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linearisation 7™ is a local gauge-invariant observable, due to the Lie derivative identity

L,Tg, 6] = TV[L,(g,9)]. (1)

However, the question of the completeness of a set of local gauge-invariant observables
obtained in this way has to be addressed separately.

Despite their potential importance, in the context of single-field inflationary
cosmologies, such complete sets of local gauge-invariant observables were obtained
only very recently. First, [4] gave such a set together with an expli¢it, proof of its
completeness. It was constructed by generalising from the previouslysstudied.cases of
Minkowski and de Sitter backgrounds [5]. However, the question of giving a’Stewart—
Walker type geometric interpretation to the explicit formulas,of 4}, was left open.
Shortly thereafter, the independent work [6] addressed a related nemslinear geometric
problem (the characterisation of a particular isometry classsof inflationary spacetimes
by local tensorial equations). By the Stewart—Walker lemma, theilinearisations of these
tensor equations then give local gauge invariant observables. A heuristic argument given
in [6] implies that this set should also be complete. Héwever, the linearisation was not
explicitly performed and the completion of the heuristic argument for completeness to
a rigorous one was left open.

In this work, we rectify both of these problems by explicitly relating the observables
of [4] to the linearisations of the tensors of [6] and vice versa. Thus, in one direction we
propagate the proof of completeness, and in'the other direction we propagate a geometric
interpretation. In Sections 2 and 3, we respeetively review the relevant results from [6]
and [4], reproducing the explicit féormulas that .we will need. In Section 4, the two sets
of observables are related by explicit transformations. We conclude in Section 5 with a
discussion of our results and ¢f directions for future work.

We assume that the spacetime dimension is n > 3. Also, we use the (—+---+)
signature for the metric and more generally the sign conventions of [7] (which are coded
as “+++" in their reference table)s While we draw formulas and identities from both [4]
(the FHH paper) and [6] (the/CDK paper), we will mostly use the notational conventions
of [4]. They are related as follows:

Notation of CDKdmmm  5f(t) (=) =0, U* & n R Wym £ V(9
NotationofFHHJn—l a(n) (=) =0, w H H R Cu, K/2 V(§)

1.1. Cosmelogical-context

Before proceeding to the main body of this work we shall put our results into context
and omment on the relevance of the fact that the observables we discuss are gauge-
invariant, local and complete.
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How do gauge invariant variables help with quantization? Let us denote the linearised
perturbations of the metric and inflaton field by A and 1, respectively. Free field
quantisation promotes them to quantum fields h and @2, with canonical commutation
relations [h(z), h(y)] = ihPu(x,y) and so on, fixed by the classical Poisson brackets
Pun(z,y) = {h(z),h(y)}. As is well known, in gauge theories the Poisson brackets
P(z,y) strongly depend on the choice of gauge fixing, the choice of primaty quantisation
variables, etc. However, as is also well known, none of these choices affect local gauge=
invariant observables. For instance, if A[h, 1] and Blh, 1] are two local gauge-invariant
observables linear in the fields, which we can smear to A(a) = [ a(2)A(z)dz and
B(B) = [ f(x)B(x) dz by compactly supported test functions, then/the value of

{A(a), B(B)} = / A (0] (2) Pz, 4) B [5)(y) d 0y 2)

where A* and B* are the adjoints of A and B, is guaranteed torbe independent of all of
the above choices.

One pathology that occurs frequently is that P(a,y) #°0 when z and y are
spacelike separated. Such non-causal canonical commutation.relations are a hallmark
of certain gauge fixing schemes, of which the Coulombigauge in electrodynamics is a
prime example. On the other hand, it is easy to show that, causality is restored for gauge
invariant observables. For instance, {A(a)yB(5)} = 0 whenever the supports of o and
f are spacelike separated. One way to see this is to note that some gauge fixing and
quantisation schemes, for example using harmoni¢igauge (cf. [8] for linearised gravity,
or [9, 10] for a much larger class of gaugemheories), result in a P(z,y) that is manifestly
causal. But since {A(a), B(f3)} is independent of the gauge fixing, if it vanishes in
harmonic gauge, it vanishes for all other ganige fixing schemes. Since harmonic gauge
is not necessarily the most convenient gauge choice in cosmology, this is a comforting
observation.

Another kind of pathology that may occur is the unexpected growth of a vacuum
correlation function like (M{z)h(y)) at large separations between z and y. A priori, it
may not be clear whether,such behaviour is indeed a physical effect, or needs to be
ascribed to a gauge artifact, a poor choice of renormalisation scheme, or an unphysical
choice of the vacuum,statesdn this case, examining instead the correlation functions
(A[h)(z)B[h)(y)),.Where 4 and B range through a complete set of local gauge-invariant
observables, can’diseriminate the case of a gauge artifact from all other possibilities.
Such asymptetic grewthief correlators has been the subject of quite some controversy
in the recentidosmological literature [11-31], and an analysis through the lens of the
completessets of local gauge-invariant observables described in this work could help to
resolve the issug, see also [4, 32, 33].

How_ non-local are Bardeen potentials? The standard set of gauge-invariant field
combinations for cosmological perturbations are the so-called Bardeen potentials [1, 2].
Invn,=.4 dimensions, they are usually constructed from the following parametrisation
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of the perturbed metric:
g“):wﬂnf[—2Adﬁ2+2<8J3+li>dﬂdn%—mjdfdxq, ()

where

1 A A
with @'B; = 0, &E; = 0, &Ey;; = 0 and E! = 0, the spatial indices afe raised and
lowered with ¢;; and A = 9°9;. Besides, Eij, the gauge-invariant Bardeen potentials
{U, D, D, EZ]} consist of

V=A+aH(B-E)+(B-FE"), (5a)
1

®=—C—aH(B-E)+ 35 AF, (5b)

b, = £ - Bi, (5¢)

where a prime denotes a derivative with respect to conformalitime 7, and H = d’/a?
is the Hubble rate. However, to explicitly write the,gauge-invariant fields in terms of
the components of A, B; = 0;B + B; and hi;, we mustyuse non-local expressions; for
example

A 1 0;0; 1 0052\ 0% ok

Each application of the inverse spatial Laplacian A~! corresponds to convolution with
respect to the usual Newtonian potential |z — x’ \_1. Thus, even though Eij is gauge
invariant, its expression in tenms of h;; is ultimately non-local and has the form

A

Eijtx) = /Efjl(az,a;’)hkl(t,a:’) d*a’ (7)

where the integral kernel béhaves as L} (z, x') ~ |z — ' |73, for large comoving spacelike
distances, | — x'| =, o0.

This non-locality ‘of the Bardeen potentials has various physical consequences.
We have already mentioned the issue of non-vanishing commutators at spacelike
separations as a possible gauge-artifact, though it can also occur for manifestly gauge-
invariant expressionshForexample, the commutators [U (), ¥ (y)] and [®(z), ®(y)] of the
quantised Bardeen potentials ¥ and & do not vanish at spacelike separated points [34,

35], whereas this problem ‘does not occur for local gauge-invariant observables [8, 35].

Can our constructions be extended to anisotropic cosmologies? It is well known that
a complete set of local gauge-invariant observables on Minkowski spacetime is given by
the components of the linearised Riemann tensor. For constant curvature spacetimes
(like de"Sitter or anti-de Sitter), the components of the linearised Riemann tensor
alsordorthe job, provided its tensor indices are appropriately raised or lowered before

Page 4 of 15
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linearisation [36, 37]. Unfortunately, no simple generalisation of these results exists
for an arbitrary spacetime, which explains the necessity of the works [4, 6] and their
present conclusion to produce the answer for spatially flat inflationary cosmologies. Any
other spacetime, or family of spacetimes, like in the Bianchi homogeneous anisotrepic
cosmology classification, needs to be analysed separately.

The approach of [6] outlines an effective strategy for producing a candidate
for a complete set of local gauge-invariant observables, together /with their
Stewart—Walker type geometric interpretations: the IDEAL characterisation tensors
(cf. Section 2). Suppose that a given spacetime (a) can be locally characterised
by the existence of certain tensor fields X, Y, Z, ...satisfying some jcovariant
differential conditions C'(X,VX,Y,...), D(X,VX,Y,...), ... andy(b) each of these
tensor fields may be covariantly constructed from the dynamical fields of the
theory: the metric, curvature tensor and its derivatives, X = X{(¢, V¢, g, R,VR,...),
Y = (¢,V¢,g,R,VR,...), .... Then the list of tensors’obtained” by plugging the
expressions from (b) into those from (a), gives a listhef IDEAL characterisation
tensors C(X(¢p,Vo,q,R,...),VX(6,Vd,9,R,...),... )5 ., whose linearisations are a
good candidate for a complete set of local gauge-invarianty,observables on the given
spacetime. The success of this strategy for homogeneousiand isotropic cosmologies in [6]
relied greatly on type (a) results already existing im, the literature. Previous IDEAL
characterisations of other spacetimes [38442] have also succeeded for similar reasons.
We have not investigated the existing literature for type (a) results for other Bianchi
cosmological families. Strictly speaking, any such ¢andidate set of observables should
also be rigorously checked for completeness;.as was done in [4]. However, it is not clear
to what other spacetime families the methods of [4] can be generalised; a promising
systematic approach to this problem is currently being investigated [43].

Can our constructions be extended to.higher perturbative orders? QOur constructions
may not be directly generalised to higher perturbative orders. In fact, as is well-known,
strictly local gauge-invariant observables, i.e., gauge-invariant observables which are
of the form O(z) = P(g(#){Vyg(x),...,¢(z),Vo(z),...), with P a polynomial, do not
exist in diffeomorphism=invariant theories. Instead, one may consider so-called relational
observables — see, e, [44=47] and [48] for a recent review containing further references
— which characterise the state of one dynamical field with respect to another dynamical
field, and are mildly, non-local. These have been used in the cosmological context
in [49, 50] and have a elear geometric interpretation. However, an explicit proof of
their completeness is not available yet.

Other physical applications. In addition to the benefits of being local and having the
impréved physical properties which follow from this, the observables discussed in this
work are manifestly complete. This implies that the knowledge of their correlation
functions is sufficient to discriminate between different quantum states. An analysis,
based. for instance on the framework of [8], of detailed consequences and applications of
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this fact would be interesting, but is beyond the scope of this work.

2. CDK tensors

An IDEAL characterisation of generic spatially flat single-field inflationary spacetime
was given in [6]. It consists of a set of tensors that vanish on a given spacetime and scalar
field (M, g, ¢) if and only if it is locally isometric to a particular isometry/¢class of an
FLRW cosmology (M, g) with an inflaton field ¢ with potential V' (¢) (up/to someémon-
degeneracy conditions). The particular isometry class is identified by a’sealar function
E(¢) satisfying the auxiliary (“Hamilton—Jacobi” [51]) equation

2 —1 _
EON - 5= =O + 1V DY, )
We define o o
Uy = p? H= & (9)

\/—quzﬁquﬁ’ on—17
and denote with an overdot the derivative in the directiomnof u#, i.e. H = utV, H,

= u'V,p = —/—=VHoV ¢, etc. The IDEAL characterisation of [6] consists of the

tensors

3uup0' = R,uypo‘ - 2H2gu[pga']l/ - 4Hu[ugl/][pu0'] 5 (10&)
g;u/ = vuuu - (g/h/ + uuuu)Ha (10b)
‘BHV = u[MVV]H, (10C)

- 2(n—2)_
&=+ 2 Py (10d)
T="H 2&(¢). (10e)

We call these the CDK tensors. Physically, u* is the future-pointing normal vector
to slices of constant cosmélogical time, H corresponds to the Hubble rate and H to
the Hubble acceleration with respect to cosmological proper time. Note that these
interpretations are validionly if all of the CDK tensors vanish, which is what guarantees
that the underlying.geometry is of an inflationary cosmology. Also, it is important
to mention that these equations are applicable when the following non-degeneracy
conditions are satisfied on the entire spacetime:

VAGN .6 K 0

[1]

(6)#0,  Z(9)>0, and V(e)#0. (1)

In a special case where some of these conditions are not satisfied, a slightly different set
of equations _can still provide an IDEAL characterisation. A list of reqular inflationary
cosmologies, where this is possible, and a complete classification of corresponding IDEAL
characterisations was given in [6], including cases with positive or negative spatial
curvature and with a massless inflaton.

Page 6 of 15



Page 7 of 15

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - CQG-104567.R1

Approaches to linear local gauge-invariant observables in inflationary cosmologies 7

An IDEAL characterisation is necessarily far from unique. Once one has been given,
many others can be produced from it by taking algebraic and differential expressions
of the original set of tensors, as long as these expressions can be inverted on an open
neighborhoodi of the characterised isometry class. For instance, note the identities

P = u VT, (122)
Djt = Vit = (8) 0, VS (12h)
uu"®,, = u'u"V,u, = %u“vu(uQ) =0, (12¢)
9D =0, (12d)

the first two of which rely on u,, being proportional to V,¢. The légic behind the precise
choice of the CDK tensors is explained in [6]. For our purposes;t’is more convenient
to replace these tensors by the slightly different set {WHVPU'73MV7 D wmyS, T}, where the
first three tensors are defined as

2

2
Wiwpo = Buvpe — m(gp[uay}a - gU[MBV]P) + (17— D~ 1)9/4090]1/3 ’ (13a)
A 1
BMV = 3;“/ - 539}11/ ) (13b)
gﬂl’ = D(w) — 2“(#55)ug©(00) ) (13c)

and where we have used the notation 3,,%= 9*%3,pwe, 3 = 9"3, and 3 = g’“’?;,w.
We will still refer to them as CDK tensors, since one can straightforwardly invert the

definition:
2 5 5 4 &
Suvpe = Wivpo + n_2 (gp[u3V10 - 90[u3V]p> T mn—2)(n— 1)911[090]”3 ; (14a)
D) = Dy + 0 u(u Doy (14b)

One checks by inserting the.definition of 3,,,, that W,,,, is none other than the Weyl
tensor C,,,,. Also, it is still £rue that u”u”@w =0= g‘“’@,“,.

3. Linearised FHH tensors

The authors of [4]gave a set of linear differential operators acting on the linearised metric
and scalar field perturbation on a generic spatially flat inflationary spacetime (M, g, ¢),
together with explicit proofs of their invariance under linearised gauge transformations
(diffeomorphisms).and their completeness (meaning that a field annihilated by all of
these operators must locally be a pure gauge mode). This set was constructed by
generalising similar known results for Minkowski and de Sitter spacetimes [5]. We refer
to this set.as the linearised FHH tensors.

1 This, statément may be interpreted in the context of functional spaces with the Whitney strong

topology, or alternatively in the usual manifold topology of jet bundles of sufficiently high order. See
the discus$sion of topological issues in [46] for more details.
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Consider the background metric g,,, = a1y, given by a conformal rescaling of the
Minkowski metric 7, by the scale factor a = a(n) in coordinates (z*) = (2° = n, 2%,
together with a background scalar field ¢ = ¢(n). Denoting a derivative with respect to
conformal time 7 with a prime, we define the Hubble and slow-roll parameters
a’ H' ¢

€

H = — 1) .
27 H2%a’ 2H ae

(15)

Q

An inflationary geometry satisfies the Einstein—Klein—Gordon equations with a potential

V(¢), namely

EMV = 2RMV - Rguu - /{2 vu¢vu¢ - %guy(qubqub + V(gb)) — O’ (16&)
F=V'V,6— %V’(gb) 0. (16b)

As is well-known, as long as ¢ is not constant (or mere precisely has a non-null
gradient), the Klein—Gordon equation follows as an integrabilityaeendition of the Einstein
equations, by the identity
_ VEOVYE,,
T R2VPON0.

Taking into account the assumed form of ¢/= a(n) and ¢'= ¢(n), these equations reduce

(17)

to the well-known Friedmann equations for the background:

KV (¢) =2(n —2)(n—1— €)H?, (18a)
k3 (¢')? =2(n — 2)eH*a’, (18b)
¢ = — (e 2) Had/ — %GQV'(QS) — (1= e+ 6)Had'. (18¢)

We parametrise the linear perturbations in g,, + gfﬁ,) +--and ¢+ oM + ... as

¢/
g}(}y) 3 a2h#l/7 V) = "o (19)

Under linearised diffeomoerphisms with parameter ¢, they transform as

O¢hyuw = 20,6y — 2Han,&o detp = —Ha&p . (20)

The explicit form of the linearised FHH tensors is as follows, where the derivative
operators J,and the tensor components are all with respect to the (z*) coordinates,
and wherem@’ £ 0uin the whole spacetime was assumed as a non-degeneracy condition:

4 a’ a
C;(t}/)pﬂ = a’ al/a[phff]u - aua[phalv ) (np[uRg]; - na[uRzﬂ/]; )

) a (21a)

fla
+ (TL - 2)<n o 1)77M[p770']VR ! )

Page 8 of 15



Page 9 of 15

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - CQG-104567.R1

Approaches to linear local gauge-invariant observables in inflationary cosmologies 9
E() = 2R — n,, R™ — (n — 2)Ha (20,0 — I, + 4€60,0,1))
+ (n — 2)Han,, (20°he, — b’ — 2ey) — 4(n — 2)ed H?a? (n, + 0,6,)¢  (21b)
— (n—=2)(n —1—e)H?a*n,, (hoo + 2€1),

2 1
(1) _ flat flat 2 21
Ol = — R CEE 2)17,“,]% + 20,01, (21¢)
where
a 1 1 a v a v
R = 0,0, — 562% — §aﬂauh, R™ = g RI2Y = 040" hyy, =0°h  (22)

are the linearised flat-space Ricci tensor and scalar. By the notation, we mean that
Cﬁly)pg and E,(ﬁ,) are the linearisations of the Weyl tensor and the Einstein equations,
respectively. To avoid confusion, we note that C,(ﬁ,) = g”"C,%),,g =10y with the latter
equality as expected for the linearised Weyl tensor. We haye.not yet/defined a tensor
C\», whose linearisation coincides with the formula for C,S,lj). Such atensor will actually be
defined in the next section, solving the problem (left open ini[4]).0f finding a geometric
interpretation for all of the components of CE,). It is again cenvenient to choose a slightly
different tensor, taking

1 2H

. 1
GO oW _ 1 pm Eg,) ¥ i~ FO)

= e T T T i T (n 2)

2
= 20,0, + 20,6,0°¢ + Ha <2a(uhl/)0 — i, A 40,0, + 1 17luy€¢/> (23)

+ Hab)6,[20ho, — W' —2(n.—25820)1'] — 20,,6) H?a*5 (hoo + 2€1))

uov

—(n—1—¢)H?*a? (L”l + 25258) (hoo + 2€v)),
n —

where B = g“”E,S},), and F()fis thelinearisation of the Klein-Gordon equation (16b).

Since the formula for C';(L}/) of 4] was anyway only given for on-shell fields (those

annihilated by E,Sly) [h,v] And FV[h, 1)), these additional terms can be simply seen

as our preferred choice of an off-gshell representative.

4. Relating CDKsand FHH tensors

The well-known ‘Stewart-Walker lemma [3, Lem. 2.2] (slightly generalised to include
scalar fields)/states, thaty the linearisation T [h,1)] of a tensor T'[g,¢] locally and
covariantly comstructed out of the metric g, the scalar field ¢ and their derivatives is
gauge-inyariant when linearised around a background where T'[g, ¢] = 0. All the tensors
from an IDEAL characterisation of a particular isometry class satisfy the hypotheses of
the Stewart=Walker lemma, when linearised on a background belonging to this isometry
clags, and 'hence give gauge-invariant linear observables depending locally on h and
¢. In"ghe Introduction of [6], it was also argued that the defining property of an
IDEAL characterisation (that the joint kernel of these tensors is locally exhausted by
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representatives of the given isometry class) generically implies that the linearisation
of these tensors gives a complete set of gauge-invariant observables (meaning that, a
field for which all of them vanish must locally be a pure gauge mode) on a single-field
inflationary spacetime. However, in [6], the linearisations were not explicitly computed,
nor was their completeness explicitly checked.

In [4], explicit proofs were given for the gauge invariance and compléteness ofia set
of linear local observables on a generic single-field inflationary spacetime. However, the
geometric interpretations of these observables remained partially obscure: while some of
the observables were found to come from the linearisation of covariantly eonstructed
tensors vanishing on the background, as in the Stewart—Walker demma, not all of
them could be interpreted in this way. Below, we rectify both of the above mentioned
deficiencies by relating the two constructions to each other. Our strategy is to identify
a set of tensors {Cp0, ., C w} covariantly constructed from"the metric g and the
inflaton scalar ¢, which we call the FHH tensors, that

e constitute an IDEAL characterisation of a genetic spatially flat inflationary
spacetime, by expressing them in terms of the/GBK tensors (10), (13) in an
invertible way, and

e reproduce the linear operators from Section dsupon lin€arisation.

This would already provide a complete geometricinterpretation for the linear observables
constructed in [4]. Then the linearisations of the relations between the CDK and FHH
tensors will give an explicit and invertible relationship between the linearised CDK and
FHH tensors. This, in turn, would shewsthat the linearised CDK tensors do in fact give
a complete set of gauge-invariant linear,observables.

In terms of the CDK tensors, the FHHytensors have the following expressions:

Cuypa = Wuupaa (24&)
2
B =230 — g %62 +(n—1)(n—2)2H - s)s] o)
— upu’ OGS — 2(n — 2) (g + uuu,) T,
(jw, = —2H@W — 2H (g + nu,u,)%
K26 V() & (24c)
2H H —_.
AT ’“‘( "y ) 3

The validity oftthese formulas can be checked by direct calculation. The formula for
CW serves as its definition. The agreement of its linearisation with CW (21) can also
be checkedsby direct calculation. We now reverse the direction and, by straightforward
algebrai¢ manipulations, express the CDK tensors in terms of the FHH tensors:

Guv T Uy
n—1

~ 1 N ~
D =—= [CW — Uy (u’”u"Cpg> -

2H
_ (n—1)(n—2)09"C
©= nk2¢? — 2(n — 1)(n—2)H(Hn+V’(¢)/Q§) ' (25b)

(9”7 + upug)épg} , (25a)
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1 /@2gﬁ

_ uv 1o VY A
= oY et S T D = © (25¢)
- 1 1 K:
1 (25d)
+ éuuu,,lé%ﬁ@ + (n - 2) (g;u/ + u,uul/)(j:v
W,ul/po' = O;wpa . (256)

Note that & is expressed only in terms of CA’W. This formula then enters the expression
for €. Both of these formulas then also enter the formula for f’),w. These expressions
were not expanded fully for economy of notation.

When it comes to linearisation, either for writing the CDK-tensors in terms of
the FHH ones, or vice versa, the above formulas give the answers@almost immediately.
It suffices to replace the tensors from each set by their linearisationgdgnore any terms
of of quadratic order in the tensors from either set and,4if helpful, replace remaining
coefficients by their background values (18). The linearised FHH tensors in terms of the
linearised CDK tensors are

C;Sly)pa = W;Si)pa ) (263)
EY) =23() — 2(n — 1)(n — 2) Hg},, TV 260
- uuuvﬁé@(l) —2(n — 2)(gmit uuul,)upvp‘f(l) )
CA'E,) = —2H3ADEL1V) —2H (g, + nuuul,)f(l)
K20 s (26¢)
y S — 2u,u,(n — 2 — 2e + 20)H>—— .
+ 9, =1 =2) U, Uy (1 €+ 20) 5

In the reverse direction, the linearised CDK tensors in terms of the FHH tensors are

- 1 A a A Juv + UpUy o o\ A
D) = 55 {ij} — U,y (upu Cé?) — %(gp +uu”)C | (27a)
s (A1) g C (27D)
2H?[(np= 2) (n=l — €) + 2(n — 1)0]’
)
g — _;(gw + uuul/)(j(l) + K¢ s (27¢)
2H(n —1) o 2H(n—1)(n —2) ’
A 1
30 = L0 R~ )(n — 2)Hg,, -
Lo 2d6m ) 27
-+ o i ¢S + (n — 2) (g + uuu, )u’V, T
Wi = (270

where we have made liberal use of the background relations (18) to simplify the
expressions.
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5. Discussion

We have reviewed two constructions of linear local gauge-invariant observablesifor
cosmological perturbations on generic spatially flat single-field inflationary cosmologies:.
One stems from the work [4], the FHH observables (21) and the other stems from the
work [6], the linearisations of the CDK tensors (10), which are locally and covariantly
constructed from the metric and the inflaton field. We then gave an explicit and.covariant
transformation of the CDK tensors into the set (24), the FHH tensors, togéther with'the
reverse transformation (25). The FHH tensors are chosen such that their linearisations
reproduce the FHH observables (21), thus closing the problem of identifying a Stewart—
Walker type geometric interpretation for these observables (partially left open in [4]).
At the same time the linearisation of these transformations automatically gives explicit
relations (26) and (27) between the CDK and FHH observables;thus showing explicitly
the completeness of the CDK observables, which was provenin [4}for the FHH ones
but left open in [6].

It should be noted that the generic spatially flat inflationary cosmologies are just
one of the special cases considered in [6]. Other cases eovered there include those
with positive or negative spatial curvature, vanishing sealar potential, and also FLRW
cosmologies without a scalar field. It would be interésting to perform an explicit analysis
of the completeness of the corresponding linear local gauge-invariant observables on
these backgrounds. Such an analysis would require arsystematic approach to checking
the completeness of sets of linear gauge-invariantrobservables on various backgrounds.
Unfortunately, the method of [4] domet.easily generalise to other backgrounds, but some
recent developments, to be reported elsewhere, may provide such an approach for a large
class of spacetimes with Killing symmetries,[43].
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