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Abstract

In the present study, a new concept known as the Associated Output Frequency Response Function (AOFRF) is intro-
duced to facilitate the analysis of the effects of both linear and nonlinear characteristic parameters on the output frequency
responses of nonlinear systems. Based on the AOFRF concept, the study has shown, for the first time, that the output fre-
quency responses of a wide class of nonlinear systems that are described by the NARX (Nonlinear Auto Regressive with
eXegenous input) model can be represented by a polynomial function of both the system linear and nonlinear characteristic
parameters of interests to the system analysis. Moreover, an efficient algorithm is derived to determine the structure and co-
efficients of the AOFRF based representation for system output frequency responses. Finally, a case study is provided to
demonstrate the effectiveness and advantages of the new AOFRF based representation and the implication of the result to
the analysis and design of nonlinear systems in the frequency domain.

Key words: Associated Output Frequency Response Function; NARX model; Nonlinear system; Analysis and design; Fre-

quency domain.

1. Introduction

Because the linear system frequency domain analysis
and design have a wide range of scientific and engineering
applications, the analysis and design of nonlinear systems
in the frequency domain have also received considerable
interests (Dobrowiecki and Schoukens 2007). Compared
with the time domain methods such as, e.g., the traditional
harmonic balance and multi-scale methods, the frequency
domain approaches have shown the capability to deal with
a wide class of nonlinear systems, rather than the systems
with specific model descriptions (Novara et al, 2013).

Based on the Volterra series theory of nonlinear sys-
tems, the concept of Generalized Frequency Response
Functions (GFRFs) was proposed in 1959 (George; 1959),
which are a series of multi-dimensional functions. The
multi-dimensional nature makes the GFRFs difficult to be
applied in practice. To address this challenge, some one-
dimensional frequency domain representations of nonlinear
systems have been proposed. These include, for example,
Nonlinear Output Frequency Response Functions
(NOFRFs) (Lang et al, 2005), Output Frequency Response
Function (OFRF) (Lang et al, 2007), Higher Order Sinu-
soidal Input Describing Functions (HOSIDF) (Nuij et al,
2006), and the nonlinear Bode plots (Pavlov et al, 2007).
The NOFRFs represent the relationship between the input
and output spectra of nonlinear systems in a way similar to
the Frequency Response Function (FRF) based representa-
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tion of linear systems and have found applications in the
areas of structural health monitoring and fault diagnosis
(Zhao et al, 2015). The OFRF reveals an analytical rela-
tionship between the output spectrum of nonlinear systems
and the parameters which define system nonlinearities, and
provide an effective approach to the design of the system
nonlinear properties in the frequency domain (Ho et al,
2014). The HOSIDF can be considered to be a special case
of the OFRF of a static polynomial nonlinear system (Ri-
jlaarsdam et al, 2011). Considering the wide application of
the FRF in linear system analysis, Pavlov et al (2007) pro-
posed the concept of nonlinear Bode plots for the analysis
and design of nonlinear convergent systems. However, in
most cases, the nonlinear Bode plots cannot be analytically
studied (Rijlaarsdam et al, 2017) and are, consequently,
difficult to be used to understand the properties of underly-
ing systems.

It is well known that the output frequency responses of
nonlinear systems are affected by both the linear and
nonlinear characteristic parameters of the system. The
OFRF shows an analytical relationship between the output
spectra of nonlinear systems and the system’s nonlinear
characteristic parameters, but this relationship is only valid
under the condition that the system linear characteristic
parameters are fixed. Very recently, the issue associated
with the effect of linear characteristic parameters on the
nonlinear system output frequency responses have been
studied (Xiao and Jing, 2016). However, the result is, so
far, only a conceptual polynomial approximation for the
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system output spectrum, and there are still no results that
can systematically relate the output frequency response of
nonlinear systems to both system linear and nonlinear
characteristic parameters so as to facilitate the system
analysis and design.

In the present study, motivated by the need of the analy-
sis and design of the effects of any parameters of a nonlin-
ear system on the output frequency response, a new con-
cept known as Associated Output Frequency Response
Function (AOFRF) is introduced for the NARX model of
nonlinear systems. Based on the novel AOFRF concept, it
is rigorously shown that the output frequency response of
nonlinear systems can be represented by a polynomial
function of both the system linear and non-linear character-
istic parameters. Effective algorithms are derived to deter-
mine the structure and coefficients of the AOFRF based
representation of the output frequency response of nonlin-
ear systems. Finally, a case study is used to show the ap-
plication and verify the effectiveness of the algorithms in
the analysis of output frequency responses of nonlinear
systems to both deterministic and random inputs. The re-
sults demonstrate the significance of the new AOFRF con-
cept and associated techniques in the revelation of the ef-
fects of both linear and nonlinear characteristic parameters
on the output frequency responses of a wide class of
nonlinear systems.

2. The output frequency responses of nonlinear sys-
tems

Consider the nonlinear systems described by a poly-
nomial NARX model (Peyton-Jones and Billings, 1989)

0-33 3 e )

m=1p=0ky, k,.,=1 i=1

=

ey

ptq
X H u(k —k[)}
i=p+l
where y(.) and u(.) are the outputs and inputs of the

system; k represents the discrete time; Chy (kl,---,kpm)
with p+qg=m represents the model coefficients of the

NARX model and ¢ = D% -->F M and

K are integers.

The NARX model (1) is a determinstic representation of
nonlinear systems. When the physical model of nonlinear
systems under study is not avaliable, a NARX model can
be obtained from a NARMAX (Nonlinear Auto Regressive
Moving Average with eXegenous input) model by
removing the terms representing modelling error and noise
in the model. The NARMAX model can be identified from
the system input/output data using the NARMAX method
of nonlinear system identification (Billings, 2013).

Under the condition that system (1) is stable at zero
equilibrium, the output of system (1) can be described by
the discrete time Volterra series

T )Hu (k -4 )

SERACED 1 I WACHS
2

n=1 7y =—0
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where 7, (7,

N is the maximum nonlinear order of the Volterra series.
Moreover, the output spectrum of the system can be repre-
sented as (Lang and Billings, 1996)

N
=>Y, (jo) z
" o 3)
XJ‘“’l+--'+w,,:wH" (wl"“’a)n ],;[U .]a)z )do-w

where -7 f, <w<rf,, f.=1/At is the sampling frequency;

,...,rn) is the nth order Volterra kernel, and

U(jw) and Y (jw) are the spectra of the system input and
output, respectively, and
Z h rl,

Ho (@0 Z = ot @)

xexp(— (a)lz', +- +a)nrn)At)
is the n th order GFRF of the system.

According to the concept of the OFRF proposed by
Lang et al (2007), the output spectrum of a wide class of
nonlinear systems can rigously be represented by a poly-
nomial function of the system nonlinear characteristic pa-
rameters.

Recently, Xiao and Jing (2016) have conceptually indi-
cated that the output spectrum can also be represented by a
polynomial function of the system linear characteristic pa-
rameters. These results imply that the output spectrum of
nonlinear systems could be represented by a polynomial
function of both the system linear and nonlinear character-
istic parameters. However, there are neither results about
the conditions under which this representation is valid nor
algorithms that can be used to determine the detailed struc-
ture of this polynomial.

The present study is motivated by the successful appli-
cation of the OFRF and associated techniques (Lang et al,
2009, 2013, Ho et al, 2014) and the need to study the ef-
fects of both the linear and nonlinear characteristic para-
meters on the output responses of nonlinear systems. The
work will be based on a new concept known as the Associ-
ated Output Frequency Response Function (AOFRF).

3. The concept of the Associated Output Frequency
Response Function (AOFRF)

The concept of the AOFRF of the NARX model of
nonlinear systems is introduced in Proposition 1 to facili-
tate the representation of the system output frequency re-
sponse in terms of both the NARX model linear and
nonlinear characteristic parameters.

Proposition 1. The output spectrum of the nonlinear
system (1)/(2) can be described as

N ~
w)=> 7 (jo) 5)
r=0
where
Jw ;J.wﬁr S+, =0 a)l’ ,60) )
><|:L(n;r)(a)1, ,Q ) Qnr (wl"“’wn)]CT . dO'w

is referred to as the r th order AOFRF with r=0,...,n
o " represents the Hadamard product,
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() () representing the functions of frequencies

)

P, (@,...0,)=

with @,
w, 0 L(”) () are the functions of the system linear

characteristic parameters; and C(m) are determined by

the system nonlinear characteristic parameters.

Proof of Proposition 1. It can be shown by following
the results in Peyton-Jones and Billings (1989) and Jing et
al (2009) that

(o0,) = ZH a)l, > )

|: (n:r) (a)l LA a)n ) ° ¢I‘I(rz:r) (a)l 20t a)n ):| CT(n:r)
Proposition 1 can then be obtained by substituting (7)
into (3).
Remark 1. [, | (.) and C..

obtained by using a recursive algorithm as demonstrated in
Appendix A.

Remark 2. Given the system linear characteristic para-
meters and input spectrum, (5) and (6) become the OFRF
of system (1)/(2), a polynomial function of the system
nonlinear characteristic parameters.

Remark 3. Generally, the AOFRF based representation
(5) and (6) explicitly decouples the effects of the system
linear and nonlinear characteristic parameters on the output
spectrum. This will facilitate the study of the relationship
between the system output spectrum and both the linear
and nonlinear characteristic parameters.

(®)

in Proposition 1 can be

4. The AOFREF based representation of the output fre-
quency response of nonlinear systems

4.1. The AOFRF based representation

Denote L™ () for i=1...,n as the elements
composing L(m)(.) as shown in Appendix A. It will be

shown in Propositon 2 below that under certain conditions
H,(.) and L'(.) can be expanded into a power series in

terms of the system linear characteristic parameters ¢, ()

and ¢, () and the AOFRF based representation (5) and

(6) of the system output spectrum can be described as a
polynomial function of both the system linear and
nonlinear characteristic parameters.

Proposition 2. If there exist a set of constants C, =
[cZ (k)|k = 1,...,K] such that
K
> Jeio (k) =c. (k)| <1 ©
k=1
(5) and (6) can be expanded into a polynomial function
N N
—ZY (jw)=>.40]

r=0 . . (10)
— Z ﬂ (Ja))eljl ___HS./S
( “Js EJ?
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where A, is a vector composed of the coefficients

o (jo),(jis-Js)€Jg, which are the functions of

frequency variable @ ; @,,r=0,..., N are the vectors of

the monomials in the polynomial representation;

p+g=>1
0‘""’05 €|:Cp’q(k],-.-,kp+(1){kl’...’kp*_q :17‘“’K :|

(11D
are the linear or nonlinear characteristic parameters of
the NARX model (1); S is an integer and J, is the set

containing all indices of j,,..., js .

Proof of Proposition 2. Omitted due to space limitation.
Remark 4. The order of the polynomial representation
(10) is determined by the order N of the Volterra series ex-
pansion and the order of the power series expansion for

H,(.) and L7'(.) for i=1,...,n. When the order for the

power series expansion of H,(.) and L' (.) are given as

n, , the maximum order of the linear characteristic parame-
ters in any specific term in (6) can be directly obtained by
referring to the expansion order of H,'(.) and L, (.) as
rn, and (n—1)n, , respectively. This explains the impor-
tance of the introduction of the AOFRF concept which can,
as simply illustrated above and described in more details in
Section 4.2 below, significantly facilitate the determination
of the structure of a polynomial representation for the sys-

tem output spectrum in terms of both the linear and
nonlinear characteristic parameters.

4.2. Determination of the AOFRF based representation

The determination of the AOFRF based polynomial rep-
resentation (10) of the system output spectrum is con-
cerned with determining both the structure and the coeffi-
cients of the polynomial. In order to determine the struc-

ture, the components in @, which are the monomials in

the polynomial representation of the r th order AOFRF,
can be determined by using Proposition 3.

Proposition 3. The monomials in the polynomial repre-
sentation of the r th order AOFRF can be determined as

NL
0, = U[ ., ©0)) | (12)
In (12), “® ” denotes the Kronecker product; @(Ln )

sents a vector only consisting of the system linear charac-
teristic parameters such that

oL, ~lo, ) e UL, (13)

where 8, and 0, are the vectors of the monomials in the

repre-

power series expansion of H, (a),) and Lf' (a)l,---,a)i) for
i=1,...,n in terms of system linear characteristic para-
meters with

[6,] =6, ®-®0, and [6,] =0, ®---®6, (14
R e

r i
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@(1: i) represents a vector only consisting of the system

nonlinear characteristic parameters such that

el ,HIY ”:;( NL
Ul: Lg (Clw (kl"“’kﬂ+4)@(["-‘lvp]:’)):| (15)

q=1 p=1k =1
n K ML
WU U (epolbit,)60 )
P=2ky,...k,=1
where
n—-p+l r

NL _ NL NL

@([n.p}:r) - U U@(IR ®@([n i,p—1]: rfR) .
i=l R=0 >

o  —@M (16)

([tr) = 7 (er)
=[1]and O =6, =[NULL] for r >n
Proof of Proposition 3. Omitted due to space limitation.
Remark 5. Proposition 3 provides an algorithm that can
be implemented using computer codes to automatically
produce all the monomials in the polynomial form repre-
sentation of the system output spectrum (10).

When 6., r=0,...,N have been obtained, the coeffi-

cients /'le,‘__’ s ( ja)) in the AOFRF based representation

(10) of the output spectrum can be evaluated using a
Weighted Least Squares (WLS) method from the simulated
responses of system (1) to a given input in the case where
the system linear and nonlinear characteristic parameters of
concern vary over a selected range of values of interest
(Zhu and Lang, 2017).

5. A case study
Consider the Duffing equation with nonlinear damping
F(1)+ a3 (1) 4k y () + k(1) +cn (1) =u(r) (17)
where ¢, =80 N/ms™ and c,, =200 N/m’s™

Approximating the first and the second derivatives in
(17) as:

y.(t):%yt(k_l), §i(r)= y(k+1)_ZZ§f)+y(k—1)

18
and substituting (18) into (17) with Ar=1/256+ yiel((is ;
NARX model of system (17) as

y(k)=cq, (Du (k D+, (1) y(k=1)+¢,(2)y(k-2)
Fesp (L)Y (k=) (1L12)" (k1) (k-2)
+030(1,2,2) y(k=1) y* (k=2)+¢;,(2.2,2) ¥’ (k—2)
(19)

where
¢, (1)=1.526x107; ¢, (2) = —-0.687;
0 (1,1,2) =1.024x10%; ¢, (1,2,2) = -1.024x10°; (20a)
€0(2,2,2)=0.512x10°;

cyo (L1,1) = —(1.526x107°k,, +0.512x10°);
¢ (1)=—(1.526x10"k,, ~1.687); elsec,  ()=0 (20b)
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The objective now is to investigate how the physical pa-
rameters k,, k , of system (17) affect the system output

frequency response when the values of the two parameters
vary over the range of

k, €[0.5,1.4]x10* N/m and k,, €[0,1]x10" N/m’ (21)
Denote ¢, =c,,(1) and ¢y, =¢;,(L11) . It is known
from the relationship between k,, and k,, and ¢, (1) and

¢0(1,1,1) that

. =¢ (1) € [1.473, 1.61 1] 22)
Cy =5 (11,1) €[0.512, 0.665] 10°
Take N =5, then the AOFRF based representation for
the output spectrum of the system can be determined by
the following steps.
Step 1: Determine a polynomial representation of

H (w)and L (@, @) for i=1,...,
system linear characteristic parameter of concern, which is
¢, =¢,, (1), in this case.

n in terms of the

For NARX model (19), over the range of values of pa-
rameters ¢, , (1) and ¢;,(1,1,1) given by (21), it can be
shown that the converge condition (9) is satisfied by
for example, c, (1):(1.473+1.611)/2:1.542
and ¢, (2)= ¢,,(2)=—-0.687 . Therefore, H, () can be

expanded into a convergent polynomial function of c,

chosen,

whose second order approximation can be written as
H(o)=p,(jo)+¢ (jo)c, +o,(jo)c,’ (23)
Moreover, L () for i=1,...,

ximately expanded into a polynomial function of ¢, of the

n can also be appro-

same form as (23).

Step 2: Determine the structure of the AOFRF based
representation of the system output frequency response.
According to Proposition 3, the monomial vector associ-
ated with the AOFRF based representation can be written
as

0= LNJ,[ ' @601 = 86y @6y
[ ®@NLJ [@(Zs)(@@g;)]

In this case, it is known from Step 1 that 8, =0, =

(24)

[l, c, CLZ] and, from Proposition 3, it is known that

%= EE (250)
@(1;1) :[ ]

2
= 0 3® 0 i= 1, N 2,..., 10
[ H] [L:JI[ L] |: €€y ‘L ] (25b)
@gg):[cm]

and
®U[0

@g:Ls) :[ NLZJ

[1 c,,Cp ,...,cng] (250)

20 February 2018



Consequently, substituting (25) into (24) yields the struc-
ture of the AOFRF based representation of the output spec-
trum of system (17) as:

(J‘w)%@ (jw)+ﬂ1 (j®)e, Mzo(jw)
+CNLZ I'+CNL Z()/1° _]a)) h

Step 3: Deternunatlon of the coefficients in the poly-
nomial representation of ¥ (jw).

(26)

Equation (26) can be rewritten as

Y(j@) = Ay (jo)+ g (jw)j—L%o(jw)%

o LC L @7
Z L NL z llz
NL I= L NL I, =
where /%,j(]a))z i Ja) /lLlNL , i,j=0,1,... with [, =1

and [,, =10* are introduced as weights to transform the

frequency related polynomial coefficients from 4 ( ja))

in (26) to A 1

possible numerlcal issues with evaluation of these coeffi-
cients (Zhu and Lang, 2017).
Now consider the situation where the system input is

u(r)=3cos(er) with w=110rad/s . The coefficients
2, (j®).i.j=0.1,...
tem output frequency responses to this input when the sys-
tem linear and nonlinear characteristic parameters ¢, and

( Ja)) in (27). The objective is to circumvent

in (27) were evaluated from the sys-

¢y, vary over the following range of values
c,/l, =[1.54:0.003:1.57]
[l =[5-80:0.05:6.30]

The result is a specific case of (27), which is a polyno-
mial function of the system parameters ¢, and c,, con-

(28)

taining 33 terms which are omitted here due to space limi-
tation. A comparison of the system output spectrum evalu-
ated using (27) thus determined and the result determined
from the simulated system output response is shown in
Fig.1.

x 104
3297

51 55 59 63 6.7
ent/Ine

21746 1.5 154 158 16251CM/1NL146 1.5 154 158162
ci/ly c/l,

Fig.1. A comparison of the simulated system output spectrum
with the result evaluated using the AOFRF based representation.
Circle: Simulated results; Surface: Results evaluated using the
AOFRF based representation; Cross: Data of the output spectra
used to determine the AOFRF based representation.

It is worth noting that, if the system linear characteristic
parameters are fixed, then the AOFRF based representation
(27) will become the OFRF of the system, which is a 2nd
order polynomial function of the system nonlinear charac-
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teristic parameter c,, . If the system nonlinear characteris-

tic parameters are fixed, the AOFRF based representation
(27) becomes a 18th order polynomial function of the sys-
tem linear characteristic parameter ¢, . These results are

also illustrated in Fig.1.

Fig.1 clearly indicates that the AOFRF based represent-
tation for the system output spectrum is valid over a wide
range of values of the system linear and nonlinear charac-
teristic parameters, including the values which are outside
the parameter ranges (28), over which the polynomial rep-
resentation was determined. This is because the AOFRF
based representation is capable to capture inherent system
dynamics rather than simply fit the data.

Now consider another case where a random band limited

signal over the frequency range of w e [50, 200] rad/s with
magnitude varying over [—30, 30] N is applied as input to
system (17). The AOFRF based representation for the sys-
tem output spectrum was determined over the same range
of the values of the system parameters ¢, and c,, as in
(28). Fig.2 shows a comparison of simulated output spectra
of system (17) to this random input with the results evalu-
ated using the AOFRF based representation under three
different sets of values of ¢, and c,, , indicating that the

AOFREF based representation can also accurately des-cribe
the system output spectra to a random input.

6><10'4
5
£4
3
':?2
—1
0 |
220 i ‘ 60.6.50
148530 (1.55, 6.00) (160, 6.30)
Frequencyw/rad/s ( ) (eu/lsen/lu)

Fig.2. The output spectrum and its AOFRF based representation
under a random input
Line: Simulation results; Cross: The AOFRF based representa-
tion.

It is worth noting that many terms in the AOFRF based
representation of nonlinear system output spectra as deter-
mined in the case study above are often redundant. An op-
timal selection of the terms (monomials) in the polynomial
representation is being investigated and will be discussed
in a future publication.

6. Conclusions

The OFRF based representation for output frequency re-
sponses of nonlinear systems (Lang et al, 2007) has dem-
onstrated significant advantages in both the system analy-
sis and design. However, the OFRF only shows a polyno-
mial relationship between the system’s output spectrum
and nonlinear characteristic parameters; it can’t explicitly
reveal the effect of system linear characteristic parameters
on output spectra. In order to address this issue, a new con-
cept known as the AOFRF of nonlinear systems, has been
proposed. The AOFRF enables an explicit separation of the
system linear and nonlinear characteristic parameters in the
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representation of the system output spectrum and, conse-
quently, facilitates the derivation of a polynomial represen-
tation in terms of both the system linear and nonlinear
characteristic parameters. A case study has demonstrated
how to determine the AOFRF based representation for the
output response of a nonlinear system to a harmonic and a
random input, respectively. The results show that the new
AOFRF based representation has potential to be used for
the analysis and design of nonlinear systems in a wide
range of applications.

Appendix A. The recursive algorithm

Let “@® ” represent the concatenation between two vec-
tors, then

K
(0100 =L (0100)], &0
n-ln—-q K
O RS et (@ a,.,) (A
@é é L (ww'”’wn):l

pe2kyky =t (nPlT)

[1] r = 0 )
and 0= with
[NULL] r>0
n—p+l r
L([n'p]:’) (CO], T a)") = ,(-P] RG?OL(i:R) (Cl)l, LR C(),)
® L([nj./?—l];r,k) (“)m TR a)n )

L([n,]]:r) ((01 5"t Cl)” ) = L(n:r) (a)l FI wn ) (A2)
L(l:l) (a)] ) = [1]
L,,(®)=L,, (. o,)=[NULL]for r>n

only related to the system linear characteristic parameters,

where
K

L, (a)l,---,a)n)zl—ZCl_o (kl)exp(—j(a)l +---+a)n)klAt)

k=1

K
= .__(_2”:1604" (kl,...,kn)5

(n:r) K
n-ln—q K (A3)
008 & (¢ (ki ke )Ciu )

n K
@ p€:92 k @kp =1 (CP,O (kl LA kll )C([n,p]:r) )
with
C(["'”]:’) - i=1 RG:_DO C(“R)
C([n.l]:r) = C(n:r)
Ciy = [1] and Cip=C = [NULL] for r >n
determined by the system nonlinear characteristic para-
meters.

([nfi,pfl]:r—k’) .

s

(A4)
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