = w!/? z! in the notation of §3. In particular, the g-valued fields w P/ ZA:E‘;;]“
for p = 0,1, associated with the double point at =, take value in the real form g;.
This is by contrast with the g-valued classical fields A[lp] associated with 1 in the
undeformed model of §5.2.1 which take value in the real form gg.

5.2.3. bi-Yang-Bagter o-model. The bi-Yang-Baxter o-model [58] is yet another two-
parameter deformation of the principal chiral model different from the one presented in
§5.1.2. Its integrability within the Hamiltonian formalism was studied in [14]. It was
found to correspond to a non-cyclotomic one-parameter deformation of the deformed
Zo-graded coset o-model discussed in §5.2.2. In other words, the II = D, dihedral
symmetry of the latter is broken down to a (t) = Dy = Zy symmetry. This is achieved
by deforming the divisor IID = e + ¢~ 4 i 0+7) 4 ¢=i9+7) 4 o6 with D given in
(97a), to the new divisor (t)D’ where D’ = e + ¢{¥*™) 4 o0 and 9,9 €]0,%[. In
the notation of §4 we have Z = {z,,2_,y.,y_, 00}, where we defined x4 := e** and
Yo = e and ' = {z .,z ,y4,y_}.

There are four formal fields AE)T and Azﬁ associated to the points of Z\ {co}. The
levels are chosen as

2 2
lor =+

(T +2- —yp —y-) (24 —2-) Tp+ oo~y —y-)(y+ —y-)
They satisfy the condition (74) from §4.5.3. Letting 4 := A7+ and Ji = AYF denote

, GF=F
©

[0] [0]
the four g-valued classical fields, their non-trivial Poisson brackets read
{3i1(9)7 3:&2(9/)} = - [Clla 5:&2(9)] 509’ - Egiclzééeh (1083)
{021(0),84:(0)} = = [Cr2, 32(60)] 00 — £ Crabp (108b)

from Corollary 4.5. These coincide with the Poisson brackets from [14, §5.1]|.

As usual, the Lax matrix and twist function of the model are obtained by applying
the linear map o ® ¢ ® id to the formal Lax matrix given by Proposition 4.6, as in
§4.4.2. Up to an overall normalisation, we find the Lax matrix and twist function of
the bi-Yang-Baxter o-model in the Hamiltonian formalism obtained in [14]. We also
note that in the limit when ¢ = 19, i.e. x4 = —y+, we recover the twist function of
the deformed Zs-graded coset o-model, namely (103) with 7" = 2.

The formal constraint defined in §4.5.3 is given by the sum of all formal fields
C= Aﬁﬁ + .A:[%T + A?ﬁ + .A?[JO_]. Note that 7(g) = id since in the present case T' = 1.
Applying the linear map o ® mp we find that the g-valued classical fields attached to
the four points in %\ {co} satisfy the constraint (o @ 1)@ =3d4 +J_ +J+ +J_ ~0.
The latter is equivalent to the Hamiltonian constraint X + X ~ 0 of [14], if in the
notation of that paper, cf. equations (5.1) there, we replace X in (5.1b) by X to get

the expressions for J+ before imposing the constraint.

5.3. Affine Toda field theory. Let g be a finite-dimensional simple Lie algebra over
C of rank ¢ := rkg. Let h be a Cartan subalgebra and denote by A C bh* the root
system of (g,h). We have the root space decomposition g = h © P cp CE,. Fix a
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basis of simple roots {ai}le and let 8 € A be the corresponding maximal root. The
Coxeter number of g is defined as h := ht 0 + 1, where ht a denotes the height of a
root @ € A relative to the system of simple roots {a;}{_,. The extended system of
simple roots is defined by adjoining g := —6 to {ai}le. We will make use of the
shorthands E; := E,, and F; .= E_,, for i =0,...,¢.

We fix a non-degenerate invariant bilinear form (-,-) : g x g — C. To any o € A
we associate the Cartan element H, € b defined by (H,, H) = a(H) for all H € b.
We will use the shorthand H; := H,, for i = 0,...,¢. Restricting (-,-) to the Cartan
subalgebra b, the bijection h* = §, o — H, induces a bilinear form on h* which we
also denote (-,-). We normalise the bilinear form on g such that (0, 0) = 2. Introduce
the coroot & = WQWHQ € b for each a € A. Letting ¢; := ﬁ foralli =0,...,¢ we
then have &; = ¢; H;. Note that ¢g = 1 from the choice of normalisation of the bilinear
form (-,-). The root vectors E_,, « € AT can be normalised such that [E,, E_,] = d.

We then have
[, Ej] = ai; E; [, Fj] = —ai; I, [Ei, Fj] = d50u,

fori,j =0,...,¢, where a;; = «;(¢;) are the components of the Cartan matrix of the
untwisted affine Kac-Moody algebra g associated with g. Writing the maximal root 6
in the basis of simple roots as 6 = Zle a;a; € A with a; € Z~¢ and defining ag := 1,
we have Zf:l a;ja; = 0. It then also follows that 6 = Zle a;¢; where d; = aiefl.
And since ag = 1 we deduce that Z§:1 a;ja; = 0. We note that a;je; = (&, &) = ¢
and aije;l = (), 0q) =: b;; are both symmetric. Since (E;, Fj) = €;, it is convenient
to define E' := eflEi and F? = e;lFi for all i =0,...,¢. We also let {H* le be a
dual basis of {H;}¢_, in b, i.e. (H', H;) = 5;- for every i,j = 1,...,£. Note that for
any j =0,...,¢ we have the relation Zi:l oj(Hy)H* = H;.

Let w = €2™/" and define an automorphism o € Aut g by o(E;) = wE;, o(d;) = &
and o(F;) = w™'F;, for i = 1,...,¢. This is a Coxeter automorphism in the outer
automorphism class of the identity, i.e. [0] = [id] € Aut g/Inng. That is, the invariant
subalgebra g(g),c = b is abelian and o has minimum order among all automorphisms
v € Aut g such that [v] = [id] € Aut g/Inng and g¥ is abelian, see e.g. [13]. Because
o lies in the outer automorphism class of the identity, its action on any root vector
E,, a € A reads

0(Ey) = WM E,. (109)
We consider the anti-linear automorphism 7 € Aut g defined by
T(di) = div T(Ea) = an (110)

for all i = 1,...,¢ and o € A. The corresponding real Lie algebra gg is the split
real form of g. Recall the subspaces g(;) C go for j € Zj, defined in §2.1. We have
g0) = bo = spang{H;}¢_,. Moreover, it follows from (109) that a basis of the
subspace g(1) (resp. g(_1)) is given by E; (resp. F;) for i = 0,...,£. In other words,
g = spanR{Ei}fzo and g(_) = spanR{Fi}fzo.
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5.3.1. Dwisor and levels. Consider the divisor
D=2-0+2-0c0. (111)

We have Z = {0,00} so Z' = (). By Proposition 4.6 the formal Lax matrix is £(z) =
A([)O}z_l + A([)l]z_2 — .Afﬁ. The formal fields .A?] for p = 0,1 and ‘A[l} are defined in
(49c¢). Recalling the notation (34c), they read

(0) 3(0
A = D®KH+K®D[O]+ZZH] —n @ H (112a)
neZ j=1
‘ (0)
0 _ . J (o0
A =D @By, m=> ZE _n @ FIGS). (112b)
nez j=0 n€ezZ j=0

It follows from the definition of the action (50) of t € II on formal fields in g%, the
reality conditions (110) and those on the generators K, D defined in §2.2.1 that the
formal fields in (112) are all real in the sense that 'rtA[[)p] = Aﬁ)] for p = 0,1 and
reAR] = Aps cf. (114) below. The Poisson brackets among the formal fields (112) are
determined from Proposition 4.4 to be

{ Al Ay} = —~[CY) VAL A AN = —~[CY) AN

with all other brackets vanishing. Recall from the proof of Proposition 4.4 that these
Poisson brackets are equivalent to the Lie brackets on ﬁ(c The latter is spanned by

ng])7 KEO]) together with H]([)} forj=1,...,¢,n € Zand Ej(ﬁ)] FJ([ }) forj=0,...,¢,

n € Z, in terms of which its non-trivial L1e brackets read

i) | i) i gk © fi®) 30
) i) iy i (0) 0 a0 s
(o o Enpy) = i (H >Efn+n o Dy Bl ]] nES0 . (113D)

It follows from Proposition 3.10(éi7) that under the anti-linear map c : ﬁg — ﬁg we
have

1(0 4(0 i(0 i(0
(HO) =B, (B =B (P = ) (114a)
0 0 0
e(Kfg)) = K  e(Dg)) = ~Dig) (114b)

foranyi=1,...,¢,5=0,...,f and n € Z.

We fix the levels to be £) = 1, 9 = 0 and £5° = 0. Note that by contrast with the
examples discussed in §5.1 and §5.2, since £ = ¢3° = 0 the assumption (36) made
throughout §4 fails to hold. In particular, we cannot use the homomorphism 7, as
defined in (44). Instead we will define a homomorphism 7 from the complex Lie
algebra Eg of Proposition 3.10 to a completion of the symmetric algebra on a certain
Heisenberg-type algebra.
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5.3.2. Toda fields. Let £h = h®C[t,t~!] and Lgayc = 9(1)7C®C[t,t_1]. We consider
the subspaces (1) .= Lh +Lg(1),c and A7) = L of the loop algebra Lg, cf. §2.2.
Let () : #) x #(-) — C denote the restriction of the bilinear form on £g to
this pair of subspaces. We endow (=) with its natural abelian Lie algebra structure
coming from £g. The Lie algebra structure on .#(*) is defined by letting £h and
Lg(1),c be abelian subalgebras and letting [-,-] : £h x Lgnyc — Lga),c be given
by the restriction of the Lie bracket on Lg. Consider the direct sum of complex
vector spaces = AT @ #() @ C1. For any X € #T) we use the notation
X = (X,0,0) € S to represent X regarded as an element of .7, and similarly
Y(=) = (0,Y,0) € A for any Y € (7). We define a Lie bracket on ¢ by setting

X 4 X a1, YE 1Y) 4 81] = X, Y] 4 (XIY) = (YIX)) 1.

for any X,Y € A XY € #) and a, B € C. A basis of A is given by EX)
and H%(i) fori=0,...,¢,7=1,...,f and n € Z, together with 1. In terms of these
the non-trivial Lie brackets on J# read

(HID, HIO) = Gppno(HY HIL, [HID, BIO] = oj(H) B, (115)

m—+n*
We introduce an anti-linear automorphism ¢ : 5 — JZ simply by letting
c(HE) = H' S (B =D 1) =1, (116)
foralli=1,...,¢,7=0,...,f£and n € Z.

The Lie bracket on ¢ extends by the Leibniz rule and linearity to a Poisson bracket
on the symmetric algebra S(¢), cf. §4.1, which we denote {-,-} : S(5) x S(H°) —
S(A). Recall the descending Z>o-filtrations F,g and F,g on g, or equivalently on Lg,
defined in §2.2.2. We similarly define a pair of descending Z>-filtrations (Fn%ﬂ)nezzo

and (F, 7 )nez., on the vector space 7 as

Fut = (b g0).c) @ £'ClH] & b @ £"CJH, (117a)

Fodt = (h+g0)c) @t "Clt @bt "C[t™"], (117b)
for n € Z>¢. In turn, we use this to define a descending Zx-filtration on the commu-
tative algebra S() by ideals F,, (S(2)) = (F2)S(H) N (Fo ) S(H), cf. (39).
The corresponding completion is a commutative algebra over C which we denote by
S(H) = @S(%)/Fn (S()). In the same way as in §4.1, the Poisson bracket on
S(A) extends to one on the completion which we also denote

{-,}: S(H) x S(H) — 5().

Lemma 5.3. The set of elements Efl(ﬂ = ZpEZ pEi&?HjE? — nE%(H foralln € Z,
7 =0,....¢ and 1—-1, generate a Poisson ideal of S*(Jf) We denote the corresponding
quotient by Se(F7).

The map ¢ : S — F extends as an anti-linear automorphism to S(7#). And since
it preserves the subspaces F, (S (2 )) for each n € Z>( by sending the pair of subspaces
in (117) to one another, it extends by continuity to an anti-linear automorphism of

the completion S(.#). Moreover, since c(/E\fL(H) = —EZ(:) and ¢(1 —1) =1 —1, the
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corresponding Poisson ideal of S () from Lemma 5.3 is invariant under it. Thus we
obtain an anti-linear automorphism

¢: Sp(AH) — Sy(H) (118)

of the quotient defined in Lemma 5.3.

We are now in a position to define an analogue of the homomorphism 7y in the
present case, replacing the definition (44). Pick real parameters u;,v; € R for each
1=0,...,¢ such that p;v; > 0. Consider the linear map

To: 08 — Se(), (119a)
defined on the basis elements of ﬁg as

= Pi i ~ (i _ Vi = -
Tp (En(?l)]) = EEH(H’ e (anm)) = _\ﬁén’o’ We(KEg])) =1, (119Db)
. l
~ j ; m i ~ _
Fo(H)\g) = HI® — THI, F(Dg)) = Ez; 1nH,§f)nH§( ), (119¢)
nes k=

fori=0,...,¢,5=1,...,£and n € Z. This map is seen to be equivariant with respect
to the pair of anti-linear automorphisms ¢ on g and Sp(7#) defined respectively in
Proposition 3.10 and (118), using (114) and (116).

Lemma 5.4. The map (119) is a homomorphism of Lie algebras.
We define the formal Toda fields as
14 L
=33 Hj ,oHY, =3 YF_,oB.
nez j=1 nez j=0

These are elements of the completed tensor product £(h+g—1)c) ® Sg(%ﬂ), and both
are real in the sense that they are invariant under the action of 7 ® c.

Lemma 5.5. The collection of non-trivial Poisson brackets between the formal Toda

fields read
(AP AT =00, (AP e =-[00. ¢,
where 6@ = nez ijl i—n ® H.

The Toda field ® and its conjugate momentum II are the hy-valued classical fields
defined as

P = (p®id)A ZH ®Y en®H) (120a)
neL

1= (o ®id)A ZH ®Y e pn@H)T (120D)
nel

To see that II is the conjugate momentum we apply o ® o ® id to the first relatlon in
Lemma 5.5. This yields the canonical Poisson brackets {Hl( (0 } C’l2 0o -
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Applying the root «; to the Toda field ® we obtain the classical field

=> e n@Za (Ho)H ) =) e ,L@Z . (121)

nez neE”L

We also define the exponential of a;(®) as the classical field

e =3 "e_, @ E)T). (122)
ne”L

The justification for this definition comes from Lemma 5.6 below. First we note that
it is related to the formal field € defined above as (p®id)€ = Z?:o F;®e*(®). Then
applying the linear map ¢ ® ¢ ® id to the second relation in Lemma 5.5 gives

I
Z{H (Fj@en®) (60} ==> Y Hi® [H, Fj] @ g
j=0 i=1

J4
ZZO[] Hl H;, ® F X eaj(q)(e) 599/ = ZH X F X eaj(q)(g))(Sggl
7=0 =1 7=0

where we introduced the notation e (®(®) .= eaﬂ‘b)(a) for j =0,...,¢. Equivalently,
by writing the conjugate momentum II in components as IT = Zle H; ® I, that
is II* = Y onez €-n ® H%(Jr), we can express the above relation in components as
{Hi(e),eaj(q’(el))} = e%(®0)5g06,; and {Hi(e),eao(q’(el))} = —a;e® ()5, for all
i,7=1,...,£. Here we have used the fact that Hy = — Zle a; H;.

Lemma 5.6. For all j =0,...,¢, we have 8(60‘1(@)) = ozj(8<1>)e°‘j(q>).

Proof. Taking the derivative of the field (122) we find 0(e®(®)) = iy e, ®
nEX™) . On the other hand, the derivative 0aj(®) = a;(0P) of the classical field
(121) takes the form o;(0®) = —i)  cze—p ®ij(7;). Multiplying it by (122) we
obtain

aj(aq))eaj(‘1>) = — Z €—m—p ®pE$;1(+)H](-y;) = —1 Z e—n® ZPE%:;@)H( )

m,pEL nez pEZ

where in the first equality we used the relation e_,,e_, = e_p—p, cf. §2.2.3, and in
the last step we performed the change of variables m — n — p. The result now follows
from Lemma 5.3. O

5.3.3. Lazx matriz and Hamiltonian. We define the Lax matrix and twist function as
in §4.4.2, namely (0 ® 7, ®id)L(2) = p(2)(0+ Z(2)), cf. (64). To compute these we
begin by applying the linear map o ® 7¢ to the expressions (112) for the formal fields,
with o defined as in §2.2.3 and 7, in (119). We find (o ® %g)A?O] =0+ 1+ 100,

(g ® %Z)A?l} = \% Z?:o ik @ e%(®) and (g ® %g)f[‘[’ﬁ = —% Z?:o v;E;. Applying
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the linear map ¢ ® 7y ® id to the formal Lax matrix and using the above we find the
twist function ¢(z) = z=! and the Lax matrix

L) =T+ 1a<1>+fz( )2 s Fy 2 03By ) (123)

where we drop some tensor products to conform to standard notations. By Corollary
4.8 it satisfies the non-ultralocal Poisson algebra (65) with r- and s-matrices given by

ra(z,w) = 1Cl(2 Zz wre;", S12(z,w) = %C’Eg). (124)

The above expression (123) com(:ldes with the Lax matrix of affine Toda field theory
in its non-ultralocal formulation. In order to see this, note that if we formally apply

a gauge transformation by e2? to (123) then we obtain
L(2) =100 +e2 ML) =M+ —= Y 39 Uy Fy 4 2y Ey). (125)

This is the usual Lax matrix used in the standard treatment of affine Toda field theory,
see e.g. [2, ch. 12|. It satisfies the wltralocal Poisson bracket {Z](z),.Z)(w)} =
[r12(z,w), £ (2) + Z; (w)]ger
Finally, we show that the Hamiltonian of affine Toda field theory can be obtained
from the local quadratic Gaudin Hamiltonians. It follows from Proposition 4.9 that
the only non-trivial formal quadratic Gaudin Hamiltonian is H} = —(A([)”M([’f}) +
( [0]“A[O]) Note that this can also be obtained from the formal quadratic Hamil-

tonian (70) associated with infinity, the only zero of the twist function p(2) = 271,

since this reads Hoo = resog 3 (£ (z)’il(z))cp(z)_ldz = —HY. When applying the ho-
momorphism %g defined in §5.3.2, the terms not involving D and K give

Zf@ /3 do e PO) 1 L(TI[TT) + 1(09(0®) + 3(T1]0®). (126)

Here we introduced the Toda masses m; € R>o by m? = p;v; and used the relation
(Ei, Fj) = 0i5¢; for all 4,5 = 0,...,¢. The first three terms on the right hand side of
(126) are exactly (half) the Hamiltonian of affine Toda field theory

H = (II]TD) + 1(99]0®) + Z 62/ 4 (@ (127)
Moreover, the last term on the right hand Slde of (126) is (half) the momentum since

P =7y(P) = —W( —iy Z nH D HEO) = (11199)

neZ k=1

where the second equality is from the definition (71) of the formal momentum, the
third equality from (119c) and the last equality uses the definition (120) of the Toda
field and its conjugate momentum.
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Consider now the terms in %(A?O] |A?O]) containing D and K. They are of the form

(0] ™o] 0] “[0] 0] "] - (128)

We have %Z(K(O)

0] ) =4 and %g(D(O)

[0]
Hy = 7o(HY)) = 1H — 1(11|0®) = L(H - P).

-2

) = i(II|0®), hence combining the above we find

In particular, as was the case for the Zp-graded coset o-model and its deformation in
§5.2, the Hamiltonian (127) of affine Toda field theory is given by H = 2H, + P.

Applying the homomorphism p®7 to the Lax equation {HY, £(2)} = [M?(2), £(2)]
from Proposition 4.10 and dividing through by ¢(z) we find {Hp, Z(2)} = 27 [(0 ®
%Z)A?l}’a + Z(z)]. Combining this with the fact that {P, Z(z)} = 0.Z(z) and
using the definition of H we find the zero curvature equation {H, % (z)} = 0.4 (z) +
[ZL(2), # ()], where we defined #(2) == Z(2) — 2(0 ® %g)fl?l]. The explicit form
of the latter reads .#(z) = Il + 10® + % Z?:o (— e (®) =1 Fy + zv;Ej). In
terms of the gauge transformed Lax matrix (125) we have {H, ¥'(z)} = 0.4'(z) +
(L (2), A (2)], where A'(z) = —I1 + e3 ad® /(%) is given explicitly by

M (2) =

o=

L
1 Loy, -
8<I>+ﬁ E e2a1(q>)(—z 1,quj—|-zij’j).
Jj=0

Up to differences in conventions, this agrees with the temporal component of the Lax
connection in the standard treatment of affine Toda field theory [2, ch. 12].

5.3.4. The g = sly case: sinh-Gordon model. It is helpful to illustrate the above
general procedure for obtaining the Lax matrix (123) of affine Toda field theory from
the formal Lax matrix

L(z) = Az "' + Az — AR (129)

of the dihedral affine Gaudin model explicitly in the case g = sls, which corresponds
to the sinh-Gordon model.

Let {E,H,F} be the standard basis of g = sl;. A basis of the corresponding
untwisted affine Kac-Moody algebra g = ;[2 = sly[t,t71] ® CK @ CD then consists of
E,=FE®t" H,=H®t" and F,, = F ®t"™ for all n gZ as well as K and D. Its
dual basis, with respect to the standard bilinear form on sly, cf. (9), induced from the
non-degenerate invariant bilinear form (-,-) on sly normalised such that (H, H) = 2,
then consists of the elements F_,,, %H _nand E_, for all n € Z as well as D and K.
In the notation introduced at the start of §5.3 we have F; = E! = Fy = FO = [,
Fil=F'=Ey=E'=F,H' = H and H; = 1H. As we shall not use this notation
here it should not lead to confusion with the above notation E,,, F;, and H,, for n € Z.

We extend the Coxeter automorphism o € Autsly defined by o(E) = —F, o(H) =
H and o(F) = —F to the affine Kac-Moody algebra, cf. §2.2.1, by letting o(E,) =
—E,,0(H,) = H, and 0(F},) = —F,, for any n € Z as well as 0(K) = Kand (D) = D.
A basis for the 1-eigenspace g(p),c C g of o € Aut sl consists of H,, n € Z together
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with K and D, while the (—1)-eigenspace ’gv(l),(c C ¢ has basis elements E,, and F,, for
n € 7.

The affine Gaudin model we are considering has divisor D = 2 -0+ 2 - oco. This
means that to the sites at the origin and infinity we attach certain copies of the basis
elements of the affine Kac-Moody algebra sls, namely

) 5O

origin : H(O) E(O) and F(O) for each n € Z, and K[o] Doy

n,[0]” Tn,[1] n,[1]

infinity : Eflo[ol)] and Fygoﬁ for each n € Z.

In order to avoid overburdening the present section with technicalities, we shall not
discuss the precise definitions of these objects further here. We refer to §3.4.1 for the

definition of the Lie algebra ﬁ?g to which they belong. We shall simply note that their
Lie brackets read, cf. (113),

© O 1o (0 © 0 1 (0)

[, o H o] = 20K Do) Ho o] = nHy, oy (130a)
© 0 1 _ 0 © 0 1 _ (0

(H,op Eniy) = By [Ppo)» Eny) = nEy s (130Db)

for all m,n € Z, with all other Lie brackets being trivial.

The three formal fields A?o]v A?l} and A[Oﬁ of the dihedral affine Gaudin model under

consideration may now be written in the present sly case as, cf. (112),
0 _ (0) (0) (0)
Afy =D @Ky + K@D/ + > H @ Hy ), (131a)
nel

0 _ (0) (0 0o _ (00) (00)

Ay = Z (B—n ® EoatEa® En,m)7 n = Z (B—n® o T Fn® En,[l])-
neL nez
(131D)

Following the nomenclature introduced at the start of §4.2.1, we refer to the first
tensor factor in each of these expressions as the auxiliary factor. In order to obtain
more familiar looking slp-valued fields on the circle S from the above formal fields,
we should represent the affine Kac-Moody algebra elements in the auxiliary factor in
terms of slo-valued connections on S with trigonometric polynomial coefficients, cf.
§4.2.2. Specifically, we apply the representation ¢ defined in Lemma 2.4, which in the
present case explicitly reads

o(D) = —idg,  o(K)=0,  o(E,) =Ee™  o(H,) =He™, — o(F,)=Fe™,
in terms of the coordinate § € R/27Z = S* on the circle. To be even more concrete,
we shall modify the above representation so that the basis elements of sly are further
represented by 2 x 2 matrices. That is, instead of applying o to the auxiliary factor

of the formal fields and the formal Lax matrix, we shall use a representation ¢ of g
into 2 x 2 matrix connections on the circle S, defined by

inf

~ e 0 - 0 0
Q(Hn) = < 0 _ein6> ) Q(Fn) = (62'719 0> :
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For instance, in the case of the formal field A?ﬂ defined in (131b) we obtain
—ind 1(0)
0 ez "F, ,[1}) '

e—in (0)
ZnEZ HE n,[1] 0

The two off-diagonal components of the matrix on the right hand side are formal

distributions on S! with Fourier coefficients F' [)1} and B [)1
their integral pairing with any trigonometric polynomlal ylelds an element of the Lie
algebra gg.

To formulate the sinh-Gordon model as an affine Gaudin model we should realise
all the fields of the latter in terms of sinh-Gordon fields. This is the purpose of the
homomorphism (119) defined in §5.3.2, expressing the Fourier modes of the affine
Gaudin model fields in terms of those of the classical Toda fields. Let us spell out its

definition in the present slo case. Let 2 denote the Lie algebra spanned by elements
E7(l+), F7g+) and Hfli) for all n € Z subject to the relations, cf. (115),

(a1 ) =2, [, ED]=EY),,  [HD,ED]=F),, (132
with all other Lie brackets being trivial. In terms of these, let us introduce the sinh-
Gordon field and its conjugate momentum as

SIS D), (0= )Y e
neL nez
Note that their Poisson bracket is normalised as {m(6),$(6')} = 1dgo. This can be
seen directly from the ﬁrst relation in (132) or, alternatively, from the Poisson bracket
{Hl(H (60" } C’lZ dpe by noting that we have C'(0) = = 1H ® H and observing that
the scalar ﬁelds ¢ and 7 are related to the ho-valued fields ® and II defined in (120)
simply as ® = ¢ H and II = 7w H. Moreover, in the notation (122), which was
motivated by Lemma 5.6, the exponential of (twice) the sinh-Gordon field ¢ is then
given by e =3~ e~ B where we used the fact that a1(H) = 2 and also
e20(0) = Y onez e~ F{) since we have ag(H) = —a1(H) = 2.
The desired homomorphism (119) in the present case takes the form

(@ ®id)Af; = (

L respectively. That is,

~ m " o B o m
T (Eff[)u) = ﬁEﬁﬁ), (F<0[>1 )= ﬁF,§+>, o (EfL,[l)}) = T (F;U}) - _55"’0’
(133a)
~ . - mn o
Re(Ky) =i Fe(HL) = HE = TR, zzm )
ne
(133b)

for all n € Z. Here we have fixed all the parameters pug = 1 = 19 = v¥1 = m in
terms of a single real parameter m € R>g which will turn out to be the mass of the
sinh-Gordon field. Note that to make sense of the infinite sum on the right hand side
of the last expression in (133b), the map 7, takes value in a suitable completion of
the symmetric algebra S(.7), see §5.3.2 for details. More precisely, we work in its

quotient by the relation ZpGZ pEﬁi)le(f) = nEﬁﬁ, cf. Lemma 5.3. According to
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Lemma 5.4, the map 7y defined by (133) then provides a realisation of the Lie algebra
92 with relations (130).

We may now proceed to construct the Lax matrix of the sinh-Gordon model from
the formal Lax matrix (129) of the affine Gaudin model. Substituting the expressions
(131) for the formal fields of the affine Gaudin model into £(z), it explicitly reads

_ (0) (0) (0) -1
L(z) = <D @Kl +K® D) + ZZ YHon ® Hn,[01>2
ne
(0) 0) \_—2 (c0) (00)
+ % (B-n®F,+ Fn®E, 1)z — % (B—n ® F, 7 + Fon ® E,7)).
ne ne

To begin with, applying to it just the representation p®id ® id, i.e. applying ¢ defined
above to the auxiliary factor, we find

o ‘ ‘ ;efiTL@H(O) 0
(G0idwid)(z) = KO0+ Y (2 N
neZ. 2¢ n, 0]
0 e,ingF(O) - 0 efinGF(oo)
+ Z ( 7in0E(0) 0 . < = Z finHE(OO) 0 . ’
nez \°¢ n,[1] nez \°© (1]

Next, applying the further representation id ® 7y ® id, with 7, given in (133), to the
above expression we find

@oresiee =L (T 00

z
m 0 —2¢(0) m (0 1
v G :
\/522 e 0 \/5 1 0
Comparing this with the general expression (64), we read off the twist function as the
coefficient of the Jyg-term to be ¢(z) = 271 and then the Lax matrix is

w(0) + Lo'(0 m (z=le=2000) 4 4
e SO ] (131)
ﬁ(z e + z) —7(0) — 3¢'(9)
This expression can equally be obtained directly from the general result (123), spe-
cialised to the case g = slo, after representing the auxiliary factor of this sly-valued
Lax matrix in terms of 2 x 2 matrices.

The Lax matrix (134) is a non-ultralocal version of the Lax matrix of the sinh-
Gordon model. But it is gauge equivalent to the standard ultralocal Lax matrix.
Indeed, if we perform a gauge transformation by diag(e%¢(9), e—%¢(9)) on it, or even
more directly if we represent the auxiliary factor of the Lax matrix (125) in the present
case by 2 x 2 matrices, then we arrive at

m(0) %(zfleﬂb(@) + ze¢>(9))>

ZL'(z) = <%(z_1e¢(6) + 26—45(9)) —m(0) 135)
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This is the standard ultralocal Lax matrix of the sinh-Gordon model in the Hamilton-
ian formalism, see for instance |2, §12.7] where the momentum is written as 7 = $9;¢
so that the canonical Poisson bracket reads {9;¢(0), #(0')} = dgg.

Unlike its non-ultralocal counterpart (134), however, and this is the crucial point,
the Lax matrix (135) cannot be obtained as a representation of the formal Lax matrix
of an affine Gaudin model in any natural way. One can see this directly from the form
of the Hamiltonian (127) of the affine Gaudin model obtained in §5.3.3. Indeed, in
the present case with g = sly, the Hamiltonian and momentum take on the simple
form

1 1
H=— / d0(27(0)2+ 1/ (0)2+m?e* @) ym2e~200)  p—— / o m(6)¢' ().
g1 St

2 s

Here we have used the identification ® = ¢ H and II = m H made above, together
with the fact that (H, H) = 2. Recall here also the definition (16) which according
to Lemma 2.4 is identified with the bilinear form (-|-) on £g defined in (2.2). Since
the ultralocal Lax matrix (135) does not explicitly depend on the derivative ¢'(6) of
the sinh-Gordon field, the term ¢/(6)? in the density of the Hamiltonian cannot arise
from a bilinear expression in the Lax matrix .£”(z), as it should do if the ultralocal
formulation of sinh-Gordon could be given an affine Gaudin model interpretation. One
of the effects of the gauge transformation from (135) to (134) is precisely to introduce
such a dependence on ¢/(#) in the Lax matrix.

APPENDIX A. NOTATIONS AND SOME USEFUL LEMMAS

A.1. Dual pairs. Let V and W be a pair of real vector spaces and (-,-) : VxW — R
be a bilinear form. For any two vectors x € V and y € W satisfying (z,y) = 0 we will
write x 1 y. More generally, for any subspace E C V and y € W we write £ L y if
(x,y) =0 for all z € E. Similarly, we write z L F if (x,y) = 0 for any y € F. Also,
for any two subspaces E C V and F' C W, we write E L F if (z,y) =0 forallz € F
and y € F. We define the orthogonal complement in W of a subspace £ C V by
E+ ={yc W|E 1 y}. Likewise, for any subspace I’ C W we define its orthogonal
complement in V by F+ = {z € V|z L F}. We will call the triple (V, W, (-,-)) a
dual pair if the bilinear form (-, -) is non-degenerate both on the left, i.e. W+ = {0},
and on the right, i.e. V+ = {0}. In other words, we say (V, W, (,-)) is a dual pair if
xz L W implies x = 0 and V L y implies y = 0.

Lemma A.1. Let (V,W,(-,-)) be a dual pair of real vector spaces. Let V.=V, + V_
and W = W +W_ be direct sum decompositions such that Vi 1. W. Then Vj =W4
and Wi = V. In particular, (Ve, W, (-, MNvexws) are dual pairs.

Given a dual pair (V, W, (-,-)), we endow any pair of subspaces £ C V and ' C W
with the restricted bilinear form (-, )|pxr : E X FF — R. In general this will be
degenerate, with left kernel EN F+ = {z € E|x L F} and right kernel F N E+ =
{ye F|E Ly}

Lemma A.2. The triple (E/(ENFLY), F/(FNEY), (), where (-,-) : E/(ENF+) x
F/(F N EY) — R is induced from the restriction {-,")|pxr : E x F — R, is a dual
pair.
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A.2. Tensor index notation. Let a, b and ¢ be complex Lie algebras, each equipped
with an anti-linear involutive automorphism which we commonly denote by 7. Let us
suppose further that these are equipped with descending Z>o-filtrations (Fp,a)nez.,,
(Fnb)nez., and (Fync)pez., as complex Lie algebras, respectively. So in particular, for
every m,n € Zsq we have [F,a,F,a] C Fp,yna and similarly for b and ¢. Let 2 be a
commutative algebra over C. Consider elements

x:Zx%@x?@fiea®b®9l, y:Zy}®y$®giea®c®Ql,
i i
z=) 72/ @7} @h €bHc D,
i

where a ® b is the completion of the tensor product a®b with respect to the descending
Z>o-filtration with subspaces F,,(a®@b) = Fa®7(F,b)+7(F,a)®F,b for each n € Z>
and likewise for a® ¢ and b&¢. So in particular, the sums over i in the elements x,
y and z above may be infinite. Given any u € a and v € b we use the tensor index
notation

[uy, x1,] = Z[u,xil] X @ fi, [V, X1o] = szl ® v, ] ® fi.
i i

Similarly, following standard conventions we define the elements

[X12,Y13] = Z[Xz‘layjl‘] ® X? ® yjz ® figjs V13, 2Z23] = Zyﬁl & Zjl & [}%‘27232‘] ® gihyj,
2% 2
(X12,223] = szl ® [X?vzgl'] ® Z? ® fihj,
2%
of a®b®c¢® A where a® b ® ¢ denotes the completion of a ® b ® ¢ with respect to
the descending Zx(-filtration defined by

Fr(a®b®c¢) =Fra@7(Fub) @ ¢+ Fa® b @ 7(Fpuc) + a® Frb @ 7(Fpe)
+7(Fpa) @ Fpb@c+7(Fra) @ b @ Foe + a®@ 7(Fpb) @ Fre

for all n € Z>q. If tensor indices appear in decreasing order then one should permute
the tensor factors. For instance, if w =Y. w] @ w? ® k; € b®a ® 2 then we let

[Wzla YL3] = Z[W?’ yjl] & Wz'l X y]2' X kigj)
i3
and similarly for other possible permutations of the tensor indices.

REFERENCES

[1] P. Adamopoulou and C. Dunning, Bethe Ansatz equations for the classical AL affine Toda field
theories, J. Phys. A 47 (2014) 205205.

[2] O. Babelon, D. Bernard, and M. Talon, Introduction to classical integrable systems, Cambridge
Univ. Press (2003).

[3] A. Babichenko and D. Ridout, Takiff superalgebras and Conformal Field Theory, J. Phys. A 46
(2013) 125204.

[4] J. Balog, P. Forgacs, Z. Horvath and L. Palla, A New family of SU(2) symmetric integrable
sigma models, Phys. Lett. B 324 (1994) 403-408.



(5]

(6]
(7]
(8]

(9]
[10]
[11]
[12]

[13]

14]
115]
[16]
17]
18]
[19]
[20]
21]
122]

23]
[24]

[25]
[26]
27]
(28]

[29]

ON INTEGRABLE FIELD THEORIES AS DIHEDRAL AFFINE GAUDIN MODELS 67

V. V. Bazhanov, A. N. Hibberd and S. M. Khoroshkin, Integrable structure of W(3) conformal
field theory, quantum Boussinesq theory and boundary affine Toda theory, Nucl. Phys. B 622
(2002) 475.

V. V. Bazhanov, G. A. Kotousov and S. L. Lukyanov, Winding vacuum energies in a deformed
0(4) sigma model, Nucl. Phys. B 889 (2014) 817.

V. V. Bazhanov and S. L. Lukyanov, Integrable structure of Quantum Field Theory: Classical
flat connections versus quantum stationary states, J. High Energy Phys. 1409 (2014) 147.

V. V. Bazhanov, S. L. Lukyanov and A. B. Zamolodchikov, Integrable structure of conformal
field theory, quantum KdV theory and thermodynamic Bethe ansatz, Comm. Math. Phys. 177
(1996) 381.

V. V. Bazhanov, S. L. Lukyanov and A. B. Zamolodchikov, Integrable structure of conformal
field theory. II. Q operator and DDV equation, Comm. Math. Phys. 190 (1997) 247.

V. V. Bazhanov, S. L. Lukyanov and A. B. Zamolodchikov, Integrable structure of conformal
field theory. III. The Yang-Baxter relation, Comm. Math. Phys. 200 (1999) 297.

V. V. Bazhanov, S. L. Lukyanov and A. B. Zamolodchikov, Spectral determinants for Schrodinger
equation and @ operators of conformal field theory, J. Stat. Phys. 102 (2001) 567.

V. V. Bazhanov, S. L. Lukyanov and A. B. Zamolodchikov, Higher level eigenvalues of Q oper-
ators and Schroedinger equation, Adv. Theor. Math. Phys. 7 (2003) no.4, 711.

Belavin, A. A. and Drinfeld, V. G.: Triangle equations and simple Lie algebras, Classic Reviews
in Mathematics and Mathematical Physics. 1. Amsterdam: Harwood Academic Publishers. vii,
91 p. (1998).

F. Delduc, S. Lacroix, M. Magro and B. Vicedo, On the Hamiltonian integrability of the bi- Yang-
Baazter sigma-model, J. High Energy Phys. 1603 (2016) 104.

F. Delduc, M. Magro and B. Vicedo, Alleviating the non-ultralocality of coset sigma models
through a generalized Faddeev-Reshetikhin procedure, J. High Energy Phys. 1208 (2012) 019.
F. Delduc, M. Magro and B. Vicedo, A lattice Poisson algebra for the Pohlmeyer reduction of
the AdSs x S° superstring, Phys. Lett. B 713 (2012) 347-349.

F. Delduc, M. Magro and B. Vicedo, On classical q-deformations of integrable sigma-models, J.
High Energy Phys. 1311 (2013) 192.

F. Delduc, M. Magro and B. Vicedo, An integrable deformation of the AdSs x S° superstring
action, Phys. Rev. Lett. 112 (2014) no.5, 051601.

F. Delduc, M. Magro and B. Vicedo, Derivation of the action and symmetries of the q-deformed
AdSs x S® superstring, J. High Energy Phys. 1410 (2014) 132.

F. Delduc, M. Magro and B. Vicedo, Integrable double deformation of the principal chiral model,
Nucl. Phys. B 891 (2015) 312-321.

P. Dorey, C. Dunning, D. Masoero, J. Suzuki and R. Tateo, Pseudo-differential equations, and
the Bethe ansatz for the classical Lie algebras, Nucl. Phys. B 772 (2007) 249.

P. Dorey, C. Dunning and R. Tateo, Differential equations for general SU(n) Bethe ansatz
systems, J. Phys. A 33 (2000) 8427.

P. Dorey, C. Dunning and R. Tateo, The ODE/IM Correspondence, J. Phys. A 40 (2007) R205.
P. Dorey, S. Faldella, S. Negro and R. Tateo, The Bethe Ansatz and the Tzitzeica-Bullough-Dodd
equation, Philos. Trans. Roy. Soc. A 371 (2013) 20120052.

P. Dorey and R. Tateo, Anharmonic oscillators, the thermodynamic Bethe ansatz, and nonlinear
integral equations, J. Phys. A 32 (1999) L419.

P. Dorey and R. Tateo, Differential equations and integrable models: The SU(3) case, Nucl.
Phys. B 571 (2000) 583, Erratum: [Nucl. Phys. B 603 (2001) 582].

J. M. Evans, M. Hassan, N. MacKay and A. Mountain, Local conserved charges in principal
chiral models, Nucl. Phys. B 561 (1999) 385.

J. M. Evans, M. Hassan, N. MacKay and A. Mountain, Conserved charges and supersymmetry
in principal chiral and WZW models, Nucl. Phys. B 580 (2000) 605.

J. M. Evans and A. Mountain, Commuting charges and symmetric spaces, Phys. Lett. B 483
(2000) 290.



68
[30]
31]
32]
[33]
[34]
[35]
[36]
37]
[38]
[39]
[40]
[41]
[42]

[43]
[44]

[45]
[46]

[47]
[48]
[49]
[50]
[51]
[52]
[53]
[54]
[55]

[56]

BENOIT VICEDO

J. M. Evans and C. A. S. Young, Higher-spin conserved currents in supersymmetric sigma models
on symmetric spaces, Nucl. Phys. B 717 (2005) 327.

J. M. Evans, Integrable sigma models and Drinfeld-Sokolov hierarchies, Nucl. Phys. B 608 (2001)
591.

L. D. Faddeev and N. Y. Reshetikhin, Integrability of the Principal Chiral Field Model in (1+1)-
dimension, Ann. Physics 167 (1986) 227.

L. Faddeev and L. Takhtajan, The quantum method of the inverse problem and the Heisenberg
XYZ-model, Russian Math. Surveys 34:5 (1979) 1168.

L. D. Faddeev and L. A. Takhtajan, Hamiltonian Methods in the Theory of Solitons, Springer,
Berlin Heidelberg New York (1987).

V. A. Fateev, The sigma model (dual) representation for a two-parameter family of integrable
quantum field theories, Nucl. Phys. B 473 (1996) 5009.

B. Feigin and E. Frenkel, Affine Kac-Moody algebras at the critical level and Gelfand-Dikii
algebras, Internat. J. Modern Phys. A 7 (1992), 197-215, Supplement 1A.

B. Feigin and E. Frenkel, Quantization of soliton systems and Langlands duality, Adv. Stud.
Pure Math. 61, Math. Soc. Japan, Tokyo, 2011.

B. Feigin, E. Frenkel, and N. Reshetikhin, Gaudin model, Bethe ansatz and correlation functions
at the critical level, Comm. Math. Phys. 166 (1994), 27-62.

B. Feigin, E. Frenkel, and L. Rybnikov, Opers with irregular singularity and spectra of the shift
of argument subalgebra, Duke Math. J. 155 (2010), no. 2, 337-363.

B. Feigin, E. Frenkel and V. Toledano Laredo, Gaudin models with irregular singularities, Adv.
Math. 223 (2010) 873.

L. Freidel and J.-M. Maillet, Quadratic algebras and integrable systems, Phys. Lett. B 262, 2-3
(1991) 278-284.

E. Frenkel, Opers on the projective line, flag manifolds and Bethe Ansatz, Mosc. Math. J. 4
(2004), no. 3, 655-705.

E. Frenkel, Gaudin model and opers, Progr. Math. 237 (2005), 1-58.

E. Frenkel, Wakimoto modules, opers and the center at the critical level, Adv. Math. 195 (2005)
297-404.

E. Frenkel, Langlands Correspondence for Loop Groups, Cambridge Univ. Press, 2007.

E. Frenkel and D. Hernandez, Spectra of quantum KdV Hamiltonians, Langlands duality, and
affine opers, arXiv:1606.05301 [math.QA].

M. Gaudin, Diagonalisation d’une classe d’Hamiltoniens de spins, J. Physique 37 (1976), 1087—
1098.

L. Hlavaty and A. Kundu, Quantum integrability of nonultralocal models through Baxterization
of quantized braided algebra, Internat. J. Modern Phys. A 11 (1996) 2143.

B. Hoare, R. Roiban and A. A. Tseytlin, On deformations of AdS, = S™ supercosets, J. High
Energy Phys. 1406 (2014) 002.

T. J. Hollowood, J. L. Miramontes and D. M. Schmidtt, Integrable Deformations of Strings on
Symmetric Spaces, J. High Energy Phys. 1411 (2014) 009.

T. J. Hollowood, J. L. Miramontes and D. M. Schmidtt, An Integrable Deformation of the
AdSs x S§° Superstring, J. Phys. A 47 (2014) no.49, 495402.

K. Ito and C. Locke, ODE/IM correspondence and modified affine Toda field equations, Nucl.
Phys. B 885 (2014) 600.

K. Ito and C. Locke, ODE/IM correspondence and Bethe ansatz for affine Toda field equations,
Nucl. Phys. B 896 (2015) 763.

K. Ito and H. Shu, ODE/IM correspondence for modified Bél) affine Toda field equation, Nucl.
Phys. B 916 (2017) 414-429.

G. Ttsios, K. Sfetsos, K. Siampos and A. Torrielli, The classical Yang-Bazter equation and the
associated Yangian symmetry of gauged WZW-type theories, Nucl. Phys. B 889 (2014) 64-86.
S. M. Ke, X. Y. Li, C. Wang and R. H. Yue, Classical exchange algebra of the nonlinear sigma
model on a supercoset target with Z(2n) grading, Chinese Phys. Lett. 28 (2011) 101101.



[57]
[58]
[59]
[60]
[61]
[62]
[63]
[64]
[65]
[66]
[67]

[68]

[69]

[70]

[71]
[72]

(73]
[74]
[75]
[76]
[77]
[78]
[79]
[80]
[81]

(82]

ON INTEGRABLE FIELD THEORIES AS DIHEDRAL AFFINE GAUDIN MODELS 69

C. Klimcik, Yang-Bazter sigma models and dS/AdS T duality, J. High Energy Phys. 0212 (2002)
051.

C. Klimcik, On integrability of the Yang-Bazter sigma-model, J. Math. Phys. 50 (2009) 043508.
C. Klimcik, Integrability of the bi- Yang-Bazter sigma-model, Lett. Math. Phys. 104 (2014) 1095.
P. Kulish and E. Sklyanin, Quantum inverse scattering method and the Heisenberg ferromagnet,
Phys. Lett. A 70 (1979) 461-463.

S. Lacroix, M. Magro and B. Vicedo, Local charges in involution and hierarchies in integrable
sigma-models, J. High Energy Phys. 1709 (2017) 117.

S. Lacroix and B. Vicedo, Cyclotomic Gaudin models, Miura opers and flag varieties, Ann. Henri
Poincaré 19 1 (2018) 71-139.

S. L. Lukyanov, ODE/IM correspondence for the Fateev model, J. High Energy Phys. 1312
(2013) 012.

S. L. Lukyanov and A. B. Zamolodchikov, Quantum Sine(h)-Gordon Model and Classical Inte-
grable Equations, J. High Energy Phys. 1007 (2010) 008.

J. M. Maillet, Kac-Moody algebra and extended Yang-Baxter relations in the O(N) non-linear
sigma model, Phys. Lett. B 162 (1985) 137.

J. M. Maillet, New integrable canonical structures in two-dimensional models, Nucl. Phys. B 269
(1986) 54.

M. Magro, The Classical Exchange Algebra of AdSs x S°, J. High Energy Phys. 0901 (2009)
021.

D. Masoero, A. Raimondo and D. Valeri, Bethe Ansatz and the Spectral Theory of Affine Lie
Algebra-Valued Connections I. The simply-laced Case, Comm. Math. Phys. 344 (2016) no.3,
719.

D. Masoero, A. Raimondo and D. Valeri, Bethe Ansatz and the Spectral Theory of affine Lie
algebra—valued connections II. The non simply-laced case, Comm. Math. Phys. 349 (2017) no.
3, 1063-1105

A. Melikyan and G. Weber, On the quantization of continuous non-ultralocal integrable systems,
Nucl. Phys. B 913 (2016) 716.

A. V. Mikhailov, The reduction problem in the inverse scattering method, Phys. D 3 (1981) 73.
E. Mukhin and A. Varchenko, Critical points of master functions and flag varieties, Commun.
Contemp. Math. 6 (2004), no. 1, 111-163.

A. G. Reiman and M. A. Semenov-Tian-Shansky, Current algebras and nonlinear partial differ-
ential equations, Dokl. Akad. Nauk SSSR 251 No. 6 (1980) 1310-1314.

D. Ridout and J. Teschner, Integrability of a family of quantum field theories related to sigma
models, Nucl. Phys. B 853 (2011) 327.

D. M. Schmidtt, Integrable Lambda Models And Chern-Simons Theories, J. High Energy Phys.
2017:12 (2017).

M. A. Semenov-Tian-Shansky, What is a classical r-matriz?, Funct. Anal. Appl. 17 (1983) 259
[Funkt. Anal. Pril. 17N4 (1983) 17]

M. A. Semenov-Tian-Shansky, Monodromy map and classical r-matrices, J. Math. Sci. (N.Y.)
77, 3 (1995) 3236-3242.

M. A. Semenov-Tian-Shansky and A. Sevostyanov, Classical and quantum nonultralocal systems
on the lattice, [hep-th/9509029).

A. Sevostyanov, The Classical R matriz method for nonlinear sigma model, Internat. J. Modern
Phys. A 11 (1996) 4241.

K. Sfetsos, Integrable interpolations: From exact CFTs to non-Abelian T-duals, Nucl. Phys. B
880 (2014) 225.

J. Sun, Polynomial relations for q-characters via the ODE/IM correspondence, SIGMA Symme-
try Integrability Geom. Methods Appl. 8 (2012) 028.

Takhtajan, L. A.: Quantum field theories on algebraic curves. I. Additive bosons, 2013 Rus-
sian Academy of Sciences, (DoM) and London Mathematical Society, Turpion Ltd — Izvestiya:
Mathematics, Volume 77, Number 2.



70 BENOIT VICEDO

[83] B. Vicedo, Hamiltonian dynamics and the hidden symmetries of the AdSs x S® superstring, J.
High Energy Phys. 1001 (2010) 102.

[84] B. Vicedo, The classical R-matriz of AdS/CFT and its Lie dialgebra structure, Lett. Math. Phys.
95 (2011) 249.

[85] B. Vicedo, Deformed integrable o-models, classical R-matrices and classical exchange algebra on
Drinfel’d doubles, J. Phys. A 48 (2015) no.35, 355203.

[86] B. Vicedo and C. A. S. Young, Cyclotomic Gaudin models: construction and Bethe ansatz,
Comm. Math. Phys. 343 (2016), no. 3, 971-1024.

[87] B. Vicedo, C. A. S. Young, Vertex Lie algebras and cyclotomic coinvariants, Commun. Contemp.
Math. 19, 1650015 (2017).

[88] B. Vicedo and C. A. S. Young, Cyclotomic Gaudin models with irregular singularities, J. Geom.
Phys. 121 (2017) 247-278

[89] C. A. S. Young, Non-local charges, Z(m) gradings and coset space actions, Phys. Lett. B 632
(2006) 559.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF YORK, YORK YO10 5DD, U.K.
E-mail address: benoit.vicedo@gmail.com



