UNIVERSITYW

This is a repository copy of Propagators for gauge-invariant observables in cosmology .

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/128309/

Version: Accepted Version

Article:
Frob, Markus B. and Lima, William C. C. (2018) Propagators for gauge-invariant
observables in cosmology. Classical and Quantum Gravity. ISSN: 1361-6382

https://doi.org/10.1088/1361-6382/aab427

Reuse
Other licence.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

\ White Rose .
| university consortium eprints@whiterose.ac.uk
WA Universiies of Leeds, Sheffield & York https://eprints.whiterose.ac.uk/



mailto:eprints@whiterose.ac.uk
https://doi.org/10.1088/1361-6382/aab427
https://eprints.whiterose.ac.uk/id/eprint/128309/
https://eprints.whiterose.ac.uk/

Classical and Quantum Gravity

ACCEPTED MANUSCRIPT

Propagators for gauge-invariant observables in cosmology

To cite this article before publication: Markus B Fréb et al 2018 Class. Quantum Grav. in press https://doi.org/10.1088/1361-6382/aab427

Manuscript version: Accepted Manuscript

Accepted Manuscript is “the version of the article accepted for publication including all changes made as a result of the peer review process,
and which may also include the addition to the article by IOP Publishing of a header, an article ID, a cover sheet and/or an ‘Accepted
Manuscript’ watermark, but excluding any other editing, typesetting or other changes made by IOP Publishing and/or its licensors”

This Accepted Manuscript is © 2018 IOP Publishing Ltd.

During the embargo period (the 12 month period from the publication of the Version of Record of this article), the Accepted Manuscript is fully
protected by copyright and cannot be reused or reposted elsewhere.

As the Version of Record of this article is going to be / has been published on a subscription basis, this Accepted Manuscript is available for reuse
under a CC BY-NC-ND 3.0 licence after the 12 month embargo period.

After the embargo period, everyone is permitted to use copy and redistribute this article for non-commercial purposes only, provided that they
adhere to all the terms of the licence https://creativecommons.org/licences/by-nc-nd/3.0

Although reasonable endeavours have been taken to obtain all necessary permissions from third parties to include their copyrighted content
within this article, their full citation and copyright line may not be present in this Accepted Manuscript version. Before using any content from this
article, please refer to the Version of Record on IOPscience once published for full citation and copyright details, as permissions will likely be
required. All third party content is fully copyright protected, unless specifically stated otherwise in the figure caption in the Version of Record.

View the article online for updates and enhancements.

This content was downloaded from IP address 144.32.100.105 on 05/03/2018 at 18:01



https://doi.org/10.1088/1361-6382/aab427
https://creativecommons.org/licences/by-nc-nd/3.0
https://doi.org/10.1088/1361-6382/aab427

Page 1 of 37 AUTHOR SUBMITTED MANUSCRIPT - CQG-104498.R1

1

2

3

4

5

6

7

8

o Propagators for gauge-invariant observables in

o cosmology

13

14 Markus B. Fréb!, William C. C. Lima?

12 tDepartment of Mathematics, University of York,

17 Heslington, York, YO10 5DD, United Kingdom

18 fCentro de Ciéncias Naturais e Humanas, Universidade Federal do ABC,

19 Avenida dos Estados 5001, 09210-580, Santo André, Sdo Paulo, Brazil

;‘1) E-mail: mb£503@york.ac.uk

22 E-mail: william.lima@ufabc.edu.br

23

24 Abstract. We make a proposal for gauge-invarianthobservables in perturbative
25 quantum gravity in cosmological spacetimes, building on the recent work of Brunetti
26 et al. [JHEP 08 (2016) 032]. These observables are relational, and are obtained by
;; evaluating the field operator in a field-dependenthcoordinate system. We show that
29 it is possible to define this coordinate systemnsuch that the non-localities inherent in
30 any higher-order observable in quantum'grayity are causal, i.e., the value of the gauge-
31 invariant observable at a point z'only.dependsion the metric and inflation perturbations
32 in the past light cone of . We then construct propagators for the metric and inflaton
33 perturbations in a gauge adaptedto that coordinate system, which simplifies the
34 calculation of loop correctionsyand.give explicit expressions for relevant cases: matter-
35 and radiation-dominated erasyand slow-roll inflation.

36 Keywords: perturbative quantumsgrayity, relational observables, propagators

37

38

23 PACS numbers: 04.62.+v, $8.15.-q, 04.60.-m

41

42

43 Submitted to: CQG

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

(o))
o


mailto:mbf503@york.ac.uk
mailto:william.lima@ufabc.edu.br
http://dx.doi.org/10.1007/JHEP08(2016)032

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - CQG-104498.R1

Propagators for gauge-invariant observables in cosmology 2

1. Introduction

The theory of inflation [1-4] is the most successful theoretical explanation for the eatly
history of our universe, with observational evidence provided by the anisotropies in the
cosmic microwave background (CMB) [5-7]. According to this theory, the anisotropies
in the CMB were sourced by quantum fluctuations of the metric, swhich/ arise in
treating gravity as an effective quantum field theory [8]. This approach igtknown as
perturbative quantum gravity and makes predictions valid at energy scales well bélow
the Planck scale. It is therefore the only approach to quantum gravity avhich has been
observationally tested, at least in the linear regime.

Extending the theory to second and higher order, where it becomes nonlinear,
one faces a severe obstacle: the construction of diffeomorphism<invariant observables.
In perturbative quantum gravity, the diffeomorphism invariancé of the underlying
gravitational theory translates into a gauge symmetry for'the metric perturbations
(calling any metric perturbation “graviton” for short, and notyonly the transverse
traceless part). In contrast to other gauge theories, such asyYang-Mills theory, this
gauge symmetry does not act in an internal space but changes the position of the field
itself. As a consequence, local fields (i.e., defined at a/peint of the background spacetime)
cannot be gauge invariant. At linear order it is still'‘pessible to find local gauge-invariant
observables, such as the linearised Riemann tensor for a flat-space background or the
linearised Weyl tensor for conformally flat' backgroundsi. However, in general this is
impossible already at second order, as shown,in [11=13] at various levels of mathematical
sophistication.

Various approaches have been devigsed to deal with this problem:

e Instead of the bare field ,operators, oné “dresses” them with a graviton cloud in
such a way that the resulting.composite operator is invariant [14-16].

e In order to take into account the quantum fluctuations of the metric, one defines the
distance between points_in ¢orrelation functions not using the background metric,
but with perturbed géodesics [17-27].

e One employs thesoscalled relational observables, which are obtained by considering
the field operator at'the point where another field has a given value [12, 13, 28, 29],
instead of at afpoint, of the background spacetime. This approach goes back a long
way [30-37],/see [38] for a recent review. In general, this amounts to taking scalars
constructed.from various background fields as configuration-dependent coordinates,
and therefore needs a sufficiently generic background spacetime since one needs to
be able tondifferentiate points by the values of these scalars. Alternatively, one
could add the scalar fields by hand to the theory (e.g., the famous Brown-Kuchar
dust [39])4but this changes the physical content of the theory.

1 In fact, at/linear order it is always possible to construct a complete set of local and gauge-invariant
observablesdstarting from a certain invariant characterisation of the background spacetime, see [9] for
the characterisation and [10] for the (on-shell) construction of such a set for cosmological backgrounds.
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In this article, we will adopt the last proposal, where one is immediately faced with
the problem of extending the concept also to highly symmetric spacetimes such as
cosmological ones. In a single-field inflationary model, the expansion of the background
Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime is driven by a scalarfield
(the inflaton) that only depends on time. All scalars that can be constructed from the
background metric and inflaton then also only depend on time, and it i§'impossible to
distinguish points on an equal-time hypersurface by the values of these scalars. This
obstacle has been overcome only recently [40].

The article is organised as follows: section 2 explains how to construet invariant
observables in perturbative quantum gravity in detail, with two different (but related)
concrete proposals for cosmology. In section 3 we construct propagators for fhe graviton
and inflaton in a gauge adapted to the previous proposals for a general inflaton potential,
expressing them in terms of three scalar propagators which depend on the concrete
model. We also show there that the second proposal satisfies,the“€onditions needed
for a rigorous treatment of higher-order loop correctioms. In sections 4 and 5 we
solve the differential equations for these scalar propagators im’two cases relevant in
cosmology, namely constant slow-roll parameter e (which coevers matter- and radiation-
dominated eras) and slow-roll inflation. We conclude with,section 6, and some technical
computations are done in the appendices. We uSe the ‘+++’ convention of [41], work
in n spacetime dimensions, and set ¢ = h& 1 and #* = 167Gy.

2. Construction of invariant observables

As explained in the introduction, the“main problem in the construction of relational
observables around a cosmological background spacetime is the high symmetry of the
latter. This obstacle has been overcome only recently [40]§, and their solution is as
follows: Consider a spatially flat FLRW spacetime with background line element

ds® =ug,, detdz” = aZ(n)(— dn® + da:2) , (1)

where 7 is conformal\time and a(n) the scale factor, and a scalar field ¢ (the inflaton).
Requiring ¢ to solve the Klein—Gordon equation with potential V' (¢) in this background,
and the FLRW spagetime itself to be a solution of Einstein’s equation with the scalar
stress tensor as source, we obtain the Friedmann equations

V() =2(n—2)(n—1— e H?, (2a)
K*(¢')? =2(n — 2)eH?a? (2b)

where a \prime denotes a derivative with respect to conformal time. The Hubble
parameter H and the first two slow-roll parameters ¢ and ¢ are defined from the scale

§ Wewnote that for the specific case of the local expansion rate and possible backreaction in inflation,
many proposals have been put forward; see, e.g., Refs. [42-48]. We return to this important observable
in'the discussion.
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factor as ) o )
a €
H=—, €= ————, 0= ,

a? H2a 2Hae

and are related to the widely used Hubble slow-roll parameters ey and ny as [49]

€ =€qg, 0=¢€g— N - (4)

We now perturb the above system according to

Guw = Guw = @M + Khy) . 0= o=+ koM. (5)

The perturbed inflaton field serves nicely as a field-dependent time coordinate:

X0 =1(g), (6)

where n(¢) is obtained by inverting the background rélation ¢(n) (assuming an
appropriately non-degenerate dependence, i.e., ¢’ # 0)In particular, to first order
we obtain @) ()

o . In(o 9 (x

0 0

@ =n,  XQ@) = 579 HFTT Y
To obtain the remaining n — 1 scalar fields, thie authors of [40] observe that in the
background spacetime, the spatial coordinates z’ are harmonic with respect to the
spatial Laplacian: Az’ = 0. The Laplacian transforms as a scalar under spatial rotations
and translations, and one can therefore obtain the X by imposing that they are
harmonic with respect to the perturbed Laplacian,

ARG =0, 3)

and that on the background they reduce to the x'. We will give an explicit solution
of this equation (in perturbation theory) in subsection 2.1. As expected, the resulting
X are non-local functionalssof themietric and inflaton perturbations, and the physical
content of the theory is not/altered. However, they have an important drawback: the
non-locality is non-causal, imthe‘sense that the value of X@ at a point z depends on the
metric and inflaton perturbation at points which are spacelike separated from x. From
a mathematical point of wiew, this means that the usual rigorous approach to quantum
field theory in curved spacetime [29, 50-57] is not applicable, and the renormalisability
of loop corrections to invariant observables constructed using these coordinates is not
guaranteed. From a physical point of view, the invariant observables constructed using
these coordinatessare influenced by processes at arbitrarily far spacelike separations,
which is/clearlyjundesirable (a form of “action-at-a-distance”).

Of course{ this drawback stems from the fact that we are defining the X@ as
solutions to an elliptic equation, which immediately shows a way out. Namely, on
the “background the spatial coordinates 2’ are also harmonic with respect to the
d’Alembertian: V22 = 0. The d’Alembertian also transforms as a scalar, and we

Page 4 of 37
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obtain another set of configuration-dependent coordinates Y by using the same time
coordinate,
7O = X0 = (). 6)

and then imposing that the spatial Y@ are harmonic with respect to the perturbed
d’Alembertian,
VY =o. (10)

The explicit solution for these coordinates is given in subsection 2.2, and this time it
is possible to choose the solution such that the non-locality is causal, i.e.;the Y® at a
point z only depend on the metric and inflaton perturbation at poimts which lie in the
past light cone of .

2.1. An elliptic condition

To determine the explicit form of the X @, we first need to define.the perturbed spatial
Laplacian. For this, we define a time-like unit vector from thegradient of the (perturbed)

inflaton, o
= My (1)
V=9V N
which fulfils @,u* = —1, and the induced dnetric'on the hypersurfaces of constant )
:)/,uu = guu + ﬂuav 4 (12)

The perturbed spatial Laplacian is'the Laplacian of the constant-inflaton hypersurfaces,
which acting on scalar functions has the explicit form

Ayt =3V (70N, f) = 3V Vo f+ (V9 )@V, f (13)
On the background, we have ﬂl(f) = —a52, and it follows that
AVf=anf. (14)

The unique Green’s_functien: for A((;) with vanishing boundary conditions at spatial

infinity is é((bo) =(a®> A=!, and let us denote by Gy the Green’s function of A. We
calculate

%[(0) A(0 o % (0) X % (0) =(0) ~ ~,(0)
N b 8,8, = 59+ (B, - A))|[69 + (Go-6)]. ()
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Note that the second term on the right-hand side is at least of linear order in
perturbations. By repeatedly replacing G¢ by the right-hand side we obtain a
perturbative expansion for C~¥¢, which reads

o Sct- (.- a0 ™

n=0
The explicit solution of equation (8) for the X is then given by

o0 n
(i A X i ~(0 X % (0) i
X<>:(1—G¢-A¢)x:Z[—G;>-<A¢—A¢ )] z', (18)
n=0
Applying A¢, this clearly fulfils equation (8), and the solution is non-trivial because
@¢, - A\, is the identity only on functions which vanish at spatial infinity, which is not
the case for the z;. In particular, to first order we obtain

(i i (i 2 X (1) il 1n
X((O%(:c) =1, X((lﬁ(;z:) = —/G’g)o)(:c,y)Aqj (y)y*d"y . (19)

2.2. A hyperbolic condition

The construction of the Y@ proceeds absolutely analogous to the elliptic case,
only substituting the perturbated spatial/Laplaeian byrthe perturbed d’Alembertian.
However, now the background Green’s fumetion G%vof the background d’Alembertian
@%0) = V? = a?[0%? — (n — 2)Hady| is not, unique. Different choices of that Green’s
function correspond to different cheices of‘initial conditions, which in turn define
different coordinates Y®. In a récent, explieitscalculation in the usual flat-space in-
out formalism, the Feynman propagator was used to construct a certain field-dependent
coordinate system which greatly simplified’the graviton loop corrections to a gauge-
invariant quantity [58]. However; imigeneral curved spacetimes one is usually interested
in the (causal) evolution of the expectation value of observables, for which the retarded
Green’s function Ge; is needed,vand which corresponds to the initial conditions
y @ = 2 and 9,Y{V

n——o0
Y@ is then given by the analoge of equation (18), namely

= 0. The explicit solution of equation (10) for the

n——00

PR G 922 = Y [-GQ- (92— 92,))] ' (20)

n=0

Again, the solfition is non-trivial because the z° do not vanish in the infinite past, and
in particular ‘at’ first/order/we obtain

Vo @ =1, Y0 =~ [ Gy VW dy. (21)
2.3! Invariant observables

Using the field-dependent coordinates defined above, we can now construct invariant
observables. For simplicity, we restrict to the case of the X®): the corresponding

Page 6 of 37
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construction using the Y®) is again completely analogous. We first need to invert the
functional relation X (z) to obtain the background coordinates z* as functionals of
the field-dependent coordinates X . To first order, this is easy to do:

o= X0 — kX[ (@) + .. = X — kX (X) + ... (22)
where X((g is given in equation (19), and X(1) in equation (7). For a scalar field'S,
the corresponding invariant observable S is obtained by evaluating S at(the point’ z*,
holding the X® fixed. Naturally, S itself will have an expansion in terms of metric and
inflaton perturbations, given by S = Sy + xS +. .., and we have to“expand both and
collect terms of the same order. To first order, this results in

Soy =50, S =5Su—X{1)0.S0) (23)

where all quantities are now evaluated at X. Since the changeésof a scalar field under
infinitesimal diffeomorphisms parametrized by a vector fieldi&* is/ given by

0¢S =60, = 0¢S0) =0, S0 =620,50) (24)
and the configuration-dependent coordinates also"ttansform as scalars,
0cX(Y) = 0K () 8. (25)
we verify that S is indeed invariant to first order,
0 (Stoy PoS) ) =0+ ... (26)

We see that the change 2# — X is a field-dependent diffeomorphism, which has the
effect of compensating for the explicit gauge transformation of fields by including the
transformation of the metric and inflaton perturbations.

Note that the X are mow just Tabels (as the coordinates 2* had been before); in
particular, one should not zéplace the X by their definitions (6) or (8), which would
only give back the original sealar field S(z). In fact, once the explicit expressions (23)
for the invariant observable.are obtained, one can forget about their origin, and call X
again .

For higher-spin, fields, one has also to include the Jacobian arising from the
diffeomorphism. For example, a invariant vector field V* is obtained as

Y (1) 2P\ 1
vu%ﬂw%3>ww (27)

O0X (1)

wher€ the derivative is taken of the functional relation (22), and again the X are held
fixed. To first order, we calculate

_ (p)
Vip =V, Vi =V — X0,V + (8.X0)VG (28)
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and using that the change of a vector under infinitesimal diffeomorphisms reads
0V =EPO, VI = VPO LH = 5,5‘/(‘5) =0, 5,5‘/(‘1‘) = gpa,,v(g) — V(g)@pﬁ“, (29)

it is again straightforward to check that V* is indeed invariant to first order. The
generalisation to higher orders in perturbation theory is also straightforward but
somewhat lengthy, such that we refrain from writing the explicit expressions,downn.

3. Propagators using suitable gauge conditions

Since the observables constructed with the configuration-dependent cootdinates are
invariant under gauge transformations, we can compute their, correlation functions

in any convenient gauge. A suitable gauge is obviously one (whichmmakes the first-

order coordinate corrections X((f)) or }7((1‘;) vanish, as the amount of ferms one needs

to compute is decreased substantially. For X(© (and Y/(O)) this follows directly from the

expansion (7), namely we need to impose #M = 0. For the spatial coordinates, we need
to impose A((;) 2' = 0 in order to make X ((i)) (19) vanish; while the condition for f/((lz')) (21)

is V22! = 0. To obtain an explicit expression in terms.of the metric perturbation, we
expand these operators to first order in metric perturbations [using the definition (13)]:

a

- a 3
U(l) = §5gh00 — aauqb(l) s (30&)

N .. < 1
A;l)f = _q 2 lh”@ﬁjf £ %8Z¢(1)8if’ I & A¢(l)f/]
1 H (30b)
— a2 [akhki - §6ih§ + (n — 3)(;3@(1)] oif

ViyS = —a 0, f — aH o - SO+ (n - DHa 0,0 (30c)

Acting on the spatial coordinates; it follows that

- , 1 Ha
AV —q 2 {akh’% — 50+ (n— 3);8%(1)] , (31a)
A 1 .
V%l)xl = —a? {8,,h“’ — 58% + (n — 2)Hah01] : (31b)

To impose the vanishing of the right-hand sides even inside time-ordered products (and
thus the Feynmanpropagator in the free theory), we add a Lagrange multiplier (or
auxiliary field) term to the action:

Sar = = [ Bu[glgul?6V + 401Dy =gdz, (32)

where D'= A¢ for the X and D = V2 for the Y®.

Page 8 of 37
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4
5 To actually determine the propagator in these gauges, it is useful to decompose the
6 metric perturbations according to their transformation under rotations and translations
; of the spatial hypersurfaces. This decomposition reads [59]
9
10 hOO =5+ 2X6 + 2HCLX() s (33&)
1; hor = Vi, + X, + 0k X0, (33b)
13 hkl = Hkl + 5k12 + 28(le) — 2HCL6MX0 s (330)
14 /
15 oM = ——(Q+ ¥ —2HaX,), (33d)
16 2Ha
1; where S, 3 and @ are scalars, V}, is a transverse vector (9*V, = 0) and Hy, is a symmetric
19 transverse traceless tensor (8’“Hkl =0= (WHM). Under a gauge.transformation with
20 parameter &, the metric and inflaton perturbation change accordingto
21
;g 5§h,uzz = ugu + aué,u - 2Ha7hw§0 ) 5§¢(1) = _§0¢,7 (34)
;g and S, X, @, Vi, and Hy; are invariant, while the change of Xjuis given by 6:X,, = ..
26 The tensor Hy; is the proper graviton (with two polarisations_ in four dimensions), and
27 @ is the Mukhanov-Sasaki variable [60]. Using this'decemposition, the quadratic part
;g of the gravitational action is given by [59]
30
1

31 Sa =7 / [H¥Hy, + HY AHy — 2V ARJa2 a7
32
33 n—2 "2 / 2 22] n—2 yn
" +— [€(Q)" + €Q AQ +2T(AS % eHaQ)) — (n — 1 — e)H?a*T?|a"* d"x,
35 (35)
36
37 where
38 h 3
39 T:S+F&+E(Q+E). (36)
40
2; 3.1. A gauge for the ellipticscondition
22 Using the decomposition (33), the gauge-fixing term (32) for D = A¢ reads
45 o .
46 Sar = / — =By (Q Y. — 2HaX,) + Bi<AXZ + a%g) a" 2 d"x
47 2H 2 (37)
48 T i n—2 In
49 :/[Bi AXLA CoYy — BY|a" 2 ',
50
51 where we defined
52 ) ) .
53 B=0B;, Bl =11!B;, X =0X;, X'=1X;,
54

) | ~3 (38)
55 WE X, -2 y=ox+ 220, G=-Bud,
56 2Ha 2
;73 with the transverse projector

0,0,

59 Hi]’ = 5ij — ] (39)

60 AN
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The expression for the gravitational action can be further simplified by using

U
=AY + eHaQ)' =T — 4
U +eHa@Q)', Vv h1-oHa (40)

such that equation (35) reduces to

1 1 1
S =1 / HY Pyl d"a + / QPaQd"x — / VEPV, A"

L 2 ” —Cin—i)H? U? de — ”;2 (n—1— ) Ha"V2ds | 4
where we defined the symmetric differential operators
Py =a""? (82 —(n— 2)Ha80) , (42a)
Py = 7”‘52(1"26(82 —(n—2+ 25)Ha80) : (42b)
Py=a"2A. (42¢)

Next, let us assume that we know the propagators corrésponding to the differential
operators (42), which fulfil

Pujq GE/Q(x, ') =0"(z —a), (43)

and where the superscript F stands for “Feynman”. These can be written explicitly in
time-ordered form:

Giijq(r,2) = O(n — )Gy oz, 2" + 0@ —n)Gf (o’ ), (44)

where the superscript + denotes the Wightman function, and the corresponding retarded
propagators are

wo(,2) = Gl q(,7) — Glye(asr) = () — 0)[Gf o (2,2) = Gy (2, 2)] . (45)

Since Py and FPq are hyperbolic operators, they have unique retarded Green’s functions
with the proper support in thespast light cone.|| The situation is different for Py, which
is an elliptic operator. Infact,'since the only regular solution of Af = 0 (with vanishing
boundary conditions at'spatial infinity) is f = 0, there is no Wightman function for Py,
which would have te_satisfy the homogeneous equation Py GY;(z,2’) = 0. One can of
course invert #zand obtain a “Feynman propagator”, which reads

F N _ 2-—n —1¢cn AN 2—n / F(n;a)
Gy(z, 2y =a" " A7 0"z —a) = —a""(n — ') —=
A7z | — @/

(46)

n—3"
wheré'the second equality is valid for n > 4. The corresponding “retarded propagator”,
defined in analogy to the hyperbolic case (45), is equal to the “Feynman propagator”

|| Since the field operators commute for spacelike separations, we have GE /Q(x’ ,x) = G; /Q(Q:,x’ ) in
this case’and the term in brackets vanishes outside the light cone.

Page 10 of 37
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since the Wightman function vanishes. It is clear from the explicit expression (46) that
it does not have the proper support, since it does not vanish when x and 2’ are spacelike
separated. We will see at the end of this section that the problem persists for| the
correlation functions of the metric and inflaton perturbation and the auxiliary fieldyB3,,.

Since the gravitational action (41) is diagonal in field space, we can easily invert it
to obtain the time-ordered correlation functions

T Hy(x) (') = <2H WLy, — — QH”HM>GH($ 7)), (472)
—(TVi(2)Vj(a')) = =T a* " A7 15”( —a'), (47b)
—i(TQ(2)Q(2")) = G ( '), (47¢)
—(TU(x)U(z")) = — (n—1—e)H?*a* "6 ("~ ")} (47d)

—(TV(2)V (@) = —— i 2(n—1 —16)H2an

with all other correlators between these variables vanishingy and! where the projectors

0" (x —2a'y, (47e)

ensure transversality (for Hy and Vj) and tracelessngssn(for Hy;). The corresponding
Wightman functions are given by the same expressiouns, replacing G¥ — G* and 6 — 0,
and the retarded correlation functions by replacing G¥u— G*™ (and leaving the "
untouched). Since the Wightman and retarded cgrrelation functions are always obtained
in this way, in the following we will only,give the expressions for the time-ordered
correlation functions. Finding the propagators,.for the other variables is a bit more
tricky since the gauge-fixing action (37) is not diagonal. To calculate the inverse, we
use the following trick: Assume an“action ofithe form [ APB d"z, where A and B are
fields and P a symmetric differential operator with propagator G¥. We add the action
a/2 [ BPBd"x and shift the fields to obtain

/ APBd"s + 5 / BPBaiy ~ —21(1 / APAd"z + / BPBd"x (48)

with B = B + éA. This cansnow berinverted to get
—i{FTA(2)A(2)) = —aG" (x,2)), (49a)
Si(TA(x)B(2')) = —i(TB(z)A(z')) =0, (49b)
WTB@)B@)) - ;GF(:U, v), (49¢)

and undoing the,shift we obtain

ST A(2)A(r))) = —aGF (2, 2'), (50a)
—i(TA(x)B(2))) = —i(TB(2)A(2)) = G"(x,2'), (50b)
—i(TB(z)B(z")) = 0. (50c)

The original propagators are now obtained in the limit @ — 0, and we see that only the
cross terni between A and B is non-vanishing. It follows that

~i(TB} ()X} (2/)) = =T X} (2) B} (z/)) = a®> " A" (2w — 2) , (51a)
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—{TCo(2)Yo(2")) = —i{TYo(2)Co(2)) = —a* 6" (x — 2'), (51b)
—{TB(z)Y(2)) = —{(TY (2)B(2)) = —a®> 6" (x — 2'), (51le)

and all other correlators vanishing.

To obtain the correlation functions of the metric and inflaton perturbation and the
auxiliary field, we have to express them in terms of the variables (38) jusing also the
decomposition (33)], which results in

U Q'

hoo:v+(n—1—e)H2a2+H + 25 +2Ha¥y,

B , O (U+AQ n—3+¢€ , ,
hOka+X,'f+A<a2;{a -y @Y +AYO>, )
hkl Hkl+28le) 2%(%—3)@—25@ —5kl(Q+2Ha}/0),
oW =—¢'Y,,  By= —;;0,, Bz:BZ.TJriB.

Using the above correlation functions (47) and (51), we finally obtain
—i(ToW ()M (2)) = =T (@)hyu (') =0, (53a)
: / _ 1 F /
_1<Th00 (ZE)hOQ(ZL’ )> = (Ha) (77) (Ha)(’l]’) &78,7/GQ(30, X ) A (53b)
: AN 1 n_3+6(77/)877’ 1 F /
—i{T hoo(z)hor(z")) = (Ha)(man[ ) R Q(HCL)(U/)] hGq(w,2) 30
a2—n ak »
— WZ(S (x =2y,
—1{T hoo(x) b (2)) = — iy (H 1)( )8 GF olz,z oF (53d)
. -3+ e(n 1
_1<7-h01( )hOk 8 8k l Q(Ha) (77)‘|
n—3-+ 6(77 ) Oy 1 ,
I ~ | e o
—3+€00 ien ,
—a2_n[6ik_2(n—+2)€ Ak] AN (x — 1),
, ) -3+ 0 1 ~ ,
— (T ho;i (z) hg ()= l:n 5 (n) Zn — 3(Ha) (77)1 011y Gg(x, x'), (53f)

~

2 N
2HZ]H]€Z>G (@, 2") + 11l Go (e, ') (53g)

(T hiy (B () = (2Tl -

with the second projector
0;0;

(54)
and

~i(TBo(x)¢V (2/)) = —a' 0" — o), (55a)
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1-n

(T Bo(2)hoo(2”)) = —2“¢,<a,7 _ Ha)o"(z — ), (55b)

(T Bo(a)ho () = =2 (b_,n 8" — ), (5%%)

—1<TB0(:L‘)hkl(ZL‘ )> = —(5kl2H;/2_n 5”(1’ - ZE,) s (55d)
~(TBi(x)e!" (")) = 0. (55)

—i(T Bi(z)hgo(z")) =0, (55f)

—i(T Bi(2)hox(2)) = —6.a> "9, A™'6" (v — o), (55g)

—i(T Bi(z)hy(2")) = —2a2’”M5”(:c —'). (55h)

A

If we now form the corresponding retarded Green’s functions by subtracting the
Wightman function from the Feynman propagator, we obtain results without the proper
support (in the past light cone), as explained before. Thisiean be seen very clearly for
the auxiliary field, where we have for example

—i(Bi(m)hOk(x'))ret = —5i;€a2_"87, A_ldn(x —1'), (56)

since the Wightman function in this case yanishes; andithis expression does not vanish
for spacelike separated = and 2/, as follows from the explicit form of A™16"(z — z’) (46).
One might think that since the auxiliary field only enforces the gauge condition (32),
this does not represent a problem in.the quantum theory, but the problem also appears
for the correlator of the metric perturbations. Let us define

Di(x,2') = /x? [8,]87,/Gg(x,x') —a® """ (z — x')] , (57a)
F N o— A F no_ 227 o
Dg(x,2') = A {ﬁnan/GQ(x, x') (= 2)65 (x —2")|, (57b)

and the corresponding retarded Green’s functions by replacing G¥ by G™. It is shown
in Appendix B that those have the proper support (in the past light cone for the retarded
Green’s functions), since the Dirac ¢ is cancelled when the time derivatives act on the
time-ordering © funetions. Replacing second mixed time derivatives by the above, we
obtain for example

] ro 1 n—3+¢€(n e 1 e ,
o= s | " D ADG 0,1 g 00,62
n—3a""0 ., ,
t e At ) (58)

While the two terms in the first line have the proper support (and no extra terms
involving a Dirac 0 are generated from a single time derivative, as is also shown
in Appendix B), there is a A™16"(z — 2’) remaining, which does not vanish for spacelike
separated z and x’ (46).
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3.2. A gauge for the hyperbolic condition

In this case, it is not possible to find variables to decouple the gauge-fixing and,the
gravitational action, and we have to work with the sum S = Sq + Sgr from the outset:
Using the decomposition (33), the sum of gravitational action (35) and gauge-fixing
term (32) for D = V? reads

1 / ) .
S = —Q/BOZ(Q + X —2HaXy)a" 2 d"x +/Bi[— VY —(n—2)HaV"

n—3
2

1 L
-4 / H Py 0" — / WiPW, "z + / ByYoda" ' d"x

1 o Py — Py Py Y;
Lty xi) A ar
*3 / (v* x1) ( Py —Py— PV> <X;f> v

O+ S0'S + (02— (n - Q)Haao)xﬂ "% "z +.56

n—2 an? n—2
vrate - "= [(n - 1RV ar
+ 1= )i x (n e)Ha x
1 Py S A
w5 [@CY) [ Pa— (5Pn) — P + Byt b Pa —Pu | | €| d'a,
0 ~ Py 0 Y
(59)
where we defined
B=0'B;, B =1IB;, X =9'X;, X =1X;,
b
W;=Vi—A'BY, Y; = AT'BY Pt YE)EXO—Q_'_
2Ha
1 60
YEX—%Q, UEAZ—FEHCLQ/—72[34—(71—1—6)]‘[&&_13/}, (60)
n_
A—IB/
V=T- u — C=A"'B,

(n—1—¢€)H?a?> (n—2)Ha’
and a star denotes the adjoint-eperator, that is (since Py is symmetric)
€ * €
—P =Pul=f]). 61
(5P0) £ =Pu(57) (61)

It is straightforward toscheck that

Pa—Pa B GE+GE  GE o (1 0N,
( I —PH—PV>< ¢t —chaap)t) =g g) e ()

wheresGY igithie solution to

Pu G (z,2") = Py Giy(z,2') . (63)

Page 14 of 37
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One also checks that

100 Pq —-Py — Py 0
0 1 0|6"(x—a')= | L3P0~ (§Pu) —5o= 2)PH + Py + 2z Po —Pa
0 01 0 —Py 0
') F 1 ~F (64)
0 -G (m2)) ,
b+ —GF —G A GE + 6“7 DGE -GS
and we obtain the correlation functions
/ 2 /
_1<THZ']'(ZL')H]€Z<1’ )> = <2Hz(kHl)] - _2HZ]Hkl>GEI(xa T ) y (65&)
—{TWi(x)W;(2)) = —a* " A™10" (x — 2, (65b)
—(TYi(2)Y;(a')) = I A7 (Gly(, 2) + GE (x,2')), (65¢)
—i(TYi(x) X[ (') = T; A7'GY (2, 27), (65d)
—i(TX (2)X] (2')) = Ty A7 (=Gli(,2) + G (w, f) ) (65¢)
2
—(TU(x)U(2")) = — (n—1—e)H*a*"6"(x —ah), (65f)
: / _ 2 1 n R
1-n
/ a n /
—UTYo(@)Bo(x)) = —7=0"( — o), (65h)
—TQ(2)Q(x)) = Gg(z,2') (651)
: / € ' / / :
STQUY (@) = ~ W )GE(w.a%) + S ). (650
—(TC(x)Y () = —Giy(z 2", (65k)
. "y 1= 6(77) 6(77/) F / 6(77)6(77/) F / F /
(651)
with all other correlators.not related by the exchange of x and z’ vanishing.
Reversing the definitions (60) [using the decomposition (33)], we obtain
U Q' (o
= —— 4+ ————— +2Y] + 2HaY,
froo V—i_(n—l—e)[172a2+1!'-1'CL+(n—2)1'1fa+ 0 T2k,
B ; Ol U 1—e€ , C+(n—2)Q
hOk—Wk‘FY;g‘i_A 2H +€(SHCLQ+2< 2)C+Y]+8leo+ 2(71—2)HCL
(/%0
hkl Hkl + 28(le) + A (2Y + EQ) 5kl(Q + 2HCLYE)) s
oW =-Yo', Bo=DBy, Bi=A4Y,-AX[+9C, (66)

and a‘leng but straightforward calculation using the correlation functions (65) gives
the correlators of the metric and inflaton perturbation and the auxiliary field. We can
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simplify the resulting expressions by using equation (57) to replace 9,0, Gy /q by Dy Q
when it is necessary to cancel Dirac ¢’s, and using also

Di(z,2") = afn/ Gh(x,2). (67)
This leads to
—i(ToV(@)¢V (@) = =i(To (@)hy (2)) = 0, (68a)
. N\ __ 1 , F T $,
_1<Th00($)h00($ )> = (Ha) (n)(H(I)( /) 8,7077 GQ( 5 ) s (68b)
—i T $/ ( ) F T l’/ o 1 F T :L'/
(Thoe o5 = 57756528 ~ sy pirarga WeSa):
(68¢)
(T huo(w)bu@)) =~ 77 al) G ), (68d)
—i(Thoi()hor(a)) = T [ Dfy(z,2") + D} (x,2)] 2 2’“ l;.__g)pg(x, ')
F , eHa)(n)op+ (efHa)(n' )0y — A & ,
+ Ds (z,2") + ( )(n()Ha—)'—(()( )57(7)) Go(r,2)
_ 6(77)5(77/) Dg(l’,l’/)] ’
(68e)
(T hoi(z)hi(z')) = o0 fl 8,G5 (z, z')
0; 1 B ' e(n) A F /
B 5MZ I:HaﬂGH(xvx) - [ 9 a77 - 2(Ha)(n)]GQ(x’x )‘| )
(68f)
—1<7'h2] (x)hkl (I/)> (25 kél)] 5235kl>GH(‘r T ) + (SzJ(SkZGQ(I T )
52(2 k@l) v ) (68g)
= 4TG2 (x,z")
and
=i T Bofx)o) (2/)) = —a' 0" — o), (69a)
(T Bo(@)hoo(2)) = —;aln@n ~ Ha)o"(z — ), (69b)
T By(x)how(2)) = 2 d)_,n 06" (z — ') (69¢)
T Bl b)) = 260 1w =), (69d)
~i(TBi(z)p"(a')) =0, (69¢)
(T Bi(z)hoo(z')) =0, (69f)
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—i(T Bi(x)hok (")) = 0i 0y Gy (, 2') , (69g)

This time, there are no terms proportional to A™!1¢"(z — ') remaining, and. the
only potentially problematic non-local operators are projection operators, or operators
of the form 9;0, A~*. It is shown in Appendix B that these do not enlarge the support
of retarded propagators, and also Dy can be shown to have the proper support (againy
see Appendix B). Therefore, the corresponding retarded Green’s functions have the
proper support for the hyperbolic gauge condition.

4. Propagators for constant ¢

For constant slow-roll parameter €, we can integrate the definingrelations (3) to find
explicit forms of the Hubble parameter and the scale factor/This results in

1

6=0, H=Ha"*,  a=[-(1-¢cHyy ™, (70)

and for € — 0 we recover de Sitter space. A matter-dominated universe has €. =
(n —1)/2, while radiation domination is €,,q = n/2. Thedifferential operator Pq (42) is
just a constant multiple of Py:

n—2
2

PQ = EPH. (71)

Therefore, the corresponding propagators.are simply a constant multiple of each other:

2
F F
Go(z,2') = mGH(%l’/)‘ (72)
Furthermore we calculate
Pu(nd, + 5.0y =2p) = (00, + 1’0y + 1) Py — 2Py, (73)
where the parameter p is défined by
n—1=¢ n—1 1
== mat — ) rad — — 5 74

and it follows that [using'that Py GE(z,2') = 0"(x — ') (43)]
Pu(ndy + 110y — 21)Gylw,2') = =2Py Gy(x, @) + (00, + 1/ 0y +1)0" (v —a’) . (75)

Since
0 0yo(n—1n')=—=0ymo(n—1n)]=—-0(n—1")—n00n—-"7), (76)

thellast term in equation (75) vanishes, and comparing with equation (63) we infer that

/ ]' / /
G (r,2") = —5(7]8,7 + 10y — 2u)Gyy(z,2) . (77)
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To determine Gfj(z, ), we write the equation Py Gij(z,2') = 6"(x — 1) (43) in the
form

e =0"(x —2a). (78)

The propagator of a scalar of mass m in pure de Sitter space fulfils

9+ (n —2)nHZ — 4m? 1
4Hgn? Hgnnf

and we thus have

2 DO [atapata) 7 )

7L

GF n (e, ')] = 5"(x — &), (79)

G, x) = [Hima(at)] * G, ') = [a(maln)]

with

measa’) - (80)

2(n—1) —ne ,
4(1—e)2 22

We note that depending on the value of €, this may not_be positive, and we will see that

M? = —(n—2)e (81)

M? < 0 leads to infrared (IR) divergences in the natural Bumch-Davies vacuum state.
In spatial Fourier space, the de Sitter Wightman function in this state is given by
(see, e.g., [61])

GBS0, p) = —iHy~ 24(7777) HOE |pln) HO (—|ply') (82)

where the parameter v is related tosthe massiaccording to

[ (m=1)2 m?
v= \J . 0 (83)
It follows from equations (80) and (70)sthat
~ i (n=2)c 71L 6271'
Gt p) = == ) "= Hy™ =) BiD (= [plm) B (= [pl') . (84)

where the parameter| gnis given by (74). For the function Dfj (57), we obtain using
Hankel function identities [62]

) (97]/ ~ (n—2)e

277

Dfi(n,f,p) = —5G (o, p) = i(1 — ) = Hy 2 )" B (= [pln) B2 (—|pln')
(85)
To obtain explicit expressions in position space, we recall the integral [61]
b ne _odvlp
on— 2 + / J/H(l) . H(2) . N . ipr
() 2 o (=Ipln) By (=[pln')e 2t
n— n— 86
F<Tl+V)F(T1—V> n—1 n—1 n l+272 , (86)
= 2F'y 5 + v, 7 —V§§;T—105gn(77_77)
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with ) o
/r' J— J—
z=1-T =17 (87)
2my

which is valid whenever the integrand does not diverge too strongly for small |p|; in the
case above, this means |Rev| < (n — 1)/2. In single-field inflation, we have € > 0 (2);
and it is easy to see that Rep > (n — 1)/2 (74) for all 0 < e < l.gTherefore, we
can not use this integral for the Wightman function; one possibility is to cutyit off for
some small |p| [63, 64]. This is of course the well-known IR problem for massless fields in
cosmological spacetimes [65, 66|, and appears also for the Feynman propagator Gt (44).
However, we are mostly interested in the retarded Green’s function /G5 (45), which is
independent of the quantum state, and where these state-dependent IR/ divergences
cancel. Namely, in spatial Fourier space we have

Gii'(n, 1, p) = ©(n — 1) |G (n, ', p) — G (0, )|
. , (n=2e 2=27
= =10 — 1) (1 —e) = Hy™ ()" (88)

x [HY (= |p|n) HP (= |pln) — HO(Sfpln) HY (—~[pln)] ,

which is regular as [p| — 0. We can therefore use.the integral (86) to obtain

nea I’ %_1 I ”T_l —
Gy'(z,2") = —10(n —n)[H(m)H()] = ( N “) ( M)

(4m)%1(3)
n—1 =1 n'1+2 .
Xl2F1[ 5 A 5 —,u;2;2—1()sgn(7]—77')]
n—1 n—1 n 1+zZ . ,
_2F1|: 9 +1u’ 9 _”a2a2+losgn(n_n):|‘|7

(89)

the discontinuity of the hypergeometric function across its branch cut. An explicit
expression for the discontinuity is calculated in Appendix C, and the final result (C.19)

strongly depends onythie spacetime dimension n. For n = 4, we obtain after some
simplifications
H(n)H(n/
Gﬁt(x, .T/) — _@(n o 7]/) (77) (77 )
4
2—¢€ 3 — 2 € 1-Z
———0(Z -1 F( ,— 125 > 0z —1
“Jan ZepP TV T T ) ol )1
(90)

which_is“of the general Hadamard form [67-70]. For D, we obtain by the same



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - CQG-104498.R1

Propagators for gauge-invariant observables in cosmology 20

procedure

. a D(23 4 )T ( 2L —
Dif*(z,2") = =i©(n — 1) [H(n)H ()] 5 (47r)22T<(n2 )
2
n—3 n+1 n1+27
F R P L I (91)
XlQ 1[ 9 + 1, 5 /L,2, 5 —|—1O]
n—3 n+1 n 1+2
— oF ) Yy
2 1|: 2 ) 2 /1’727 2 10:|:|
in the general case, and
re H??Hn,
Dift(x,2") = ©(n — 1) (4)17?( )
92)
€ 2—e1-2 Ad-2 (
X 2(1_€>2@( )2 1(1 R >+ ( )]

for n = 4.
In the matter-dominated case where € = 3/2 (for n =4); this simplifies further to

i (. ') = ~0(n — ) VI o) Faz - 1)), (934)
Dit (e, 2') = 00y — 1) DT Wge (7 Sl (2~ 1) 1oz 1) (o3m)

and in the radiation-dominated caseswith ¢ =2, we obtain

Gt (') = —0(n — ) QT 57 1) (94)

H(n)H(n')

fot(x7x/) = 9(77_77/) A

O(Z -1)+6(Z —1)]. (94b)

4.1. The elliptic condition

Expressing the propagator§ G/ (72) and G5 (77) in terms of Gf, the correlation

functions (53) simplify.pFrom_equation (70) it follows that Ha = —[(1 — €)n]~!, and
we obtain
—i(ToM (@) (#)) = ~(ToM (2)hy(2)) =0, (95a)
2(1 — ¢)?
_i<Th00<$)h00(x/)> = ﬁnﬂlanan’(;g(% .’L'/) ) (95b)
1-— Oy
—i(Thoo(z) hor(2)) = —(71_26)677&7 [(n -3+ e)z" + (1 — )1 | WGy (2, 2")
. (95¢)
a (n—2)HaZ6 (z =),
: ’ 2(1 — 6) T F /
—i(T hoo(z)hi(2')) = (n = 2)€Hkl N0, Gy (z, "), (95d)
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— (T hoi(z)hor(2)) = — ! 68’0’“ l(n -3+ e)% +(1— e)n}

2(n —2) A

oNOYTULT D WN =

A
1(1) e 5ik_n—3+eaiak
2(n—2) A

X [(n —3+ e)% +(1— 6)77’] G (z, 1) (95€)

]Alﬁm—f%

13 1

14 —1<7—h01(27)hkl(27/)> = )6 [(TL -3 + 6)27 —+ (1 — 6)77‘| &ﬁkl Gg(l’, m') 5 (95f)

(n—2

. 2
—1<Thij(l’)hkl(l’/)> = <2H2(knl)] - 71_[1']'1—1}9[ +

n—_9 EHinkl> GE((L’, xl) ) (95g)

2
(n—2)
where the projection operators II;; and ﬁij are defined in equations (39) and (54),
21 respectively. As we have seen previously, the inherent non-locality in this gauge is non-
22 causal, namely the would-be “retarded” Green’s function déesinot vanish for spacelike
separated points. Therefore, this gauge condition is not verysuseful from a physical point
25 of view, but for completeness we wanted to give the explicit form(95) of the correlation
26 functions.

29 4.2. The hyperbolic condition

31 Again, expressing the propagators Gg, (72) and G5 (¥7)/in terms of G, and also D (57)
32 and DY (67) by D}, the correlation functions (68) simplify. For DY, the replacement is
not trivial, but using the equation satisfied by G (43) we calculate

1
36 Df(z,2") = —5(77877 + 10y — 21+ 2)Dy(z,2') (96a)
38 (n0y + 1'0,)Gilmya!) = (00, + 100,y — 4p + 2) Diy(w, 7). (96b)
40 Using also the definition of p (74), we @btain

42 —i(ToW ()M (a')) = AT 6@ h,(2')) =0, (97a)
“ T ool oo Y g0, 0 Gl ), (97b)

: Tl =)

?é{j;in04§§@gxﬁ, (97d)

1

1—c¢

O | D (x, 2) + n'@nGg(x,x/) , (97¢)

€

50 —i(T oo (@) (")) =, O

. ! 1 / /
: AT IE) = (04 2= 50 0, /0y~ 20 Do)
o (1—¢)? F
55 — = o0; !

. / / / / 1 —e /
58 <i(Thoi (v)hia (') = 6ix ) [UGE(% a') + 1 Dy(z,x )} + 5kzm773z@g(% '),

60 (971)

(97e)
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i 2(1 —e€
ST ua) = (280 + o6 G o)
(n—2)e (97e)

905) (1
A

In contrast to the elliptic condition, here there are no inverse Laplacians left acting

+2(nd, + 10y — 21) Ghi(z,2)

on Dirac ¢ distributions, and as explained in Appendix B the proje¢tion operators
9;0; A~ do not increase the support of retarded Green’s functions. Therefore, as
anticipated the non-locality in this gauge is causal, and no suspicious “action-at-a-
distance” results.

5. Propagators for slow-roll inflation

In the slow-roll approximation, we assume that ¢ < 1 and |§F< 1, and only keep
terms linear in the small parameters € and 0 (see, e.g., Refs./[49; 71])«#From the defining
relations (3) we see that ¢ = O(ed), and can thus neglect yexcept when it is multiplied
by an inverse power of a small parameter. We assume that the same is true for ¢’. Within
this approximation, integrating the relations (3) we gbtain

€ = €pa®, H = Hya™ ¢, a=[—(T= e)Hon]_ﬁ , (98)
where €y and Hj are constant, and in particular'we have
1
Hao=—+——— (99)
(1 —em

as in the constant € case. In fact, since most relations are identical to the constant e case,
we can restrict ourselves to the end results, only pointing out the essential differences.
This approximation is only valid for some limited range of conformal times 7; expanding
the expression (98) for € in powersiof J, we obtain

€ =eo[L+20Ina + 2% In”a+ O(6%)]. (100)

In order to neglect the thifd andiall higher-order terms, we must have |§Ina| < 1, and
similarly from the expansion of the expression for H we obtain the condition |elna| < 1.
That is, the approximatioen is valid for as long as the logarithm of the scale factor changes
much less than N =dyfanax(|d|, €). In particular, the two times n and 1’ appearing in the
propagator that we give in the rest of this section must not be more than N e-foldings
apart for the given expressions to be valid. If this condition is satisfied, we can in fact
assume € and’d to be constant, see for example Ref. [71].9

The first propagator G (z, 2') is related to the de Sitter propagator of mass M in
the same'way as before (80), but the mass (81) is now expanded to first order in e:

n—1)(n—2)
2

q If one is ot interested in the coordinate-space expressions, but only in the results in Fourier space,

M? = ! eH; . (101)

the approximation can be improved by taking ¢ and d constant but different for each mode, namely at
horizoncrossing where Ha = |pl; see, e.g., Ref. [71]. The condition |{d, €} Ina| < 1 is then unnecessary.
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It follows that the Wightman function is given (in Fourier space) by

n—2

G0, p) = =i HH @)™ (m)*= B (~[pl) HY (lpl),  (262)

where the parameter p is
n—1 n-—2
= 103
pE o T e (103)

which coincides with the linearisation of the constant € case (74). Using Hankel function

identities [62], we also obtain

m n—2 n—1
2

Dii(n.n',p) =i [HmHM)] = (n)

1 2
i . (= [pl) B2 (£1pln') (104)

for the function Dy (57), which is the linearisation of (85).
In the slow-roll approximation, equation (43) for the secondfpropagator Gg(x, x')
can be cast in the form

92 n(n—2)+2(n—1)(n—2)e+4(n < 1)o
[ dp?

< |lalma() "= felneln)Gh(Ea] =5z~ ).

Comparing with equation (79) fulfilled by the de,Sitterypropagator we conclude that

(105)

1

Gh(w, ') = [emel)] * [la=e(1 — ) IaEL > )] T GEd(w,a),  (106)

where the mass M is now given by

—2
M2:—(n—1)< e+5)H§, (107)
and it follows that
- . m[[H(1 —e€ H(1l — e)|(n/ T n=1 /
Gl p) = —i7 L GO TN (5t 0 ) 1 (- ol
e(n)e(n’)
(108)
where the parameter v reads
—1 —2
v="" ety (109)

Using Hankel function identities [62], we also calculate

n—2

D& (n.,p) = i% A~ 6)](772([52(17;) ()] =

n—1
2

H,2, (= |pln) B2, (~[pl)

(110)
for ‘the function D(S (57), and in the limit 6 — 0 where v — pu, we recover the

(nm')

small ‘€ approximation to the result (85) of the constant e case, taking into account
therelation (72) between G and Gy in that case together with the definition (57).
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For the retarded Green’s functions, it follows in the same way as for the constant
€ case that

[H(1— &)(m)[H(1 — ()] "T T(*5* +v)0 (%5 —v)

Gq'(x,2") =10(n — 1)

e(m)e(r) (4m) 3T (3)
n—1 n—1 n 1l+2 . (111)
F _ - o
X[Q 1[ 5 + v, 5 V,2, 5 —|—10]
n—1 n—1 n 1+27
2 1[ y VTR TR 10H
and
n—=2 n—3 n+1
. MHA = Q) mHA - o)) T (&40 (252 - v)
Q , 4 EFE
e(n)e(n) (4z) T (2
y F{n—3+ n-4+1 n1+Z+,O]
V,———— —V;—; ———— 1
201 2 ) 2 a2a 2
n—3 n+1 nol4 7
241 2 V7 2 V727 2 10:” (112)

In n = 4 dimensions, we can again use the/resulty(C.19):to obtain

[H (1 — €)](n)[H {1 =e)(n)
Amy/e(n)e(n’) (113)

x {@(z— 1){1+(e+5)111222 +(e+5)ln(1+2)} 467 - 1)]

Gl (z,2") = —©(n — 1)

and

D (,2') = Oy — 1) [H (1= e)JmiH (1 — €)](n') [(€+5)@(Z—1) L 87— 1)] |

A €(1)e (1) 1+2
(114)
working to first order in thesslow-roll parameters € and 6 and using that
JFi1(3F ay—a;2z) =1+« [2(3;6_1) +In(1 — x)] + (’)(aQ) , (115)

which can be_easily ‘derived from the known series expansion of the hypergeometric
function [62]! Again, they are of the general Hadamard form [67-70].

The otherretarded Green’s function Gi§*(z, 2') is given by the same expression (89)
as in the/constant € case, with the parameter p given by (103), and since the relation (73)
is still valid todirst order in slow-roll, we also have

/ 1 /

and'the’same for the Wightman function.
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5.1. The elliptic condition

Similar to the constant e case, the would-be “retarded” Green’s function doesynot
vanish for spacelike separated points, and the non-locality in this gauge is non-causal:
Furthermore, the expressions (53) do not simplify substantially by using the relation (99)
and expanding to first order in the slow-roll parameters, and we thus refrain from writing
the resulting correlators explicitly.

5.2. The hyperbolic condition

To simplify the expressions (68), we use the relation (99), the relation (116) to express
GY in terms of GY;, and the relations (96) which are still valid to firstorder/in slow-roll.
This results in

—i(ToM (2)pM (2)) = =T (2)hyu(a)) = 0, (117a)
(T hoo(z)hoo(z')) = (1 — 2€)11 8,0, G (w, 2') (117b)
~i(Thoo Yo (') = — Sn0k Dy, ') ;(1 20,0, () (117¢)
(T hoo(@)hia (') = du(1 — nd,GE (x, 2') (117d)
T oo (0) = =50 000 -+ 1% — 20 D) — 57— O D, )

B afk /8y + Ny Z 05 & e,y
(117¢)

. / 5% 0 / /
~i(Thoi(@)hia(2')) = =00, (n0y + Wy — 21) Gy (w, )

/N
81‘ 1 F / 1 F /
_ 5MZ {manGH(x, x') — 5[68,7 + (1= e)nAlGo(z,2)],
(117f)

. / 2 / /
(T hiy (@) () = (25i(k5l)j - Maijakl>c;g(x, v') + 0,500 GE (x, 1)

117g)
61(5 a / ! ( g
TR 3, 4 1/0y — o) G, )

+ 2

As before, the corresponding retarded Green’s functions have a proper support in

the past light cone. Mezreover, one can check that the above expressions agree with the
small-e expansion of\the previous result (97) for constant e.

6. Discussion

We have shown how to construct gauge-invariant observables by defining an invariant
coordinate system to all orders in perturbation theory around cosmological background
spacetimes, given by equations (9) and (20). As with other proposals, these observables
are mon‘local beyond linear order. However, an improvement with respect to a similar
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proposal by Brunetti et al. [40] [given by equations (6) and (18)] is that the non-locality
is causal, i.e., the observables at a point x only depend on the metric and inflaton
perturbations in the past light cone of x. Therefore, our observables do not suffer
from any unphysical “action-at-a-distance”, and one can apply the rigorous algebraic
approach to quantum field theory in curved spacetime [29, 50-57].

Unfortunately, the perturbative expansion of these observables quickly "becomes
unwieldy. Nevertheless, since the observables are explicitly gauge-invarianthone can
of course calculate their correlation functions in a suitable gauge, which in this case
should be adapted to the invariant coordinate system. Namely, the gauge is .ehosen such
that the first-order coordinate corrections (7) and (21) vanish, which greatly simplifies
the perturbative expansion. We have determined the propagators for the metric and
inflaton perturbations in this gauge (and also for the proposal by Brunetti et al.),
which are given by equations (68) and (69) [and by (53) and (55) for|the Brunetti et
al. proposal] for a general cosmological spacetime. These propagator§ depend on three
scalar propagators, whose explicit form depends on the conerete background spacetime.
We have also determined these scalar propagators in_the twolcases most relevant for
early universe cosmology:

e Constant slow-roll parameter €, which covers matter-and radiation-dominated eras.
The resulting metric and inflaton propagatots are (97) for our observables, and (95)
for the Brunetti et al. proposal.

e Slow-roll inflation, where the metric and iflaton propagators are given by (117).

With the explicit propagators at hand; caleulations of invariant quantum corrections
to cosmological observables is now straightforward. One important observable is the local
expansion rate, which can be obtained as the’ divergence of the normalised gradient of
the inflaton [42] and on the baekground reduces to the Hubble parameter,

I
H= Vi u, = Vo (118)

NEVI

Perturbing the metric and'inflaten according to equation (5), we obtain

n =l

S
VHi,

n—1

H —

= H+rHY 4+ 52H® | (119)
where the first-order @orrection H™) reads (in accordance with [47, 48])

AN H 1
oL B9 . (9uhk — 20" hor.) - (120)

= Dag T 2" 3

The corresponding invariant observable H = H 4+ #HM + k?*H® 4 ... is constructed

according to (23), and to first order we obtain [using the expansion of the invariant

coordinates (7)]

eH?a
¢/

MO = O~ XWa,1 = ) g0 (121)
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This observable measures the local expansion rate as seen by observers co-moving with
the coordinate system X () in particular [since X© = 5(¢) (6)] co-moving with the
inflaton. As we have seen, the coordinate system X involves non-causal non-localities,
and one should thus use the coordinate system Y ) instead, but since Y = X(© (9]
the difference only shows up at second and higher order. Since H is invariant, one can
use any gauge to calculate its expectation value. However, in the gauge that weshave
determined in this work where the propagator is given by (68), the first-order e¢oordinate

corrections 17((1*)6) vanish, and we have

(1) _ g 2) 0@ vwa o e 2L FE ) 2
H —HY A =HY —Y)9,H =H® — & ) M)

our gauge our gauge

(122)
Moreover, since the gauge condition enforces ¢(!) = 0, the last. termitvanishes and we
have even H(2), gauge = H (2). This obviously simplifies the caleulations,compared to the
general result for the second-order correction

@ _ @ _ vy g _ [yw _ g0y 7w Lo w)
HE = 0O V0, HY — [V — VD070 | oYY 0,00 . (123)
A one-loop calculation of the expectation value of a'similar quantity in a de Sitter
background has been completed recently [48], and wethope to be able to report on the
result for the invariant expansion rate H{soon.
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Appendix A. Metric.expansions

Writing a genefal metric g, as background g,, plus perturbation h,,, we obtain to first

ma
order in the perturbation

g;w =9 + /{hm/ , (Ala)
P g — kb 1 O(r?), (A.1b)

V=g = \/—_g<1 + ;:‘ih) + O(Ii2) : (A.1c)
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re =Tr9 + ;m(vghg + Vb = Vohg, ) + O(r?), (A.1d)
Rapys = Rapas + ;H(vawhaw = VsVighaly + VaVishys = VsVishyia) T,
- ; (Raﬂuhh&] + Rwéu[ah ) + O( )

Reag = Rag + KV Viahg)ys — inv%aﬁ - 5wavﬁh +0(r?), (Auif)
R =R~ kh* Rop + £V Vhas — iV + O(r?) . (A 1g)

Higher orders can then be obtained by repeating the expansion, i.e.,

Pl =Pl |20 evaate

=9 (A.2)

[ orla ) o
5 W om0 s A ().

and the second functional derivative is calculated by setting g =@ after performing the
first one, etc.

Appendix B. Some formulze for propagators and their support

ret

We determine some identities for the retarded Greew’s functions Gfiyjq » (45). The first
two fulfil the differential equation

Pujq G‘ff}Q(:z:, )= 0"(r —2'), (B.1)

where the differential operators Py /q are definéd in equation (42), while G%* is a solution
of (63)

PuyGYw, 2)) = Py G (z,2'), (B.2)
given by
G () =) [ G (e, 0) Puly) G (g, ') 'y (B.3)
Defining the commutator
AN, 7'V= G (x,2) — G (2, 2) = - A2, 1), (B.4)

we can write G™(x,a’) = O(n — n')A(z,2'). Integrating equation (B.1) (with the
differential opérators acting, at z') over 1’ from n — 7 to n + 7 and taking the limit
7 — 0, we obtain

+7
" (xl— x') * lim ! {a" () AGE (x,2") — Oy (a"’z(n’)an/Gﬁt(x,x'))} dn’

70 Jy—r

- . n—27 1 ret / T
— _71-1—%[@ (n)0y Gy (z, x )L_T (B.5)

() lim[—0(n — ) An(z,2) + O(n — 0) 0y Au(z,2)],_,
a"” 2(77)3 Ay (z, @

)‘77/:7] )
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4

5 because G*(x, z") vanishes for n’ = n+ 7 > n, and A(z,2’) is antisymmetric (B.4). In
6 the same way, we obtain

7

8 OyAu(w,2),_, = —a®" ()" H(z — ), (B.6a)
2 2 2—n( )

10 ! o / o a n n—1 o

> Oy Aq(z, 2)],,_, = —0hAq(z, 2], _, = = Den) 2>€(77)6 (x—a'). (B.6b)
12

13 To obtain an expression for the combinations Djfjq (57), we calculate

14

15 OnOy G (2, 2") = Oy[—0(n — 1) Au(z, 2") + O(n — 1) O Au (2, %))

16

17 =6(n —n")0yAn(z,2’) + O(n — 1)0,0y Mi(z, ') (B.7)
18 =a*> """ (z — 2') + O(n — 1)0,0, Au(x, 2%,

19

20 and therefore

21 ret / / 8’776”7/ /

;i In the same way, it follows that

2> ret / / 677877' /

26 Dz, 2') = On — 1) 1 Mo (04, (5.9)
27

28 For a single time derivative, we calculate in general

29

50 0,6 (w,2') = 8(n — 1) A(z,2') + O(n 438, R (') = O — )9, Az, a'), (B.10)
;g such that such terms do not generate Dirag ¢’s.nLastly, we calculate for the retarded
34 combination D5 (67)

35 ret / aT]aﬁ' ret / 1 ret ret / n

3 D (a,0') = "G (0,0') = - [OnG (5 9) Poly) Oy G . /) 'y

37 (B.11)
38 1 n

» = [~ " )Bu(w, 1) Pe(v) [0 ~ )0y Auly, =) 4"y

40

41 using the solution (B.3), and singe Py = a2 A (42), no extra Dirac ¢’s are generated
fé in this case as well.

44 Going to (spatial) Joutier space, one then can check in each case that the time
45 derivatives generate eaclhan extra factor of |p|, which cancel the factor |p| > coming from
23 the inverse LaplaciamnThe same is true for the projection operators 9;0; A~', and thus
48 the small-p behayiour of the retarded Green’s functions in Fourier space is unchanged.
49 The problematic IR divergences for the two-point function, which arise from the small-p
5(1) behaviour and lead to terms/which are supported on equal-time hypersurfaces, are state-
gz dependent and cancel out in the retarded Green’s functions. Since the small-p behaviour
53 is unchanged when acting with time derivatives over inverse Laplacians and projection
>4 operatorsy no new such terms are generated, and the retarded Green’s functions keep
gg their proper support inside the past light cone. This can also be verified explicitly, by
57 acting with the inverse Laplacians on the Fourier-transformed retarded Green’s function
58 and verifying that the small-p divergences cancel and the integral (86) can be used, see
59

for example equation (85).
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Appendix C. Hypergeometric function across the branch cut

We use the Euler integral formula [62] for the Gaufl hypergeometric function

[(c)

oF1(a,b;¢;2) = m

/01 L1 — et = ) dt ()

valid for fec > Reb > 0 and all complex z ¢ [1,00). The standard result, for the
discontinuity of oF; across the branch cut, which we denote by

AsFi(a,b;c;2) = oF1(a,b;c; 2 +10) — oF(a,b; c; z — i0) (C.2)
proceeds as follows: assume that z > 1. Since
(1 —2t)"® = exp|[—a(ln |1 — zt| +iarg(l — zt))], (C.3)
and for x € R
arg(z +10) = 1 O(—x), arg(x —i0) ==mO(—x), (C4)
we have for all ¢ > 0
A(l=zt) ™ =[1—(24i0)t] * = [1 — (2 <10)t] " =[|1 + zt| “O(2t —1) 2isin(aw) (C.5)

and thus

2i sin(am)T'(c)

Asbila,bieiz) = Ty

/11 Pl — et e — D de. (C.6)

z

We now perform a change of variables

s (C.7)

to obtain
2i sin(am)T(e)
L) '(e=b)
a2 sinfam)I'(1 — a)l'(c)
PO){c—b—a+1)
X 9By —b,1—a;c—b—a+1;1—2)
. 2mil(c)(z — 1)ebragl-e
- T(a)L(D)(c—b—a+1)

1
AP (a,bici2) = (s =17t [ (1= ) 1 (5 )5 ds
0

(Z . 1)cfbfazlfc

oFi(l—0b,1—a;c—b—a+1;1—2),
(C.8)

where in the second step we used the integral representation again, and the third step
followsifrom the I reflection identity. To bring this into the usual form, we use the Euler
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transformation [62] (which follows from applying the Pfaff transformation twice, which
in turn is obtained by changing ¢ — (1 — t) in the integral representation) and get,

2mil(c)(z — 1)e b

Bofile b ) = FE e b —at 1)

oFi(c—a,c—bc—b—a+1;1 —2)n
(C.9)

However, this derivation is obviously problematic when z = 1 and Re (¢— a — )<L
—1, which happens for large enough Rea even if Re(c — b) > 0. In this case, the
integral representation has a non-integrable singularity at z = 1, and frem the /Euler
transformation we know that the hypergeometric function then diverges as (T=2)c"27°.
To cover this case, we use the integral representation for the transformed hypergeometric
function:

2F1(CL, b; c; Z) = (1 - Z)C_a_b 2F1(C —a,c—bc Z)

[(c) 1 (C.10)
— (1= c—a—b / 2fc—b—l 1 —.t b—1 T— )¢ dt .
=) e =0 o (12 y=t)
We can now calculate the discontinuity by first subtracting sufficiently many terms of
the Taylor expansion of (1 — 2¢)* ¢ around z = 1, and treat those terms separately. The
separate terms will give a discontinuity only if ¢ =@— b € Z, and for the moment let us
treat the case ¢ —a — b= —1 (and Rea >4, Relb,> 0). Then

e () a

=1 _Z>1F(a+b—1)/01ta2l( 1—t )b—l B 1] a4 (1 _Z),lw.

oFi(a,b;a+b—1;2)=(1—2z

LG)I(a—1) b— 2t L) (a)
(C.11)
We now recall the formulae
1 1

In(x +i0) = lwjw| +i7O(—2) , 10 Pf; —imd(z), (C.12)

from which it follows\by repeated differentiation that

1 1 —1)k

- = 2ird* Y (2) . C.13
@ R0F  @oioF - o @) (C.13)

We furthermoreealculate for z > 1

oy

— O(zt — 1)z — 1|71 (1 — )Y (2t — 1) 2isin(br)
(C.14)
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and thus
2isin(bm)l'(a + b — 1 _ Q
ASFy(a,bia+b—1; —1/ta2 t— 1)t
ilabia+b—=12) = T T oD (et —1)
: [(a+b—1)
2im0(1 — 2) —————>
+ 2imd(1 — 2) OO
2t (a+ b

- 1) 2—a—b
= ) 1 TP oF (2 2 — by2;
(b— O(a—1) (z )z oF1 ( a, b;2;1 — 2)

, I(a+b—1)
2im6(1 — 2) ———— C.15
+ 2imd(1 — 2) ROROR ( )
using the same variable change t = [1 + (2 — 1)s]/z as before. We can use again the
Euler transformation to bring it into a nicer form, which is
2miT(a+b—1)
AsFi(a,b; b—1;z)=—
2Fule bra+b=12) = 0 e o)
51— 2) (C.16)
O(z—1),F b;2;l—z2) — =
X [ (Z )2 1(&, y <y Z) (a—l)(b—l)

Note that the first term is the limit of the general resultias ¢ — a + b — 1, but the usual
treatment misses the § term.

For ¢ —a — b = —k with £k € N we can thus just calculate the singular terms, and
take the regular one from the previous result. We have

2Fi(a,bia+b—k;z) = (1— z)k% /01 =) (1 = 2t) T
G Ta+b—k) T -k

1
(z-—»l)‘j/ R — )P AE 4 reg
0

(C.17)

EM‘

= =) T — k) 2 T =R

where “reg.”” means terms whose discontinuity is regular as z — 1. The integral can be
done and we obtain

F(a+b—k)’§f‘(a—k+€) (b—k’+€)(
C(a)T(b) 2  T(a—k)(b— k)0
lim 2mil (a4 b—0)

T PlaL (D1 —0)

AgFl(a,b;a—i—b— ]{372) = _1)Z27Ti(5(k—1—€)(z

Oz —1)(z—1)“Fi(b—Llia—t;1—0;1—2),
(C.18)

and using hypergeometric identities [62] to evaluate the limit we obtain finally

2ril(a+b— k)

(a —k)I'(b—k)k!

Sle—1-0Tb-1-0k

XYoLz — 1) F(a, bk +1;1 - 2) — ;) L@ ()T (k — 0)

AoF (o, by — ki 2) = (-1)'
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