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Flow in a double-film-fed fluid bead between
contra-rotating rolls

Part 1: equilibrium flow structure
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In multiple-roll coaters thin liquid films are transferred from roll to roll by means of liquid

‘beads’ which occupy the small gaps between adjacent rolls. Double-Film-Fed (DFF) beads are

those which feature two ingoing films instead of the usual one, and arise in the intermediate

stages of certain types of roll coater. One of the ingoing films, h1, is supplied from the previous

inter-roll gap while the other, h2, ‘returns’ from the subsequent gap. Such a flow is investigated

here under the conditions of low flow rate, small capillary number and negligible gravity and

inertia, using lubrication theory and finite element analysis. The thickness of film h1 is fixed

independently, while that of h2 is specified as a fraction, ζ, of the film output on the same

roll. This simple approach allows a degree of feedback between the output and input of the

bead, and enables one to simulate different conditions in the subsequent gap. Predictions of

outgoing film thicknesses made using the two models agree extremely well and show that, for

each value of ζ < 1, one outgoing film thickness decreases monotonically with speed ratio,

S , while the other features a maximum. Good agreement is also seen in the pressure profiles,

which are entirely sub-ambient in keeping with the small capillary number conditions. The

finite element solutions reveal that in the ‘zero-flux’ case (when ζ = 1) the flow structures

are very similar to those seen in an idealized cavity problem. In the more general (ζ < 1)

situation, as in single-film-fed meniscus roll coating, several liquid transfer-jets occur by which

liquid is conveyed through the bead from one roll to the other. The lubrication model is used

to calculate several critical flow rates at which the flow is transformed, and it is shown that

when the total dimensionless flow rate through the bead exceeds 1/3, the downstream flow

structure is independent of the relative sizes of the ingoing films.

1 Introduction

Roll coating is a versatile industrial process used to deposit a thin, uniform liquid film on

to a substrate (or ‘web’) such as paper, metal or plastic. Figure 1 shows a simple three-roll

coater operating in ‘forward’ mode (meaning that roll surfaces pass through the small

inter-roll gaps in the same direction). Viscous lifting provides the mechanism by which

coating liquid is drawn from the reservoir, and under stable operating conditions two

liquid ‘beads’ exist in the inter-roll gaps. As can be seen in Figure 1, the only difference

between the beads is the number of liquid films supplying them: the upper bead, through
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Figure 1. A simple three-roll forward roll coater.

which the dry substrate passes, is said to be Single-Film-Fed (SFF) while the lower bead

is Double-Film-Fed (DFF).

There is a wealth of literature on the flow in individual SFF forward roll coating gaps

– for a comprehensive review, see Coyle [5] – and one of the most important results

from these works is an understanding of how the film-split ratio depends on operating

conditions. Generally, an expression of the form

h3

h4
= αSβ (1.1)

is found, where h3 and h4 are the two outgoing film thicknesses (see later), S is the

speed ratio of the rolls, and α and β are functions of other operating parameters. Once

the behaviour of an individual gap flow is understood, one can construct a model for a

multiple-roll coater by equating the output of one gap to the input of the next [2].

In contrast to the SFF flow, there are few studies which consider the DFF case. This is

perhaps not surprising since, though the flux through the nip is different, the film-splitting

behaviour (equation 1.1) is the same. The presence of the returning film does, however,

have implications for the structure of the flow and – more importantly – its stability to

‘bead break’. The present paper focuses on the structure of the DFF fluid bead, while

Part 2 addresses the issue of stability.

Benjamin [1] used lubrication theory to model the DFF flow. He imposed both ingoing

film thicknesses in terms of the total flux through the nip and an inlet film thickness ratio.

On the downstream side he assumed that the film-split occurred at the first stagnation

point in the flow and that this point lay on the free surface. Applying the ‘Prandtl-



Flow in a double-film-fed fluid bead – Part 1 397

Figure 2. The double-film-fed forward roll coating gap.

Hopkins’ conditions for separation [3] then gave the downstream meniscus location. With

the menisci approximated as circular arcs to account for capillary pressure, the lubrication

equations could be solved for the upstream ‘film-merge’ location.

Predictions of the pressure profile made using the above model were tested against

those from a Finite Element (FE) analysis of the complete domain, and a discrepancy

was found due to the assumption that the film splits at the meniscus. In fact there is

usually a region of recirculating flow and the first stagnation point lies further upstream

[6]. The FE solutions were also used to investigate the flow structure in the film-merge

region close to the upstream free surface, and showed that recirculations grew as flow rate

increased, until the flow became unsteady and three-dimensional when the flux passed a

critical value. The structure of the flow in the rest of the domain was not considered.

In the next section a lubrication theory model is developed which is valid for small

capillary numbers and low flow rates. It is used in conjunction with the FE formulation

outlined in § 3 to explore the effect of the returning film on the flow structure throughout

the DFF fluid bead.

2 Lubrication theory model

Figure 2 shows the domain of interest, namely the gap between a pair of counter-rotating

rolls featuring four liquid films, H1, . . . , H4. Film H1 is taken to be the inlet film (i.e.

that supplied from the reservoir) and is a specified parameter. If the gap in Figure 2 is

considered to be part of a multiple-roll coater, then the thickness of the other ingoing film,

H2, will depend on the nature of the flow in the subsequent gap and on the thickness of

film H4 (see Figure 1). As mentioned above, Benjamin [1] chose to impose the thicknesses

of films H1 and H2 by specifying the ratio H2/H1 and a total flow rate. Here H1 is fixed

independently and H2 is imposed as a fraction of H4, i.e.

H2 = ζH4, (2.1)

where 0 6 ζ 6 1. Thus when ζ = 0 film H2, referred to as the ‘returning’ film, is absent

whereas ζ = 1 implies that there is no net fluid transfer from one roll to the other. This

approach, though simple, allows for a degree of ‘feedback’ between the output and the

input of the system, and hence allows one to simulate various conditions in the subsequent

gap.

For simplicity, the rolls are assumed to have equal radii, i.e. R1 = R2 = R. The effects of

gravity and inertia are taken to be negligible, and the liquid is considered to be Newtonian
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with viscosity µ and constant surface tension σ. The gap between the rolls is typically

much smaller than their radii (i.e. δ ≡
√

B0/2R ≪ 1) and the appropriate dimensionless

scheme is well-established [6]:

x =
X√
2RB0

; y =
Y

B0
; u =

U

U2
; p =

PB0

µU2

(

B0

2R

)
1
2

; q =
Q

2U2B0
(2.2)

where u is the horizontal velocity component and q is the dimensionless flow rate through

the nip. The governing equations reduce to Reynolds equation for the pressure, p:

dp

dx
=

3(1 + S)(1 + x2) − 6q

2(1 + x2)3
. (2.3)

Using the substitution x = tan θ gives the solution

p = 3
4
(1 + S − 2q)(θ + 1

2
sin 2θ) + 3

8
q(θ − 1

4
sin 4θ) + C, (2.4)

where C is a constant of integration. Two boundary conditions on p are required. The

domain of validity of (2.3), −x∗
u 6 x 6 x∗

d, does not extend quite as far as the menisci,

but it is assumed that −x∗
u and x∗

d lie sufficiently close to their respective menisci that

the pressure at each end point can be taken as the capillary pressure at the appropriate

meniscus. Measuring pressures relative to the ambient pressure, the balance of stresses at

each free surface gives the following two conditions

p(θ = −θu) = − δ

ruCa
, p(θ = θd) = − δ

rdCa
, (2.5)

where Ca = µU2/σ ∼ O(δ) is the capillary number, ru (= Ru/B0) and rd (= Rd/B0) are the

dimensionless radii of curvature of the upstream and downstream menisci, respectively,

θu = tan−1 xu, and θd = tan−1 xd. Applying these conditions to (2.4) yields

2δ

3Ca

[

1

ru
− 1

rd

]

= (S + 1)
[

1
2
(θu + θd) + 1

4
(sin 2θu + sin 2θd)

]

(2.6)

− q
[

3
4
(θu + θd) + 1

2
(sin 2θu + sin 2θd) + 1

16
(sin 4θu + sin 4θd)

]

.

To proceed, ru, rd must be expressed in terms of θu and θd. This can be achieved in a

simple way by approximating the menisci as arcs of circles whose radii are equal to half

the local gap between the rolls. Since the semi-gap is approximated by a parabola [6], this

gives

ru = sec2 θu, rd = sec2 θd. (2.7 a,b)

Note that better approximations for ru and rd can be made by subtracting the film

thicknesses from the local gap or accounting for the divergence of the roll surfaces [14].

For the purposes of the present paper, however, the simple approximation (2.7) is quite

adequate. Improvements to the lubrication model are discussed in Part 2.

In fact, it is possible to determine xd without solving (2.6). Assuming plug flow in each

film, the balance of fluxes upstream and downstream takes the form

h1 + Sh2 = h3 + Sh4, (2.8)

where hi = Hi/B0, i = 1, . . . , 4 are the dimensionless film thicknesses. For small capillary
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number, at leading order the films h3 and h4 are related to rd by [4,13]:

h3 = rdαCa2/3, h4 = rdα(SCa)2/3, (2.9 a,b)

where α = 1.337. Again only the leading order expressions are used here; higher order

effects are considered in detail in Part 2. At the upstream the film thicknesses are

h1 = 2λ, h2 = ζh4. (2.10 a,b)

Using (2.7), (2.9) and (2.10), equation (2.8) yields

x2
d =

2λ

αCa2/3(1 + (1 − ζ)S5/3)
− 1. (2.11)

Hence, the outgoing film thicknesses are

h3 =
2λ

1 + (1 − ζ)S5/3
, h4 =

2λS2/3

1 + (1 − ζ)S5/3
, (2.12 a,b)

and the dimensionless flux through the nip, q = 1
2
(h1 + Sh2) = 1

2
(h3 + Sh4), is

q =
λ(1 + S5/3)

1 + (1 − ζ)S5/3
. (2.13)

Now (2.6) can be solved numerically for the upstream meniscus location, xu.

3 Finite element formulation

The above lubrication model can provide much information about the pressure in the

bead and the film thicknesses, and it can also be used to predict critical flow rates at

which flow structures change [10]. However, to infer two-dimensional flow structures from

one-dimensional lubrication theory first requires a knowledge of what features to look

for. For a more complete picture of the flow and to explore a wider range of parameters

one must turn to a numerical solution. The most popular method used to model coating

flows is arguably the Finite Element (FE) method, and that is the technique employed

here.

Since roll coating flows are generally characterized by low Reynolds numbers, the

Stokes equations were taken as the governing equations and were solved using a Galerkin

weighted residual formulation. The usual boundary conditions were applied: no-slip on

the roll surfaces; zero shear stress, zero normal velocity, and surface tension balanced with

normal stress on the free surfaces; and plug flow in the films. Following Benjamin [1], the

pressure datum was set by fixing p in the films to be equal to the capillary pressure due

to the (positive) curvature of the rolls:

p =
1

Ca

(

H0

R

)

. (3.1)

Note that the ambient pressure is assumed to be zero and the film thicknesses have been

neglected since they are small compared to R. This allows (3.1) to be imposed as an

essential condition on the inflow and outflow planes.

The domain was tessellated into triangular ‘V6/P3’ elements, and the free surfaces were

parametrized by the ‘spine method’ [12]. The construction of the mesh followed that used
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Figure 3. Variation of outgoing film thicknesses with S for various values of ζ. Curves:
lubrication theory; points: FE analysis. Other parameters: λ = 0.15, Ca = 0.01, B0/R = 0.01.

by Coyle et al. [6] in forward roll coating – see Wilson [16] for more specific details. The

residual equations were solved by Newton iteration in which the Jacobian was inverted

using the frontal method [11], and the iterative process was terminated when the largest

increment to the solution was less than 10−6.

4 Results and discussion

4.1 Film thicknesses

Figure 3 is a typical plot of the variation of film thicknesses h3 and h4 with S calculated

from (2.12) and by finite element analysis. Excellent agreement exists between the two sets

of results; only at high S and ζ does a discernible difference appear in the predictions of

h4. When ζ = 1 there is no net transfer of liquid from one roll to the other, so film h3

is always equal to 2λ (i.e. 0.3 in this case). Film h4, on the other hand, increases as S2/3

in accordance with (2.12b). For ζ < 1, the curves for each film look similar: h4 reaches

a maximum which occurs at a higher S as ζ increases, while h3 decreases monotonically

with S . The ζ = 0.2 and 0.5 curves terminate at the value of S for which xu = xd, i.e.
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the two menisci coincide. Describing the flow in the bead when the menisci are close

together is difficult both analytically and numerically. In the case of the former, the higher

order terms ignored here start to play an important role (see Part 2), whereas in the finite

element formulation meshing problems are encountered. In the remainder of this paper,

only conditions for which the two menisci are well-separated will be considered.

4.2 Flow structures: zero net flux case

In inlet-flooded forward roll coating there are generally three streamline topologies asso-

ciated with the film-splitting flow: a simple film-split with no recirculations, one with two

‘joint eddies’ both connected to the free surface and to each other, and another featuring

‘disjoint eddies’ where only one eddy attaches to the free surface [15]. Since in the current

problem the upstream half of the domain is topologically equivalent to the downstream,

flow structures similar to the above also arise in the ‘film-merge’ region. However, at small

flow rates, when the menisci lie closer together, the essentially independent upstream and

downstream flow structures are replaced by full-bead structures resembling cavity flows

[8, 10]. Below, the parametric response of the DFF bead is described by means of a few

examples. A more detailed discussion of similar flow structures in the SFF bead is in

preparation [14].

When ζ = 1 the thickness of the returning film is the same as that carried out of the

bead by the upper roll. Consequently there is no net flux of liquid from one roll to the

other. Obviously, such an arrangement would not occur in practice as the purpose of a

roll coater is to transfer liquid from a source to a web. The zero flux case is interesting

theoretically, however, and has been used in experiments to measure meniscus shapes [7].

4.2.1 Symmetric flow

The first case considered is that of a small inlet flux, λ, and equal roll speeds, S = 1.

Figure 4 shows the flow structures seen at different inlet flow rates. When λ is small, the

flow in the bead features two equal recirculations defined by three separating streamlines

stretching across the entire width of the bead. Each recirculation contains a saddle point

and two centres, Figure 4(a), and the flow is very similar to that observed in ‘meniscus roll

coating’ [10] and the idealized rectangular cavity model of that flow [8]. As λ increases,

the liquid layers on each roll thicken and push the separating streamlines closer together

until at a critical flow rate (λ ≈ 0.1662) the saddle points in the recirculations coalesce

and all three separating streamlines connect together, Figure 4(b). A further increase in

λ results in the two saddles moving apart along y = 0 (Figure 4c), however they remain

connected to each other and also to one of the free surfaces.

A similar transformation of the flow structure was seen by Gaskell et al. [10] in the

Single-Film-Fed (SFF) forward roll coater, except that the upstream saddle point does

not connect to the upstream free surface since liquid must be transferred from the bottom

roll to the top. They found that for S = 1 the critical flow rate at which the saddle points

coalesce was λ ≈ 0.3327. To compare with the present problem, one must consider the

flux passing through the nip; in the SFF case, this is equal to λ whereas in the present

problem the flux in the returning film must be added. When S = ζ = 1 all four films
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Figure 4. Effect of increasing inlet flux on flow structure. (a) λ = 0.08: three separating streamlines
define two closed regions each of which contains a saddle point and two sub-eddies; (b) λ = 0.1662:
all three separating streamlines connect as the two saddle points coalesce; (c) λ = 0.21: the two
interior saddle points move apart, but remain connected to each other and to the six separation
points. Other parameters: Ca = 0.01, S = 1, B0/R = 0.01, ζ = 1.

have the same thickness, and so the critical flux through the nip is 2λ ≈ 0.3324, which

compares well with the value quoted above.

The critical flow rate at which the separating streamlines connect can be predicted using

lubrication theory. The streamfunction at any point on x = 0 is given by

ψ(0, y) =

∫ y

−1

u(0, τ)dτ (4.1)

= 3
8
(S + 1 − 2q)( 1

3
y3 − y − 2

3
) + 1

8
(S − 1)(y2 − 1) + 1

4
(S + 1)(y + 1),

where ψ(0,−1) = 0 has been used to fix the arbitrary constant. The positions of the

separating streamlines can then be found by solving

ψ(0, y) − λ = 0 (4.2)

for y. When ζ = 1 and S = 1, q is equal to 2λ and the equation for y is thus

y[(1 − 2λ)y2 − (1 − 6λ)] = 0. (4.3)
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Figure 5. The effect of increasing λ on flow structure at ζ = 1 and S < 1.

The solutions are

y1 = 0 and y2,3 = ±
√

1 − 6λ

1 − 2λ
, (4.4)

and hence it follows that the separating streamlines will coalesce at λ = 1
6

which compares

well with the FE calculation of 0.1662.

4.2.2 Asymmetric flow

The sequence of transformations arising when λ is increased and S < 1 is shown in Figure

5 which gives schematic representations of the flow based on the magnified views of FE

solutions given in Figure 6. When λ = 0.19 the flow structure (Figure 5a) is the same as in

Figure 4(a) but the lower recirculation is rather larger than the upper since the lower roll

surface is moving faster. As λ increases, the separating streamlines again move together

but at a critical flow rate the saddle point in the upper recirculation becomes a centre and

the double-eddy structure is transformed into the treble-eddy structure, Figure 5b, seen in

the idealized cavity problem [8].

As the flux continues to increase, the lower separating streamlines connect at the lower

saddle point which remains on x = 0 (Figure 5c). This structure exists only for one

particular λ; at higher values the separating streamlines separate from and reattach to

the same free surface and no longer span the width of the bead. A consequence of this

is that the liquid entering the bead on the bottom roll is divided such that some passes

directly through the nip on the lower roll while the rest travels around the various eddies

in the bead and then returns to the lower roll before exiting, see Figures 5(d ) and 6(b).
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Figure 6. Close-up views of the important streamlines illustrating the effect of increasing λ on
flow structure at S = 0.4 and ζ = 1. (a) λ = 0.19; (b) λ = 0.202; (c) λ = 0.2054; (d ) λ = 0.206;
(e) λ = 0.23. Other parameters: Ca = 0.01, B0/R = 0.01.

At this stage the dividing streamline, (i.e. that passing through the saddle point) encloses

the separatix of the treble-eddy structure as shown in Figure 5(d ) but as λ increases these

two streamlines approach each other and the next change in structure occurs when they

coincide and connect together the three interior saddle points, as seen in Figures 5(e)

and 6(c). Again, this is a structure which only occurs at one value of λ (for a given S)

and an increase in λ results in the bottom saddle point disconnecting from the others.

This gives rise to two dividing streamlines and three routes through the bead for liquid

entering on the lower roll – see Figures 5( f ) and 6(d ). Finally, as λ increases further,

the small eddy above the bottom saddle point diminishes and disappears to leave the

structure in Figures 5(g) and 6(e). Note the presence of the ‘disjoint eddies’ mentioned

earlier near each free surface. When S > 1 a similar transformation of the flow occurs,

but all the structures involved are inverted, i.e. the 3-eddy structure arises in the lower

recirculation, and so on. As a matter of interest, the sequence of flow transformations

just described has been observed before in a rectangular rigid-walled cavity driven by the

parallel and independent motion of its top and bottom plates [9]. In that problem the

varied parameter was the aspect ratio of the cavity.
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Figure 7. Streamlines for S = 1, ζ = 0.9, λ = 0.1, Ca = 0.01, and R/B0 = 100: liquid is transferred
from the lower to the upper roll via a transfer-jet snaking around both the two large eddies.

Figure 8. Streamlines for S = 1, ζ = 0.9, λ = 0.21, Ca = 0.01, and R/B0 = 100: liquid is
transferred via a transfer-jet close to the upstream free surface.

4.3 Flow structures: general case

When ζ < 1 the upper roll drags away more liquid than it supplies and so there must

be a transfer of liquid from the lower inlet to the upper outlet. From the discussion in

the previous section, it is expected that there will be a number of ‘routes’ by which the

required amount of liquid can be transferred. It has been seen that the key factors in

determining the flow structure are the thicknesses of the liquid layers on each roll and

ζ is another parameter which has a pronounced effect on these thicknesses. Hence the

introduction of ζ as a varying quantity combined with S and λ makes the exploration of

the flow structure more difficult. For convenience the discussion is broken down into two

cases.

4.3.1 The equal speed case, S = 1

When S = 1 there are three regimes to consider, depending on the value of λ. For

λ < 1
6

the flow in the bead consists of two large recirculations, each containing a saddle

point and two centres (see Figure 4). As ζ is reduced from unity two of the separating

streamlines cease to connect the free surfaces and instead separate from and reattach to

the same free surface, as shown by the solution in figure 7. The double-eddy structures

still exist and reside inside the recirculations defined by the separating streamlines. The

liquid which must now be supplied to the upper roll is done so by means of a long

transfer-jet winding between the separating streamlines. In SFF meniscus roll coating,

this mechanism of transfer was referred to as the ‘primary transfer-jet’ [10].

On the other hand, if λ > 1
6

the bead contains a section of unidirectional flow which

remains as ζ decreases from unity; the liquid required by the upper roll is transferred via
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Figure 9. Critical flow rates as a function of ζ for S = 1, Ca = 0.01, and B0/R = 0.01.

a short (‘secondary’ [10]) transfer-jet which passes between the dividing streamline and

the upstream free surface, see figure 8.

At values of λ between those in Figures 7 and 8 it is expected that both mechanisms of

flow transfer will arise. In fact, the development of the flow with λ at S = 1 has already

been explored in the SFF forward roll coater [10]. The flow structures arising in the

present problem will be the same as in the SFF case, since the point at which the topmost

separating streamline separates from the upstream free surface is (topologically) similar to

the dynamic contact line featured in the SFF domain. The streamline separating from that

point can be considered as the effective roll surface, and so the flow will be transformed

in exactly the same way as described by Gaskell et al. [10]. The only difference here is

that the flux through the nip is not simply equal to that supplied by the lower roll, but

depends on the returning film thickness also. Hence ζ will affect the values of λ at which

transformations occur.

The critical events which mark the appearance and disappearance of the jets occur

when one or more of the saddle points become connected to one of the free surfaces.

Monitoring the positions and streamfunction values of the saddle points as ζ and λ are

varied therefore yields a control space diagram as shown in Figure 9. From the graph

one can see that the primary transfer-jet disappears at combinations of λ and ζ satisfying

λ = 1
6
(2 − ζ) and since when S = 1

q =
2λ

2 − ζ
, (4.5)

this means that the total flux through the nip is always 1
3

when the primary transfer-jet
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Figure 10. Variation of jet strengths with λ for ζ = 0.6, S = 1, Ca = 0.01, and B0/R = 0.01.

disappears. This critical flow rate therefore marks the transition from a bead flow where

the upstream and downstream interact to a regime where the flow downstream of the nip

is independent of the way in which liquid is supplied to the bead and is governed only by

the total flux through the nip and the speed ratio of the rolls. In other words this is the

transition from the ‘meniscus’ to the ‘moderately-starved’ regime [10].

The above result could have been predicted directly from the positions of the stagnation

points on x = 0. From the velocity distribution associated with (2.3) it follows that these

lie at

y1,2 =
1 − S ± 2

√

S2 + S + 1 − 3q(2(1 + S) − 3q)

3(1 + S − 2q)
, (4.6)

and the critical flow rate occurs when the discriminant is zero. This gives a quadratic for

q with solutions

q1,2 = 1
3
(1 + S) ± 1

3

√
S. (4.7)

When S = 1 the solutions are 1
3

and 1, but the solution q = 1 can be discarded since for

S = q = 1 the denominator in (4.6) is zero. Hence the critical flow rate is 1
3
.

The appearance/disappearance of the secondary jet at small λ does not occur at a

constant q. As ζ → 0 the critical flow rate tends to 1
9

which was calculated by Gaskell

et al. [10], while as ζ → 1 the two curves in figure 9 approach each other since at ζ = 1

there is only one critical flow rate, λ = 1
6

(q = 1
3
), see Figure 4. Note that the strengths

of the two transfer-jets can be calculated from the value of λ and the values of ψ at the

saddle points, and their variation with λ is shown in Figure 10.
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Figure 11. The effect of decreasing ζ on flow structure at S = 2, λ = 0.25, Ca = 0.01 and
B0/R = 0.01.

4.3.2 The case of a faster upper roll, S > 1

When S � 1, the transformation of the flow structure is more complicated and is illustrated

here for a speed ratio of S = 2 by reducing the value of ζ. In the interests of brevity

and clarity, only schematics are presented; supporting numerical solutions can be found

elsewhere [14, 16].

When S = 2, λ = 0.25 and ζ = 1, as in Figure 11(a), the flux through the nip is

relatively large (q = 1.03) and the upstream eddies seen earlier are not present. Instead

there is a single streamline separating from the upstream free surface which also connects

to the downstream meniscus. In the downstream part of the domain the flow exhibits

disjoint eddies and a transfer-jet caused by the asymmetry of the roll speeds. Since there

is no net transfer of liquid from roll to roll, the liquid in the transfer-jet originates in the

upper inlet film. As ζ is reduced, however, liquid is also drawn from the lower inlet film

(Figure 11b) and at a particular value, the interior saddle point connects to the upstream

free surface. At this and smaller ζ all the liquid in the transfer-jet comes from the lower

inlet film.
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As ζ is decreased further, resulting in a reduction in the flow rate through the nip,

the menisci move closer together and additional eddies arise (figure 11e and g) which

eventually become connected together as seen in Figure 11(h). This flow structure marks

the onset of what was earlier called the ‘primary transfer-jet’ for, as ζ decreases, the top

saddle point disconnects from the other two and produces a long transfer-jet winding

though the bead and passing between the top saddle point and the upper roll – see Figure

11(i ). The two lower saddles then approach each other as ζ decreases and coalesce on

x = 0. At this stage (Figure 11j ) the upper saddle point still lies on a streamline which

originates in the lower inlet film and liquid is free to pass on either side of it on the

journey to the top roll. Hence there are three transfer-jets: the primary one just described,

the ‘secondary’ one passing along the upstream free surface, and the original jet due to

the unequal roll speeds.

At a smaller value of ζ the upper saddle point connects to the downstream free surface,

and closes off what remains of the asymmetric-speed jet. The final change in structure

occurs when the upper saddle point disconnects from the downstream free surface to form

a figure-of-eight separatrix. At this value of λ no further qualitative changes are seen as

ζ → 0; the primary transfer-jet grows in strength while the secondary diminishes, but the

latter does not disappear. Gaskell et al. [10] showed that in the SFF forward roll nip, the

critical flow rate at which the secondary transfer-jet disappears is given by

λs =
2

9

[

3 + 2S − 2
√
S2 + 3S

1 + S

]

, (4.8)

which, for S = 2, gives a value of 0.05. Clearly, with an inlet flux of λ = 0.25 the secondary

transfer-jet will always be present, even if ζ is reduced to zero.

The case of a slower upper roll is not considered here. The flow structures can be

inferred from Figure 5 by allowing for a transfer of liquid from the lower inlet to the

upper outlet. For more detail the reader is referred to the extensive discussion of SFF

meniscus roll coating by Summers et al. [14], which includes several control space diagrams

and a systematic catalogue of the various possible flow structures.

5 Summary

The steady flow in a double-film-fed fluid bead has been studied using lubrication theory

and finite element analysis. The size of the returning film was specified in terms of a

fraction of the corresponding output film. This is a simple way of providing feedback

from the output to the input of the problem and a convenient means of simulating

different conditions in the gap subsequent to the one in question. The lubrication model

relied on the approximation of the menisci as arcs of circles in order to obtain the capillary

pressure at each end of the bead, with the simplest expression used for the radii of the

arcs. Even so, good agreement was obtained between lubrication theory and finite element

predictions of the film thicknesses.

The numerical solutions revealed many different flow structures which were illustrated

above by means of several examples. It was seen that in the ‘zero-flux’ case (i.e. when

ζ = 1 and there is no net transfer between the rolls) the flow structure at low flow rate

resembles closely that in an idealized cavity model of the flow [8]. At slightly higher flow
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rates, however, the structure becomes much more intricate, featuring numerous stagnation

points and recirculations. When ζ < 1 liquid has to be transferred from the lower to the

upper roll, and this is achieved by various meandering ‘routes’ or ‘transfer-jets’ defined by

the separatrices of several saddle points.

The lubrication model was used to calculate several critical flow rates at which saddle

points connect to each other and to the free surfaces, hence transforming the flow structure,

and it was shown that when the total dimensionless flow rate through the bead exceeds

1/3, the downstream flow structure is independent of the relative sizes of the ingoing

films. This flow rate – as in SFF roll coating – marks the distinction between the so-called

‘meniscus’ and ‘moderately-starved’ operating regimes [10].

In Part 2, the lubrication model is refined and used to explore the stability of the bead

as speed ratio is increased.
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