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Let p > 5 be a prime number. We generalize the results of E.
de Shalit [4] about supersingular j-invariants in characteristic
p. We consider supersingular elliptic curves with a basis of
2-torsion over F,, or equivalently supersingular Legendre
M-invariants. Let F,(X,Y) € Z[X,Y] be the p-th modular

polynomial for A-invariants. A simple generalization of Kro-

)= Fp(X.XY) o
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in Z[X]. We give a formula for R()) if X is supersingular. This

formula is related to the Manin—Drinfeld pairing used in the
p-adic uniformization of the modular curve X (I'o(p) NT'(2)).
This pairing was computed explicitly modulo principal units
in a previous work of both authors. Furthermore, if X\ is
supersingular and is in F,, then we also express R()\) in terms
of a CM lift (which is shown to exist) of the Legendre elliptic
curve associated to .
© 2018 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

necker’s classical congruence shows that R(X

* Corresponding author.

E-mail addresses: a.betina@sheffield.ac.uk (A. Betina), emmanuel.lecouturier@imj-prg.fr

(E. Lecouturier).

https://doi.org/10.1016/j.jnt.2018.01.006

0022-314X/© 2018 The Authors. Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.jnt.2018.01.006
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
http://creativecommons.org/licenses/by/4.0/
mailto:a.betina@sheffield.ac.uk
mailto:emmanuel.lecouturier@imj-prg.fr
https://doi.org/10.1016/j.jnt.2018.01.006
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jnt.2018.01.006&domain=pdf

72 A. Betina, E. Lecouturier / Journal of Number Theory 188 (2018) 71-87

1. Introduction

Let p > 5 be a prime number. We are interested in this article in the modular curve
X(I'(2) NTy(p))- A plane equation of this curve is given by the classical p-th modular
polynomial & la Legendre, which we denote by F,(X,Y). It is shown that it satisfies the
same properties as the classical modular polynomials for the j-invariants, namely it is
symmetric, has integer coefficients and we have the Kronecker congruence F,(X,Y) =
(XP —Y)(X —YP) modulo p.

This last congruence can be roughly interpreted by saying that the reduction modulo
p of X(I'(2) NTy(2)) is a union of two irreducible components isomorphic to P. In this
work, we show a congruence formula for F,(X, X?) modulo p?, which intuitively gives us
information about the reduction of our curve modulo p?. The tools that we use to study
this reduction is the p-adic uniformization (due to Mumford and Manin-Drinfeld). We
do a detailed study of some annuli in the supersingular residue disks of the rigid modular
curve. This was already used by E. de Shalit in [4] (in the absence of level 2 structure),
and we follow his method in our case.

By combining our previous work (cf. [1]) on the p-adic uniformization of our modular
curve and the present results, we obtain an elementary formula for values taken by
F,(X,X) modulo p? (which does not however give us a formula for the polynomial
itself). We now give more details about ours results.

Let Mp,p)nr(2) be the stack over Z[1/2] whose S-points are the isomorphism classes
of generalized elliptic curves FE/S, endowed with a locally free subgroup A of rank p
such that A+ E[2] meets each irreducible component of any geometric fiber of E (F[2] is
the subgroup of 2-torsion points of F) and a basis of the 2-torsion (i.e. an isomorphism
oy : E[2] ~ (Z/2Z)?). Deligne and Rapoport proved in [3] that M, (,)nr(2) is a regular
algebraic stack, proper, of pure dimension 2 and flat over Z[1/2].

Let Mr,(p)nr(2) be the coarse space of the algebraic stack Mp, (p)nr(2) over Z[1/2].
Deligne-Rapoport proved that Mr,)nr(2) is a normal scheme and proper flat of rela-
tive dimension one over Z[1/2]. Moreover, Deligne-Rapoport proved that Mp,,)nr(2) is
smooth over Z[1/2] outside the points associated to supersingular elliptic curves in char-
acteristic p and that Mrp,)nr(2) is a regular scheme with semi-stable reduction (cf. [3,
VI.6.9] and [1, Proposition 2.1] for more details).

Let K be the unique quadratic unramified extension of Q,, Ok be the ring of integers
of K and k be the residual field. Let X be the base change Mr,)nr@2) ® Ok; it is the
coarse moduli space of the base change M ()nr2) ® Ok (because the formation of
coarse moduli space commutes with flat base change).

Let Mp(2) be the model over Z[1/2] of the modular curve X (2) introduced by Igusa
[10]. The special fiber of the scheme X is the union of two copies of Mp () ® k meeting
transversally at the supersingular points, and such that a supersingular point x of the
first copy is identified with the point 2P = Frob,(z) of the second copy (the supersingular
points of the special fiber of X are k-rational). Moreover, we have Mpg) @k ~ P (cf 1,
Proposition 2.1]).
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The cusps of Mr(,)nr(2) correspond to Néron 2-gons or 2p-gons and are given by sec-
tions Spec Z[1/2] — Mp, (p)nr(2) composed with the coarse moduli map M, p)nr(2) —
My, (pynr(2)- ,

Mumford’s theorem [14] implies that the rigid space X9 attached to X is the quotient
of a p-adic half plane Hr = PL — £ by a Schottky group T, where L is the set of the
limits points of T'. Manin and Drinfeld constructed a pairing ® : ['®® x T'®® — K* in [13]
and explained how this pairing gives a p-adic uniformization of the Jacobian of X k.

Let A be the dual graph of the special fiber of X. Mumford’s construction shows that
T is isomorphic to the fundamental group 71(A). The abelianization of T' is isomorphic
to the augmentation subgroup of the free Z-module with basis the isomorphism classes
of supersingular elliptic curves over Fp. Let S := {e;} be the set of supersingular points
of X;. We proved in [1], using the ideas of [5], that the pairing ® can be expressed,
modulo the principal units, in terms of the modular invariant A\ as follow.

i. The ManinDrinfeld pairing ® : T'* x T'** — K takes values in Q).

ii. Let @ be the residual pairing modulo the principal units U1(Q,) of Q,. Then, after
the identification I'** ~ Hy(A,Z) ~ Z[S]°, ® extends to a pairing Z[S] x Z[S] —
K*/U,(K) such that:

B(es,e;) = (Ale) = Aleg))P+ if i # j;
ir€j +p - [T (Mes) — Alex)) =@ i i = 4,

where the sign + is + except possibly if p = 3 (modulo 4) and A(e;) € F,.

Remark 1. i) We have also proved an analogue of the above result for the congruence
subgroup I'(3) NT(p) when p = 1 (mod 3), for a suitable model X of the modular curve
of level T'o(p) NT'(3) over Zy,.

ii) The above formula was first conjectured by Oesterlé using the modular invariant
j instead of the modular invariant A for the modular curve Xy (p) instead of X, and E.
de Shalit proved this conjecture in [5] (up to a sign if p = 3 (mod 4)).

We recall that the Lambda modular invariant A : Mp) @ Q — P%Q is an isomorphism
of curves. Let F,(X,Y) € C[X,Y] be the unique polynomial such that for all 7 in the
complex upper-half plane, we have:

FEAX) =X =Apn)- [ (X=X +a)/p)).

0<a<p—1

Note that this polynomial has much smaller coefficients than the corresponding poly-
nomial for the j-invariants. For example, we have:

F3(X,Y) = X* + X3(—256Y + 384Y2% — 132Y) + X?(384Y> — 762Y? + 384Y)
+ X(—132Y? 4 384Y? — 256Y) + YV*
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and

Fs(X,Y) = X%+ Y% — 65536 - X5Y® + 163840 - X°Y* 4 163840 - XY
— 138240 - X°Y® — 133120 - X1Y* — 138240 - X3Y® 4 43520 - X° . Y2
— 207360 - X*Y? — 207360 - X3Y* + 43520 - X?Y — 3590 - X°Y
+133135- X*Y? + 691180 - X*Y® + 133135 - X?Y* — 3590 - XY
+ 43520 - XY — 207360 - X3Y2 — 207360 - X2Y3 4 43520 - XY*
— 138240 - X3Y — 133120 - X2Y? — 138240 - X - Y
4 163840 - X2Y + 163840 - XY? — 65536 - XY

while the corresponding polynomials for j-invariant involve much larger coefficients (com-
pare with [16, p. 193]).

This agrees with the principle that adding a I'(2) structure simplifies a lot the com-
putations. Another instance of this principle was applied in a paper of the second author
about the Eisenstein ideal and the supersingular module (¢f. [12]). Also, in the case of
A-invariants, there are no complications due to the elliptic points, so the formula are
smoother. This principle is one of the motivations we had for generalizing E. de Shalit’s
results to our case.

In this article, we prove that the affine scheme Spec Q[X,Y]/(F,(X,Y)) is a plane
model of Mpp)nr(2) over Q (i.e. both curves are birational), and that the polynomial
F,(X,Y) satisfies the same basic properties as Kronecker’s p-th modular polynomial for
the modular curve X(p). We derive another formula for the diagonal values of ®, related
to the polynomial F}, as follows.

Theorem 1.1.

i. We have F,(\, X) € Z[\X] and F, gives a planar model the modular curve

Mr, (p)nrez) ® Q-
ii. For any lift B; of Me;) in K, we have

D(e;,e;) = Fp(Bi, BY) (modulo Uy (K)).

iii. Assume that A(e;) € Fp. Then p =3 (modulo 4). Let E; be a lift of e; to a Legendre
elliptic curve over Q,(y/—p) with complex multiplication by the mazimal order of

Q,(v/—p). Then
D(ei, ;) = (ME:) — ME:)P)? (modulo Uy (Q,)).

Our approach is based on the techniques of p-adic uniformization of [5] and [4], on a
detailed analysis of the supersingular annuli in X% and on the action of the Atkin—Lehner
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involution w,, : X ~ X. The key point is to relate the diagonal elements of the extended
period matrix ® to the polynomial F(X,Y).

Corollary 1.2. Let R(X) = F,(X,XP?)/p € Z[X], and R(X) € F, be the reduction
of R(X) mod p. Let A(e;) € Fp2 be the A-invariant of a supersingular elliptic curve e;.
Then, we have:

R(Ae)) = i(—l)%l H(A(ei) — Aep))~ PV

ki

where the £ sign is + except possibly if p =3 (modulo 4) and A(e;) € Fp,. On the other
hand, if A € Fp,2 is not a supersingular invariant, then R(\) =0.

Proof. The first assertion follows by comparing [1, Theorem 1] and Theorem 1.1.

Let A € F,2 such that X is not supersingular. Let X be the scheme over Ok defined
by F,(X,Y) = 0. Let B € Ok be a lift of A (this lift exists since Mp o) is proper over
Z[1/2]). The closed point = of X corresponding to the maximal ideal M = (p, X —3,Y —
BP) C Ok[X,Y] is regular on X if and only if F,(X,Y") does not belong to M?. Using
Taylor expansion of F), at (3, 8P), we get that F,,(X,Y) = p.R(8) + Fx (3, 8°)(X — B) +
Fy (B, 8P)(Y — BP) mod M?2. But it is clear from Kronecker’s congruence that Fy (3, 3P)
and Fy (3, BP) are divisible by p. Thus, our regularity conditions is equivalent to the fact
that R(\) # 0.

Corollary 2.3 shows that (A, AP) is a singular point of the special fiber of X. But
the elliptic curve E corresponding to x has ordinary reduction, so the corresponding
point on the special fiber of X is non-singular. Since the minimal regular model of the
normalization of X is unique, it is X. Since any local regular ring is normal (since it is
factorial), the point x is not regular in X and R(\(E)) =0. O

Notation.

i. For any algebraic extension k of the field Z/pZ, we denote by k the separable closure
of k.

ii. For any congruence subgroup I" of SLy(Z), we denote by M the stack over Z whose
S-points classify generalized elliptic curves over S with a I'-level structure.

iii. For any congruence subgroup I' of SLy(Z) and any ¢ € P}(Q), we denote by [c|r
the cusp of T'\(HUPL(Q)) corresponding to the class of ¢, where ) is the (complex)
upper-half plane.

iv. For two congruence subgroups I' and L, we denote by mpny the fiber product of
algebraic stacks M xon M, where M is the stack over Z whose S-points classify
generalized elliptic curves over the scheme S.

v. For any algebraic stack 9 over a noetherian scheme S, we denote by Mt the coarse
moduli space attached to M (Mr is an algebraic space).
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vi. For any proper and flat scheme X over O, we denote by X% the rigid analytic
space given by the generic fiber of the completion of X along its special fiber (in
particular, we have Xy (K) ~ X%(K)).

vii. Let | .|, be the normalized p-adic valuation on Qp, then for non-zero x, y we write
x ~y if and only if |zy~' — 1|, < 1.

Acknowledgments. The first named author’s research is supported by a EPSRC Grant
EP/R006563/1 and the first author has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation pro-
gramme (grant agreement No. 682152). Both authors would like to thank the Université
Paris 7, where most of our discussions took place, for its hospitality. The second named
author (E.L.) has received funding from Université Paris 7 for his PhD thesis and would
like to thank this institution.

2. Basic properties of coarse moduli spaces of moduli stacks of generalized elliptic
curves with I'(2)-level structure

Let Mp(2) be the stack over Z[1/2] parametrizing generalized elliptic curves with
I'(2)-level structure (see [3, IV. Definition 2.4]). Deligne-Rapoport proved in [3,
Théoreme 2.7] that Mp(s is an algebraic stack proper smooth of relative dimension
one over Z[1/2]. Let Mr(2) be the coarse algebraic space associated to M (g). Proposi-
tion [3, VI.6.7] implies that Mrp(s) is smooth over Z[1/2]; and hence M) ® Ok is a
scheme since it is a regular algebraic space of relative dimension one over Q.

By the universal property of the coarse moduli space attached to an algebraic stack
over a noetherian scheme, we have a coarse moduli map

g:Mpy) — Mr(z)
such that for any field L of characteristic different from two, g induces a bijection
Mr(2) (L) = Mr(2)(L).

For any elliptic curve E with a basis of its 2-torsion over a field L of characteristic
different from 2, E is isomorphic to a unique Legendre curve Ey: Y2 = X(X —1)(X — \)
with basis of 2-torsion the points (0,0) and (0,1). Hence, we have a bijection

Mpg)(L) = Py (L),
associating to an elliptic curve E its lambda invariant A.

Proposition 2.1. There exists an isomorphism X : Mp ) — Plz[l/Q] inducing the previous
map on L-points for every field L of characteristic different from 2.

Proof. We use similar arguments to those given in the proof of [3, VI. Théoréme 1.1].
Let ¢ = [1]p(2) be the cusp at which the complex modular invariant A has a pole. Since
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a cusp of My (o) is given by a section Spec Z[1/2] — Mp (s, then by composing with the
coarse moduli map g, a cusp of Mp(y) is also given by a section Spec Z[1/2] — Mp(q).
Since My oy is proper, there exists a section ¢ : Spec Z[1/2] — Mrp2) corresponding to
[1]r(2) after base change to C.

Now, we obtain a section ¢ : SpecZ[1/2] — Mrp(, giving rise to a Cartier divisor
D of Mr(z). By [3, V. Proposition 5.5], the geometric fibers of Mp(y) are absolutely
irreducible. The genus is constant on the geometric fibers of Mr (o) and equals the genus
of the complex modular curves Mr2)(C), which is zero (see [7, Proposition 7.9]). Hence,
by applying Riemann-Roch to each geometric fiber of Mp(9) (see [9, III. Corollary 9.4])
we obtain:

H' (Mrp(2), Onty sy (D)) = 0.

Thus, HO(MF(Q), OMp, (D)) has rank two over Z[1/2] and is generated by {1, A}, so
we have a morphism A : Mp(z) — Plz[1 /2] (which we normalize so that it coincides with
the Legendre lambda-invariant on L-points as above). On each geometric fiber Mp(9) ® k
away from characteristic 2, we see that the degree of the divisor Dy corresponding to D
on Mp(2) ®k is 1, hence Dy, is very ample (see [9, IV. corollary 3.2]). Thus, D is relatively
very ample over Z[1/2] (see [8, 9.6.5]) and A is an isomorphism. O

Let Mli(Q) be the affine open of Mrp(,) corresponding to Alz[1/2] - P1Z[1/2]7 Y
My, (pynr(2) = Mr(2) be the map forgetting the I'g(p)-level structure (cf. [3, IV Proposi-
tion 3.19]), and Mlio(p)nr(Q) be the inverse image of Mf(Q) by ¢, which is an affine scheme
since ¢ is a finite morphism. Denote by w,, the Atkin-Lehner involution on Mrp)nr(2);
it preserves Mfo (»)AT(2) by [1, Lemma 7.4]. Thus, we obtain finite maps

(¢, p0wp) : Mpy(pnr(2) = Mr(2) X Mr(2)

and

(@, powy) s My (pyare2y — Mgy X M)

Let R such that My, o) = Spec R and Spec Z[1/2][A, X'] = Mr(2) X Mr(z). The
image of the finite (hence proper) morphism (¢, p o w,) : Mll‘o(p)mr(2) — MIQ(Q) X MIC(Q)
is a reduced closed subset V(I), where I is an ideal of SpecZ[1/2][A\, \'] and this
ideal equals the kernel of the map Z[1/2][A\,N] — R. Thus, we have a finite injec-
tive morphism Z[1/2][A, \']/I — R. Using the going up theorem, we get a surjection
Spec R — Spec Z[1/2][A\, N']/I and the fact that the ring Z[1/2][X, \']/I is equidimen-
sional of dimension two. Hence, the ideal I has codimension one.

Moreover, the affine scheme Mli(g) X MIQ(Q) is isomorphic to A%[l/Z]’ hence it is a
factorial scheme. The ideal I is generated by an element F(X,Y) € Z[1/2][X,Y] since
the Picard group of a factorial ring is trivial. Thus, V(I) is a principal Weil divisor.



78 A. Betina, E. Lecouturier / Journal of Number Theory 188 (2018) 71-87

Since the degree of the two projections ¢, p o wy, : Mp,(p)nr2) — Mr(2) is equal to
p+ 1= #PYZ/pZ) and My (p)nre2) — Mp)y X Mpgy is injective outside CM-points
and the special fiber at p, the degree of F' as a polynomial in X equals to the degree of
F as a polynomial in Y, equals to p + 1. Thus, we have F(X,Y) = uXP*! + oYP! 4
Ditj<pil i<pilj<pil a; ; X'Y7, where u, v are invertible in Z[1/2]. Moreover, since w;,
is an involution, we have F(X,Y) = a - F(Y,X) where « is invertible in Z[1/2]. We
must have a = 1 since else, we have F(X, X) = 0. This is impossible since this implies
that every elliptic curve over C has CM by some quadratic order. Thus we can assume
that F' € Z[1/2][X,Y] is monic in X and Y. It is then clear that F = F,, (the p-th
modular polynomial). Moreover, the coefficients of F), are in some cyclotomic ring and
thus are in Z. More precisely, the Fourier coeflicients of A(p7) and A\((7 + a)/p) are in
Z[(,]. Consequently, any coefficient of F,(X,A) (as a polynomial in X) is a polynomial
in A with coefficients in Z[(,] (cf. [11, Chapter 5, Theorem 2]).

We have thus proved the first part of the following result.

Proposition 2.2. We have F, € Z[X,Y] and F,(X,Y) = F,(Y,X). The curve
My (pynr(2) @ Q is birational to Spec Q[X,Y]/(F,(X,Y)).

Proof. Since My, (nr(s) is irreducible, Spec Z[1/2][X, Y]/(F},(X,Y)) is irreducible (we
have Z[1/2][X,Y]/(F,(X,Y)) C R where Spec(R) = My ,qp) and R is an inte-
gral domain). Let K (Mp,,)nr(2)) be the field of rational functions of Mrp)nr(2) and
Q(X)[Y]/(F,(X,Y)) be the function field of Spec Z[1/2|[X,Y]/(F,(X,Y)).

We have inclusions

Q(\) C QX)[Y]/(Fu(X,Y)) C K(Mrpyp)nr(2))

and by comparing degrees, we have Q(X)[Y]/(F,(X,Y)) = K(Mrp,p)nr(2))- Thus, the
curve M (p)nr(2) ® Q is birational to Spec Q[X, Y]/(F,(X,Y)), since they have the same
field of rational functions and Q(X)[Y]/(F,(X,Y))NQ = Q (the cusps of Mp,(p)nr2)@Q
are Q-rational). O

If E is an elliptic curve over Fp and E — E® is the relative Frobenius, then F
is ordinary if and only if the kernel of Frobenius is isomorphic to the finite flat group
scheme p,,. The Atkin-Lehner involution w, sends the multiplicative component of the
special fiber of Mr(,)nr(2) to the étale component via A — AP.

Corollary 2.3. The reduction of Fj(X,Y) modulo p is (X? —Y)(X —YP).

Proof. Let z be an element of X(k) corresponding to (F,as, H) such that E is not
supersingular. We have two cases:

If H is a multiplicative subgroup of order p, then from the discussion above, it is clear
that A(z)? = A(wp(x)).

Otherwise, H is étale and A(x) = Awp(wp(x))) = A(wp(z))?P.



A. Betina, E. Lecouturier / Journal of Number Theory 188 (2018) 71-87 79

Moreover, since the open set given by the complementary of supersingular elliptic
curves is dense in the special fiber of X, the zeros of the polynomial (X? —-Y)(Y? - X) €
F,[X,Y] are zeros of F, modulo p. Furthermore, Z[1/2][X,Y]/(F,(X,Y)) is reduced
(Spec Z[1/2][X,Y]/(F,(X,Y)) is the scheme theoretic image of (c,cowy)). Thus, in the
ring Z[1/2][X,Y]/(F,(X,Y)), we have (XP —Y)(Y? — X) = 0 and by comparing the
degree we have the equality. O

Remark 2. This corollary could be proved in a more down-to-earth way, like in [11].
3. p-adic uniformization and the reduction map

Let X be the modular curve Mp )nr2) ® Ok. Since the singularities of the spe-
cial fiber of X are k-points where k = F,2, Mumford’s Theorem [14] shows the ex-
istence of a free discrete subgroup I' C PGLy(K) (i.e. a Schottky group) and of a
Gal(K / K)-equivariant morphism of rigid spaces:

T:Hr = X

inducing an isomorphism X% ~ $p/I", where $ir = P}( — L and L is the set of limit
points of I'. Note that $r is an admissible open of the rigid projective line P1,.

Let Tr be the subtree of the Bruhat-Tits tree for PGLo(K) generated by the axes
whose ends correspond to the limit points of I'. Mumford constructed in [14] a continuous
map p : Hr — Tr called the reduction map.

The special fiber of X has two components, and each component has 3 cusps. One of
these components, which we call the étale component, classifies elliptic curves or 2p-sided
Néron polygons over k with an étale subgroup of order p and a basis of the 2-torsion. The
other component, which we call the multiplicative component, classifies elliptic curves
or 2-sided Néron polygons over k with a multiplicative subgroup of order p and a basis
of the 2-torsion. The involution w, sends a 2p-gon to a 2-gon. Let ¢ and ¢ = wy(c) be
two cusps of Mr,p)nr2)(C) such that ¢ is above cp(9). By [1, Proposition 7.4], ¢ is also
above cp(g) (€ corresponds to a 2p-gon and & = wp(&.) corresponds to a 2-gon).

The dual graph A of the special fiber of X has two vertices v and v, indexed
respectively by the cusps £~ and &.. There are g + 1 edges e; (i € {0,...,g}) corre-
sponding to supersingular elliptic curves with a I'(2)-structure, where g is the genus of
My, (»)nr(2)(C). We orient these edges so that they point out of v.r.

The Atkin-Lehner involution w, exchanges the two vertices v, and v, and also acts
on edges (reversing the orientation). More precisely, if F; is a supersingular elliptic curve
with I'(2)-structure corresponding to e;, then wy(e;) = e; where e; is the isomorphism
class of the elliptic curve (with I'(2)-structure) associated to Ei(p) = wy(E;) (here w, is
the Frobenius). Thanks to Lemma 3.1 below, one can identify the generators {v; }1<i<g
of T with (el- — 60)1§i§g~

Let 9. and 9 be two neighbor vertices of 7r reducing to v and v, respectively, such
that the edge linking ¥, to 9. reduces to eg modulo I'. For 0 < i < g, let &, be an edge



80 A. Betina, E. Lecouturier / Journal of Number Theory 188 (2018) 71-87

pointing out of ¥ and reducing to e; modulo I'. Let &; be oriented edges of Tr lifting e;
and pointing to ¥.. Note that éy = &.

Let A = p~%(9.) and A’ = p~!(9). Then A (resp. A’) is the complement of g + 1
open disks in P}, hence P}, — A= [[ B;and Pk — A= ][ C}. We index C/ and

0<i<g 0<i<g

B; such that A C C}j, A’ C By, C! and B; are associated to &, and &; respectively.

For all 0 < i < g, p~1(¢}) = ¢; is an annulus of C} and C; = C! — p~1(&) is a closed
disk; we also have Pk — Cy = By. We have

Y

Note that 0. U 9 U; {€}} is a fundamental domain of 7r, so

D=Pi- [[ Bu ][] ¢

1<i<g 1<i<g

is a fundamental domain of $Hr.

Lemma 3.1. /1, Lemma 3.3] We can choose I" such that there is a Schottky basis o, ..., o
of T', and a fundamental domain D satisfying:

i. B; is the open residue disk in the closed unit disk of Pk which reduces to \(e;)?,
Vo<i<yg.
ii. For1<i<g, a; corresponds, under the identification T%* = Z[S]°, to e; — e.
iii. «; sends Pl — B; bijectively to C; and ai_l sends Pl — C; bijectively to B;.
iv. The annulus ¢; is isomorphic, as a rigid analytic space, to {z,|p| < |z|] < 1}.

For a,b € $r, define the meromorphic function 6(a, b; z) = 0((a) — (b); 2) (2 € Hr) by
the convergent product

0(a.b:2) = [[ =2

Ser z—b

See [13] for the basic properties of these theta functions.

For all a,b € Hr, the theta series 0(a,b;.) converges and defines a rigid meromorphic
function on Hr (which is modified by a constant if we conjugate T'). We extend 6 to
degree zero divisors D of . The series 0(D;.) is entire if and only if 7.(D) = 0, where
we recall that 7 : Hr — X¥* is the uniformization.

The proposition below follows from [13] (see also [5]).

Proposition 3.2. [15]

i. 0(a,b;2) = c(a,b,a)0(a,b;az), where o € T' and ¢(a,b, af) = c(a, b, a)c(a, b, 8).
ii. The function uy(2) = 6(a, aa; z) does not depend on a, and uag = UqUg.
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iii. ¢(a,b,a) = uq(a)/uq(d).
iv. 6(a,b;2)/0(a,b;2") =0(z,2";a)/0(z,2';b).

We recall that ® : Z[S]° x Z[S]° — K* is defined by:

O(a, B) = 0(a, aa; 2)/0(a, aa; 2) = uq(2)/uq(82).

The results of Mumford [14] imply that we can identify T with Z[S]? and that Tr is
the universal covering of the graph A. Moreover, Manin and Drinfeld proved that v o ®
is positive definite (v is the p-adic valuation of K'). According to [1, Lemma 4.2], the
pairing ® takes values in Q..

We recall that we defined in [1] an extensmn ® : Z[S] x Z[S] — K* as follow:

For all 0 < i < g, we chose fp‘ (resp. 5 ) in Hr which reduces modulo I" to the cusp
£ Q) (resp. & ® Qp) and such that §£ i and f(,) are separated by an annulus reducing
to e;. Let 175:') and ﬁ( Y be two neighbor vertices of Tr above v, and v respectlvely,
separated by an edge reducing to e;. We fix v( ) = = 7. and U( ) = V. Thus, we chose fc
(resp. fc, ) in p~ (¥ 5)) (resp. p 1(vc ))) Let for all 0 <7 < g, ECZ =29 € A. Then f
satisfy

¢V =o' (M eB; .
Therefore, we have 5(59) € p (o) = A" and a; ' (A) C o '(P' - C) C B;. We can
assume also without losing in generality that zy # oc.

We defined an extension of ® to a pairing on Z[S]° x Z[S] (and taking values in K)
as follows:

Fix a € $r (the definition is independent of this choice). For all a € T, we let:

a,a(a); & g (€9 U (€7
(o)) = Ola,a(a);i&e) _ ualée) _ ualy’) "

G(a,a(a);géz)) ua(fél)) ua(20)

Let N : Xx — Pl be N = X ow,. The Atkin-Lehner involution acts on I'\7r and
lifts to an orientation reversing involution w, of Tr (by the universal covering property).
By [6] ch. VII Sect. 1, there is a unique class in N(T')/T" (where N(T') is the normalizer
of I in PGLy(K)) inducing w, on Tr. We denote by w, the induced map of Hr (it is
only unique modulo T').

Let z € Hr near £ and 2/ near fg) such that 7(z) = wy(7(z")). Recall that by
hypothesis, §£i) = 2 is independent of 7.

For 0 <14, j < g, We bilinearly extend ® to Z[S] x Z[S] in [1] as follow:

0(7, z; 5(9))

®(e;, ¢5) = im N (7(2)) - 0(=', 269
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where z and 2’ approach éi) et §g) respectively. Since at z = 29, A’ o7 has a simple pole
and the numerator and denominator have a simple zero and simple pole respectively,
®(e;, ;) is finite, and is in K since K is complete (we may choose z and 2’ in K to
compute the limit).

4. Proof of the main theorem
4.1. Case where A(eg) € F),

Assume that A(eg) € F,. We can choose a lift of the involution w, to w, of N(I') C
PGLy(K) preserving the edge ey and reversing the orientation of this edge. Thus, w,
preserves the annulus €y’, so sends A to A’. Hence, W, is an involution (we have ﬁ)f, el
and the stabilizer of an edge in I' is trivial, so 11)12) =1).

Let ¢ = wp(o00) (i.e. wy(¢) = 00). Then our choice of the fundamental domain of $r
implies that By = {z € Pk, |z — (|, < 1}, PL\C} = Bo\co = {z € Pk, |z — (|, < Iplp},
and By mod p = A(ep).

Any involution of P, exchanging 0 and oo has the form

™
z— =,
z

where 7 is an uniformizer of Og. Thus, we have:

Lemma 4.1. We have ®(eqg,ep) ~ 7.

Proof. Recall the definition:

0(z', 2 ¢0)

D (eq, €9) = lim X' (7(2))? - 8(=/, 2 €0

where z approaches zy € A and 2’ = wy(z). We now do a similar analysis as in [1, Section
6.1]. By [1, Proposition 6.3],

Recall also that

0(2, z; 529)
0(2, 2 €

(2 = (D) - (2 = 1(20))
II@ ED)) - (2" —(z0))

The only term in this infinite product which is not a priori a principal unit is the one

) _
)

yel’

corresponding to v = 1, which is equivalent modulo principal units to
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(2 =&") (2= =)
— Zg ’
Indeed, if v # 1, v sends the fundamental domain to some B; or to some Cj. If it is
some B;, the term is seen to be a principal unit. Else, if it is some C;, we apply the
Atkin—Lehner involution and use the invariance of the cross ratio by the Atkin-Lehner
involution. Thus, we have:

2

Z
Dleo,e0) ~ L (=€)

To conclude the proof of the Lemma, note that

O 0 = T T g

z=C 20—¢ 2

4.1.1. Conclusion of the proof of point (ii) of Theorem 1.1 in the case where A(eg) € F),
To conclude the proof of point (i) of Theorem 1.1, it remains to show that

iad FP(BO’B(IJ])

for any lift By of A(e;) in K.

The proof is really the same as [4, 3.1-3.3], using our analogous fundamental domain
for T, and replacing j by A. Thus, we shall be really sketchy and refer the reader to de
Shalit’s paper for details.

We recall that ord,(m) = 1. By slight abuse of notation we shall write A for Ao ¢ and
N for Ao g ow,.

Let y = z — (; it identifies the annulus a = p~1(€y) with

A(p,1) := {z € Pk, |plp < |z, < 1} .
Consider the map V¥ : a — By defined by
U(z) =MNor1(2) (4)

This is a covering of By by a since «a is the intersection of our fundamental domain D
with By (although it might seem surprising compared to the classical complex situation,
such a covering indeed exists).

There exists By € By, such that

= /BO =+ Z anyn + Z bn(,ﬂ/y)n (5)

n>1 n>1

where all the coefficients a,,, b, are in K (since ¥ is K-rational by Proposition 2.1).
Using [1, Lemma 6.2] and similar computations as in [4, p. 143-144], we get:
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Lemma 4.2. We have a1 ~ 1, b, ~ 1 and for n < p, |b,|, < |plp.

For t € C; such that
|p|p < ‘t|p <1,

let a(t,1) be the open annulus where [t], < |y[, < 1.
For t close enough to 1 and y € a(t, 1), we set

u=X\ =N =U(r/y) - V(y)".
We have, by definition:
Fy(MAP +u)=0.
This gives us, using partial derivatives and Corollary 2.3:
w- (W = A+ uP) = —pR(\) — p- h(u, \)

where R(X) = %’XTJ) € Z[X] and h(X,Y) € Z[X,Y] is some integer coeflicients
polynomial.

We work modulo the ideal I(t) generated by rigid analytic functions on a(t,1) which
are strictly smaller than |p[, in absolute value. The term —pR(X)—p-h(u, \) is congruent
to —pR(A) modulo I(t). A simple computation using Lemma 4.2 shows that we must
have v = m/y modulo I(¢) and

MW — X =W(y)”" — U(y) = —y + O(y*) (modulo p).
This shows what we needed to conclude the proof of point (i¢) of Theorem 1.1:
(w/y) -y ~ pR(A) .

4.1.2. Existence of CM lifts
In this section, we prove part (i74) of Theorem 1.1 in the case A(ep) € F,,.

Proposition 4.3. Let A € F,, be a supersingular A-invariant. Then p =3 (modulo 4) and
there exists precisely two A-invariants in Q,(\/—p) lifting A, such that the associated
Legendre elliptic curve has complex multiplication by Z[@].

Furthermore, when p = 3 (modulo 4) (and p > 5 as usual), the number of supersin-

gular A-invariants in ¥y, is 3 - h(—p) where h(—p) is the class number of Q(y/—p).

Proof. The fact that p = 3 (modulo 4) follows from [2, Theorem 1 a]. Let O = Z[@]
and let F' be the fraction field of O. Let a an element of the ideal class group of O. We
denote by j(a) the j-invariant of the isomorphism class of the elliptic curve C/a. It is
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classical (cf. for instance [15, Theorem 5.6]) that if A is any A-invariant above j(a), then
F()) is an extension of F(j) contained in the ray class field of F' of conductor 2 - O.

Lemma 4.4. The ideal above p in O is totally split in F'(\).

Proof. If p = —1 (modulo 8), then 2 splits in F', so /—p—1 € po if ps is any prime ideal
of O above (2). Thus, by class field theory, since (y/—p) is principal, it splits in the ray
class field of conductor 2 - O and we are done.

If p = 3 (modulo 8), then 2 is inert in F. The prime ideal above 2 in O is Py =
(2,0% +a+1) where a = 1+\2/jp' Since a2 = a — 2EL we have Pp = (2, 232 +/—p+1).
Thus we have v/—p—1 € Psy. As above, class field theory shows that (1/—p) splits in the
ray class field of F' of conductor B2, which concludes the proof of the lemma. O

Lemma 4.5. Let \ € Z, such that the Legendre curve Ey : y* = z(z — 1)(z — \) has
supersingular reduction. Then X\ is a root of Fp(X,X) if and only if Ex has CM by
Z[@]. Furthermore in this case A is a simple root of F,(X,X).

Proof. It is clear that if Fj,(A\,A\) = 0, the elliptic curve E) has CM by a quadratic
order O such that p either splits or ramifies in the fraction field. But p has to ramify
since the reduction of E) is supersingular (this comes from the standard description of
the local Galois representation attached to a supersingular elliptic curve). Furthermore,
there is an endomorphism of E whose square is —p. Thus, v/—p € O. But in fact we have
V=D € 1+ 20 since the endomorphism /—p has to preserve the I'(2)-structure. Thus
we have O = Z[@]. O

Corollary 2.3 shows that

Fy(X,X) = —(X? - X)? (modulo p).

Thus, any supersingular A-invariant in F, is a double root of F,(X, X). Using the pre-
vious lemma, we get:

11 (X = N2 = 11 (X =\ .

A supersingular in F, [a]GCl(Z[lJr\/Q*pD, X such that j(\)=j(a)

This shows that for any supersingular A-invariant in F,, A has two CM lifts in character-
istic 0 which have CM by Z[@], and by Lemma 4.4, these lifts can be seen as living
in Q,(y/—p). This formula also shows the last assertion of the Proposition on the number
of supersingular A-invariants in F,, (there are 6 A-invariants above each j-invariant since
j(a) #0,1728 because p > 5). O

We now finish the proof of point (#i7) of Theorem 1.1. This is done in a similar way as
[4, p. 146]. Let A1 and Ay be the two CM values of lambda invariants in Q,(y/—p) which
lift A(e;) (which exist by Proposition 4.3). It is clear that A\; and s are not in Q,, so
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they must be conjugate. Write A\ = a 4 b\/—p and Ay = a — b\/—p for some a,b € Z,.
By point (i7) of 1.1, it suffices to prove:

F,(M, AD) = (A1 — AD)? (modulo py/—p).
We know that Fj,(A1, A1) = 0. Therefore, we have:
0= Fp(/\l, )\1) = Fp()\l, /\1174-()\1—)\?)) = Fp()\l, /\117>+(/\1—/\11))(/\11) —)\1) (modulo p\/—p)

where the last congruence follows from Corollary 2.3 (which gives dy F,(X,Y) =
—(X = YP) (modulo p)). Since /\’1’2 = A = a (modulo p) and \; = A\ (modulo /=p),
we get:

Fp(A1, A7) = (b v/=p)* (modulo pv/=p)

which concludes the proof of Theorem 1.1 if A(eg) € F,.
4.2. Case A(eg) € Fj2\F),

Assume now that A(eg) € F,2\F,,, and without loss of generality that A(eg)? = A(eg).
In this case, we choose wj, such that wy,(€y) = &,. Since w} € ', we have w? = oy (see
[1, p. 14] for more details).

Let 2z} € C, (vesp. z, € By) be the attractive (resp. repulsive) fixed point of ay. As
in the case A(eg) € Fp, the idea is to compute wp. Let

z—zT
o(z) = —2L .
z— 24

Then ooy o0 o~ fixes 0 and oo, and we get
Uowpoa_1 =K-z
for some k € C,, of absolute value |p|,. We let
mi=—k- (2] — z).
Similar arguments as in the case A(eg) € F,, give:
Lemma 4.6. We have

D(eg,e0) ~ 7

and
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™~ Fp(ﬁo’ B(I))>
for any lift Bo of A(ep) in K.
We refer as before to [4, Sections 4.1-4.2] for details in the j-invariant case.
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