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Abstract

Quantum inequalities are constraints on how negative the weighted average of the renormalized
stress-energy tensor of a quantum field can be. A null-projected quantum inequality can be used
to prove the averaged null energy condition (ANEC), which would then rule out exotic phenomena
such as wormholes and time machines. In this work we derive such an inequality for a massless
minimally coupled scalar field, working to first order of the Riemann tensor and its derivatives. We
then use this inequality to prove ANEC on achronal geodesics in a curved background that obeys
the null convergence condition.
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I. INTRODUCTION

In general relativity it is possible to have exotic spacetimes that allow superluminal travel,
closed timelike curves, or wormbholes, so long as the appropriate stress-energy tensor 7}, is
available. Although general relativity does not provide any restrictions on 7},,, quantum field
theory does. These constraints are called energy conditions or quantum (energy) inequalities.
The simplest energy conditions are bounds on projections of the stress energy tensor at each
point in spacetime, but those are easily violated by quantum fields, even by free fields in flat
spacetime. But by averaging, we can produce conditions that are not so easily violated. A
quantum inequality bounds an average of T}, over a localized part of a timelike path, and
an averaged energy condition bounds the energy along an entire geodesic.

A good technique to rule out exotic phenomena [1] is to use the achronal averaged null
energy condition (achronal ANEC), which requires that the null-projected stress-energy
tensor cannot be negative when averaged along any complete achronal null geodesic,

/ Tpl0* >0, (1)

v

where «y is an achronal null geodesic (also called a null line), i.e., no two points of v can be
connected by a timelike path, and ¢* is the tangent vector to ~.

Ref. [2] proved ANEC for null geodesics traveling in flat spacetime (though there could
be curvature elsewhere) using a quantum inequality. In previous work [3] we studied ANEC
in the case of a classical curved background, meaning a spacetime generated by matter that
obeys the null energy condition,

Tpl0* >0, (2)

at all points and for all null vectors £. We conjectured a particular form for a curved-space
quantum inequality, and from that we were able to show that that a quantum scalar field
in a classical curved background would obey achronal ANEC. Here we complete the proof
by demonstrating a curved-space quantum inequality (somewhat different from the one we
conjectured before) and using it to prove the same conclusion.

The rest of the paper is structured as follows. In Sec. [l we state our assumptions and
present the ANEC theorem we will prove. We begin the proof by constructing a parallel-
ogram which can be understood as a congruence of null geodesic segments or of timelike
paths, as in Ref. [3]. In Sec. we present and discuss the general quantum inequality
of Fewster and Smith [4]. Secs. apply that general inequality to the specific case
needed here, using results from our previous application of Fewster and Smith’s inequality
in Ref. [5]. In Sec. [VIIl we present the proof of the ANEC theorem of Sec. [l using the
quantum inequality. Finally, Sec. VIII is a summary of our results and discussion of some
open problems.

We use the sign convention (—, —, —) in the classification of Misner, Thorne and Wheeler
[6]. Latin indices (in small or capital letters) from the beginning of the alphabet will denote
all coordinates; those from the middle of the alphabet will denote only spatial coordinates.



II. THE THEOREM
A. Assumptions

We consider a spacetime M containing a null geodesic v with tangent vector ¢, and define
a “tubular neighborhood” M’ around -, which is composed of a congruence of null geodesics
as in Ref. [3].

Then we define Fermi-like coordinates [7] on M’ as follows [3]. First pick some point p on
the geodesic 7. Let E(,) = ¢, and pick a null vector E(, at p such that E&)Ea =1, and two
unit spacelike vectors E(,) and E,) at p, perpendicular to E,) and E,) and to each other,
giving a pseudo-orthonormal tetrad. Then the point ¢ = (u,v,z,y) in these coordinates
is found by traveling unit distance along the geodesic generated by vE(,) + xE) + yEy),
parallel transporting E,), and then unit distance along the geodesic generated by uF(,).

We suppose that the curvature inside the tubular neighborhood M’ obeys the null con-
vergence condition, R,V°V? > 0 for any null vector V. This will be true if the matter
generating this curvature obeys the null energy condition, Eq. (2.

We require that in M’ the curvature is smooth and obeys the bounds,

|Rabcd‘ < Rmaxa (3>

and
|Rade7Oé| < R;nax? |Rabcd,a5| < R;/lax? |Rab0d,aﬁ’Y| < R;/’:ax’ (4)
in the coordinate system described above, where the greek indices «, 3,7, ... take values

v,x,y but not u, and Rpax, Rh o B, B are finite numbers but not necessarily small.
These bounds need not apply outside M’.
Finally, we consider a quantum scalar field in M. Inside M’ it is masseless, free, and

minimally coupled but outside M’ we allow interactions and different curvature couplings.
For further details see Sec. II E of Ref. [3].

B. The theorem

Theorem 1. Let (M, g) be a spacetime and « an achronal null geodesic and suppose that
around 7 there is a tubular neighborhood M’. We suppose that the curvature is bounded in
the sense of Sec. [T Aland the causal structure of M’ is not affected by conditions outside M’
[3]. Let T4 be the renormalized expectation value of the stress-energy tensor of a minimally
coupled quantum field in some Hadamard state w.

Then the ANEC integral,

A /_ " AT (T(V) (5)

cannot converge uniformly to negative values on all geodesics I'(A) in M.
C. The parallelogram

We will use the (u,v,z,y) coordinates of the Fermi-like coordinate system defined in
Sec. [[TAl Let r be a positive number small enough such that whenever |vl,|z|, |y| < r, the
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point (0, v, x,y) is inside the tubular neighborhood M’ defined in Sec. [TAl Then the point
(u,v,z,y) € M’ for any u. Define the points

¢ (u,v) = (u,v,0,0), (6)

with v fixed and u varying. Write the ANEC integral

Afv) = / " duTon(®(u,v)) (7)

[e.e]

As in Ref. [3] we suppose that, contrary to Theorem 1, Eq. (@) converges uniformly to
negative values, and show that this leads to a contadiction.

Given any positive number vy < r we can find a negative number —A greater than all
A(v) with v € (—vp,vp). By uniform continuity, it is then possible to find some number wu;
large enough that

u4(v)
/ du T (D, v)) < —AJ2, (8)
u—_(v)
for any v € (—wp, vp) as long as
uy(v) > uy (9a)
u_(v) < —uy. (9b)

We define a sequence of parallelograms in the (u,v) plane, and integrate over each par-
allelogram in null and timelike directions. The parallelograms have the form

v E (—’U(),U(]) (10&)
u € (u-(v), ug(v)), (10b)

where u_(v),uy (v) are linear functions of v defined below.,
Let f be a smooth sampling function supported only on (—1,1) and normalized

/_ daf(a)*=1. (11)

1

Then we can take a weighted integral over the whole parallelogram,

Vg uy(v)
/ dv f(v/vo)z/ du Ty (P(u,v)) < —vgA/2. (12)

—vo u_(v)

We choose a velocity V' and define the Doppler shift parameter

[14+V
0=4/——. 13
1-V (13)
We pick any fixed number o with 0 < o < 1/3 and let
t(] = (S_a’f’, (14>

and choose

vo = to/(V/20) . (15)
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FIG. 1. The parallelogram ®(u,v), v € (—vg,v9), u € (u—(v),u+(v)), or equivalently ®y (n,t),
t € (=to, o), n € (—no,M0)

Then as V' — 0, § — oo and tg,vg — 0. We define

Mo = ui + tod/ V2 (16a)
ui(v) = :l:T]o + (52’0 . (16b)
The points
oy t)—(I)( ;2 L) (17)
v, n \/§a \/55 5

with |n| < mo and [t| < to, are the same parallelogram described above, but parameterized
in a different way (see Fig. [Il). For constant 7 the paths are timelike and in flat space
parametrized by proper time. In curved spacetime t is approximately the proper time as
shown in Ref. [3].

Now we change variables in Eq. (I2) using the Jacobian

o(u,v)| 1
50| = 5 )
to get
/_ dn/_ dt T (Py (0, 1)) f(t/10)? < — Aty /2. (19)

We will show that this upper bound conflicts with a lower bound that we will derive using
quantum inequalities on the paths given by fixing 1 and varying ¢ in @y (n,t).
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III. A GENERAL QUANTUM INEQUALITY

Quantum inequalities are bounds on weighted averages along a timelike path of projec-
tions of the stress-energy tensor T,;,. The general form is

/ dtf(t)Tuw(w(®)VVP > —B, (20)
where w(t) is a timelike path parametrized by ¢, V' is a vector field onto which the stress-
energy tensor will be projected, f(t) is a smooth sampling function, and B is some positive
number depending on the choice of quantum field, the spacetime, the projection direction V,
and the function f. In this paper we will apply the general quantum inequality of Fewster
and Smith [4] to the case of T, (Py) appearing in Eq. (I9).

Following Refs. [4, I§], we define the renormalized stress-energy tensor,

(Ti") = lim Top™ ((9() (') — H(w,2')) = Qab + Cap - (21)

r—x’

split .

The quantities appearing in Eq. (2I)) are defined as follows. The operator T,
split energy density operator,

is the point-

j};’,ht =Ve®Vy — g9’ V. ® Vg, (22)

which is applied to the difference between the two point function and the Hadamard series,

1 Al/? - oy (x, )
Hz,2)= "% | ——++ (x, z,7')In 7+, 2) (x, )
(23)
We have introduced a length [ so that the argument of the logarithm in Eq. (23] is dimen-
sionless. The possibility of changing this scale creates an ambiguity in the definition of H,
but this ambiguity for curved spacetime can be absorbed into the ambiguity involving local
curvature terms discussed below [4]. For simplicity of notation, we will work in units where
=1
In the first term A'/2 is the Van Vleck-Morette determinant, and o is the squared invariant
length of the geodesic between x and 2/, negative for timelike distance. In flat space.

o(z,2") = —nw(z — )%z — 2)°. (24)

By F(oy), for some function F'; we mean the distributional limit

Floy) = lim Flo,), (25)
where
oz, 7)) = o(x, ') + 2ie(t(z) —t(2))) + €. (26)

In some parts of the calculation it is possible to assume that the two points have the same
spatial coordinates, so we define
T=t—t, (27)

and write

F(oy) = F(r.) =lim F(r.), (28)

e—0



where
Te =T —i€. (29)

The Hadamard series can be written

H(z,a') =Y Hj(x,), (30)

j=-1

where the subscript j shows the power of ¢ in the term. Following the notation of Ref. 9],
we let H(;) denote the sum of all terms from H_; through Hj.

The quantity @ is added “by hand” to ensure that the stress-energy tensor is conserved
[8]. But since we will be interested here in projection on a null vector ¢, @ will not contribute,
because g, f*¢°* = 0.

The term C,, handles the possibility of including local curvature terms with arbitrary
coefficients in the definition of the stress-energy tensor. From Ref. [10] we find that these
terms include

WHy = 2R — 29ap0R — gy R?/2 + 2RR,, (31a)
(2)Hab - R;ab - IjRab - gabDR/2 - gabRCdRcd/2 + 2RCdRacbd . (31b)
So we must include a term in Eq. (2I) given by a linear combination of Eqs. (BIa) and

(B1D). However, we keep only first order in R, and ignore those terms that vanish on null
projection, so for our purposes,

Cop = aVHy + 0P Hy, ~ 2aR 4 — b(Rap — DRy (32)

where a and b are undetermined constants.
From Ref. [4] we have the definition

(o, o) = % H(z,2') + H@,2) +iB(@, 7)) , (33)

where ¢F is the antisymmetric part of the two-point function. We will let E; be the part of
E involving ¢/, define a “remainder term”,

J
Rﬂ':E—ZE’“ (34)
k=—1
and let

~ 1
Hj(z,2') = 3 [Hj(z,2") + Hj(2',x) + iE;(x,2")] (35a)

~ 1
H(j)(xv x/) = 5 [H(j)(xv x/) + H(j)(x/v x) + iE(xv SL’/)] . (35b)

We will use the Fourier transform convention

F(k) or £k = / " daf(n)e. (36)

oo



We can now state the quantum inequality of Ref. [4], on a timelike path w(t) with the
stress-energy tensor contracted with null vector field ¢¢

| drawretmwn) 2 - [T F [go @ Ty e ) (-¢o
+ / h dt g*(t)Cp0? (37)

where ¢(t) is a smooth function with compact support and the operator #* denotes the
pullback of the function to the path,

(O TR0 His)) (8, ) = (T 00 Hisy) (w(t), w(t)) . (38)

The subscript (5) means that we include only terms through j = 5 in the sums of Eq. (23).
However, as we proved in Ref. [9], terms of order j > 1 make no contribution to Eq. (37).
Thus we can write Eq. (37) with w(t) = &y (n, t) for a specific value of ) and the stress energy
tensor null contracted with vector field ¢ pointing only in the u direction with ¢* =1,

/_ " dr (T (w(t) > B, (39)

with
B [ SReo- [ ddORer R, (10)

where
F( ) = g(09(¢) T8 oy (w0, w(®)), (41)

F' denotes the Fourier transform in both arguments according to Eq. (B0), and we used the
fact that R,, = 0 according to Ref. [3].

IV. CALCULATION OF T%/f

We will now evaluate Eq. (0) in the case of interest. In this section we will calculate
TP H 3y and thus F(¢,t'). In Sec. [Vl we will Fourier transform F(t,t'), and in Sec. VIl we
will find the form of B in terms of limits on the curvature and its derivatives.

To simplify the calculation we will evaluate TSPitF (1) in a coordinate system (t,x,y, 2)
where the timelike path w(t) points only in the ¢ direction, the z direction is perpendicular
to it, and z and y are the previously defined ones. More specifically ¢ and z are

L S tu+ dv L S lu — dv
V2 V2 o

where we extend the definition of ¢ from Sec. [[Il to cover the whole spacetime. The new null
coordinates u and © are defined by

(42)

t+z t— =z
U= , U= , 43
NG NG (43)
and are connected with u and v,
=206 "u, b =0v. (44)



The operator T°”'* can be written
TP = 720,04 . (45)

If we define ( = z — 2’ and @ as the @ coordinate of Z, the center point between z and 2/,
we have

uu’

spli 1 — 1
o L5 <§8§ (@ +28<8T+a§)) | (46)

A. Derivatives of ﬁ_l

For the derivatives of H_; it is simpler to use Eq. ([@5). We have

~ 1 o 0 1

In flat spacetime it is straightforward to apply the derivatives to H_;. However in curved
spacetime, there will be corrections first order in the Riemann tensor to both ¢ and its
derivatives.

We are considering a path w whose tangent vector is constant in the coordinate system
described in Sec. [TAl The length of this path can be written

, ! dz® dxb ! - ;
s(z, ') = | dM\/ga(w(N)) N A/ gap (") Aza Az . (48)
0 0

where Ax = x — 2’ and 2" = 2/ + MAx since dz®/d) is a constant.

Now o is the negative squared length of the geodesic connecting x’ to x. This geodesic
might be slightly different from the path w. However, this deviation results from the con-
nection, which is first order in the curvature (times the coordinate distance from the origin
— see Eq. (9) of Ref. [7]). Thus the distance between the two paths is first order, and the
difference in the metric is second order in the curvature (see Egs. (25,27) of Ref. [7]). The
difference in length in the same metric due to the different path between the same two points
is also second order. All these effects can be neglected, and so we take o = —s2.

Now using Ref. [7] we can write the first-order correction to the metric,
gab:nab+Fab+Fbaa (49)

where F, is given by Eq. (29) of Ref. [7] because the first step for x = y = 0 is in the ©
direction and the second in the @ direction. By the symmetries of the Riemann tensor the
only non-zero component is

1
F{,{, (LU//> — / d:‘i(l . K)Rﬁaﬁa(:‘ix//a, x//f))x//ﬁx//ﬂ 7 (50)
0

where we took into account the different sign conventions. Putting this in Eq. (48] gives

1
(@) :/ AV 2007 Ax? + 25 Aa? Aa? (51)
0
! | . )
- [ <¢W+5%(&30)3/2(&@&)_1/2) |
0
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So to first order in the curvature,

1
o(x,7") = —s(z,2) = -7+ * — 2/ dNF5 Az’ Az
0
We define the zeroth order o,
oz, ') = —72 + (2,
and the first order,
1
oW (z,2') = —2/ d\F3 Az’ Ax®
01 1 S
= —2/ d)\/ dk(1 — k) Rpapa (k"™ ") 2™ Ax® Ax®
0 0
1 ¢ ) o
=2 [ [ dy(e = ) Ruasaly. ") BB
0 0
where we defined ¢ = 2% and changed variables to y = x¢. Now to first order,

1 1 o

and the derivatives,

Now we can take the derivatives of o ,

1 ¢
0%) = —2/ d)\)\ﬁf dy (¢ — ) Ryasa(y, ") Az’ Ax®
’ 0 ot Jy
1 ¢ ) o
= —2/ d)\)\/ dyRﬂ{)ﬂf)(y, ZL’//U>AZL’UASL’U .
0 0
Similarly,

g

1 ¢
(i,) = —2/ d\(1 — )\)2/ dy(f — ) Ryasa(y, 2" ) Az’ Ax®
’ 0 ot Jy
1 ¢ S
= —2/ d)\(l - >\) / dyRﬁf)ﬂ{}(y, LU//U)ASL’UAIU .
0 0
For the two derivatives of o(1),

1
e 2/ dA(1 — M) ARgpas(2"™, ") Ax® Az® .
0

Now we can assume purely temporal separation, so Az® = Az’ = 7/4/2 and

1
2 = —(t” + z, ¢ 2)’

V2

10

0 9\ (L _ 412 g 22 (0,(}> _ U(})) _ Lt
8$ﬁ 8:6“1 04 ¢=0 T4 T6 TE U U 7_4 ,uu' °

(52)

(53)

(57)

(58)

(59)

(60)



where Z = (2 + 2/)/2 and t = ' + Ar. Then the derivatives of H_; are
o 5—2 1 0 ~
T = e (112 [ dn [yl ) Resaalya”) (61)
u 4m27t 0 0

1 ¢
—2v/2 / dA(1 —2)) / dyRusan(y, o) 7
0

0
1
"‘/ d>\(1 - )\))\Rﬂf)ﬂf)(x//ﬁ, ZL’//T))T2> .
0

Let us define the locations 7, = (kz%, %) and
1
2= —(k({t"+2),t" - 2). 62
5 \/5( (t" +2) ) (62)
Then Eq. (61l can be written
o 52 1 1 B

TusgiltH_l = — (4 — / dA |:12/ dl*{,(l — K)(ZL’IIU)2R{)@{)@(ZL’2) (63)

0 0

42t
1
—|—2\/§(1 — 2)\)/ d/ﬂlf”aRaf)af)(l'g)T — (1 — )\))\Rﬁgﬁ@(l’”)72:|) .
0

The derivatives of H _1 can thus be written

i o1 (1 1
TPH =672 L_—4 (ﬁ + y1(t77')) + T_3y2(t77—> + —293(7577')] ) (64)

where the y;’s are smooth functions of the curvature,

(i) = / DY) yalf,r) = / INL-20Yy(t")  yaf,r) = / IN1-NAY (")

(65)
with
3 1
3/1(75"):_272 dr(1 — &) (" + 2)? Ryasa () (66a)
0
1 1
" __ " = o
Volt") = 5 /0 it + ) Ransa(z) | (66b)
1
Y MmN — = D
3(t) = =5 Ravn(2") (66¢)

where z” and z/ are defined in terms of ¢ by Eqs. (60]) and (62]).

B. Derivatives with respect to 7 and u
Ref. [5] calculated ]:I(l), but for points separated only in time. Let us use coordinates

(T, Z,X,Y) to denote a coordinate system where the coordinates of z and 2’ differ only in
T. Ref. [5] gives

~ ~ ~ ~ 1
(1) = (T T) 4 Fol 1T + By(T.T') + SiRy (1T (67)

~ ~ ~ 1
Ho(T,T") = H(T,T") + Hy(T, T") + §iR0(T, T, (68)
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where

H (T, T") = — T _1T/ R (69a)
Hy(T,T") = # {RTT(z) — %R(m) In(—(T-T" - z'e)z)] , (69Db)
Hy(T,T') = % ERTT,TT(@ - %DR@) (69¢)
—_— (DRII(ZL') + —R TT(ZL’)) lIl (—(T — T — 26)2):|
The order-0 remainder term is
R T) = s [ dnd g {6800 - 6] (70

1
—/ ds sQGgpl%(Xg)} segn (T —1T"),

0

where [ d) means to integrate over solid angle with unit 3-vectors Q, the 4-vector Q =
(0,€2), the subscript R means the radial direction, and we define X" =z + (1/2)|T — T"|2,

X!'=z+ (s/2)|T — 1", and
1|2
GUL(X") = Gap(X") — Gap(z) = / dr Gap.1(z +rQ)QL (71)
0
The order-1 remainder term is

/ ]‘ 1 " "
R T) = o [ a0d g 6o - 6o

1
— / ds s?c;g?}(xg)} sgn (T —1T"), (72)
0

where G(jj)g is the remainder after subtracting the second-order Taylor series. We can write

1

|T—T"|/2 T_—T'
G (x") = 5 /0 drGap.1x (T + Q) (

2
- 7’) QIOIOK . (73)

When we apply the 7 and @ derivatives from Eq. {8]), we can take (7,7, X,)Y) =
(t,z,2,y) and calculate 92Hy, 02Hy, 02H,, 02Ry, and 02Ry. Applying @ derivatives to
Hy gives

~ 1 1
27 L BN - T

0:Hy = 1872 {Rtt,uu(:c) 2Ruuln( T_):| : (74)

For the derivatives with respect to 7 we have

~ 1
2 - _
0:Hy = 18722 R(z), (75)
and
2 = —— |L1p (g:n)—lmR(;z)—1 DR--(f)+1R (Z) ) (34 In(—72)) (76)
i = 32072 |3 tt 5 3 ii ol _ .

12



in the 7 — 0 limit.
Applying @ derivatives to Ry gives

1 / e / " 5 Guui(a") = Goria”)]
327’(’2 0 r u tt,e x rrya X
/ ds 8°Gyi(x ’”)}Qi sgnT, (77)

0

PRy —

where 2" =z +rQ) and 27 =T + sr .

Now we have to take the second derivative of R; with respect to 7, which is 7'—T" in this
case. This appears in three places: the argument of sgn in Eq. (72)), the limit of integration
in Eq. (73)), and the term in parentheses in Eq. (73]). When we differentiate the sgn, we
get §(7) and 0’(7). but since G%)B ~ 73, there are enough powers of T to cancel the § or
', so this gives no contribution. When we differentiate the limit of integration, the term in
parentheses in Eq. (73) vanishes immediately. The one remaining possibility gives

T|/2
= s [0 [ arf Gt - Gt

/ ds $*Giji(x ”’)}QinQk SgN T . (78)

0

C. Derivatives with respect to ¢

To differentiate with respect to ¢, we must consider the possibility that x and x’ are not
purely temporally separated. We will suppose that the separation is only in the ¢t and z
directions and construct new coordinates (7', Z) using a Lorentz transformation that leaves
Z unchanged and maps the interval (7' — 77,0) in the new coordinates to (7,() in the old

coordinates. Then
T—T =sgnt\/72 - (2, (79)
and the transformation from (7, Z) to (¢, z) is given by

B 1 T ¢
A_sgnT\/f@<< 7') ' (80)

with the z and y coordinates unchanged. Then

()-+(7)

Now let M be some tensor appearing in fl(l). The components in the new coordinate
system are given in terms of those in the old by

Mape.. = N4ABAS . M. (82)

We would like to differentiate such an object with respect to ¢ and then set ¢ = 0. The only
place ( can appear is in the Lorentz transformation matrix, where we see

e T ( (1] (1) ) (83)

13
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and similarly,

2N

CZO:T—2<(1) 2) : (84)

To simplify notation, we will define P and () to be the matrices on the right hand sides.
Reinstating x and v,

0100
1000
P=10000 (85)
0000
1000
0100
@=10000 (86)
0000
Now we can write the derivative of Mapc. as
8<MABC,” = 84( ZAbBACC . )Mabc... (87)
¢=0 ¢=0
— (@A 5O+ | M,
¢=0
1 ach ce a pb sc 1 abc
= T—(fA(SBéc 04 PROG 4 ) M. = T—pAB'é...Mabc...
where p%%: is a rank-n matrix of 0’s and 1’s. With two derivatives, we have
RMape..| = R(AGABLAE .. ) Mape.. (88)
¢=0 ¢=0
_ {(@31\3)5;55 RNt
FRONSN Q)5+ + 2D OAE) -+ ... M.
¢=0
_ 1 agbse ... §e0b s, ...
_TQ(QABC +04QpoG -+ ...
+ PiPROG -+ PAOLPE -+ .. ) Moy
abc...
= 5 Ma C...
2 dapc.. Mab
abc...

where ¢4’5¢ is a rank-n matrix of nonnegative integers.
There are also places where T'— T" appears explicitly in H;. We can differentiate it using

Eq. (),

0T —T') =0, (89a)

¢=0

=—7". (89b)
¢=0

Ty

14



Now we apply the operators 82 and 0,0, to Hy, Hy, and R,. First we apply one ¢

derivativd] to Eq. (69D) using Eq. (Iﬂl)

~ 1
H. - = ab -
a'r (a( 0 C:0> 4871'27'Eptt Rab(x) ) (90)
and two ¢ derivatives using Egs. (88) and (89al),
] 1 ab = =
(92[‘[0 o = m |:qtt Rab(LU) -+ R($):| . (91)

Then we apply one ¢ derivative to H 1,

. 1 1
87— 8CH1 = — [padeRab’cd(f) - (p?ibDRab(f) + —pabR,ab(i’)) (ll’l (—Tz) + 2):| s
( CZO) 192O7T2 tttt 2 tt
) (92)
and two ( derivatives to Hy,
~ 1 1 e _ 2 1/ .
02H1 - = 64072 {BQttgthab,cd(z) - gRtt,tt( T)+ OR(7 3 (q bDRab
1 9 2 1
SR (@) ) In(=72) + = (ORa(2) + sRa(z) ) (1+1n(=72))|
(93)

Finally we have to apply the derivatives to the remainder R;. We can apply the (
derivatives in two places, the Lorentz transformations and Gg’g. Since the three terms are
very similar we will apply the derivatives to one of them

, (99
¢=0

where we defined Y = (1/2)|T—T'|A%Q!. Then using Egs. (87) and (89al), we find that that
0:Y | e—o = (1/2)piQ¥ sgn 7 and taking into account the properties of Taylor expansions,

9
oy

0
B; / dQGg?%(erY)’ / dQ( ~pGE) () + aYaG Nz +Y)oY*
¢=0

GPaE+v)| =G, (95)

(=0

where G( . is the remainder of the Taylor expansion of G . after subtracting the first-order
Taylor serles

Thus Eq. ([@4]) becomes

O / dQGg?%(erY)‘ / dQ( PGy (x ")+%G§i)a(x")p?9i SgnT) . (96)
¢=0

! The Lorentz transformation technique we use here is not quite sufficient to determine the singularity
structure of the distribution d; Hy at coincidence. Instead we can use Eq. (47) of Ref. [5] to compute the
non-logarithmic term in Hy for arbitrary = and 2/, which is then —Ra(Z)(z — 2/)%(x — 2/)? /(48720 ).
Differentiating this term gives Eq. (@) and explains the presence of 7_ instead of 7 in the denominator.
The first term of Eq. (@) arises similarly.
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Using G® from Eq. (73) and

G2 () = Wzer (T +79) LA POrSY 97
ab,c - 0 abije\T r 2 r ) ( )

Eq. ([@6) becomes

3) /v 7172 |T‘ ab " 1 |T‘
8</dQGTT(X+Y)\<:0:/dQ/ dr (7 —r)[ G a”) (7 —7‘) (98)
0

1 o
+§ngtt,ija($///) sgn 7’] QOINk .

We could simplify further by using the explicit values of the p matrices, but our strategy here
is to show that all terms are bounded by some constants without computing the constants
explicitly, since the actual constant values will not matter to the proof.

Applying the 7 derivative gives
(3) (= i/ 1 T2 ab "
0T 0¢/dQGTT(I+Y = /dQ/ dr Z - ﬁ Py Gab,ijk(a’: ) (99)
=0 0
1 a " 7 k
‘|‘1Pi Gttvija( ) 0

We do not have to differentiate sgn 7 here, because the rest of the term is O(7?) and so a
term involving &(7) would not contribute.

The same procedure can be applied to all three terms. Terms involving X will get an
extra power of s each time G is differentiated. The final result is

or <8<R1(T T’)‘ ) (100)

ITV2 ,,,2 1 ab " ! 2, ab "
327T2 1 72 2(ptt - prr)Gab,ijk(x ) — ; dss“py Gab,iji (25

—|—4 [p’ (Gitija(2") — Grrija(2™)) — / dss*p?Gy ija(T ’”)] }Q’Qjﬁk SgnT.
0

For two ( derivatives we can apply both on the Lorentz transforms, both on the Einstein
tensor or one on each,

ab 82
o2 / ACH (z+Y)| = / dQ(%Gfgf(x”) + 57 aYbG§f’(z+Y)a¢Yaa<Yb
¢=0 ¢=0
9
+—GP(z+ Y)Y (101)
aya tt ¢ o
Lot 9 GOz +Y)oYe ) .
- oy o
Using Egs. (89D) and (),
. OO |
2Y] — q; = ifeY
% =0 2T 2T 27’h &, (102)
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with b/ = ¢/ — 67, while

RY' =0, (103)
¢=0

since ¢! = 0 and Q' = 0. Using properties of the Taylor series as before, we can write

82 7 !
Y a9y’ Gg’)(x +Y) = ngtl)ab(x ) (104)
so Eq. (I0T)) becomes
ab
% / dQGg?;@w)' = / d< [%Gﬁ)(fﬂ”) PGl (2
¢=0

1 N
bap (2GS + Gm )| o)
Using G as in Eq. ([[1)) and G® and G® from Eqs. ([@7) and (73] this becomes

82/dQG(3) (i’—FY)‘ _/dQ /T|/2 dr[(l — L)2 abey ("
¢ T = Qy ab,wk(x )
CZO 0 2 |T|
1

1 r
+ZP?p?Gtt,kab($m) + (Z - m) (2pn P Gap k(")

—l—hﬁGtt’ljk(xm)>} QIIOF. (106)
For all three terms

OFR: (T, T’) (107)

|T‘/2 T ? 1 ab " ! 2 ab "
327'('2 2 m (qtt qrr)Gab,ijk(I ) - o dss ' Gab,ijk(fs)

1 " " ° "
i) [2<Gttkab< )= Grrsanla”) — [ 55 Gupn(s?)]
0

1 r " 1 " m
+ (Z 2| ‘) |:pzc(ptt _prr)Gab,jkc($ )+ ihi(Gtt,l]k(l' )— Grr,ljk(z ))

1
—/ dssg(QPEpEbGakac(l’;”) + hﬁGtm]—k(:B;"))] }Q’Qjﬁk sgnT.
0

V. THE FOURIER TRANSFORM

Eqs. (64), (), (75), (@), 1), [8), @0), @), @2), @3), (I00) and [I07) include all

the TZZ}ItIZI 1y terms. To perform the Fourier transform we expand 7, split H(l according to

17



Eqgs. (48) and (46) and separate the terms by their 7 dependence,
1
TSphtH =0 [@ 0 H_1 + - (8 H() + —ZRQ)
Lo 5 7 7o L
_5(87_ + 04 + 287-04) Hy+ Hi + §ZR1
ol 1 (1 _ 1 1 _
=52\ % (3 +0E7)) + gwalfor) + ea® + us(For)
+In (—TE)CQ(B +Cg(£> —|—C4(t_, T):| y (108)

where ¢, ¢o, and c3 are smooth and have no 7 dependence and ¢, is odd, C; and bounded. As
mentioned in Sec. [V'Al the functions y; depend on 7 but are smooth. Explicit expressions
for the ¢; are given in Appendix [Al

We now put the terms of Eq. (I08) into Eq. ([@0]), and Fourier transform them, following
the procedure of Sec. IV of Ref. |9], to obtain the bound B in the form

B=4§7) B;. (109)

The first term in Eq. (I08) is 1/(7?7*), and we proceed exactly as Ref. 9], except for the
different numerical coefficient, to obtain

1
Bo= 51 | dig"@7 (110)

Putting only Eq. (II0) into Eq. (I09) gives the result for flat space. Fewster and Eveson [11]
found a result of the same form, but they considered T} instead of Ty, so the multiplying
constant is different. Fewster and Roman [12] found the result for null projection. Where we
have 1/24, they had (v-£)?/12, where v is the unit tangent vector to the path of integration.
Here v - £ = ' = 1/(6v/2), from Eq. [#2)), so the results agree.

The remaining 7~ term requires more attention, because of the 7 dependence in ;. We

write
with -

Gh(7) = /_OO it (- 2) g (14 7) (112)
Then [9]

24G////( ) (113)

2

Applying the 7 derivatives to Gy gives
(5)2 + 3—2/1(75 T (9" ®g) - d'(©)?)

d4
:/ dt[d 2y (t, 7')
=0 —00 =0

+§y1(f)(g””(f)g(f) —4g"(t)g(t) + 39”@%} : (114)

G(r)
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where the terms with an odd number of derivatives of the product of the sampling functions
vanish after taking 7 = 0.

Now y; depends on 7 and ¢ only through t" =t + (A — 1/2)7, so using Eq. (63), we can
write

L) = & / () = o / N — 1/2)Vi(E") (115)

Then we integrate by parts and put all the derivatives on the sampling functions g,

B, = 2—14 oodt[2/0 d\ ()\—%) }/1({)(39//(02"‘49/(&9/”(0+g(f>g/”/(f))

3 / 0\ (A_;) YiB(g" (g(®) — ¢" (1)
(@0 Da(0) — 49" 0D + 3407 (116)

Since we set 7 = 0, Y7 has no A dependence and we can perform the integral. The result is

1

Bi= g5 | 0" ®F - 26" (0 O + 26" (D). (117)
For the term proportional to 7—2, we have
cde [ 1
B, = /0 ?5 /_OO dTGQ(T)ge—W (118)
where -
o _ T _ T

Ga(r) = /_OO dfys (£, 7)g (t - 5) g (t + 5) . (119)

We calculate this Fourier transform in Appendix [Bl and the result is
1
By = BG;”(O) . (120)
Applying the derivatives to Gy gives

[e'e) B d3 B
= dt | —=ya(t
7=0 /—oo [dTg y2( ’T)

Again the only dependence of y, on 7 is in the form of ¢’ so we can integrate by parts

Gy(7) 90 + 5l

(¢ (D)g() - g’<f>2>] (21)

7=0

mey [t 1 a2 (> —) Ya(0)(39' (D" (®) + 9(Dg" (D)
+2 (- 2) o eee 0@, o)
and perform the X integrals

By = / Z dEYa(D) (g (9" () — 39" (D)g () (123)
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For the term proportional to 77, we have

By = / h % /_ h dfag(f)%e—iﬁﬁ (124)
where
Gatr) = | dtter(® + g (7= 7 ) (7 7) - (125)

Ref. [9] calculated this Fourier transform, but the Fourier transform of 1/72 given by Ref. [13]
was cited with the wrong sign in Eq. (105) of Ref. [9]. The correct result is

]‘ 1
By = 5G4(0). (126)

Applying the derivatives to G3 gives

[e'e) B d2 B
:/ dt [Wyg(t,T)

[e.9]

G3(7)

a0+ 50+ )60~ 0] . (120

7=0

As before, we integrate by parts
=y [ar [ a2 (3-3) - 0WOEE? 00 O)
F3(@®+ (1= AW Da0 - /0% 29
Integrating in A gives

B; = i /_: dt {cl(ﬂ(g”(ﬂg(f) — g0 + 11—55/:),(5)(39”@9(5) - 29’(5)2)] : (129)

The three remaining terms have Fourier transforms given in Ref. [9], so we find?

By = — /_Z dt_/_z drg’ <f+ %) g (f— g) In|7|cy(t) sgn 7 (130a)
Ba= [ dtgl®P(eald) + o) (130b)
Bg = %/_:dt_/::dfég (f+g)g(t_—%) ca(t, 1), (130c)

where we added
(D) = —(20+ B)Ral) (131)

which is the local curvature term from Eq. (40)

The bound is now given by Eqs. (109), (II0), (I17), (I23), (I29), (I30).

2 Equation (I30a) corrects an error of a factor of 2 between Eqs. (114) and (116) of Ref. |9]
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VI. THE INEQUALITY

We would like to bound the correction terms B; through Bg using bounds on the curvature
and its derivatives. Using Eq. () in Eq. (66al), we find

3 &
V@)l < 5 5l@ | Rinas (132)

We can use Eq. (I32) in Eq. (IT17) to get a bound on |B;|. But will not be interested in
specific numerical factors, only the form of the quantities that appear in our bounds. So we
will write

1B1| < P [9)|Z"* Runae (133)

where Jl(?’) [g] is an integral of some combination of the sampling function and its derivatives

appearing in Eq. (II7). We will need many similar functionals JP [g], which are listed in
Appendix [Al The number in the parenthesis shows the dimension of the integral,

JOg) ~ . (134)

Similar analyses apply to By and B3 and the results are

[Bao] < 157 (917 Rumas (1354)

|Bs| < 5" 9] Rina - (135h)

Among the rest of the terms in B there are some components of the form R4z which
diverge after boosting to the null geodesic, as shown in Ref. [3]. However we can show that

these derivatives are not a problem since we can integrate them by parts. Suppose we have
a term of the form

B, = / df/ dTLn(T, f)Rabcd@ (i’) , (136)

where L,(7,t) is a function that contains the sampling function g and its derivatives. The
@ derivative on the Riemann tensor can be written

Rabcd,ﬁ = Rabcd,t - Rabcd,f) . (137>

The term can be reorganized the following way by grouping the terms with ¢ and v, z,y
derivatives

B, = / dt / AT Lo (7, 1) (A% Ropea s (Z) + A% Roped o(T)) (138)

[e.e] [e.e]

where A%< are arrays with constant components and the subscript n denotes the term
they come from. Here the greek indices «, 3,--- = 0, x,y. The term with one derivative on
a can be bounded, while the term with one derivative on ¢ can be integrated by parts,

Bn - / dt—/ dT(L;L(Ev T)AgszdRabcd(j) + Ln(ﬂ T)AgszdaRadeya (j» : (139>
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where the primes denote derivatives with respect to ¢. The sampling function is C§° so
L'(7,t) is still smooth and the boundary terms vanish. Now it is possible to bound this
term,

Bl < [t [ drlILE D)0 R+ |l D) Ry, (140)
where we defined
PN
aglm) _ Z AthLbcd apf... . (141>
abed af...
——

m

The same method can be applied with more than one u derivative.
Now we apply this method to the integrals By, Bs and Bg of Eq. (I30). We start with
By, which has the form

By :/ dr In |7 sgnT/ dtL,(t,7) (AZdeRabcd7tt($) + AZdeO‘Radem(f)

—00 —00

+A3bcdaﬁRabcd,aﬁ(:z)) , (142)

where
Ly(t,7) = g(t +7/2)g'(t = 7/2). (143)
After integration by parts

By = / dr1n |7] sgn 7 / dt(Lg(t, PYADA R (F) — D7) AT Ry (7)

o0 —00

+L4(E> T)AgdeaﬁRabcd,aB ([L’)) . (]_44)
Taking the bound gives
2
[Bal < DI lgl R (145)
m=0

Reorganizing Bs; based on the number of ¢ derivatives gives

Bs = / dtLs(t) (AgbcdRabcd,tt(f) + AR g o (T) + AZP Rabad’aﬁ(:@)) (146)
-/ dt‘(Lg@)Agf’cdRabcd(@ L (DAL Ry (7 + L5<E>A;MaﬁRabcd,aﬁ<f>) ,
where

Ls(t) = g(1)*, (147)

and the bound is

2
|Bs| <Y gl R (148)
m=0
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Finally the remainder term is

Bs = / dt / drLe(t, ) / dQ / d)\{A“de (A, Q) Rapea.r1: (AQ)

Aabcda A, Q)Rabcd att(AQ) AadeaB()\ Q)Rabcd aﬁt()‘Q)
+Agbcdaﬁv()\’ Q)Rabcd,aﬁV()\Q)} SgN T, (149)

where we changed variables to A = r/7 and now arrays A2¢ have components that depend
on A and €2, and
Le(t,7) =gt —1/2)g(t+7/2) . (150)

After integration by parts

Bg = / dr / dt / dQ / dA{L”’ (7, D) AL, Q) Rapea(AQ)

+ L (7, 1) A% (X, Q) Raped.o (AQ) + Le(7, 1) ALP (X Q) Ryp.0p(AQ)
+ L (7, 1) AP (), Q)Rabvaﬁy(m)} Sgn T . (151)

We define constants a{™

m

1 P
a’ = N / 9 / ANAZ B\ Q)] (152)
abed af... 0
~—

m

and now we can take the bound
|Bg| < Zjl ™g| R (153)

Putting everything together gives

6 3
B<6§? (Bo + Z TGl P R + Y > T ) . (154)
n=4m

=0

We can change the argument of the sampling function, writing g(t) = f(t/ty), where f is
defined in Sec. [ and normalized according to Eq. (1), so Eq. (I54) becomes

2
/dtTuu(w(t))g(t)22 o { 1 /dtf” Hto)? ZN" 1P Rt

2412,
+ Z Z Ji- Rggxtm”} (155)
n=4 m=0

where we used J [g] = t5* JF [f]. We can simplify the inequality by defining
1
= [ £@pda= ¢ [ frejra. (156)
0
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6

F =% ], (157)
and
F0 = Jl=m[f] (158)
Then Eq. (I53) becomes

/ AT, (w0 (1)) g (1)? > (159)

572 1 3 5.
g X g Y i |
0 m=0

n=1

We will use this result to prove the achronal ANEC.

VII. THE PROOF OF THE THEOREM

We use Eq. (I59) with w(t) = ®v(n,t) and integrate in 7 to get

/_ " iy / : Ty (1, 1)) £ (t/t0)? > (160)

3
o 1 (m) p(m) ym+2 =4|3—n 1;(n) n—1
o 52t8 { 2472 I+ mz::o F Rt + Z |$ | F" Rpaxt) .

n=1

As § — 00, tg — 0 but £ F0) R and R are constant. Now % = 7%/, and using
Egs. (I0), (@), @A), |z%| < uy + v/20ty. Thus as § — oo, Z% — 0. Therefore only the first
term in braces in Eq. ([I60) survives, so the bound goes to zero as

To 2a—1
——~0 . 161
513 (161)

Equation (I60) is a lower bound. It says that its left-hand side can be no more negative
than the bound, which declines as 6**~1. But Eq. (I9) gives an upper bound on the same
quantity, saying that it must be more negative than — Aty /2, which goes to zero as ty ~ 6.
Since a < 1/3, the lower bound goes to zero more rapidly, and therefore for sufficiently large
0, the lower bound will be closer to zero than the upper bound, and the two inequalities
cannot be satisfied at the same time. This contradiction proves Theorem 1.

The ambiguous local curvature terms do not contribute in the limit 79 — oo because they
are total derivatives proportional to

/_ " dnR ,.,(Z)) =0. (162)

10

VIII. CONCLUSIONS

This work completes the proof of ANEC in curved spacetime for a minimally coupled,
free scalar field, on achronal geodesics traveling through a spacetime that obeys NEC. The
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techniques are similar to those of Ref. [3], but that paper required an unproven conjecture.
Here, we use the general absolute quantum inquality of Fewster and Smith [4] to derive a
null projected quantum inequality, slightly different from our previous conjecture, and use
that inequality, Eq. (I55]), to prove achronal ANEC. Equation (I55) has the form of the flat-
space null-projected quantum inequality of Fewster and Roman [12], plus correction terms
which vanish as one considers more and more highly boosted timelike paths with smaller
and smaller total proper time in the limiting process above.

The result of this paper concerns integrals of the stress-energy tensor of a quantum field
in a background spacetime; we have so far not been concerned about the back-reaction of
the stress-energy tensor on the spacetime curvature. This analysis is correct in the case
where the quantum field under consideration produces only a small perturbation of the
spacetime. Thus we have shown that no spacetime that obeys NEC can be perturbed by
a minimally-coupled quantum scalar field into one which violates achronal ANEC. Thus no
such perturbation of a classical spacetime would allow wormholes, superluminal travel, or
construction of time machines? [1].

What possibilities remain for the generation of such exotic phenomena? One is that the
quantum field is not just a perturbation but generates enough NEC violation to permit
itself to violate ANEC also. We argued against this idea on dimensional grounds in Ref. [3].
Another is that there is a field that violates NEC but obeys ANEC, and a second field,
propagating in the background generated by the first, that violates ANEC. This three-step
process seems unlikely but is open to future investigation.

There is also the possibility of different fields. We have not studied higher-spin fields, but
these typically obey the same energy conditions as minimally-coupled scalars. Of more inter-
est is the possibility of a non-minimally coupled scalar field. Such fields can produce ANEC
violations even classically [16, [17] with large enough (Planck-scale) field values. However
these situations seem unphysical since the effective Newton’s constant becomes negative as
the field value increases. In the case of a wormhole [18], the effective Newton’s constant
must be negative not only inside the wormhole but in one of the asymptotic regions. If one
disallows Planck-scale field values, there are restrictions on non-minimally coupled classical
[19] and quantum [20] fields, but these restrictions are not in the form of the usual quantum
inequalities. Whether there is a self-consistent achronal ANEC for non-minimally coupled
scalar fields remains an open question.
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3 More specifically, ANEC rules out compactly generated causality violation [14]. A causality violating
region is compactly generated if the generators of the Cauchy horizon followed into the past enter and
remain within some compact set. But Ori [15] argues that one can ensure that closed causal curves develop
even without compact generation, by arranging the formation of a null hypersurface spanned by closed

null geodesics at the future boundary of the domain of dependence.
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Appendix A: Explicit expressions

Here are the explicit expressions of the functions ¢; used in Eq. (I08):

o= (- R@ + (5 - ) Ruta) (Ala)
487 2

1 ab 1
Cp = ——— ( —5R qa(T) + < Z-b + %) OR(T) + B < Dy + %) Rﬂb(j)) (Alb)

1 — 1 abcd qgflﬁd 1 T
Cc3 = 06072 5Riaa(T) — 2 Ditee T 9 Rap,ca(T) + OR;i(Z) + 5Rﬁ($)

1
_'_p(ilibDRab(j) + ipgtbR,ab(j)) (AlC)

L X
cq = —2567r2/0 dr/dﬂ(ag{§ [Gi(2") — Grri(2™)] — /0 ds s*Gy i (2" )}

1 " " 1 ! "
A Gl = Gl = 5 [ ds Gl
4T2 1 " "
+ (1 - —) {2(]7%) - prr)Gabij(I ) — / dss® Py e k(T )}

T2 0

1
. Guustala) = Gorgraa™) = [ dss'0Gruualal)
0

1 r ? 1 " ! ab "
+2 9 ‘ | (qtt - qrr)Gab,ijk(a7 ) — dss’ iy Gab,ijr(T5)
0

1 1 s
+§p§‘P§ [§(Gtt,kab($”') — Grrgan(2”)) — / dSSA‘Gtt,kab(x's")}
0

# (5 1) [POR ~ PGl + S Gl = Grrala”)
/0 dss®(2p5p5 Gap jre(22) + PG i (2 ))}ka) Qlsgnr. (Ald)
And here are the integrals of the sampling function:
I 9] = / Z dt(an]g"” (t)]g(t) + aralg” (t)g ()] + arsg” (t)?) (A2a)
7P 1g) = / Z dt(azg"” (t)g(t) + aznlg”(t)g'(1)]) (A2b)
IV 9] = / Z dt(az|g"(1)|g(t) + azg (t)?) (A2¢)

1= | "t / " It — 7] (anlg”(O)lg(t) + anld'OF ) (A2d)
16 = [ "t / "t It — ¢ (aslg” (O)]g(t) + anld D E))  (A2e)
K- [ "t / " dt I — ¢ asslg ()90 (A2f)
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V] = / " dt(anlg"(0)]g(t) + asg () (A2g)
1O = / " dtas)g (1)lg() (A2D)
Jg) = / " dtasig(t)y (A2i)

- / "t / " i (aaalg" (Og(t) + aelg” (D)9 () (A2))
- / "t / " i (agslg" ()] 9(F) + asalg (D) () (A2K)
J§g) / dt / 0t agslg'(1)]9(¢) (A21)

where a,,; are positive constants that may depend on aglm).

Appendix B: Fourier transform

We follow the procedure of Ref. [9] to calculate

By = /0 h % /_ Z drGy(7)sy(T)e 7. (B1)

where -
Gal(7) = /_OO din(t, ) (- 2) g (i47) (B2)
and
So(T) = % ) (B3)

This is the Fourier transform of a product so we can write it as a convolution. The function
s9 is real and odd, so its Fourier transform is imaginary, but Gy is also real and odd, thus
the Fourier transform of their product is real. We have

Ba= o | s / ACCr(—€ = O)5:(C) (B4)
We can change the order of integrals and change variables to n = —¢ — ¢ which gives
By = _ﬁ dC/ dn Gz $2(¢)
1 o K R
— oy [ dnGat) / 4G52(C). (85)

The Fourier transform of sq is [13]
52(C) = —im¢*O(C), (B6)
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and

! 2 i
| dct=in) = o). (B7)
From Eq. we have _
By = —6% - Ga(n)n’. (B8)
Using f/(§) = ~i&f(€), we get
1 [~ =
By = on ; dn G5’ (n) - (B9)

The function G5 is odd but with three derivatives it becomes even, so we can extend the

intergal
1 o 1

_ < "
=157 | G = 5GH(0). (B10)
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