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CYCLOTOMIC GAUDIN MODELS,
MIURA OPERS AND FLAG VARIETIES

SYLVAIN LACROIX AND BENOIT VICEDO

ABSTRACT. Let g be a semisimple Lie algebra over C. Let v € Aut g be a diagram automorphism
whose order divides T' € Z>1. We define cyclotomic g-opers over the Riemann sphere P! as gauge
equivalence classes of g-valued connections of a certain form, equivariant under actions of the cyclic
group Z/TZ on g and P!. Tt reduces to the usual notion of g-opers when 7' = 1.

We also extend the notion of Miura g-opers to the cyclotomic setting. To any cyclotomic Miura
g-oper V we associate a corresponding cyclotomic g-oper. Let V have residue at the origin given
by a v-invariant rational dominant coweight Ao and be monodromy-free on a cover of P1. We prove
that the subset of all cyclotomic Miura g-opers associated with the same cyclotomic g-oper as V
is isomorphic to the ¥-invariant subset of the full flag variety of the adjoint group G of g, where
the automorphism 9 depends on v, T and Ag. The big cell of the latter is isomorphic to N, the
Y-invariant subgroup of the unipotent subgroup N C G, which we identify with those cyclotomic
Miura g-opers whose residue at the origin is the same as that of V. In particular, the cyclotomic
generation procedure recently introduced in [VaY15] is interpreted as taking V to other cyclotomic
Miura g-opers corresponding to elements of NV associated with simple root generators.

We motivate the introduction of cyclotomic g-opers by formulating two conjectures which relate
them to the cyclotomic Gaudin model of [ViY16a].
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1. INTRODUCTION AND MOTIVATION

The Gaudin model [Gau76| is a quantum integrable long-range spin chain of any length N € Z>;
which can be associated with any semisimple Lie algebra g over C. Among its many different possible
generalisations, we shall be interested in the so called cyclotomic Gaudin model. It can be regarded
as a particular example of a general family of Gaudin models associated with non-skew-symmetric
solutions of the classical Yang-Baxter equation, introduced in [Skr06].

The algebra of observables of the cyclotomic Gaudin model, as introduced by C. Young and one
of the present authors in [ViY16a], is the N-fold tensor product U(g)®" of the universal enveloping
algebra U(g). Given any g-modules M; for : = 1,..., N, the Hilbert space, or spin chain, is taken
to be the N-fold tensor product @2, M;. To define the Hamiltonians, let {7*}9™® and {1,}9™@
be dual bases of g with respect to a chosen non-degenerate bilinear form on g. Let T € Z>1, pick
a primitive T*"-root of unity w and consider the cyclic group I' := (w) = Z/T7Z. Let o € Autg be
an automorphism of g such that o7 = Id. Fix a collection of N distinct complex numbers z; € C*,
i =1,...,N with disjoint I'-orbits, i.e. such that z; # wkzj for all distinct ¢,5 = 1,..., N and
k=0,...,T7 — 1. The quadratic cyclotomic Gaudin Hamiltonians are defined as (see [Skr13])

T-1 N ra(i) ) T—1 7q(i) k(0
I JEOPYT o
—_— =1,...,N 1.1
=) Ez—w—kz > (1_wk)Zi€U(g) ,i=1,.., (1.1)
kO];él k=1
JFi

where for any A € U(g) we let A®) denote the element of U(g)®N with A in the i*" tensor factor and
the identity in every other factor. One checks directly that these Hamiltonians mutually commute,
i.e. [H;,H;] =0foralli,j=1,...,N, and commute with the diagonal action of the o-invariant
subalgebra g”. The Hamiltonians (1.1) belong to a large commutative subalgebra of U(g)®", the
so called cyclotomic Gaudin algebra, whose definition we briefly recall below. For rk g > 2 the latter
contains also “higher” Gaudin Hamiltonians of degrees equal to the exponents of g plus one. Taking

T =1, i.e. ' ={1}, so that o = Id, we recover the usual quadratic Gaudin Hamiltonians

N ; j
Ia(z)LgJ)
HE =) —2cU@®N, i=1,...,N. (1.2)
= Z; — Zj
J#

The cyclotomic Gaudin algebra reduces in this case to the Gaudin algebra [Fre05|.

The construction of the Gaudin algebra by Feigin, Frenkel and Reshetikhin [FFR94] exploits the
commutative algebra structure of the subspace of singular vectors in the vacuum Verma module at
the critical level over the untwisted affine Kac-Moody algebra g associated with g. This approach
was recently generalised to construct the cyclotomic Gaudin algebra by C. Young and one of the
present authors in [ViY16a|. The central ingredient in the construction of [FFR94| is the notion
of coinvariant of an N-fold tensor product of g-modules with respect to the algebra of rational
functions P! — g vanishing at infinity and with poles at most at the marked points z;, i =1,..., N.
In the cyclotomic setting this gets replaced by the notion of cyclotomic coinvariants [FS04, ViY16b|,
i.e. coinvariants with respect to the algebra of I'-equivariant rational functions P! — g vanishing
at infinity and regular away from w”*z;, i =1,...,N, k=0,...,T — 1, where w € T" acts on P! by

multiplication and on g as 0. Let u € C* \ {z1,...,2n5} be such that its I-orbit is disjoint from
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those of the z;, and denote by @, and .#, the local ring and local field at u, respectively. Let g, :=
9(#,) ® CK be the affine Kac-Moody algebra, where for any C-algebra R we let g(R) := g® R, and
consider its subalgebra g, == g(0,) ®CK. The vacuum Verma module V{3 (g) == U(gu) Rp ) Cvo
is the g,-module induced from the one-dimensional g, -module Cvg on which g(&,) acts trivially
and K acts by the critical level (whose specific value depends on the choice of normalisation of the
bilinear form on g). The subspace 3(V§i(g)) = {X € V§(g) | g(0u) X = 0} of singular vectors in
ngqif (g) comes naturally equipped with the structure of a commutative algebra and the upshot of
the construction of [ViY16a|, generalising that of [FFR94| to the cyclotomic setting, is an algebra
homomorphism

\Ij(zl)u 5(V0rlt( )) N U(g)®N

Working at the critical level ensures that this homomorphism is non-trivial since it is only then that
the vacuum Verma module admits singular vectors not proportional to the vacuum vg. In particular,

(th( )) always contains the quadratic vector S = 1I%(—1)I,(—1)vy. Here we fix once and for all
a global coordinate t on C C P! and let X(n) == X ® (t — u)" € g(%#,) for any X € g and n € Z.
The image of S under \IJ?Zi)ju gives rise to the quadratic cyclotomic Gaudin Hamiltonians (1.1) as
H; = res,, \II(FZi)yu(S’)du for each j = 1,...,N. The cyclotomic Gaudin algebra Qp(gl)(g) is defined

as the image of \II{Z,) .- We thus obtain a surjective homomorphism of commutative C-algebras

Ui 3(VEn(e) — 20,(0). (1.3)

Given any g-modules M;, i = 1,..., N, one of the main problems in the study of the (cyclotomic)
Gaudin model is to simultaneously diagonalise the quadratic (cyclotomic) Gaudin Hamiltonians
(1.1), or indeed the entire (cyclotomic) Gaudin algebra D@”(l; )( g), on the tensor product ®f\i1 M;.
If ¢ € ®Zj\i 1 M; is a joint eigenvector of the cyclotomic Gaudin algebra 5}”(1;)( ), then the common
eigenvalues of Qg(l;)(g) on 9 are encoded in a C-algebra homomorphism 7, : ff(z )( g) — C, defined
by z1) = ny(2)1 for every z € ,,@”(1;)(9) In other words, the joint spectrum of Q”(Zi)( g) on any spin
chain ®fv: 1 M; forms a subset of the maximal spectrum of Q”(F )( g). It is therefore of interest to first
obtain a description of the spectrum Spec .,@”(EZ)(Q) before attempting to diagonalise the cyclotomic
Gaudin Hamiltonians on any tensor product of g-modules. In view of the homomorphism (1.3), let

us begin by recalling the description of the spectrum of 3(V8r;f(g))

The commutative algebra 5(th( )) is naturally isomorphic, by a theorem of Feigin and Frenkel
[FF92] (see also the book [Fre07]), to the classical W -algebra W, (*g) for the Langlands dual Lie
algebra “g of g, whose Cartan matrix is the transpose of that of g. The classical TW-algebra W, (g)
is obtained by Drinfel’d-Sokolov reduction of the algebra of functions on the dual of the affine
Kac-Moody algebra g, [DS85]. Its spectrum is isomorphic to the space of so called g-opers on the
formal disc D, = Spec €, around the point u. In order to introduce the notion of g-oper it is
convenient to first recall the description, due to Kostant [Kos59, Kos63|, of the classical finite W-
algebra Wﬁn(gv p—1) associated with a principal nilpotent element p_;. Embedding the latter into
an sla-triple {p_1,2p,p1}, we set n = P, 9; and b := P, g; using the Z-grading g = P, 9
defined by ad; and denote by N the unipotent subgroup of the adjoint group of g with Lie algebra n.
The algebra Wi (g, p_1) is isomorphic to the algebra of N-invariant polynomial functions on p_1+b,
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or equivalently to the algebra of polynomial functions on the Slodowy slice p_1 + a, where a is the
centraliser of p;. In other words, we have isomorphisms Spec Wi (g, p_1) ~ (p_1 +b)/N ~p_1 +a.
To emphasise the parallel with g-opers, we will call Opg“[1 = (p—1+b)/N the space of finite g-opers.
We denote by [X]g the class of X € p_; + b in Opgn.

A g-oper on D, is then defined as an equivalence class of connections of the form d+p_idt + v dt,
with v € b(0,), modulo the gauge action of the group N(&,) whose definition we recall in §4.2.
Each class admits a canonical representative of the form d + p_1dt + cdt, with ¢ € a(&,), which
can be regarded as an affine analog of the Slodowy slice. Denoting the space of g-opers on D,, by

Opy(Dy), we have an isomorphism of varieties [FF92]
Spec3 (Vi () = Opry(Dy). (1.4)
Now the surjective homomorphism (1.3) induces an injective map
Spec 2, (8) — Spec (Vi (a)) (1.5)

between the corresponding spectra. We may thus regard Spec 2, Ei)(g) as a subvariety of Opry(Dy).
In the non-cyclotomic case, I' = {1}, it was shown by Frenkel [Fre04] that the usual Gaudin algebra
2. (9) = G@?S)} (g) is isomorphic to the algebra of functions on the space of global “g-opers on the
complex projective line P! with regular singularities at the points z;, i = 1,..., N and at infinity.
In other words, denoting the space of such “g-opers by Op. g(Pl){{S)’ ~ Which we recall the definition

of in §4, we have the isomorphism

Spec gfﬁzl)(g) = OpLg(Pl)&S-) (16)

3),00"

The injective map (1.5) therefore corresponds, in the case I' = {1}, to the restriction of a global
Lg-oper in OpLg(Pl){{S

)00 1O the disc around a regular point uw € C\ {z1,...,2n}.

The first purpose of this article is to conjecture an analog of the isomorphism (1.6) for describing
the spectrum of the cyclotomic Gaudin algebra Qp(l;l)(g) To this end we will introduce a notion of
cyclotomic g-oper on P!, which reduces to the usual notion of g-oper on P!, as given in [MV05],
when I' = {1} (see also [Fre04, Fre05, BD]). Fix a diagram automorphism v € Aut g whose order
divides T'. Given any automorphism v € Autg in the same class as v in Autg/Inng and with
the property that vT = Id, such as the automorphism o entering the definition of the cyclotomic
Gaudin model, we may consider the corresponding space Conng(Pl) of I'-equivariant meromorphic
g-valued connections on P! where w € T" acts on P! by multiplication and on g by v. By constrast,
consider meromorphic g-valued connections, or g-connections for short, of the form d + p_1dt + v
with v € Q(b) := b(M)dt, where M is the algebra of meromorphic functions on P!. Requiring
the existence of I'-equivariant g-connections of this form forces us to work with the representative
¢ = Ad,,-5ov € Aut g of the class of v in Autg/Inng. We therefore define the space of cyclotomic
g-opers as equivalence classes of I'-equivariant g-connections of the above form with w € I' acting on
g as ¢, modulo the gauge action of a I'-invariant subgroup N¢(M) C N(M) whose definition is given
in §4.2. Each such class also admits a unique canonical representative of the form d + p_idt + c,
with ¢ € Q¢(a), where Q°(a) denotes the space of I'-equivariant a-valued differentials on P!. In §7
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we will use the notion of cyclotomic g-opers to conjecture the analog of the isomorphism (1.6) for
the cyclotomic Gaudin algebra D@P(l;)(g) in Conjecture 7.2.

To motivate the central question concerning cyclotomic g-opers addressed in this article we will
use the analogy with classical finite W-algebras. Recall the Slodowy slice p_1 +a which is transverse
to the N-orbits in p_1 + b. Another transverse slice is given by p_1 + ) where h = go is a Cartan
subalgebra. Unlike the Slodowy slice, however, it doesn’t intersect each N-orbit uniquely. In other
words, the canonical map p_1+bh — Opgrl which sends an element X € p_1+bh C p_1+b to its class
[(X]g € Opglrl is surjective, but not injective. By comparison with the affine case discussed below, we
shall refer to p_; + b as the space of finite Miura g-opers. If X\ € b is dominant, i.e. (a;, A) > 0 for
every simple root «;, i € I := {1,...,rkg} of g, then the subset of all finite Miura g-opers whose
class in Opglrl coincides with [p_; — A — p]; can be shown using results of Kostant [Kos59, Kos63| to
be in bijection with the Weyl group W of g.

Following the standard terminology in the non-cyclotomic setting [MVO05, Fre04], we define a
cyclotomic Miura g-oper on P! as a cyclotomic g-connection of the form d+p_idt+u with u € Q”(b).
Note that a cyclotomic Miura g-oper V on P! is not a cyclotomic g-oper, but we can associate to it a
cyclotomic g-oper by taking its gauge equivalence class [V]r under N¢(M). Let us fix a cyclotomic
Miura g-oper V with trivial monodromy representation and whose underlying cyclotomic g-oper
[V]r has regular singularities at most at the points z; € C*, ¢ =1,..., N (and their I"-orbits), the
origin and infinity. We will further assume that V is of the form

A
V=d+p_qdt — 7”dt+r (1.7)

for any v-invariant integral dominant coweight Ag € h” and with r € Q7 (h) regular at the origin. We
will show in §6.2 how the integrality assumption on Ag can be weakened by going to a cover of P!,
which allows us to treat also the case of a v-invariant dominant coweight Ao such that (o, 5\0> eQ
for all + € I. Note that in general r, and hence the cyclotomic g-connection V, may have simple
poles at points z; € C*, j =1,...,m (and their I'-orbits) other than z;, i = 1,..., N. Cyclotomic
Miura g-opers of the above form whose residue at each z;, j = 1, ..., m is a simple coroot and whose
residue at each z;, ¢ = 1,..., N is minus an integral dominant coweight, were shown in [ViY16a)]
to be described by solutions of the cyclotomic Bethe ansatz equations first introduced in [Skr13].
Now as in the finite setting described above, a natural question in the present context is then to
describe the space of all cyclotomic Miura g-opers whose underlying cyclotomic g-oper coincides with
[V]r. In the non-cyclotomic case, I' = {1}, it was proved independently by Mukhin and Varchenko
[MV04, MVO05| and Frenkel [Fre04] that this space is isomorphic to the flag variety G/B_ where G
is the adjoint group of g and B_ is the Borel subgroup with Lie algebra b_ = @, g:.

In applications to the cyclotomic Gaudin model, it follows from the construction of [ViY16a] that
each cyclotomic Miura “g-oper V (not necessarily monodromy-free) with residues —); € b* at z;
fori =1,...,N, —X\g € h™" at the origin and A, € h™” at infinity, built from a solution of the
cyclotomic Bethe ansatz equations, corresponds to a joint eigenvector of Q?Ez)(g) of weight A\ € b*
in the tensor product ®fi 1 M, of Verma modules M), with highest weights ;. We will conjecture
in §7 that the corresponding common eigenvalues of the cyclotomic Gaudin algebra .,@‘21; i)(g) are
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determined by the underlying cyclotomic “g-oper [V]r, see Conjecture 7.1. In the non-cyclotomic
setting it was conjectured in [Fre05] that for integral dominant highest weights A\; € h*, i =1,..., N
and Ao € h*, there is a bijection between monodromy-free “g-opers in OpLg(Pl)?j)m with residues
determined by the weights ); at z; and Ao at infinity, and eigenvalues of the Gaudin algebra 2. (g)
on the tensor product ®Z]\i 1 V), of finite dimensional irreducible modules V), with highest weights
Ai. In particular, it is believed that when the Bethe ansatz is incomplete some of these eigenvalues

correspond to Miura “g-opers which do not arise from solutions of the Bethe ansatz equations.

Before proving the cyclotomic counterpart of the isomorphism between the space of Miura g-
opers with a given underlying g-oper and the flag variety G/B_, we begin in §5 by considering the
effect of gauge transformations on V by elements of the form ef®x € N(M) for some f € M and
k € 1. Here E;, H; and F; for i € I denote the Chevelley-Serre generators of g. It is well know
that after such a gauge transformation, the new g-connection ef®xVe=fFk is still a Miura g-oper
if and only if f is a solution of some Riccati equation. The result of going from the old Miura
g-oper V to the new one e/ Pk Ve~ fFr is known as a reproduction in the direction of the simple root
oy [MVO04]. In general, however, the new Miura g-oper e/FxVe=/Fr will no longer be cyclotomic.
The problem of defining a cyclotomic version of the reproduction procedure, taking one cyclotomic
Miura g-oper to another, was first studied by Varchenko and Young in [VaY15| who considered
so called populations of solutions to the cyclotomic Bethe ansatz equations associated with an
arbitrary Kac-Moody algebra g. It was shown there that under certain conditions on the coweight
o (or rather the weight \g € h™" since solutions of the cyclotomic Bethe ansatz equations used
in [VaY15] correspond to cyclotomic “g-opers), it is possible to take one solution of the cyclotomic
Bethe ansatz equations to another by performing a sequence of reproductions in the direction of
other simple roots {«;; }7_, for some n € Z>y with i; € I in the orbit J € I /v of i1 := k € I under
the diagram automorphism v : I — I.

When the Lie algebra g is semisimple, as we are considering, there are only two possible types
of orbits J. We address the issue of existence of cyclotomic reproductions in the present language
by studying gauge transformations by elements in the subgroup generated by simple roots along
the orbit J. Specifically, we consider Riccati equations built from the cyclotomic Miura g-oper V
given in (1.7). These are satisfied by the collection of meromorphic functions f; € M which appear
in the individual gauge transformation parameters elifi; e N (M). Requiring the overall gauge
transformation parameter g = e/»Fin . ef1Ei1 to live in the T-invariant subgroup N ‘;(M) imposes
certain functional relations among the various functions f;. If the latter are regular at the origin
then we find that these functional relations can be satisfied if and only if Ay satisfies the following
relation

< T
ly{ag, Ao+ p) =0 mod [k (1.8)

where /5 = 1 or 2 depending on the type of the orbit J. A key step in our analysis is considering a
regularisation of the given Riccati equations at the origin. In this case the new cyclotomic Miura
g-oper gVg~! takes the same form as V in (1.7) but with some new differential r € Q”(h). On
the other hand, without imposing any conditions on A\, we can always choose the overall gauge

transformation parameter to be cyclotomic by letting one of the functions f; be singular. Moreover,



CYCLOTOMIC GAUDIN MODELS, MIURA OPERS AND FLAG VARIETIES 7

in this case we find that the new cyclotomic Miura g-oper takes the form

Sg')\o

gVg t=d+p_dt — dt+7

for some T € 2”(h), with s¥ the simple reflection of the v-invariant Weyl group W" associated with
the node J € I/v of the folded diagram and where the dot denotes the shifted Weyl action.

Let us now consider the effect of a gauge transformation with a more general parameter g € N<(M)
on the cyclotomic Miura g-oper V in (1.7), not one corresponding merely to the orbit of a simple
root. We begin in §6.1 by describing the space of all cyclotomic Miura g-opers gVg~! of the same
form as the original cyclotomic Miura g-oper V, namely (1.7) but for some different r € Q7(h). We
refer to these cyclotomic Miura g-opers as being generic at the origin. Guided by the analysis of §5

we introduce the following regularised g-connection

Ve =t 0V = a4 Y e Bt o
kel
The regularisation has the effect of modifying the automorphism of g in the I'-equivariance property
from ¢ to ¥ := Ad 5, ;ov € Autg. In particular, regularising the new vaclotomAic Miura g-oper
gVg~! yields the g-connection (gVg™1); = ¢:V.g7' where g, = t~0 gt* € N?(M). Since we
are assuming gVg~! to be of the same form as in (1.7) it follows that (gVg~!); is regular at the
origin and hence so is g,. Its initial condition g,(0) then takes value in N”. Conversely, given any
go € NV we construct in Theorem 6.2 an element g € N¢(M) such that g, is regular at the origin

with ¢:(0) = go. The cyclotomic Miura g-oper gVg~*

is then of the same form as in (1.7). In this
language, the relation (1.8) on Ao for a given orbit J € T /v can now be seen as the condition for the
existence of a ¥-invariant element in the subalgebra of n generated by the E; with ¢ € J.

The residue at the origin of the cyclotomic g-oper [V]r, as defined in §4.5, corresponding to the
cyclotomic Miura g-oper V given in (1.7) is the finite g”-oper [p_; — Ao — /] g € Opgf}. The general
form of a cyclotomic Miura g-oper V whose corresponding cyclotomic g-oper [V]r has the same
residue at the origin is 3
w - )\0

t
for some w € W¥ and ¥ € Q7(h) regular at the origin. It follows from the above discussion that to

V=d+p_idt — dt +7 (1.9)

reach such cyclotomic Miura g-opers from V given in (1.7) one should apply a gauge transformation
with parameter g € N¢(M) for which g, = t_j‘ogtj‘o is singular at the origin. We prove in §6.3
that the space of all cyclotomic Miura g-opers of the form gVg~! with g € N°(M) is isomorphic to
the ¥-invariant subspace (G/B_)? of the flag variety G/B_. We show in §6.4 that this ¥-invariant
subspace has a cell decomposition

(G/B-)"= | | N"wB_/B_.
weWv

In particular, the big cell NV B_/B_ is isomorphic to the space of generic cyclotomic Miura g-opers
gVg~ ', i.e. for which g, is regular at the origin. We expect the cyclotomic Miura g-opers gVg~! of
the form (1.9) to be isomorphic to the cell NYwB_/B_.
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2. NOTATIONS AND CONVENTIONS

2.1. Semisimple Lie algebras. Let g be a finite-dimensional complex semisimple Lie algebra. Let
bh be a Cartan subalgebra of g and denote by ® C h* the root system of (g, ). Fix a basis of simple
roots a;, i € I :== {1,...,tkg} and let ®* denote the corresponding set of positive and negative

roots. We have the Cartan decomposition

g=n_&hodn, n:= @ CE,, n_:= EB CF,. (2.1)
acdt acdt
Introduce also the positive and negative Borel subalgebras b :=h @& n and b_ := h & n_. For any

positive root o € ®T, we define the root spaces g, := CE, and g_, := CF,. The Chevalley-Serre
generators &; € h, E; := E,, and F; := F,, for i € I satisfy the relations

(&, é;] = 0, &, Ej] = ai; E; &, Fj] = —aq; F},
i 5] = bisci adj; By = 0, ad}, ' Fy =0,
E;, Fj] = 6, dy " E; =0 dp " F; =0

for all 7,5 € I, where A = (aij)ijer == ((aj,di>)ij€

We fix a non-degenerate invariant symmetric bilinear form (-|-) on g. Its restriction to the Cartan

7 is the Cartan matrix.

subalgebra b is non-degenerate, and hence induces an isomorphism h — h*. We use this to define
a non-degenerate bilinear pairing on h* which we also denote (:|-). For every ¢ € I and A € h* we
then have (), ;) = 2(\a;)/(ai]a;). A coweight \ € b is said to be integral if (o, \) € Z for every
i € I and dominant if (o, \) > 0 for every i € 1.

Let v € Aut g be an automorphism of g. One can always find a Cartan subalgebra b of g such that
v stabilises the associated Cartan decomposition (2.1). We will say that such a Cartan subalgebra is
adapted to the automorphism v. The restriction of v to h then induces a linear map v € GL(h). We
define a linear map v € GL(h*) by requiring the v-invariance of the bilinear pairing between h and
b*, i.e. (A, vfi) = (A, 1) for every A € h* and i € h. This linear map leaves invariant the set of all
roots ® C h*, the subset of positive and negative roots ®* and the subset of simple roots {c }ier.
It therefore defines an automorphism v : & — ® of the set of roots and a diagram automorphism
v : I — I. The action of the automorphism v € Autg on the Cartan-Weyl basis associated with
the Cartan decomposition (2.1) is then given by

U(Ea) = TaEv(a)7 U(dl> = é‘v(i)7 U<Fa) = ToleU(a)v (2'2)

for each 7 € I and a € @, where 7, are complex numbers. The automorphism is entirely specified
by its diagram part v : I — I and the collection of numbers 7, corresponding to the simple roots.

The bilinear form (+|-) on g is v-invariant, i.e. (vVX|vY) = (X|Y) for all X, Y € g. Indeed, it can
be expressed as a linear combination of the Killing forms (X,Y’) — trg(adx o ady) on each simple



CYCLOTOMIC GAUDIN MODELS, MIURA OPERS AND FLAG VARIETIES 9

factor of g and for every X € g we have ad,x = voadyx ov™'. If the Cartan subalgebra b is adapted

to v then the restriction of (:|-) to h and the induced bilinear form on h* are both v-invariant.

2.2. Adjoint group. Let G = (Aut g)° be the adjoint group associated with g, i.e. the connected
component of the identity in the automorphism group Autg. It is a semisimple algebraic group,
with Lie algebra Lie(G) = Lie(Aut g) = Der g = ady isomorphic to g. It is generated by the inner
automorphisms of the form exp(adyx), for all ad-nilpotent X € g.

By construction, G acts on the Lie algebra g by the adjoint action. We define H := Zg(h), the
centraliser of the Cartan subalgebra §, i.e. the subgroup of GG that fixes hh pointwise. It is the unique
maximal torus of G with Lie algebra b, and is a closed connected abelian subgroup of G. In the
same way, let B := Ng(b) and B_ = Ng(b_) be the normalisers of the Borel subalgebras b and
b_, i.e. the subgroups of G whose adjoint action stabilises b and b_. They form Borel subgroups
of G (maximal closed connected solvable subgroups) and have Lie algebras b and b_.

We define the respective derived subgroups N := (B, B) and N_ = (B_, B_). They are closed
connected unipotent subgroups of G with Lie algebras n and n_. The Borel subgroups B and B_
then uniquely factorise as B = HN and B_ = HN_. We have the root decomposition

N=]] Ga and N_= [] Ga
acdt aed—
where, for any o € ®*, G, := {exp (radp,)},cc and G_, = {exp (radf, )}, are one-dimensional
closed connected subgroups of G with Lie algebras ady, and ady_,. The above decompositions hold
for any ordering of the roots o € ®*.

Let v € Aut g be any given automorphism of g. Since G = (Aut g)° is normal in Aut g, we can
lift v to an automorphism of G, acting by conjugation 1 — v onowv ™!, which by abuse of notation
we shall also denote v € Aut G. The induced Lie algebra automorphism of Lie(G) = adg coincides
with v € Aut g via the isomorphism between ady and g. If the Cartan subalgebra b is chosen to be
adapted to v € Autg (cf. §2.1), then the lift v € Aut G stabilises the corresponding subgroups H,
N and N_ of (G. As a consequence, it also stabilises the Borel subgroups B = HN and B_ = HN_.

2.3. Weyl group and flag varieties. The Weyl group W C GL(h*) is generated by reflections
A= sid = A — (A &;)a; for all i € I. We define an action of W on h by requiring the invariance
of the pairing between h and h*, namely (w(\),w(i)) = (A, @) for any X\ € b*, 1 € h and w € W.
Explicitly, for every ¢ € I and i € h we have s;ii = i — (v, [1)&;.

Let Ng(h) be the normaliser of b for the adjoint action of G on the Lie algebra g. The restriction
of the coadjoint action G — GL(g*) to N¢(h) gives rise to a map Ng(h) — GL(b*) which induces
an isomorphism 7! : Ng(h)/H = W. Given any w € W we fix a representative 1w € Ng(h) of
the class m(w) € Ng(h)/H (the other representatives are then of the form wh with h € H). For
any a € ®, the action of # by conjugation on the root subgroup Gy is simply 1WGat ™" = Gua.

Consider the flag variety G/B_ associated with the group G. The Gauss decomposition of G
into a disjoint union of cells NwB_ over w € W gives rise to the following cell decomposition of
the flag variety

G/B_= | | NuB_/B_=: | | Cu. (2.3)
weW weWw
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Since the representative w of w € W in Ng(h) only differs from other choices of representatives
through right multiplication by an element of the Cartan subgroup H C B_, it is clear that the cell
Cy = NwB_/B_ does not depend on the choice of this representative. The big cell Cig = NB_/B_,
which is isomorphic to N, is dense in G/B_.

Let v € Aut g be an automorphism of the Lie algebra g. Choose a Cartan subalgebra b adapted
to v. We use the corresponding action of v on h* to define an action of v on W by conjugation
w — v(w) = vowouv ' By definition of the reflection s; € W we have in particular v(s;) = s,(;
for every ¢ € I. The map v : W — W constructed in this way is an automorphism of the group W.
Note that it only depends on the restriction of v to b, i.e. on the associated diagram automorphism
v: I — I. We introduce the subgroup

WY ={weW|v(w) =w}

of v-invariant elements in W.

The lift v € Aut G of the automorphism v € Autg to the adjoint group G stabilises both the
torus H and the normaliser Ng(h). It therefore descends to an automorphism v of the subquotient
Ng(h)/H. The isomorphism 7 : W = Ng(h)/H is equivariant with respect to the action of v on
W and Ng(h)/H, i.e. w(v(w)) = v(m(w)) for any w € W. Since v stabilises the Borel subgroup
B_, one can also define an automorphism v of the flag variety G/B_. This will play a central role

in §6 so we postpone its definition and the study of its properties until then.

3. FINITE g-OPERS AND FINITE MIURA g-OPERS

We follow the conventions and notations of §2.

3.1. Principal sly and Z-grading. Consider the regular nilpotent element
p1=> Fi (3.1)
i€l
By the Jacobson-Morosov theorem it can be embedded into an slo-triple. Let w; € h, ¢ € I be the
fundamental coweights of g defined by o;(w;) = d;; for all 4,5 € I. The Weyl covector

p o= sz (3.2)

then satisfies a;(p) = 1 for all ¢ € I, so that [2p,p_1] = —2p_;. The pair {p_1,2p} extends uniquely
to an sly-triple {p_1,2p,p1}, i.e. with the relations

[p1,p-1] = 2p, [0, p+1] = £p+1.

Specifically, the regular nilpotent element p; is obtained by writing 2p = > . ; ¢;&; in the basis of

i€l
simple coroots &; of g and defining py == >,.; ¢;E;. We will refer to {p_1,2p,p1} as the principal
sly-triple of g and to its span (p_1,p,p1) C g as the principal sly subalgebra of g.

The height ht(«) € Z of a root a € @ is the eigenvalue of the corresponding root vector under

the adjoint action of the Cartan element p, i.e. [p, Ey] = ht(a)E, and [p, F,] = ht(—a)F, for any
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a € ®T. The eigenspace decomposition of ad; defines a Z-grading of the Lie algebra g,

h-1
g= @gi = GB 9i, (3.3)

i€Z i=—h+1
with [gi, g;] C giy; for all 4, j € Z. Here h denotes the Coxeter number of g, defined as the maximum
of the Coxeter numbers of the simple factors in the semi-simple decomposition of g (for simple g we
have h = ht(#) + 1 with 0 the maximal root in ®). The eigenspace g; = {X € g|[p, X] = j X} of
adj for each j € Z is spanned by all root vectors of height j, explicitly

o=b 8= P 4 si= B g

a€d+ | ht(a)=i a€d+ | ht(a)=i

for all i € Z>;. In particular we have g; = 0 if |i| > h. Note also that b = @®;>0g; and n = D;>09;.
The centraliser of p; in g is a Z>;-graded abelian subalgebra a := ker(ad,,) of dimension rkg.

Let a; := ang; denote its grade-j subspace for each j € {1,...,h—1}. We let E denote the multiset

containing each j € {1,...,h — 1} with multiplicity dima;. Its elements are called the exponents

of g. From the representation theory of sly we then have, for every i € {1,...,h — 1},

g-:{ [P—1, 9i+1] if i¢E,

3.4
[p—1,0i+1) ®a; if i€E. (3.4)

3.2. Finite g-opers. Let G be the adjoint group of g, cf. §2.2. If g € G and X € g then we denote
by ¢X g~ ! the adjoint action of g on X. The affine subspace p_1 +b C g is stabilised by the adjoint
action of the unipotent subgroup N of G. Consider the quotient

Opy" = (p-1+b)/N

and denote the class of any X € p_; +b as [X];. We refer to the elements of Opgln as finite g-opers.
The so called Slodowy slice through p_; is defined as the affine subspace p_1 +a C p_1 + b. It is
transversal at every point to the adjoint orbit of NV in p_; + b. In fact, it is an important result of
Kostant that the Slodowy slice intersects each N-orbit in p_; + b exactly once. For our purpose it

is convenient to formulate this statement as follows.

Theorem 3.1. Fvery finite g-oper has a unique representative in p_1 + a. We shall refer to it as

the canonical representative of the finite g-oper.

Proof. This follows from [Kos78, Theorem 1.2] which states that the map N x (p_1 +a) — p_1+ b,
given by the adjoint action (n, X) + nXn~! is an isomorphism of affine varieties. Alternatively, it
could also be proved by a simpler version of the argument used in the proof of Theorem 4.5 below.
However, since the argument is so similar to the one given there we do not repeat it here for the
sake of brevity. O

We define a finite Miura g-oper as an element of the affine subspace p_1 +h C g. To any finite

Miura g-oper is associated a finite g-oper, namely its class in Opgn. It follows from the second half
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of the proof of [Kos78, Theorem 1.2| that the corresponding map
p-1+h— Opf",

X — [X], (3:5)

is surjective. The next theorem gives a necessary and sufficient condition for two finite Miura g-opers

to correspond to the same finite g-oper.

Proposition 3.2. For any \, i € b, we have [p_1 — ;\]g = [p—1 — f]g tf and only if there exists
w € W such that A\ = w(ji).

Proof. Let A\, fi € h. Denote by u = (U1y-- Urkg) G — C'%8 the collection of rk g fundamental
homogenous G-invariant polynomials on g. By [Kos59, Lemma 9.2|, there exists w € W such that
A = w(p) if and only if w(\) = w(jr). The latter is equivalent to u(p_; — \) = u(p_1 — 1) by
[Kos63, Proposition 17]. Now since p_; — A and p_1 — ji are regular by [Kos63, Lemma 10], this in
turn is equivalent to p_; — A and p_; — /i being conjugate under the adjoint action of G by |Kos63,
Theorem 3]. It is clear that if p_; — X and p_; — i are conjugate under the adjoint action of N then
they are also conjugate under the adjoint action of G. The converse of this statement follows from
the second half of the proof of [Kos78, Theorem 1.2|. Therefore p_; — A and p_; — fi are conjugate
under the adjoint action of G if and only if [p_1 — Ay = [p—1 — ji]4, and the theorem follows. O

We define the shifted action of W on h by letting w € W send A € h to w - \ := w(5\ +p) — p.
Two coweights X, /i € b are then said to be W-linked if i = w - A for some w € W. The W -linkage
class of a coweight A\ € b is its orbit under this shifted action of W, which we denote by [N .

Corollary 3.3. There is a bijection between the set b/(W,-) of W -linkage classes in b and the set
Opgln of finite g-opers, given explicitly by [Nw ~ [p—1 — X\ — flg-

Proof. The given map is well defined and injective by Proposition 3.2. It is surjective since (3.5)
is. g

By abuse of notation, in what follows we always identify the W-linkage class [A]y of a coweight
A € b with the corresponding finite g-oper [p—1— A— plg € Opg“. Let A € b and consider the subset

MOp?Tb\]W = {X €Ep1+h ’ (X]g = [X]W} of the set p_1 + b of all finite Miura g-opers.
Theorem 3.4. If X € b is dominant then MOpS‘EMW ~ W.

Proof. By Proposition 3.2, every X € MOp?rES\]W is of the form X =p_; —w(5\+[)) for some w € W.

We obtain a surjective map W — MOpgi given by w +— p_1 — w(j\ + p). To prove injectivity, it

: W v
is enough to show that if A+ p is fixed by w € W then w = Id. But since A is assumed dominant, we
have (a;, \+p) > 1 for all i € I. In other words, the coweight A+ lies inside the open fundamental
Weyl chamber of ). The result now follows from the fact that W acts simply transitively on the set

of all Weyl chambers. O

3.3. Folding and finite g”-opers. Let v : I — [ be a permutation of the simple roots of g which
preserves the Cartan matrix, ¢.e. such that

Ay (iyv(j) = Gij (3.6)
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for all 4, 7 € I. Consider the associated diagram automorphism of g, which we also denote v € Aut g,

defined by its action on the Chevalley-Serre generators as
v(Ei) = Eyw,  v(d) =dyu,  v(F)=Fu). (3.7)

We are interested in describing the v-invariant subalgebra g¥ == {X € g|v(X) = X }.
Let I/v denote the set of orbits in I under v. For each orbit J € I /v we define (cf. [FSS96])
gj =3 - Z Qg
€]

where j is any point in the orbit J. The right hand side depends only on the orbit J itself, and not
on j, by virtue of the assumption (3.6) on v. Moreover, by the properties a;; = 2 and a;j € Z<q for
all i # j of the Cartan matrix it follows that ¢y € Z>1. Since g is semisimple we have ¢5 = 1 or 2 for
every J € I/v (see e.g. [Nai92, Lemma 4.3|). If /5 = 1 then the restriction of the Dynkin diagram
to the orbit J is isomorphic to the Dynkin diagram of Alxm. On the other hand, if ¢; = 2 then |
is even and the Dynkin diagram restricted to the orbit J is isomorphic to the Dynkin diagram of
AQX /2, Finally, note that in either case the relation 5, a;; = 2 holds for any j € J.

The following result is well known (see for instance [Car05, §9.5]).

Proposition 3.5. The v-invariant subalgebra g” is semisimple. Its Chevalley-Serre generators are
Qg = KgZdi, Ej = EgZEi, Fy ::ZFZ-,
icJ i€d i€J
for J € I/v with corresponding system of simple roots off = |—%| Y icg @ C Y = (b*)". The Cartan
matriz A” = (agy)1 ger/y 18 given by ajy = (ayf, &5) = by Y ;g aij for any j € J, and the Weyl group
is the v-invariant subgroup WY, cf. §2.5.

We shall need the following explicit description of the Weyl group W of g¥ (see e.g. [VaY15]).

Lemma 3.6. The simple reflections {sg’}gel/y generating the v-invariant subgroup WY C W read

v [lies i for by =1,
Sq =
J Hie?/2 s;szs;  for ly =2,
where the product in the case l5 = 2 is over half of the orbit, namely 3/2 = {k,v(k),...,v"V/2=1(k)}
for any k € 3, and we define 7:= vP/2(i) for everyi € J.

Proof. Let J € I/v. We determine s by computing its action on an arbitrary v-invariant coweight
it € h”. By definition we have

= = 0. 1)f = = 5 S o) = 1= (0 Yo, (33)
ijed icd
where in the last step we used the relation (o, i) = (o, i) which follows from the v-invariance of
[ and the fact that ¢, j lie on the same orbit J.
If 5 = 1 then the right hand side of (3.8) can be rewritten as ([];cq5:) () since (o, &) = 0
for all distinct 4, j € J. On the other hand, if /5 = 2 then a direct computation using the fact that
(v, az7) = (ag, &) = —1 yields s;s38;(j1) = i — 2{av;, f1)&; — 2{a, j1)&;. The result now follows. O
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The fundamental coweights of g”, defined by oy (wf) = dyg for all 3,J € I /v, are

1€]

Proposition 3.7. The automorphism v preserves the Z-grading (3.3) and fizes the principal sla.
In particular, {p—_1,2p,p1} is the principal sla-triple of g. Moreover, each a; fori € E, is v-stable.

Proof. Since ht(v(a)) = ht(a) for any a € ®, it follows that v stabilises the eigenspaces g;, i € Z.
Moreover, v(w;) = @, ;) for all i € I since (ay, v(wi)) = (@,-1(j), Qi) = 6,135 = Gju(i) = (@, Duiy)
for any j € I. Therefore p is v-invariant. By definition of p_; and v, we clearly have v(p_1) = p_1.
It follows that

[p1,p-1] = 2p = 2v(p) = v([p1, p-1]) = [v(p1), v(p-1)] = [V (p1), 1],

so ad,_, (p1 —v(p1)) = 0. As v stabilises g1, p1 and v(p1) are both in g;. Yet ad,_, : gi+1 — @i is
injective for ¢ > 0, and hence p; = v(p1).
Recall the expressions (3.1) and (3.2) for p_; and p, respectively. Noting that the sum over i € T

in these expressions can be rewritten as a double sum over orbits J € I /v and elements i € J in each

p= > Ff,  p=) af.
Jel/v Jel/v
It follows that {p_1,2p,p1} is the principal sla-triple of g”.
Let X € a. Then [v(X),p1] = [v(X),v(p1)] = v([X,p1]) = 0 so that v(X) € a. Thus v stabilises
both a and g;, and hence also a; = ang;. O

orbit, we can write these as

As a result of Proposition 3.5 and Proposition 3.7, the constructions of §3.1 and §3.2 apply directly
to the v-invariant subalgebra g”. In particular, a” := aNg” = ker(ad, : g¢¥ — g) is a Z>;-graded
abelian subalgebra in g” of dimension rk g”, and the corresponding multiset E* of exponents of g
forms a sub-multiset of F.

Since v fixes p_1 and stabilises b, we can consider the affine subspace p_1 +b" C g of v-invariant
elements in p_1 + b. It is stabilised by the adjoint action of N”, the v-invariant subgroup of N. We
may therefore define the corresponding space of finite g”-opers

Op = (p_1 + b”)/N".

If X € p_1+b” then we denote by [X]g the associated finite g”-oper. In particular, we recover the
notion of finite g-opers from §3.2 when v = Id. For completeness let us end by stating the analogs
of Theorems 3.1, Proposition 3.2 and Theorem 3.4 for finite g¥-opers.

Theorem 3.8. Every finite g”-oper has a unique representative in p_1 + a”.
For any v-invariant coweights \, fi € b”, we have [p_y — ;\]gu = [p—1 — fi]gv if and only if there
exists w € WY such that A\ = w(f1).

If X € b¥ is dominant then MOpE},l Bl = wv.
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4. CYCLOTOMIC g-OPERS AND CANONICAL REPRESENTATIVES

We pick and fix, once and for all, a diagram automorphism v : I — I as in §3.3. Let T € Z>; be
a multiple of the order of v and choose a primitive T*-root of unity w. It generates a copy of the

cyclic group of order T' under multiplication, which we denote
I':= (w) C C*.

In this section we will define an action of I' on various spaces defined over the Riemann sphere,
including the spaces of g-valued meromorphic functions, differentials and connections. Elements of

these spaces which are invariant under this action will be called cyclotomic.

4.1. Cyclotomic g-valued functions and differentials. Let P! := C U {co} be the Riemann
sphere and fix a global coordinate ¢t on C C P'. There is a natural action g : I' — AutP!, o+ pig
of the cyclic group I' on P! which fixes co and with o € T" acting by multiplication ¢ —+ at on C.

In this subsection and the next, we let v € Aut g be any automorphism whose order divides T, i.e.
such that v = Id, and with diagram part v. In other words, let v be defined on the Chevalley-Serre
generators as

V(E) =10, Byiy,  v(@) = ey, 0(F) =74 Fy, (4.1)
where 7,,, @ € I are arbitrary T*"-roots of unity. We obtain an action of the cyclic group I' on g by
letting w act as v. That is, we have a homomorphism I' — Aut g, w — wv.

Let M denote the algebra of meromorphic functions on P'. We introduce an action of I' on M
by letting o € I" act through the pullback p7 _, : M — M, namely sending f € M to the function
a.f = fopu,-1 € M. Let Q= Mdt be the space of meromorphic differentials on P*. It too comes
naturally equipped with an action of I, letting o € I" act also by the pullback p) _; : @ — Q.

Consider the Lie algebra g(M) := g®cM, i.e. the set of g-valued meromorphic functions equipped
with the pointwise Lie bracket. Define an action of I' on g(M) by combining the action of I" on g
with the above action on M. That is, for any X ® f € g(M) we set

V(X ® [f)=v(X)®pg-f (4.2)
We denote the subalgebra of I'-invariants as
g”(M) = {h € g(M) |(h) = R},

which we shall call the space of cyclotomic g-valued meromorphic functions. Given any v-stable sub-
space p C g we define the 0-stable subspace p(M) := p®c M of g(M). We denote the corresponding
subspace of I'-invariants by
p° (M) = {h € p(M) | O(h) = h}.
Given any subspace p C g, we denote by Q(p) = p ®c Q the space of p-valued meromorphic
differentials. If p is v-stable, we equip Q(p) with an action of I defined by letting w act through

the pullback by p,,-1 on the second tensor factor, namely

oK @) = v(X) ® U1,
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for any X € p and @w € Q2. We define the subspace
Q°(p) = {A € Q(p) [0(A) = A}

of cyclotomic (i.e. I'-invariant) p-valued meromorphic differentials. We shall often abbreviate the
notation X ® f for an element in p(M) to X f for simplicity, and similarly an element ¥ ® w of
Q(p) will be denoted simply as Y w.

4.2. Cyclotomic g-connections. Let d : M — ) denote the de Rham differential and consider
the affine space

Conng(P') == {d + A|A € Q(g)}
of g-valued meromorphic connections on P!, or g-connections for short. More generally, given any
subspace p C g we define the affine subspace Conny,(P!) of p-valued mermorphic connections of the
form d + A with A € Q(p). Similarly, we define the affine subspace

Conng(Pl) = {d+A|A € Q%g)} C Conny(P")

of cyclotomic g-valued meromorphic connections on P!, and if p C g is a v-stable subspace we define
the affine subspace Conn;‘;’(Pl) C Conng (P!) of connections of the form d + A with A € Q%(p). We
shall refer to elements of Conng (PY) as cyclotomic p-connections.

Consider the group G(M) of M-points of G, which can be thought of as the group of G-valued
meromorphic functions on P!'. It can be formally defined as the set of all C-algebra homomorphisms
O(G) — M, where 0(G) is the algebra of regular functions on G. The group structure on G makes
O(G) into a commutative Hopf algebra with coproduct A : 0(G) — O(GxG) ~ O(G)® O (G) given
by (Ay)(z,y) = ¢(zy). The counit and antipode maps are given by € : O0(G) — C, e(¢) = p(e)
and s: O(G) — O(G), s(p)(x) = p(x~1) respectively.

The Lie algebra of G(M) is naturally isomorphic to g(M). Lifting v € Aut g to an automorphism
v € Aut G of G, cf. §2.2; this in turn induces an automorphism of &(G) via the pullback v*. In
particular, when the order of v divides T" we can endow G(M) with an action of I'. Specifically, we
let w act on G(M) by sending any g : 0(G) — M to the composition

0(@) S 0(G) 2 M Ll v,
which we write 0(g) € G(M). The map 0 : G(M) — G(M) so defined is an automorphism of G(M)
since the coproduct of ¢(G) and the multiplication in M are both I'-equivariant. In other words,

the following diagram

A/ﬁ(G) ® 0(G) __vew b MM
o(G) 0(G)® 0(G) MM I M
U*\

91 D g2
ﬁ(G)/A \M/M:l

®

commutes for any g1, g2 € G(M), with the sequence of maps from left to right along the top of the
diagram representing the element 0(g1)0(g2) € G(M) and those along the bottom corresponding
to ¥(g192) € G(M). The subgroup G?(M) of T-invariant elements in G(M) then consisting of all
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I-equivariant C-algebra homomorphisms g : 0(G) — M, i.e. for which the diagram

oG ——

v*l lui

0(G) —5— M

commutes. Given any t € P!, by abuse of notation we write g(t) for the composition ev; o g with
the evaluation at ¢t map ev, : M — P!. The property of I'-equivariance of g € G? (M) may then be
expressed as v(g(t)) = g(w™'t). The Lie algebra of G°(M) is naturally isomorphic to g®(M).

Now for any g € G(M) we define the C-linear map dg : 0(G) — Q by ¢ d(g(cp)). In particular
we then have dgg~' € Q(g), where the product of dg with ¢! is defined as for G(M) in terms of
the coproduct on &(G). The affine space Conng(P!) is equipped with an action of G(M) by gauge
transformations

d+Ar— gld+A)g "t =d—dgg "+ AdyA, (4.3)
where Ad : G(M) — GL (Q(g)), g — Ady denotes the action of the adjoint group G(M) on Q(g). If
g € G®(M) then dg is seen to be I'-equivariant so that dgg~—! € Q°(g). It follows that (4.3) restricts
to an action of G®(M) on the affine subspace Conng (P!) of cyclotomic g-connections.

We say that d+ A € Conng(P!) has a pole (resp. is regular) at some point € P! if the g-valued
differential A € Q(g) has a pole (resp. is regular) there. We define the residue of d + A at x € P! as

res;(d 4+ A) = res, A.

Let {z;}"_; C P! be the set of all poles of the g-connection d + A. Since a meromorphic connection

on P! is always flat, d + A gives rise to a group homomorphism
M :m (Pl \ {IZ}?:I) — G,

called the monodromy representation. The monodromy of d 4+ A at one of its poles z; is defined as
M ([vi]) € G where [;] is the homotopy class in P!\ {z;}?; of a small loop ~; encircling the point
x;. The g-connection d+ A is said to have trivial monodromy at x; if M([;]) = Id. Moreover, d+ A

has trivial monodromy or is monodromy-free if the homomorphism M is trivial.

Proposition 4.1. The g-connection d + A € Conng(P!) has trivial monodromy at x € P! if and
only if there exists g € G(M) such that the gauge transformed g-connection g(d+A)g~! is reqular at
x. Moreover, it is monodromy-free if and only if there exists a solution g € G(M) to dgg~! = —A.

Given a g-connection V = d + A € Conng(P') without monodromy, we shall say that Y € G(M)
is a solution of the equation VY = 0 if dYY ! = —A. We will need the following later.

Lemma 4.2. Let V € Conng(P') be monodromy-free and be regular at x € C. Let Y € G(M) be a
solution of VY = 0 such that Y (x) € B_. Then V € Conn,_(P') if and only if Y € B_(M). O

4.3. Cyclotomic g-opers. Recall the principal sly-triple of g defined in §3.1 and the associated
notion of finite g-oper introduced in §3.2.

Consider the following subset of g-valued connections

opg(IPl) = {d+p_1dt+v|v e Q(b)} C Conng(P'),
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where we recall that p_qdt is used as a shorthand notation for p_; ® dt. This set is stable under
the gauge action of the unipotent subgroup N (M) C G(M). The space of g-opers is defined as the
quotient space

Opg (P') := op,(P") /N (M).
We shall denote by [V] the class of V € op,y(P') in Op,(P*).

In order to define a cyclotomic version of the space Op, (P1), it is natural to first seek an analog
of the subspace opg(IP’l) within the space of cyclotomic g-connections Conng(Pl). However, it is
clear that for a generic automorphism v € Aut g of the form (4.1), the g-valued differential p_;dt
does not live in the 0-invariant subspace Q%(n_). In fact, the requirement that p_idt € Q%(n_)

fixes the automorphism v uniquely to be equal to
¢:=Ad,-sov € Autg. (4.4)
Explicitly, the action of this automorphism on the Chevalley-Serre generators is given by
S(B) =wEyp,  sld)=dya,  s(Fi) = wFy).

In the remainder of this section we shall specialise the constructions of §4.1 and §4.2 for an arbitrary
automorphism v of the form (4.1) to the specific automorphism ¢ defined by (4.4). We will need
the following properties of the latter.

Proposition 4.3. The automorphism s preserves the Z-grading (3.3) and its action on the principal

sly-triple is given by s(p+1) = wTipy1 and ¢(p) = p. Moreover, each a;, i € E is c-stable.

Proof. This is a direct consequence of Proposition 3.7 and the definition (4.4) of . t

It follows from Proposition 4.3 that ¢(p_1dt) = p_1dt and hence p_1dt € Q(n_), as required.
We may now consider the following subset of I'-invariant g-valued connections

opg (P') == {d + p_1dt + v|v € Q°(b)} C Conn(P"). (4.5)
It is stable under the gauge action of the unipotent subgroup N¢(M) C G¢(M) on Conng(IP’l). We
define the space of cyclotomic g-opers as the quotient space
OpL(P!) i= opl (P') /N ().

The class of V in Opg (P!) is denoted by [V]r. We note that the space Opg(]P’l) only depends on the
diagram automorphism v : I — I and the choice of T*"-root of unity w through the automorphism
¢ in (4.4). Any cyclotomic g-connection V € opg (P') is also an element of op,(P'). As such, we
can also consider its orbit in opy(P') under the action of N(M), namely its class [V] € Op,(P').
Moreover, it is clear that if V,V’ € opg (P') are such that [V]r = [V']r then [V] = [V']. This gives
rise to a map

Opg (P) — Opy(P*),

(4.6)
[V]r — [V].

It follows from Theorem 4.5 below that this map is injective.
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4.4. Canonical representatives. Recall from Theorem 3.1 that each finite g-oper admits a unique
representative in the Slodowy slice p_1 + a. Similarly, it is well known that a transverse slice in the
space Opg(IP’l) is given by the so called Drinfel’d-Sokolov gauge [DS85]. We will prove a cyclotomic
version of this result in Theorem 4.5 below.

The following lemma can be regarded as a (cyclotomic) affine analog of equation (3.4).

Lemma 4.4. Let w € Q°(g;).
If i ¢ E then there exists a unique m € gf_H (M) such that w = [m,p_1dt].
If i € E then there exists unique m € g5, (M) and c € Q%(a;) such that w = [m,p_1dt] + c.

Proof. We will show this for i € F, the case i ¢ F being similar. Suppose w € Q°(g;). By definition
we can write w as a finite sum of terms of the form X; ® w; with X; € g; and w; € Q. Applying
the decomposition (3.4) to each X; we may write

w = [m,p_1dt] +c (4.7)
for some unique ¢ € Q(a;) and [m,p_1dt] € [gix1(M),p_1dt]. In turn, m € g;y1(M) is then also
unique by the injectivity of ad,_, : gi+1 — g; for ¢ > 0. Applying < to both sides of (4.7) we obtain
w = [¢(m), p_1dt] + ¢(c) using the fact that w and p_1dt are both ¢-stable. It now follows by the

uniqueness of ¢ and m in (4.7) together with the fact that a; and g;+1 are ¢-stable by Proposition
4.3, that ¢ € Q%(a;) and m € gfﬂ(M), as required. O

Theorem 4.5. The action of N°(M) on opg(]P’l) (resp. of N(M) on opg(Pl)) is free. Moreover,
every cyclotomic g-oper [V]r € Opg(}P’l) (resp. g-oper [V] € Opg(]P’l)) has a unique representative of
the form d+p_1dt+c with c € Q°(a) (resp. c € Q(a)). We shall call it the canonical representative
of [V]r (resp. [V]).

Proof. We consider only the case of a cyclotomic g-oper [V]r € Opg(Pl) since the proof in the case
of a g-oper [V] € Opy(P') is standard [DS85] and completely analogous.
Let V =d+ p_1dt +v € opg (P'). We want to find m € n*(M) such that

d+p_1dt+v=e"(d+p_1dt +c)e™ (4.8)

for some ¢ € Q°(a). Let us decompose m, v and c as follows
m:Zmi, V:ZVZ‘, C:ZCZ‘ (4.9)
i>0 i>0 icE

with m; € gg(M), v; € Q%g;) and ¢; € Q°(a;). We can then write the three different terms on the
right hand side of (4.8) as

d—dee ™ =d- dei —3 Z [m, dm;] — 6 Z [m, [my, dmy]] + ...
’L>0 7'7]>0 Zv]vk
1
eadmp_ldt =p_1dt + g[mi,p_ldt] + 3 Z;O [mj, [mg, p_1dt]] + ...
i i,

dme =Y "ci+ > > [my,cl + % o> I myicill + .

i€cE i€EE j>0 i€E §,k>0
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where the ellipses represent only finitely many terms since m € ns(M) is nilpotent. Here we note
that Adgm = e?dm

We determine m; and ¢; inductively. For this we note that if w € Q°(g;) for some j € Z then

[mjw [mj27 .- [mjm W] .- H € Q6(9j+j1+---+jn)7 (4'10)

for any j1,...,Jn € Z. The terms of degree ¢ € Z>¢ in the equation (4.8) then read
Ci + [Mit1,p_1dt] = v; + Fi({mjﬂ, dmjiq, Cj}j<i) (4.11)
where Fj is a sum of commutators of the form (4.10) with w = ¢, dmy, or p_1dt, and hence lives in
O%(g;). When i = 0 the relation (4.11) simply says that [my,p_1dt] = vo. And since vo € Q%(go),
Lemma 4.4 yields m; € g5(M) uniquely. Now suppose that we have constructed the ¢; € Q°(a;)
and m;q € gj (M) for j <i. By applying Lemma 4.4 we can then construct, in a unique way,
miy1 € gfﬂ(M) and c; € Q%(a;) for all 4 > 1 (with ¢; = 0if i ¢ E). In particular, the freeness of
the action of N<(M) on opg(IP’l) follows from the uniqueness of m;; € gfﬂ(M). O

The proof of Theorem 4.5 provides an algorithm for constructing all the ¢; and m; from the v;.
In particular, a formula for ¢; can be obtained by considering the first few steps of the algorithm.
For this we need the explicit form of (4.11) for ¢ = 0, 1, which read

[m1, p_1dt] = vo, (4.12a)
c1 + [TTLQ,p_ldt] = Vi — %[ml, [ml,p_ldt]] + dm1. (4.12b)
Proposition 4.6. Write v; = v;dt with v; € g;(M) for i € Z>o. Then c; = uip1dt with
1
2(plp)
Proof. Let wi = widt with w; € g1(M) denote the left hand side of equation (4.12b). Then

up = (3(volvo) + (plvg) + (p-1]v1))-

(p—1w1) = u1(p-1lp1) + (p—1|[m2,p-1]) = w1 (p—1lp1) — ([p=1,p—1]|m2) = 2u1(p|p),
where in the last step we used (p_1|p1) = (p-1l[p, p1]) = ([p1,p-1]|p) = 2(p|p). It now follows that

(p—1|w1)
2(plp)
Similarly, equation (4.12a) implies (p—1|m1) = ([p—1, p]|m1) = (p|[m1,p-1]) = (p|vo). So taking the

up =

derivative with respect to ¢ yields (p_i|m}) = (p|v)). Next, we also have
(p—1|[m1, [m1,p-1]]) = —([m1, p-1]|[m1, p-1]) = —(volvo)-
Equation (4.12b) then implies (p—1|w1) = £ (vo|vo) + (p|vg) + (p—1|v1), as required. O

4.5. Regular points and regular singularities. We shall say that a (cyclotomic) g-connection
V=d+pdt+ve opg(Pl) is reqular at € C if v € Q°(b) has no pole at z.

Proposition 4.7. Let V € opg(}P’l) and x € C. The following are equivalent:

(1) the canonical representative of [V]r is reqular at x
(i7) there exists a representative of [V]p which is reqular at x

(7it) there exists a representative of [V] which is reqular at x
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In this case we will say that the cyclotomic g-oper [V]r itself is regular at the point x.

Proof. Tt is obvious that (i) implies (i7) and (7i7). To see that (i) implies (i), we have to look back
at the construction of the canonical representative (cf. Theorem 4.5).

Let d+p_1dt+v € Opg (P') be regular at z. In the inductive step of the proof of Theorem 4.5, if
the right hand side of (4.11) is regular at = then so are ¢; and m;;1 appearing on the left hand side.
We therefore conclude that the canonical representative of [d + p_1dt + v|r is regular at z. Now if
V and d+p_1dt +v lie in the same N¢(M)-orbit then they share the same canonical representative,
which proves that (i7) implies ().

Finally, we prove that (i¢) implies (i). Let d + p_1dt 4+ c and d 4+ p_1dt + € denote the canonical
representatives of [V]r and [V] respectively, which exist and are unique by Theorem 4.5. As N*(M)
is a subgroup of N(M), d 4 p_1dt + c is also a representative of [V] with ¢ € Q°(a) C Q(a). Yet,
d + p_1dt + ¢ is the unique such representative of [V], hence ¢ = c. Now, if there is a g-connection
in the N(M)-orbit of V which is regular at x € C, then the same argument as in the above proof

that (¢4) implies () applies so that ¢ is regular at x, which concludes the proof since ¢ = c. O

At any point on P! where a cyclotomic g-oper [V]r € Opg (P1) is not regular, the mildest possible
singularity it can have is a regular singularity. In the remainder of this section we define the notion
of regular singularity at a non-zero finite point 2 € C* and then at the origin and infinity. We shall
say that [V]r has at most a reqular singularity at = € P! if it is either regular at = or has a regular
singularity there.

Suppose for the moment that x € C* and consider the subset of opy (P') given by

opg(IF’l)mRS = {d +p_1dt + Z(t —z) "y e opg(IP’l) v; € Q(g;) regular at x}
i>0
Let O, C M be the algebra of meromorphic functions on P! which are regular at . One checks using
the definition of the Z-grading in §3.1 that elements of op, (]P’l)gs can equivalently be characterised
as g-connections V € opg(IP’l) whose gauge transformation by (t — x)? take the form

(t—2)PV(t—2) P =d+ i(p_l — p+v)dt (4.13)

with v =375 ov; € b(0z). It is clear that the space opg(IP’l)gFE{S is stabilised by the gauge action of
the group (t—x) PN (0O,)(t—z)?. We define the space Opg(IP’l)xRS of g-opers with reqular singularity
at x as the corresponding quotient

Oy (PHES i= opg (P)ES /(1 = ) PN (0,) (¢t - 2.
Since (t —z) 7PN (0;)(t — x)? C N(M), we obtain a well defined canonical map
Op,(P)3® — Op,(P') (4.14)

for each 2 € C*, which sends the class in Opy(P')}® of a g-connection V € opy (P} C op,(P?) to

RS
T

its class [V] in Opy (P!). By virtue of the next lemma we will usually identify a class in Opg(IP’l)
with its image under (4.14).
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Lemma 4.8. The map (4.14) is injective. Moreover, its image consists of g-opers whose canonical
representative d + p_1dt + ), C; s such that for each i € E, ¢; € Q(a;) has a pole of order at
most i+ 1 at x.

We will say that x € C* is a regular singularity of a cyclotomic g-oper [V|r € Opg(IP’l) if it is not
reqular there, cf. Proposition 4.7, and if the corresponding g-oper [V] lies in the image of (4.14).

Proof. In order to prove the lemma it suffices to show that for any V € opg(IP’l)ffs7 the canonical
representative of [V] € Opg(]P’l) also lives in opg(IP’l)gs and that the gauge transformation that
brings V to its canonical representative belongs to (¢t — )P N(0,)(t — z)?.

Let V=d+p_1dt + 3 5ot - r)" "y, € oDy (P1)ES. The canonical representative of the g-oper
[V] is obtained by the algorithm described in the proof of Theorem 4.5. Recall that one proceeds
by induction on the degree by solving equation (4.11), where v; there is replaced by (t — z)™""!v;
in the present case. As the latter has a pole of order at most i + 1 at x, one can check by induction
that, in this construction, m; as a pole at most of order ¢ and c¢; as a pole at most of order :+ 1. By
definition this means that eXi>0™ € (t —x) PN (O,)(t — )P and d + p_1dt + >0 Ci € 0Py (P1)RS,

as required. O

Note that the gauge action by (¢ — x)” on classes in Op, (PH)ES induces an obvious bijection

ve b(Ox)}/N(Ox)'

The representative d + ﬁ (p_1 —p+ v)dt of a class in the latter quotient has residue p_; — p+v(z).

~ 1
Opg([P)l)?S AN {d+ m(pfl - ,6+U)dt

Under the gauge action by an element g € N(0O,) this residue transforms under the adjoint action
of g(z) € N. This yields a notion of residue at x € C* for elements of Op, (P1)ES defined by

resy : Opg(]P’l)RS — Opgn,

[V] — [p-1 = p+v(z)]g,

where v € b(0,) is defined in terms of V through (4.13).
We now turn to the subset {0, 00} C P! of fixed points under the action i : T' — Aut P! introduced
in §4.1. For each z € {0,000} we consider the subset of cyclotomic g-connections defined by

(4.15)

opg(IP’l)BS = {d + p_1dt + Zt‘i_l v; € opg(IP’l) v; € Q(g;) regular at z}.
i>0

By definition of the Z-grading, an element of opg (Pl)lz)‘s can alternatively be seen as a cyclotomic

g-connection V € opg(}P’l) whose gauge transformation by t* reads
. . 1
PVt P =d+ E(pq —p+wv)dt (4.16)

with v =3,5qv; € 6”(9,). The space opg (PHBS s stabilised by the gauge action of the subgroup
t=PN?(0)tP C NS(M). The corresponding quotient

Op} (B)ES := opy (B)15 /17/N7 (0.)¢7,

defines the space of cyclotomic g-opers with reqular singularity at z.
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For each z € {0, 00} we have a canonical map
Opg (P)F® — Op} (P') (4.17)

which sends the class in Ong(IP’l)ZRS of a cyclotomic g-connection V € Opg(}P’l)zRS C opg (P') to its
class [V]r in Opg(}P’l). This is well defined since t ?N”(0,)t* C N<(M). The following lemma is
proved in exactly the same way as Lemma 4.8. Using this lemma we will usually identify a class in
Opg(]P’l)E{S with its image under (4.17).

Lemma 4.9. The map (4.17) is injective. Moreover, its image consists of cyclotomic g-opers whose
canonical representative d + p_1dt + Y ;. p ¢ is such that for each i € E, ¢; € Q(a;) has a pole of
order at most i + 1 at the origin (if z=0) or a zero of order at least i — 1 at infinity (if z = 00).

We will say that z € {0,00} is a regular singularity of a cyclotomic g-oper [V]r € Opg(IP’l) if it
is not regular there, cf. Proposition 4.7, and it lies in the image of (4.17).

T

g (PYHBS induces a bijection

v € bﬁ(oz)}/Nﬁ(oz).

The gauge action by t” on classes in Op

N 1
Opy (P')1° {d + 5 (p-1 = p+v)dt

When z = 0 (resp. z = 00), if we gauge transform the D-invariant g-connection d + %(p_l —p+wv)dt
by an element g € N”(Qg) (resp. g € N?(Oy)) then its residue p_1 — p + v(0) € p_1 + b” (resp.
—p_1+p—v(c0) € —p_1+b¥) transforms by the adjoint action of g(0) € N¥ (resp. g(o0) € N¥). It
is therefore natural to define the notion of residue at z on an element in Opg(P1)§S to be (minus)

a finite g¥-oper. Specifically, we define

res : Ong(IF’l)ORS — Opgff,

3 (4.18a)
Ve — [p-1 = p+ 0(0)]g,
for the origin, where v € b”(0p) is defined by (4.16). At infinity we define instead
ress : Opt (PHRS — — Opfin,
o ! (4.18b)

(Ve — —[p_1 — 5+ 0(c0)]gr,
where — Opgi1 denotes the set (—p_1 + b”)/N” and v € b”(Os) is defined also by (4.16).

Note that if a cyclotomic g-oper [V]p € Opg(IF’l) is regular at x € C* then the corresponding
g-oper [V] € Opy(P'), defined using the map (4.6), belongs to Opg(IP’l)?S (recall that we identify
this space with its image under the injection (4.14)). Likewise, if [V]p € Opg(]P’l) is regular at the

origin then it belongs to Opg(IP’l)(f){S.

Lemma 4.10. If [V]r € Ong (PY) is reqular at & € C* (resp. at the origin) then res;[V]r = [0]w
(resp. reso[V]r = [0]wv ).

Proof. Let d 4 p_1dt + ), . ¢; denote the canonical representative of [V]r, so that ¢; € Q(a;) are
all regular at x, cf. Proposition 4.7(7). Then

= (dpoadt e o ) a) P = (= g+ Yo -0
i€l ek

from which the result follows. O
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4.6. Cyclotomic Miura g-opers. Recall the notion of a finite Miura g-oper from §3.2.

We will call Miura g-oper any g-connection of the form V = d + p_1dt + u where u € Q(h). Let
MOpg(IP’l) denote the set of all Miura g-opers. Given a Miura g-oper V € MOpg(IP’l) we will refer
to [V] as the underlying g-oper.

Similarly, we define a cyclotomic Miura g-oper as a g-connection of the form V=d+ p_1dt +u
with u € Q°(h) = Q¥(h), where the last equality follows from the definition (4.4) of ¢ € Autg and
the fact that h = go in the Z-grading of §3.1 defined by ad;. Denote by MOpg(]P’l) the set of all
cyclotomic Miura g-opers. If V € MOpg(Pl) then we call [V]r its underlying cyclotomic g-oper. In

§6 we shall be interested in describing the preimage of a given cyclotomic g-oper under
MOpyg (P') — Opg (B'), (4.19)
4.19
Vi— [V]F,

which is a direct analog of (3.5) in the finite case.
There is an obvious bijection between cyclotomic h-connections and cyclotomic Miura g-opers
o mly ™~ Il
Conng (P*) — MOpy (P"),

(4.20)
Vi+— V +p_idt.

Given a cyclotomic Miura g-oper V € MOpg(IP’l) we denote the associated cyclotomic h-connection
by V=V —p_idt € Conng(Pl).

In the remainder of this section we turn to the study of singularities of cyclotomic Miura g-opers.
For any z € P!, we let Connh’) (Pl)ﬁs denote the subspace of cyclotomic h-connections with a simple

pole at z. Consider the composition of the above maps (4.19) and (4.20), namely
Conny (P') = MOpy (P') — Opy (P'),
V+— V+p_1dt — [V + p_idt]p.

We will call this the cyclotomic Miura transform by analogy with the non-cyclotomic case [Fre04].
Its restriction to Conng(Pl)mRS induces a map Conng(Pl)gs — Ong(IPl)ES for each x € P!. Recalling
the notation [A]y for the W-linkage class of a coweight A € b introduced in §3.2, we obtain the

following commutative diagram
Comnf (P1)S ——— Opl ()1

—Tres, h resy

o) fin
) T Py

for each z € C*, and for the origin and infinity we have

Conny (P)§S —— Opy (P1)§S Conny (P1)8S —— Opy (P1)}5
—resg h ‘reso I'€Seo h hresOo
b Opfy b — Opf

[Jwv
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Proposition 4.11. Let V € MOng(]P’l).

(1) The underlying cyclotomic g-oper [V]r has at most a regular singularity at x € C* if and

only if 5
A
V=d+tpdi— LT dr4r
t—x
for some w € W, r € Q(h) reqular at = and X € § such that resy[V]r = [Nw and X+ p is
dominant.

(ii) The underlying cyclotomic g-oper [V|r has at most a regular singularity at 0 (resp. o) if
and only if

Y
V:d—irp_ldt—wTdt—i—r

for some w € WY, r € Q¥(b) regular at 0 (resp. 0o0) and X € b” such that reso[V]r = [Nwv
(resp. resso[V]r = —[Nwv ) and X\ + p is dominant.

Proof. Let z € C*. Note that V € MOpg(Pl) lies in opg(IE”l)?S if and only if it has the form
V =d+p_dt — tL dt +r (4.21)
-z

for some ji € h and r € Q(h) regular at z. It follows from Lemma 4.8 that [V]r has at most a regular
singularity at x if and only if V is of the form (4.21).

By definition of the residue at z € C* in (4.15) we have res;[V]|r = [p_1 — p — filg = [filw, from
which it follows by Proposition 3.2 that res,[V]r = [Alw if and only if i = w - A for some w € W,
where X € b can be chosen such that X + p is dominant.

Similarly, for z € {0, 00} we have that V € MOpg(IP’l) lies in ong(IP)l)E{S if and only if it takes the
form 3

V=d+p_idt - %dt +r (4.22)

for some i € b and r € Q7(h) regular at z. It follows from Lemma 4.9 that [V]r has at most a
regular singularity at z if and only if V is of the form (4.22).
In this case, from the definition of the residue at 0 (resp. co) in (4.18) we have reso[V]r = [fi]w~

(resp. resso[V|r = —[f]wv). It then follows from Theorem 3.8 that reso[V]r = [Alw~ (resp.
rese [V]r = —[AJwv) if and only if i = w - X for some w € WY, where A € b” can be chosen such
that A + j is dominant. O

As a special case of Proposition 4.11 suppose V € MOpg (P!) is a cyclotomic Miura g-oper whose
underlying cyclotomic g-oper [V]r is regular at © € C*. By Lemma 4.10 we have res,[V]r = [0]w,
and so applying Proposition 4.11 we deduce that V is of the form

w .
V=d+p_1dt - tidt—i— r, (4.23)

-z
for some w € W and r € Q(h) regular at z. In particular, it is possible for a cyclotomic Miura
g-oper V to have a simple pole at a point = even if its underlying cyclotomic g-oper [V]r is regular

there. In the next proposition we give a necessary condition for this to happen.

Proposition 4.12. Let V € MOpg(Pl) be of the form (4.23). If [V]r is regular at x then

(w - 0Jr(x)) = 0. (4.24)
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Proof. If [V]r is regular at 2 then, in particular, the component c; of its canonical representative is
regular at z. Writing V = d+ (p—1 +u)dt and r = r dt, by Proposition 4.6 the latter is proportional
to
. w-0lw-0+2p w - 0|r(t .
balu) + (') = G 02 OO () + (sl ).

The double pole term vanishes identically using the identity (w - filw - &t 4+ 2p) = (|t + 2p) which

is valid for any fi € b, and the last two terms are both regular at x. It follows that c; is regular at
x only if (4.24) holds. O

The above condition (4.24) on the cyclotomic Miura g-oper V of the form (4.23) is, in general,
not sufficient for [V]r to be regular at a point € C*. However, if the Weyl group element w is of
length one, i.e. if w is the reflection s; with respect to a simple root «; (in which case w-0 = —d&;),
then (4.24) becomes a necessary and sufficient condition for the underlying cyclotomic g-oper [V]r

to be regular at x.

Proposition 4.13. Let v € C*. Suppose V € MOpg(IP’l) has the form
V=d+tpidt+ -2 dtr
t—x
for some simple root o; and r € Q(h) reqular at x. Then [V]r is reqular at = if and only if
(i, r(z)) = 0. (4.25)

Proof. We have &; = —s; - 0 so that V is of the form (4.23). Therefore, if [V|r is regular at x then
applying Proposition 4.12 we deduce (&;|r(x)) = 0, which is equivalent to (4.25).

Conversely, suppose (4.25) holds and let us show [V]r is regular at x. According to Proposition
4.7, it is enough to find a (possibly non-cyclotomic) representative of the g-oper [V] which is regular

at x. Applying a gauge transformation by g = exp (— iEal) to the given Miura g-oper V, cf. the

proof of Lemma 5.1 below, we obtain

7<ai’r(t)>Ea.dt.

gVt =d+p_idt +r(t) +
This is regular at « by virtue of equation (4.25), hence the proposition. ]

Let N € Z>; and fix a finite subset of N + 2 points z := {0, z1,...,2n,00} C P'. We assume
these points have disjoint I'-orbits, i.e. w"z; # z; for all i # j and r =0,...,T — 1. Let Opg(Pl)ES
denote the set of all cyclotomic g-opers with at most regular singularities at the points in I'z and
which are regular elsewhere.

Let A == {5\0, A, AN 5\00} C b be a collection of N + 2 integral dominant coweights, which we
think of as being attached to the corresponding points in z. We assume that the coweights at the
origin and infinity are both v-invariant, namely Mg, Ao € h”. We denote by Opg(Pl)iS;\ the subset

of cyclotomic g-opers [V]r € Ong(IP)l)BS whose residues at the points of z are given by
reso[V]r = [Ao]w, res, [V]r = [Nilw, resoo[V]r = —[Aoo]wv

fori=1,...,N. Let Opg(]P’l) ».5 denote the further subset consisting of those cyclotomic g-opers

in Opgr(}P’l)iSS\ which are also monodromy-free.
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Theorem 4.14. Let z C P! and A C b be as above and let V € MOpg(IP’l). The underlying

cyclotomic g-oper [V]r lives in Opg(Pl)E_Sv if and only if the following conditions hold:

Y
(i) V is of the form

V=d+ dt—wo'j\odt—Tz:I imn+§:w dt (4.26)
N p—1 t o W jzlt—w’”xj '

for some m € Zx>q, wo € WY, w; € W for eachi=1,...,N and z; € P\ Iz, y; € W for
each j=1,...,m,
(73) there exists woo € WY such that

T-1 N m
w0-5\0+z ZVT(wi-;\i)—i—Zvryjﬂ = Woo * Moo, (4.27)
r=0 \i=1 j=1
(#i) [V]r is regular at x; for each j =1,...,m.
Proof. Suppose that the cyclotomic g-oper [V]r belongs to Opg(]P’l)Sj\. Then [V]r has regular

singularities at the points of 'z and is regular everywhere else. However, as we have seen above,
the cyclotomic Miura g-oper V itself can have other simple poles at a set of points  C P!\ I'z. By
virtue of cyclotomy, if V has a pole at a point in P!, it also has a pole at each element in the orbit
of this point under the action of I'. Thus, this set & can be seen as the image 'z of some minimal
set © C P1\T'z. Let m € Z>( be the size of x and write © = {z1,..., 2}

According to Proposition 4.11, there exist wg € W” and w; € W for each ¢ = 1,..., N such that
res) V.= —wq - \g and res, V = —wj; - \. Furthermore, from the discussion around (4.23) there
exist y; € W for each j = 1,...,m such that res,; V= —y; - 0. Moreover, since V is cyclotomic,
one has res,r,, V.= —" (wi : ;\Z) and res,ry; V=-v"(y;-0)=—v"y;-0forany r =0,...,7 — 1,
i=1,...,Nand j=1,...,m. Thus V is of the form (4.26).

The residue at infinity of the corresponding h-connection is then

T-1 ([ N m
resooﬁzwo-jxo+z Zyr(wi-ﬁi)—i—Zl/’"yj-O
r=0 i=1 7=1

This is related to the residue of the cyclotomic g-oper [V]r by ress[V]r = — [resooﬂwy. Yet, as
[V]r belongs to Opg(Pl)isj\, we have res [V]r = —[Aso]w, hence the existence of ws, € WY such
that equation (4.27) holds.

Conversely, suppose that V is of the form (4.26) and that we have the condition (4.27). It is then
clear that, for7=1,..., N,

reso[V]r = [No]wv, res,, [V]r = [Ai]w, resoo[VIr = —[Aoo]wr-
Moreover, suppose that [V]r is regular at the points x;, for j = 1,...,m. Then, by virtue of the
cyclotomy, [V]r is regular at all the points w"z;, for r =0,...,T—1 and j = 1,...,m. Hence [V]r
belongs to Opg(IP’l)S_SX. O

Remark 1. Let V € MOpgF (P!) be as in Theorem 4.14. According to Proposition 4.12, a necessary
condition for [V|r to be regular at zy, k € {1,...,m} is the generalised cyclotomic Bethe ansatz
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equation
(k- Olwo - No) o= o= (yk - O (wi- X)) o= (yx - Ov"y; - 0)
ME T Ty + - =0.

(r,3)#(0,k)

Moreover, Proposition 4.13 states that this condition is sufficient if ¢y, € W is a simple reflection. <«

Remark 2. Let V € MOpg(Pl) be as in Theorem 4.14. If w; = Id for some i = 1,..., N (resp.
wp = Id), then [V]r has trivial monodromy at z; (resp. at the origin). Indeed, in this case a gauge
transformation of V by (¢ — z;)* (resp. #'°) yields a g-connection regular at z; (resp. at the origin)

and hence with trivial monodromy there by Proposition 4.1. N

To end this section we present two explicit examples of cyclotomic Miura g-opers, for the simple
Lie algebras g = sl and g = sly, that we shall use to illustrate the various results from §5 and §6.

Ezxample 1. Consider the simple Lie algebra g = sl3 in the fundamental representation. The two

fundamental coweights of sl3 are represented by the following diagonal matrices

1 2 0 O 1 10 0
(IJl == g 0 —1 0 3 (I)Q == g 0 1 O
0 0 -1 00 -2

Moreover, the principal nilpotent element p_; is given by

0 00
pP—-1 = 1 0 0
010

The unique non-trivial diagram automorphism v : I — I of sl exchanges the labels 1 and 2. Let
us consider the simplest possible cyclotomic Miura slz-oper V with a pole only at the origin and
whose residue there is given by a v-invariant integral dominant coweight. The general form of such
a coweight is \g = n(&1 + wW2) with n € Z>(. Therefore the cyclotomic Miura sl3-oper in question
takes the form

) N
V:d+(p_1—to>dt:d+ 1
0 1

~+I3

0
0 dt. (4.28)

s © O

Note that the residue at infinity of the associated h-connection V is simply \g = n(wi + we). The
canonical representative of the associated cyclotomic sls-oper [V]r reads

(1+2) 2

0 MR 115

gVgl=d+ |1 0 2D lgr with g(t)=|0 1
0 1 0 00 1

Since we are working in the fundamental representation, the above group element g belongs to
the three dimensional representation of the special linear group SLs. However, in this article we
consider only the adjoint group G = (Aut g)° of the Lie algebra g, cf. §2.2. In the present example
we have g = sl3, whose adjoint group is the projective linear group PGL3 (the quotient of the linear
group GLjg by its center {\Id, A € C*}). The adjoint group PGL3 can also be seen as the quotient
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of SL3 by its center Z = {\1d, A € C* | A3 = 1}. Here and in the examples 4 and 5 below, all group
elements written as 3 X 3 matrices are to be understood as the class of these matrices in the three

dimensional representation of SL3 modulo multiplication by elements of Z. <

Ezxample 2. Consider the simple Lie algebra g = sly. Denote by «; and w; for ¢ = 1,2, 3, the simple
roots and the associated coweights.

The unique non-trivial diagram automorphism of sly is v : 1+ 3, 2+— 2, 3+ 1, of order 2. We
choose the primitive T*-root of unity w = e%, with T'= 2S5 and S € Z>1. The general v-invariant
integral dominant coweight is of the form Ao = 1(w;y + wW3) + Ko with 0, Kk € Z>0. We shall consider
the cyclotomic Miura sls-oper specified by the coweight A at the origin and the coweight @; at a
point z € C*, namely

This can be re-expressed as
S—1

n St 5 K . n St
V=d +p_1dt - <t + tS—Z:S> W1dt - ;u&dt - <t + m wgdt. (429)

The residues at the origin and infinity of the associated h-connection are

reso V = —n(w1 + @3) — ko, resoe V = (n+.5) (01 + W3) + Ka. q
5. CYCLOTOMIC MIURA g-OPERS AND REPRODUCTIONS

Given a Miura g-oper V € MOpg(]P’l) and any simple root ag, k € I, the following lemma provides

1

a way of constructing a new Miura g-oper gVg~", where the gauge transformation parameter is of

the form g = e/ with f € M. This is known as the reproduction or generation procedure in the
direction ag, see e.g. [MVO05].

Lemma 5.1. Let V = d + (p_1 + u)dt € MOpy(P') and g = efBe € N(M) for some f € M. We
have gVg~! € MOpg(IP’l) if and only if the function f satisfies the Riccati equation
F1(8) + F(8)* + f(t) (e, u(t)) = 0.

L=V + fag dt. Moreover, for any x € C we have

In this case gV g~

res, gVg—! =

— { —sg - (—res, V) if fdt € Q has a pole at x,

res, V otherwise.

Similarly, at infinity, we have

reseo gVg—1 = —
VI resso V otherwise.

—_— { s - (tesee V) if fdt € Q has a pole at oo,
Moreover, if {an,Tess V + p) > 0 and f is not identically zero, then fdt has a pole at co.
Proof. By a direct calculation we find that

—dgg~" = —f'(t)Exdt,  gp1g" =po1+ f(t)ar — f(t)*Ex,
gu(t)g™t = u(t) = f(t){ak, u(t)) B,
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from which we obtain gVg™ = d + [p_1 +u(t) + f(t)auw — (' (t) + f(O)* + f(){ar, u(t)))Ex] dt.
The latter is a Miura g-oper if and only if the coefficient of E}, vanishes, which is equivalent to the
Riccati equation. We then have gVg~! = V + fdy, dt and hence also gVg—! =V + fdy, dt.

To prove the statement about the residue, suppose first that = € C and define fi := —res; V so
that u(t) = —% +r(t) for some r € h(M) regular at x. By considering the Laurent series expansion
at x of the solution f € M we find that it is consistent with the Riccati equation provided f has at
most a simple pole there, namely

a 0
f(t) = mJFO((t—l’) )
with either @ = 0 or a = (ag, it + p). In the first case, fdt is regular at x so that res, fdt = 0 and
hence res, gVg—! = res, V. In the second case, fdt has a simple pole at x with res, fdt = (o, fi+p)
so that res, gVg—t = —ji + (., ji + p)y = —8p - i = —sp, - (—1es; V).

Consider now the point at infinity and define ji i= ress V so that u(t) = f% + (‘)(t%) It then

follows that the asymptotic behaviour of the solution f to the Riccati equation for large ¢ reads

f(t)=?+0(t12>,

with either a = 0 or a = (o, ft + p). As above, in the first case, fdt is regular at infinity and we
find reso, gVg~! = resy V. In the second case, fdt has a simple pole at infinity and we deduce that
ress gVg—1 = s, - (ress V), as required.

Finally, let us suppose that (ay,ress V + p) is non-negative, i.e. that {ag, 1) > —1. In order to
prove the last statement of the lemma, we shall show that if f does not have a pole at infinity (i.e.

if a = 0), then f is identically zero. Indeed, if f were different from zero, we could write

b 1
f(t):tl’+o<tp+1>’

for some non-zero b € C* and p € Z>2. The cancellation of the terms of order ¢ ?~! in the Ricatti
equation yields the condition (p + <ozk,,a))b = 0. However, p + (g, f1) > 2—1 =1 so that b =0,
hence a contradiction. O

Suppose now that the Miura g-oper V we start with is cyclotomic. More precisely, let us consider
Ve MOpg (P!) such that the underlying cyclotomic g-oper [V]r lives in Opg(]P’l)isj\7 as defined in
§4.6. Then V is described by Theorem 4.14 and in particular is of the form (4.26). Moreover, using
the notations of Theorem 4.14, we suppose wy = Id so that —resyV = Ay is a v-invariant integral

dominant coweight. We can thus write V = d + (p_1 + u)dt with

N T-1 ( N N m
)\0 I/T(wi . )\z) VTyj -0
t) = —— — . 5.1
u(t) t Z Z t—w'z; +Zt—w’”xj (5.1)
r=0 \i=1 j=1
The difficulty with applying the generation procedure in the cyclotomic setting is that the new

Miura g-oper gVg !

will in general no longer be cyclotomic, since the parameter g € N(M) of the
gauge transformation we applied need not be ¢-invariant. This problem was first studied in [VaY15],
when w; = Id for each ¢ = 1,..., N and y; are simple reflections for each j = 1,...,m, using the

language of populations of solutions to the Bethe ansatz equations (the collection of algebraic
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equations ensuring the regularity of (5.1) at the set of points {z;}J1,, cf. Proposition 4.13). As
observed there, it is possible to move from one solution of the cyclotomic Bethe equations [ViY16a]
to another by applying instead a sequence of reproductions in the directions of the various roots
in the v-orbit of a. Moreover, the existence of such a cyclotomic generation procedure was shown
to require imposing certain conditions on the coweight g, c¢f. Theorems 5.3 and 5.5 below. Note
that for the case discussed in §5.2 below Ao was only assumed half-integral dominant in [VaY15].
Although we assume throughout this section that )¢ is integral dominant, we shall show later in
§6.2 that the integrality condition can in fact be relaxed.

In this section we will describe cyclotomic reproduction within the framework of cyclotomic Miura
g-opers by studying the properties of Riccati-type equations. Specifically, we will prove cyclotomic
generalisations of Lemma 5.1, corresponding to reproduction in the direction of a simple root af of
the folded Lie algebra g”, in the case when the orbit J € I /v is of type Allel or A2X|3|/2.

Recall the setting of §3.3. Let J € I /v be an orbit in I under the diagram automorphism v : I — I.
Consider the corresponding orbit of simple roots

{ai}ieg C @T.

Unless the orbit is of size one, i.e. |J| = 1, applying a single gauge transformation by an element of
the form efi¥ with i € J and f; € M will certainly break the I'-invariance of the cyclotomic Miura
g-oper V. In order to restore it, we will have to apply a series of successive gauge transformations by
efifi with some f; € M, corresponding to the other points i in the orbit 3. The specific combination
of gauge transformations required will depend on whether the orbit J is of type AlX 1 or AzX 191/ 2, cf.
§3.3. We will treat these two cases separately.

5.1. Orbit of type Af'jl. Let J be an orbit of type Ai(m, i.e. such that ¢; = 1 in the notation of
§3.3. As mentioned above the case |J| = 1 is easy to treat, so we shall assume |J| > 2.

Let ¢,7 € J be distinct. If we perform a gauge transformation of V = d+ (p_1 +u)dt € MOpg(Pl)
by efifi with f; € M a solution to the Riccati equation

F1(8) + F(6)* + f(t) (e, u(t)) = 0,

then by Lemma 5.1 we obtain the new Miura g-oper efi¥iVefifi =V + f;a; dt. If we perform a
second gauge transformation of the latter by 7% then by Lemma 5.1 the resulting g-connection
will again be a Miura g-oper provided f; € M is chosen to satisfy the Riccati equation

)+ FO? + F) aj,u(t) + fid) = 0.

However, since we are assuming J to be of type AlX |J|, we have (o, &;) = 0 and hence the Riccati
equation satisfied by f; only depends on the original Miura g-oper V and not on f;.

We are therefore seeking a gauge transformation by g = [, efifi where the functions f; € M
satisfy the Riccati equations

(RY) = i) + i) + fi(t){ei, u(t)) = 0, (5.2)
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for ¢ € J. Note that the order of the factors in the expression for g doesn’t matter by the assumption
on the nature of the orbit J. By Lemma 5.1, the resulting Miura g-oper is given by
gVg T =V filt) a . (5.3)
€]

1

The sum over the orbit J is P-invariant, and hence gVg™" is cyclotomic, if and only if

wlfi(w™ ) = Ju@) (@), for all ¢ € J. (5.4)
Let us fix a reference point & € J on the orbit so that
3= {k,v(k),...,v"(k)}.

Noting that w™ v (u(w™1t)) = u(t), we have w™ oy, u(w™'t)) = (a,), u(t)), from which it follows
that w™ ! f;(w™'t) is a solution of the Riccati equation (R¥(®). So starting from any solution fj, € M
of (R¥) we may define solutions f; € M of (R?) recursively by

fl(t) = w_lfy_1(i)(w_1t), (55)

for i € J\ {k}. By construction these satisfy the relations in (5.4) for all i € I\ {vFI=1(k)}, so we
just need to ensure that it also holds for i = v’I=1(k), namely

W oy (@) = falt).

Using the recurrence relation (5.5) to rewrite the left hand side of this relation we can express the

condition for (5.3) to be cyclotomic as the following functional relation on f; alone

w (W Pl = fr(e). (5.6)

Now since both sides are solutions of the same differential equation (R¥), to check they are equal it
suffices to compare their values at a single point. However, to avoid having to explicitly solve (R¥)
it would be preferable to evaluate them at the origin since ¢ = 0 is a fixed point of ¢ — w~Pl¢.

If the original cyclotomic Miura g-oper V happens to be regular at the origin, i.e. o = 0, so that
u(t) is also, then the Riccati equation (RF) is regular at 0 and therefore admits solutions regular at
the origin for any initial value f(0) € C. In particular, two solutions of (5.6) are equal if and only
if they agree at the origin. It therefore follows that the gauge transformed Miura g-oper gVg~! is
cyclotomic if and only if wl’l = 1, that is to say 17| = T since w is a primitive T*"-root of unity.

In order to treat the general case of an arbitrary v-invariant integral dominant coweight Ao € b”

we will make use of the following.

Lemma 5.2. Let f be a non-zero meromorphic solution of the Riccati equation
PO+ F02+5t) (=7 +7(1) =0, (5.7)
where r € M is reqular at the origin. If n € Z>q then either

(1) f is reqular at the origin, in which case it reads f(t) = t"h(t) for some h € M regular at 0,
with h(0) € C* arbitrary, and satisfying

B () + t"h(t)% 4 h(t)r(t) = 0. (5.8)
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n

We call (5.8) the regularised Riccati equation associated with (5.7).
= %1 +k(t) for some unique

(ii) f is singular at the origin, in which case it takes the form f(t)
k € M regular at 0. O

Proof. Consider the Laurent expansion of f € M at the origin. As in the proof of Lemma 5.1, for

this to be consistent with equation (5.7) we find that f can have at most a first order pole at the

+ Z ant”

n>0

origin, namely

ft) =

+1 e

with either a =0 or a =n+ 1.
Let us now discuss how the Ricatti equation (5.7) constrains the coefficients a,,. Taylor expanding
rasr(t) =3 ,-"nt", we can write the Laurent expansion of the different terms appearing in this

equation as

a
F(0) =~ + 20+ Danaat”
n>0
5 a®>  2aap . n
02 =+ =+ 2 200+ S awen s | ¢
n>0 k=0

n
a arg — na
£(t) (—g + r(t)) = —2—2 + O L N (a'rnH — a1 + Zakrn_k) £,

t
n>0 k=0
The sum of these three terms must vanish by virtue of the Ricatti equation (5.7). The cancellation
of the double pole gives a = 0 or a = 1+ 1, as stated above. Those of the simple pole and of the

Taylor expansion are equivalent to

(2a — n)ag = —ary,
n—1

(2a +n —n)a, = —ar, — Z ak (ap—1—k + Tn—1-k) for n > 1.
k=0

If a = 0 then f is regular at 0, corresponding to part (7). The first equation then gives ag = 0.
For 0 < m < n, the second equation also yields a,, = 0 by induction, as n —n # 0. For n = n, the
equation is verified for arbitrary a, € C. Finally, all a,, for n > 7 are fixed in terms of a, and the
coefficients in the Taylor expansion of r(t) at the origin. In particular f is of the form f(t) = t"h(t)
for some h € M with h(0) = a, € C arbitrary. Moreover, by direct substitution into (5.7) we find
that h satisfies (5.8).

On the other hand, if a = n + 1 then f is singular at 0, which corresponds to part (i7). In this

_ntl
n+2

coefficients a,, in terms of the coeflicients r, as for any n > 0 the coeflicient 2a +n—n=n+n+2

case the first equation reads ag = ro. By induction on n > 0, the second one fixes uniquely the

is non-zero. ]
5.1.1. Singular reproduction procedure. Since g is assumed integral dominant we may apply Lemma

5.2 to the solution f;, of (RF), with n = (ag, o). If fi has a pole at the origin then so does the

function ¢ — w=l f, (w_mt). However, since both are solutions to the same Riccati equation of the
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form (5.7), by the uniqueness of such a solution in Lemma 5.2(74) it follows that they are equal, i.e.
the condition (5.6) holds.

Moreover, in this case, all the functions f; for ¢ € J have a pole at the origin. Thus, using the
explicit form g = [[;¢, efifi of the gauge transformation parameter and applying Lemma 5.1 for
each i € J, followed by Lemma 3.6, we find that

—respgVg~! = <H 52-) “(—resp V) = 8% - (—resy V).
1€]
5.1.2. Regular reproduction procedure. Suppose now that fi is regular at the origin, corresponding
to case (i) of Lemma 5.2. It remains to check when the condition (5.6) holds. Introducing the
function
hi(t) =" fi(t),

regular at the origin, the condition (5.6) for gVg~! to be cyclotomic may then be rewritten as
w PO b (WP = hy(2). (5.9)

Now since both sides of (5.9) satisfy the same regularised Riccati equation of the form (5.8), they
are equal if and only if they agree at the origin. Note that we may as well assume hy(0) # 0 since if
h(0) = 0 then by the homogeneity of the regularised Riccati equation hy would be identically zero
and hence g the identity. It follows that gVg¢~! is cyclotomic if and only if w1 = 1. Recalling
that w is a primitive T*"-root of unity, this condition is equivalent to |J|(n + 1) = 0 mod T. Or
since the size |J| of the orbit J necessarily divides the order of v which by definition divides T', we
can also rewrite this condition as

< T
(ag, Ao+ p) =0 mod ar

Note that, in this case, all the functions f; are regular at the origin, so that resy gVg—! = resy V.

5.1.3. Residue at infinity. Finally, let us discuss the residue at infinity of the new connection gVg~".

We suppose that (ag,1ess V + p) (and thus all the (a;, ress V + p) for i € J) is non-negative. One
can see the gauge transformation by ¢ as successive gauge transformations by efi¥ for each i € J.
As (a;,a;) = 0 for any distinct 4,5 € J, the condition on the residue at infinity of the connection
still holds after each step. Thus, applying the last part of Lemma 5.1 for each i € J, followed by
Lemma 3.6, we find that

resoo gVg Tl = <H S@') - (resee V) = 84 - (rese V).
i€

Note that this discussion holds whether f;, is regular or singular at 0. We have proved the following.

Theorem 5.3. Let J € I/v be an orbit of type Alxm. Fix a k € J and let fi, € M be any non-zero

solution of the Riccati equation

Fr®) + fe(®)? + fi(t) (g, u®)) =0,
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with u(t) as in (5.1). Define f; € M for all i € I\ {k} recursively by fi(t) = w™ f,-1;(w ) and
let g = [[;e €/ € N(M).

If fy is regular at the origin, then g € N*(M), and hence gVg~' € MOpg(]P’l), if and only if

. T
(o, Ao+ p) =0 mod i

Moreover, in this case we have resy gVg—! = resy V.

If fx has a pole at the origin, then we have gVg~! € MOpg(IP’l) without any condition on Ao and
—resggVg 1t =s¥ - (—resy V).

Finally, if (o, reso V+p) is non-negative, then reso gVg— = s¥-(reso V) (whether the function

fr is regular or singular at the origin). O

Remark 3. It is interesting to note that, just as in the case of an ordinary reproduction, we have
here a one-parameter family of transformations (the parameter being the initial value of hy at the
origin). In other words, even though we performed |J| different successive gauge transformations,

we don’t have |J| free parameters since the I'-equivariance imposes relations between them. N

Example 3. Let us illustrate Theorem 5.3 with an example. Consider the Lie algebra g = sl4 and the
cyclotomic Miura sly-oper V described in (4.29). We use the notations and conventions introduced
in the example 2. To perform a reproduction in the direction of the orbit {a, a3}, we use a gauge
transformation by the unipotent element g = exp( f3E3) exp( flEl). The functions fi; and f3 must
satisfy the Ricatti equations

(RY) = fi(t) + fi(t)® + qu(t) fi(t) = 0,

with $ 61
o St°T o StUT
q(t) = YT m 5 g3(t) = Ty TS yas
Introducing the functions
1 25
t) = e Ja®dt — S _ 5y Rt ::/ t)dt = ——— ¢S+ 2yt
Q1(1) ( ) 1(t) Q1(t) 1 S+1 |

one can check that the most general solution of (R!) is

fy =@l (DS +n+ DO — =)
) = )t A DB — (St DSt T A7

where A := (S + 1+ 1)(n + 1)A is an arbitrary integration constant. Following Theorem 5.3, we

introduce ) S
f3(t) = wflfl(wflt) _ (n+1)(S +n+ D)t"(t% + 2°)
(n+ DESFT 4 (S 0+ 1)250H1 — A’
where in the second equality we used the fact that w5 = —1. One can check that f3 is a solution

of the Ricatti equation (R3). The resulting unipotent element g is cyclotomic if and only if

(n+1)(S +n+ 1)t7(t5 — 2%
(n + D)tSHntl — (S 4+ 1) 251 4 20D A

) =w W™t =
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If A =0 then the above condition always holds. On the other hand, if A # 0 then this condition is
equivalent to w2t =1 ie. to

< T
(a1, Mo+ p)=n+1=0mod oL

in agreement with Theorem 5.3.
Let us also determine the residues at the origin and infinity of the connection gVg~! obtained

after reproduction. We have seen in example 2 that resoo V = (n +5) (01 + w3) + kwa. After the

reproduction procedure, we get
resso gVg—t = (n+ 5) (@1 + w3) + kg — (n+ S+ 1) (&g + d3) = s153 - (reseo V) -

When f; and f3 are both regular at the origin (i.e. when A # 0), the residue at the origin does not
change after the reproduction procedure: resygVg—! = resg V = —n(w1 + ©3) — k2. However, if

f1 and f3 are singular at the origin (i.e. A =0), we find

—resggVg— !t =n(d1 + w3) + ko — (n+ 1)(d1 + &3) = s183 - (— resg ﬁ) ) 4

5.2. Orbit of type AQXUW. Suppose now that J € I/v is an orbit of type A;UW with |J| even,

corresponding to the case ¢5 = 2, cf. §3.3. In the setting of simple Lie algebras of finite type, such
orbits occur only in type A, in which case the orbit is of size |J| = 2.
Let us fix a reference point £ € J and denote one half of the orbit by

9/2 = {k,v(k),..., o121 k)1,

cf. Lemma 3.6. Recall the notation 7 = v/’l/2(7). The full orbit J then consists of |J|/2 distinct pairs
{i,7} for each i € J/2 such that (a;, &;) = (0g,&;) = —1 and (a4, &;) = 0 for any j € J with j # 4, 7.
For each i € J/2, the subalgebra generated by E; and E; has dimension 3 and is spanned by FE;, F;
and [Ei, Eg].

In this case, performing two successive reproductions in the directions of a; and o is not enough to
restore the I'-equivariance of the Miura g-oper. In order to obtain a cyclotomic Miura g-oper we will
need to perform a third reproduction in the direction of oy, so that the total gauge transformation
ki3 Bi gki 2 Fr

parameter is of the form g = HieJ/Q e ki, 1Bi for some ki1, kio2, ki3 € M. Equivalently, we

can write the latter as

g = H efi,l(Ei+E€)+fi,2(Ei*Ei)‘i’fi,S[Ei»Ei] (5_10>

i€J/2

for some f; 1, fi2, fi3 € M, where we have used the combinations F; £ F; rather than F; and E;
for later convenience. Note that the order in the above product over J/2 does not matter since the
generators E;, F; commute with Ej, E; for any distinct ¢, j € J/2. The calculation can be performed
using either of the above expressions for g. If we consider the product of exponentials of simple root
generators then we have to study three Riccati equations but, since now («;|az) # 0, the argument

used in §5.1 no longer applies. We will use the second form (5.10) for g.
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Let V = d+ (p—1 +u)dt € MOpg(IP’l). A lengthy but straightforward computation gives the

expression of the gauge transformed g-connection
=V+ Z ( fin+ fi2)as + (fin — fi2)ds
i€J/2 9 ,

- §(fi,1 +3fia+ (@ + @) fi1+ (6 — @) fiz + 2f¢,1) (Ei + Ex)

—2(Afinfig+ (@ + @) fiz + (@i — @) fir — 2fiz + 2f2) (B — Ex)

— (2finfiz = firfio+ finfia + fio(fra = [0 + fis

+ (g + @) fis — 56— @) (ff — Z2))[Ei7E5])dt7
where g;(t) == (s, u(t)) and gi(t) = {as, u(t)).
Since we want gVg¢~! to be a Miura g-oper we should impose that the coefficients of E; + E; and

[E;, F7] all vanish. This gives rise to a set of three coupled Riccati-type differential equations, which
after some rearranging take the form

2f 1+ [+ 3fh+ (@i + @) fin + (@i — @) fiz =0,
(R") 2fio+4Afirfia—2fiz+ (¢ + @) fia+ (@ — @) fir =0, (5.11)
2f@3+2lef23+f12(f11 f@2)+2(%+%)fz3—0
Noting that w™ v (u(w™'t)) = u(t) since u(t)dt € Q”(h), which also implies that for every i € J/2
we have w™lg,-13;)(w™'t) = ¢;(t) and w™'g,-13)(w™'t) = ¢i(t), we deduce that the three functions
w i (W), w fia(w ') and w2 f;3(wt) satisfy the coupled system of equations (R¥().
Therefore, starting with any solution fy 1, fi.2, fr,3 € M for the reference point k € J we can define
a solution fi 1, fi2, fiz € M of (R?) recursively by

fin(t) =™ a1 (w™'t), fia(t) =™ fag 20 '), fia(t) = w2 f 1 3@ 't).
(5.12)

for every i € /2 \ {k}. Now since v’I/2(k) = k we have

§(EV|J|/2_1(k) + Eum/Q—l(l_c)) = :I:w—l(Ek =+ Efc)’ g( [EV|3\/2_1(]€), Eljm/z_l(l_c)]) = —w—Q[Ek, EE]
So by construction, we find that g € N(M) defined in (5.10) using the functions f; 1, fi 2, fi 3 for all
i € J/2 is invariant under < if and only if

fea(®) =@ ey (W), fra(t) = —w T f ey o (W),

fk,g(t) = —w f 191/2=1 (), 3( _1t).

Equivalently, using the above recurrence relations to rewrite the right hand sides of these equations
we obtain conditions on the functions fj 1, fr2 and fi 3 alone, namely

fra(t) =0 V2 fia (@ F28), - fia(t) = —w ™12 fia(w™F1V2),
Fra(t) = —w Pl fi s (w™F12).
We now consider the issue of the regularity of the equations (5.11) at the origin. The functions

g; and ¢; have the form ¢;(t) = —2 + r;(t) and g;(t) = — + r4(t), with n = (ay, Ao) = (o, Ao) and
r;, 7 € H(M) both regular at the origin. Note that 7 is independent of ¢ and 7 by the v-invariance of

(5.13)
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the coweight Ag and is a non-negative integer, as g is a dominant integral coweight. We will need

the following result, which is the analog, for an orbit of type AzX i/ 2, of Lemma 5.2.

Lemma 5.4. Let f1, fo and f3 be meromorphic solutions of the system of differential equations

21 + 2432+ (q+ DL+ (=9 fa=0, (5.14a)
2f5+4f1fo—2f3+ @+ fo+ (¢—q)f1 =0, (5.14b)
215+ 2f1fs + fo(ff — f3) +2(q+q)f3 = 0. (5.14c)

Suppose q(t) = =1 +r(t) and g(t) = —3 +7(t), with r,7 € M reqular at 0. If n € Z>q then either

(1) the functions f; are regular at 0, in which case they read fi(t) = t"hi(t), fa(t) = t"ha(t)
and f3(t) = t*h3(t) for some h; € M regular at 0, with h;(0) € C arbitrary.
(73) at least one of the functions f; is singular at 0, in which case they are of the form

a b c d
fi(t) = i ki(t), fa(t) = i kao(t), f3(t) = 2ty T k3 (1), (5.15)
where k; € M are regular at 0 and a,b,c,d € C. Moreover, the coefficients a, b, c fall into
one of two possible classes
(a) (a,b,c) = (2(n+1),0,0), in which case d € C and k; € M are unique,

() (ab,0) = (254 +25,0) or (a,b,) = (258, 2278 4y + 1))

Proof. Consider the Laurent expansions of the functions f; around the origin. The consistency of
these expansions with the equations (5.14) requires f; and fy to have at most a simple pole at 0
and f3 at most a double pole at 0. Thus the f;’s can be written in the form of equation (5.15).
Moreover, one finds that the cancellation of the double poles in the first two equations and of the

triple pole in the third one leads to the set of conditions
a?—2(n+1)a+32=0, 2ab—(n+1)b—c=0, 2ac+bla®—-b*)—4(n+1)ec=0. (5.16)

There are 6 solutions to this system of equations: (a,b,c¢) = (0,0,0), (a,b,c) = (2(77 + 1),0,0),
(a,b,c) = ("Tﬂ,i"%l,O) and (a,b,c) = <w,i%ﬂ,i(n + 1)2).

In the case where (a,b,c) = (0,0,0) one finds that d is also zero. This corresponds to case (i) of
the lemma, where the functions f; are all regular at the origin. Consider then the Taylor expansions
fi(t) = >, 50 ant™, fa(t) = > ,50bnt™ and f3(t) = >, ~ cnt™. Substituting these into (5.14) and
working order by order in powe;s of t one finds that ag = bo = ¢g = 0 and that the coeflicients a,,,
b, and ¢, for n € Z>1 must satisfy the recurrence relations

/ n
2(n+1=n)ant1=—» (ak(anfk + Tk Trk) + b (3bn—k + 10k — ank:)),
k=0
n
2(n+1—n)bpt1 = 2¢p, — Z(ak(llbn_k + Tk — Tn—k) + b (Tn—k + ?n_k)),
k=0
n
2(n+1—=2n)cpt1 = — Z cr(n—k + 21 + 2Tp k) + Z (bky by iy, — iy Ay iy ),
k=0 ki1i+ko+tks=n

where r, and 7,, are coefficients in the Taylor expansion of r and 7.
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We have ag = bg = ¢9g = 0. For n + 1 < 7, the coefficients n + 1 — n and n + 1 — 27 in the left
hand sides of these equations are non-zero, so we conclude by induction that a,, = b, = ¢, = 0 for
n < n—1. When n = n—1, the first two equations are verified for arbitrary values of a,,+1 = a, € C
and b,11 = b, € C. Similarly, the third equation yields ¢, = 0 for all n < 2 — 1 and ¢y, € C is
arbitrary. The coefficients a,, and b, for n > n and ¢, for n > 27 are then determined uniquely in
terms of the r,,’s, the 7,’s and the arbitrary coefficients a,), b, and c;. This conclude the discussion
of case (i) of the lemma.

Next, we turn to the 5 other solutions of equation (5.16), corresponding to the case where at
least one of the f;’s is singular, i.e. the case (i7) of the lemma. We shall focus on case (a), with
(a,b,¢) = (2(n+1),0,0). Substituting the Taylor expansions of the regular functions ; into (5.14),
one finds unique expressions for the coefficients d, ag, bg and ¢y. After a tedious but straightforward
computation, one finds recurrence relations similar to the ones above. In the case at hand, however,
the coefficients in front of a,41, by+1 and ¢, 41 are non-zero for any n € Z>g. Thus, all the coefficients
an, by and ¢, are determined uniquely by these recursion relations and the initial values ag, by and

co previously obtained. Therefore, in this case, the functions k; are unique. O

Let us now come back to the discussion of cyclotomic reproductions along the orbit J. We began
with solutions fj 1, fr2 and fi 3 of equations (R¥). As explained above, we constructed solutions
fi1, fiz and fi 3 of equations (R?) for any i € J/2 recursively using the formula (5.12). The condition
for the corresponding reproduction to be cyclotomic is then given by equation (5.13).

5.2.1. Regular reproduction procedure. Suppose that the functions fy 1, fi2 and f 3 (and thus also
the functions f; 1, fi2 and f; 3 for any i € J/2) are regular at the origin, so that they are described
by case (Z) of Lemma 5.4. Then hi71(t) = tfnf@l(t), hig(t) = tfnfi’g(t) and hi73(t) = tianiV;),(t)

are regular at the origin. They obey the following regularised equations

2k + t7(hi1 + 3hio) + (ri + ro)hig + (ri — r7)hia =0, (5.17a)
2055 + " (4hiahi2 — 2hi3) + (ri + 19)hig + (ri — r9)hin =0, (5.17b)
2h;’,3 + 1" (2hi,1hi,3 + hi,2(hz2,1 - h?g)) +2(ri +r7)hiz =0, (5.17¢)

whose coefficients are regular at 0 since n € Z>o. The coupled system of equations (5.17) admits
a solution regular at 0 for every set of initial conditions h;1(0), h;2(0), h;3(0) € C. It remains to
check whether there are solutions for which the corresponding gauge transformation parameter g
defined in (5.10) is ¢-invariant so that gVg~! € MOpg(IP’l).

When phrased in terms of the regularised functions hy 1, hi o and hy 3, the conditions (5.13) for

g € N(M) to be ¢-invariant read
(5.18)
hiea(t) = —w™ TPy (0= P12y,

Now by construction, both sides of the relations (5.18) satisfy the same system of coupled equations
(5.17). Thus (5.18) hold for all t € C if and only if they hold at the origin. It follows that g € N<(M)
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if and only if
hi1(0) = w_(1+")|j‘/2hk71(0), hi2(0) = —w_(1+’7)|3|/2hk,2(0),

(5.19
hi3(0) = —w™ PR, 5(0). )

Since the coupled equations (5.17) are homogeneous, for the set of functions hy 1, hy 2 and hy 3 to be
non-trivial, and hence g # Id, we should certainly have at least one of the initial conditions Ay 1(0),
hi,2(0) and hy 3(0) be non-zero. However, the above conditions (5.19) are consistent only if at most

one of these initial conditions is non-zero. We therefore have three distinct possibilities:

o WIFMPI/Z =1 if Ry 5(0) = hg3(0) =0,
o WIFMIN/Z = 1 if Dy, 1(0) = hy3(0) =0,
e M — 1 if hi,1(0) = hg2(0) = 0.

In each case, the ¢-invariance of g reduces the number of free initial conditions to one. Therefore,
we have once again a one-parameter family of cyclotomic gauge transformations. We note that the
above three cases can be combined into the single condition w2”/1+7) = 1. Or since w is a primitive
T™_root of unity this is equivalent to 2|J|(1 4+ 7) = 0 mod T'. Using the definition of 1 we can also
rewrite this as |J|{ag + az, A + p) = 0 mod T and in turn, since |J| divides T as
. T
(o + g, Ao + p) = 0 mod ik
Since all the functions f; 1 and f; 2 are regular at 0, it is clear that this cyclotomic reproduction
does not change the residue at the origin, namely

reso gVg—1 =resg V = —\g.

5.2.2. Singular reproduction procedure. Suppose now that at least one of the functions fj 1, fi2 and
fr,3 is singular at 0. They are then described by case (ii) of Lemma 5.4 and are of the form (5.15).
Let us see when these solutions correspond to a cyclotomic reproduction, i.e. when they verify the
functional relation (5.13). It is clear that this relation is compatible with the form (5.15) only if
the coefficients b and ¢ are zero. According to Lemma 5.4, this only leaves case (a) as a possibility,
where (a,b,c) = (2(n+1),0,0).

By construction, the sets of functions on the left and right hand sides of (5.13) are solutions of
the same equation (R¥). Moreover, they are both of the form given in case (ii)(a) of Lemma 5.4.
By uniqueness of the solutions of this form, these two sets of functions must be equal and thus the
corresponding reproduction procedure is cyclotomic.

Finally, recall that the new g-connection is given by

gVg =V + Z (fz-,l (& + &) + fio (i — df))dt-
=

Using the fact that

resg fi1dt = 2(n+1) = (o + ag, o + D), resg fiodt =0 and resg fj3dt =0,



CYCLOTOMIC GAUDIN MODELS, MIURA OPERS AND FLAG VARIETIES 41

and Lemma 3.6, one finds

—resggVg—1 = H si518i | - Ao = 85 - (—reso V).
i€J/2

5.2.3. Residue at infinity. The following discussion applies whether the reproduction procedure is
regular or singular at the origin. In order to determine the residue of the new Miura g-oper gVg~! at
infinity, recall that the gauge transformation parameter can also be written in the form of a product
of exponentials of simple root generators as g = HiEJ/Q ekisBighi2Bikii B where ki1, kio, kizg €M
can be expressed in terms of the functions f; 1, fi2, fi,3 € M constructed above. In particular, if we
started with functions fy 1, fr2 and fi 3 not all zero and verifying the cyclotomy condition (5.13),
then one checks that the functions k; 1, k; 2 and k; 3 for ¢ € J/2 are all non-zero.

Let fi = rese V and fix i € J/2. Suppose that k = {(a;, i + p) = (g, i + p) is non-negative
and consider the three successive reproductions with overall parameter g; = eFi3Figki2FighiniEi
According to the last part of Lemma 5.1, since k; 1 is non-zero, it has a simple pole at infinity and
the first reproduction then yields a new g-connection with residue s; - i at infinity. Recalling that
(e, &) = (ag, &) = —1, one then finds (g, s; - ft + p) = 2k. Thus, the last part of Lemma 5.1 still
applies to the second reproduction and the new g-connection has residue s;s; - fi at infinity. Finally,
one has (o, s:8; - i + p) = k. Applying Lemma 5.1 one last time, one finds that after the gauge
transformation by g;, the residue at infinity of the new g-connection g;Vg; Lis sispsi - (resoo V).

If {ag, f1 + p) is non-negative for some k € /2, then (o, fi + p) is non-negative for all i € J/2. As
(e, &j) = 0 for any j # i,7, the group elements g;, i € /2 commute with one another and

(i, T€S 00 nggj_l +p) = (@i, 1e800 V + ). (5.20)

Thus, we can apply successively (and in any order) the reasoning of the previous paragraph to the
gauge transformations with parameters g;, for all i € J/2. We then deduce that

resoo gV~ = H 5i878; | - (1€S0o V) = 87 - (resee V),
i€3/2

where we used Lemma 3.6. We have thus proved the following.

Theorem 5.5. Let I € I/v be an orbit of type AQXM/Q. Fiz a k €7 and let fr1, fr2, fra € M be

solutions of the coupled differential equations (5.11), not all zero. Define fi1, fi2, fiz € M for all
i€ (J/2)\ {k} recursively by

fin®) =w  fpalw ™), fiolt) =w T g2 ),  fis(t) = w P f i a(w ).
and let g := Hieﬂ/2 efi 1 (BitEr)+fi2(Bi—E)+fi3[Ei i)

If we consider functions fi 1, fr2, fr,3 reqular at the origin, then they can be chosen so that g
belongs to N*(M) if and only if

. 5 T

(o + ag, Ao+ p) =0 mod R

Moreover, in this case we have gVg~! € MOpg(Pl) with resg gVg—1 = resy V.
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Suppose now that at least one of the functions fy 1, fi2, fr,3 s singular at the origin, so that they
are described by case (ii) of Lemma 5.4. Then g is in N*(M) if and only if the singular behaviour
of fr1, fr2, frus is as in the subcase (a), without any conditions on the coweight No. Moreover, in
this case we have gVg~' € MOpg(Pl) with —resggVg~—1 = s¥ - (—resy V).

Finally, if (g, rese V + p) is non-negative, then we have reso gVg—1 = s¥ - (resoo V) (whether

we started with functions regular or singular at the origin). O

Remark 4. Note that the approach of this section may equally be applied to the case of an orbit of
type AlX 9l for even |9|: in this case, there are no functions f; 3 and we only get the first two conditions
wMPI/2 = 41 above, which are indeed equivalent to the condition (o, o + p) = 0 mod % as

given in Theorem 5.3. <

Ezxample 4. Let us illustrate Theorem 5.5 with an example. We consider the Lie algebra g = sl3
and the cyclotomic Miura slz-oper V defined in equation (4.28) of example 1.
We consider the orbit of simple roots {aq, as}, which is of type As, and the unipotent element

g= ef1E1+f2E2+f3E127 (5.21)

expressed in the basis E1, Fa, F1g := [E1, F3]. In Theorem 5.5 and the discussion above, g is given
by g = et(BrtE)+fo(Br—Ea)+fsEi2 i 4 basis of eigenvectors of ¢. The two expressions are simply
related by fl = fi+ fo, fg = f1 — f2 and fg = f3. In the fundamental representation, we have
1 fi fs+ihh
g=10 1 fa
0 0 1

1

The gauge transformation gVg~" is a Miura sls-oper if and only if the functions ﬁ are solutions

of the following system of coupled differential equations
B0 = TR0 = A = RO R0 ~ F(0).
B0 = L Ra0) = 207 = §ROL(0) + Fa0),

R0 =27 fa0) = (0 + £0) o(®) + (RO + F®) ) = § (L2 + ) (o).

The regularized functions hy(t) = t~7f1(t), ha(t) = t " fo(t) and hs(t) = t~2"f3(t) are solutions of
differential equations regular at the origin. The solution of the above differential system with initial
conditions %1(0) = a, he(0) = b and h3(0) = ¢ is

(ab+ 2¢) t* + 2ua

fL(t) = 2uth? 5.22
filt) = 2p (ab + 2¢) 12+ + 4path + 4p?’ (5.222)
- b—2c)th +2ub
D TS B 5.22b
fa(t) =2 (ab — 2¢) t2# + 4pbth + 4p?’ ( )
. b+ 2c)b — (ab — 2¢)a) tH + 4
Falt) = dpd 1202 ((ab +2c)b — (ab — 2c)a) He (5.22c)

((ab+ 2c) 2 + dpath + 4p2) ((ab — 2¢) 124 + 4pbth + 4p?)
where we defined up =7+ 1.
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To simplify the analysis of this solution, we define functions A and B such that fl(t) = A(t;a,b,c),
fa(t) = A(t;b,a, —c) and f3(t) = B(t;a,b,c) = —B(t;b,a, —c). One checks easily that
w AWt a,b,¢) = A(t;w  a,wHb,w™e),
w?B(w 't a,b,¢) = B(t;w  a,w b, w ).
Noting that g is ¢-invariant if and only if we have w™ fi(w™1t) = fo(t), w™fa(w™'t) = fi(t) and
w2 f3(w™t) = —f3(t), the condition for the reproduction to be cyclotomic can be re-expressed as
A(t;w P a,w b, w2 e) = A(t; b, a, —c),
A(t; w Pb,w  a, —w c) = A(t; a,b, c),
B(t;w Ha,w "b,w % c) = B(t;b,a, —c).
These conditions are equivalent to a = whb, b = wha and ¢ = —w?*c. As in the general discussion
above, we distinguish three possible cases where these conditions have non-trivial solutions:
o wt=1,a=becC* and c=0, i.e. ha(0) = h3z(0) =0, in which case

2pa th
Al = s B(O)=0. i) =0,

e w=-1,a=-beC*and c=0, i.e. h1(0) = h3(0) =0, in which case

2ua’ t? 1 (a? 2 — 122 4platt—t(a® t2 + 42 8uad 342
Ailt) = ( L ) - ( Ly =
R(t) R(t) R(t)
where R(t) = a*t' — 24420 t2# + 164,
e W= -1, a=b=0and c€C*, e hi(0)=hz(0) =0, in which case
2,u62 tAn—1 4,u3c 2l 4u4c 12n=2
fl(t) - 2 4 — 4/JJ47 fQ(t) - 762 HAp — 4,&47 f3(t) - 762 HAp — 4,&47 (523)

where the regularised functions h; = %(le + hy), hy = %(ﬁl — hy) and hs = hs correspond to the
basis of eigenvectors {Ey + Fa, E1 — Ea, [E1, Es]}. In each of these cases, the solution depends on
an arbitrary parameter in C*.

To end this example we discuss also the solutions of the differential system singular at the origin.
Starting from any of the above three types of regular solutions, a singular solution can be obtained
by considering the limit where the free parameter goes to infinity. One can check that each of the

three cases yields the same singular solution

g(t) = exp (2(”:1) (E1 + E2)> . (5.24)

Note that this solution is always cyclotomic, without imposing any restriction on w or 7. N

6. CycLoToMIiC MIURA g-OPERS AND FLAG VARIETIES

Recall the setup of §5. Throughout this section we will also consider a cyclotomic Miura g-oper of
the form V = d+ (p_1 +u)dt with u dt € Q”(h) asin (5.1). In particular, we still assume for the time

being that —reso V = \g is a v-invariant integral dominant coweight. We will further assume here
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that V is monodromy-free. In §6.2, however, we will show how to weaken the integrality assumption
on the coweight Ao together with the related assumption on the trivial monodromy at the origin.

Consider the set

MOpL (P) g}, = {V € MOp§ (P") | [V]r = [V]r} (6.1)
of cyclotomic Miura g-opers with underlying cyclotomic g-oper [V]r. By definition, any cyclotomic
Miura g-oper in MOpg (}P’l)mr is a representative of [V]r and hence is of the form V9 := gVg~! for
some g € N°(M). The goal of this section is to describe the space MOng(IP)l)[V]F.

A finite analog of (6.1) is the set MOPSB,[XO]WV’ introduced in §3.2, consisting of all finite Miura
g”-opers which are connected to the given finite Miura g”-oper p_1 — A\g — p by the adjoint action
of N¥. We saw in Theorem 3.4 that MOPEB,[XO}WV is in bijection with the v-invariant subgroup W¥"
of the Weyl group W. The affine counterpart of this statement is Theorem 6.5 which provides an
isomorphism between MOpg(IP’l)[V]F and the subset (G/B_)" of the flag variety G/B_ consisting
of points fixed by some automorphism ¥ which we introduce in §6.1. In §6.4 we show that (G/B_)?

admits a cell decomposition where the cells are labelled by elements of W".

6.1. Generic cyclotomic Miura g-opers. If \g = 0 then the origin is a regular point of the
given cyclotomic Miura g-oper V. In this case we let Y € B_(M) be the solution of VY = 0 with
Y (0) = Id, which exists by Lemma 4.2. Then for any V9 € MOpg(IP’l)[V}F such that g € N<(M)
is also regular at 0, we will denote by Y, € B_(M) the solution of V9Y, = 0 with Y,(0) = Id. If
instead Ag # 0 then V is singular at 0 so we cannot consider such a solution. In this case, we will
work with a suitable regularisation of V defined as follows. Let

T-1 N X m
_v ~ -~ r . A) Vry . 0
V, =t V0 = d tlowdo) oy gy — vi(wi - Ai) — 2= | dt. 2
+g ) rz:;) ; L= whz +;t—w’“fﬁj (6:2)

The assumption that the coweight Ao is integral dominant ensures this g-connection is regular at
the origin. We shall refer to V,; as the regularisation of V at the origin. By Lemma 4.2, we can then
consider the solution Y € B_(M) of V,Y = 0 such that Y (0) = Id. For any V9 € MOpg(]P’l)[v}F we
consider its regularisation (V9), = (gVg™1); = : Vg, ! where g, == tRogtho ¢ N(M). Provided
the latter is regular at the origin, we can define the solution Y, of (V9),Y; = 0 with Y,(0) = Id.
An important feature of the regularisation procedure is that all the regularised objects such as
the g-connection (6.2) are I'-equivariant not with respect to the automorphism ¢ € Aut G but rather

with respect to the automorphism
Y= Ad__5,0¢ € AutG. (6.3)

The following proposition describes the I'-equivariance properties of the regularised g-connection
V., of the regularised gauge transformation parameter g, € N(M) and of a solution Y € G(M) of
the equation V,Y = 0.
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Proposition 6.1. Define D, : G(M) — Q(g), Z — (V:Z2)Z71 and reg : N(M) — N(M), g+ gr.

Both are I'-equivariant in the sense that the following diagrams are commutative

D, reg
G(M) Q(g) N(M) —— N(M)
é‘ hﬁ éh ‘19
G(M) D Q(g) (V) g~ N

Let Y € G(M) be any solution of V.Y = 0 regular at 0. ThenY € G’g(M) if and only if Y (0) € G.
In particular, Y € G®(M) if Y(0) = Id.

the action of 9 on Q°(h) coincides with that of ¢ and
ﬁ(t*%p_lt%dt) = Ad_ 5, (W) Mep (@ ) Md(w ) =t opoyttodt

using the ¢-invariance of \g and Proposition 4.3. Similarly, the I-equivariance of the map g — gr is

seen as follows
Dy = Ad s, oé(t‘j‘ogtx)) =Ad__5, ((w_lt)_j‘oég(w_lt);\o) = ($9);-

For the last statement, suppose first that Y € G (M) is a solution to VY = 0 which is regular at
0. This implies JY =Y or in other words 9oY o p. -1 =Y. Evaluating this at the origin we obtain
9Y(0) = Y (0). Conversely, let Y € G(M) be a solution of V,Y = 0 such that 9Y (0) = Y (0). Using
the first part of the proposition, or more precisely the I'-equivariance of D,, we deduce that JY also
satisfies the same equation since (V,9Y)(JY)~! = 19((VrY)Y_1) = 0. However, by assumption the

two solutions Y and JY coincide at the origin and therefore are equal. O
Introduce the following subset of cyclotomic Miura g-opers, which we call generic at the origin,
MOpg(Pl)gVefé ={VJ¢e MOpg(IP’I)[V]F | gr is regular at 0}. (6.4)

The following theorem describes MOpg(Pl)%%lF oasan N Y_orbit in MOpg(Pl)[v]F through V.

Theorem 6.2. Let V € MOpg(]P’l). If V9 e MOng(]P’l)gve;) then Y g.(0)~! = 97 1Y, and g,(0) € NV.
Conversely, for every gy € NV there exists unique n € NY(M) and Y € B (M) such that

Yga1 =n"lY.
Defining g == thont=20 5o that n = gr, we have VI € MOpg(Pl)gVQ%, :(0) =go and Y = Y.
Proof. Suppose that V9 € MOpg(]P)l)gve%. By definition g, is regular at the origin so g,(0) € N and
clearly V;Yg;(0)"! = 0. On the other hand, we have V,g; 1Y, = ¢;1(VY),Y, = 0. It therefore
follows by the uniqueness of the solution to V,Z = 0 with Z(0) = ¢,(0)~! that Yg,(0)~! = g, Y.

It remains to show that g,(0) € N”. However, since V9 € MOpg(]P’l)[v] we have g € N°(M), i.e.
¢g = g, and therefore by Proposition 6.1 we deduce that ﬁgr = ¢,. In particular, evaluating the

T

latter at the origin gives g,(0) € NV.
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Conversely, let go € N and consider the element Yg; ' € G(M). Let ¢ € 6(G) be the coordinate
function on G whose nonzero set is the open cell NB_ = {z € G|¢(x) # 0} in G. Let f € M denote
the image of ¢ € ¢(G) under the homomorphism Y gy ' : @(G) — M.Note that f is not identically
zero since f(0) = p(Y(0)gy ") # 0, which follows from Y (0)gy' = g;' € NB_. Since the number
of zeroes of a non-zero meromorphic function on P! is finite, we have (Y (t)gy ') = f(t) # 0 for all
but finitely many ¢ € P!. In other words, Y (t) 9o L'e NB_ for all but finitely many ¢t € P'. We may
therefore write Vg, ! = n~1Y, for some n € N(M) and Y € B_(M).

By definition of g € N(M) we have n = t‘j‘ogt’v\o = g, so that (Vg)rf/ = ngrgr_lff =nV,nlY =
nV,Ygy"' = 0. Since Y € B_(M) it follows by the converse in Lemma 4.2 that (V9), € Conn,_(P!)
and hence V9 = ¢ (Vg)rt_X0 € Conny_(P'). But since VI € opg(]P’l) we conclude that V9 €
MOp,(P') and h~ence V4 € MOp,y(P')[y). Moreover, letting ¢ = 0 we obtain n(0)~'Y (0) = 9t
or equivalently Y(0) = ¢,(0)gy;'. But N N B_ = {Id} from which we deduce g,(0) = go and
17(0) = Id. The first equality shows g, is regular at 0. The second equality implies that Y = Y, by
the uniqueness of the solution to (V9),Z = 0 with Z(0) = Id. It just remains to show that In=n
and JY = Y. But from Proposition 6.1 we know that JY =Y. So since go € NV it follows that
1§(Ygo_1) = Yg;"' Hence n Y = J(n1Y) = (In) 1Y, or equivalently (Jdn)n~t = (JY)Y L.
Now ¥ stabilises N and B_ so that Jn € N(M) and JY € B_(M). Finally, since N N B_ = {Id}
we deduce that Un = n and 9Y = }7, as required. ]

Remark 5. In Theorems 5.3 and 5.5, we found necessary and sufficient conditions on Mo for the
existence of a cyclotomic gauge transformation along the I'-orbit {a;};cg5 of some simple root ay,
k € I. These results can now be seen as a particular case of Theorem 6.2: they correspond to the
conditions on Ao, and thus on ¥, for the existence of a ¥-invariant element in the subgroup of N
generated by the G,, 7 € J, cf. §2.2.

Consider the concrete example of a simple root « with an orbit {«, 5} of type A; X A;. Theorem
5.3 asserts that there exists a cyclotomic reproduction in the direction of this orbit if and only if
(v, o+ p) =0 mod % In the above language, there exists such a cyclotomic reproduction if and only
if a linear combination of E, and Eg lives in n”. Yet, we have 9(E, + Eg) = Fw(@o+) (Eq+Ejg),
so this condition is indeed equivalent to w{@hotn) = 41, and thus to (a, A\g + p) = 0 mod % See

also example 5 below. q

Ezample 5. Recall the cyclotomic Miura sls-oper V of example 1 given by (4.28), whose cyclotomic
reproduction we studied in example 4. We now return to this example in light of Theorem 6.2.

The regularised connection associated with V is simply
o 0 0 O ) t™m 0 0
Vo=tV =d+ | 0 o|dt, with =[]0 1 0]. (6.5)
0 t7 0 0 0 7
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The solution of equation V,Y = 0 with initial condition Y (0) = Id is (recall that u =n+ 1)

1 0 0
ne
viy=|"5 ' (6.6)
U
2
Let us now consider an arbitrary element gg of N which we parametrise as
1 a c+ %ab
go = eaBrtbBateBz _ [ g b
00 1

Following Theorem 6.2, we perform the N B_ factorisation of Y'(t)g; " and get Y (t)g; ' = n(t)~1Y (t)
with n € N(M) and Y € B_(M). In particular, we have

n(t) — 6?7,1(t)E1+B2(t)E2+iL3(t)E12 — 0 1 iLQ(t) ,
0 0 1
with

~ (ab+ 2¢) t* 4+ 2ua

hi(t) =
) = 20 50 i+ dpa 1 42

ho(t) = 2 (ab—2c¢)t* +2ub
o(t) =

a (ab — 2¢) t2# + 4pbth + 4p?’
- ((ab+2¢)b — (ab— 2c)a) t" + 4pc
((ab+ 2¢) t2* + dpatt + 4p?) ((ab — 2¢) 2 + Apbth + 4p2)

Defining g = t*nt~*0 we recover the element (5.21) with the functions f; given by (5.22). We have
thus checked that the N B_-factorisation of Y g, L allows one to find the most general reproduction
(regular at the origin) of the Miura sls-oper V. Moreover, one also checks that go = n(0) is indeed
the initial condition of the regularised transformation n = o thO.
We now discuss the condition under which this reproduction is cyclotomic, following Theorem

6.2, and compare it to the results found in example 4. A straightforward calculation gives

1w w2 (—c+ 3ab)

Ygo= |0 1 w™ta
0 0 1

According to Theorem 6.2, the reproduction is cyclotomic if the initial condition gy is ¥-invariant.

Thus, we recover the conditions
a=w™, b=wta and c¢=—w e,

which we found in example 4. We verified on an explicit example the general statement of remark 5,
namely that the condition () + a2, o+ p) =0 mod % given in Theorem 5.5 is simply the condition

for the ¥-invariant subgroup NV to be non-trivial. N
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6.2. Non-integral coweight ). In §5 and §6.1, we studied the reproduction of a cyclotomic Miura
g-oper with a dominant integral coweight Ag at the origin. By virtue of the I-equivariance, this

procedure can be extended to any dominant coweight Ao such that for all i € T,

(o, do) € Q. (6.7)

We start with a cyclotomic Miura g-oper of the form

V = d+p_idi — ?dt +, (6.8)

with Ao as above and r € h(M)dt regular at the origin. One can always find a ¢ € Z>; such that
qlog, o) € Z for any i € I, i.e. such that ¢\g is integral dominant. Let 7 : P! — P! be a g-sheeted
cover branched over the origin and infinity, given by u — ¢t = u? in terms of a global coordinate u
on C C PL. Let M denote the algebra of rational functions in u. We can regard M as a subalgebra
of M via the pullback 7* : M < M.

Let V = d + A be a g-connection meromorphic in ¢, i.e. with A € g(M)dt, and consider the
associated g-connection V = d+m*A on the cover, noting that 7*A € g(f/[)du. Define the primitive
(qT)*™-root of unity & == wi and let

= (%) cC~
denote the corresponding copy of the cyclic group of order ¢T'. If the g-connection V is cyclotomic
then its I'-equivariance property ¢(A) = A translates to the f—equivariance property of %, namely
S(r*A) = m*A, where for any automorphism v € Aut g and any X ® @ € g(M)du we define

V(X @ @) = v(X) @ ply 1.

Here we have used the fact that 7o ug = p, o 7 and we note that ¢¢7 = Id. The cyclotomic Miura

g-oper (6.8) pulls back to the following g-connection on the cover
= A
V=d+ quitp_idu— Hdu + 7,

where we note that 7*r € hH(M )du is regular at the origin on the cover.
Although we could not define 20 in G(M), since g is an integral coweight we can define 90 in

G(M) and compute the corresponding regularisation of the g-connection V over the cover, namely

vV, = UM = ¢ +q Z uq_1+q<°"’”\°>ﬂ du + 7*r.
iel
This g-connection is clearly regular at the origin, so we may apply the methods developed in §6.1.
We consider the solution Y € B_(M) of V,Y = 0 such that Y'(0) = Id, which will be [-equivariant
but with respect to the automorphism 9. Now given any go € N7, we perform the N B_ factorisation
Y(u)gy ' = nl(u)~ Y (u) as in Theorem 6.2. Deﬁmng g = uq’\onu 4% we have that § € Ng(M) and
gvg!
implies that g(u) = g(@"u). And since &7 is a primitive ¢'"-root of unity, it therefore follows that
g(u) = g(m(u)) = g(t) for some g € N(M). Moreoveri s(9() =<(g(u) = g(au) = g(@t) = g(wt),

so that g € N°(M). The cyclotomic Miura g-oper gVg~' on the cover is therefore the pullback by
1

is a Cyclotomlc Miura g-oper. The -equivariance of § means that g(g( )) = g(wu), which
T

7 of the cyclotomic Miura g-oper gVg~
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In summary, even when the dominant coweight \g € h” is not integral but satisfies the weaker
condition (6.7), we are still able to construct a new cyclotomic Miura g-oper gVg~! from any given
go € NV. In this case, gy can still be interpreted as the initial condition of the regularised gauge

transformation parameter g,, but where g, has to be considered as an element in N (JT/[)

Ezxample 6. Let us illustrate this construction with the help of examples 4 and 5. We consider the
cyclotomic Miura slg-oper V defined in equation (4.28) but we relax here the condition that o is
integral dominant i.e. that n € Z>¢o. Instead, we will consider n positive and rational and thus
write n = £, with p,q € Z>1 coprime.

We can conmder the regularisation V, of V and its extended solution Y as in equations (6.5) and
(6.6), but over a g-sheeted cover of P!, with coordinates u = t%, so that the expression t7 in these
equations can be understood as u”. Let us recall that the ¥-invariant subgroup NV is non-trivial if

u =mn+ 1 satisfies one of the following three conditions:

e w’ =1: In this case, u must be integer (a multiple of T), hence 7 is integer and we recover

the usual setting.
e w! = —1: In this case, p is also integer (a multiple of %)

e w? = —1: This is the interesting case since y can now be half-integer. Working with V,
thus requires working in the variable w = /¢. However, in this case the transformation
parameter ¢ is described by the functions f; as given in equation (5.23). We see that they
only depend on t* through the expression t** and so are indeed meromorphic functions of t.

Finally, let us note that, whatever the value of n we consider (possibly non-integer), the singular

reproduction (5.24) is always meromorphic in ¢. <

We end this subsection with a discussion of the monodromy around 0 of the connection V. As
explained above, working with the cover 7 : u — ¢ = u9%, one can consider a solution Y € B_ (Jv[)
of the regularised equation V,Y = 0 with Y(0) = Id. And since V = w0 it follows that
X(u) = uq;\OY(u) is a solution of the equation VX = 0.

Introducing the ¢"-root of unity ¢ := 2™/, we find that X (u) := X(Cu) is also a solution of
VX = 0. The monodromy of V around 0 is then the unique My € G such that X(Cu) = X (u)Mp.
To work out My explicitly, we consider the corresponding regularised solution Y( ) = =X (u)
of VY = 0 which is related to Y as Y (u) = u q’\OX(Cu) Cq)‘O(Cu) qAOX(Cu) C‘V‘OY(CU) Thus
Y( ) = C‘V‘O and hence Y = qu/\o, or equivalently X = X Cqu. Therefore the monodromy of V
around the origin is

My = (90 = ¢2mido, (6.9)
In this equation, the expression €270 has to be considered as a formal notation for quo, which is a
well defined element of H as g\ is an integral coweight. When )¢ is an integral coweight, we find
that My = Id as expected from remark 2.

6.3. Isomorphism with (G/B_)". Given any V € MOp,(P'), consider the set
MOp,(P!)) = {V € MOpy(P") | [V] = [V]}

of all Miura g-opers with underlying g-oper [V].
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Recall the definition (6.2) of the regularisation of a cyclotomic Miura g-oper at the origin. If V
is any Miura g-oper with residue given by minus an integral dominant coweight —A € b at some
point z € C, then we can similarly introduce its regularisation V¥ = (¢t — x)*j‘V(t — :c)j‘ at x and
for any g € N(M) we let gF == (t — m)_j‘g(t - :c)j‘. For any « € C, we introduce the subset of Miura
g-opers which are generic at x as, cf. (6.4) in the cyclotomic setting,

MOpg(IP’l)gVez ={VJe MOpg(]P’l)[v] | g7 is regular at z}.

The following theorem is proved in [MV05| in the case when A\ =0, i.e. when the Miura g-oper V
is regular at = € C, but similar arguments apply also when V has a regular singularity at the given

point x by working with its regularisation V¥. Recall the notation of §2.3.

Theorem 6.3. Let V € MOpg(IF’l) be monodromy-free. For any x € C, the following map
® : MOp,(P");y] — G/B-
V9 s lim g*(t) ' B_

t—x

is an isomorphism. Moreover, @(MOpg(Pl)[ggim) = (Cq and MOpg(IF’l)[gél]]w = MOp,(P!) v O

In this section we derive a cyclotomic analog of Theorem 6.3. Specifically, from now on we restrict
attention to the point x = 0, the fixed point of C under the action of I'. Given a cyclotomic Miura
g-oper V of the form specified at the start of this section, our aim is to describe the image of
MOp}I;(]P’l)[V]F C MOp,(P') [y} under the isomorphism &.

Since the automorphism ¢ € Aut G stabilises the Borel subgroup B_, so does the automorphism
¥ € Aut G defined in (6.3). Hence we obtain a well defined induced action on the quotient G/B_,
which by abuse of notation we also denote ¥, given by

¥:G/B- — G/B_
gB_ — 9(g)B_.

Note that the canonical projection G — G/B_ is I'-equivariant with respect to this action, i.e. the

following diagram is commutative

G G/B_
19% 9
G G/B_

We denote by (G/B_)" the subset of fixed points of G/B_ under 9.

Lemma 6.4. Let V € MOpg(]P’l) be monodromy-free. Define v : N(M) — MOpy(P!)(y), g — V9.
The composition ® o~y : N(M) — G/B_ is I'-equivariant in the sense that the following diagram is
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commtuative

NOW) Dory

y

N(W)

G/B_

v

G/B_
Doy /

In other words, for all g € N(M) we have ®(V*9) = 9(®(VY)). In particular,
®(MOpy (P')v),.) € (G/B-)"
since MOpg(]P’l)[V]F =(N°(W)).
Proof. Using Proposition 6.1 and the definition and continuity of 4, we have
g\ — 13 A -1 BT 3 -1 — T —15—1
(V*I) %g%(gg)r(t) B_ %g% (ﬁgr) ()" B- %g%ﬁ [gr(w t) ] B
1 —1,—1 _ 9 ~1 _ g
lim o [ge(w ') B] = bg%gr(t) B_} 9(B(V9)). 0
In general, (G/B_)" is not isomorphic to the flag variety G”/BY . However, we can always realise
GY/BY as a subset of (G/B_)". Indeed, we have a well defined injection
G?/B’ — (G/B_)Y
gB? — gB_.
The main result of this section is the following cyclotomic version of Theorem 6.3.

Theorem 6.5. Let V € MOng(}P’l) be monodromy-free and of the form V = d + (p—1 + u)dt with
udt € Q7(h) as in (5.1). The following map

® : MOp}, (P") (v}, — (G/B-)"
V9 — lim g, (t) "' B_
t—0
is an isomorphism. Moreover, we have @(MOpg(Pl)gve%) = NYB_/B_.

Proof. This map is the restriction to MOpg(Pl)[v}F of the one of Theorem 6.3 with x = 0, and so
is injective. Moreover, we know that it is valued in (G/B_)” by Lemma 6.4. It therefore remains
to prove that it is surjective.

Let p € (G/B_)". By Theorem 6.3 there exists a V9 € MOpg(IP’l)[V] such that ®(V9) = p. And
according to Lemma 6.4 we have ®(V<9) = 9(®(V9)) = J(p) = p = ®(VY). The injectivity of @
implies that V9 = V9. And since the action of N (M) on opyq (P!) is free by Theorem 4.5, we deduce
that ¢g = g. In other words g € N*(M) so that V9 € MOpg(Pl)[V]F, which proves the surjectivity.

The last claim follows at once from Theorem 6.2. O

gen

Remark 6. In general, by contrast with the non-cyclotomic case, 1\/[Ong(IP’1)V 0 7 MOpg(}P’l)[V]F.
This feature of the cyclotomic case will be illustrated below in example 7. N

6.4. Cell decomposition of (G/B_)". Given any cyclotomic Miura g-oper V & MOpg(IP’l) of the
form considered in this section, Theorem 6.5 establishes an isomorphism between MOpg(Pl)[V]F
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and the ¥-invariant subvariety (G/B_)" of the flag variety G/B_. Recall the cell decomposition
(2.3) of the latter. Let v € Aut g be any automorphism of g, such that v = Id, whose diagram part
is given by v, and which stabilises the Cartan decomposition g = hd&n @ n_. An example of such
an automorphism is provided by ¢. In this subsection we establish a similar cell decomposition for

the v-invariant subvariety (G/B_)". We first need the following lemma.

Lemma 6.6. The map X : W — G/B_ defined by X(w) := wB_ is I'-equivariant, i.e. the diagram

w—*_q/B
14 ‘ v
W G/B.

1s commutative.

Proof. Recall from §2.3 that there is an isomorphism 7 : W =% Ng(b)/H, given by w + wH,
and that this isomorphism is v-equivariant with respect to the actions of v on W and Ng(h)/H.

Moreover, the map

t:Ng(h)/H — G/B_
gH — gB_

is well defined and v-equivariant. Therefore X = ¢ o 7 is also v-equivariant. Finally, note that the
action of v on the Weyl group W only depends on the diagram part v : I — I of the automorphism
v, which coincide with that of v € Aut g, hence the lemma. O

To obtain the cell decomposition of (G/B_)" we begin by recalling some facts about the Schubert
cells of G/B_. Let w be an element of the Weyl group W. We define the subset of positive roots
R(w) = {a € ®T |wla € & }. Its cardinality |R(w)| is equal to the length I(w) of the Weyl
group element w. Consider the subgroup U,, = HaeR(w) G, of N which does not depend on the
chosen ordering on the roots a € R(w).

Let w, be the longest element of W (the unique element of W of maximal length). Then the cell
Cy is isomorphic to Uy,. More precisely, every point of Cy, is of the form nwB_ = nX(w), with
n € Uy, w, and this form is unique. The following lemma describes the action of the automorphism

v on the subgroups U,,.

Lemma 6.7. Let w € W. We have R(vw) = v(R(w)) and v(Uy) = Uyy. In particular, if w € W"

then v stabilises U,,. Moreover, viw, = w..

1 1

Proof. Let a € R(w). By definition of vw, we have (vw)~!(va) = vow ™t ov=t(va) = v(w ta).

Yet, a € R(w), hence w—ta € ®~. Thus (vw) !(va) = v(w'a) belongs to ®~, i.e. va € R(vw).
Therefore, v(R(w)) C R(vw). Applying this result to vw € W and the automorphism v~
v (R(vw)) C R(w), hence (applying v to this inclusion) R(vw) C v(R(w)). By double inclusion,
we conclude that R(rw) ( ) The claim that v(U,,) = U,,, follows directly, noting that, for
) = v(Gq) (see equation (2.2)).

, we get

any root a € ®, Gpo = V(Ga
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As R(vw) = v(R(w)), we have [(vw) = |R(vw)| = |R(w)| = l(w), i.e. the action of v on the
Weyl group W preserves the length. In particular, [(vw,) = l[(ws). As w, is the unique element of
W of maximal length, we deduce that vw, = wo. O

We are now in a position to state and prove the sought after cell decomposition of (G/B_)".

Theorem 6.8. The space (G/B_)" admits the following cell decompositon
(G/B-)*= | | N*wB_/B_ = || Cy. (6.10)

weWwv weWwv

Moreover, each element of the cell Cy) can be written uniquely in the form nwB_ with n € Uy _,,

Proof. Let w € W and n € NV. Using Lemma 6.6, we have v(X(w)) = K(vw) = K(w) and hence
v(nB-) = v(n)v(K(w)) = nK(w) = nwB_. In other words, nwB_ belongs to (G/B-)". This
proves the inclusion |_| N'wB_/B_ C (G/B-)".

weWwv
Conversely, let us consider an element p € (G/B_)". As an element of G/B_, it belongs to a cell

Cy, for some w € W. Thus, we can write p = nwB_ = nX(w) for some unique n € Uy, . Using
Lemma 6.6 we get p = v(p) = v(n)v(K(w)) = v(n)K(rvw). As v stabilises N, v(n) € N and so
p € Cyy. Yet, the cells Cyy are disjoint in G/B_, hence w = vw, i.e. w € W". Lemma 6.7 implies
that wow € W and that Uy, is stabilised by v. Thus, we have p = nX(w) = v(n)K(w), with n
and v(n) in Uwow By unicity of this form, we deduce that n € U} ,,. This provides the opposite
inclusion (G/B-) |_| NYwB_/B_ and proves also the last statement O
weWv

Ezxample 7. Consider the cyclotomic Miura slz-oper V studied in examples 1, 4 and 5. We will
illustrate Theorem 6.5 for V, with the help of Theorem 6.8. The v-invariant Weyl group WV is
composed of two elements: the identity and the simple reflection s¥ = s1s951 associated with the
simple folded root a” = 3(a1 + ). By Theorem 6.8, the variety (G/B_)Y must be composed of
two cells CF} and CY,.

In the examples 4 and 5 we described all possible cyclotomic reproductions of V. They are of

the following two types:

e the regular ones, characterised by a choice of initial condition gy € N,
e the (unique) singular one, given by equation (5.24).

As explained in §6.1, the regular reproductions generate the subset of generic cyclotomic Miura
slz-opers MOpg (IP’l)gen Moreover, it follows from Theorem 6.5 that this subset corresponds to the
big cell CY| = NﬂB_/B_ of (G/B_)Y. More precisely, if g € N¢(M) is such that g, is regular with
initial condition g,(0) = go € NV then ®(gVg~') = goB_.

The singular reproduction, with parameter g given by (5.24), gives rise to a non-generic cyclotomic
Miura g-oper ng_1 corresponding to the point ®(gVg~!) = §“B_ in the variety (G/B_)? forming
the one-point cell OV, = {$¥B_}.

As explained in example 5, the ¥-invariant subgroup NV is non-trivial if and only if Wit = 1,
In the case where it is non-trivial, the singular reproduction (5.24) can be obtained as a limit of
the regular ones (cf. example 4): in the flag variety, this corresponds to the density of the big cell
NYB_/B_ in the variety (G/B_)”. However, when N is trivial, the variety (G/B_)" is composed
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of only two points: B_ and $B_. In this case, the big cell {B_} is not dense in (G/B_)”, which

illustrates the point made in remark 6 that in general MOpg (PHTH # MOpg (]P’l)[v]r. <

7. CYCLOTOMIC GAUDIN MODELS

In this section we use the notion of cyclotomic g-oper from §4 to formulate the conjecture relating
the (maximal) spectrum of the cyclotomic Gaudin algebra Qf(gi)(g), introduced in [ViY16a| and
whose definition was briefly recalled in the introduction, to a certain space of cyclotomic “g-opers
for the Langlands dual Lie algebra g of g.

We begin recalling the Bethe ansatz solution of the cyclotomic Gaudin model obtained in [ViY16a]
when the spin chain is a tensor product of Verma modules. The joint eigenvectors of the cyclotomic
Gaudin algebra Q”(l;)(g) are characterised in this case by certain I'-equivariant rational functions
P! — b* valued in weight space h* with poles at the points z;, i = 1,..., N of the cyclotomic
Gaudin model (and their I'-orbits), at a further collection of Bethe roots zj, j = 1,...,m (and
their I'-orbits) satisfying the cyclotomic Bethe ansatz equations, as well as an additional pole at the
origin with residue given by a special weight depending on the cyclotomic Gaudin model datum.

Noting that h* is canonically identified with the Cartan subalgebra of the Langlands dual Lie
algebra g, such a rational function P! — h* can be used to define a cyclotomic Miura “g-oper. We
conjecture in this case that the eigenvalues of the cyclotomic Gaudin Hamiltonians can be read off

from the canonical form of the underlying cyclotomic “g-oper.

7.1. Bethe ansatz. Let g be a finite-dimensional complex semisimple Lie algebra. We follow the
notation and conventions of §2.1. As in §4 we let T' € Z>1, we pick a primitive T root of unity w
and let I' :== (w) = Z/T7Z be a copy of the cyclic group of order T acting on P! by multiplication.
Let o € Aut g be such that o7 = Id with diagram part v : I — I. We can always choose a Cartan
subalgebra h adapted to o with corresponding Chevalley-Serre generators F;, ¢&;, F; for i € I such
that, see e.g. [Kac83|,

o(E) =10, Eyiy,  o(di) =y,  o(F) =1."Fa,

for some T*"-roots of unity 7o, € .

Let N € Z>; and fix a set of NV distinct finite non-zero points z; € C*, i =1,..., N with disjoint
[-orbits. Let u € C* \ {z1,...,2n5} be any other point whose I-orbit is also disjoint from those of
the z;. The cyclotomic Gaudin algebra Qp(gl)(g) C U(g)®" is defined in [ViY16a] as the image of a
homomorphism of commutative C-algebras

W, 3(Vii () — Ule)®Y, (7.1)

where 3(V8fjf(g)) denotes the space of singular vectors in the vacuum Verma module Vgﬁf (g) over
the affine Kac-Moody algebra g at the critical level. The construction of (7.1) in [ViY16a|, which
generalises arguments of [FFR94| to the cyclotomic setting, makes essential use of the notion of
cyclotomic coinvariants of a tensor product of g-modules introduced in [ViY16b] (see also [FS04]).

Pick a collection of weights \; € b* for i = 1,..., N. Let M, = U(g) ®y ) Cvy be the Verma
module of highest weight A € h*. The problem of diagonalising the cyclotomic Gaudin algebra

3?1;_)(9) on the tensor product @~ , M), was addressed in [ViY16a] by using a generalisation of
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the Bethe ansatz construction of [FFR94| to the case I' # {1}. The central idea of this approach is
to utilise the rich structure of modules over the affine Kac-Moody algebra g at the critical level. In
particular, one has access to the so called Wakimoto modules which are parametrised by h-valued
formal Laurent series. The eigenvectors of the cyclotomic Gaudin algebra ﬁif(r (g) in ®Z 1 M), are
then obtained from cyclotomic coinvariants of tensor products of such modules. The main novelty in
the cyclotomic setting compared to the usual case is the need to also introduce a Wakimoto module
over the twisted affine Kac-Moody algebra g° at the origin, i.e. the fixed point of the action of T’
in C. Below we will only recall the end result of the construction, referring the interested reader to
[ViY16a, ViY16b| and [FFR94| for further details.

Let m € Z>¢ and suppose we are given any map c¢: {1,...,m} — I, the so called colour function.
The corresponding cyclotomic Bethe ansatz equations are a collection of m algebraic equations on
a subset of m points {x;}7, C C* given by

T-1 N

”/ /\ = C(] |V ac(k)) 1 .
ZZ xj —w’“ ZZ T; — w'Ty +;j(a0(j)|)‘0)’ J=1...,m. (7.2)
r=0 =1 r=0 k=1

(r,k)#(0,5)

Here the weight at the origin Ao € b* is defined in terms of the automorphism ¢ € Autg and the

root of unity w as

1—w"

i fra(07" 0 ady). (7.3)

! as endomorphisms

One checks that this weight is v-invariant using the equality ad,; = coady oo™
of the nilpotent Lie algebra n, together with the cyclicity of the trace tr, over n.

To any solution of (7.2) we can associate an eigenvector Y(z;) € ®Z]\i1 M)y, of the cyclotomic
Gaudin algebra Q”(F )( g). Such a Bethe vector can be expressed as a linear combination of vectors
of the form @ 1 Fo )

and (pi,... ,pnl, coapl ,p,IIVN) is a permutation of (1,2,...,m), with the coefficients depending

- Fypi yua,, where nq + ... 4+ ny = m is a composition of the integer m

rationally on all the Bethe roots z;, j = 1,...,m and on the points z;, i = 1,..., N. See [ViY16a,
Proposition 4.6] for the explicit expression of Y(z;)- The eigenvalues of the family of N quadratic
cyclotomic Gaudin Hamiltonians, cf. (1.1), on this eigenvector read

T-1 N )\ |V,,)\ T—-1 m )\ ‘V g ]) 1
8 N _ ] ) — DY . .

Z Z % _wr Z 2 — OJT Zz‘ (>\z|)\0), 7 1, 7]\[ (7 4)

r=0 j=1 r=0 j=1

(r,k)#(0.7)

In other words, we have H;i)(,,) = €it)(y,) foralli = 1,..., N provided the cyclotomic Bethe ansatz
equations (7.2) hold. Note that the questlon of whether the Bethe vectors 1) so constructed are
non-zero was not addressed in [ViY16a]. This problem was considered recently in [VaY16| where it
was proved, at least in the case when o € Aut g is a diagram automorphism, that the Bethe vectors
Y(e;) are indeed non-zero (see also [SV03, MV05b, CS05] in the non-cyclotomic case).

7.2. Cyclotomic Miura “g-opers. In the non-cyclotomic case the eigenvectors V(a;) obtained
by the Bethe ansatz, or Wakimoto construction, are naturally parameterised by an h*-valued con-

nection on P! with poles at each z;, i = 1,..., N with residue —\; and at each Bethe root zj,
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J =1,...,m with residue a; [Fre05|. Likewise, in the cyclotomic analog of the Wakimoto con-
struction [ViY16al|, each Bethe vector Y(,) corresponds to a I'-equivariant h*-valued meromorphic
differential on P!,

T-1 N m
Ao 708 v o) ;
A(t)dt .= —dt _— — ——= | dt € Q“(h"). 7.5
W= a3 3205 D | west) 79

1= j=
In particular, taking the Laurent expansion of A(t) at x; we find
%e(j)
At) = ———+ t
(1) =722+ r()
where r € h(M) is regular at z;, and the cyclotomic Bethe ansatz equations (7.2) then simply read

(acjylr(z;)) = 0. Similarly, the energies ; of the quadratic cyclotomic Gaudin Hamiltonians 3;

are given in terms of (7.5) simply by

& = res, (JAMBIAWD) - (N (B)]p))dt. (7.6)

Both of these statements can be formulated as properties of a cyclotomic Miura “g-oper built from
(7.5), where g denotes the Langlands dual of g.

The set @V := {& € h|a € @} of all coroots forms a root system in h. The Langlands dual of
g is defined as the finite-dimensional complex semisimple Lie algebra g with this root system ®V.
Its Cartan matrix is then the transpose of that of g. The Cartan subalgebra of g is canonically
identified with the dual h* of . Denote by Ej, a;, Fj for i € I the Chevalley-Serre generators of “g.
We let w;, i € I denote the basis of fundamental weights of g, i.e. fundamental coweights of Fg.

As in §3.1, the principal sls-triple is defined by its regular nilpotent and semisimple elements

P_q = ZFZ', p = Zwi.
il iel

We denote this sla-triple by {p_1, p, p1}. To define the notion of cyclotomic Lg-oper we introduce a
specific automorphism ¢ € Aut “g of ©g, as in §4.3, by letting

C(El) = w_lEu(i)7 C(Oéi) = Qy(4)s C(F‘Z) = wpl/(i)?
for all i € I. We may use (7.5) to define a cyclotomic Miura “g-oper as
V = d+ p1dt — A(t)dt € MOpr (P'). (7.7)

It follows from Proposition 4.13 that the cyclotomic Bethe ansatz equations (7.2) are precisely
the conditions for the underlying cyclotomic “g-oper [V]r to be regular at all the Bethe roots xj,
j=1,...,m, see also remark 1. We define the weight at infinity as the unique v-invariant weight
Aoo € H™" in the shifted W"-orbit of —res,, A\(t)dt such that Ao + p is dominant. We then have

T-1 N m
M+ DN =D Ve | = e A (7.8)
r=0 \ i=1 J=1

for some wy, € WY. We deduce at once from Theorem 4.14 that the cyclotomic “g-oper [V]r lives in
the space of “g-opers OpEg(Pl)is}\ introduced at the end of §4, where z :== {0, z1, ..., 2y,00} C P!
and X == { o, A\1,..., AN, Ao} C b*. If, moreover, the weights \; € h*, i =1,..., N and v-invariant
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weight A\g € h*¥ are all integral dominant, then so are all the weights v"\; € h* for r =0,...,T —1
and ¢ = 1,..., N from which it follows that V is monodromy—free cf. remark 2. In this case [V|p
defines an element of the subset OpL (PY)zx C Opy (]P’l) introduced at the end of §4. In fact, it
follows from §6.2 that the 1ntegrahty assumption on )\0 can be relaxed to (&;, A\g) € Q for all ¢ € I,

2mido ¢ LG at the origin, where G denotes the adjoint group of

in which case V has monodromy e
the Langlands dual Lie algebra “g. The meromorphic “g-connection V becomes a monodromy-free

when pulled back to a cover of P!.

7.3. Spectrum of Qp( )( g). In this final section we state two conjectures relating the spectrum of
the cyclotomic Gaudin model to cyclotomic “g-opers. The first gives a description of the common
eigenvalues of elements of the cyclotomic Gaudin algebra Qﬁ(l;)( ) on a joint eigenvector Y(z;) In the
tensor product of Verma modules ®fV:1 M,y,, given the corresponding cyclotomic Mlura g-oper.
The second describes the maximal spectrum of the cyclotomic Gaudin algebra Qp(l;)(g) in terms of
cyclotomic “g-opers with regular singularities at the z;, i = 1,..., N, the origin and infinity.
Recall that the center Z(g) C U(g) of the enveloping algebra U(g) is isomorphic to the polynomial
algebra C[Pylrep in rk g generators, where Py has degree k + 1 in the canonical filtration on U(g).
Recall here that E denotes the multiset of exponents of the semisimple Lie algebra g. Similarly, in
the affine setting it follows from the results of Feigin and Frenkel [FF92| that, as a commutative
algebra, the subspace of singular vectors 3 (ch( )) - ch( ) in the vacuum Verma module ngqif (9)

at critical level over g, is isomorphic to the polynomial algebra in infinitely many variables
3 (ng;f (g)) ~ C[D"Sklrezsoikek

where D € EndVSﬁf(g) is defined by the property [D,a(n)] = —na(n — 1) for all a € g and n € Z,
where a(n) = a ® (t — u)" € gu, and Dvy = 0. The element Sy, € V{7l (g) is of degree k41 in the

natural filtration on the g,-module ng;f( ).

Conjecture 7.1. Let V € MOpEg(]P’l) correspond to an eigenvector P,y of the cyclotomic Gaudin
algebra .,@‘”(I;Z)(g) on the tensor product of Verma modules ®Z]\L1 M,y,, as considered in §7.1 and §7.2.
Let d+p_1dt + ) ,cp Ck be the canonical representative of the underlying cyclotomic Lg-oper [V]r.
There exists a basis' {p;}icr of the centraliser of py in g, which is independent of V, such that
for every r € Z>o and k € E, the eigenvalue of \IJ(FZZ_)J(DTS;C) on Y,y s given by Ofuy(t), where
Cr = ug(t) pr dt.

To motivate the conjecture, consider the quadratic singular vector S := S; = 11,(—1)I*(—1)vo
in ch( ) corresponding to the exponent 1. The quadratic cyclotomic Gaudin Hamiltonians are
obtained from it as H; = res; \If%ﬂZi)jt(S)dt for each j = 1,..., N. According to Proposition 4.6, the
component ¢; € °(a) of the canonical representative of V = d + p_1dt — \(t)dt € MOpEg(]P’l) is
given by c; = uj p1dt where

1
2(plp)

Uy =

(3A@IAE) = (N (®)]p))-

INote that bases of the centraliser of p1 in T'g are naturally labelled by elements of the multiset of exponents E of
Lg, cf. §3.1. Here we implicitly make use of the fact that £ coincides with the multiset E of exponents of g.
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By suitably normalising the basis element p; we can remove the overall factor of 1/2(p|p) from w;.
It then follows from (7.6) that the eigenvalue of 3; on 1, is given by the residue res,, u1(t)dt, in
agreement with Conjecture 7.1 .

At the end of §4 we defined the set OpL Q(Pl)gs of cyclotomic Fg-opers with regular singularities
at the points in the set z = {0, z1,...,2n5,00}. Let A\g € h™" be the v-invariant weight defined in
(7.3). We shall assume that \g is dominant and such that (&;, A\g) € Q for all i € I, as in the setting
of §6.2. Let OpEg(Pl)RS be the subset of cyclotomic “g-opers in OplLﬂg (P1)ES whose residue at the

z;0
origin is given by the finite Lg”-oper [AoJw~ and with monodromy €™ ¢ LG at the origin.

Conjecture 7.2. The cyclotomic Gaudin algebra Qf(l;)(g) 1s isomorphic to the algebra of functions

on the space OpEg(Pl)Sgo. In other words,

Spec 2. (g) =~ Opiy (P53,

In the non-cyclotomic case where I' = {1}, the cyclotomic Gaudin algebra ,ff(l;)(g) reduces to the
ordinary Gaudin algebra 2..)(g). On the other hand, since 7' = 1 the weight at the origin becomes
trivial, i.e. Ao = 0. Hence Opk Q(P1)28>\0 consists of Lg-opers with regular singularity at the points
of z, with trivial monodromy at the origin and residue there equal to [0]y. It follows from [Fre04,
Lemma 2.4] that such “g-opers are regular at the origin. Thus Conjecture 7.2 reduces in the case
[' = {1} to [Fre05, Theorem 2.7(1)] describing the spectrum of the usual Gaudin algebra 2. (g).
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