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Infrared divergences for free quantum fields in

cosmological spacetimes

Atsushi Higuchi1 and Nicola Rendell1

1 Department of Mathematics, University of York, Heslington, York, YO10 5DD,

United Kingdom

E-mail: atsushi.higuchi@york.ac.uk, nlr512@york.ac.uk

Abstract. We investigate the nature of infrared divergences for the free graviton and

inflaton two-point functions in flat Friedman-Lemâıtre-Robertson-Walker spacetime.

These divergences arise because the momentum integral for these two-point functions

diverges in the infrared. It is straightforward to see that the power of the momentum in

the integrand can be increased by 2 in the infrared using large gauge transformations,

which are sufficient for rendering these two-point functions infrared finite for slow-roll

inflation. In other words, if the integrand of the momentum integral for these two-point

functions behaves like p−2ν , where p is the momentum, in the infrared, then it can be

made to behave like p−2ν+2 by large gauge transformations. On the other hand, it

is known that, if one smears these two-point functions in a gauge-invariant manner,

the power of the momentum in the integrand is changed from p−2ν to p−2ν+4. This

fact suggests that the power of the momentum in the integrand for these two-point

functions can be increased by 4 using large gauge transformations. In this paper we

show that this is indeed the case. Thus, the two-point functions for the graviton and

inflaton fields can be made finite by large gauge transformations for a large class of

potentials and states in single-field inflation.

Submitted to: Class. Quantum Grav.
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1. Introduction

Our universe is believed to have experienced an inflationary period in its early stages

of development. Inflation as a theory of the early universe was proposed in [1, 2, 3, 4]

as a solution to the flatness and horizon problems, among others, of the standard Big

Bang model. The background spacetime for the inflationary model is a spatially flat

Friedman-Lemâıtre-Robertson-Walker (FLRW) spacetime that expands exponentially.

If the expansion is exactly exponential, the spacetime is de Sitter space.

It is well known that the massless minimally-coupled scalar field in de Sitter

space and other spatially flat FLRW spacetimes has a two-point function which is

divergent in the infrared (IR) [5]. It is also known that the graviton field satisfies

the same equation as the massless minimally coupled scalar field in FLRW spacetime.

Hence, if the scale factor and the state are such that the massless minimally coupled

scalar field has an IR-divergent two-point function, then the graviton field will have

one also [6]. For the single-field inflationary model the two-point functions for the

scalar and tensor perturbations are IR-divergent in a similar manner. The physical

significance of these divergences has been studied over the past several years (see,

e.g. [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]).

As for the IR divergences for the tensor perturbations, i.e. the gravitons, in de Sitter

space the IR-divergent piece of the two-point function can be written in pure-gauge

form [31, 32]. It was noted that these divergences can be gauged away by linear gauge

transformations that correspond to global shear transformations [33]. We note that there

is some debate over the use of these ‘large’ gauge transformations [34, 35], i.e. gauge

transformations that do not become identity at spatial infinity. However, as is argued

in [33], it is legitimate to use large non-compactly supported gauge transformations if one

is interested only in local physics. Briefly, this is because a large gauge transformation

can mathematically be made to be compactly supported, without changing local physics,

by multiplication with a smooth compactly supported function which is 1 in the local

region of interest and turned off smoothly outside. Then the two-point function will be

IR finite if the two points are in the region where this compactly supported function

is 1, which is the region of interest, though it is IR divergent elsewhere.‡ In [34] the

Aharonov-Bohm effect is listed as an example where gauge-dependent quantities might

play a role. However, since the IR divergences in the graviton (or inflaton) two-point

function are not a topological effect, this does not serve as a good example for arguing

against using large gauge transformations to gauge away IR divergences. We also point

out that the distribution of gravitational fluctuations in momentum space is unchanged

by these large gauge transformations; only the mode function for each value of the

momentum is modified.

Mathematically, these IR divergences in the two-point function arise because the

power of the momentum p for small p in the integrand of the p-integral is negative and too

‡ Here we apply a specific compactly supported gauge transformation to each mode function rather

the corresponding momentum component of a single gauge transformation.
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large for it to converge. We point out in this paper that global shear transformations and

dilation render the two-point functions IR finite for the tensor and scalar perturbations

in slow-roll single-field inflation by increasing the power of p in the IR by 2, from p−2ν ,

say, to p−2ν+2. These large gauge transformations have been studied in relation to the

so-called consistency relations in inflationary cosmology [36, 37, 38, 39, 40]. It is possible

that the fact mentioned above is known in the cosmology community in some form, but

it does not seem to have been pointed out explicitly.

Now, it was shown recently that, if one smears the IR-divergent graviton and

inflaton two-point functions in a gauge-invariant manner, then the power of p mentioned

above is changed from p−2ν to p−2ν+4 [41, 42]. This suggests that there should be large

gauge transformations that change the small-p behaviour of the mode functions of the

graviton and inflaton from p−ν to p−ν+2 so that it changes in the integrands of the two-

point functions from p−2ν to p−2ν+4. In this paper we find such gauge transformations.

We discuss these gauge transformations first for the tensor perturbations, as they are

universal for any FLRW spacetime. We then discuss the case of single-field inflation

with the emphasis on the scalar perturbations.

The rest of the paper is organised as follows. In section 2 we set up a framework

for the tensor perturbations about a background FLRW metric. We provide a review of

how these perturbations are quantised in section 3. In section 4 we present large gauge

transformations which increase the power of p in the IR for the tensor mode functions by

2, thereby increasing the power of p in the integrand of the graviton two-point function

by 4. We apply our analysis to FLRW spacetime with constant slow-roll parameter ǫ,

related to the deceleration parameter q by q = −1+ ǫ, and determine its value for which

the IR divergences can be gauged away for the scale-invariant vacuum state. In section 5

we review the quantisation of the scalar perturbations through the Sasaki-Mukhanov

variable. In section 6 we present large gauge transformations which increase the power

of p in the two-point functions for both the scalar and tensor perturbations by 4. Finally,

in section 7 we summarise and discuss our results. Some technical results are provided

in Appendix A and Appendix B.

2. Tensor perturbations of the FLRW metric

We consider the gravitational tensor perturbations around a background FLRW metric

in n dimensions. We let n > 4 throughout this paper. For definiteness we assume that

the matter consists of a perfect fluid. There are several actions proposed to describe a

perfect fluid in general relativity [43, 44, 45]. The action due to Schutz [44] is

I =

∫

dnxL , (1)

where

L =
1

κ2
√−g R +

√−g p(µ, S) . (2)
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The quantity S is called the specific entropy, and µ and Vµ are defined by

µ =
√

−gµνVµVν , (3)

Vµ = ∇µφ+ α∇µβ + θ∇µS . (4)

The positive constant κ is related to Newton’s constant GN by κ2 = 16πGN . The

independent variables are gµν , α, β, φ, θ and S. The most relevant fact here is that the

pressure p depends on the metric through equation (3). By using the relation [44]

∂p

∂µ
=
ρ+ p

µ
, (5)

where ρ is the energy density, one readily finds the standard Einstein equations with a

perfect fluid:

Rµν −
1

2
gµνR =

κ2

2
[(ρ+ p)uµuν + pgµν ] , (6)

where

uµ = µ−1Vµ , (7)

where the perfect fluid model is used to model the radiation and matter phases of the

early universe.

As is well known, the metric of the form gµν = a2(η)ηµν , where ηµν is the metric of

flat spacetime, is a solution of (6) if uµ = tµ, where

tµ = a(η)

(

∂

∂η

)µ

, (8)

and if

κ2ρ = (n− 1)(n− 2)

(

a′

a2

)2

, (9)

κ2p = − 2(n− 2)
a′′

a3
− (n− 2)(n− 5)

(

a′

a2

)2

. (10)

We consider the tensor perturbation hµν of the metric of the form,

gµν = a2(η)(ηµν + hµν) , (11)

that is synchronous, transverse, and traceless. That is, we require that hµν have no

component in the direction of uµ, i.e. h0µ = 0, and that its spatial component be

transverse, ∂jhij = 0, and traceless, δijhij = 0, where ∂j is the spatial derivative operator

in flat space, and where the index is raised by Kronecker’s delta, δij. We write the space

components of hµν after choosing this gauge as hij = Hij. From (6) it is clear that the

perturbations described by Hij do not mix with perturbations of any other fields at first

order. We find that Hij satisfies the following equation to first order [6]:

1

an
∂

∂η

(

an−2 ∂

∂η
Hij

)

− 1

a2
△Hij = 0 , (12)

where △ = δij∂i∂j is the Laplacian on flat space.
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3. Quantisation of the tensor perturbation

In order to quantise the field Hij representing the tensor perturbations, we first expand

the Lagrangian (2) to second order in h̃µν = a2hµν with the conditions ∇µh̃
µν = 0 and

h̃µµ = 0. Thus, we find (up to a total derivative) the quadratic Lagrangian relevant to

the tensor perturbations is as follows:

LT =

√−g
2κ2

[

−1

2
∇µh̃νλ∇µh̃νλ − κ2

2(n− 2)
(ρ− p)h̃µν h̃µν

+Rµν h̃
µαh̃να +Rβδαγh̃αβh̃γδ

]

, (13)

where ρ, p, Rµν and R
βδαγ are the background quantities. By substituting (9), (10), and

the formula

Rµνρσ = H2 [gµρgνσ − gµσgνρ + ǫ(tµtρgνσ + tνtσgµρ − tµtσgνρ − tνtρgµσ)] ,

(14)

where

H =
a′

a2
, (15)

ǫ = − H ′

H2a
, (16)

we can simplify LT as

LT =
1

4κ2
an−2

(

H ′
ijH

ij′ +Hij △H ij
)

, (17)

where H ′
ij is the partial derivative of Hij with respect to η and where △ = ∂k∂k.

The quantisation of the field Hij(η,x) is standard. It is expanded in terms of the

mode functions γ
(s,p)
ij (η,x) and their complex conjugates as

Hij(η,x) =

∫

dn−1p

(2π)n−1

∑

s

[

as(p)γ
(s,p)
ij (η,x) + a†s(p)γ

(s,p)∗
ij (η,x)

]

. (18)

The mode functions γ
(s,p)
ij (η,x) are given by

γ
(s,p)
ij (η,x) = ǫ

(s)
ij (p)fp(η)e

ip·x , (19)

where the polarisation tensors ǫ
(s)
ij (p) are traceless and satisfy ǫ

(s)
ij (p)p

j = 0 and
∑

ij

ǫ
(s)
ij (p)ǫ

(r)
ij (p) = δsr . (20)

The functions fp(η), where p = |p|, satisfy
1

an−2(η)

d

dη

[

an−2(η)
d

dη
fp(η)

]

+ p2fp(η) = 0 , (21)

which, of course, agrees with (12). Since the equation of motion (21) implies

d

dη

{

an−2(η)

[

f ∗
p (η)

dfp(η)

dη
−

df ∗
p (η)

dη
fp(η)

]}

= 0 , (22)
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it is possible to choose the normalisation of fp(η) such that

f ∗
p (η)

dfp(η)

dη
−

df ∗
p (η)

dη
fp(η) = − 2iκ2

an−2(η)
. (23)

With this choice we find

[as(p), a
†
s′(p

′)] = (2π)n−1δss′δ
n−1(p− p′) . (24)

One defines the vacuum state |0〉 by requiring that as(p)|0〉 = 0 for all s and p.

Thus, the choice of the function fp(η) satisfying (23) determines the vacuum state. The

two-point correlation function for Hij(η,x) can be found using (24) as

∆iji′j′(η,x; η
′,x′) := 〈0|Hij(η,x)Hi′j′(η

′,x′)|0〉

=

∫

dn−1p

(2π)n−1

∑

s

γ
(s,p)
ij (η,x)γ

(s,p)∗
i′j′ (η′,x′) . (25)

It will be useful for later purposes to examine the solution fp(η) for small p. If

p = 0, two independent real solutions f0(η) = F
(1)
0 (η) and F

(2)
0 (η), can be chosen as

F
(1)
0 (η) = 1 , (26)

F
(2)
0 (η) =

∫

dη

an−2(η)
, (27)

where the constant of integration is chosen suitably in (27). Two independent real

solutions, F
(1)
p (η) and F

(2)
p (η), can be found such that

F (1)
p (η)

dF
(2)
p (η)

dη
− dF

(1)
p (η)

dη
F (2)
p (η) =

1

an−2(η)
, (28)

and that

F (I)
p (η) = F

(I)
0 (η) +O(p2) , I = 1, 2 . (29)

This is because the p-dependence in (21) is through p2. The solutions fp(η) can be

expressed as

fp(η) = iA(T )(p)F (1)
p (η) + B(T )(p)F (2)

p (η) . (30)

The functions F
(1)
p (η) and F

(2)
p (η) are finite in the limit p → 0, and the source of

IR singularities is the singular behaviour of A(T )(p) in this limit. After choosing the

real solutions F (1)(η) and F (2)(η) it is always possible to choose A(T )(p) and B(T )(p)

to be real. This is done by first choosing B(T )(p) to be real with adjustment of the

phase factor, and then absorbing any imaginary part of A(T )(p) with the redefinition of

F (2)(η)− [ImA(T )(p)/B(T )(p)]F (1)(η) as F (2)(η). Then, Eqs. (23) and (28) imply

2A(T )(p)B(T )(p) = κ2 . (31)

In most of important applications, such as slow-roll inflation, the ‘positive-frequency’

solution fp(η) is chosen such that

A(T )(p) ≈ C

pν
, ν > 0 . (32)

Then, by (31), we find B(T )(p) ∼ pν for small p.
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We note that there is some freedom in distributing the p-dependence between

A(T )(p) and F
(1)
p (η) and between B(T )(p) and F

(2)
p (η). We allow this freedom because

in many cases there are standard functions to be chosen as F
(1)
p (η) and F

(2)
p (η). For

example, if a(η) = 1 (flat space), then we can choose F
(1)
p (η) = cos pη, F

(2)
p (η) =

p−1 sin pη (with η ∈ R) and

f (flat)
p (η) =

iκ√
p
F (1)
p (η) + κ

√
pF (2)

p (η) , (33)

so that C = κ and ν = 1/2.

Notice that if ν > (n − 1)/2, then the two-point correlation function

∆iji′j′(η,x; η
′,x′) is IR divergent because then the integrand in (25) will behave like

p−2ν , 2ν > n− 1. In the next section we show that large gauge transformations can be

used to make the integrand less singular in the small p limit so that in many applications

the IR divergences can be eliminated by large gauge transformations.

4. The gauge transformations for the tensor perturbations

The linear gauge transformation for hµν = a2Hµν ,

δξ̃hµν = ξ̃α∂αgµν + (∂µξ̃
α)gαν + (∂ν ξ̃

α)gµα , (34)

can be given, with the definition ξ̃α = a2(η)ξα, as

δξHµν = ∂µξν + ∂νξµ − 2Haηµνξ0 . (35)

We show in this section that one can choose ξα for each mode function γ
(s,p)
ij (η,x)

such that the integrand for the two-point function ∆iji′j′(η,x; η
′,x′) has the power of

p reduced by 4 for small p. That is, if (n − 1)/2 6 ν < (n + 3)/2, then, although the

graviton two-point function is IR divergent with the mode functions γ
(s,p)
ij (η,x) behaving

like p−ν for small p, it will be IR finite with the gauge-transformed mode functions. The

gauge transformation we use is given by ξ0 = 0 and

ξi = − i

2
A(T )(p)F

(1)
0 (η)

[

ǫ
(s)
il (p)x

l(1 + ip · x)− i

2
ǫ
(s)
lm(p)x

lxmpi

]

e−ρ2p2 ,

(36)

where the factor e−ρ2p2 , with ρ a positive constant, has been inserted in order not

to introduce spurious ultraviolet divergences. The polarisation tensors ǫ
(s)
ij (p) have

been defined before [see the sentence containing (20)]. Notice that they depend only

on the direction of p and not on its magnitude. The part of order p0 inside the

square brackets represents the global shear transformation used in [33]. The part of

order p was obtained by determining the coefficients α and β in the general ansatz

αǫ
(s)
il (p)x

lp · x + βǫ
(s)
lm(p)x

lxmpi, which is linear in ǫ
(s)
ij (p) and pi and quadratic in xi.

This is a large gauge transformation in the sense that ξi does not tend to zero as

|x| → ∞. In fact it diverges in this limit.
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Now,

δγ
(s,p)
ij (η,x) = ∂iξj + ∂jξi

= − iA(T )(p)ǫ
(s)
ij (p)(1 + ip · x)e−ρ2p2 , (37)

where we used F
(1)
0 (η) = 1. Notice that δγ

(s,p)
ij is transverse and traceless. Thus, this

gauge transformation does not violate the gauge conditions we have imposed, though

the transformed field no longer has a non-singular Fourier transform. Now, we find the

transformed mode functions as

γ̃
(s,p)
ij (η,x) = ǫ

(s)
ij (p)fp(p)e

ip·x − iA(T )(p)ǫ
(s)
ij (p)(1 + ip · x)e−ρ2p2

= iǫ
(s)
ij (p)

{

A(T )(p)
[

F (1)
p (η)− F

(1)
0 (η)

]

(1 + ip · x)

+ A(T )(p)F (1)
p (η)

(

eip·x − 1− ip · x
)

− A(T )(p)(1 + ip · x)(e−ρ2p2 − 1)

+B(T )(p)F (2)
p (η)eip·x

}

= ǫ
(s)
ij (p)

[

A(T )(p)×O(p2) + B(T )(p)F (2)
p (η)eip·x

]

, (38)

where we have used (29). Now, suppose A(T )(p) ≈ C/pν , ν > (n− 1)/2, in the small p

limit so that the graviton two-point function is IR divergent. As a result, due to (31),

B(T )(p) ∼ pν for small p. Then, the original mode function γ
(s,p)
ij (η,x) behaves like p−ν

whereas the transformed mode function γ̃
(s,p)
ij behaves like p−ν+2. Thus, if

n− 1

2
6 ν <

n+ 3

2
, (39)

then the original graviton two-point function ∆iji′j′(η,x; η
′,x′) given by (25) is IR

divergent whereas the transformed one with γ
(s,p)
ij (η,x) replaced by γ̃

(s,p)
ij (η,x) is IR

finite. Thus, for this range of ν, the IR divergences of the graviton two-point function

can be removed by large gauge transformations.

Below, we apply the general observation described above to the particular case with

a(η) = (−η/η0)−λ, where η0 and λ are positive constants, and where η runs from −∞
to 0. In this case the field equation (21) becomes

f ′′
p (η) +

(n− 2)λ

η
f ′
p(η) + p2fp(η) = 0 . (40)

A solution to this equation is

fp(η) = C(T )(p)(−pη)νH(1)
ν (−pη) , (41)

ν =
1

2
[1 + (n− 2)λ] , (42)

where H
(1)
ν (z) is the Hankel function of the first kind. The constant λ can be related to

the slow-roll parameter ǫ defined by (16) as

ǫ = 1− 1

λ
. (43)
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We note that both the radiation phase and matter phase correspond to fixed values of

ǫ [46]. Since ǫ is time independent, the slow-roll parameter

δ :=
ǫ′

2Haǫ
= 0 . (44)

The mode functions γ
(s,p)
ij (η,x) defined by (19) transform under the scaling (η,x) →

(αη, αx), where α is a positive constant, as

γ
(s,p)
ij (αη, αx) = f(α)γ

(s,αp)
ij (η,x) , (45)

where

f(α) =
CT (p)

CT (αp)
. (46)

Thus, if one defines the vacuum state |0〉 in section 3 by adopting the function fp(η)

defined by (41), then it respects the scaling symmetry (η,x) → (αη, αx). This state

is the natural vacuum state in this sense and is generally adopted for the slow-roll

inflationary models, for example. (The derivatives of the graviton two-point function

that are IR finite acquire a constant factor under this scaling for slow-roll inflation [42].)

For this reason we study this case below.

The normalisation constant C(T )(p) can readily be found up to an overall phase

factor by using the large η limit of (23) with

H(1)
ν (z) ≈

√

2

πz
ei(z−

π

2
ν−π

4
) . (47)

We find

C(T )(p) = −κ
√
πη0√

2(pη0)ν
. (48)

Thus, C(T )(p) ∼ p−ν = p−[1+(n−2)λ]/2 for small p. We can write fp(η) in the form (30)

with

F (1)
p (η) = − π

2νΓ(ν)
(−pη)νYν(−pη) , (49)

F (2)
p (η) = − 2ν−1Γ(ν)η0

(pη0)2ν
(−pη)νJν(−pη) , (50)

A(T )(p) = κ

√

η0
π

2ν−
1

2Γ(ν)

(pη0)ν
, (51)

B(T )(p) = κ

√

π

η0

(pη0)
ν

2ν−
1

2Γ(ν)
, (52)

where Jν(z) and Yν(z) are the Bessel functions of the first and second kinds, respectively.

From (39) we find that, if

1 6 λ <
n+ 2

n− 2
, (53)
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then the two-point function (25) is IR divergent, but that the one after large gauge

transformations given by (36) is IR finite. In terms of the slow-roll parameter ǫ, this

condition can be written as

0 6 ǫ <
4

n+ 2
, (54)

the case ǫ = 0 being the de Sitter limit. Interestingly, the spacetime with ǫ < 0

(0 < λ < 1) (Big Rip spacetime [47]) causes no IR problems.

Let us briefly discuss the case with λ < 0. (The case λ = 0 gives Minkowski space.)

In this case we have a(η) = (η/η0)
|λ| and the variable η runs from 0 to +∞ in order to

have an expanding universe. The function fp(η) that we can adopt in this case is

f (λ<0)
p (η) = −C(T )(p)(pη)νH(2)

ν (pη) , (55)

where C(T )(p) is given by (48) and where ν = 1
2
|(n− 2)λ+ 1|. In a way similar

to the positive λ case, we find that the two-point function (25) is IR divergent

but can be rendered IR finite by the large gauge transformations given by (36) if

2 − 6/(n + 4) < ǫ 6 2 − 2/n. Combining this case and (54) for positive λ, we find

that the two-point function (25) is IR divergent if 0 6 ǫ 6 2 − 2/n, but the gauge

transformations (36) render it IR finite unless 4/(n+ 2) 6 ǫ 6 2− 6/(n+ 4).

It is known that the two-point function for the linearised Weyl tensor, which is a

local gauge invariant, is also IR divergent if and only if 4/(n+2) 6 ǫ 6 2−6/(n+4) [34]

for the vacuum state chosen here. This implies that it is impossible to render the graviton

two-point function IR finite by any gauge transformations outside this range of values

for ǫ because the linearised Weyl tensor is invariant under any gauge transformation,

large or otherwise.

For 0 6 ǫ ≪ 1, i.e. for slow-roll inflationary FLRW universe, our result clearly

shows that the IR divergence of the two-point function for the tensor perturbations can

be eliminated by large gauge transformations. In the next section we show that we can

do the same for the scalar perturbations in this spacetime.

5. Scalar perturbations in single-field inflation

We now consider inflationary FLRW spacetime such that the inflation is driven by a

scalar (inflaton) field φ̃(η,x) = φ(η) + ψ(η,x) with the background φ(η) depending

only on conformal time η. The linear gauge transformations are given by (34) on the

gravitational field and

δψ = Lξ̃φ = ξ̃µ∂µφ , (56)

on the perturbation ψ of the inflaton. We start by considering the parts of

the components of the graviton hµν and inflaton ψ invariant under local gauge

transformations and then write down the action in terms of those gauge invariant

variables. It is only after writing down the action that we make a gauge choice.

The components of the gravitational field hµν can be written in terms of 4 gauge

invariant quantities. There is one gauge invariant tensor, Hkl, which is the transverse
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traceless part of hkl. Additionally, we have one gauge invariant transverse vector,

denoted Vk. We have two gauge invariant scalars, labelled S and Σ; we shall see later

that there is only one dynamical gauge invariant scalar, which is a linear combination

of S and Σ. (For full details of this decomposition, see [48].) Writing the components

of the perturbation hµν in terms of these quantities gives

h00 = S + 2X ′
0 + 2HaX0 , (57)

h0k = Vk +X ′
k + ∂kX0 , (58)

hkl = Hkl + δklΣ + 2∂(kXl) − 2HaδklX0 . (59)

In this form the gauge transformation (34) can be attributed to that of the fields Xµ:

δXµ = ξµ . (60)

We similarly write the perturbation ψ of the inflaton in terms of this vector Xµ and

another gauge invariant scalar Ψ as

ψ = Ψ−X0φ
′ . (61)

In fact, this equation defines the scalar Ψ.

Now, we consider the Einstein-Hilbert action, along with the action for a minimally

coupled scalar field φ̃,

I =
1

κ2

∫

R̃
√

−g̃dnx− 1

2

∫

√

−g̃dnx
[

g̃µν(∂µφ̃)(∂νφ̃) + V (φ̃)
]

, (62)

for some potential V (φ). One expands this action to second order and substitutes (57)-

(59) and (61) into the resulting quadratic action. Varying the action with respect to Vk
and S results in the following constraint equations [48]:

Vk = 0 , (63)

S = (n− 3)Σ . (64)

Here we are working in the space of functions where the Laplacian △ is invertible. Then,

by introducing the Sasaki-Mukhanov variable [46],

Q ≡ 2Ha

φ′
Ψ− Σ , (65)

which describes the scalar perturbations, and the non-dynamical variables S and Vk
through Eqs. (63) and (64), one finds the following action [48]:

I(2) =
1

4κ2

∫

[H ′
klH

′
kl +Hkl△Hkl] a

n−2dnx

+
n− 2

4κ2

∫

[

Q′2 +Q△Q
]

ǫan−2dnx

+
n− 2

4κ2

∫

(

△Σ− H′

H
Q′

)2

(n− 1− ǫ)H2a2
an−2dnx . (66)

Lagrange’s equation for Σ is a constraint equation:

△Σ = −ǫHaQ′ . (67)
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After this constraint is imposed, the field equation for Q takes the following form:

Q′′ + (n− 2 + 2δ)HaQ′ −△Q = 0 , (68)

where the slow-roll parameter δ is defined by (44).

The tensor perturbation Hkl here can be treated in exactly the same way as in

sections 2 and 3 and the results obtained there will apply for single-field inflation as

well. The Sasaki-Mukhanov variable Q can be quantised in the standard manner. One

finds

Q(η,x) =

∫

dn−1p

(2π)n−1
a(p)qp(η)e

ip·x + h.c. , (69)

where the function qp(η) satisfies

q′′p(η) + (n− 2 + 2δ)Haq′p(η) + p2qp(η) = 0 . (70)

By considering the Wronskian for this equation, we find that we can require

q∗p(η)q
′
p(η)− qp(η)q

∗′
p (η) =

2iκ2

(n− 2)ǫ(η)an−2(η)
. (71)

The operators a(p) and a†(p) then satisfy

[a(p), a†(p′)] = (2π)n−1δn−1(p− p′) . (72)

Defining the vacuum state |0〉 by requiring that a(p)|0〉 = 0 for all p, we find the

two-point function for Q(η,x) as

∆(η,x; η′,x′) := 〈0|Q(η,x)Q(η′,x′)|0〉

=

∫

dn−1p

(2π)n−1
qp(η)q

∗
p(η

′)eip·(x−x
′) . (73)

Now, we analyse the solutions qp(η) for small p. For p = 0, two independent real

solutions q0(η) = Q
(1)
0 (η) and Q

(2)
0 (η) can be chosen as

Q
(1)
0 (η) = 1, (74)

Q
(2)
0 (η) =

∫

dη

ǫ(η)an−1(η)
, (75)

where the constant of integration in (75) is suitably chosen. As in the tensor case, two

independent solutions Q
(1)
p (η) and Q

(2)
p (η) can be chosen for nonzero p such that

Q(1)
p (η)

dQ
(2)
p (η)

dη
− dQ

(1)
p (η)

dη
Q(2)

p (η) =
1

ǫ(η)an−2(η)
, (76)

and that

Q(I)
p (η) = Q

(I)
0 (η) +O(p2), I = 1, 2 . (77)

Again, in most applications, such as slow-roll inflation, the solutions qp(η) are chosen as

qp(η) = iA(S)(p)Q(1)
p (η) + B(S)(p)Q(2)

p (η) , (78)

such that

A(S)(p) ≈ C ′

pν′
, (79)
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where C ′ and ν ′ are positive constants, for small p. As in the tensor case, we can let

B(S)(p) ∼ pν
′

as p→ 0. If ν ′ > (n−1)/2, then the two-point function ∆(η,x; η′,x′) given

by (73) is IR divergent. The IR divergences of the two-point functions for the tensor

perturbations and Sasaki-Mukhanov variable are reflected in those for the graviton hµν
and the inflaton ψ. In the next section we shall see that these IR divergences can be

gauged away by large gauge transformations if ν ′ < (n+ 3)/2.

6. IR divergences in single-field inflation

In this section we show that, even if the two-point functions for the tensor and scalar

perturbations are IR divergent, one can eliminate these divergences by large gauge

transformations as long as they are not very severe. Since the mechanism for the

IR-divergence elimination has been discussed already for the tensor perturbations in

section 4, here we focus on the scalar perturbations.

We start with the graviton field in the gauge where the perturbation ψ in the scalar

field is set to 0. The gauge is fixed by choosing the fields Xµ because of (60). We choose

them as follows:

X0 =
Ψ

φ′
, (80)

Xk = 0 . (81)

Then we find, from (57)-(59), that

h00 =
1

Ha
Q′ , (82)

h0k =
1

2
∂k

(

1

Ha
Q− ǫ△−1 Q′

)

, (83)

hkl = Hkl − δklQ , (84)

ψ = 0 . (85)

The derivation of these formulas is given in Appendix A. This gauge corresponds to

imposing the following conditions on the components of the graviton and scalar fields:

∂l
(

hkl −
1

n− 1
δklδ

ijhij

)

= 0 , (86)

ψ = 0 . (87)

Note that the condition (86) states that the traceless part of hkl is transverse. Thus,

the field components hµν can be expressed as

h00(η,x) =

∫

dn−1p

(2π)n−1
a(p)γ

(p)
00 (η,x) + h.c. , (88)

h0k(η,x) =

∫

dn−1p

(2π)n−1
a(p)γ

(p)
0k (η,x) + h.c. , (89)

hkl(η,x) =

∫

dn−1p

(2π)n−1

[

a(p)γ
(p)
kl (η,x) +

∑

s

as(p)γ
(s,p)
kl (η,x)

]

eip·x + h.c. ,

(90)
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where γ(s,p)(η,x) are defined by (19), and where

γ
(p)
00 (η,x) =

1

H(η)a(η)
q′p(η)e

ip·x , (91)

γ
(p)
0k (η,x) =

i

2
pk

[

qp(η) +
ǫ(η)

p2
q′p(η)

]

eip·x , (92)

γ
(p)
kl (η,x) = − δklqp(η)e

ip·x . (93)

The space components of the two-point function of hµν are

〈0|hkl(η,x)hk′l′(η′,x′)|0〉

=

∫

dn−1p

(2π)n−1

[

γ
(p)
kl (η,x)γ

(p)∗
k′l′ (η

′,x′) +
∑

s

γ
(s,p)
kl (η,x)γ

(s,p)∗
k′l′ (η′,x′)

]

. (94)

The other components are given by

〈0|hµν(η,x)hµ′ν′(η
′,x′)|0〉 =

∫

dn−1p

(2π)n−1
γ(p)µν (η,x)γ

(p)
µ′ν′(η

′,x′) , (95)

where at least one of the indices µ, ν, µ′ and ν ′ is the time index 0. The IR properties

of these two-point functions are determined by the small-p behaviour of the integrand

for the p-integral.

Assuming the properties of qp(η) stated in section 5, in particular that for small p

one has qp(η) ≈ iA(S)(p) [1 +O(p2)], with A(S)(p) ∼ 1/pν
′

, where ν ′ > (n − 1)/2, and

that B(S)(p) ∼ pν
′

, it is clear that the small-p behaviour of the derivative, q′p(η), is better

by a factor of p2, i.e. q′p(η) ∼ 1/pν
′−2 for small p. As a result, we find γ

(p)
00 (η,x) ∼ 1/pν

′−2

and γ
(p)
0k (η,x) ∼ 1/pν

′−1 for small p. We now show that large gauge transformations

similar to those given by (36) can be used so that all functions γ
(p)
µν (η,x) and γ

(s,p)
µν (η,x)

are modified to behave like 1/pν
′−2 rather than 1/pν

′

.

Let us define

Q̃(1)
p (η) :=

1

p2
Q(1)′

p (η) , (96)

and we note that the function Q̃
(1)
0 (η) := limp→0 Q̃

(1)
p (η) is well defined because

Q
(1)′
p (η) = O(p2). Then,

γ
(p)
00 (η,x) ≈ i

H(η)a(η)
p2A(S)(p)Q̃(1)

p (η)eip·x , (97)

γ
(p)
0k (η,x) ≈ − 1

2
pkA

(S)(p)
[

Q(1)
p (η) + ǫ(η)Q̃(1)

p (η)
]

eip·x , (98)

γ
(p)
kl (η,x) ≈ − iδklA

(S)(p)Q(1)
p (η)eip·x , (99)

for small p. We make the large gauge transformation with ξ0 = 0 and

ξi = − i

2
A(T )(p)F

(1)
0 (η)

[

ǫ
(s)
il (p)x

l(1 + ip · x)− i

2
ǫ
(s)
lm(p)x

lxmpi

]

e−ρ2p2

+
i

2
A(S)(p)Q

(1)
0 (η)

[

(1 + ip · x)xi −
i

2
pix

2

]

e−ρ2p2

+
1

2
A(S)(p)pi

∫

dη
[

Q
(1)
0 (η) + ǫ(η)Q̃

(1)
0 (η)

]

e−ρ2p2 . (100)
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The first line of Eq. (100) is given by Eq. (36). The second line was obtained in a way

similar to the method to find the first line. The third line gauges away the O(p) term in

γ
(p)
0k (η,x). Then the two-point functions (94) and (95) are modified in such a way that

the tensor mode functions γ
(s,p)
kl (η,x) are replaced by γ̃

(s,p)
kl (η,x) given by (38) and that

the functions γ
(p)
µν (η,x), given by (91) - (93), are replaced by

γ̃
(p)
00 (η,x) = γ

(p)
00 (η,x) , (101)

γ̃
(p)
0k (η,x) = − 1

2
pk

{

A(S)(p)
[

Q(1)
p (η)−Q

(1)
0 (η)

]

− iB(S)(p)Q(2)
p (η)

+ ǫ(η)A(S)(p)
[

Q̃(1)
p (η)− Q̃

(1)
0 (η)

]

− iǫ(η)p−2B(S)(p)Q(2)′
p (η)

}

eip·x

− 1

2
pkA

(S)(p)
[

Q
(1)
0 (η) + ǫ(η)Q̃

(1)
0 (η)

]

(eip·x − e−ρ2p2) , (102)

γ̃
(p)
kl (η,x) = − iδkl

{

A(S)(p)
[

Q(1)
p (η)−Q

(1)
0 (η)

]

(1 + ip · x)

+ A(S)(p)Q(1)
p (η)

(

eip·x − 1− ip · x
)

− A(S)(p)(1 + ip · x)(e−ρ2p2 − 1)

− iB(S)(p)Q(2)
p (η)eip·x

}

. (103)

Thus, all components of γ̃
(p)
µν (η,x) behave like pν

′−2 or better for small p. This implies

that, although the two-point function for the metric perturbation is IR divergent

if max(ν, ν ′) > (n − 1)/2, the two-point function modified by the large gauge

transformations given by (100) is IR divergent only if max(ν, ν ′) > (n+ 3)/2.

If the slow-roll parameter ǫ (> 0) is constant, i.e. if the scale parameter takes the

form a(η) = (−η/η0)−λ, then the tensor perturbation Hµν satisfies the same equation

as in section 4, so the functions F
(1)
p (η), F

(2)
p (η), and the constants A(T )(p), B(T )(p), are

given by (49), (50), (51) and (52). As for the scalar perturbation Q, the function qp(η)

satisfies the same equation as fp(η). Taking into account the normalisation condition

(23) we find

qp(η) = C(S)(p)(−pη)νH(1)
ν (−pη) , (104)

where ν = [1 + (n− 2)λ]/2 as before, and

C(S)(p) = −κ
√
πη0

√

2(n− 2)ǫ(pη0)ν
. (105)

Then we can let

Q(1)
p (η) = − π

2νΓ(ν)
(−pη)νYν(−pη) , (106)

Q(2)
p (η) = − 2ν−1Γ(ν)η0

(pη0)2ν
(−pη)νJν(−pη) , (107)

A(S)(p) = κ

√

η0
π(n− 2)ǫ

2ν−
1

2Γ(ν)

(pη0)ν
, (108)

B(S)(p) = κ

√

π

(n− 2)ǫη0

(pη0)
ν

2ν−
1

2Γ(ν)
, (109)
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By using the recursion formula for the Bessel functions,

d

dz
[zνJν(z)] = zνJν−1(z) , (110)

and similarly for Yν(z), we find

Q̃(1)
p (η) = − πη

2νΓ(ν)
(−pη)ν−1Yν−1(−pη) , (111)

p−2Q(2)′
p (η) = − 2ν−1Γ(ν)η0η

(pη0)2ν
(−pη)ν−1Jν−1(−pη) . (112)

The function Q̃
(1)
p (η) is non-singular as p→ 0 as concluded from the general discussion.

The range of the parameter ǫ for which the IR divergences can be gauged away is the

same as that for the tensor perturbations and given by (53) or, equivalently, by (54)

if λ > 0. The discussion for the case λ < 0 is also exactly the same as the tensor-

perturbation case.

The scale factor corresponding to the slow-roll inflation can be written as

a(η) = (−η/η0)−
1

1−ǫ
+ǫδ ln(−η/η0) , (113)

where ǫ > 0, and ǫ, |δ| ≪ 1, in a range of η where ǫ and δ can be treated as constants.§
We work to first order in ǫ and δ. One readily finds that the slow-roll parameters

agree with the parameters ǫ and δ in (113) to lowest order. The discussion of the IR

divergences for the tensor perturbations will be exactly the same as in section 4 except

that here the slow-roll parameter ǫ is assumed to be much smaller than 1. The discussion

for the scalar perturbations is changed slightly if δ 6= 0. Noting that Ha = −[(1− ǫ)η]−1

to first order, one finds that equation (70) becomes

q′′p(η) +
(n− 2)(1 + ǫ) + 2δ

η
q′p(η) + p2qp(η) = 0 . (114)

By comparing this equation with (21), we find that two independent solutions can be

chosen as qp(η) ∝ (−pη)ν′H(1)
ν′ (−pη) and its complex conjugate, where

ν ′ =
1

2
[1 + (n− 2)(1 + ǫ) + 2δ] . (115)

The normalisation constant can be found from (71). By noting that we can write

ǫ(η) = ǫ0(−η/η0)−2δ , (116)

to next leading order in ǫ and δ, where ǫ0 is a constant, we find

qp(η) = C(S′)(−pη)ν′H(1)
ν′ (−pη) , (117)

where

C(S′)(p) = −κ
√
πη0

2(n− 2)ǫ0(pη0)ν
′
. (118)

The functions Q
(1)
p (η), and Q

(2)
p (η), and the constants A(S)(p), and B(S)(p), are given

by replacing ν by ν ′ and ǫ by ǫ0 in (106)-(109).

§ One cannot write a(η) in this form over the long range of η for which variations in η and δ need to

be taken into account.
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7. Discussion

In this paper we studied the nature of IR divergences in the free two-point functions

for the tensor perturbations in general FLRW spacetime, and the scalar perturbations

in single-field inflation. These IR divergences occur because, for small p, the mode

functions behave like p−ν with ν > (n−1)/2, where p is the momentum, in n dimensions.

We pointed out that global shear transformations and dilation can increase the power by

1, i.e. from p−ν to p−ν+1, and showed that in fact there are large gauge transformations

which increase the power of p in the IR limit of the mode functions by 2. This implies

that the two-point functions for the tensor and scalar perturbations can be made IR

finite by large gauge transformations in a larger set of FLRW spacetimes (for the

scale-invariant vacuum state) than previously thought. Our focus was on the slow-

roll inflation, but the reduction of the power of p in the IR in the p-integration is valid

for any potential V (φ) including those leading to bouncing cosmologies [49].

Our findings are consistent with the fact that the graviton and inflaton fields

smeared in a gauge-invariant manner are equivalent to the linearised Weyl tensor and

another tensor whose p-dependence is less singular than the original fields by a factor

of p2 [41, 42] (see also [50]). This is because the latter work indicates that the terms of

order p0, as well as those of order p, are of pure-gauge form, and this is what we have

verified.

Unlike the global shear transformations and dilation, we have not found a simple

geometric interpretation for the large gauge transformations that gauge away the

terms of order p in the mode functions, which is an extension of the global shear

transformations and dilation. It would be interesting to find a geometric picture of

these gauge transformations. It is interesting to note in this context that the vectors ξi
specifying these gauge transformations are hypersurface orthogonal.

It would not be straightforward to incorporate interactions in the method of

gauging away IR divergences presented in this paper, for example, to discuss three-point

functions relevant to non-Gaussianities. The obvious drawbacks are its non-locality and

lack of manifest translation invariance. It would be interesting to investigate whether

these difficulties could be overcome to construct perturbation theory for inflationary

models that were manifestly IR finite.
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Appendix A. Derivation of the components of hµν

We derive equations (82)-(84) in this appendix. We start from the expressions for the

components of the metric perturbation given in terms of quantities that are invariant

under local gauge transformations. These are given by equations (57)-(61). Using

the gauge condition (80), and the definition of the Sasaki-Mukhanov variable given in

equation (65), we find

X0 =
Ψ

φ′
=

1

2Ha
(Q+ Σ) . (A.1)

Taking the derivative of this with respect to η, we find

X ′
0 =

1

2Ha
(Q+ Σ)′ +

1

2
(ǫ− 1) (Q+ Σ) . (A.2)

Recall that Xk = 0 for all k [see (81)].

Let us first consider the h00 component. Equation (57) (given here again for

convenience) is

h00 = S + 2X ′
0 + 2HaX0 . (A.3)

Using (A.1) and (A.2) and the equation of motion for the gauge invariant scalars, S and

Σ, given by (64) and (67), we find

h00 = − ǫHa(n− 3)△−1 Q′ +
1

Ha

(

Q− ǫHa△−1 Q′
)′

+ ǫ
(

Q− ǫHa△−1 Q′
)

, (A.4)

=
1

Ha
Q′ −△−1ǫ [Q′′ + (n− 2 + 2δ)HaQ′ −△Q] , (A.5)

=
1

Ha
Q′ , (A.6)

where the quantity in the square brackets vanishes because of the equation of motion (68)

for Q. The component h0k is

h0k = Vk +X ′
k + ∂kX0 , (A.7)

=
1

2
∂k

(

1

Ha
Q− ǫ△−1 Q′

)

, (A.8)

where the last line follows from the gauge conditions (80) and (81), and equations of

motion (63)-(67). The expression for hkl also readily follows from these conditions:

hkl = Hkl + δkl [Σ− (Σ +Q)] , (A.9)

= Hkl − δklQ . (A.10)

Appendix B. Proof that F
(1)
p (η)− F

(1)
0 (η) is of order p2 for constant ǫ

In this appendix we demonstrate that, in the constant-ǫ case, F
(1)
p (η) − F

(1)
0 (η), where

F
(1)
p (η) is defined by (49), is of order p2 if ν > (n − 1)/2, i.e. if the original two-point

function is IR divergent. The proof that Q
(1)
p (η)−Q

(1)
0 (η) = O(p2) for constant ǫ or for

slow-roll inflation is almost identical.
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Define

Gν(z) := zνYν(z) . (B.1)

All we need to show is that Gν(z) − Gν(0) = O(z2) for small z. If ν is not an integer,

then we have

zνYν(z) = − 1

sin(πν)
zνJ−ν(z) + cot(πν)zνJν(z) , (B.2)

where

Jν(z) =
∞
∑

k=0

(−1)k

k!Γ(k + 1 + ν)
z2k+ν . (B.3)

The second term in (B.2) is O(z2ν). The original two-point function is IR divergent if

ν > (n − 1)/2 because the power of p in the integral for small p is p−2ν whereas the

integration measure is dp pn−2. Thus, for n > 3, if the original two-point function is

IR divergent, then the second term in (B.2) is O(z2) or higher, which can be neglected.

Then since

zνJ−ν(z) =
∞
∑

k=0

(−1)k

k!Γ(k + 1− ν)
z2k , (B.4)

it is clear that Gµ(z)−Gµ(0) = O(z2).

If ν = N is a positive integer, then

z−NYN(z) =
2

π

[

log
(z

2

)

+ γ
]

zNJN(z)−
1

π

N−1
∑

k=0

[

(N − k − 1)!
(z

2

)2k
]

− 1

π

∞
∑

k=0

[

(−1)k
(

φ(k) + φ(N + k)

k!(N + k)!

)

(z

2

)2k+2N
]

, (B.5)

where φ(p) =
∑p

n=1
1
n
. Therefore, as the power of z increases in increments of 2 in the

first sum, the same argument as above holds and we conclude that GN(z) − GN(0) =

O(z2).
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