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INHOMOGENEOUS DUAL DIOPHANTINE APPROXIMATION
ON AFFINE SUBSPACES

VICTOR BERESNEVICH, ARIJIT GANGULY, ANISH GHOSH, AND SANJU VELANI

ABSTRACT. We prove the convergence and divergence cases of an inhomogeneous
Khintchine-Groshev type theorem for dual approximation restricted to affine sub-
spaces in R™. The divergence results are proved in the more general context of
Hausdorff measures.

1. INTRODUCTION

Throughout the paper, ¥ : R, — R, is a non-increasing function and 'W,,(¢) is
the set of x € R™ for which there exist infinitely many a € Z" \ {0} such that

lao +x - a] <¢(|la]]") (1.1)

for some ay € Z. Here and throughout, || || denotes the supremum norm of a
vector and the dot stands for the standard inner product of vectors. For obvious
reasons, the set W, (1) is often referred to as the (dual) set of “y-approximable”
vectors in R™. The fundamental Khintchine-Groshev theorem [22, 23] in the metric
theory of Diophantine approximation, provides an elegant characterization of the
n-dimensional Lebesgue measure of W,,(¢) in terms of the convergence/divergence
properties of a ‘volume sum’ associated with the approrimating function ¥. We
reinforce the fact that ¢ will always be assumed to be non-increasing.

Theorem 1.1 (Khintchine-Groshev). Let ¥ be an approzimating function. Then

0 if Yo (k) <oo
(Wa(¥)] = (1.2)
full if 3% (k) = oo

We will use | | to denote the absolute value of a real number as well as the Lebesgue
measure of a measurable subset X of R"; the context will make the use clear.

Remarks:

(1) By Dirichlet’s theorem, W,,(¢) = R"™ when (k) = k1.
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INHOMOGENEOUS DUAL DIOPHANTINE APPROXIMATION 2

(2) A point x € R™ is called very well approzimable (abbr. VWA) if there exists
e > 0 such that x € W, (¢.) where

Vo Ry = Ry k — (k) = k= 0F9)

Thus, the essence of the definition of VWA points is that for these points the
‘Dirichlet exponent’ can be improved beyond the trivial. Note that in view
of Theorem 1.1, we have that |W, (¢.)| = 0 for any ¢ > 0. In other words,
almost every point x € R” is not VWA.

(3) The more general Hausdorff measure version of the Khintchine-Groshev the-
orem has been established in [14]. For a general background to the classical
theory of metric Diophantine approximation, we refer the reader to the sur-
vey type articles [5, 8].

We now consider the setting of inhomogeneous Diophantine approximation. Let
0 : R® — R be a function and, given 1, we let W’ (1)) be the set of x € R" for which
there exist infinitely many a € Z™ \ {0} such that

a0 +x - a+ 0(x)[ < ¢([la]]") (1.3)

for some ag € Z. The set W9 (1)) is often referred to as the (dual) set of “(1,6)-
inhomogeneously approximable” vectors in R™. The following inhomogeneous ver-
sion of Theorem 1.1 is established in [2]. We denote by C™ the set of n-times
continuously differentiable functions.

Theorem 1.2. Let v be an approzimating function and 6 : R — R be a function
such that 6 € C?. Then

0 if oy 9(k) <oo
(W ()] = (1.4)

full if S (k) = oo

We remark that the choice of § = constant is the setting of traditional inhomoge-
neous Diophantine approximation and in that case the above result was well known,
see for example [12]. For the more general Hausdorff measure version of Theorem 1.2
within the traditional setting see [7, 8, §12.1].

In this paper, we consider the theory of Diophantine approximation on manifolds,
specifically inhomogeneous approximation on affine subspaces. The subject of
metric Diophantine approximation on manifolds studies the conditions under which
a smooth submanifold of R™ inherits Diophantine properties of R™ which are generic
for Lebesgue measure. Examples include the resolution of the famous Baker-
Sprindzuk conjecture [27] due to Kleinbock and Margulis [26] using homogeneous
dynamics on the space of unimodular lattices. Their result implies that almost every
point on a nondegenerate submanifold M of R™ is not very well approximable; that is

W) NM e =0 ¥V e>0. (1.5)
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Here and elsewhere | . |5¢ denotes the induced Lebesgue measure on M. It is worth
mentioning that any manifold M of R™ satisfying (1.5) is called extremal and that
Kleinbock and Margulis proved the stronger “multiplicative” extremal statement for
nondegenerate manifolds. Essentially, nondegenerate manifolds are smooth mani-
folds of R™ which are sufficiently curved so as to deviate from any hyperplane, see
[3, 26] for a formal definition.

The convergence case of the Khintchine-Groshev theorem was shown to hold for
nondegenerate submanifolds of R™ in [11] and independently in [3]. Indeed, in [11]
Bernik, Kleinbock and Margulis established the stronger ‘multiplicative’ version.
The complementary divergence case was subsequently proved in [6] and, as a result,
we have the following complete analogue of the Khintchine-Groshev theorem for
nondegenerate manifolds.

Theorem 1.3. Let M be a nondegenerate submanifold of R™ and let 1 be an ap-
proximating function. Then

0 if Yo, v(k) <oo
(Wi () N M [ = (1.6)

full if >0 (k) = oo

We note that the convergence case of the above theorem implies the extremal state-
ment (1.5) for nondegenerate manifolds. The reader is also referred to [1, 13] for
recent developments concerning Diophantine approximation on nondegenerate man-
ifolds. In this paper, we are concerned with affine subspaces which are the main
examples of manifolds which are not nondegenerate. Theorem 1.3 above is therefore
not applicable to them. Nevertheless, the analogue of the Baker-Sprindzuk conjec-
ture for affine subspaces was studied by Kleinbock in [24] (see also [25]), and the
Khintchine-Groshev theorem in the series of papers [4, 16, 18, 19]. We refer the
reader to the recent survey [20] for further details on this subject. The key goal of
this paper is to develop the analogous inhomogeneous theory for affine subspaces.

We now briefly describe the current state of the inhomogeneous theory of Dio-
phantine approximation on manifolds. In [9, 10], the authors discovered a trans-
ference principle which allowed them to establish the inhomogeneous version of the
Baker-Sprindzuk conjecture for nondegenerate manifolds from the original homoge-
neous statement. Indeed, the inhomogeneous “multiplicative” extremal statement
established in [9] implies that for any nondegenerate submanifold M of R™ and
f = constant,

(WO )NM |y =0 V e>0. (1.7)

It is worth mentioning that in [21], it has been shown that the homogeneous to in-
homogeneous transference principle of [9] is flexible enough to be used for arbitrary
Diophantine exponents, not just the critical or “extremal” one. As demonstrated in
[21], this naturally extends the scope of potential applications of the original trans-
ference principle. Beyond extremal statements such as (1.7), the complete inhomoge-
neous version of the Khintchine-Groshev theorem, both convergence and divergence
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cases, for nondegenerate manifolds is established in [2]. In other words, with mild
conditions imposed on the ‘inhomogeneous’ function 6, the statement of Theorem
1.3 is shown to be valid with W, (1) replaced by W% (¢). In fact, in the divergence
case, for any § € C? the more general Hausdorff measure version is established. As
is to be expected, the convergence case of the Khintchine-Groshev theorem estab-
lished in [2] implies the inhomogeneous extremal statement (1.7) for nondegenerate
manifolds. To the best of our knowledge, unlike in the homogeneous setting, an
inhomogeneous theory of Diophantine approximation on affine subspaces is yet to
be developed. As already alluded to above, the purpose of this work is to address
this imbalance by establishing an inhomogeneous version of the Khintchine-Groshev
theorem for affine subspaces of R". As a consequence, we obtain the inhomoge-
neous extremal statement (1.7) for affine subspaces. Indeed, our results go some
way towards developing a coherent inhomogeneous theory for degenerate manifolds
as outlined in [2, §1.4].

In the study of Diophantine approximation on affine subspaces, one needs to
assume some condition on the slope of the affine subspace in order to ensure that the
affine subspace inherits generic Diophantine properties from its ambient Euclidean
space. We will now introduce certain Diophantine exponents of matrices which play
a key role in this regard. Indeed, we need these exponents in order to even state our
main convergence theorem.

1.1. Diophantine exponents of matrices. Throughout .77 will be an open subset
of a d-dimensional affine subspace of R”. By making a change of variables if necessary
we can assume without loss of generality that 7 is of the form

{(x,xA"+ag) : x € U}, (1.8)

where ag € R""¢ and A’ € Matgy,,_¢(R) and U is an open subset of R%. On setting

_ [a0
A,_(A),

we can rewrite this parametrisation as

x — (x,xA) where x:=(1,x). (1.9)

Given a column 6 € RY! and a matrix A € Maty,1xn_a(R), the inhomogeneous
Diophantine exponent w(A; @) of (A;0) is defined to be the supremum of v > 0 for
which there are infinitely many a’ € Z"~¢\ {0} such that

| Aa +a" + 6] < [la/] " (1.10)

for some a” € Z*1. In the case @ = 0, w(A) := w(A;0) is the usual (homogeneous)
Diophantine approximation exponent of the matrix A. It is well known that (n —
d)/(d+1) <w(A) < oo for all A € Maty;ixn—a(R) and that w(A) = (n—d)/(d+1)

for Lebesgue almost every A.
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We now introduce the higher Diophantine exponents of A as defined by Kleinbock
in [25]. For A € Matgy1xn—a(R), we set

RA = (Idd+1 A) € Matd+1Xn+1(R) (111)

where Idg, 1 denotes the (d+ 1) x (d+ 1) identity matrix. Let ey, ..., e, denote the
standard basis of R"™! and set

Wi_,; == span{e;,...,e;}, (1.12)
where i,j € {0,---,n} with i < j, be the linear subspace of R™*! spanned by
vectors e, ...,e;. Clearly, Wy, = R""'. Now let w € A’(Wy_,) represent a

discrete subgroup I' of Z"*! of rank j, that is w is the wedge product of vectors
from any given basis of I". Define the map

J Jj—=1
c: N Wos) = (N (W)
by setting

c(w); == Z (e; Nej,w)ey (1.13)
Jc{1,...,n}
Sy

for 0 < ¢ < n, and let m, denote the projection A(Wo—n) = A(Wat1-n). For each
j=1,...,n —d, define

Jw € /\] (Z"*1) with arbitrarily large ||m,(w)||
w;j(A) :=supg v: . (1.14)
vtl—j

such that [|[Ra c(wW)|| < ||me(W)||~ 7

It is shown in Lemma 5.3 of [25] that w;(A) = w(A). We shall see in the next section
that the Diophantine exponents w;(A) play a key role in the convergence case of the
Khintchine-Groshev theorem for affine subspaces.

1.2. Our Main Theorems. As before 7 will denote an open subset of a d-
dimensional affine subspace of R™ parametrised as in (1.9). Then, given ¢ and
0, the object of study is the set W9 () N .5#; i.e. the set of “(¢, #)-inhomogeneously
approximable” vectors on J#. ! Our first result establishes the convergence case of
the inhomogeneous Khintchine-Groshev theorem for affine subspaces.

Theorem 1.4. Let 77 be an open subset of an affine subspace of R™ of dimension
d given by (1.9), and suppose that

w;(A) <n forevery j=1,...,n—d. (1.15)
IThe reason for considering an open subset of an affine subspace rather than the whole subspace

is to allow inhomogeneous functions € that may not necessarily be defined on the whole subspace,
for example, 0(x) = /1 — (22 + - + 22).
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Let ¢ be an approximating function and 6 : R™ — R be a function such that 0|, is
analytic. Further in the case 0|, is a linear function so that

0(x) == 0(x,%XA) = X0 = 0y + Oy + - - - + Ogzq (1.16)
for some column 0 = (0, ...,0,)", assume that
w(A4;0) <n. (1.17)
Then,
(Wa () N ] =0 (1.18)
whenever .
D (k) < oo (1.19)
k=1

Recall that | |,» denotes the induced Lebesgue measure on 7. Clearly the above
convergence theorem implies the inhomogeneous extremal statement (1.7) for any

affine subspace satisfying (1.15) and any analytic 0 that additionally satisfies (1.17)
in the case it is linear.
Remarks:

(1) In the case 6] is linear, condition (1.17) on the exponent of (A4; @) is optimal.
Indeed, suppose that

|Aa" +a” + 8] < [|a’]| " log™* ||| (1.20)
holds for infinitely many a’ € Z"~¢\ {0} and some a” € Z4! but
|Aa’ +a" + 6| < [|a|| " log™*||a/|| (1.21)

holds only for finitely many a’ € Z"~¢\ {0} and a” € Z?*!. Clearly, in this
case w(A; @) = n. The existence of such pairs (A; ) can be proved by using
the inhomogeneous version of Jarnik’s theorem for systems of linear forms [5,
Theorem 19]. Assuming a’ and a” satisfy (1.20), write a’ as (ag41, ..., a,)"
and a” as (ag, ..., aq)". Then, on identifying a with (a4, ..., a,)" one readily
verifies that

0(x) + ag + (x,%xA)a = x(Aa’ + a” + 0) (1.22)
and that ||a|| < ||a’||. Therefore

10(x) + a0 + (x,%XA)a| < [|Aa’ +a" + 6] < [la]| " log™* [|a],

where the implied constant, which depends on x, can be chosen uniformly
for x in a compact set. Take ¥(h) = h™1(logh)~2. Then, clearly for every x
in such a compact set, the inequality

0(x) + a0 + (x,%A)a| < ¢(|la]")
holds for infinitely many a € Z"~¢\ {0} and some ag € Z. In this case
WO () 0\ =



INHOMOGENEOUS DUAL DIOPHANTINE APPROXIMATION 7

despite (1.19). An obvious modification of the above argument shows that,
given an approximating function 1 satisfying (1.19), in the case 0|, is linear,
(1.18) necessarily implies the existence of ¢ > 0 such that

|Aa" +a" + 0| > cy(||(a,a”)||")  for all (a';a”) € Z" %\ {0} x Z¢t.

How close this is to being a sufficient condition remains an interesting
question that is open even in the homogeneous case.

(2) We note that in case 6 = 0, since w(A) := w(A;0) the inhomogeneous Dio-
phantine condition (1.17) does not add extra hypotheses in the homogeneous
case.

For the divergence counterpart to Theorem 1.4, we shall prove the following more
general statement in terms Hausdorff measures. Throughout, H?*(X) will denote
the s-dimensional Hausdorff measure of a subset X of R"™ and dim X the Hausdorff
dimension, where s > 0 is a real number.

Theorem 1.5. Let 7 be an open subset of an affine subspace of R™ of dimension d
and let s > d—1. Let 1 be an approximating function and 6 : R* — R be a function
such that 0] » € C?. Suppose that (1.15) holds and that

i (k) = oo (1.23)
Then _
H(WP () N ) = HE () . (1.24)

Given an approximating function ¢, the lower order at infinity 7, of 1/4 is defined
by

—1
Ty = liminf —ng(t)

1.25
t—00 log t ( )

and indicates the growth of 1/ ‘near’ infinity. Now observe that the divergent sum
condition (1.23) is satisfied whenever

s<d—1+(n+1)/(nmy+1).

Therefore, it follows from the definition of Hausdorff dimension that
dim(Wl ()N st) > s if  HE (WO () N o) > 0

and that H5() > 0 if s < dim# = d and S # (). We therefore obtain the

following dimension statement concerning the set W (¢)) N 7.
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Corollary 1.1. Let 7 be a non-empty open subset of an affine subspace of R™ of
dimension d. Let 1 be an approrimating function and 6 : R — R be a function
such that 0] € C?. Suppose that (1.15) holds and that 1 < 7, < co. Then

n+1

im(W? >d—1 .
dim(‘W, (Y) N o) > d +7”L7'w+1

(1.26)

Remarks:

(1) To the best of our knowledge, the above findings constitute the first known
results in the context of inhomogeneous Diophantine approximation on
affine subspaces. In fact, Theorem 1.5 is new even for Lebesgue measure
(i.e. when s = d) and in many cases for the homogeneous setting (i.e. when
0 = 0). The only previously known cases in the homogeneous setting were:

(a) the case of lines passing through the origin which was treated in [4], and

(b) the case of affine hyperplanes (d = n — 1) which was treated in [17].

(2) In the case d = n — 1 condition (1.15) represents a single inequality imposed
on the main Diophantine exponent w(A) of A.

(3) In the case s = d the sum within (1.23) matches the one within (1.19). Thus,
Theorem 1.5 naturally complements the statement of Theorem 1.4.

(4) In [2], the smoothness condition imposed on the inhomogeneous function 6 is
weaker than what we have assumed to establish the convergence statement
of Theorem 1.4. In short we have imposed the stronger analyticity condition
to deal with a technical problem involving (C, a)-good functions (see below
for the definition). It is plausible that this condition can be relaxed and
brought at par with that imposed in [2].

(5) The homogeneous results in [11] and the inhomogeneous convergence results
in [2] are proved in the context of more general multivariable approximat-
ing functions. This setting includes the case of “multiplicative” Diophantine
approximation. Both our main theorems should hold for nondegenerate sub-
manifolds of affine subspaces and our convergence theorem should, in addi-
tion, be true in the multivariable setting. We plan to return to this extension
in a separate work.

2. THE GRADIENT DIVISION

In this section, we prepare the groundwork to prove Theorem 1.4, the “conver-

gence case”. Let U be the same as in (1.8) and as before define 9:U — R by
setting
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Clearly 6 is an analytic function since |, is analytic. For a € Z" \ {0}, we define
L(a) = {x eU:|0(x)+as+ (x,xA)a| < 1(|]a]|") for some ay € Z} .

Observe that limsup£(a) is the projection of WY (1)) N 5 onto RY. Here and
elsewhere, unless stated otherwise, a € Z"\ {0} and any unspecified limsup is taken
over such a. Since the projection from 7 to R? is bi-Lipschitz, Theorem 1.4 will
follow on showing that |limsup £(a)| = 0. In fact, it is sufficient to show that for
each x € U, we can choose an open ball B centred at x with 118 C U such that

|limsup £(a, B)| =0, (2.1)
where L(a, B) := L(a) N B.

To prove the above measure zero statement, it is natural to consider separately
the case when we have a ‘large derivative’ and the case when we do not. More
precisely, we split the set L£(a, B) into two subsets depending on the size of the
quantity V(0(x) + (x,xA)a) = V(0(x)) + [Id; A']a’ — here A’ is as introduced at
the start of §1.1 and as usual V denotes the gradient operator. With this in mind,
for any sufficiently small open ball B with 118 C U, we define

Lsmau(a,B):{XEL(a,B) IV(0(x) + (x,%A) -a) | < ndLHaH} (2.2)

where
A 1
L := max { sup  ||00(x)||, E} (2.3)
|8|=2, x€2B r
and r is the radius of B. Here for a multi-index § = (iy,...,i;) of non-negative

integers |f| := 41+ - - +1iq4 and 0z denotes the corresponding differentiation operator,
that is %. Set Ligrge(a, B) = L(a, B)\Lsmau(a, B). We will prove that for
21 Q?d

any ‘appropriately chosen’ B C 11B C U,

| lim sup L4rge(a, B)| =0 (2.4)
and
| limsup Lgmau(a, B)| =0. (2.5)

Clearly, on combining the measure zero statements (2.4) and (2.5) we obtain the
desired measure zero statement (2.1).

3. ESTIMATING THE MEASURE OF limsup £;44c(a, B)

In this section, we will establish (2.4) as a simple consequence of the following
statement.

Proposition 3.1. [11, Lemma 2.2] Let B C R? be a ball of radius v and F' € C*(2B)
where 2B 1s the ball with the same centre as B and radius 2r. Let

M* = sup [|0sF(x)|| (3.1)
|8|=2,x€2B
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and

42

Then for every &' > 0, the set of all x € B such that |p + F(x)| < & for some
p € Z and

M= max{M*,i}. (3.2)

IVF(x)|| > VdM (3.3)

has measure at most Kq0'|B|, where K4 > 0 is a constant dependent only on d.

To prove (2.4) from Proposition 3.1, we start with any sufficiently small open

A

ball Bin U. We fix a € Z™\ {0} and take F(x) = ((x,%xA4),0(x)) - (a,1) for x € 2B
and 0’ = v(||lal|™). Clearly M = L, where L is given by (2.3). Hence by Proposition
3.1, we get that

| Clarge(a, B)| < Kap([|al|")[B],

and thus
> Liarge(a, B)| < Kq Y o([lal™)[B] < YRR <Y (k).
aczm\ {0} aczn\{0} h=1 h=1

Since the latter sum is convergent, on applying the Borel-Cantelli lemma we obtain
(2.4), as desired. In the above as well as elsewhere < means an inequality with an
unspecified multiplicative constant.

O

In order to establish (2.5) we will use the ‘inhomogeneous transference principle’
introduced in [9, Section 5|, whose simplified version is recalled in the next section.

4. INHOMOGENEOUS TRANSFERENCE PRINCIPLE

Throughout this section, we shall let B be an open ball in R? and 0 be the d-
dimensional Lebesgue measure restricted to B so that the closed ball B becomes
the support of p.

Consider two countable index sets T, A and two maps H : (¢,«a,n) — Hi(a,n)
and I : (t,a,n) — I;(a,n) from T x A x R, to the collection of all open sets in R
Take a set @ of functions ¢ : T — R,. For each ¢ € &, define

Ar(¢) == limsup U Li(a, 9(t)) and Apg(¢):=limsup U Hi(a, (1)) .

teT acd teT aEd

We now discuss the two main properties which enables one to transfer zero p-measure
statements for the ‘homogeneous’ limsup sets Ay (o) to the ‘inhomogeneous’ limsup

sets A7(9).
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(1) Intersection property: The triplet (H, I, ®) is said to satisfy the inter-
section property if for any ¢ € ®, there exists ¢* € ® such that for all but
finitely many ¢ € T and for all distinct «, o/ € A, we have

L, o) N Lo (1) € | Hila”,¢7(1)) . (4.1)

(2) Contracting property: We say that g is contracting with respect to (1, ¢)
if for any ¢ € @, there exists ¢ € ®, a sequence of positive numbers {k;}ier
with >, sk < oo and for all but finitely many ¢ € 7 and all o € A, a

collection €, of balls 9B centred in B satisfying the three conditions given

below:
BN« c |J >, (4.2)
BECt,a
Bn |J BCLa.¢"(1) (4.3)
BECt,a
and
o(5B N Ii(ev, ¢(t))) < keo(5B). (4.4)

The main transference for our purpose, which follows easily from [9, Theorem 5],
can be stated as follows.

Theorem 4.1. If (H,I,®) satisfies the intersection property and o is contracting
with respect to (I,¢) then

Vo e, 0(Au(0) =0 = Ve o(As(¢)) =0.

5. PROOF OF (2.5) FROM THEOREM 4.1

Let T:=Z;, A= (Z"\{0}) xZ. Fort € T,a := (a,a9) € A and n € R, we set

10(x) + ap + (x,%A)a| < — Qnt

I(o,n) == x €U+ | |V(0(x) + (x,xA)a)|| < VndL x n x 2/ (5.1)
2t < |la|| < 2t+!
and
o+ (x, %A)al < 222
Hi(eyn) = 9x €U | |y(x,%A)-a| < 2VndL x npx 22 (- (5:2)
laf] <2+

Given 0 € R, define
b5 T — Ry it — ¢s(t) == 2°.
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Pick v > 0 and consider the set
O :={ps:0<3d < ~}.

Recall, that in view of §3, the proof of Theorem 1.4 has been reduced to showing
the truth of (2.5). The above transference principle plays a key role in carrying
out this task. With this in mind, the proof of (2.5) splits naturally into three main
steps. Let B C U be an open ball and recall that ¢ is the d-dimensional Lebesgue
measure restricted to B.

Step 1: We show that if v is appropriately chosen, then

regardless of the choice B. This will be the subject of §6 — §8.

Step 2: We show that the triplet (H,I,®) as defined above satisfies the
intersection property. This will be the subject of §9.

Step 3: We show that ¢ is contracting with respect to (I, ¢5). This will be the
subject of §10.

The upshot of successfully carry out these steps, is that on applying Theorem 4.1,
we are able to conclude that

o(A1(¢5)) =0 Vo €0,7).
This in turn implies (2.5), since
limsup Lynan(a, B) € A(ps)NB V> 0.
To carry out Step 1 we shall employ dynamical tools. For that, we need to recall a

few elementary properties of the so called ‘good functions’ introduced by Kleinbock
and Margulis [26].

6. (C,a)-GOOD FUNCTIONS

Let C' and a be positive numbers and V be an open subset of R?. A function
f:V — Ris said to be (C, a)-good on V' if for any open ball B C V| and for any
€ > 0, one has:

{xGB:\f(x)|<sH gc(my‘\m (6.1)

Now consider f = (fi, ..., f,), amap from an open subset U C R? to R". We will say
that f is good at x¢ € U if there exists a neighbourhood V' C U of xg and C,a > 0
such that any linear combination of 1, f1, ..., f, is (C,a) — good on V. The map f is
said to be good if it is good at every point of U. Note that C, a need not be uniform.

We will make use of the following properties of (C, «)-good functions, e.g. see [24].
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(G1) If fis (C,«)-good on an open set V', so is Af for all A € R.

(G2) If fi,i € I are (C, v)-good on V, so is sup,c; | fil-

G3) If fis (C, a)-good on V and for some ¢y,co > 0, ¢; < /() < ¢y forall x €
lg(x)]
V, then g is (C(ce/c1), a)-good on V.

(G4) If fis (C,a)-good on V, it is (C', a/)-good on V' for every C" > max{C, 1},
o <aand V' CV.

One can note that from (G2), it follows that the supremum norm of a vector
valued function f is (C,«)-good whenever each of its components is (C, a)-good.
Furthermore, in view of (G3), we can replace the norm by an equivalent one, only
affecting C' but not a.

The following result provides us with an important class of good functions.

Proposition 6.1. [11, Lemma 3.2] Any polynomial f € Rlxy,...,x4] of degree not
20+14](14-1)1/!
Va
the unit ball in RY with respect to the euclidean norm. In particular, constant and

. . d+2
linear polynomials are (2\/_dd= 2)-good on R®.

exceeding  is (Cay, %)—good on RY, where Cai = and Vy is the volume of

The main dynamical tool that we will be exploiting to show (5.3) is commonly
known as the “quantitative nondivergence” estimate in the space of unimodular
lattices. This constitutes our next section.

7. A QUANTITATIVE NONDIVERGENCE ESTIMATE

Let W be a finite dimensional real vector space. For a discrete subgroup I' of
W, we set I'g to be the minimal linear subspace of W containing I'. A subgroup I'
of A is said to be primitive in A if ' = I'r N A. We denote the set of all nonzero
primitive subgroups of I' by £(I"). Let j := dim(I'g) be the rank of I'. We say that
w € N (W) represents I if

1 if j=0
W =
viA---Av; if j>0and vy,...,vjisabasisof I'.

In fact, one can easily see that such a representative of I' is always unique up to a
sign.

A function v : A(W) — R, is called submultiplicative if
(i) v is continuous with respect to natural topology on A (W),
(ii) vt e Rand w € A(W), v(tw) = |tlv(w),
(iii) Vu,w e A(W), v(uAw) <v(u)v(w).
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In view of property (ii) above, without any confusion, we can define v(I") := v(w)
where w represents I'. Armed with the notion of submultiplicative, we are in the
position to state the “quantitative nondivergence” estimate that we will require in
establishing (5.3).

Theorem 7.1. [11, Theorem 6.2] Let W be a finite dimensional real vector space,
A a discrete subgroup of W of rank k, and let a ball B = B(xXq,70) C R? and a
continuous map H : B — GL(W) be given, where B := B(xq,3%ry). Take C' > 1,
a>0,0<p<1andletv beasubmultiplicative function on \(W). Assume that
for any I' € L(A),

(KM1) the function x — v(H(x)I') is (C,a)-good on B,
(KM2) supv(H(x)T') > p,

(KM3) Vx € B, #{I'e L(A) : v(H(x)T) < p} < 0.

Then for every &’ > 0 we have that

"

‘{x € B : v(H(x)\) <&” for some X € A\{0} }‘ < k(3Ny)*C (%)a |B|, (7.1)

where Ny is the Besicovitch constant for RY.

8. PrROOF OF (5.3)

Fix a ball B C U such that 11B C U. For t € Z, and ¢ € [0,7), we define the
set

Av=|J (Hi(a,¢s(t) N B) ={x€B:3(a,a) € Z"\ {0} x Zs.t.
acA
N 2 x 20
lag + (x,xA)al < ot
IV (x,%A) - a|| < 2vndL x 2% x 2!/

la] <27+

Then, by definition
Au(és) N B C limsup, A

and so (5.3) follows on showing that
[lim sup,_, A:| =0 . (8.1)
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With this in mind, pick g € (0, 2;) and set

(n+1)
2
§ = g K=2xVndL x ov2 T =22 (8.2)
n—1\ - ny/ ﬁ 1
€I = ((S/KT 1>”+1 = (22 ndL) " W (83)
and
Bt 1 2n., / ﬁ 25t
Furthermore, for x € R?, let
1 0 x xA +ag
Uy = 0 [d Id A (85)
0o 0 I,
and for t € Z,, let
) € € € € €
gt::dlag(g’?""’f’f"”’f)’ (86)

where ¢,0", T, K are defined above and, the = and % appear d and n times respec-
tively. Note that these parameters depend on ¢ and some fixed constants. Also,
denote by A the subgroup of Z!*%*" consisting of vectors of the form:

p
0
A= | :peZ,qez” ;. (8.7)

0
q

Then, it readily follows from the above definitions that

Ay C A= {x € B : |lgrux)| < 2% for some A € A\{0}}, (8.8)

and so (8.1) follows on showing that

lim sup, , A =0 .

In view of the Borel-Cantelli lemma, this will follow on showing that

[e.e]

D A <00, (8.9)

t=0
With the intention of using Theorem 7.1 to prove (8.9), we take W = RI*dtn
with basis eg, €,1,...,€4,€1,...,€,, A as given by (8.7) and H(x) = gyux. The
submultiplicative function v on W is chosen as described in [11, §7]. Namely, let
W, be the d-dimensional subspace of W spanned by e,1, ..., e, so that A given
by (8.7) is equal to the intersection of Z!T4™™ and W.. Here we identify W1 with
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R”™! canonically. Also let W be the ideal of A(W) generated by A*(W,) and let
7. be the orthogonal projection with kernel W. Then ||w|. is defined to be the
Euclidean norm of m,(w). In other words, if w is written as a sum of exterior
products of the base vectors e; and e,;, to compute v(w) we ignore the components
containing exterior products of the type e,; Ae,,1 <7 # j < d, and simply take
the Euclidean norm of the sum of the remaining components. By definition, it is
immediate that v|y agrees with the Euclidean norm.

For appropriately determined quantities C, o, p we now validate, one by one, the
conditions (KM1)-(KM3) associated with Theorem 7.1. Condition (KM3) can be
verified for any p < 1 in exactly the same manner as in [11, §7]. For the verification
of the remaining conditions, we begin with the explicit computation of the quantity
H(x)w for any w € A"(W1) and k = 1,...,n+1. On writing x = (z1,...,z4) and
(x,xA) = (f1(x),..., fu(x)), we see that

(1) H(x)eo = 5 ey,

(2) H(x)e, = e, forall 1<i<d,

(3) H(x)e; = & filx)eg+ £ 20, 2i™¥e,; + 2e; forall 1<i<n.

Note that each f;(x) is a polynomial in x1, . .., x4 with degree at most 1 so that each

partial derivative QJ;L(,X) is constant.
x5

8.1. Checking (KM1). Since A = Z*4" 0 WL any representative w € A" (W)
of any subgroup of A of rank k, 1 < k < n+ 1, can be written as ), ae;, where

each aj € Z and e = e;, A -+ Ne;, withiy,...,ip € {0,1,...,n}, i < <.

Since each component of 7, (H (x)w) is a polynomial in z1, ...,z with degree at

most 1 and in view of Proposition 6.1, each of them is (2d+2d, Cll)—good on B. This

Va
2d+2¢

implies that the function x — |7, (H(x)w)| is (5%, 1)-good on B. As

1 [ (H ()W)
o T y(m(H(x)w)) —
it follows from properties (G3) and (G4) of good functions that v(m.(H(x)w)) is
(C, a)-good on B with

2(d+2+1+2d+n) 1
C' = max {#, 1y and a:= 7 (8.10)

Va
This verifies condition (KM1).

8.2. Checking (KM2). Let I’ be a subgroup of A with rank k and w € A*(W21)
represent I'. We first consider the case k = n + 1. Thus, w = wey Ae; A--- Ae,,
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where w € Z\{0}. Hence, for any x € B, it is easily verified that the coefficient of
egNegqANeyA---Ney,in T (H(x)w) is

8n+1
w 8 KTr1 :

It now follows via (8.2)—(8.4), that
sup v (H (x)T') =supv(H(x)w) > sup||m(H(x)w)]|

xeB xXEB xXEB
6nJrl
‘w S KT T

)t (El)nH
O KTn1

_ |w|2/3(n+1

= |w|2° D>, (8.11)

Thus, when k& = n + 1 condition (KM2) is valid for any 0 < p < 1.

Assume now that 1 < k < n. To bound the norm of |7, (H (x)w)| from below,
we will proceed along the lines of [19, §5.3] using a technique from [25]. As observed
in [19, §5.3], for any x € B

[ (H )W) = || gricw |

where
- 1 x xA N ) € € €
Ux = (0 .[n ) and gy = dlag (5, ?, ey T) . (812)

Hence

supv(HT) = supy(H(x)w) > sup . (H(x)w)|

> sup ||gitw]| - (8.13)
xXeB

Thus, the name of the game is to bound supy.p ||g:txW|| from below. It follows
from (4.6) in [25], that

-~ ~ 1 Ek < A eNk
sup [giiewl| > e max 3 ( gy ) sup e %4) e(w)l, () Ilw(w)]

xEB 2
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where c is the function given by (1.13), 7 is the projection from A (W) to A(Wi_,)
and Wi_,, stands for the span of the vectors ey, ...,e, . Now, recall that

(X, )NCA) = )NCRA

where Ry is given by (1.11). Therefore, we can replace supycp ||(x,XA)c(w)|| in the
above norm calculation by sup,.p [|XRac(w)||. As the functions 1,4,...,z, are
linearly independent over R on B, the map
v — sup ||xv||

XEB
defines a norm on (A(Wi_,,))%* which must be equivalent to the supremum norm
on (A(Wi,))%*t. Thus, there is a constant K5 > 0 depending on d, n and B, such
that

sup [|XRa e(w)ll = KR c(w)],
xE

and consequently, via (8.14), that

~ o~ 1 é‘k eNk
sup [guiw]| > ey ey ( <y ) KallRa e, () Il p . (815)

xeB 2

To continue, we consider two separate cases depending on the size of the rank
k. We first note that from Lemma 5.1 in [25], we get that for any n —d < k <n
for all but finitely many w € A"(A) we have that ||[R4 c(w)| > 1. Also note that
|Ra c(w)| does not vanish, as otherwise if ||R4 c(wyg)|| were zero, then, by the
linearity of the map c(w), we would get ||[R4 c(Aw)|| = 0 for all integers A, contrary
to what we have already seen. Consequently, there is a constant K3 > 0 depending
only on A, such that

IR c(w)l| > Ky (8.16)
Therefore, by (8.15), we get that
-~ ~ KgKg 8k
Sup || el 2 =y ((kal) : (8.17)

It follows from (8.2)—(8.4), that
k

N i) R —

5/ Tk—1 2(2<n1+1)—5)’ff 9 9t+2)(k-1)

) 9 2 1 ont 1
> min (2 RV ndL)

n—d<h<n (st —f)nt 2 2+2)(n=1)

£ 1
= L min (22”\/ndL)"+1 2(17(m*5)”)t.

22n—=1 5 d<k<n
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On picking § such that
1 1 1

0 — - < < 7, 8.18
2(n+1) n p 2(n+1) (8.18)
we obtain via (8.17), that for all subgroups I' of A with rank n —d <k <n
- KoKy o
wpladowl = St win (PAdD)T. @19

We now obtain an analogous lower bound result for subgroups I' of A with rank
1 <k <n—d. In this case, a consequence of (1.15) is that there exist constants

0 < #,K, <1, depending only on A, such for any w € \"(A)

(n—0")+1—k

[Bac(w)l = Kyfme(w)[=—+ . (8.20)

Also, [|[m(w)|| > ||me(W)]| if 1 < k < n — d. Therefore, it follows from (8.15) that

-~ Sk _(n—6")4+1-k ek
sup [l > e { (55 ) a4 (2) Il

xeB

> ok (%)k (8.21)

where k is the solution to the equation
KoK T _(n-0)+1-k
y k

= . 22
5 Y (8.22)

In other words, x := (K2K4)nf§’+1 (%) 707 and so it follows from (8.2)—(8.4) that

() =k (5)7 )

k
Icl k/ (n+1/)kt m, Py 1 1
— (K2K4) n—0"+1Qn—0"+1Qn—0"+1 (2 V ndL) 2(2<n1+1> 7,3)kt (t+2)k

k.
= (1) i (9 ndl) T o (25 )

_k
— (K2K4)#’+1 (22”\/ndL> "o (a2 ko (2 =)~ (s —6) )kt
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On redefining S if necessary; namely so that both (8.18) and

1 o’ 1

dntl) (m-0)11 b < 2(n+ 1)

(8.23)

hold, it follows that

'“ o
H(%) > Ks:= 1min (K2K4)#’+1 (22" ndL>"Jr 2(#@—2)@

1<k<n—d

Note that (8.23) has a solution  since 0 < 6" < 1. This together with (8.21) implies
that for all subgroups I' of A with rank 1 < k& <n — d, we have that

o 1
sup [|getxwl| > —5 Ks. (8.24)

xeB 272

On combining (8.11), (8.13), (8.19) and (8.24), we have verified condition (KM2)
with

1 KK w1
p = min{— 23 min <2Q"VndL) o S K5}. (8.25)

27 9%t n—d<k<n

We are now in the position to apply Theorem 7.1 to establish the desired con-
vergent sum statement (8.9).

8.3. The proof of (8.9). With the choice of g € (0,1/2) made in the §8.2, let

~ 8. (8.26)

0<7 <3t

Clearly, v > 0 and note that for any § € [0,7)

A, C {X € B : v(H(x)\) < V1+d+n2%e for some \ € A\{O}}

Here we make use of the fact that v|y coincides with the Euclidean norm on W.
Now on applying Theorem 7.1 with £” := /1 + d + n 2%e where ¢ is given by (8.4),
and C,« and p are as given in (8.10) and (8.25), we have
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A < ’{XEB c v(HX)A) < V1+d+n2te forsome)\EA\{O}}‘

< (n+ DEINY™ OO +d 4 n)z (E) B

1
n+1 1
(22”\/ndL) Hot)

(Q(,fmd(ms))t Bl
2
(8.27)

< (n+1D)ENYC(L+d+n)2

e}
ST

As § <, it follows via (8.26) that § + 3 < m, and so

00 0o _<2(n1+1)_(ﬁ+5)>
~ d
t=0 t=0

By the Borel-Cantelli Lemma, this establishes (8.9), as desired.

9. VERIFICATION OF THE INTERSECTION PROPERTY FOR (H, I, ®)

Let « be given by (8.26) and let § € [0,7). Suppose t € T := Z, is such that
t(n —9d) > 1 and o = (a,a9),a/ = (a';a)) € A with @ # /. Recall, A :=
(Z"\ {0}) x Z. Then, for any x € I;(c, ¢5(t)) N I;(a/, ¢5(t)), it is easily verified that

IV(x,%A) - (a—a')|| < 2vndL x 2% x 2!/ (9.1)

I(a—al)| < 272

\

Suppose for the moment that a = a’. Then ag # aj as @ # o'. This implies, in
view of the first inequality of (9.1), that 1 < [(ao — aj)| < 25— < 1, which is a
contradiction. Thus a # a’ and so (a—a’, ag —af,) € A. The upshot of this together
with (9.1) is that x € Hy(a”, ¢s(t)) with o = (a—a’, ag—ay). This establishes (4.1)
with ¢* = ¢ = ¢5 and thereby verifies the desired intersection property associated
with the Inhomogeneous Transference Principle.

10. VERIFICATION OF THE CONTRACTION PROPERTY OF o

With reference to §5, recall that showing g is contracting with respect to (I, ¢5) is
the third and final step in establishing Theorem 1.4. We start by observing that in
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view of [24, Corollary 3.3] and the fact that the inhomogeneous function 6 restricted
to S is analytic?, the functions

X = |0(x) + ag + (x,%A)a

and
x = [|[V(0(x) + (x,%A) - a)||

defined on U are good at every point of U. Now pick a point xqg € U. On using
property (G4) of good functions if necessary, we can choose an open ball B with
centre at Xy and two positive constants €, a, such that the above two functions are
(€, ) — good on 11B C U. Throughout this section we fix such a ball B.

For each t € T and a € A, consider the function F,, : U — R given by

2" \/ndL 2'/2 |0(x) + ag + (x,%XA)a] ,
F; .(x) := max

IV(0(x) + (x,%4) - a)]|

where L is given by (2.3). It follows at once, from the properties of good functions,
that for each ¢t € T and o € A we have that

F:, is (€, ap) — good on 11B. (10.1)

Next, observe that for any n € R, the first two inequalities appearing in (5.1) are
equivalent to the following single inequality

Fio(x) <n VndL 2"2.
Hence, for any t € T, = (a,a9) € A and n € R,

L(a,n) = {x €U : Fpo(x) <1 VndL 2t/2} it 2 < [lall <21, (10.2)

and I;(a,n) = 0 otherwise. For any & € [0,7), consider the function ¢y : T — R,
given by

5+'Yt

oi(t) = 2
Clearly, ¢f € ®. Also, for any ¢ € T we have that

(e, ¢5(t)) C Ii(a, 65 (1)) (10.3)

In order to establish the desired contracting property, for all but finitely many
t € T and all @ € A, we need to ensure the existence of a collection C;, of balls
B centred in B and an appropriate sequence {k; }icg of positive numbers satisfying
(4.2), (4.3) and (4.4) with ¢ = ¢5 and ¢+ = ¢F. With this in mind, let (¢,a) € Tx A
and suppose that I;(a, ¢s(t)) = (0. Then the collection C;, = 0 obviously suffices.
Thus, we can assume that I;(«, ¢s(t)) # 0 and in view of (10.2), it follows that

%It is worth pointing out that this is the only point in the proof of Theorem 1.4 where we use
the fact that 8|z is analytic.
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Ii(a, 9f (1)) N B C {x € B : |0(x) + ap + (x,%xA)a| < (10.4)

=3
o(n=23)t J
Assume for the moment that 6 is a linear map given by (1.16). Then, by (1.22) and
(1.17), we have that 6(x) + ag + (x,%A)a is a linear combination of zy,. .., x4 with
at least one of the coefficient being > 21="+7) in absolute value, where 0 < 7/ <
n — w(A;0). Hence,
sup |0(x) + ag + (x, xA)a| > 21
xEB
where the implied constant will not depend on t. Therefore, in view of (10.4),
choosing v within (8.26) so that we additionally meet the inequalities
0<y<+ (10.5)
ensures that
I, ¢f () NBS B Y t>1, (10.6)
where ty € N is a sufficiently large constant.

Now consider the case # is not a linear function. Then,

~ ~

0(x) + ap + (x,xA)a = 0(x) + x(Aa" + a") (10.7)
where &' = (agy1,...,a,)" and a” = (ag,...,aq)". Thus, (10.7) is a linear combi-
nation of the functions 1, x1, ..., x4, 6(x) which are linearly independent over R.

Therefore, (10.7) is not identically zero. Furthermore, the vector of the coefficients
of this linear combination is obviously of norm at least 1. Hence

inf  sup |0(x) + ao + (x,%A)a|

(a,a0)€R™ 1 xeB
> ”irlllf1 sup |no + may + -+ + naxq + 77d+1é(x)| >0, (10.8)
ni=1xeB

where = (19, ...,74+1) and the latter quantity is strictly positive since we take
the infimum of a positive continuous function over a compact set (the unit sphere).
By (10.4) and (10.8), we once again ensure that (10.6) holds for a sufficiently large
choice of ty.

By (10.3) and the fact that I,(a, ¢ () is open, for any x € I;(a, ¢s(t)) N B,
there is a ball 9B’(x) centred at x such that

B (x) C e, 65 (1) (10.9)

On combining (10.6), (10.9) and the fact that B is bounded, we find that there
exists a scaling factor 7 > 1 such that the ball B (x) := 798'(x) satisfies

B(x)NB C L{a,¢f(t)NB < 5B(x)NB (10.10)

and
5B(x) C 11B. (10.11)
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For t >ty and o € A, we now let
Cro = {93(x) cx € Lo, 65(t)) N B } .

Then by construction and the Lh.s. of (10.10), any such collection of balls auto-
matically satisfies conditions (4.2) and (4.3) with ¢ = ¢5 and ¢ = ¢ . Regarding
condition (4.4), we proceed as follows.

Let B € C;,. By (10.2) and the r.h.s. of (10.10), we have that

sup Fro(x) > sup Fra(x) > VndL 275 242 (10.12)
xe5% xE5BNB

On the other hand,

sup  Fuo(x) < VndL 2° 242, (10.13)

x€5BN T (0,05 (t))

On combining (10.12) and (10.13), it follows that

1
sup Fyo(x) = — sup Fq(x).

sup Fio(x) < 2%
xEHB 2Tt xe5B

xEEBNI (.5 (t)) 9t

This together with (10.11) and (10.1), implies that for any ¢ > ¢y and oo € A

o(5B N Li(a, ¢5(t))) < [5B N L, ps(t))]

1
{x €58 :F(x) < —5 sup FW(X)H
277t xe5®

1

-5
270t

< C

5B, (10.14)

where C' > 0 is some constant depending on B. On using (10.11) and the fact that
B is centred in B, we have that |5B| < cz0(5%) for some constant ¢, depending on
d only. Hence (10.14) implies that for all but finitely many ¢ € T

o8B N 10 05(1))) < caC 277 o(5B).
This verifies condition (4.4) with ¢ = ¢5 and
kt = Cdé 27WT_6aot .

Furthermore, it is easily seen that Ztg k; < oo and thus all the conditions of the
contracting property are satisfied for the collection €, as defined above.
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11. THE DIVERGENCE THEORY: PROOF OF THEOREM 1.5

The proof of Theorem 1.5 makes use of the following statement, which is a special
and simplified version of Theorem 3 appearing in [2].

Theorem 11.1. Let M := {f(x) : x € U} C R"™ be a manifold of dimension d
parameterized by a smooth map £ : U — R™ defined on a ball U C R%. Suppose there
exists an absolute constant Cy > 1 such that for any ball B with 2B C U and any
k € (0,1), we have that

S O()/i|B|

{xEB:EI(a,aO)EZ”\{O}xZs.t. a0 +£(x) -al < & }

lall <@

(11.1)

for all sufficiently large Q). Let ¢ be an approximation function and 6 : R™ — R be
a function such that 0|y € C?. Let s > d — 1 and suppose that

(el
> e (Y) ' 2

acZ™\{0}

Then
FC (WP (1) N M) = H (M) . (11.3)

Note that, by the monotonicity of ¢, (11.2) is equivalent to (1.23). Hence, armed
with Theorem 11.1, the proof of Theorem 1.5 reduces to establishing (11.1) with
U C R? being an open subset, M = 2 and f given by (1.9). With this in mind, for
any ball B such that 11B C U, any & € (0,1) and @ > 1, let

lag + (x,%XA) - a| < o
LYB,k,Q):={x€ B:3(a,ap) € Z"\ {0} x Z s.t. |V (x,%A) - al > _\W

lall <@
(11.4)

and

lag + (x,%XA) - a| < o

LYB,k,Q) = {x € B:3(a,a0) € Z"\ {0} x Zs.t. | |V(x,%A) - a| < w
lall <@
(11.5)
We note that the set appearing in (11.1) is contained in the union of the “large
derivative” set L'(B, k,Q) and the “small derivative” set £?(B, k, Q). Thus

Lhs. of (11.1) < [LYB,k,Q)| + |£L*(B,k,Q)|. (11.6)
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As in the proof of Theorem 1.4, estimating the measure of the large derivative set
is relatively easy and makes use of Proposition 3.1. To begin with, observe that

£'(B,rQ = |J £ BkQ),
acz", 0<[lal|<@Q
where for any a € Z" \ {0},
1 |ao + (x,%xA) -a] < F=
L(a,B,k, Q) =<(x€B:
e IV (x4 -l > V!
Now fix a € Z" \ {0} and with reference to Proposition 3.1, let F/(x) = (x,XA) - a

for x € 2B and ¢ = kK Q™. By definition,
Mo>
— 4r2

where M is given in (3.2) and so it follows from Proposition 3.1 that

K
|L1<a7B7"€7Q)| < Kq @ |B’

In turn, this implies that
LB, %, Q) < Kq %(2@ +1)" [B| < 3"Kux |B|. (11.7)

We now turn our attention to estimating the measure of the small derivative set
L%(B,k,Q). Let t be the unique integer satisfying 2! < @ < 2!™! and § satisfy
0 < 6 < 7y, where 7 is as defined earlier. For t sufficiently large we obviously have
that

L3(B,k,Q) C Ay, (11.8)
where A; is defined at the beginning of §8. Then, as a result of (8.8) and (8.27), we
have that

|£%(B, %, Q)| < r |B (11.9)
provided that t is sufficiently large.
The desired estimate (11.1) now follows from (11.6), (11.7) and (11.9) with
C() = ?)an +1.

This thereby completes the proof of Theorem 1.5.
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