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In this paper we study an investment game between two firntsafitst—-mover advantage, where payoffs are driven by a
geometric Brownian motion. At least one of the firms is asslitbdoe ambiguous over the drift, with maxmin preferences
over a strongly rectangular set of priors. We develop aeggaand equilibrium concept allowing for ambiguity and show
that equilibria can be preemptive (a firm invests at a poirgnslinvestment is Pareto dominated by waiting) or sequentia
(one firm invests as if it were the exogenously appointeddeadrollowing the standard literature, the worst—caserpri
for an ambiguous firm in the follower role is obtained by seftihe lowest possible trend in the set of priors. However,
if an ambiguous firm is the first mover, then the worst—cadfé chin fluctuate between the lowest and the highest trends.
This novel result shows that “worst—case prior” in a settinigp drift ambiguity does not always equate to “lowest trénd
As a consequence, preemptive pressure reduces. We shahwishrasults in the possibility of firm value being increasin

in the level of ambiguity. If only one firm is ambiguous, thém tvalue of the non—ambiguous firm can be increasing in

the level of ambiguity of the ambiguous firm.
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1. Introduction

Many, if not most, investment decisions taken by firms areadttarized by substantial upfront sunk costs,
(partial) irreversibility, and uncertainty over futuresteflows (cf. Dixit and Pindyck (1994)). As has been
well-recognized since Knight (1921), the uncertainty duwéure cash flows can seldom be captured by a
unique probability measure; there is usuabiguityover the correct probability measure. For example,
when firms are contemplating entering a new market, or inicod) a new technology, there is typically no

historical data available from which the distribution ofdfte demand can be inferred. Instead, managers
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have to rely on market research, expert opinion, etc., tggdkely future demand for their products. This
variety of opinion results in a set of probability distrilmrts over future events, which may not easily be
condensed into a single distribution. Therefore, managees a theory of valuation of investment projects
under ambiguity. In this paper paper we provide such a th&wrihe case where competing firms have a
similar investment option, thereby adding a strategic disien to the ambiguous business environment.

The effect of ambiguity on decision making has been studigensively, most famously by Ellsberg
(1961). The overwhelming conclusion of the experimentatditure is that decision makers ambiguity
averse The classical Ellsberg experiment uses two urns, both Withred or blue balls. For the first urn
it is known that half the balls are red. For the second urn rat $uformation is available. Most people
prefer bets on the first urn with comparable bets on the seaomdThis observation violates Savage’s
“sure thing principle”; in fact, it calls into doubt “a badienet of Bayesianism, namely, that all uncertainty
can be expressed in a probabilistic way. Exhibiting prefees for known versus unknown probabilities is
incompatible with this tenet” (Gilboa (2009, p. 134)).

The Ellsberg paradox is not really a paradox, because it mloie®sult from a cognitive bias, but, rather,
from lack of information. It is perfectly possible for deicie makers to make consistent decisions under
ambiguity. This has been shown by Gilboa and Schmeidlerql. @o incorporate an ambiguity aversion
axiom into the subjective expected utility framework. Thbgn show that a rational decision maker acts
as if she maximizes expected utility over the worst—cagar pvithin a (subjectively chosen) set of priors.
Ambiguity models have been successful in the finance liteeatio explain phenomena such as selective
participation, under—diversification, and portfolio iti@i(see Epstein and Schneider (2010)).

In the corporate environment, ambiguity may arise in séwenrgtexts. For example, a firm’s management
may be considering introducing a new technology to the ntagathat there might not be any relevant
historical data that can guide decision making. Insteadiagament may have to rely on expert opinion. Itis
well-documented that expert opinion can wildly vary in soakes (see, e.g., Ball and Watt (2013)). Itis still
possible, of course, for management to act in a Bayesian maéwga@nstruct a single prior from such varying
opinions and there is a literature that provides ways ofglsim (see, e.g., Gzyl et al. (2017)). However, it
has been suggested in the risk management literature (geeRandall (2011)) that in cases where risks
are not easy to reduce to a single probability measure manageuld apply a “precautionary principle”.
The multiple prior maxmin utility of Gilboa and Schmeidldr989) can be seen as an operationalization of
this idea. It allows the decision maker to pick a “cautious3lgability measure from a range of plausible
ones in a way that is consistent with experimentally obskbehavior.

In this paper, we use multiple—prior maxmin preferencesrtalysge investment timing decisions by
ambiguity—averse decision makers in a duopoly. Accordingur theory, ambiguity aversion reduces pre-

emptive pressure. In addition, firm value under ag1bigui'eyra’r¢)n can actually be increasing in ambiguity.



In addition, the value of an unambiguous firm can be incregisithe degree of ambiguity of an ambiguity
averse firm. Hence, a firm that is not ambiguity averse berfegits its rival's ambiguity aversion.

Our theory stays close to the real options literature (ckitzind Pindyck (1994)), the most important
prediction of which (i.e. that higher volatility leads tada investment) is validated empirically; see, e.g.,
Bloom et al. (2007) and Bloom (2009), and references thetairaddition, a major survey reported in
Graham and Harvey (2001) concludes that the real option®app is fairly popular among managers as a
tool for investment appraisal.

In the real options literature it is common to assume thatréutcash flows evolve according to a
(continuous—time) stochastic process, where cash flows gt@n expected rate augmented with shocks
that follow a random walk. Incorporating ambiguity in suckedting is typically done by assuming that
at any timet the expected growth rate is not known, but can take any valaegiven set (this is referred
to asdrift ambiguity). The worst case in a monopolistic model is induced by theskivpossible expected
growth rate (Nishimura and Ozaki (2007)). So, in the Gilbnd Schmeidler (1989) framework applied to
investment timing problems, the presence of drift ambigleiads the firm to act cautiously: by considering
the lowest possible expected growth rate the firm valuesdutash flows assuming that nature will act
malevolently. One could interpret this as “fear of the mérke

When firms take investment decisions in a competitive enwirent, they are not only ambiguous about
future cash flows, but also about the timing of their compeditactions. After all, suppose that a firm has
just invested in a new technology to obtain, say, a cost adganbut that its competitor still has the option
to invest as well. It is natural to assume that investmenthigycompetitor lowers the first adopter’s cash
flows. It is similarly innocuous to assume that the competitdl make its investment decision when it
expects the future cash flows to be high enough. This imgii&ts in expectation, the competitor will invest
sooner when the expected growth rate of cash flows is highés, ifi turn, means that the worst case for the
first adopter is represented by the earliest possible timexpectation, that the competitor invests, which is
represented by the highest possible expected growth ragcén think of this as “fear of the competitor”.

In this paper we investigate how these two diametricallyosgal “fears” balance: what feeworst case
at any given time when “fear of the market” suggests the lbywessible expected growth rate, but “fear of
the competitor” suggests the highest possible expectestign@te? It turns out that we can compute the
worst—case prior explicitly: it iitherthe lowestor the highest expected growth rate. The regions where
each of these worst cases dominates the other can, as welghdetermined exactly.

We make contributions to two strands of literature, the beihg the literature on decisions under ambi-
guity. Contrary to the standard literature, in Section 3 Wwe an analysis based on backward stochastic
differential equations (BSDES) ang-expectations, as introduced by Peng (1997), to study wfiche
two “fears” dominates. It turns out that for small values loé stochastic process, the worst case always

corresponds to the lowest possible trend, where%s for higthees the highest possible treméyrepresent



the worst case, depending on the underlying parameterscégsequence, if firms are symmetric in terms
of the set of priors, but asymmetric in, for example, the sométs of investment, then there will be times
where firms use different priors to determine firm value. Be ytorst—case prior is not only role—dependent
(first mover or second mover), but also firm—dependent. Asollew the seminal contribution of Chen and
Epstein (2002) this result is obtained under standard nmuglassumptions.

Our second contribution is to the literature on real optigasies. We combine the single—firm ambiguity
model of Nishimura and Ozaki (2007) with a standard realamstigame without ambiguity as analysed in,
for example, Pawlina and Kort (2006) and Steg (2015, Seetith This allows for a clear analysis of the
consequences of ambiguity on equilibrium investment stesmand firm value.

In Section 4 we show that equilibria in our game can be of thelfar two types. First, there may be
preemptive equilibrian which both firms are willing to invest at a time where it istioptimal for at least
one firm to do so. This type of equilibrium is familiar from tlilerature (e.g., Fudenberg and Tirole (1985),
Weeds (2002), and Pawlina and Kort (2006)), but we embedraigae recently developed by Riedel and
Steg (2017) to rigorously prove existence of this type ofildagiium. In particular, we extend their notion
of strategy in such a way that firms are ambiguous albdwgnaction is taken, but not abouthat those
actions are. This extension allows for close comparisotis thie existing literature and ensures that our
results are due to ambiguity only and not to our modeling i@itsgies.

In a preemptive equilibrium there are subgames where it @svikn(a.s.) ex ante which firm is going to
invest first. This firm will invest at a point in time where itsader value exceeds its follower value, but
where its competitor is indifferent between the two rolesefe are also subgames where firms compete
instantaneously for the leader role. In such subgamesntie@sities with which firms try to “win” the
leader role are such that any expected advantage of becdhenigader is competed away; so—called
rent equalizationcf. Fudenberg and Tirole (1985)). Finally, there are subgmwhere both firms invest
simultaneously.

A second type of equilibrium that can arise isequential equilibriumin which one firm invests at
the same time it would if it knew that the other firm will not prapt. Each game always has at least an
equilibrium of one of these two types, which can not co—exist

In Section 5 we provide some comparative statics of equilibstrategies and firm values under various
levels of ambiguity. We are particularly interested in thiffedence between an increase in ambiguity and a
decrease in the trend in a model with a unique prior. Unliler#fal options models analysed in the literature
so far, there are cases in our model where the worst—casegh@mges over time. While this does not
change the types of equilibria that can be obtained, it degs lan impact on the prevailing equilibrium
for given parameterizations. We show that the preemptigiorein our model with symmetric ambiguity
is always contained in the preemption region that one wobtdio in a model under a unique prior with

the lowest possible trend. This makes it more Iilﬁely, in owdel, that a sequential equilibrium emerges,



rather than a preemptive one. So, ambiguity can reduce mteenpressure. As we will show below, this
is beneficial to the firm with the lower sunk costs of investiménfact, we show that, counter—intuitively,
this firm’s equilibrium value may actually be increasing mlziguity.

The remainder of the paper is organized as follows. In Se&@iwe present our model of a real options
game under ambiguity. The value functions of the differefes in this game are derived in Section 3.3,
after which these functions are used to determine equlibrSection 4. A numerical analysis of our model
is given in Section 5. In Section 6 we discuss some of our nieglelssumptions and possible extensions.

We also provide a historic case to illustrate the applidggiolf the theory presented in this paper.

2. The Model

We follow Pawlina and Kort (2006) in considering two firms ttlaae competing, for example to enter a
new market. Uncertainty in the market is modeled on a (refsgprobability spac&?,.#, P) through a

geometric Brownian motioX = (X,),. , that solves the stochastic differential equation

t>0

dXt :,U,Xtdt—‘rUXtdBt, (1)

where(B;),., is @ Wiener process, ande R ando > 0 are fixed parameters such thatadmits a unique

t>0

strong solution. Information is modeled by tReaugmented filtratiof.#; ), , generated byX. The sunk

t>0
costs of investment are firm specific and givenlpy 0, i =1, 2.

The payoff streams (or cash flows) are given by proce8gsX;),.,, whereDy,, k,£= 0,1, denotes a
scaling factor if the firm’s investment statuskigk = 0 if the firm has not invested arid= 1 if the firm has
invested) and the investment status of the competitéEq0, 1}. It is assumed thab,q > Dy, > Dy >
Dy, > 0, and that there is a first mover advantage,dg, — Dy, > D11 — Dy;. In this paper we consider
symmetric revenues, although the values forffhes could easily be made firm—specific at the cost of more
cumbersome notation. We provide a discussion of these ggunms in Section 6.

We assume that at least one firm is assumed to be ambiguousthbooeasur®. Following the recent
literature on drift ambiguity in continuous time, we modeétpriors that firm;, ¢ = 1,2, considers using
a set of density generato&;. The resulting set of probability measures that conssttite firm’s set of

priors is denoted by”®:. A procesg6,),., is adensity generatoif the procesgM), ., with
dM? = -9, MdB,, M=1, (2)

is aP—martingale. Such a proce§t), ., generates a new measievia the Radon-Nikodym derivative
dQ/dP = M?. . While we assume that both firms use the same referenceftioe set of density generators

can differ between firms. 5



Under some regularity conditions (see Chen and Epsteir2(20be set of density generators is defined
as
O;:={(01),20 | O1(w) € O, (w),dP-a.e., allt >0},

and the resulting set of measure®: is calledstrongly rectangularFor sets of strongly—rectangular priors
is has been shown that (Chen and Epstein (2002)):

1. Pe 29

2. all measures it”?®: are uniformly absolutely continuous with respecPtand are equivalent tB;

3. for everyt € £2(Q,.7,P), there exist®; € 22° such that for alk > 0,

E[¢l7] = inf E%[¢[7). 3)
Qe »®i

The measur®; above is called thevorst—case prioand is generated by a specific density generator called
the upper—rim generatgwhich is denoted by; = (6;,).>0. Note that the worst—case prior is payoff and
player—specific.

For a given density generatére O, it follows immediately from Girsanov’s theorem, that undlee
measure&) generated by, the proces$Bf)t20, defined by

t
Btﬁ == Bt +/ 05d87
0
is aQ-Brownian motion and that, und€x, the processx follows the diffusion

In the remainder we will assume th&X, ; = [—x;, x;], for all t > 0, for somex; > 0. DenoteA,; =
[Hi’ ;] = [ — oki, u+ ok;]. This form of ambiguity is called—ignorance(cf. Chen and Epstein (2002)),
and its advantage is th@; is strongly rectangular so that the results stated abovg.adypmte that, if<; = 0,
it holds thatP; = P. Note thatx—ignorance does not allow for learning; we will discuss tin@act of this
assumption in Section 6.

Both firms are assumed to be ambiguity averse in the sensdlmfazand Schmeidler (1989), i.e., they
maximise expected profits over the worst—case prior. Suefefances are typically calleduliptle—prior
maxmin Gilboa and Schmeidler (1989) axiomatize such prefereincastatic model, by relaxing some of
the Savage axioms of subjective expected utility. An axitmation for a dynamic setting (in discrete time)
is pursued in Epstein and Schneider (2003). Our set up iss@ree, a continuous—time limit of the Epstein
and Schneider (2003) model; see also Chen and Epstein (2002)

In the remainder, a special role is played by the density igeoed) —~: with 6, ' = —k, for all t > 0. The
measure that is generated #y* is denoted byP~ ™. UnderP~ " it immediately follows thatX follows
a GBM with trendﬁi and volatility o. In fact, in the literature om—ambiguity in real options models it
typically holds tha¥); = 6—":. We will see that in our model, there are payoff streams factwh; # 6~ ":.

Finally, the discount rate is assumed torlye ma)é{ﬁl,EQ} and to apply to both firms.



3. Value Functions of Firm Roles

In a timing game with two firms, each firm can play one of thrdesoFirmi becomes théeaderat timet

if it is the first firm to invest at that time. The firm becomes tbkkower at timet if its competitor is the first

to invest at that time. Finally, firmn becomes aimultaneousnvestor at time if both firms invest at that
time. In equilibrium, a careful balancing of the payoffsmagag from these roles is required. In this section
we therefore derive the value functions of these differelgs. It turns out that the derivation of the leader
value in particular is of interest in its own right. In theling, we denote firm’'s worst—case priors of

the leader, follower and simultaneous investment valueR by P, andP;, ;, respectively.

3.1. The follower value
Assume that firmj, j = 1,2, becomes the leader at timme> 0. Then firm¢, ¢ # j, becomes the follower
at that time. Firmi determines its time to invest by maximizing its value. Tisichieved by solving the
optimal stopping problem

Tf oo
Fi(z;):= sup inf EC [/ eT(St)D01X5d8+/ eiT(Sft)(Dlle —rIi)ds‘ﬁt] . (4)
t 7'.F

TF>t Qe 2%
The solution to this problem is called tfalower value
If the set of priors#®: is strongly rectangular, it turns out that problem (4) cameskiced to a standard
optimal stopping problem and, hence, can be solved usimglatd techniques. This reduction is possible
due to the following lemma, the proof of which is standard {¢iEhimura and Ozaki (2007)) and is, thus,

omitted.

Lemma 1 Let 229 be strongly—rectangular. Then

F o
E(xt) = sup EP;:’i [/ efr(sft)DmedS +/ efr(sft)DlledS _ efT(TZ.F—t)IZ_
t oF

F
T 2>t

<th] ’ (5)

i

wherePy,, =P~ ",

Hence, for the follower problem of firry the worst case is always induced by the lowest possible@irif
This observation makes sense, because the actions of ther leave no influence on the decision of the
follower once the leader has invested. The problem thezgfeduces to one of a “monopolistic” decision
maker. In the language of the introduction, the followern$/@xposed to “fear of the market” and not to
“fear of the competitor.”

Applying standard techniques (see, e.g., Dixit and Pindy&©4)), we find that the follower value can

be expressed as

Bilp;) .
?glit 4 <D1;:501 b — IZ-> (j—g) if o, <af )
Fx,) = [t [t i 6
l( t) Dz 1 if ©, > F
Tﬁﬁi 7 7 Ty = xi 9



wherez! is theinvestment triggeof firm 4, i.e., the value of the process, which, once crossed from

below, makes investment (rather than waiting) the optineaigion. In this case
zF = frle) = I,
’ ﬂl(ﬁi)—an—Dm v

andg; (u) > 1 is the positive root of the quadratic equation

D(Bs10) = 50°B(5 1)+~ =0. )

3.2. The simultaneous investment value

In a similar way one can argue that the upper—rim generato?®f for the value of simultaneous invest-
ment, denoted by/;, satisfied)’ = 6~":. Hence, under the worst-case prior the firm ast# the trend is
given by and therefore that

M;(zy): = . eilrglﬂfe' E® [ / e "Dy X, —rI)ds ﬁt}
i t
Phss = —r(s—t) T D
=E M e (Dlle — TIi)dS Fi| = Ty — Ii7
t r—H,

whereP), , =P~ ",

3.3. The leader value

The standard techniques for computing value functions atepplicable any longer for determining the
leader value. In our setting one needs to allow for the woeste drift to change over time. Indeed, we will
see that there are cases whejg, # P~ ™. In such cases there will be timegor which 65 , # 65 ,, even if
PO = POz,

If firm ¢ becomes the leader at time> 0 (implying that firmj follows at the stopping timef), firmi’s
leader valuds given by

7 oo
Li(xzy):= inf EC [/ ! 6_7'(S_t)D1oXst+/ 6_7'(S_t)D11Xst fft] —1;. (8)
t T

Qe #9i f

In Theorem 1 below, which describes this leader value, twsesare distinguished. If the difference
D,y — Dy, is sufficiently small, we find that the worst case is, as befalways induced bgi. If this
condition is not satisfied, then the worst case is give%bior small valuese, up to a certain threshold
xf, where it jumps tqz,. The intuition for this fact can already be derived from egpra(8): the lowest
trend B, gives the minimal values for the payoff stredi;, X;). However, the higher the trend, the
sooner the stopping tim@F is expected to be reached. The higher payoff stréBm X,) is then sooner
replaced by the lower ongD,; X;). If the drop in payoffs becomes sufficiently small, the forreéfect
always dominates the latter. Then the worst case is givq_ml_ lbgr eachx,. If the drop in payoffs is large
enough, there may be valueswhere the latter effect dominates the former and where thietwoase prior

is induced by, instead. 5



Theorem 1 The worst case for the leader value function is always givethe lowest possible drift.
(0r =6 if, and only if, it holds that

Dy — D1y 1
< . 9
Dy — ﬂ1(ﬁi) ®)

In this case, the leader value function becomes

B1(p;)
D.IOIt_j’_ It Mm{v—[i if.%'t<.%'F
Lien—d 7 \# T g
i(xt)_

J
D .
L if 2, >l
r—K, J

(10)

p —D 1 . . F
On the other hand, i8> AL then there exists a unique threshalfl € (0,z;") such thaty,

is the worst casef(, = —x;) on {X, < z}} and 7, is the worst casef(, = +x;) on {z; < X, < zI'}.
Furthermore, in this case the leader value function is gilggn

Digxy _ 1 DIOI;'k (JJt > 1 (E'L) _ I

r—p, Brlp,) r—p; \=f ‘ It < zi
Digws (wj)ﬁQ(ﬁi)Ifl(ﬁi)_(wj)ﬁl(ﬁi)wf?(ﬁi) ( Dy Dig ) mF
Li(z,)= o F ;Ié)éf(;;)((;?)ﬁl:”;—(g?)iii?iui>%<#0 TTH TR
e (1 5 ) 2 — 2o - iy <w<af
(Ij)ﬁz(uz)(xf)ffl(uz),(xj)ﬁl(uz)(xf)BQ(M) Br(p,) ) r—p,  r—pi |0 ‘ @ =t J
?1_—1,? —1; if 2, >l

(11)
whereS, (1) < 0 is the negative root of the quadratic equatig{5; 1) = 0 (cf. (7)).

Before proving this theorem we point out some of its featarasconsequences. The value function (10)
is standard in real options models, whereas (11) is not. Meuwvéhe first part of (11) does look like the
value function one obtains from a standard real options m@&@iepose a (non—ambiguous) firm has an
option to exchange the payoff stredi, X, );>, for (D, X;);>0, With 0 < D, < D4, by paying a sunk cost
I. Itis well known (cf. Dixit and Pindyck (1994)) that the valfunction in the continuation regidf, =*)
can then be written as

D 1 B1 (1)
V(z,) = o (%) 1(n ’

+
r—p o Bi(p)—1
wherez* denotes the optimal investment trigger. This value fumctiiows for a clear interpretation. If

z*

the firm never invests, then its value is the first term on thbtrhand side, which is simply the expected
present-value of receiving the stream, X, ),>, forever. This value has to be corrected for the fact that at
z* the firm’s value increases due to investment. At that timejrits out that the firm’s value increases by
a factorl/(5,(u) — 1). The factorl /(3 () — 1) results from applying the value—matching and smooth—
pasting optimality conditions at the trigget. That value has to be discounted back to timevhich is
achieved by the expected discount factor

EP |:e—7'(7'*—t)

€ B1(w)
5= ()"
9 z
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"Fear of the market"
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Figure 1  The critical valuer] differentiates between two “regimes” for firm 1.

wherer* is the first hitting time ofc*.

In our model we have a similar interpretation. If the firm negbanges the worst case froA_Irln, then
its present value i#),ox/(r — p1,). However, this overestimates the firm’'s value, becausg #te worst
case changes and, thus, evaluating revenues t,a_gderever is too optimistic. At:? it turns out that rev-
enues need to be reduced by a fadtp@l(ﬁi). Like in the option case, this factor is obtained by applying
a smooth—pasting condition, as becomes obvious from thef pedow. The expected discount factor dis-
counts this drop in payoffs back to tinae

It is important to highlight that, while the payoff functidooks like the value function of an option
exercise decision, our value function does not allow for ation interpretation. The switch af is entirely
driven by the worst—case prior for the leader value functibjust so happens that smooth pasting results
in similar—looking expressions, but there is optimality condition being applied here. We also point out
that, while it may appear that the value function fo& =} does not depend om;, in fact it does through
the value ofr}, which depends on both andfz;.

The second part of the value function (11) contains the terms

() P2T0) P ) ()1 () P2 () and (7)) g2 ) ()2 ) 1 ()
() B2 (g F) 1) — (3)Pr(ma) () P2 (i) (ap)B20m) (g F)Pr () — () Pr () () B2’

which admit a clear interpretation: they represent the etqukdiscount factors of the first hitting times of
(i) firm j’s follower threshold conditional on it being reached befey is reached, and (ii) the threshai
conditional on it being reached before firis follower threshold is reached, respectively.

Figure 1 depicts the implications of Theorem 1. In case tlog @f the payoff from being the only one
who has invested to the situation that both pIayerf&avestadés sufficiently big, the valug distinguishes
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Figure 2 The boundary between the region wherés always the worst-case trend and the region where it is Qitbter
parameters are:=0.1, u = 0.04, andl = 120.

between the regions where each of the two “fears” domin&tassufficiently small values af,, the threat
of the competitor investing is relatively low, so that “fedrthe market” dominates. For valuesmfclose
enough tmf, the threat of the competitor investing dominates the dayodertainty, so that “fear of the
competitor” dominates.

Figure 2 illustrates condition (9) as a function of both ¥itits (o) and ambiguity £). It can be seen that
the higher the level of, the more likely it is that for lower first-mover advantages torst—case trend is
not always given by:. In addition, it is also clear that the relationship is notmatnic ino for higher levels
of k. This non—monotonicity follows from the non—linear (mplicative) way in whichx ande interact in
B1(p). This feature is, therefore, not peculiar to our particulamerical example and should be expected
more generally. From Figure 2 we conclude that a switch intbest—case leader value is most likely in
low—volatility, high—ambiguity, and high first—-mover adwage environments.

For the proof of Theorem 1, we need a different approach comilp® the standard literature on real
option games. We use backward stochastic differentialteansandg-expectations as introduced by Peng
(1997). The advantage of this approach lies in the fact tleakmow the value of our problem at the entry
point of the follower. That value yields the starting poiot & BSDE. A non-linear Feynman—Kac formula
then reduces the problem to solving a particular non—lipeatal differential equation. From this PDE we
are eventually able to derive the worst—case prior and theeanction.

Proof. To keep notation simple, we ignore (without loss of gengrpthe sunk costs;.
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1. Denote -
Y,:= inf E® [ / D e DL X ds + / eT(St)DnXsds‘ﬁt].

Qe #9i " Tf

Applying the time consistency property of a strongly regtalar set of density generators gives

F

Yt:QiI;fO EC / " e D X ods + /
€ePi t

oo

eT(St)DHXSds‘ﬁt]
F
J

r F 0o
= inf EQ inf EQ, [/ ’ 6_7'(S_t)D10X5dS+/ 6_7'(S_t)D11X5dS ﬁTF] ‘ﬁt]
Qe #%i Qe® F J

t Tj

r F
7 , oo
= inf E® e*T(S*t)DloXsds—i—e_T(TJF_t) inf E® 6_7'(S_Tf)D11Xsds‘9 F ‘9}

Qe #i ¢ Q' e»® oF i

r F
7i
= inf EQ / 6_7-(S_t)D1()XSdS+€7T(Tf7t)@i(ﬂ?7}?) gt] y
+ J

Qe #©i i
where
®,(x;):= inf E® [ / e’“(St)DHXSds‘%’t} _ Dz (12)
Qe 7% t r— Ez
Chen and Epstein (2002) show thatsolves the BSDE
—dY; = gi(Zt)dt — Z;d By, (13)

where, in our case, thgenerator g;, is given by
9i(z) = —Ri|z| = rY; + X Dyo.
It is well-known (cf. Chen and Epstein (2002, Appendix BRattthe upper—rim generator satisfies

0;Z, = max y- Z;. (14)

YyEO, ¢
This shows that;, € {—«, +x} forall ¢ > 0.
The terminal boundary condition of the BSDE (13) is given by

Y:rF = (I)Z(mF)a
J

J

In the terminology of Peng (2013), we now say that the lead®revis they,—expectation of the random

variablee "7 ~9®,(z1"), and write

Y, —E,, [ 00, aF)

).

2. Denote the present value of the leader payofflhyi.e. L;(z;) = Y;. The non-linear Feynman—Kac

formula (Peng (2013, Theorem 3)) implies tliatsolves the non—linear PDE

LxLi(x)+ gi(érxL;(x)) =0,



where Zy is the characteristic operator of the SDE (1). [Note thatgR@®91) shows that the non—linear
Feynman—Kac formula not only holds for deterministic tirbeis also for first exit times Iikerf, even if it
does not hold a.s. thdt" < oo}.]

Hence,L; solves
1
5021:2%’(:1:) + pxLi(x) — kjox |Li(x)| — rL;i(z) + Digz = 0. (15)

Equation (15) implies that_ is the worst case on the st < x]|L(x) > 0} andf, is the worst case on
{z < mﬂL;(m) < 0}.
The unique viscosity solution to the PDE (15) is given by

D
Li(x)= 10* + AzP1 () 4 Bgfa () (16)
r—p
whereu equals eithegi or ;. The constantst and B are determined by some boundary conditions.
One can easily see that far close to zero we havé/(z) > 0. Now two cases are possible: Either

Li(x) >0forall z € [0, 2] or we can find (at least) one point at whichL;(z;) = 0.

3. Let us first assume thdt;(z) > 0 for all z € [0,2]). Theny_ is always the worst-case drift. Since

B (Hi) < 0, we have thaB = 0. In order to determine the constatitwe apply a value—matching condition

atxf, ie.
Li(a") = 2255 4 A(el)e) = 2150
’I“—Hl_ T—Ei
This implies that
Dy—D
A=210 11(355)1—61(&)’
T— [

—1

and therefore that

Li(x;) = (17)

L

Dy Ty Prle) D1 — Dy p
—, T\ F T_ U

r— HZ T — Hl
Due to the continuity and concavity of the value function)(fie conditionZ/(x) > 0 for all z < xf is

equivalent toL;(z]") > 0. Therefore,

B1(p,)—1
D Dy —D xl =i
L;(mf) _ 10 i ( 11 10) Bl(ﬁi) <_JF> >0

T_Ei ’I“—Ei $j
Dy
<~— Dy —Diy>—
11 10 — Bl(ﬁz)
Dyy— Dy < 1 . (18)
Dy 51(&1.)

4.1f inequality (18) is not satisfied, the worst—case driftchpes at some point’ < mf from , o7, where
x} is determined by the conditiob(z}) = 0. We d?gote b)ii(w;gi) the solution to (16) o0, z;] and by



L;(x;75,) the solution to (16) ofiz?, z¥]. The unknowns in (16) are determined by twice applying aesalu
matching condition and once a smooth—pasting conditioa && Cheng and Riedel (2013)). Indeed, it
must hold that

L Li(af;m,) = ®i(a]),

2. Li(wy;p) = Li(a;m,),

3. Li(ag;p,) = Ly ).

In casey, is not always the worst—case drift, the unique viscositytsmh of (16) is given by

Lz(xt) — 1xt<z;“l~/z(xtaﬁ ) + 1:Et2m:ﬁl(xt’ﬁl)7

%

where * Bi(p,)
zi(xtQM) = Do, - LD <ﬁ> - )
== Bulp) r—p \
and
Eu(ry =20t @R — ) < n ) or
Yoor—m, (m;‘)ﬁ2(#i)(mf)ﬁl(#i) — (m;‘)ﬁl(#i)({l;f)ﬁﬂﬂi) r—p T J

_l’_

(xf)ﬂl(ﬁi)fo(ﬁi)_(xf)ﬂQ(ﬁi)xfl(ﬁi) - 1 Dy Dy »
(xz‘)ﬂQ(ﬁi)(xf)Bl(ﬁi)—(xz)ﬁl(ﬁi)(xf)ﬂﬂﬁi) 51(&_) T— !

We can easily verify thak, andL; satisfy the boundary conditions. Indeed,

ﬁ.(mF-—,) :Dwﬂff (x:)ﬂQ(ﬁi)(x]F)Bl(ﬁi) _ (xz’f‘)ﬁl(ﬁi)(xf)ﬁb(ﬁi) Dy, B Do o
i\ L5 M r —ﬁi (m;‘)ﬂz(ﬁi)(mf)ﬁl(ﬁi) — (xz)ﬁl(ﬁi)(xf)ﬂz(ﬁi) r— Hz r _ﬁi J
N (xf)m(ﬁi)(mf)ﬁz(ﬁi) _ (xf)ﬁz(ﬁi)(mf)ﬁl(ﬁi) - 1 Dio B Do -
(@) P2 (F )P — ()P0 (1) P2 Bulp) ) r—p, r=m| "
Dozl D D Dy x¥
_ D _11 B _10_ Z‘f:% =&, ().
r—=H; T Ei T ;i T Ez
and
b :Dloo’U: N (x:)ﬂQ(ﬁi)(x:)Bl(ﬁi) _ (x:)ﬂl(ﬁi)(x:)BQ(ﬁi) Dy, B Do o
i\ iy Mg r— i, (x:)ﬁﬂﬁi)(xf)ﬁl(ﬁi) — (;p;‘)ﬁl(ﬁi)(mf)ﬁﬂﬁi) = r—71; J

N (xf)m(ﬁi)(x;f)%(ﬁi) — (mf)tb(ﬁi)(m;‘)ﬁl(ﬁi) . 1 Dy Dio )
— — — _ — _ z*
(x;f)BQ(M)(mf)Bl(Mi) — (m:ﬁ)ﬂl(ﬂi)(q}f)BQ(Hi) 51(H) r—p. r—1, i

T

_D1o$f 1 Dy Dy *

e - |2
r— Bulp,) ) r—p, TR
Dloﬁﬂr 1 Dloﬁﬂr

r—p 51(&) r—p ( _1)

To prove the smooth—pasting conditionigtrequires a bit more work. Firstly, we observe tlﬁz;)([xj; Hi) =
0 by construction. The next lemma shows that thférle existsquenialuer?, which satisfied/ (z; 7,) = 0.



Firm 1

Value

Value

Figure 3  Typical leader and follower value functions.

Lemma 2 If Dl‘jj‘u’?“ > —L_ then there exists one, and only one, valgighat solves’;(z:;7,) = 0 on

B1(p,)’
(0,27].
The proof of this lemma is reported in Appendix A.

Remark 1 The leader value functiofy; is always concave om,xf] even if the worst case changes at

some point. We prove this fact in Appendix B.

Figure 3 shows a typical run of the leader and follower valuefions, where we assume thatandx,

are such that
1 Dyo— Dy 1

< < .
Ioh (H1) Dy Ioh (HQ)
We observe that the leader value of firm 1 drops below its¥lovalue ifz, is close tark". The reason for

that is thatr! andxf are unequal (in the illustrated case we hafe< z1").

3.4. Optimal Leader Threshold

Next we want to determine the optimal time to invest as a ledtle focus (without loss of generality) on
firm 1, for reasons that will become clear in the next sectibfirm 1 knows that it will not be preempted
by firm 2, it will determine its investment time by solving thptimal stopping problem

t F
L, T2
Li(z;)= sup inf EQ[ / e "N Do X ds + / e "D X, ds
t T

t P91 t
T2t Qe Lyi

(19)

+ / e "D X ds — 6_7'(7271_”11‘9}].
+F
> 15



Again, in order to determine this stopping time, we cann@iyaphe standard procedure. Nevertheless, the
investment trigger does not differ from the one of a non—ambiis firm faced with dri@l.
Proposition 1 The optimal time to invest for firm 1 is given By, = inf{s > ¢| X, > z{}, where

o ) i
51(&1) — 1 D19 — Do

1.

For the proof we refer to Appendix C.

As in the case without ambiguity, the optimal leader thrés®independent of the follower threshold.
Our assumption thab,, — Doy > D;; — Dy; guarantees that” < z!" and, thus, that the firm wants to
become leader before it wants to become follower. This aptiamtherefore ensures that this is a market

characterised by preemption rather than attrition.

4. Equilibrium Analysis

The appropriate equilibrium concept for a game with amhygas described here is not immediately clear.
We obtain our equilibrium results by using techniques dgwed in Riedel and Steg (2017). It should
be pointed out that we cannot simply adopt their strategiemut setting. In fact, the notion @xtended
mixed strategys introduced in Riedel and Steg (2017) presents a condgptidem here. Such strategies
consist, in essence, of a distribution over stopping tinmelseen “investment intensity”. The latter component
acts as a coordination device. In our model we also need tusdmation device, but we do not want
ambiguity to extend to the uncertainty created by it. Thisspnts problems if we want to define payoffs
to an ambiguous firm if it plays a mixture over stopping timesr equilibrium existence, however, such
mixtures are not needed, so we choose to restrict atterttioat we callextended pure strategieshich
consist of a stopping time and an element related to the gwtidn mechanism mentioned above. Once
we have restricted ourselves to such extended pure statege can refer to equilibrium results obtained
by Riedel and Steg (2017) and Steg (2015). Their results lynagrry over to our framework because
ambiguity is now about payoff functions only and not abotdtsigies. In other words, there is ambiguity
aboutwhendecisions are taken, but not abautatdecisions are taken at those times. We give a detailed
description of the equilibrium concept in Appendix D.

To make comparisons with existing models easier, we willawsthats, = k, = x and thatl, > I,.
This essentially reduces our model to an extension of S@&2Section 4.1) and Pawlina and Kort (2006).
Note that, under these assumptions it holds #Hat xZ'. Due to our definition of strategies, most of the

results obtained by Steg (2015, Section 4.1) carry over taetling. In particular, we have that:

Proposition 2 If I, < I,, thenL, — F, > L, — F, o%o,xg).



This result is similar to Steg (2015, Lemma 3.2). Howevergnoof relies on the linearity of the expectation
operator. In the case wheR ; = P, = P™", Steg’s result therefore applies trivially. K} ; # P™",
however, the leader value is a (non—linegrexpectation. The result still holds though.

Proof. On [zf', x¥") the result is obvious. Far= 1,2, define the process by

F

b= / PG (Dyo X, — 1) ds + / e " (D X, — ) ds.
t T

F
We then have the following inequality for any < z1":
Ly(xy) — Ly() = Qiengf@ E° [fft\«%] - Qiefge EQ[ﬁzL,t\yt]
= E"L1 (6], 7] — ETh2 (6, 7))
> EPLi[e] | 7)) —EPb (g, | 7
—E" el — & |7
> inf E°[¢f, — &b, 7]

Qe »©

i
© g EC [/ e " (I, — I)ds + e (Li(2z)) — Lo(a7)) ‘ﬁt] , (20)
t

Qex®

where(x) follows from the time consistency property of a stronglytaagular set of priors. Note that the
assumptior®,; = O, is crucial here.

The operator (20) can be written ag-eexpectation with generator

g(yaz) = _’%‘Z’ _Ty—i_r(IQ _Il)7

so that we get
Li(w) = La(w) 2 E; [e ™ (Lu(af) — La(al) | 7]
Now define the generator
9(y,2) = —klz[ —ry.

Sinceg > g andL,(z1) — Ly (af) > Fy(af) — Fy(21), it follows from the comparison theorem for BSDEs
(Peng (2013, Theorem 2)) that

E; [efwf (Li(21) = La(27)) ‘yt] >E, [67”{ (F1(21) — Fa(ar)) ‘/t] :
It is straightforward to verify that, for the generaigithe worst—case drift is always given py Therefore,
77"7'1F Fy F g | P77 77“7'1F Py _ F a | o
E, [e (Fy(2T) — Fy(aT)) ‘Jt] —E [e (Fy(2T) — Fy(a")) ‘yt} — Fi(z1) — Fa(x),

which proves the resulm 17



We define thgareemption regioras the part of the state space where both firms prefer to beader

rather than the follower, i.e.
P={z eRi[(Li(2) — Fi(z)) A (Lao(x) — Fz(z)) > 0}.

The first hitting time ofP is denoted byrr. From Lemma 2 and Steg (2015, Proposition 4.1) it now
immediately follows that
P={zeRy|Ly(z) — Fo(x) > 0} = (z,7),

for somel < z <7 < z¥. Note that it is possible that= 7 and, thus, tha?P = ().
The following result immediately follows from the obserieatthat firm 2's leader value (under; ,) is,

by definition, no larger than its leader value ungef'.

Lemma 3 If firm 2 evaluates its leader and follower values unér, and Py, ,, respectively, then the
preemption region is always contained in the preemptiomoreghat results from their valuations under
P".

This lemma shows that our model with ambiguity is not isorhdrpo a model without ambiguity and the
unique priorP~". In fact, ambiguity reduces preemptive pressure.

In the literature there are typically two types of equilibanalyzedpreemptive equilibrian which firms
try to preempt each other at some times where it is sub—optiniavest, andsequential equilibriawhere
one firm invests at its optimal time. In our setting, the gioestvhich of these two types of equilibrium
prevails boils down to comparing the location of the optiealder threshold! in relation to the preemp-
tion region(z, z). Roughly speaking, a preemptive equilibrium ariseslifc (z, z), whereas a sequential
equilibrium arises when! < z.

Steg (2015), however, notes that another equilibrium so@igpossible. For certain underlying param-
eters, it may be the case that > z. In our model, it then holds that if < z, < zZ£, firm 2 will not
immediately invest. That gives firm 1 the option to wait a binger. In fact, firm 1 solves the following
optimal stopping problem to determine when to invest:

sup  inf E® [/ e "(Xy(Dyg— Dog) —r1y)ds| . (21)

»O
TSTP/\TQF Qe»

Sincer! (the first hitting time ofr’) is the solution to thenconstrainedeader problem (19), the stopping
region of theconstrainedproblem (21) must contain the internjal', xZ]. This implies that the continuation
region of (21) lies entirely in the region whereis the worst—case drift. Therefore, Steg (2015, Propo-
sition 4.2) applies, which states that, assuming thatz(D,, — Do) < 71, the continuation region of

problem (21) iz, % A zf'), wherei € [r1, /(D1 — Dy), ') is the unique solution to the equation

(Bu(a) = DA@)T® + (o) — D Ba)a™®) = I, 22)



where

A(z) 1 2B2(1) _ 7821 legifoo — I
B(JU) T 8w pB2() _ pB1(p) 7B2(p) _ 1) 52 () xDI?_:fOO s

That is, the threshold is determined in the standard way, by applying the valueehiiag and smooth—
pasting optimality conditions.
If it holds thatz (D, — Dyy) > rI;, then firm 1 will always invest immediately in the regién z2') and

we can sef = z. In either case, firm 1 invests at the first hitting timiepf the set
A= (2,Z)U[Z,00) U [x] 00).

If z or 7 is hit beforez!’, then firm 1 becomes the leader, whereaslifis hit first both firms invest at the
same time. However, sindd, (z£') = L, (z1'), we can say that firm 1 earns the leader payoff,aio matter
which threshold is reached first.

In the case wherg is not always the worst—case drift, the above scenario i€ rikely to occur than in
the case wherg is always the worst—case drift (cf. Lemma 3). Since the ppaim region(z,z) under
P}, andPj, is a subset of the same set unéer”, and because; is the same unde?; , andP™", it
follows that the conditior: <z is more easily met under the worst—case priors than undér

To summarize, depending on the starting painbf the underlying stochastic process, different invest-
ment scenarios along the equilibrium path are now possiigle Appendix D for a formal statement of the
subgame perfect equilibrium):

Case 1(a).ry < z andz < ¥ < z: preemptive equilibrium where firm 1 becomes the leademna tip
and firm 2 follows atr/";

Case 1(b).zo < z andz!’ < z: sequential equilibrium with firm 1 investing at timé and firm 2 follow-
ing atr/;

Case 2.z < zy < 7: preemptive equilibrium with at least one firm investing ieuffately, and where
preemption results in rent equalization;

Case 3(a).7 < zo < z§ andz! < z: firm 1 becomes the leader immediately and firm 2 follows/at

Case 3(b).z7 < xy < 2 andz <zl < zI': firm 1 becomes the leader at timieand firm 2 follows atr!";

Case 4.x, > zL': simultaneous investment by both firms.

5. Numerical Examples

In this section, we study numerically how the presence ofiguity affects the equilibrium scenarios pre-
sented in the previous section. We continue to assuméthat©,, and that/, > I,. Throughout, we will
use a base—case scenario, with parameter values as in Taldgelthat this is a so—called “new market

model” (Dyy = Dy;) so that firm 1 always invests i]{’gmediately in the regionz?l’), i.e. Case 3(b) does not



D10:1.8 D11:1 D()():O
D01 - 0 Il - 100 Ig - 120
r=0.1 pu=004 o0=0.1

Table 1 ~ Parameter values for a base—case numerical example.

arise (cf. Steg (2015)). In the remainder, we shall denaesétue function of firm under the equilibrium
scenario following from Section 4 by, — V;(zo).

The presence of ambiguity changes the drift under which thesfevaluate their payoffs. In the standard
model without ambiguity a reduction in the trepdreduces firm 1's leader threshald and increases
firm 2's preemption threshold. Typically, a reduction in: also shifts the preemption regidm, z), as can

be seen from Figure 4.

30

40 f — u=0.04
- - ;4=0.015
S0FS 4=-0.01
-60 1 1 1 1
4 6 8 10 12 14

X

Figure 4  Preemption regions for different valuesofind no ambiguity£ = 0). Other parameter values are taken from Table 1.

This insight also applies to cases wheris always the worst—case drife{ , =P~ "), i.e. when

DlO—D11< 1 ]

Dy 7 Bilp)

For this case, the analysis of equilibria and firm values cangedas if the firms use a unique prior, i.e., a

GBM with trendy = p — ko

The situation is different when
DlO - Dll 1

Dy Bi(

=



In this case, firm uses the worst—case priBi, ; # P~ " to value the leader role, which is generatedpy
with
0;,=—ron{X,e0,2;]Ufz],00)} and 0;,=+ron{X, e (z},z])}.

%y

Sincel, > I, itholds thatz)” > 2" and, thus, that; # z}. This implies that the two firms will use different
priors to value the leader payoff df; , # 6, }, which is aP—non-null set. This happens even though the
firms are entirely symmetric, bar the sunk costs of investmen

This observation has some consequences for equilibriat, Fire preemption region is different from
the one under the prid?™ " (cf. Lemma 3). This can be seen in Figure 5. kot 0.25 andx = 0.5 the
worst—case drift for the leader payoff is not always giverpbyt can be seen that the preemption region
underP;2 is then a subset of the preemption region that would be addairfirm 2 were to use the prior

P~ " to value the leader role.

Figure 5  Preemption regions for different valuesotinder the prior®;, » (solid line) andP™" (dashed line). Other parameter

values are taken from Table 1.

Qualitatively, equilibria may or may not change asncreases. This can be seen from Figure 6. In
Figure 6a we plof, — F}, for k =0 andx = 0.25. In both cases it holds that< =1, so that first investment
takes place at the first hitting time of the §etoo). To be more specific:

1. simultaneous investment takes placedge [5%,00),



2. firm 1 immediately becomes the leader fgre (z, z%") (with firm 2 following atz)"),
3. firms immediately compete for the leader rolejfe (z, z), resulting in rent equalization, and
4. firm 1 becomes the leaderat for 2 < z.

Firm values in this equilibrium are given by

B1(p) . .
o ()" [t 2] 5o
1\T) =
Ly(x) if z <z, <al
Ml(xt) if T > xg,
and
B1(p) - .
et (2) 7 [P@-2] <o
Va(zi) = Fy(z,) if o <a, <af
Ms(zy) if x, > ol

Figure 7a shows that the increase in ambiguity lowers daritilin value for both firms. The first (downward)
jump in the value of firm 1 occurs at At that point, firm 1 no longer expects to earn the leaderejabut
the follower value instead, due to preemptive pressuren8etz andzt, firm 1 expects to become the

leader again, which explains the second (upward) jump ieqtslibrium value function.
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Figure 6
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values are taken from Table 1. Also indicated are the leddlesholds for firm 1z%.
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Preemption regions for different valuesrotinder the prior®7, » (solid line) andP™" (dashed line). Other parameter



If we now add the case wheke= 0.5, we can see from Figure 6b that here it no longer holdsithat: .

Instead, a sequential equilibrium arises with equilibriinm values

B1(p) 2L .
Dogze 4 (Lz) {Ll(xf) — DOO—l} if x, <ot

r—p zl r—p
Vi(ze) = q Ly(z,) if of <z <af
M, (z,) if x, > a2l

and

B1(p) s .
Dp_o%t + (Lﬁ) [FQ(mlL) _ Doozy’ if e < $1L
1

T x T—K

V() = Fy(xy) if ob <z, <af
Mo () if x>k,

Figure 7b shows that, for firm 2, this change in equilibriurarsrio does not change anything qualitatively:
an increase in ambiguity leads to a reduction in equilibriimm value. For firm 1, however, the story is
now different. In fact, there exists a region where firm 1 hdsgher value withhigher ambiguity. This
happens because in the higher ambiguity case (.5), firm 1 always becomes the leader, whereas in the
lower ambiguity casex(= 0.25), firm 1 expects the (lower) follower value, due to preempfivessure and
rent equalization.

140 : : : : 140
------- Player 1 (+=0) P - Player 1 (1=0) A
120 |- = Player 1 (x=0.25) e 120 |7 "Plyer1(x=0.25) e 5
Player 2 (1=0) -~ — Player 1 (x=05) -
Player 2 (x=0.25) Player 2 (x=0)
1001 1 100 Player 2 (x=0.25) H
Player 2 (+=0.5)

expected payoff
.,
v
expected payoff

(@)~ €{0,0.25} (b) k € {0,0.25,0.5}
Figure 7 Equilibrium firm values (black for firm 1 and gray for firm 2) fdifferent values ofc. Other parameter values are
taken from Table 1.

Another comparative statics exercise of interest is comgahe payoffs of an ambiguous firm with the
payoffs of an unambiguous firm. This exercise is relevagt, @1 cases where one firm is an incumbent

who has learned the distribution of future reve%es, wigetlea other firm may be an entrant which has



no information about its revenue distribution. A questibattthen arises is whether the unambiguous firm
benefits from its competitor's ambiguity aversion. The it here is clear: yes. The ambiguity—averse
competitor has a higher value of waiting and will be willirgyibvest later. So, even if the firms are com-
pletely symmetric except for their attitudes to ambiguitye non-ambiguous firm is always expecting to
become the leader, either under preemptive pressure, tsrgitimal time. To illustrate this phenomenon,
we use the same numerical example as before, Wyith I, and0 = k; < k». In that case the equilibrium
result is as before (becausg < =2 andz! < z1') and the only determinant of which equilibrium prevails
is the ordering ofr! andz, and the ordering of andz. The results are shown in Figure 8. Note that
for the case:, = 0 both firms’ values are the same. The value for the non—ambggfion is increasing in
the level of ambiguity of the ambiguous firm. This is partany stark for cases where ambiguity leads to
a situation where:! < z (as is the case fat, = 0.3) so that firm 1 can essentially ignore the preemptive
pressure exerted by firm 2.

180

........... Player 1 (x,=0)
- - -Player 1 (x,=0.1)
140 |——Player 1 (x,=0.3)
Player 2 (n2=0)
Player 2 (x,=0.1)
Player 2 (x,=0.3)
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Figure 8  Equilibrium firm values (black for firm 1 and gray for firm 2) fdifferent values of.. Other parameter values are
taken from Table 1, witH, = I; = 100 andx; = 0. The non—ambiguous firm uses the reference measure (hé. tre

H)-

6. Discussion and Concluding Remarks

In this paper we have built a model of an investment game witinse-mover advantage between two
firms, at least one of which is ambiguous about the probgbiliéasure over the sample paths of future
revenues. Our main conclusions are that: (i) the worst-dafidor the leader value can switch betwegn

andyz, (ii) despite the complicategrexpectation uaﬂer which the leader value has to be computbdse



cases, equilibrium existence results from the literaturenon—ambiguous investment mainly carry over,
and (iii) ambiguity reduces preemptive pressure, when @etbto a simple reduction of the trend in a
non—ambiguous model. In this section we will further discsisme of our modeling assumptions and point
to some avenues for future research.

Our main assumptions fall into two categories: payoff andiguoity assumptions. The payoff assump-
tions are standard in the real options literature. In paldic the multiplicative nature of the way uncertainty
enters revenues is well-established. The zero (operatosi)assumption can easily be relaxed to the case
of a deterministic cost flow, in which case the present valfueperating costs can be subsumed in the
sunk costs of investment. Note that all dog,s are non—negative. This restriction is required in our rhode
because for negative payoff streams, the worst—case pradways opposite to the one with positiig,s.

In other words, in a model with ambiguity, gains and losseseamluated under different priors. We want
to rule out this complication.

The assumptio),, — Dy, > D1, — Dy, is standard and reflects the first—-mover advantage that we hav
analysed in this paper. The assumption ensuresithat =/ so that no firm would prefer to become the
follower before it prefers to become the leader. The assiomfg strong in the sense that the market can
neverexhibit a second—mover advantage. For a model with inteigihg first—-mover and second—mover
advantages, see Steg and Thijssen (2015). Their model has-dimensional state—space, however, which
increases the technical complexity of the model substntia

Regarding ambiguity, the assumptionsefambiguity is a strong one, albeit one that is often madeén th
continuous—time literature. While its main technical attege is to parameterize a strongly rectangular set
of priors, it also implies that the density generator s&ssfi € [—«, x|, regardless of the time Therefore,
there is no possibility of learning about the true measumuinmodel. A way to interpret this assumption
is given by Chen and Epstein (2002) and Epstein and Schn@@&0) and is best explained in discrete
time by means of a sequence of draws from an Ellsberg urn. lodehwith learning the decision—-maker
repeatedly draws balls (with replacement) from the samsbElfy urn, thereby having the opportunity to
shrink the set of priors over time. A model without learnitige ours, is appropriate when the decision—
maker draws from alifferent Ellsberg urn every time. This prevents the decision—maf@nflearning
about ambiguity. Suppose that the proc&sgepresents the (market) demand flow for the firm’s product. If
the manager thinks that the expected growth rate might nobhstant over time then our model without
learning is appropriate. For examplg, may represent market demand, the expected growth rate ohwhi
may vary over time due to changing consumer tastes. It niignt be better for the manager to consider an
interval of trends and apply a precautionary principle ilua#ion. If the manager beliefs that the expected
growth rate of demand is constant and learnable througheditsens of actual demand, then a model with

learning is more appropriate. 25



If our model were extended to include learning, we would exgiee interval/y, 7z] to shrink over time.
Essentially, such a model would be an extension to ambigfithe model analysed in Décamps et al.
(2005). Of course, it can not be predicted ex ante in whichdtion the interval will shrink. For example,
if the true measure iP " then, over time, the highest possible trend will reducesTids no effect on
firm values in the case Whep_ealways represents the worst—case drift. It will, howevearéase the leader
value in the case wheyeis not always the worst-case drift. This, in turn should I&ad widening of the
preemption region and, thus, to earlier investment. If the probability measure is sorfez {P~", P™"},
one would expect that, over time, bgttandz will move closer together. This will increase both leadedt an
follower values and will decrease the leader and followesgholds. The effect on the preemption region
and resulting equilibria is unclear and will be left for feguresearch.

To the best of our knowledge, there have been no empiricdiestunto the effects of risk aversion
or ambiguity on corporate investment timing decisions. Ireal options model, risk aversion leads to
delay of investment (see, e.g., Thijssen (2010)). In thassgour theory leads to the same qualitative
conclusion: ambiguity leads to a further delay of investtm@his opens up the possibility of empirical
research into ambiguity over (competitive) growth optiomsich in the same way as in the literature on
the equity premium puzzle. As Mehra and Prescott (1985) feaweusly shown, in the standard expected
utility theory of asset pricing empirically observed eguiremia are compatible only with implausibly
large coefficients of risk aversion. Trojani and Vanini (2Dbave shown that a model with an ambiguity
averse representative investor leads to higher risk pranddower interest rates, thus providing a (partial)
explanation of the equity premium puzzle. Our model could$ed in a similar way. If it were the case that
empirically observed investment timing in oligopolistidustries requires implausibly large coefficients of

risk aversion, then ambiguity aversion may explain the plesebehavior.

Appendix

A. Proof of Lemma 2

In this section, we show that if the worst—case for the leadkre is not always given by the worst possible
trend, there exists a unique valug at which the worst—case drift changes fr(p_,rz_nto 7i;- As before, we
drop subscripts wherever possible.

Proof. The critical valuez; is found by applying the smooth—pasting conditif),r(x;f;ﬁi) = 0. The first

derivative ofL; is given by
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In order to prove the existence of, we will show that ifz; 1 =7, L/(x:;7,) becomes negative, and if

x* |0, L(z*;Ti,) becomes positive.

We have
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Considering the case | 0, one can easily see thiin, - L(z¥;7,) has the same sign as
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B1(7t;) =\ (%P1 (Fy) —B2(Fy) _ 1 Dio _ Dio }
+ | Bal) (z5) - &) @) ((1 Wﬁ))“ﬁi r—m) :

<0 —0

<0
Therefore, we get/(x:;7,) > 0 for 2 close to0. Due to continuity ofZ’; on [0, z'], we can find in that
interval a solution ta(z}; 7z,) = 0.
The uniqueness af; is automatically given by the uniqueness of the solution@&R15).

B. Concavity of L;

In this section we prove that the leader value function isceme on[0, '] . In case the worst—case prior is
always induced by the lowest possible trend, this stateisdrivial. The next proof shows that concavity
is not lost even if the worst—case changes at some point.

Proof. Suppose condition (9) is not satisfied (5., # P~ ™). The concavity of_;(x) for z < z} is trivial.
We therefore consider the second derivativé.pbn the intervalz;}, z1):
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where we used the fact that;(x!)%(%) < (x7)%2) (2F") (becauser; < ! and 3,(z;) < 0) and
Dig—=D1y 1
Do Bilp)”

In a similar, way we can show that

_ _ = Dy Dy N B (T
Bo ;) (Ba(B;) — 1) =2 [— (q - al ()1

1 D D _
(i) )]

which proves the concavity df;.

C. Proof of Proposition 1

The proof follows along similar lines to the proof of TheordmWe use the same procedure, but now we
consider the value function in the continuation region,before any investment has taken place. Applying
the BSDE approach with different value—matching and smemdbting conditions eventually yields the
desired stopping time.

Proof. Denote

t F
L1 T2
Y, = inf EQ[ / e "I Do X ds + / e " (Do X, —r1y)ds
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Using the time—consistency property of a strongly—reatidargset of density generators yields
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Following Chen and Epstein (2002), solves the BSDE
—dY, = 91(Zt)dt — Z,d B,

where the generator is given by
91(2) = —k1|z| = rY; + X Dy

The boundary condition is given by
Y.: =Li(a}),

L1
whereL, (z7) is given by Theorem 1 andi = ¢ .

Denote the present value of the leader payoff\hy.e.
A(zy) =Y.
The non-linear Feynman—Kac formula implies thatolves the non-linear PDE
LxN(z)+ gi1(oxzA (z))=0.
Hence A solves

%J2$2A//(IE) + pxN (x) — kyox |N' (z)| — rA(z) + Doox = 0. (25)

In the continuation region the leader function has to besiasing, henca’ > 0. This implies thaj is the
worst—case in the continuation region.

Therefore, equation (25) becomes

%J2$2A//(IE) + (u— ko)A () —rA(x) + Doz = %J2$2A//(IE) +p, 2N (x) —rA(z) + Dogz = 0.

The general increasing solution to this PDE is

Az) = Doz, Ay e),
T —El
We have to distinguish two cases here. Either the conditieengn Theorem 1 holds which means that
the boundary condition takes the form (10) or the boundanglitmn becomes (11).
We will show that for both cases, the optimal threshold t@gibecomes
op= D) hrop)
51(&1) — 1Dy — Do

If condition (9) is satisfied, the boundary condition is gizy

_ Dygzy n <$1L) friey) Dy =Dy p

(26)
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Otherwise, the boundary condition is given by

Dozt 1 Dy} (xf ) i)
= - — —1;.
T_H1 /Bl(ﬁ1)r_ﬁ1 Ly

In addition to the value—matching condition, we apply a sthepasting condition. Here, smooth pasting

implies that the derivatives of the value functidrand L coincide atrTz o i.e.
N(zyy )=Li(2ry ). (27)

This condition ensures differentiability at the investrgmeshold.

Applying condition (27) gives
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Applying the value—matching condition finally yields
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and therefore, for both cases, it holds that
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D. Equilibrium Concept

The appropriate notion of subgame—perfect equilibriumdor game is developed in Riedel and Steg
(2017). In this section we adapt their equilibrium conceptiake it applicable to games with ambiguous
players.

Let .7 denote the set of stopping times with respect to the filtreti&; ), . ,. The set7 will act as the
set of (pure) strategies. Given the definitions of the leaddower and simultaneous investment payoffs
above, the timing game is

F - <(Qa 97 (‘g\t)tzo ) P)7 ('@ei)i:LQa y X ya (Li7E7 Mi)i:l,Qa (ﬂ_i)i:1,2> 9
where, for(r, ) € I x 7,
Wi(mO) = inf E° [Li(m0)1n<7-j + Fi(x0)17i>7—j + Mi(xO)lri:Tj] .

Qe #°i
The subgame starting at stopping tithe .7 is the tuple
I = (2, F (F)i59,P), (P%)iz1,2, Ty X Ty, (Liy Fiy M) i1 2, (W?)i:1,2> )
where 7 is the set of stopping times no smaller thaa.s., i.e.
Ty ={re T|t>9,P—a.s.},
and, for(r, ) € Ty x Ty,
m(2g) = inf E%[Li(29)Lrcr, + Fi(@9)1rior, + Mi(29)1,r | Fs] .
Qe 29 :

As is argued in Riedel and Steg (2017), careful considerdias to be given to the appropriate notion of
strategy. They show that the notioneftended mixed strateigg/versatile and intuitively appealing. For the
subgaméd™? this is a pair of processé&”, o), both taking values if0, 1], with the following properties.

1. G is adapted, has right—continuous and non—decreasing saathis, withG?(s) = 0 for all s < o,
P-a.s.

2. o is progressively measurable with right—continuous sarpplés whenever its value is i, 1),
P-a.s.

3. On{t >4}, it holds thatn” (¢) > 0 impliesG?(¢t) = 1, P-a.s.

Note that the properties above hold for Qlle £2°:, i = 1,2, if they hold for P, because all measures in

Z9i are equivalent. We use the convention that
G’(0-)=0, G’(c0)=1, and o’(c0)=1.

For our purposes extended mixed strategies are, in facg gemweral than necessary. Therefore, we will
restrict attention to what we will cadixtended puresatrategid%r the subgamg? this is a pair of extended



mixed strategie§G?, a?),—, o, whereGY is restricted to take values {i), 1}. In other words, in an extended

pure strategy a firm does not mix over stopping times, butmii@téy mixes over its “investment intensity”
0419.

An extended pure strategy for the gaiis then a collectiodG?, o) ¢ » of extended pure strategies in
subgame$"’, ¥ € .7 satisfying the time consistency conditions that for&l € .7 it holds that

1. v <teR, impliesG’(t) = G’ (v—) + (1 — G’(v—))G"(t), P-a.s. on{) < v},

2. a(r)=a”(7),P-as., forallr € 7.

The importance of thee component in the definition of extended pure strategy besarbgious in the
definition of payoffs. Essentially allows both for immediate investment and coordination leemvfirms.
It leads to investment probabilities that can be thoughtsfhe limits of conditional stage investment
probabilities of discrete—time behavioral strategiesh\wenishing period length (cf. Fudenberg and Tirole
(1985)). In the remainder, I8¢’ be the first time that! is strictly positive, and let” be the first time that

at least one’ is non—zero in the subgani¥, i.e.
# =inf{t >9)a?(t) >0}, and 7Y =inf{t>3I|a?(t)+al(t) >0},
respectively. At time*? the extended pure strategies induce a probability measutteecstate space
A = {{Firm 1 becomes the leadef Firm 2 becomes the leadef Both firms invest simultaneously ,
for which we will use the shorthand notation
A={(L,1),(L,2),M}.

Riedel and Steg (2017) show that the probability measur&,dnduced by the paifa!, oY), is given by

0 9
a0 (-0 g)

i TN NS V(A0 0 (20

PN e if 77 =7 anday (7),af (77) >0

1, T J.T 1, T T
TR n) _ a0 9 (a0)
1 if 77 <77, or7/ =77 anday(7;) =0
9 (A9 _ o . . . .
>‘L,i(7' )=140 if 77 >7';-9, or7f = fanda?(ff) =0
9 9
1 (i s oy (t)(1—aj (1)) A a0 0 (A0 0 (A0
5 (hmmftﬁig TO el 0T aT 0 if 77 =77, o] (7)) = o} (7]) =0,

9 9
. o (t)(1—aj (1))
+lim SUPy 9 O‘?(t”a}?(t)—aj;?(t)a;?(t) )
and

yo 0 if 77 =77, al(77) = a¥(77) =0, anda? (77+),a (77 4) > 0
Ay (7)) = o0
M a Aﬁaj L9 th i
Lo = otherwise.
T 1a? —a¥ o?
0,700 i aY 80

[e3

Note the following: 33



1. If 77 < 77 there is no coordination problem: firtbecomes the leadér-a.s. at’;

2. If 77 =77, buta? (7)) = 0, there is no coordination problem: firbecomes the leadér-a.s. at’}’;

3. Inthe degenerate case whefe=77, o (7)) = o (77) =0, ande (7+), o (7/+) > 0, the leader
role is assigned at time”, effectively on the basis of the flip of a fair coin;

4. Firms are not ambiguous over the measure

In order to derive the payoffs to firms, Ie(ti_’i denote the first time tha&&? jumps to one, i.e.

o, =inf {t>9|Gl(t)>0}.

The payoff to firmi of a pair of extended pure strategigé&’,, o, ), (G2, o)) in the subgam&” is given
by

) F
TG’L T
9 9 v 9 9 L Q ’ 77"5 —r(s—1
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F

9 F
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¥ y 9 -

SN 9
Qe »®i g

+ / e TN DL X, — e “9>Ii)(%]
F

+ inf E91 ) a0 _7'(8_19)D00Xsd3
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Qe #i
/ _7(5 ﬁ)DllX d8>‘yﬁ:|
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F
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+/ e "Dy X ds +/ e "Dy X ds — 6_7'(7371'_19)Ii> ‘9’19]
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J

~0
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Hence, the payoff of firm can written as

9 9 9 . Qf
‘/; ((Gz & ) (GJ’ J )) _QEII?l)f@i E _1TG <m1n{TG Tﬂ}L Ly ‘gﬁ}
+ ot E [Ep——— OO E

+oinf E®[1y g oMz (%}

T, .
QEL@G‘),L' L G,

+Q€ig@’ EQ _1?’9§min{rg’i,rg’i})\lz,i(%ﬁ)Li(mﬂ) 919_

+ lIlf EQ :17:19§min{7_79 9 }>\1[9‘7J(7A—19)F1(x19) ﬁﬁ:

TR
Qeg(—)i G, G,

+Q61I0L1)f® EQ _1 79<mln{‘rG TGZ})\ ( )Ml(mﬁ) 919_ .

An equilibrium for the subgamB” is a pair of extended pure strategigs’}, a?), (Gy,a3)), such that
for each firmi = 1,2 and every extended pure strategy’, o) it holds that

V/(GY,a],GY,a7) > V(G0 .G],a)),

for j # i. A subgame perfect equilibrium is a pair of extended purateties((G1, @), (G»,as)), such
that for each? € 7 the pair((GY,aY), (G35, ay)) is an equilibrium in the subgani¥’.
For the equilibrium analysis in this paper it is importanktmw whereL, > F;. In a model with#?©1 =

292 andI, < I, we have that (cf. Proposition 2)
Li—F, >L,—F,, on(0,z}).

The following equilibrium results now follow directly fromRiedel and Steg (2017) and Steg (2015). The

collection
((qug> al ) (Gg> 052 ))1969 )

constitutes a subgame perfect equilibrium, where
1. if 2¥ € (z,z), it holds that

qug = l{tthzﬁ}

1 if 2, € {2} U[Z,00)

”9 —_— T — €T M —

0 else
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and

Y __
Gy = Litr,e(a.)0af 20))
1 if v, >zl

ag(t) = { Li(z)—Fi(zy)

Ly (z¢)— My (2¢) if 2 € [z, 2]

0 else;

2. if 1 <z, it holds that
Gﬂf = Off = 1{t:azt2:cf}>
and
Gg = Og = 1{t:t2w5};
3. if #¥ >z andz(D,o — Dyo) < rli, it holds that

9 _
Gl - 1{t:azte[g,i]U[i,oo)U[a:g,oo)}

1 if 2, € {z,2} U[Z,00) U2 00)
9 Ti)— T : —

0 else,

and

Y _
G2 - 1{t:azt€(g:,5:)u[9:§,oo)}

1 if z, >al

0/29(75) = { Li(z)—Fi(zs)

Ly (zg)—My(zy) if x, € [g"?f]

0 else.
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