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On the eigenvector algebra of the product of elements with
commutator one in the first Weyl algebra

V. V. Bavula

Abstract

Let A1 = K(X,Y |[Y,X] = 1) be the (first) Weyl algebra over a field K of characteristic
zero. It is known that the set of eigenvalues of the inner derivation ad(Y X) of A; is Z. Let
A1 — A1, X — 2, Y — y, be a K-algebra homomorphism, i.e. [y,z] = 1. It is proved that the
set of eigenvalues of the inner derivation ad(yz) of the Weyl algebra A, is Z and the eigenvector
algebra of ad(yz) is K(z,y) (this would be an easy corollary of the Problem/Conjecture of
Dixmier of 1968 [still open]: is an algebra endomorphism of A1 an automorphism?).

Key Words: the centralizer, the Weyl algebra, a locally nilpotent map (derivation), the
drop of a map.

Mathematics subject classification 2000: 16550, 16 W25, n 16P40, 16532, 13N10.

1 Introduction

The following notation is fixed throughout the paper: A; = K(X,Y |[Y,X] = 1) is the (first)
Weyl algebra over a field K of characteristic zero where [a,b] := ab — ba is the commutator of
elements a and b; H := Y X; K* := K\{0}; C(a) := {b € A1 |ab = ba} is the centralizer of a in
Ay; ad(a) := [a, ] is the inner derivation associated with an element a; the subalgebra D(a) of A;
generated by all the eigenvectors of ad(a) in A; is called the eigenvector algebra of ad(a) or a; a
pair of elements x and y of the Weyl algebra A; such that [y, ] = 1 or, equivalently, a K-algebra
endomorphism 4; — Ay, X — 2, Y — y; A} := K(z,y) is the Weyl algebra and Frac(A}) is its
total skew field of fractions (A} C A; and Frac(A}) C Frac(Ay)).

The First Problem/Conjecture of Dixmier, [8]: is an algebra endomorphism of the Weyl
algebra Ay an automorphism?

For a connection of the Conjecture of Dixmier with the Jacobian Conjecture the reader is
referred to the papers of Tsuchimoto [11], Belov-Kanel and Kontsevich [7], and the author [6].

The aim of the paper is to prove the following four theorems.
Theorem 1.1 If[y,x] =1 for some elements x and y of the Weyl algebra Ay then C(yx) = Klyz].

Theorem 1.2 If [y,z] = 1 for some elements x and y of the Weyl algebra Ay then eigenvector
algebra D(yzx) is equal to the subalgebra K({x,y) of Ai. In particular, the set of eigenvalues of
the inner derivation ad(yzx) of the Weyl algebra Ay is Z, and, for each i € Z, the vector space of
eigenvectors for ad(yx) with eigenvalue i is K [yz]v] where v} := z* if i > 0, and v; :=y~* if < 0.

Theorem 1.3 Frac(A}) N Ay = A} where the intersection is taken in Frac(A;).

Dixmier [§] proved that each maximal commutative subalgebra C of the Weyl algebra A;
coincides with the centralizer C'(a) of every non-scalar element a of C. Let V be a vector space. A
linear map ¢ : V. — V' is called a locally nilpotent map if V' =, -, ker(¢™), i.e. for each element
v € V there exists a natural number n such ¢"v = 0. The linear map ¢ is called a semi-simple
linear map if V' = @D \cpy () ker(p — A) where Ev(p) is the set of eigenvalues of the map ¢ in the
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field K. The next theorem classifies (up to isomorphism) the maximal commutative subalgebras C
of the Weyl algebra A; that admit either a locally nilpotent derivation or a semi-simple derivation
d (or both). In each case, the derivation J and its eigenvalues are found.

Theorem 1.4 Let C be a mazimal commutative subalgebra of the Weyl algebra Ay and 0 # § €
Derg (C). Then

1. The derivation 0 is a locally nilpotent derivation of the algebra C' iff there exists an element
¢ € C\ker(0) such that 6™(c) = 0 for some n > 2 iff C = K[t] for some element t € C and
d

=7

2. The derivation § is a semi-simple derivation of the algebra C iff §(c) = Ac for some 0 # c € C
and A € K* iff C' = @, cpy(s ker(d — A), dimg (ker(6 — A)) =1 for all A € Ev(§), and the
additive monoid Ev(d) of eigenvalues of the derivation § is a submonoid of the additive
monoid Np for some p € K* such that ZEv(0) = Zp. Moreover, one of the following three
cases occurs (the cases (i) and (iii) are not mutually exclusive):

(i) if C = K[H] where H := Y X then § = pH-% and Ev(§) = pN;

(ii) if 0 & supp(C) C N then Ev(0) = p'supp(C) for some p' € K*. Moreover, Ev(d) =
A

msupp(C) for all 0 # A € Ev(d) and 0 # ¢y € ker(d — A); and § is the unique extension

of the derivation )\c,\% of the polynomial algebra K|cy] to C;
(iii) If 0 & supp_(C) € —N then Ev(d) = p'supp_(C) for some p' € K*. Moreover,

Ev(d) = ﬁsupp, (C) for all 0 £ X € Ev(d) and 0 # cx € ker(6 — A); and § is the unique

extension of the derivation )\C)\% of the polynomial algebra Klc)] to C;

iff there exists a nonzero additive submonoid E of (N,+) such that the algebra C is iso-
morphic to the monoid subalgebra @, Kt' of the polynomial algebra K|t] in a variable t,

0= pt% for some p € K* and Ev(d) = pE.
3. ker(d) = K.

Remarks. 1. In general, it is not true that in the cases 2(ii),(iii) the algebra C' is isomorphic
to a polynomial algebra or is a non-singular algebra (see Example 4, Section [2).

2. Theorem [[T] is a particular case Theorem 1.2, [I0]. Here a shorter and different proof is
given.

As a corollary two (short) proofs are given to the following theorem of J. A. Guccione, J. J.
Guccione and C. Valqui.

Theorem 1.5 [9] If [y,z] = 1 for some elements x and y of the Weyl algebra Ay then C(x) =

If the Problem/Conjecture of Dixmier is true then Theorems [TT] 2] and would be its
easy corollaries.

Proof I of Theorem The inner derivations ad(z) and ad(y) of the Weyl algebra A,
commute: 0 = ad(1) = ad([y,z]) = [ad(y),ad(z)]. So, ad(y) is a non-zero derivation of the
algebra C(x) = ker(ad(z)) such that ad(y)*(z) = [y,[y,z]] = [y,1] = 0 and = € C(z)\ker(ad(y))
since ad(y)(x) = 1. By Theorem [[4(1), C(x) = K]Jt] for some element ¢t € C(z) such that
[y,t] = 1. Then [y,t — 2] =0, and so t —x € K, by Theorem [[41(3) or by Theorem [[L6l(2) (since
t—zeC(x)NC(y) =K), and so C(z) = K[z]. O

Proof IT of Theorem The proof follows from the following two facts:

Theorem 1.6 1. (Lemma 2.1, [3]) Let R be a ring R and & be a locally nilpotent derivation
such that §(x) = 1 for some element x € R. Then the ring R is the skew polynomial ring
ker(0)[z; ad(x)].



2. [8] Let a and b be non-scalar elements of the Weyl algebra Ay such that ab # ba. Then
Cla)NC(b) =K.

Since [y,z] =1 # 0, C(z)(C(y) = K (by the second fact) and then, by the first fact where
R = C(z) and 6§ = ad(y) (§ is a locally nilpotent derivation of R by Theorem [[4] since §?(x) = 0
and 0(z) =1#0):
C(z) =C(z)NC(y)[z;ad(z) = 0] = K[z]. O

All the results of Sections [2] and B] can be seen as intermediates steps in the proofs of Theorems
[T T2 and [[L4l One of the key ideas in the proofs is to show that certain maps are locally
nilpotent. The concept of the drop of a linear map and the linear maps of constant drop are an
important tool in proving that certain linear maps are locally nilpotent (see Theorem [2.2]). It
turns out that the drop of a linear map coincides up to a negative rational multiple with the index
of the map (Theorem [Z21(2)). Theorems [T and beg to ask the following question (see also
Questions 2 and 3 at the end of the paper).

Question 1. Is it true that if ab = ba for some elements a € A} and b € Ay then b € A}, i.e.
Cay(a) = Ca,(a)?

2 Linear maps of constant drop, proof of Theorem [1.1]

In this section proofs of Theorems [[L1] and [[.4] are given. Many results of this section are used in
the proof of Theorem which is given in Section Bl

Let a K-algebra A be a domain (not necessarily commutative). A function v : A\{0} — Z is
called a degree function on A, if for all elements a,b € A\{0},

1. v(ab) = v(a) + v(b),

2. v(a +b) < max{v(a),v(b)} where v(0) := —o0, and

3. v(A) =0 for all A € K* := K\{0}.

The degree function v on A determines the ascending algebra filtration A = (J;., A<; which
is called the v-filtration (A<;A<; C A<;y; for all 4,j € Z) where A<; := {a € A|v(a) < i},
Nicz A<i = 0 and the associated graded algebra gr,(A) = @, er, ;(A) is a domain where
gr, i(A) = A<i/A<i1. If v(a) # v(b) then v(a + b) = max{v(a),v(b)}.

Example 1. The usual degree deg, of a polynomial is a degree function on the polynomial

algebra K[z] or K|x = x1, 22, ...,2,]. The total degree deg on K[x1, 2, ..., x,] is another example
of a degree function. More generally, for each nonzero vector d = (dy,...,d,) € Z", the function
vg : K[z, 20,...,2,] = Z,

Ud(z )‘alwwanx(lll e xgn) = maX{dlal +- -+ dpay | Xay,.oan F 0}
is a degree function where Ay, .. o, € K.

Ezxample 2. Let v be a discrete valuation on the K-algebra A which is a domain, ie. v :
A\{0} — Z is a function such that for all elements a,b € A\{0},

1. v(ab) = v(a) 4+ v(b),
2. v(a+0b) > min{v(a),v(b)} where v(0) := oo, and
3. v(A) =0forall A\ € K*.



Then v := —v is a degree function on A, and vice versa.

Ezample 3. Let a K-algebra A = @
Z-graded degrees v,v_ : A = Z,

v(a) :=min{d € Z|a € @Ai}, v_(a) :=—max{d €Z|a € @Ai} (1)

i<d i>d

ez Ai be a Z-graded domain with K C Ag. Then the

are degree functions on A. In particular, we have the Z-graded degree v on the Weyl algebra
Ay (see below). Let C be a subalgebra of the algebra A. Then supp(C) := v(C\{0}) and
supp_(C) := —v_(C\{0}) are additive submonoids of (Z,+).

Let C be a K-subalgebra of the algebra A. For a K-linear map ¢ : C — C, define the map
Asy, which is called the drop of § with respect to the degree function v on the algebra A, by the
rule

A=As,:C—Z| J{-0}, ar0(d(a) —v(a), A®D):=—o0, (2)

ie. v(d(a)) = v(a) + A(a) for all elements a € C where —oco + z = —oo for all elements z € Z.
For all elements a € C' and A € K*, A(Aa) = A(a). For all elements a,b € C such that either
v(a) # v(b) or v(a) = v(b) = v(a +b),

Aa+b) < max{A(a),A(d)}. (3)
For linear maps 4,0’ : C — C and for all elements a € C,
Aserw(a) = D508 (a) + Ay o(a). (4)

Lemma 2.1 Let A, C, v, 6 and A = A;,, be as above. Suppose that § is a derivation of the
algebra C'. Then

1. A(ab) < max{A(a), A(b)} for all elements a,b € A.

2. If, in addition, C is a commutative algebra and char(K) = 0 then A(a™) = A(a) for all
elementsa € C and n > 1.

Proof. 1.

d(ab) = v(d(adb)) —v(ab) = v(d(a)b + ad(b)) — v(a) — v(b) < max{v(d(a)b),v(ad (b))} —v(a) — v(b)
max{v(6(a)) +v(b) — v(a) = v(b), v(a) +v(6(b)) — v(a) — v(b)}
= max{A(a), A(b)}.

2. 6(a™) = v(6(a™)) — v(a") = v(na""4(a)) — nv(a) = (n — )v(a) + v(§(a)) — nv(a) = A(a). O

Definition. The linear map § : C — C is called a linear map of constant drop if A(a) = A(b)
for all elements a,b € C'\ker(d), and the common value of A(a) where a € C\ker(9) is called the
drop of the linear map 6 denoted by A = Ag,,.

Let V be a vector space over the field K, a linear map ¢ : V — V is called a Fredholm
map/operator if it has finite dimensional kernel and cokernel, and

ind(yp) := dimg (ker(y¢)) — dim g (coker(yp))

is called the indez of the map . Let F(V') be the set of all Fredholm linear maps in V, it is, in
fact, a monoid since

ind(pv) = ind(p) + ind(v)) for all ¢, € F(V). (5)

The next theorem provides examples of Fredholm linear maps of constant drop and of locally
nilpotent maps.



Theorem 2.2 Let A, C, v, § and As,, be as above and C' := C\K. Suppose that the following
conditions hold.

1. A(ab) < max{A(a), A(b)} for all elements a,b € C.

A(a™) = A(a) for all elements a € C and n > 1.

v(e) > 0 for all elements c € C, and v(C") # 0.

For alli >0, dimg (C<;/C<i—1) <1 where C<; :=CNA<; ={ce C|v(c) < i}.

AR R

ker(0) = K.
Then
1. A(a) = A(b) for all elements a,b € C', i.e. the map 6 has constant drop A = im(C").

2. The map § € F(C) is a Fredholm map with index ind(d) = —% and dimg (coker(d)) =
% + 1 where g is the unique positive integer such that Zv(C') = Zg. Moreover, there

exists an explicit natural number v (see (I1])) and a vector subspace V of C<. such that
C=V&im(d), i.e. V ~ coker(d).

3. If A(a) < 0 for some element a € C, i.e. A <0, then A = —g and the map ¢ is a locally
nilpotent map such that there exists a K-basis {ei}ien of the algebra C such that, for all
i>0,8(e;) =e;—1 and C<jy = @;:0 Ke; where e_1 := 0.

4. (Additivity of the drop) Let &' : C — C be another linear map that satisfies conditions 1-5
then Assr v = DNsp + Dgi w, i.e. for all elements a € C\ker(66"), v(60'(a)) = v(a) + As.» +
Aé’,v'

Proof. 1. By condition 3, CN A<_; = 0. Then, by condition 4, CN A<y = K, and so the map
v: C\{0} = N, ¢ — v(c), is a non-zero homomorphism of monoids (by condition 3). Let H be
its image. The Z-submodule ZH of Z is equal to Zg where g = ged{i|i € H}. It is a well-known
fact (and easy to show) that
|gN\H| < oo. (6)
In more detail, let ¢ = s — t for some elements s, € H. Let m be the least positive element
of H. For each k = 0,1,...,mg~! — 1, the element hy := t(mg~* — k) + ks € H. Since hy =
tg7tm + k(s —t) = tg7'm + kg = kg mod m for all k = 0,1,...,mg~! — 1, it follows that
—1
lgN\ U, " (hg + Nm)| < oo, and (@) follows since

mg7171

H:= |J (h+Nm)CH. (7)
k=0

Claim: there exists an integer | such that A(c) <1 for all c € C.

To prove this fact choose elements a,b € C such that v(a) = m and v(b) + mZ is a generator

—1
for the finite group ZH/Zm = Zg/Zm. Let g1 = v(b). Then |H\ J.-5, “igr + Nm)| < oo,
and so dimg (C/ €D,y @?igoil*l Ka’b') < oo, and so the algebra C' has a K-basis of the type

{e1,...,eq,albi|j € Nyi =0,1,...,mg~! — 1} where the degree function v takes distinct values
on the elements of the basis. By @) and conditions 1 and 2, for all elements ¢ € C’,

Ae) <l:=max{A(e1),...,Aler), Ala), A(b)}.

Fix an element ¢ € C” such that A(c) is the largest possible. Then p := v(c) > 1since CNA<o = K.
Suppose that there exists an element d € C" with A(d) < A(c), we seek a contradiction. Let
q = v(d). Then ¢ > 1 since C N A<y = K. Clearly, v(c?) = pg = v(d?). Then, by condition



4, ¢ = A\dP + e for some nonzero scalar A and an element e € C such that v(e) < v(c?). Using
condition 2 we have the following strict inequalities:

v(0(c?)) = v(e?) + A(?) =v(AdP) + A(c) > v(AdP) + A(d) = v(A\dP) + A(dP)
= v(AdP) + A(AdP) = v(§(AdP)),
v(8(c) = () + Ale?) = v(e?) + Ale) > v(e) + Ale) = v(d(e)).

Now, v(§(c?)) > max{v(d(AdP)),v(d(e))} > v(d(AdP) + d(e)) = v(d(AdP +e)) = v(d(c?)), a contra-
diction.
2. We keep the notation of the proof of statement 1. Let

pi=max{hy|k=0,1,...,mg* —1}. (8)

For all natural numbers j > pg~!,

dimg (C<jg) = j+1—v where v :=|gN\H|. 9)

Notice that the number g divides the drop A of the map 6. For each natural number j > ug~?,

there is the short exact sequence of vector spaces
s
0= K — Cgjg = C<jgra = C<jgra/0(Csjg) = 0,

and so, by (@),

. . , A
dimg (C<jg+a/0(Cjg)) = dimg (C<jgra) — dimg (C<jg) +1 = rii (10)
Fix a subspace U of C such that C = U&im(d), and so U ~ coker(d). Let U’ be a finite
dimensional subspace of U. Then U’ C C<jg1a for some j, hence U' @ §(C<;y) € C<jgra and,
by (@), dimg (U’) < % + 1. This means that dimg (coker(d)) < % +1, i.e. the map 6 is Fredholm
since dimg (ker(d)) = 1, by condition 5. Let

vi=p+ A (11)

Then C<, + §(C<jy) = C<jg+a for all j > jo := pg~! since § is the map of constant drop A.
The ascending chain of vector spaces {W; := C<, N6(C<;q)}jen of the finite dimensional vector
space C'<, stabilizers say at step p and let W = W,. Choose a complementary subspace, say
V,to Win C<s, ie. C<y = VE@W. Then, for all j > max{p,jo}, C<jgra = VEPI(C<jy).
Since €' = [,y C<jg, we must have C = V Him(5), and so dimg (coker(d)) = dimg (V) =
dimg (Cjga/8(C<jg)) = 2 +1, by (0. Then, ind() = —2.

3. If A := A(a) < 0 for some element a € C’ then v(d(c)) = v(c) + A < v(c) for all elements
¢ € C'. By conditions 3 and 5, the linear map ¢ is locally nilpotent with kernel K. Since g|A
and dimg (ker(0)) = 1, we must have A = —g and H = Ng; moreover, §(C<jy) = C<(j_1), for
all j € N where C<_, := 0. Then we can find a K-basis {e;};en for the algebra C' such that
5(61) = €;—1 and Cgig = @;:0 Kej.

4. For all a € C\ker(80"), §'(a) & ker(d) and so v(6d'(a)) = v(6'(a))+Asp = v(a)+As p+As .
Statement 4 follows also at once from statement 2 and the additivity of the index.

The proof of the theorem is complete. [J

Let D be a ring with an automorphism ¢ and a central element a. The generalized Weyl
algebra A = D(o,a) of degree 1 is the ring generated by D and two indeterminates X an Y
subject to the defining relations [2], [3]:

Xa=o0c(a)X and Ya=o0"!(a)Y, foralla € D, YX =a and XY = o(a).

The algebra A = 6, .,
Y™™ (n<0), vo=1.

A, is a Z-graded algebra where A,, = Dv, = v, D, v, = X" (n > 0), v, =



Let K[H] be a polynomial algebra in a variable H over the field K, 0 : H — H — 1 be
the K-automorphism of the algebra K[H] and ¢ = H. The first Weyl algebra A; = K <
X, Y |YX — XY =1 > is isomorphic to the generalized Weyl algebra

A~ K[H)(0,H), X X, Y <Y, YX < H.

We identify both these algebras via this isomorphism, that is A1 = K[H|(o,H) = @
and H :=YX.

The Weyl algebra A; admits the following K-algebra automorphism 6 and the anti-automorphism
0" (i.e. 0'(ab) = 0'(b)0'(a) for all elements a,b € Aq):

icZ I([‘E[]’UZ

0: A - A, XY, Y—=-X (H——-H+1); (12

~

A — A, XY, Y—X, (H— H). (13

They reverse the Z-grading of the Weyl algebra Ay, i.e. 0(K[H|v;) = K[H|v_; and 0'(K[H]v;) =
K[H]v_; for all elements i € Z.

Proof of Theorem [I.4l 3. Clearly, K C ker(d§). Suppose that §(z) = 0 for some element
z € C\K, we seek a contradiction. Recall that C' = C'(2’) for all elements 2’ € C\K [§] and C(2')
is a finitely generated K[z']-module [I]. In particular, C' is a finitely generated K [z]-module, and
so every non-zero element ¢ of C' is algebraic over K|[z], i.e. f(c) = 0 for some non-zero polynomial
f(t) € K[z][t]. We may assume that its degree in ¢ is the least possible, then f’(c) # 0 where
= %, and 0 = §(f(c)) = f'(¢)é(c), and so §(c) = 0. This means that 6 = 0, a contradiction.

1. We have to prove that the three statements are equivalent: (a) < (b) < (c). The implica-
tions (a) = (b) and (¢) = (a) are trivial.

(b) = (c): Suppose that the statement (b) holds, i.e. there exists an element ¢ € C'\ker(d) such
that 6" (c) = 0 for some n > 2. Then 0 # §™(c) € ker(d) = K (statement 3) for some m such that
1 <m < n. Clearly, t := §™1(c)/6™(c) € C and §(t) = 1.

Claim: § is a locally nilpotent derivation of the algebra C.

Now, the implication (b) = (c¢) follows from the Claim and the well-known fact (which is a
particular case of Theorem [[L6l(1)): Suppose that A be a commutative algebra over a field K of
characteristic zero, 0 € Derg(A) and 6(t) = 1 for some element t € A. Then A is a polynomial
algebra ker(6)[t] in t with coefficients in the kernel ker(5) of §. In our situation, ker(d) = K
(statement 3), hence C' = K[t]. Then 6 = <.

Proof of the Claim. Let v be the Z-graded degree on the Weyl algebra A;. In view of
existence of grading reversing automorphism 6 of the Weyl algebra A; see ([2), it suffices to
consider only two cases: either ¢ € K[H] or v(t) > 0.

Suppose that t € K[H]. Since K[H| = C(H), and t € C(H)\K, we have C(H) = C(¢).
This means that § € Derg (K[H]) and 1 = §(t) = “2§(H). Therefore, 4£5(H) € K*, and so
t = AH + p for some A € K* and p € K. Now, it is obvious that K[H] = K[t] and § = 4.

Let v(t) > 0 and A = As,. Notice that A(t) = v(1) —v(t) =0 —v(t) = —v(t) < 0. Now, the
Claim follows from the following lemma.

Lemma 2.3 Suppose that v(t) > 0. Then the conditions of Theorem[22 hold for A = Ay, C, 4,
A = A, with A(t) = —v(t) <0, and so 0 is a locally nilpotent derivation of C.

Proof. Condition 5 has been already established above. Since ¢ is a derivation of the com-
mutative algebra C over a field of characteristic zero, conditions 1 and 2 of Theorem hold by
Lemma 211 Notice that if non-zero elements of the Weyl algebra A; commute then so do their
leading terms with respect to the Z-grading of the Weyl algebra A;. The centralizer of all the
homogeneous elements of the Weyl algebra A; are found in Proposition 3.1, [4]. This description
makes conditions 3 and 4 obvious. The proof of Lemma 23] is complete. [J



2. We have to prove that the four statements are equivalent: (a) < (b) < (¢) < (d). The
implications (a) = (b), (¢) = (a), (¢) = (d) and (d) = (a) are trivial. It remains to show that
the implication (b) = (c) holds.

(b) = (c) Suppose that d(c) = Ac for some 0 # ¢ € C and A € K*. In view of existence of the
grading reversing automorphism 6 of the Weyl algebra A; see (I2), it suffices to consider only two
cases: either ¢ € K[H] or v(c) > 0.

Suppose that ¢ € K[H]. Since ker(d) = K (statement 3), we see that ¢ € C\K, and so
C =C(c) = C(H) = K[H]. The five conditions of Theorem 2.2 are satisfied for A = C' = K[H],
v = degy, 6 and A = As,, and so, for all polynomials p 6 K[H\K, degy(6(p)) = degy (p) since
degy (6(c)) = degpy(Xc) = degy(c). Then § = (uH + v)4% for some scalars € K* and v € K.
Let H' := pH 4+ v. Then K[H| = K[H'] and § = H”gz] 4 = pH';%. Now, the statement
(¢).(i) is obvious as 0(H") = iuH" for all ¢ € N.

Let v(c) > 0 and A = As,,. Notice that A(c) = v(Ac) — v(c) = v(c) — v(c) = 0.

Lemma 2.4 Suppose that v(c) > 0. Then the conditions of Theorem [2Z3 hold for A = A;, C,
§, A = As, with A(c) = 0, and so the derivation ¢ respects the filtration C' = |J, . C<i where
C<;:={ce C|u(c) <i}, i.e. 6(C<;) CCc foralli e N.

Proof. Repeat word for word the proof of Lemma 2.3 [

ieN

By Lemmal[Z4 Cy = K and supp(C) C N. By Lemmal[24 and the fact that dimg (C<;/C<;—1) <
1 for all i € N, the algebra C' is the direct sum C' = @, cp, (s C* where C := U,s1 ker((6 —A)™)
where Ev(0) is the set of eigenvalues of the derivation ¢ € Derg (C) in the field K.

Claim: C* = ker(§ — \) for all A\ € Ev(6).
To prove the claim, for each nonzero element cy € C*, we introduce the nilpotency degree
dx(cy) of ¢y by the rule
dx(cy) :==min{n € N|(§ — \)"T(c)) = 0}.
For all A\, u € Ev(d), 0 # ¢y € C* and 0 # ¢, € CH,
dayplency) = da(ex) + dpu(cp). (14)

In more detail, let n = dx(cx) and m = d,(c,). It follows from the equality: for all elements
a,beC,

(6 A py Z() (@6 — )" () (15)
that (6= A— )" ™ (ex6) = 0 and (5= A= g™ ™ (exc) = (“57) (6= A (ex)- (5= )™ (c) £ 0.
This proves (4.

Recall the Theorem of Amitsur [I]: for any element ¢ € C\K, the algebra C is a finitely
generated free K[c|-module. In particular, the Gelfand-Kirillov dimension of the algebra C is 1.
Suppose that C* # ker(§ — \) for some A € Ev(§), we seek a contradiction. By (I4]), we may
assume that A # 0. Fix nonzero elements, say s,t € C*, such that s € ker(d — \), t & ker(§ — \)
but (6 — A)2(t) = 0. Then the elements s and t are algebraically independent: if > \;;s't/ = 0 for
some scalars \;; € K not all of which are equal to zero then we may assume that, for all ¢ and 7,
i+ j =m = const since s*t' € C*+DA for all k and I; let p := max{j | Am—j; # 0}; then, by (3],

0 = (5= MNP g™ ) = 3" A6 — (m — )N — JAP(s™78)
j=0 =
= 3 heis 3 (2) @ m - A6 - A me”s (5 - AP
7=0 =0

= Ampps" (0 = pA)P () = Anpps™ " - pL- (6 = A)(B))P sﬁ 0,



a contradiction. Since the elements s and ¢ of the commutative algebra C' are algebraically inde-

pendent its Gelfand-Kirillov is at least 2, a contradiction. The proof of the Claim is complete.
Let A, € Ev(6)\{0}, 0 # cx € ker(6 — A) and 0 # ¢, € ker(§ — p). By Lemma 4] Cy = K,

ker(6) = K, and so p := v(cx) > 1, ¢ := v(cy) > 1, and there exists a scalar v € K* such

that cf, = vel + -+ where the three dots denote smaller terms (i.e. of smaller Z-graded degree
than v(vcl) = pq). Applying the derivation d to this equality and using Lemma [2Z4] we see that
phcl, = vghcd 4 - --. Comparing the leading terms of the two equalities we obtain the equality
A A (c)
L=—q= v(ey).
p v(ea) .

Therefore, Ev(d) = ﬁsupp(C), by the Claim, and the case (i7) follows. The proof of Theorem
[[4lis complete. [
In general, it is not true that in cases 2(i%), (¢4¢) of Theorem [[L4] the algebra C' is isomorphic

to a polynomial algebra or is a non-singular algebra.

Example 4. Let v = H(H — 1)"*(H — 2)X € Frac(A;). Then v ¢ A; but v* € A; for
all ¢ > 2. By Proposition 3.1, 4], C' := C(v?) = K[v] N Ay = K@ P,~, Kv'. Therefore,
supp(C) = {0,2,3,...} # N. For all i > 0, [H,v!] = iv’. Therefore, the restriction § of the inner
derivation ad(H) to the ad(H)-invariant algebra C' yields a semi-simple derivation with the set
of eigenvalues {0,2,3,...}, and the algebra C is not isomorphic to a polynomial algebra. The
algebra C' is isomorphic to the algebra K|[s,t]/(s? — t3) of regular functions on the cusp s? = #3.
In particular, the algebra C' is a singular one.

For each element a € Ay, the union N(a) := N(a, A1) := U;>( N(a, A1,1), where N(a, A1,1) :=
ker(ad(a)i*?), is a filtered algebra (N (a, A1,i)N(a, A1,5) € N(a, A1,i+7j) for all i,5 > 0). By the
very definition, the algebra N(a) is the largest subalgebra of the Weyl algebra A; on which the
inner derivation ad(a) acts locally nilpotently. Little is known about these algebras in the case
when N(a) # C(a). In particular, it is not known of whether these algebras are finitely generated
or Noetherian. Though, a positive answer to Dixmier’s Fourth Problem [§], which is still open,
would imply that the algebras N(a) are finitely generated and Noetherian. In case of homogeneous
elements of the Weyl algebra A1, a positive answer to Dixmier’s Fourth Problem was given in [4].
In particular, for all homogeneous elements a of Aq, the algebra N(a) is a finitely generated and
Noetherian.

Proposition 2.5 If [y,z] =1 for some elements x,y € Ay then N(x, A1) = N(y, A1) = K{x,y).

Proof. In view of existence of the K-algebra automorphism of the Weyl algebra A} :=
K(x,y) —» A}, z — y, y — —=z, it suffices to show that the algebra N := N(y, A1) is equal to Aj.
The inner derivation 6 = ad(y) is a locally nilpotent derivation of the algebra N with é(x) = 1. By
Theorem [[6 (1) and Theorem [[5, N = ker(§)[z; ad(z)] = C(y)[z;ad(z)] = Kly][z; ad(z)] = A].
O

For each element a € A;\K, let Ev(a) be the set of eigenvalues in the field K of the inner
derivation ad(a) of the Weyl algebra A;. Then Ev(a) is an additive submonoid of (K, +) and

D(a) := @ D(a, ), where D(a, ) :=kery, (ad(a) — A), (16)
A€Ev(a)

is an Ev(a)-graded subalgebra of the Weyl algebra A, i.e.
D(a,\)D(a,p) € D(a, A+ ) forall A\ € Ev(a).

Little is known about the algebras D(a) in general.

The next corollary is a first step in the proof of Theorem



Corollary 2.6 Suppose that [y,x] = 1 for some elements xz,y € Ay. Let A} = K(x,y), §; =
ad(z), é, = ad(y), and h := yx. Then D(h) = A iff 6, is a locally nilpotent derivation of the
algebra D(h) iff 6, is a locally nilpotent derivation of the algebra D(h) iff 8,0, is a locally nilpotent
map in D(h).

Proof. 1f D(h) = A] then 4, is a locally nilpotent derivation of the algebra D(h). Conversely, if
d, is a locally nilpotent derivation of the algebra D(h) then D(h) C N(x, A1) = A}, by Proposition
Therefore, D(h) = A} since the inclusion 4] C D(h) is obvious. By symmetry, the second
‘iff” is also true. The derivations d, and ¢, commute. So, if D(h) = A} then the map 0 := 6,0, is
a locally nilpotent map on D(h) = A] since J, and J, are commuting locally nilpotent derivations
of the Weyl algebra A}. Conversely, if § is a locally nilpotent map on D(h) then for any element
a € D(h), 0 = d"(a) = 674; (a) for some natural number n > 1. Thus 0, (a) € N(x, A1) = A} =
N(y, A1) (by Proposition ZH), and so a € N(y, A1) = A}. This means that D(h) = A}. O

Proposition 2.7 Suppose that [y, z] = 1 for some elements x,y € Ay. Let h := yx, 6, := ad(z),
dy = ad(y), 6 := 6,0, and A} := K(z,y). Then

1. N5, Ay) = A,
2. kera, (8) = Klz] + Kly].

3. kercn(8) = K.

4. C(h)n A, = K[h).

5. C(h) = K[h) iff the map § acts locally nilpotently on C(h).

'Lmi CEi i i izi i zflmifl /L:EZ %
6. Kl = @ing K1 = @yo0 Kids, 0(-1)85) = (-1 5 and 5((—1)i ) =

(_1)i71$i—lyi—l for alli > 1 where % _ h(h+1)(-i~!~)(2h+i71) and zlyt (hfl)(h72)-~-(h7i)'

=102 @z = @2

Proof. 1. Since the derivations 0, and §, commute and N(z,A4;) = N(y,A1) = A} (by
Proposition [Z3]), the inclusion A7 C N(d, A;) follows. Let a € N(d,A1). Then 0 = 6"(a) =
650, (a) for some n > 1, hence §; (a) € N(dz, A1) = A} = N(y, A1) (by Proposition [Z3]), and so
a€ N(d,,A1)= A}, ie. N(6,A;) = Al

2. Clearly, K[z] + K[y] C kers,(§) C N(d, A1) = A/, by statement 1. Therefore, ker4, (§) =
ker 41 (). Since d(z'y’) = —ija'~ 'y~ for all i,j > 1, we have the opposite inclusion ker, (§) C

3. kerg(py(0) = C(h)Nkera, (6) = C(h)N(K[x]+ K[y]) = K, by statement 2 and the fact that
[h,2"] = iz" and [h,y"] = —iy" for all ¢ > 0.

4. The Weyl algebra A] = @, ., K[h]v, is a Z-graded algebra where

{xi if i >0,
v; = .

1€

y—* if i <O0.

and [h,u] = iu for all u € K[h]v,. Therefore, C'(h) N A} = K[h].

5. (=) This follows from &7 (h) = 0, 62(h) = 0 and 6,6, = 6,0, (and so 07T (k") = o, (h") =
0 for all n > 1).

(<) If § acts locally nilpotently on C(h) then C'(h) C N(d, A1) = A}, by statement 1, and so
C(h) = C(h) N A} = K|h], by statement 4.

6. Statement 6 follows at once from the following two facts: deg, (y'z?) = degy, (x'y") = i for
all i > 0 and §(y'a?) = —i?y"~ta'~1 and §(2'y’) = —i%2*~Ly'~! for alli > 1. O

The degree function v,, on the Weyl algebra A;. The elements {Y*X?|(i,j) € N?}
is a K-basis of the Weyl algebra A;. Any pair (p,n) of positive integers determines the degree
function v, , on the Weyl algebra A; by the rule

Up,n( Z ai;Y'X7) := max{pi + nj|a; € K*}. (17)
i,jEN

10



Since im(v,,) € N, the negative terms of the v, ,-filtration are all equal to zero, ie. A; =
Uien A1,<i(p,m) is a positively filtered algebra where A; <i(p,n) := {a € A1 |v,,(a) < i}, and
Aj <o(p,n) = K. It follows from the relation [Y, X] =1 that, for all elements a,b € A;,

Vp,n([a,0]) < vpp(a) +v,() —p—mn, (18)

and so the associated graded algebra 8Ty, ., (A1) is a polynomial algebra in two variables which are
the images of the elements X and Y in gr, (A1).

For each non-zero element a = Zi,jeN a;; Y' X7 where a;; € K, define its Newton polygon
NP(a) as the the convex hull of the support supp(a) := {(i,j) € N*|a;; # 0} of the element a.
The pair (p,n) is called a-generic if

#{(i,j) € supp(a) |pi +1j = von(a)} = 1. (19)

The set of a-generic pairs is a non-empty set (moreover, all but finitely many pairs (p,n) are
a-generic, eg, pairs such that the lines py + nx = 1 are not parallel to the edges of the Newton
polygon of the element a).

Proof of Theorem[I.3l Let v = v, , where p and 1 are positive integers, A} := Frac(A])NA;.
The algebras A;, A} and A} are invariant under the action of the inner derivation ¢, := ad(x).

Clearly, A} C A{. Suppose that A} # AY, we seek a contradiction. Fix an element a € A\ A}
with the least possible v(a). There exist nonzero elements p,q € A} such that pa = ¢. Let

0z(-) = (). Then, by [@8), v(p') < v(p), v(¢') < v(g), and ¢’ = p'a+ pa’, and so

v(p)+u(a’) = v(pa’) = v(¢'—p'a) < max{v(¢),v(p')+v(a)} < max{v(q), v(p)+v(a)} = v(p)+v(a).
Therefore, v(a’) < v(a) and ¢’ € AY. By the minimality of v(a), a’ € A} = N(d,, A1) (Proposition
20), hence a € N (65, A1) = Al a contradiction. O

Till the end of this section, we assume that [y,x] = 1 for some elements x and y of the Weyl
algebra A; and h := yx. The results below are some of the key steps in the proof of Theorems [[T]

and [[2
Let d :=0,(-)x : A1 — A1, a — [y,a]z. Then, for all elements a,b € Aj,

d(ab) = d(a)b + ad(b) + d(a)h ™ y[b, x]. (20)

In more detail, using the fact that that ¢, is a derivation of the Weyl algebra A;, we obtain the
equality

d(ab) = 6,(a)zy - (vy) bz + ad(b) = d(a)yh i 1b:17 + ad(b)

= d(a)%ybx + ad(b) = d(a)b + ad(b) + d(a)(h~ ybx — b)
= d(a)b+ ad(b) + d(a)h ™ y[b, z].
Similarly, let d’ := 6,(-)y : A1 — A1, a — [z, a]y. Then, for all elements a,b € Ay,
d'(ab) = d'(a)b + ad'(b) + d'(a)(h — 1) z[b, y]. (21)
In more detail, using the fact that §, is a derivation of the Weyl algebra A1, we obtain the equality
d'(ab) = d.(a)yz - (yz) by + ad (b) = d'(a)zh~ by + ad'(b)
= () ! oby + ad (b) = d (a)b -+ ad (5) + d' () (h — 1)~ by — b)
= d(a)b+ad (b) +d (a)(h — 1) z[b,y].
Let d € {dy(-)x, 62(-)y, 26y (-),y02(-)} . Then d(C(h)) € C(h
d(C(h)) € D(h,1)D(h,0)D(h,—1) + D(h, —1)D(h,0)D(h,1) € D(h,1 40 —1) = D(h,0) = C(h).

) since
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Lemma 2.8 Let d := 0,(-)x, v = v, where p and n are positive integers. Then v(d(a™)) =
v(a"td(a)) for all elements a € C(h)\K and n > 1.

Proof. Notice that kerc (s (d) = C(h) NC(y) = K since the elements h and y do not commute.
Therefore, if a € C'(h)\K then d(a™) # 0 for all n > 1. Let us prove by induction on n that

d(a™) =na""'d(a) +--- forall a € C(h)\K, (22)

where the three dots denote smaller terms, i.e. v(---) < v(na” 'd(a)). The claim is trivially true
for n = 1. So, let n > 1. By (20),

d(@") =d(a-a" ) =d(a)a"* + ad(a" ") + d(a)h ty[a" ", z].

We can extend the degree function v from the Weyl algebra A; to its quotient ring Frac(A4;), the,
so-called, Weyl skew field of fractions of Ay, by the rule v(s~'a) = v(a) — v(s). Then, by ([J),

v(d(a)h™yla" ", 2]) < v(d(a)) —v(h) +v(y) +v(a" ) +u(z) = p—n = v(a" " d(a)) — p—n. (23)

By induction on n, a - d(a"') = (n — 1)a-a"?d(a) + --- = (n — 1)a" 'd(a) + - - -. Recall that
the algebra C(h) is commutative. In particular, d(a)a” ! = a"~'d(a). Then
d(a") = a"'d(a) + ((n —1)a"'d(a) + ) +d(a)h ™ y[a" ", ]

= (na" td(a)+---)+d(a)h ty[a" "t x] = na"td(a) +--- (by @3)). O

Theorem 2.9 Letv = v, , where (p,n) is an h-generic pair and let d € {5,(-)z, 05 (-)y, xoy(-), ¥z ()}
where p and 1 are positive integers. Then Ag,(c) = 0 for all elements ¢ € C(h)\K. Moreover,
A=A, C=C(h), v, d :=d and A = As,, satisfy the five conditions of Theorem [2.2

Proof. In view of existence of the K-algebra isomorphism of the Weyl algebra A} := K(z,y) —
A,z —=y,y— —x (h=yx — —xy = —h + 1), and the K-algebra anti-isomorphism A}] — Af,
x =y, y—x (h=yx+— yzr =h), and the fact that C(h) = C(—h + 1), it suffices to prove
the theorem only for the map d = d,(-)z. Notice that the fifth condition of Theorem holds:
kerc(py(d) = kerg () = K, by Proposition 2Z171(3) (since K C kerc () (dy) € kerg(n)(020y) =
K); and d(h) = [y, h]x = yx = h. Therefore, A(h) = 0. Now, to finish the proof of the theorem it
suffices to show that A;, C(h), v, d and A = Ay, satisfy the first four conditions of Theorem 221

The first condition of Theorem 2.2 follows from ([I8) and @20): for all elements a,b € C(h),

v(d(a)h™y[b, 2]) < v(d(a)) — v(h) +v(y) +v(b) + v(z) = p—n = v(d(a)d) — p — 1 < v(d(a)b).
Then, by (20,
Aab) = w(d(ab)) — v(ab) < max{v(d(a)b+ d(a)h'y[b,x]),v(ad(b))} — v(a) — v(b)
max{v(d(a)b) — v(a) — v(b),v(ad(b)) — v(a) — v(b) = max{A(a), A(b)}.
The second condition of Theorem 2.2 follows from Lemma & for all a € C(h)\K and n > 1,
Aa") v(d(a™)) —v(a") = v(a""d(a)) — nv(a) = (n — 1)v(a) + v(d(a)) — nv(a)
v(d(a)) = v(a) = Ala);
foralla € K and n > 1, A(a™) = —oo = A(a). The third condition of Theorem 2.2]is obvious.
Let (i,7) be the only pair satisfying (I9) for the element h. Then h = AY*X7 + - -+ for some
A € K* where the three dots mean smaller terms with respect to the v-filtration on the Weyl

algebra A;. The element [(h) := A\Y*X7 is called the leading term of the element h with respect
to the v-filtration. Since

vixi = JHAI=DH+i=2)---(H+HHXT™ ifi <,
T\NH+ i) H+i—2) - (H+i— )Y ifi> ],

the leading element I(h) is a homogeneous element of the Z-graded algebra A;. The centralizers
of all homogeneous elements of A; are found explicitly Proposition 3.1, [4]. It follows easily from
this result and the obvious fact that [h, '] = 0 implies [I(h),I(h")] = 0 that the fourth condition
of Theorem holds. O
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Corollary 2.10 Let the degree function v on the Weyl algebra Ay be as in Theorem[Z.9, § := 5,0,
and A = As,,. Then A(c) = —v(h) <0 for all elements ¢ € C(h)\K.

Proof. Let d := §,(-)x and d' := 6,(-)y. Then
A = 5,6, g} = 8,5,y = 5()h. (24)

Recall that kerg()(6) = K (Proposition 27(3)), kergi)(d) = C(h) N C(y) = K since hy # yh,
and kergpy(d') = C(h) N C(xz) = K since ha # xh. Therefore, if 6(c) # 0 for some element
¢ € C(h) then d'(c) ¢ K. By Theorem 2.2/ (4) and Theorem [Z9] for all elements ¢ € C'(h)\K,
v(dd'(¢)) = v(c) + Agw + Ag v = v(c) + 0+ 0 = v(c), and so Aggr,(c) = 0. On the other hand,
for all elements ¢ € C(h)\ K,

0= Agqrv(c) = Asynw(c) = v(d(c)h) —v(c) = Alc) +v(h),
and so A(c) = —v(h) < 0. O

Proof of Theorem [I.1]1 By Corollary 210, the map § acts locally nilpotently on the algebra
C(h) since, for all elements ¢ € C(h)\K, v(d(c)) = v(c) + A(c) = v(c) —v(h) < v(c) and v(c') > 0
for all elements ¢’ € C and §(K) = 0. Then, C(h) = K|h], by Proposition 27 (5). O.

3 Proof of Theorem

The aim of this section is to give the proof of Theorem In this section, we assume that
[y,z] = 1 for some elements = and y of the Weyl algebra A; and h := yz. Let A} = K(xz,y),
d, = ad(zx), &, = ad(y) and ¢ := §,0y = 0y05.

Proof of Theorem Notice that the Weyl algebra A := K(z,y) = @,., K[h]v] is a
subalgebra of D(h) since, for all elements u € K[hJv}, [h,u] = iu; and the set of integers Z is a
subset of the set Ev(h) of eigenvalues of the inner derivation § := ad(h) of the Weyl algebra A;.
By the Theorem of Joseph ([10], Note added in proof), Ev(h) = Z6 for some nonzero scalar
necessarily of the form :I:% since 1 € Z#. Without loss of generality we may assume that 8 = %
Then

D(h) = @ D,g where Dy :={a € A1 |[h,a] = iba}.
i€l
For all A\, u € Ev(h), DyD,, C Dxy,. By Theorem [L[1l Dy = C(h) = K[h].

Claim 1: For each A € Ev(h), there exists an element uy € Dy such that Dy = K[hluy =
U,)\K[h].

If A = 0 then take ug = 1, by Theorem [L.Il If A # 0 then take any nonzero element, say wy, of
D, then the map -w_y : Dy — Doy = K[h], d — dw_), is a monomorphism of left K[h]-modules.
Therefore, Dy = K[h]uy for some element uy € D). Similarly, the map w_x-: Dy — Do = K[h],
d +— w_xd, is a monomorphism of right K [h]-modules. Therefore, Dy = u) K[h] for some element
u) € Dy. Then uy = u}p for some nonzero element p € K[h], and so

u\K[h] = Dy = K[h]uy = K[hJu\p C Dxp = v\ K[h]p C u’\K|[h].
This gives the equality K[h] = K[h]p, and so p € K*. This implies the equality K[h|uy = uxH[h].
Claim 2: x = puy and y = vu_y for some u,v € K*.

By Claim 1, = u;p and y = vu_; for some non-zero polynomials pu,v € KJ[h|. Then
h = yx = vu_jujp. Since the polynomial u_qu; € K[h] is not a scalar polynomial (as the product
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of non-scalar elements in the Weyl algebra A; is a non-scalar element), the polynomials v and p
must be non-zero scalars since

1 = deg),(h) = degy,(A) + degy, (1) + degy, (u—1u1).

For every eigenvalue A € Ev(h), the vector space D, is invariant under the linear maps d,(-)z and

Lemma 3.1 Let d € {0,(-)x,0,(-)y}, v = v, where (p,n) € Z* with p+n > 0. Then v(d(a™)) =
v(a"td(a)) and Ay, (a™) = Agp(a) for all elements a € Aj\ker(d) and n > 1.

Proof. The second equality (i.e. Ag,(a™) = Agy(a)) follows at once from the first one. In
view of existence of the automorphism of the Weyl algebra A} := K(x,y) = A}, z — y, y — —x,
it suffices to prove the first equality only for § = J,(-)z. Let us prove by induction on n that

d(a™) = nanfld(a) +--- forall a € Ai\ker(dy) (25)

where the three dots denote smaller terms, i.e. v(---) < v(na” 'd(a)). The claim is trivially true
for n = 1. So, let n > 2. By (20),

d(a™) =d(a-a" ') =d(a)a" " + ad(a™ ') + d(a)h tyla™ !, 7).
Then, by (),
v(d(a)h™ yla" 1, 2]) < w(d(a)) —v(h) +o(y) + (@) +o(z) = p—n = v(a" " d(a)) — p—1. (26)
By induction on n, a-d(a""') = (n—1)a-a"2d(a) +--- = (n—1)a"'d(a) +---. Then

da") = (a""'d(a)+ )+ ((n=1)a""d(a) + ) + d(a)h yla" ", 2]
(na"'d(a) +---) + d(a)h'yla"" ! 2] = na"d(a) +--- . O

Lemma 3.2 1. Each element of the basis {y" - y'a®,y'x!, v’z - 2™ |n > 1,i > 0} of the Weyl
algebra Al is an eigenvector for the linear map d = §,(-)x:

d(y" - y'z") = iy" -y'at, dy'z’) =iy'a’, d(y'a’ - 2") = (i+n)y'z 2"

2. Each element of the basis {z'y® - y™, x'y*, 2™ - 2y’ |n > 1,7 > 0} of the Weyl algebra A} is
an eigenvector for the linear map d' = 6,(-)y:

dl(xiyi . y’n) — —(l + n)fEiyi . y’n,, dl(xlyl) — _i$iyi, d/(fI;n . xiyi) — _an . xlyl
Proof. Straightforward. [

Corollary 3.3 Let d € {6,(")z,0.()y}, v =v,,, where (p,n) € Z* with p+n >0, and A = Ag,.
Then v(d(a)) = v(a) for all a € Al\ker(d), i.e. A(a) =0 for all a € Aj\ker(d).

Proof. This follows at once from Lemma [3.2] [
Claim 8: 0 =1, i.e. n=1.

1thp+77>0 Let

Suppose that n # 1, we seek a contradiction. Fix a pair (p,n) € Z2
= D; = zK|[h] (by Claims

V= Upg, d € {6,()x,0:(-)y}, and A = Ay,. Since (U1) eD

nt
oy

1 and 2), there exists a nonzero polynomial @ € K[H ]\{O} such that l)" = za. Clearly,
u1 ¢ ker(d) since ker(d,(-)z) = ker(d,) = K[y] and ker(d,(-)y) = ker(d,) = n[:z:], by Theorem 5]
and Kla]+ K[y] € @;ez Di- By LemmaB.J and Corollary B3, A(us) = A((u1)") = A(za) = 0.
Therefore, d(u%) = u17q for some 74 € K* since d(DTll) € D. and D = u%K[ ] (Claim 1).
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So, d(u1) = w1y and d'(u L)_ury for some 7,7 € K* where d = 6,(-)z and d’ = ,(-)y. Let
§ = 6,0,. Then 6(D1) C Du, ndsoé(U1)—ulaforsomea€K[] By (24),

ui”y”y':dd/(ul) 5( L) —uiozh,
and so a # 0 and 0 = deg;, (vy') = degy,(ah) > 1, a contradiction.
Claim 4: For alln > 1, up = Apx™ and u_, = A_,y" for some scalars \p, \_,, € K*.

In view of existence of the automorphism of the Weyl algebra A} — A}, z — y, y — —=z
(h = —h+1), it suffices to prove Claim 4 for positive n. By Claim 1, 2™ = u,« for some element
a € K[h]\{0}. Suppose that o ¢ K*, we seek a contradiction. We keep the notation of the proof
of Claim 3. In addition, we assume that p > 0 and > 0. Then d(u,) = u,y and d'(u,) =
uny for some elements v,v" € K[h]\{0}, by Claim 1 and since kerga, (d) = kera,(6,) = K[y]
and kera, (d') = kera, (0;) = K[z], by Theorem [[15] (where d := d,(-)x and d’ := 6,(-)y). Let
m = nn = v(z") = v(upa). Applying the linear map d to the equality " = u,a and using (20])
we obtain the equality

nz" = d(z") = d(una) = d(un)at+uyd(a)—d(u, )h  yz(a—o 1 () = upyatund(a)—u,y(a—o " (a))

where o : h — h — 1 is an automorphism of the polynomial algebra K[h]. Notice that deg (o —
o7 (a)) < degy(a), and so v(u,y(a — o7 (a))) < v(u,ya). By the assumption, o € K[h]\K,
hence d(a) # 0 since ker(d) = ker(d,) = K[y] and K[h] N K[y] = K. Then, by Corollary B3]
v(d(e)) = v(a), and so v(upd(a)) = v(uy) + v(d(a)) = v(uy) + v(a) = v(uya) = m. Therefore,

m+ (p+n) deg, (7) = v(unya) = v(upya — upy(a — o~ (@) < max{v(nz"), v(u,d(@))} = m

Therefore, deg;, () = 0 since p+ 7 > 0, and so v € K*.
Similarly, applying the linear map d’ := §,(-)y to the equality 2™ = u,«a and using 2I]) we
obtain the equality

0 = d(upa)=d(up)a+ud () +d(u,)(h— 1) z]a,y]
= upY'a+und' (@) — uny (2y)ay(a — o(a))
= upYa+upd (a) — upy (o — o(a)).
Notice that deg, (o — o()) < degy, (), and so
v(a—o(a)) = v(h)degy,(a — o(a)) < v(h)deg,(a) = v(a),

hence v(upy' o) > v(upy (o — o(a))). By the assumption, o € K[h]\K, hence d'(a) # 0 since
ker(d') = ker(d,) = Klz] and K[h]| N K[z] = K. Then, by Corollary B3] v(d'(«)) = v(«), and so

v(ug) + oY) + (@) = v(upy @) = v(und (@) = v(u,) + v(d (@) = v(uy) + v(a).

Therefore, 0 = v(y') = v(h) degy, ('), i.e. v/ € K*.
Recall that 6 = 6,0,. Since §(D,,) C D,, and D,, = u, K[h], there exists § € K[h] such that
upyy = dd' (un) = §(un)h = unBh,
hence 8 # 0 and 0 = deg,, (v7') = deg,,(Bh) > 1, a contradiction. The proof of Claim 4 is complete.
By Claims 1, 3 and 4, D(h) = A}. The proof of Theorem [[.2 is complete. O

Proposition 3.4 Let d = 6,(-)z, d = 6,(-)y, and a € A;. If (dd")"*(a) € A} for some n > 1 then
a€ Al
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Proof. We use induction on n to prove the result. Notice that dd’ = ¢(-)h where § = 6,9y,
see 24). If n = 1, i.e. d(a)h € A} then 6(a) € Frac(A)) N Ay = A} (Theorem [[3]). Since
Al = N(6, A1) (Proposition[Z71(1)) and §(a) € A}, we must have a € N(§, A1) = A.

Suppose that n > 1 and the statement is true for all n’ < n. Then (dd')"(a) = (dd')"~(dd'(a)) €

1, hence dd'(a) € A} (by the inductive hypothesis), and so a € A}, by the case n =1. O

Question 2. Let a € AY. Is it true that N(a, A}) = N(a, A1)?

Question 3. Let a € AY. Is it true that D(a, A}) = D(a, A1)?
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