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CYCLOTOMIC GAUDIN MODELS,

MIURA OPERS AND FLAG VARIETIES

SYLVAIN LACROIX AND BENOÎT VICEDO

Abstract. Let g be a semisimple Lie algebra over C. Let ν ∈ Aut g be a diagram automorphism

whose order divides T ∈ Z≥1. We define cyclotomic g-opers over the Riemann sphere P1 as gauge

equivalence classes of g-valued connections of a certain form, equivariant under actions of the cyclic

group Z/TZ on g and P1. It reduces to the usual notion of g-opers when T = 1.

We also extend the notion of Miura g-opers to the cyclotomic setting. To any cyclotomic Miura

g-oper ∇ we associate a corresponding cyclotomic g-oper. Let ∇ have residue at the origin given

by a ν-invariant rational dominant coweight λ̌0 and be monodromy-free on a cover of P1. We prove

that the subset of all cyclotomic Miura g-opers associated with the same cyclotomic g-oper as ∇

is isomorphic to the ϑ-invariant subset of the full flag variety of the adjoint group G of g, where

the automorphism ϑ depends on ν, T and λ̌0. The big cell of the latter is isomorphic to Nϑ, the

ϑ-invariant subgroup of the unipotent subgroup N ⊂ G, which we identify with those cyclotomic

Miura g-opers whose residue at the origin is the same as that of ∇. In particular, the cyclotomic

generation procedure recently introduced in [VaY15] is interpreted as taking ∇ to other cyclotomic

Miura g-opers corresponding to elements of Nϑ associated with simple root generators.

We motivate the introduction of cyclotomic g-opers by formulating two conjectures which relate

them to the cyclotomic Gaudin model of [ViY16a].
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2 SYLVAIN LACROIX AND BENOÎT VICEDO

1. Introduction and motivation

The Gaudin model [Gau76] is a quantum integrable long-range spin chain of any length N ∈ Z≥1

which can be associated with any semisimple Lie algebra g over C. Among its many different possible

generalisations, we shall be interested in the so called cyclotomic Gaudin model. It can be regarded

as a particular example of a general family of Gaudin models associated with non-skew-symmetric

solutions of the classical Yang-Baxter equation, introduced in [Skr06].

The algebra of observables of the cyclotomic Gaudin model, as introduced by C. Young and one

of the present authors in [ViY16a], is the N -fold tensor product U(g)⊗N of the universal enveloping

algebra U(g). Given any g-modules Mi for i = 1, . . . , N , the Hilbert space, or spin chain, is taken

to be the N -fold tensor product
⊗N

i=1Mi. To define the Hamiltonians, let {Ia}dim g
a=1 and {Ia}dim g

a=1

be dual bases of g with respect to a chosen non-degenerate bilinear form on g. Let T ∈ Z≥1, pick

a primitive T th-root of unity ω and consider the cyclic group Γ := 〈ω〉 ∼= Z/TZ. Let σ ∈ Aut g be

an automorphism of g such that σT = Id. Fix a collection of N distinct complex numbers zi ∈ C×,

i = 1, . . . , N with disjoint Γ-orbits, i.e. such that zi 6= ωkzj for all distinct i, j = 1, . . . , N and

k = 0, . . . , T − 1. The quadratic cyclotomic Gaudin Hamiltonians are defined as (see [Skr13])

Hi :=
T−1∑

k=0

N∑

j=1
j 6=i

Ia(i)σkI
(j)
a

zi − ω−kzj
+
T−1∑

k=1

Ia(i)σkI
(i)
a

(1− ωk)zi
∈ U(g)⊗N , i = 1, . . . , N (1.1)

where for any A ∈ U(g) we let A(i) denote the element of U(g)⊗N with A in the ith tensor factor and

the identity in every other factor. One checks directly that these Hamiltonians mutually commute,

i.e. [Hi,Hj ] = 0 for all i, j = 1, . . . , N , and commute with the diagonal action of the σ-invariant

subalgebra gσ. The Hamiltonians (1.1) belong to a large commutative subalgebra of U(g)⊗N , the

so called cyclotomic Gaudin algebra, whose definition we briefly recall below. For rk g ≥ 2 the latter

contains also “higher” Gaudin Hamiltonians of degrees equal to the exponents of g plus one. Taking

T = 1, i.e. Γ = {1}, so that σ = Id, we recover the usual quadratic Gaudin Hamiltonians

HG
i :=

N∑

j=1
j 6=i

Ia(i)I
(j)
a

zi − zj
∈ U(g)⊗N , i = 1, . . . , N. (1.2)

The cyclotomic Gaudin algebra reduces in this case to the Gaudin algebra [Fre05].

The construction of the Gaudin algebra by Feigin, Frenkel and Reshetikhin [FFR94] exploits the

commutative algebra structure of the subspace of singular vectors in the vacuum Verma module at

the critical level over the untwisted affine Kac-Moody algebra ĝ associated with g. This approach

was recently generalised to construct the cyclotomic Gaudin algebra by C. Young and one of the

present authors in [ViY16a]. The central ingredient in the construction of [FFR94] is the notion

of coinvariant of an N -fold tensor product of ĝ-modules with respect to the algebra of rational

functions P1 → g vanishing at infinity and with poles at most at the marked points zi, i = 1, . . . , N .

In the cyclotomic setting this gets replaced by the notion of cyclotomic coinvariants [FS04, ViY16b],

i.e. coinvariants with respect to the algebra of Γ-equivariant rational functions P1 → g vanishing

at infinity and regular away from ωkzi, i = 1, . . . , N , k = 0, . . . , T − 1, where ω ∈ Γ acts on P1 by

multiplication and on g as σ. Let u ∈ C× \ {z1, . . . , zN} be such that its Γ-orbit is disjoint from
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those of the zi, and denote by Ou and Ku the local ring and local field at u, respectively. Let ĝu :=

g(Ku)⊕CK be the affine Kac-Moody algebra, where for any C-algebra R we let g(R) := g⊗R, and

consider its subalgebra ĝ+u := g(Ou)⊕CK. The vacuum Verma module Vcrit
0,u (g) := U(ĝu)⊗U(ĝ+u )Cv0

is the ĝu-module induced from the one-dimensional ĝ+u -module Cv0 on which g(Ou) acts trivially

and K acts by the critical level (whose specific value depends on the choice of normalisation of the

bilinear form on g). The subspace z
(
Vcrit
0,u (g)

)
:= {X ∈ Vcrit

0,u (g) | g(Ou)X = 0} of singular vectors in

Vcrit
0,u (g) comes naturally equipped with the structure of a commutative algebra and the upshot of

the construction of [ViY16a], generalising that of [FFR94] to the cyclotomic setting, is an algebra

homomorphism

ΨΓ
(zi),u

: z
(
Vcrit
0,u (g)

)
−→ U(g)⊗N .

Working at the critical level ensures that this homomorphism is non-trivial since it is only then that

the vacuum Verma module admits singular vectors not proportional to the vacuum v0. In particular,

z
(
Vcrit
0,u (g)

)
always contains the quadratic vector S = 1

2
Ia(−1)Ia(−1)v0. Here we fix once and for all

a global coordinate t on C ⊂ P1 and let X(n) := X ⊗ (t − u)n ∈ g(Ku) for any X ∈ g and n ∈ Z.

The image of S under ΨΓ
(zi),u

gives rise to the quadratic cyclotomic Gaudin Hamiltonians (1.1) as

Hj = reszj Ψ
Γ
(zi),u

(S)du for each j = 1, . . . , N . The cyclotomic Gaudin algebra Z Γ
(zi)

(g) is defined

as the image of ΨΓ
(zi),u

. We thus obtain a surjective homomorphism of commutative C-algebras

ΨΓ
(zi),u

: z
(
Vcrit
0,u (g)

)
−։ Z

Γ
(zi)

(g). (1.3)

Given any g-modules Mi, i = 1, . . . , N , one of the main problems in the study of the (cyclotomic)

Gaudin model is to simultaneously diagonalise the quadratic (cyclotomic) Gaudin Hamiltonians

(1.1), or indeed the entire (cyclotomic) Gaudin algebra Z Γ
(zi)

(g), on the tensor product
⊗N

i=1Mi.

If ψ ∈
⊗N

i=1Mi is a joint eigenvector of the cyclotomic Gaudin algebra Z Γ
(zi)

(g), then the common

eigenvalues of Z Γ
(zi)

(g) on ψ are encoded in a C-algebra homomorphism ηψ : Z Γ
(zi)

(g) → C, defined

by z ψ = ηψ(z)ψ for every z ∈ Z Γ
(zi)

(g). In other words, the joint spectrum of Z Γ
(zi)

(g) on any spin

chain
⊗N

i=1Mi forms a subset of the maximal spectrum of Z Γ
(zi)

(g). It is therefore of interest to first

obtain a description of the spectrum SpecZ Γ
(zi)

(g) before attempting to diagonalise the cyclotomic

Gaudin Hamiltonians on any tensor product of g-modules. In view of the homomorphism (1.3), let

us begin by recalling the description of the spectrum of z
(
Vcrit
0,u (g)

)
.

The commutative algebra z
(
Vcrit
0,u (g)

)
is naturally isomorphic, by a theorem of Feigin and Frenkel

[FF92] (see also the book [Fre07]), to the classical W -algebra Wu(
Lg) for the Langlands dual Lie

algebra Lg of g, whose Cartan matrix is the transpose of that of g. The classical W -algebra Wu(g)

is obtained by Drinfel’d-Sokolov reduction of the algebra of functions on the dual of the affine

Kac-Moody algebra ĝu [DS85]. Its spectrum is isomorphic to the space of so called g-opers on the

formal disc Du = SpecOu around the point u. In order to introduce the notion of g-oper it is

convenient to first recall the description, due to Kostant [Kos59, Kos63], of the classical finite W -

algebra Wfin(g, p−1) associated with a principal nilpotent element p−1. Embedding the latter into

an sl2-triple {p−1, 2ρ̌, p1}, we set n :=
⊕

i>0 gi and b :=
⊕

i≥0 gi using the Z-grading g =
⊕

i∈Z gi

defined by adρ̌ and denote by N the unipotent subgroup of the adjoint group of g with Lie algebra n.

The algebra Wfin(g, p−1) is isomorphic to the algebra of N -invariant polynomial functions on p−1+b,
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or equivalently to the algebra of polynomial functions on the Slodowy slice p−1 + a, where a is the

centraliser of p1. In other words, we have isomorphisms SpecWfin(g, p−1) ≃ (p−1+b)/N ≃ p−1+ a.

To emphasise the parallel with g-opers, we will call Opfing := (p−1+b)/N the space of finite g-opers.

We denote by [X]g the class of X ∈ p−1 + b in Opfing .

A g-oper on Du is then defined as an equivalence class of connections of the form d+p−1dt+v dt,

with v ∈ b(Ou), modulo the gauge action of the group N(Ou) whose definition we recall in §4.2.

Each class admits a canonical representative of the form d + p−1dt + c dt, with c ∈ a(Ou), which

can be regarded as an affine analog of the Slodowy slice. Denoting the space of g-opers on Du by

Opg(Du), we have an isomorphism of varieties [FF92]

Spec z
(
Vcrit
0,u (g)

)
≃ OpLg(Du). (1.4)

Now the surjective homomorphism (1.3) induces an injective map

SpecZ
Γ
(zi)

(g) −֒→ Spec z
(
Vcrit
0,u (g)

)
(1.5)

between the corresponding spectra. We may thus regard SpecZ Γ
(zi)

(g) as a subvariety of OpLg(Du).

In the non-cyclotomic case, Γ = {1}, it was shown by Frenkel [Fre04] that the usual Gaudin algebra

Z(zi)(g) := Z
{1}
(zi)

(g) is isomorphic to the algebra of functions on the space of global Lg-opers on the

complex projective line P1 with regular singularities at the points zi, i = 1, . . . , N and at infinity.

In other words, denoting the space of such Lg-opers by OpLg(P
1)RS

(zi),∞
which we recall the definition

of in §4, we have the isomorphism

SpecZ(zi)(g) ≃ OpLg(P
1)RS

(zi),∞
. (1.6)

The injective map (1.5) therefore corresponds, in the case Γ = {1}, to the restriction of a global
Lg-oper in OpLg(P

1)RS
(zi),∞

to the disc around a regular point u ∈ C \ {z1, . . . , zN}.

The first purpose of this article is to conjecture an analog of the isomorphism (1.6) for describing

the spectrum of the cyclotomic Gaudin algebra Z Γ
(zi)

(g). To this end we will introduce a notion of

cyclotomic g-oper on P1, which reduces to the usual notion of g-oper on P1, as given in [MV05],

when Γ = {1} (see also [Fre04, Fre05, BD]). Fix a diagram automorphism ν ∈ Aut g whose order

divides T . Given any automorphism υ ∈ Aut g in the same class as ν in Aut g/ Inn g and with

the property that υT = Id, such as the automorphism σ entering the definition of the cyclotomic

Gaudin model, we may consider the corresponding space Connυ̂g (P
1) of Γ-equivariant meromorphic

g-valued connections on P1 where ω ∈ Γ acts on P1 by multiplication and on g by υ. By constrast,

consider meromorphic g-valued connections, or g-connections for short, of the form d + p−1dt + v

with v ∈ Ω(b) := b(M)dt, where M is the algebra of meromorphic functions on P1. Requiring

the existence of Γ-equivariant g-connections of this form forces us to work with the representative

ς = Adω−ρ̌ ◦ν ∈ Aut g of the class of ν in Aut g/ Inn g. We therefore define the space of cyclotomic

g-opers as equivalence classes of Γ-equivariant g-connections of the above form with ω ∈ Γ acting on

g as ς, modulo the gauge action of a Γ-invariant subgroup N ς̂(M) ⊂ N(M) whose definition is given

in §4.2. Each such class also admits a unique canonical representative of the form d + p−1dt + c,

with c ∈ Ως̂(a), where Ως̂(a) denotes the space of Γ-equivariant a-valued differentials on P1. In §7
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we will use the notion of cyclotomic g-opers to conjecture the analog of the isomorphism (1.6) for

the cyclotomic Gaudin algebra Z Γ
(zi)

(g) in Conjecture 7.2.

To motivate the central question concerning cyclotomic g-opers addressed in this article we will

use the analogy with classical finite W -algebras. Recall the Slodowy slice p−1+a which is transverse

to the N -orbits in p−1 + b. Another transverse slice is given by p−1 + h where h = g0 is a Cartan

subalgebra. Unlike the Slodowy slice, however, it doesn’t intersect each N -orbit uniquely. In other

words, the canonical map p−1+h → Opfing which sends an element X ∈ p−1+h ⊂ p−1+b to its class

[X]g ∈ Opfing is surjective, but not injective. By comparison with the affine case discussed below, we

shall refer to p−1 + h as the space of finite Miura g-opers. If λ̌ ∈ h is dominant, i.e. 〈αi, λ̌〉 ≥ 0 for

every simple root αi, i ∈ I := {1, . . . , rk g} of g, then the subset of all finite Miura g-opers whose

class in Opfing coincides with [p−1 − λ̌− ρ̌]g can be shown using results of Kostant [Kos59, Kos63] to

be in bijection with the Weyl group W of g.

Following the standard terminology in the non-cyclotomic setting [MV05, Fre04], we define a

cyclotomic Miura g-oper on P1 as a cyclotomic g-connection of the form d+p−1dt+u with u ∈ Ων̂(h).

Note that a cyclotomic Miura g-oper ∇ on P1 is not a cyclotomic g-oper, but we can associate to it a

cyclotomic g-oper by taking its gauge equivalence class [∇]Γ under N ς̂(M). Let us fix a cyclotomic

Miura g-oper ∇ with trivial monodromy representation and whose underlying cyclotomic g-oper

[∇]Γ has regular singularities at most at the points zi ∈ C×, i = 1, . . . , N (and their Γ-orbits), the

origin and infinity. We will further assume that ∇ is of the form

∇ = d+ p−1dt−
λ̌0
t
dt+ r (1.7)

for any ν-invariant integral dominant coweight λ̌0 ∈ hν and with r ∈ Ων̂(h) regular at the origin. We

will show in §6.2 how the integrality assumption on λ̌0 can be weakened by going to a cover of P1,

which allows us to treat also the case of a ν-invariant dominant coweight λ̌0 such that 〈αi, λ̌0〉 ∈ Q

for all i ∈ I. Note that in general r, and hence the cyclotomic g-connection ∇, may have simple

poles at points xj ∈ C×, j = 1, . . . ,m (and their Γ-orbits) other than zi, i = 1, . . . , N . Cyclotomic

Miura g-opers of the above form whose residue at each xj , j = 1, . . . ,m is a simple coroot and whose

residue at each zi, i = 1, . . . , N is minus an integral dominant coweight, were shown in [ViY16a]

to be described by solutions of the cyclotomic Bethe ansatz equations first introduced in [Skr13].

Now as in the finite setting described above, a natural question in the present context is then to

describe the space of all cyclotomic Miura g-opers whose underlying cyclotomic g-oper coincides with

[∇]Γ. In the non-cyclotomic case, Γ = {1}, it was proved independently by Mukhin and Varchenko

[MV04, MV05] and Frenkel [Fre04] that this space is isomorphic to the flag variety G/B− where G

is the adjoint group of g and B− is the Borel subgroup with Lie algebra b− :=
⊕

i≤0 gi.

In applications to the cyclotomic Gaudin model, it follows from the construction of [ViY16a] that

each cyclotomic Miura Lg-oper ∇ (not necessarily monodromy-free) with residues −λi ∈ h∗ at zi

for i = 1, . . . , N , −λ0 ∈ h∗,ν at the origin and λ∞ ∈ h∗,ν at infinity, built from a solution of the

cyclotomic Bethe ansatz equations, corresponds to a joint eigenvector of Z Γ
(zi)

(g) of weight λ∞ ∈ h∗

in the tensor product
⊗N

i=1Mλi of Verma modules Mλi with highest weights λi. We will conjecture

in §7 that the corresponding common eigenvalues of the cyclotomic Gaudin algebra Z Γ
(zi)

(g) are
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determined by the underlying cyclotomic Lg-oper [∇]Γ, see Conjecture 7.1. In the non-cyclotomic

setting it was conjectured in [Fre05] that for integral dominant highest weights λi ∈ h∗, i = 1, . . . , N

and λ∞ ∈ h∗, there is a bijection between monodromy-free Lg-opers in OpLg(P
1)RS

(zi),∞
with residues

determined by the weights λi at zi and λ∞ at infinity, and eigenvalues of the Gaudin algebra Z(zi)(g)

on the tensor product
⊗N

i=1 Vλi of finite dimensional irreducible modules Vλi with highest weights

λi. In particular, it is believed that when the Bethe ansatz is incomplete some of these eigenvalues

correspond to Miura Lg-opers which do not arise from solutions of the Bethe ansatz equations.

Before proving the cyclotomic counterpart of the isomorphism between the space of Miura g-

opers with a given underlying g-oper and the flag variety G/B−, we begin in §5 by considering the

effect of gauge transformations on ∇ by elements of the form efEk ∈ N(M) for some f ∈ M and

k ∈ I. Here Ei, Hi and Fi for i ∈ I denote the Chevelley-Serre generators of g. It is well know

that after such a gauge transformation, the new g-connection efEk∇e−fEk is still a Miura g-oper

if and only if f is a solution of some Riccati equation. The result of going from the old Miura

g-oper ∇ to the new one efEk∇e−fEk is known as a reproduction in the direction of the simple root

αk [MV04]. In general, however, the new Miura g-oper efEk∇e−fEk will no longer be cyclotomic.

The problem of defining a cyclotomic version of the reproduction procedure, taking one cyclotomic

Miura g-oper to another, was first studied by Varchenko and Young in [VaY15] who considered

so called populations of solutions to the cyclotomic Bethe ansatz equations associated with an

arbitrary Kac-Moody algebra g. It was shown there that under certain conditions on the coweight

λ̌0 (or rather the weight λ0 ∈ h∗,ν since solutions of the cyclotomic Bethe ansatz equations used

in [VaY15] correspond to cyclotomic Lg-opers), it is possible to take one solution of the cyclotomic

Bethe ansatz equations to another by performing a sequence of reproductions in the direction of

other simple roots {αij}nj=2 for some n ∈ Z≥2 with ij ∈ I in the orbit I ∈ I/ν of i1 := k ∈ I under

the diagram automorphism ν : I → I.

When the Lie algebra g is semisimple, as we are considering, there are only two possible types

of orbits I. We address the issue of existence of cyclotomic reproductions in the present language

by studying gauge transformations by elements in the subgroup generated by simple roots along

the orbit I. Specifically, we consider Riccati equations built from the cyclotomic Miura g-oper ∇
given in (1.7). These are satisfied by the collection of meromorphic functions fj ∈ M which appear

in the individual gauge transformation parameters efjEij ∈ N(M). Requiring the overall gauge

transformation parameter g = efnEin . . . ef1Ei1 to live in the Γ-invariant subgroup N ς̂(M) imposes

certain functional relations among the various functions fj . If the latter are regular at the origin

then we find that these functional relations can be satisfied if and only if λ̌0 satisfies the following

relation

ℓI〈αk, λ̌0 + ρ̌〉 ≡ 0 mod
T

|I| , (1.8)

where ℓI = 1 or 2 depending on the type of the orbit I. A key step in our analysis is considering a

regularisation of the given Riccati equations at the origin. In this case the new cyclotomic Miura

g-oper g∇g−1 takes the same form as ∇ in (1.7) but with some new differential r ∈ Ων̂(h). On

the other hand, without imposing any conditions on λ̌0, we can always choose the overall gauge

transformation parameter to be cyclotomic by letting one of the functions fj be singular. Moreover,
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in this case we find that the new cyclotomic Miura g-oper takes the form

g∇g−1 = d+ p−1dt−
sν
I
· λ̌0
t

dt+ r̃

for some r̃ ∈ Ων̂(h), with sν
I

the simple reflection of the ν-invariant Weyl group W ν associated with

the node I ∈ I/ν of the folded diagram and where the dot denotes the shifted Weyl action.

Let us now consider the effect of a gauge transformation with a more general parameter g ∈ N ς̂(M)

on the cyclotomic Miura g-oper ∇ in (1.7), not one corresponding merely to the orbit of a simple

root. We begin in §6.1 by describing the space of all cyclotomic Miura g-opers g∇g−1 of the same

form as the original cyclotomic Miura g-oper ∇, namely (1.7) but for some different r ∈ Ων̂(h). We

refer to these cyclotomic Miura g-opers as being generic at the origin. Guided by the analysis of §5

we introduce the following regularised g-connection

∇r := t−λ̌0∇tλ̌0 = d+
∑

k∈I

t〈αk,λ̌0〉Fk dt+ r.

The regularisation has the effect of modifying the automorphism of g in the Γ-equivariance property

from ς to ϑ := Ad
ω−λ̌0−ρ̌ ◦ν ∈ Aut g. In particular, regularising the new cyclotomic Miura g-oper

g∇g−1 yields the g-connection (g∇g−1)r = gr∇rg
−1
r where gr = t−λ̌0 g tλ̌0 ∈ N ϑ̂(M). Since we

are assuming g∇g−1 to be of the same form as in (1.7) it follows that (g∇g−1)r is regular at the

origin and hence so is gr. Its initial condition gr(0) then takes value in Nϑ. Conversely, given any

g0 ∈ Nϑ we construct in Theorem 6.2 an element g ∈ N ς̂(M) such that gr is regular at the origin

with gr(0) = g0. The cyclotomic Miura g-oper g∇g−1 is then of the same form as in (1.7). In this

language, the relation (1.8) on λ̌0 for a given orbit I ∈ I/ν can now be seen as the condition for the

existence of a ϑ-invariant element in the subalgebra of n generated by the Ei with i ∈ I.

The residue at the origin of the cyclotomic g-oper [∇]Γ, as defined in §4.5, corresponding to the

cyclotomic Miura g-oper ∇ given in (1.7) is the finite gν-oper [p−1 − λ̌0 − ρ̌]gν ∈ Opfingν . The general

form of a cyclotomic Miura g-oper ∇̃ whose corresponding cyclotomic g-oper [∇̃]Γ has the same

residue at the origin is

∇̃ = d+ p−1dt−
w · λ̌0
t

dt+ r̃ (1.9)

for some w ∈ W ν and r̃ ∈ Ων̂(h) regular at the origin. It follows from the above discussion that to

reach such cyclotomic Miura g-opers from ∇ given in (1.7) one should apply a gauge transformation

with parameter g ∈ N ς̂(M) for which gr = t−λ̌0gtλ̌0 is singular at the origin. We prove in §6.3

that the space of all cyclotomic Miura g-opers of the form g∇g−1 with g ∈ N ς̂(M) is isomorphic to

the ϑ-invariant subspace (G/B−)
ϑ of the flag variety G/B−. We show in §6.4 that this ϑ-invariant

subspace has a cell decomposition

(G/B−)
ϑ =

⊔

w∈W ν

NϑẇB−/B−.

In particular, the big cell NϑB−/B− is isomorphic to the space of generic cyclotomic Miura g-opers

g∇g−1, i.e. for which gr is regular at the origin. We expect the cyclotomic Miura g-opers g∇g−1 of

the form (1.9) to be isomorphic to the cell NϑẇB−/B−.
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2. Notations and conventions

2.1. Semisimple Lie algebras. Let g be a finite-dimensional complex semisimple Lie algebra. Let

h be a Cartan subalgebra of g and denote by Φ ⊂ h∗ the root system of (g, h). Fix a basis of simple

roots αi, i ∈ I := {1, . . . , rk g} and let Φ± denote the corresponding set of positive and negative

roots. We have the Cartan decomposition

g = n− ⊕ h⊕ n, n :=
⊕

α∈Φ+

CEα, n− :=
⊕

α∈Φ+

CFα. (2.1)

Introduce also the positive and negative Borel subalgebras b := h ⊕ n and b− := h ⊕ n−. For any

positive root α ∈ Φ+, we define the root spaces gα := CEα and g−α := CFα. The Chevalley-Serre

generators α̌i ∈ h, Ei := Eαi and Fi := Fαi for i ∈ I satisfy the relations

[α̌i, α̌j ] = 0, [α̌i, Ej ] = aijEj , [α̌i, Fj ] = −aijFj ,

[Ei, Fj ] = δijα̌i, ad
1−aij
Ei

Ej = 0, ad
1−aij
Fi

Fj = 0,

for all i, j ∈ I, where A := (aij)i,j∈I :=
(
〈αj , α̌i〉

)
i,j∈I

is the Cartan matrix.

We fix a non-degenerate invariant symmetric bilinear form (·|·) on g. Its restriction to the Cartan

subalgebra h is non-degenerate, and hence induces an isomorphism h
∼−→ h∗. We use this to define

a non-degenerate bilinear pairing on h∗ which we also denote (·|·). For every i ∈ I and λ ∈ h∗ we

then have 〈λ, α̌i〉 = 2(λ|αi)/(αi|αi). A coweight λ̌ ∈ h is said to be integral if 〈αi, λ̌〉 ∈ Z for every

i ∈ I and dominant if 〈αi, λ̌〉 ≥ 0 for every i ∈ I.

Let υ ∈ Aut g be an automorphism of g. One can always find a Cartan subalgebra h of g such that

υ stabilises the associated Cartan decomposition (2.1). We will say that such a Cartan subalgebra is

adapted to the automorphism υ. The restriction of υ to h then induces a linear map υ ∈ GL(h). We

define a linear map υ ∈ GL(h∗) by requiring the υ-invariance of the bilinear pairing between h and

h∗, i.e. 〈υλ, υµ̌〉 = 〈λ, µ̌〉 for every λ ∈ h∗ and µ̌ ∈ h. This linear map leaves invariant the set of all

roots Φ ⊂ h∗, the subset of positive and negative roots Φ± and the subset of simple roots {αi}i∈I .
It therefore defines an automorphism υ : Φ → Φ of the set of roots and a diagram automorphism

υ : I → I. The action of the automorphism υ ∈ Aut g on the Cartan-Weyl basis associated with

the Cartan decomposition (2.1) is then given by

υ(Eα) = ταEυ(α), υ(α̌i) = α̌υ(i), υ(Fα) = τ−1
α Fυ(α), (2.2)

for each i ∈ I and α ∈ Φ, where τα are complex numbers. The automorphism is entirely specified

by its diagram part υ : I → I and the collection of numbers ταi corresponding to the simple roots.

The bilinear form (·|·) on g is υ-invariant, i.e. (υX|υY ) = (X|Y ) for all X,Y ∈ g. Indeed, it can

be expressed as a linear combination of the Killing forms (X,Y ) 7→ trg(adX ◦ adY ) on each simple



CYCLOTOMIC GAUDIN MODELS, MIURA OPERS AND FLAG VARIETIES 9

factor of g and for every X ∈ g we have adυX = υ ◦adX ◦υ−1. If the Cartan subalgebra h is adapted

to υ then the restriction of (·|·) to h and the induced bilinear form on h∗ are both υ-invariant.

2.2. Adjoint group. Let G = (Aut g)◦ be the adjoint group associated with g, i.e. the connected

component of the identity in the automorphism group Aut g. It is a semisimple algebraic group,

with Lie algebra Lie(G) = Lie(Aut g) = Der g = adg isomorphic to g. It is generated by the inner

automorphisms of the form exp(adX), for all ad-nilpotent X ∈ g.

By construction, G acts on the Lie algebra g by the adjoint action. We define H := ZG(h), the

centraliser of the Cartan subalgebra h, i.e. the subgroup of G that fixes h pointwise. It is the unique

maximal torus of G with Lie algebra h, and is a closed connected abelian subgroup of G. In the

same way, let B := NG(b) and B− := NG(b−) be the normalisers of the Borel subalgebras b and

b−, i.e. the subgroups of G whose adjoint action stabilises b and b−. They form Borel subgroups

of G (maximal closed connected solvable subgroups) and have Lie algebras b and b−.

We define the respective derived subgroups N := (B,B) and N− := (B−, B−). They are closed

connected unipotent subgroups of G with Lie algebras n and n−. The Borel subgroups B and B−

then uniquely factorise as B = HN and B− = HN−. We have the root decomposition

N =
∏

α∈Φ+

Gα and N− =
∏

α∈Φ−

Gα,

where, for any α ∈ Φ+, Gα := {exp (x adEα)}x∈C andG−α := {exp (x adFα)}x∈C are one-dimensional

closed connected subgroups of G with Lie algebras adgα and adg−α . The above decompositions hold

for any ordering of the roots α ∈ Φ±.

Let υ ∈ Aut g be any given automorphism of g. Since G = (Aut g)◦ is normal in Aut g, we can

lift υ to an automorphism of G, acting by conjugation η 7→ υ ◦ η ◦ υ−1, which by abuse of notation

we shall also denote υ ∈ AutG. The induced Lie algebra automorphism of Lie(G) = adg coincides

with υ ∈ Aut g via the isomorphism between adg and g. If the Cartan subalgebra h is chosen to be

adapted to υ ∈ Aut g (cf. §2.1), then the lift υ ∈ AutG stabilises the corresponding subgroups H,

N and N− of G. As a consequence, it also stabilises the Borel subgroups B = HN and B− = HN−.

2.3. Weyl group and flag varieties. The Weyl group W ⊂ GL(h∗) is generated by reflections

λ 7→ siλ := λ − 〈λ, α̌i〉αi for all i ∈ I. We define an action of W on h by requiring the invariance

of the pairing between h and h∗, namely 〈w(λ), w(µ̌)〉 = 〈λ, µ̌〉 for any λ ∈ h∗, µ̌ ∈ h and w ∈ W .

Explicitly, for every i ∈ I and µ̌ ∈ h we have siµ̌ = µ̌− 〈αi, µ̌〉α̌i.
Let NG(h) be the normaliser of h for the adjoint action of G on the Lie algebra g. The restriction

of the coadjoint action G → GL(g∗) to NG(h) gives rise to a map NG(h) → GL(h∗) which induces

an isomorphism π−1 : NG(h)/H
∼−→ W . Given any w ∈ W we fix a representative ẇ ∈ NG(h) of

the class π(w) ∈ NG(h)/H (the other representatives are then of the form ẇh with h ∈ H). For

any α ∈ Φ, the action of ẇ by conjugation on the root subgroup Gα is simply ẇGαẇ
−1 = Gwα.

Consider the flag variety G/B− associated with the group G. The Gauss decomposition of G

into a disjoint union of cells NẇB− over w ∈ W gives rise to the following cell decomposition of

the flag variety

G/B− =
⊔

w∈W

NẇB−/B− =:
⊔

w∈W

Cw. (2.3)



10 SYLVAIN LACROIX AND BENOÎT VICEDO

Since the representative ẇ of w ∈ W in NG(h) only differs from other choices of representatives

through right multiplication by an element of the Cartan subgroup H ⊂ B−, it is clear that the cell

Cw = NẇB−/B− does not depend on the choice of this representative. The big cell CId = NB−/B−,

which is isomorphic to N , is dense in G/B−.

Let υ ∈ Aut g be an automorphism of the Lie algebra g. Choose a Cartan subalgebra h adapted

to υ. We use the corresponding action of υ on h∗ to define an action of υ on W by conjugation

w 7→ υ(w) := υ ◦ w ◦ υ−1. By definition of the reflection si ∈W we have in particular υ(si) = sυ(i)
for every i ∈ I. The map υ :W →W constructed in this way is an automorphism of the group W .

Note that it only depends on the restriction of υ to h, i.e. on the associated diagram automorphism

υ : I → I. We introduce the subgroup

W υ := {w ∈W | υ(w) = w}

of υ-invariant elements in W .

The lift υ ∈ AutG of the automorphism υ ∈ Aut g to the adjoint group G stabilises both the

torus H and the normaliser NG(h). It therefore descends to an automorphism υ of the subquotient

NG(h)/H. The isomorphism π : W ∼−→ NG(h)/H is equivariant with respect to the action of υ on

W and NG(h)/H, i.e. π
(
υ(w)

)
= υ

(
π(w)

)
for any w ∈ W . Since υ stabilises the Borel subgroup

B−, one can also define an automorphism υ of the flag variety G/B−. This will play a central role

in §6 so we postpone its definition and the study of its properties until then.

3. Finite g-opers and finite Miura g-opers

We follow the conventions and notations of §2.

3.1. Principal sl2 and Z-grading. Consider the regular nilpotent element

p−1 :=
∑

i∈I

Fi. (3.1)

By the Jacobson-Morosov theorem it can be embedded into an sl2-triple. Let ω̌i ∈ h, i ∈ I be the

fundamental coweights of g defined by αi(ω̌j) = δij for all i, j ∈ I. The Weyl covector

ρ̌ :=
∑

i∈I

ω̌i (3.2)

then satisfies αi(ρ̌) = 1 for all i ∈ I, so that [2ρ̌, p−1] = −2p−1. The pair {p−1, 2ρ̌} extends uniquely

to an sl2-triple {p−1, 2ρ̌, p1}, i.e. with the relations

[p1, p−1] = 2ρ̌, [ρ̌, p±1] = ±p±1.

Specifically, the regular nilpotent element p1 is obtained by writing 2ρ̌ =
∑

i∈I ciα̌i in the basis of

simple coroots α̌i of g and defining p1 :=
∑

i∈I ciEi. We will refer to {p−1, 2ρ̌, p1} as the principal

sl2-triple of g and to its span 〈p−1, ρ̌, p1〉 ⊂ g as the principal sl2 subalgebra of g.

The height ht(α) ∈ Z of a root α ∈ Φ is the eigenvalue of the corresponding root vector under

the adjoint action of the Cartan element ρ̌, i.e. [ρ̌, Eα] = ht(α)Eα and [ρ̌, Fα] = ht(−α)Fα for any
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α ∈ Φ+. The eigenspace decomposition of adρ̌ defines a Z-grading of the Lie algebra g,

g =
⊕

i∈Z

gi =

h−1⊕

i=−h+1

gi, (3.3)

with [gi, gj ] ⊂ gi+j for all i, j ∈ Z. Here h denotes the Coxeter number of g, defined as the maximum

of the Coxeter numbers of the simple factors in the semi-simple decomposition of g (for simple g we

have h := ht(θ) + 1 with θ the maximal root in Φ). The eigenspace gj := {X ∈ g | [ρ̌, X] = jX} of

adρ̌ for each j ∈ Z is spanned by all root vectors of height j, explicitly

g0 = h, gi =
⊕

α∈Φ+ | ht(α)=i

gα, g−i =
⊕

α∈Φ+ | ht(α)=i

g−α

for all i ∈ Z≥1. In particular we have gi = 0 if |i| ≥ h. Note also that b = ⊕i≥0gi and n = ⊕i>0gi.

The centraliser of p1 in g is a Z≥1-graded abelian subalgebra a := ker(adp1) of dimension rk g.

Let aj := a∩gj denote its grade-j subspace for each j ∈ {1, . . . , h−1}. We let E denote the multiset

containing each j ∈ {1, . . . , h − 1} with multiplicity dim aj . Its elements are called the exponents

of g. From the representation theory of sl2 we then have, for every i ∈ {1, . . . , h− 1},

gi =

{
[p−1, gi+1] if i 6∈ E,

[p−1, gi+1]⊕ ai if i ∈ E.
(3.4)

3.2. Finite g-opers. Let G be the adjoint group of g, cf. §2.2. If g ∈ G and X ∈ g then we denote

by gXg−1 the adjoint action of g on X. The affine subspace p−1+ b ⊂ g is stabilised by the adjoint

action of the unipotent subgroup N of G. Consider the quotient

Opfing := (p−1 + b)/N

and denote the class of any X ∈ p−1+ b as [X]g. We refer to the elements of Opfing as finite g-opers.

The so called Slodowy slice through p−1 is defined as the affine subspace p−1 + a ⊂ p−1 + b. It is

transversal at every point to the adjoint orbit of N in p−1 + b. In fact, it is an important result of

Kostant that the Slodowy slice intersects each N -orbit in p−1 + b exactly once. For our purpose it

is convenient to formulate this statement as follows.

Theorem 3.1. Every finite g-oper has a unique representative in p−1 + a. We shall refer to it as

the canonical representative of the finite g-oper.

Proof. This follows from [Kos78, Theorem 1.2] which states that the map N × (p−1+ a) → p−1+ b,

given by the adjoint action (n,X) 7→ nXn−1 is an isomorphism of affine varieties. Alternatively, it

could also be proved by a simpler version of the argument used in the proof of Theorem 4.5 below.

However, since the argument is so similar to the one given there we do not repeat it here for the

sake of brevity. �

We define a finite Miura g-oper as an element of the affine subspace p−1 + h ⊂ g. To any finite

Miura g-oper is associated a finite g-oper, namely its class in Opfing . It follows from the second half
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of the proof of [Kos78, Theorem 1.2] that the corresponding map

p−1 + h −→ Opfing ,

X 7−→ [X]g.
(3.5)

is surjective. The next theorem gives a necessary and sufficient condition for two finite Miura g-opers

to correspond to the same finite g-oper.

Proposition 3.2. For any λ̌, µ̌ ∈ h, we have [p−1 − λ̌]g = [p−1 − µ̌]g if and only if there exists

w ∈W such that λ̌ = w(µ̌).

Proof. Let λ̌, µ̌ ∈ h. Denote by u = (u1, . . . , urk g) : g → Crk g the collection of rk g fundamental

homogenous G-invariant polynomials on g. By [Kos59, Lemma 9.2], there exists w ∈ W such that

λ̌ = w(µ̌) if and only if u(λ̌) = u(µ̌). The latter is equivalent to u(p−1 − λ̌) = u(p−1 − µ̌) by

[Kos63, Proposition 17]. Now since p−1 − λ̌ and p−1 − µ̌ are regular by [Kos63, Lemma 10], this in

turn is equivalent to p−1 − λ̌ and p−1 − µ̌ being conjugate under the adjoint action of G by [Kos63,

Theorem 3]. It is clear that if p−1− λ̌ and p−1− µ̌ are conjugate under the adjoint action of N then

they are also conjugate under the adjoint action of G. The converse of this statement follows from

the second half of the proof of [Kos78, Theorem 1.2]. Therefore p−1 − λ̌ and p−1 − µ̌ are conjugate

under the adjoint action of G if and only if [p−1 − λ̌]g = [p−1 − µ̌]g, and the theorem follows. �

We define the shifted action of W on h by letting w ∈ W send λ̌ ∈ h to w · λ̌ := w(λ̌ + ρ̌) − ρ̌.

Two coweights λ̌, µ̌ ∈ h are then said to be W -linked if µ̌ = w · λ̌ for some w ∈ W . The W -linkage

class of a coweight λ̌ ∈ h is its orbit under this shifted action of W , which we denote by [λ̌]W .

Corollary 3.3. There is a bijection between the set h/(W, ·) of W -linkage classes in h and the set

Opfing of finite g-opers, given explicitly by [λ̌]W 7→ [p−1 − λ̌− ρ̌]g.

Proof. The given map is well defined and injective by Proposition 3.2. It is surjective since (3.5)

is. �

By abuse of notation, in what follows we always identify the W -linkage class [λ̌]W of a coweight

λ̌ ∈ h with the corresponding finite g-oper [p−1− λ̌− ρ̌]g ∈ Opfing . Let λ̌ ∈ h and consider the subset

MOpfin
g,[λ̌]W

:=
{
X ∈ p−1 + h

∣∣ [X]g = [λ̌]W
}

of the set p−1 + h of all finite Miura g-opers.

Theorem 3.4. If λ̌ ∈ h is dominant then MOpfin
g,[λ̌]W

≃W .

Proof. By Proposition 3.2, every X ∈ MOpfin
g,[λ̌]W

is of the form X = p−1−w(λ̌+ ρ̌) for some w ∈W .

We obtain a surjective map W ։ MOpfin
g,[λ̌]W

given by w 7→ p−1 −w(λ̌+ ρ̌). To prove injectivity, it

is enough to show that if λ̌+ ρ̌ is fixed by w ∈W then w = Id. But since λ̌ is assumed dominant, we

have 〈αi, λ̌+ ρ̌〉 ≥ 1 for all i ∈ I. In other words, the coweight λ̌+ ρ̌ lies inside the open fundamental

Weyl chamber of h. The result now follows from the fact that W acts simply transitively on the set

of all Weyl chambers. �

3.3. Folding and finite gν-opers. Let ν : I → I be a permutation of the simple roots of g which

preserves the Cartan matrix, i.e. such that

aν(i)ν(j) = aij (3.6)
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for all i, j ∈ I. Consider the associated diagram automorphism of g, which we also denote ν ∈ Aut g,

defined by its action on the Chevalley-Serre generators as

ν(Ei) = Eν(i), ν(α̌i) = α̌ν(i), ν(Fi) = Fν(i). (3.7)

We are interested in describing the ν-invariant subalgebra gν := {X ∈ g | ν(X) = X}.
Let I/ν denote the set of orbits in I under ν. For each orbit I ∈ I/ν we define (cf. [FSS96])

ℓI := 3−
∑

i∈I

aij ,

where j is any point in the orbit I. The right hand side depends only on the orbit I itself, and not

on j, by virtue of the assumption (3.6) on ν. Moreover, by the properties aii = 2 and aij ∈ Z≤0 for

all i 6= j of the Cartan matrix it follows that ℓI ∈ Z≥1. Since g is semisimple we have ℓI = 1 or 2 for

every I ∈ I/ν (see e.g. [Nai92, Lemma 4.3]). If ℓI = 1 then the restriction of the Dynkin diagram

to the orbit I is isomorphic to the Dynkin diagram of A
×|I|
1 . On the other hand, if ℓI = 2 then |I|

is even and the Dynkin diagram restricted to the orbit I is isomorphic to the Dynkin diagram of

A
×|I|/2
2 . Finally, note that in either case the relation ℓI

∑
i∈I aij = 2 holds for any j ∈ I.

The following result is well known (see for instance [Car05, §9.5]).

Proposition 3.5. The ν-invariant subalgebra gν is semisimple. Its Chevalley-Serre generators are

α̌νI := ℓI
∑

i∈I

α̌i, EνI := ℓI
∑

i∈I

Ei, F νI :=
∑

i∈I

Fi,

for I ∈ I/ν with corresponding system of simple roots αν
I
:= 1

|I|

∑
i∈I αi ⊂ h∗,ν := (h∗)ν . The Cartan

matrix Aν := (aν
IJ
)I,J∈I/ν is given by aν

IJ
:= 〈αν

J
, α̌ν

I
〉 = ℓI

∑
i∈I aij for any j ∈ J, and the Weyl group

is the ν-invariant subgroup W ν , cf. §2.3.

We shall need the following explicit description of the Weyl group W ν of gν (see e.g. [VaY15]).

Lemma 3.6. The simple reflections {sν
I
}I∈I/ν generating the ν-invariant subgroup W ν ⊂W read

sνI =

{ ∏
i∈I si for ℓI = 1,∏
i∈I/2 sisı̄si for ℓI = 2,

where the product in the case ℓI = 2 is over half of the orbit, namely I/2 := {k, ν(k), . . . , ν |I|/2−1(k)}
for any k ∈ I, and we define ı̄ := ν|I|/2(i) for every i ∈ I.

Proof. Let I ∈ I/ν. We determine sν
I

by computing its action on an arbitrary ν-invariant coweight

µ̌ ∈ hν . By definition we have

sνI µ̌ = µ̌− 〈ανI , µ̌〉α̌νI = µ̌− ℓI
|I|
∑

i,j∈I

〈αj , µ̌〉α̌i = µ̌− ℓI
∑

i∈I

〈αi, µ̌〉α̌i, (3.8)

where in the last step we used the relation 〈αj , µ̌〉 = 〈αi, µ̌〉 which follows from the ν-invariance of

µ̌ and the fact that i, j lie on the same orbit I.

If ℓI = 1 then the right hand side of (3.8) can be rewritten as
(∏

i∈I si
)
(µ̌) since 〈αj , α̌i〉 = 0

for all distinct i, j ∈ I. On the other hand, if ℓI = 2 then a direct computation using the fact that

〈αi, α̌ı̄〉 = 〈αı̄, α̌i〉 = −1 yields sisı̄si(µ̌) = µ̌− 2〈αi, µ̌〉α̌i − 2〈αı̄, µ̌〉α̌ı̄. The result now follows. �
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The fundamental coweights of gν , defined by αν
I
(ω̌ν

J
) = δIJ for all I, J ∈ I/ν, are

ω̌νI :=
∑

i∈I

ω̌i.

Proposition 3.7. The automorphism ν preserves the Z-grading (3.3) and fixes the principal sl2.

In particular, {p−1, 2ρ̌, p1} is the principal sl2-triple of gν . Moreover, each ai for i ∈ E, is ν-stable.

Proof. Since ht(ν(α)) = ht(α) for any α ∈ Φ, it follows that ν stabilises the eigenspaces gi, i ∈ Z.

Moreover, ν(ω̌i) = ω̌ν(i) for all i ∈ I since 〈αj , ν(ω̌i)〉 = 〈αν−1(j), ω̌i〉 = δν−1(j)i = δjν(i) = 〈αj , ω̌ν(i)〉
for any j ∈ I. Therefore ρ̌ is ν-invariant. By definition of p−1 and ν, we clearly have ν(p−1) = p−1.

It follows that

[p1, p−1] = 2ρ̌ = 2ν(ρ̌) = ν
(
[p1, p−1]

)
= [ν(p1), ν(p−1)] = [ν(p1), p−1],

so adp−1
(p1 − ν(p1)) = 0. As ν stabilises g1, p1 and ν(p1) are both in g1. Yet adp−1

: gi+1 → gi is

injective for i ≥ 0, and hence p1 = ν(p1).

Recall the expressions (3.1) and (3.2) for p−1 and ρ̌, respectively. Noting that the sum over i ∈ I

in these expressions can be rewritten as a double sum over orbits I ∈ I/ν and elements i ∈ I in each

orbit, we can write these as

p−1 =
∑

I∈I/ν

F νI , ρ̌ =
∑

I∈I/ν

ω̌νI .

It follows that {p−1, 2ρ̌, p1} is the principal sl2-triple of gν .

Let X ∈ a. Then [ν(X), p1] = [ν(X), ν(p1)] = ν
(
[X, p1]

)
= 0 so that ν(X) ∈ a. Thus ν stabilises

both a and gi, and hence also ai = a ∩ gi. �

As a result of Proposition 3.5 and Proposition 3.7, the constructions of §3.1 and §3.2 apply directly

to the ν-invariant subalgebra gν . In particular, aν := a ∩ gν = ker(adp1 : gν → gν) is a Z≥1-graded

abelian subalgebra in gν of dimension rk gν , and the corresponding multiset Eν of exponents of gν

forms a sub-multiset of E.

Since ν fixes p−1 and stabilises b, we can consider the affine subspace p−1+bν ⊂ gν of ν-invariant

elements in p−1+ b. It is stabilised by the adjoint action of Nν , the ν-invariant subgroup of N . We

may therefore define the corresponding space of finite gν-opers

Opfingν = (p−1 + bν)/Nν .

If X ∈ p−1+ bν then we denote by [X]gν the associated finite gν-oper. In particular, we recover the

notion of finite g-opers from §3.2 when ν = Id. For completeness let us end by stating the analogs

of Theorems 3.1, Proposition 3.2 and Theorem 3.4 for finite gν-opers.

Theorem 3.8. Every finite gν-oper has a unique representative in p−1 + aν .

For any ν-invariant coweights λ̌, µ̌ ∈ hν , we have [p−1 − λ̌]gν = [p−1 − µ̌]gν if and only if there

exists w ∈W ν such that λ̌ = w(µ̌).

If λ̌ ∈ hν is dominant then MOpfin
gν ,[λ̌]Wν

≃W ν .
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4. Cyclotomic g-opers and canonical representatives

We pick and fix, once and for all, a diagram automorphism ν : I → I as in §3.3. Let T ∈ Z≥1 be

a multiple of the order of ν and choose a primitive T th-root of unity ω. It generates a copy of the

cyclic group of order T under multiplication, which we denote

Γ := 〈ω〉 ⊂ C×.

In this section we will define an action of Γ on various spaces defined over the Riemann sphere,

including the spaces of g-valued meromorphic functions, differentials and connections. Elements of

these spaces which are invariant under this action will be called cyclotomic.

4.1. Cyclotomic g-valued functions and differentials. Let P1 := C ∪ {∞} be the Riemann

sphere and fix a global coordinate t on C ⊂ P1. There is a natural action µ : Γ → AutP1, α 7→ µα

of the cyclic group Γ on P1 which fixes ∞ and with α ∈ Γ acting by multiplication t 7→ αt on C.

In this subsection and the next, we let υ ∈ Aut g be any automorphism whose order divides T , i.e.

such that υT = Id, and with diagram part ν. In other words, let υ be defined on the Chevalley-Serre

generators as

υ(Ei) = ταiEν(i), υ(α̌i) = α̌ν(i), υ(Fi) = τ−1
αi
Fν(i), (4.1)

where ταi , i ∈ I are arbitrary T th-roots of unity. We obtain an action of the cyclic group Γ on g by

letting ω act as υ. That is, we have a homomorphism Γ → Aut g, ω 7→ υ.

Let M denote the algebra of meromorphic functions on P1. We introduce an action of Γ on M

by letting α ∈ Γ act through the pullback µ∗α−1 : M → M, namely sending f ∈ M to the function

α.f := f ◦ µα−1 ∈ M. Let Ω := Mdt be the space of meromorphic differentials on P1. It too comes

naturally equipped with an action of Γ, letting α ∈ Γ act also by the pullback µ∗α−1 : Ω → Ω.

Consider the Lie algebra g(M) := g⊗CM, i.e. the set of g-valued meromorphic functions equipped

with the pointwise Lie bracket. Define an action of Γ on g(M) by combining the action of Γ on g

with the above action on M. That is, for any X ⊗ f ∈ g(M) we set

υ̂(X ⊗ f) := υ(X)⊗ µ∗ω−1f. (4.2)

We denote the subalgebra of Γ-invariants as

gυ̂(M) := {h ∈ g(M) | υ̂(h) = h},

which we shall call the space of cyclotomic g-valued meromorphic functions. Given any υ-stable sub-

space p ⊂ g we define the υ̂-stable subspace p(M) := p⊗CM of g(M). We denote the corresponding

subspace of Γ-invariants by

pυ̂(M) := {h ∈ p(M) | υ̂(h) = h}.
Given any subspace p ⊂ g, we denote by Ω(p) := p ⊗C Ω the space of p-valued meromorphic

differentials. If p is υ-stable, we equip Ω(p) with an action of Γ defined by letting ω act through

the pullback by µω−1 on the second tensor factor, namely

υ̂(X ⊗̟) := υ(X)⊗ µ∗ω−1̟,



16 SYLVAIN LACROIX AND BENOÎT VICEDO

for any X ∈ p and ̟ ∈ Ω. We define the subspace

Ωυ̂(p) := {A ∈ Ω(p) | υ̂(A) = A}

of cyclotomic (i.e. Γ-invariant) p-valued meromorphic differentials. We shall often abbreviate the

notation X ⊗ f for an element in p(M) to Xf for simplicity, and similarly an element Y ⊗ ̟ of

Ω(p) will be denoted simply as Y ̟.

4.2. Cyclotomic g-connections. Let d : M → Ω denote the de Rham differential and consider

the affine space

Conng(P
1) := {d+ A |A ∈ Ω(g)}

of g-valued meromorphic connections on P1, or g-connections for short. More generally, given any

subspace p ⊂ g we define the affine subspace Connp(P
1) of p-valued mermorphic connections of the

form d+ A with A ∈ Ω(p). Similarly, we define the affine subspace

Connυ̂g (P
1) := {d+ A |A ∈ Ωυ̂(g)} ⊂ Conng(P

1)

of cyclotomic g-valued meromorphic connections on P1, and if p ⊂ g is a υ-stable subspace we define

the affine subspace Connυ̂p (P
1) ⊂ Connυ̂g (P

1) of connections of the form d+ A with A ∈ Ωυ̂(p). We

shall refer to elements of Connυ̂p (P
1) as cyclotomic p-connections.

Consider the group G(M) of M-points of G, which can be thought of as the group of G-valued

meromorphic functions on P1. It can be formally defined as the set of all C-algebra homomorphisms

O(G) → M, where O(G) is the algebra of regular functions on G. The group structure on G makes

O(G) into a commutative Hopf algebra with coproduct ∆ : O(G) → O(G×G) ≃ O(G)⊗O(G) given

by (∆ϕ)(x, y) = ϕ(xy). The counit and antipode maps are given by ǫ : O(G) → C, ǫ(ϕ) = ϕ(e)

and s : O(G) → O(G), s(ϕ)(x) = ϕ(x−1) respectively.

The Lie algebra of G(M) is naturally isomorphic to g(M). Lifting υ ∈ Aut g to an automorphism

υ ∈ AutG of G, cf. §2.2, this in turn induces an automorphism of O(G) via the pullback υ∗. In

particular, when the order of υ divides T we can endow G(M) with an action of Γ. Specifically, we

let ω act on G(M) by sending any g : O(G) → M to the composition

O(G)
υ∗−→ O(G)

g−→ M
µ∗
ω−1−−−→ M,

which we write υ̂(g) ∈ G(M). The map υ̂ : G(M) → G(M) so defined is an automorphism of G(M)

since the coproduct of O(G) and the multiplication in M are both Γ-equivariant. In other words,

the following diagram

O(G)⊗ O(G) M⊗M

O(G) O(G)⊗ O(G) M⊗M M

O(G) M

∆

υ∗

υ∗ ⊗ υ∗

∆

g1 ⊗ g2

µ∗

ω
−1 ⊗ µ∗

ω
−1

µ∗

ω
−1

commutes for any g1, g2 ∈ G(M), with the sequence of maps from left to right along the top of the

diagram representing the element υ̂(g1)υ̂(g2) ∈ G(M) and those along the bottom corresponding

to υ̂(g1g2) ∈ G(M). The subgroup Gυ̂(M) of Γ-invariant elements in G(M) then consisting of all
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Γ-equivariant C-algebra homomorphisms g : O(G) → M, i.e. for which the diagram

O(G) M

O(G) M

g

g

υ∗ µ∗ω

commutes. Given any t ∈ P1, by abuse of notation we write g(t) for the composition evt ◦ g with

the evaluation at t map evt : M → P1. The property of Γ-equivariance of g ∈ Gυ̂(M) may then be

expressed as υ
(
g(t)

)
= g(ω−1t). The Lie algebra of Gυ̂(M) is naturally isomorphic to gυ̂(M).

Now for any g ∈ G(M) we define the C-linear map dg : O(G) → Ω by ϕ 7→ d
(
g(ϕ)

)
. In particular

we then have dgg−1 ∈ Ω(g), where the product of dg with g−1 is defined as for G(M) in terms of

the coproduct on O(G). The affine space Conng(P
1) is equipped with an action of G(M) by gauge

transformations

d+ A 7−→ g(d+ A)g−1 := d− dgg−1 +Adg A, (4.3)

where Ad : G(M) → GL
(
Ω(g)

)
, g 7→ Adg denotes the action of the adjoint group G(M) on Ω(g). If

g ∈ Gυ̂(M) then dg is seen to be Γ-equivariant so that dgg−1 ∈ Ωυ̂(g). It follows that (4.3) restricts

to an action of Gυ̂(M) on the affine subspace Connυ̂g (P
1) of cyclotomic g-connections.

We say that d+A ∈ Conng(P
1) has a pole (resp. is regular) at some point x ∈ P1 if the g-valued

differential A ∈ Ω(g) has a pole (resp. is regular) there. We define the residue of d+A at x ∈ P1 as

resx(d+ A) := resx A.

Let {xi}ni=1 ⊂ P1 be the set of all poles of the g-connection d+A. Since a meromorphic connection

on P1 is always flat, d+ A gives rise to a group homomorphism

M : π1
(
P1 \ {xi}ni=1

)
−→ G,

called the monodromy representation. The monodromy of d+ A at one of its poles xi is defined as

M([γi]) ∈ G where [γi] is the homotopy class in P1 \ {xi}ni=1 of a small loop γi encircling the point

xi. The g-connection d+A is said to have trivial monodromy at xi if M([γi]) = Id. Moreover, d+A

has trivial monodromy or is monodromy-free if the homomorphism M is trivial.

Proposition 4.1. The g-connection d + A ∈ Conng(P
1) has trivial monodromy at x ∈ P1 if and

only if there exists g ∈ G(M) such that the gauge transformed g-connection g(d+A)g−1 is regular at

x. Moreover, it is monodromy-free if and only if there exists a solution g ∈ G(M) to dgg−1 = −A.

Given a g-connection ∇ = d+ A ∈ Conng(P
1) without monodromy, we shall say that Y ∈ G(M)

is a solution of the equation ∇Y = 0 if dY Y −1 = −A. We will need the following later.

Lemma 4.2. Let ∇ ∈ Conng(P
1) be monodromy-free and be regular at x ∈ C. Let Y ∈ G(M) be a

solution of ∇Y = 0 such that Y (x) ∈ B−. Then ∇ ∈ Connb−(P
1) if and only if Y ∈ B−(M). �

4.3. Cyclotomic g-opers. Recall the principal sl2-triple of g defined in §3.1 and the associated

notion of finite g-oper introduced in §3.2.

Consider the following subset of g-valued connections

opg(P
1) :=

{
d+ p−1dt+ v

∣∣ v ∈ Ω(b)
}
⊂ Conng(P

1),
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where we recall that p−1dt is used as a shorthand notation for p−1 ⊗ dt. This set is stable under

the gauge action of the unipotent subgroup N(M) ⊂ G(M). The space of g-opers is defined as the

quotient space

Opg(P
1) := opg(P

1)
/
N(M).

We shall denote by [∇] the class of ∇ ∈ opg(P
1) in Opg(P

1).

In order to define a cyclotomic version of the space Opg(P
1), it is natural to first seek an analog

of the subspace opg(P
1) within the space of cyclotomic g-connections Connυ̂g (P

1). However, it is

clear that for a generic automorphism υ ∈ Aut g of the form (4.1), the g-valued differential p−1dt

does not live in the υ̂-invariant subspace Ωυ̂(n−). In fact, the requirement that p−1dt ∈ Ωυ̂(n−)

fixes the automorphism υ uniquely to be equal to

ς := Adω−ρ̌ ◦ ν ∈ Aut g. (4.4)

Explicitly, the action of this automorphism on the Chevalley-Serre generators is given by

ς(Ei) = ω−1Eν(i), ς(α̌i) = α̌ν(i), ς(Fi) = ωFν(i).

In the remainder of this section we shall specialise the constructions of §4.1 and §4.2 for an arbitrary

automorphism υ of the form (4.1) to the specific automorphism ς defined by (4.4). We will need

the following properties of the latter.

Proposition 4.3. The automorphism ς preserves the Z-grading (3.3) and its action on the principal

sl2-triple is given by ς(p±1) = ω∓1p±1 and ς(ρ̌) = ρ̌. Moreover, each ai, i ∈ E is ς-stable.

Proof. This is a direct consequence of Proposition 3.7 and the definition (4.4) of ς. �

It follows from Proposition 4.3 that ς̂(p−1dt) = p−1dt and hence p−1dt ∈ Ως̂(n−), as required.

We may now consider the following subset of Γ-invariant g-valued connections

opΓg (P
1) :=

{
d+ p−1dt+ v

∣∣ v ∈ Ως̂(b)
}
⊂ Connς̂g(P

1). (4.5)

It is stable under the gauge action of the unipotent subgroup N ς̂(M) ⊂ Gς̂(M) on Connς̂g(P
1). We

define the space of cyclotomic g-opers as the quotient space

OpΓg (P
1) := opΓg (P

1)
/
N ς̂(M).

The class of ∇ in OpΓg (P
1) is denoted by [∇]Γ. We note that the space OpΓg (P

1) only depends on the

diagram automorphism ν : I → I and the choice of T th-root of unity ω through the automorphism

ς in (4.4). Any cyclotomic g-connection ∇ ∈ opΓg (P
1) is also an element of opg(P

1). As such, we

can also consider its orbit in opg(P
1) under the action of N(M), namely its class [∇] ∈ Opg(P

1).

Moreover, it is clear that if ∇,∇′ ∈ opΓg (P
1) are such that [∇]Γ = [∇′]Γ then [∇] = [∇′]. This gives

rise to a map

OpΓg (P
1) −→ Opg(P

1),

[∇]Γ 7−→ [∇].
(4.6)

It follows from Theorem 4.5 below that this map is injective.
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4.4. Canonical representatives. Recall from Theorem 3.1 that each finite g-oper admits a unique

representative in the Slodowy slice p−1 + a. Similarly, it is well known that a transverse slice in the

space Opg(P
1) is given by the so called Drinfel’d-Sokolov gauge [DS85]. We will prove a cyclotomic

version of this result in Theorem 4.5 below.

The following lemma can be regarded as a (cyclotomic) affine analog of equation (3.4).

Lemma 4.4. Let w ∈ Ως̂(gi).

If i 6∈ E then there exists a unique m ∈ gς̂i+1(M) such that w = [m, p−1dt].

If i ∈ E then there exists unique m ∈ gς̂i+1(M) and c ∈ Ως̂(ai) such that w = [m, p−1dt] + c.

Proof. We will show this for i ∈ E, the case i 6∈ E being similar. Suppose w ∈ Ως̂(gi). By definition

we can write w as a finite sum of terms of the form Xj ⊗̟j with Xj ∈ gi and ̟j ∈ Ω. Applying

the decomposition (3.4) to each Xj we may write

w = [m, p−1dt] + c (4.7)

for some unique c ∈ Ω(ai) and [m, p−1dt] ∈ [gi+1(M), p−1dt]. In turn, m ∈ gi+1(M) is then also

unique by the injectivity of adp−1
: gi+1 → gi for i ≥ 0. Applying ς̂ to both sides of (4.7) we obtain

w =
[
ς̂(m), p−1dt

]
+ ς̂(c) using the fact that w and p−1dt are both ς̂-stable. It now follows by the

uniqueness of c and m in (4.7) together with the fact that ai and gi+1 are ς-stable by Proposition

4.3, that c ∈ Ως̂(ai) and m ∈ gς̂i+1(M), as required. �

Theorem 4.5. The action of N ς̂(M) on opΓg (P
1) (resp. of N(M) on opg(P

1)) is free. Moreover,

every cyclotomic g-oper [∇]Γ ∈ OpΓg (P
1) (resp. g-oper [∇] ∈ Opg(P

1)) has a unique representative of

the form d+ p−1dt+ c with c ∈ Ως̂(a) (resp. c ∈ Ω(a)). We shall call it the canonical representative

of [∇]Γ (resp. [∇]).

Proof. We consider only the case of a cyclotomic g-oper [∇]Γ ∈ OpΓg (P
1) since the proof in the case

of a g-oper [∇] ∈ Opg(P
1) is standard [DS85] and completely analogous.

Let ∇ = d+ p−1dt+ v ∈ opΓg (P
1). We want to find m ∈ nς̂(M) such that

d+ p−1dt+ v = em(d+ p−1dt+ c)e−m (4.8)

for some c ∈ Ως̂(a). Let us decompose m, v and c as follows

m =
∑

i>0

mi, v =
∑

i≥0

vi, c =
∑

i∈E

ci (4.9)

with mi ∈ gς̂i (M), vi ∈ Ως̂(gi) and ci ∈ Ως̂(ai). We can then write the three different terms on the

right hand side of (4.8) as

d− d(em)e−m = d−
∑

i>0

dmi −
1

2

∑

i,j>0

[mj , dmi]−
1

6

∑

i,j,k

[mk, [mj , dmi]] + . . .

eadmp−1dt = p−1dt+
∑

i>0

[mi, p−1dt] +
1

2

∑

i,j>0

[mj , [mi, p−1dt]] + . . .

eadmc =
∑

i∈E

ci +
∑

i∈E

∑

j>0

[mj , ci] +
1

2

∑

i∈E

∑

j,k>0

[mk, [mj , ci]] + . . .
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where the ellipses represent only finitely many terms since m ∈ nς̂(M) is nilpotent. Here we note

that Adem = eadm .

We determine mi and ci inductively. For this we note that if w ∈ Ως̂(gj) for some j ∈ Z then
[
mj1 , [mj2 , . . . [mjn ,w] . . .]

]
∈ Ως̂(gj+j1+...+jn), (4.10)

for any j1, . . . , jn ∈ Z. The terms of degree i ∈ Z≥0 in the equation (4.8) then read

ci + [mi+1, p−1dt] = vi + Fi
(
{mj+1, dmj+1, cj}j<i

)
(4.11)

where Fi is a sum of commutators of the form (4.10) with w = ck, dmk or p−1dt, and hence lives in

Ως̂(gi). When i = 0 the relation (4.11) simply says that [m1, p−1dt] = v0. And since v0 ∈ Ως̂(g0),

Lemma 4.4 yields m1 ∈ gς̂1(M) uniquely. Now suppose that we have constructed the cj ∈ Ως̂(aj)

and mj+1 ∈ gς̂j+1(M) for j < i. By applying Lemma 4.4 we can then construct, in a unique way,

mi+1 ∈ gς̂i+1(M) and ci ∈ Ως̂(ai) for all i ≥ 1 (with ci = 0 if i 6∈ E). In particular, the freeness of

the action of N ς̂(M) on opΓg (P
1) follows from the uniqueness of mi+1 ∈ gς̂i+1(M). �

The proof of Theorem 4.5 provides an algorithm for constructing all the ci and mi from the vi.

In particular, a formula for c1 can be obtained by considering the first few steps of the algorithm.

For this we need the explicit form of (4.11) for i = 0, 1, which read

[m1, p−1dt] = v0, (4.12a)

c1 + [m2, p−1dt] = v1 − 1

2

[
m1, [m1, p−1dt]

]
+ dm1. (4.12b)

Proposition 4.6. Write vi = vidt with vi ∈ gi(M) for i ∈ Z≥0. Then c1 = u1p1dt with

u1 =
1

2(ρ̌|ρ̌)
(
1

2
(v0|v0) + (ρ̌|v′0) + (p−1|v1)

)
.

Proof. Let w1 = w1dt with w1 ∈ g1(M) denote the left hand side of equation (4.12b). Then

(p−1|w1) = u1(p−1|p1) +
(
p−1

∣∣[m2, p−1]
)
= u1(p−1|p1)−

(
[p−1, p−1]

∣∣m2

)
= 2u1(ρ̌|ρ̌),

where in the last step we used (p−1|p1) = (p−1|[ρ̌, p1]) = ([p1, p−1]|ρ̌) = 2(ρ̌|ρ̌). It now follows that

u1 =
(p−1|w1)

2(ρ̌|ρ̌) .

Similarly, equation (4.12a) implies (p−1|m1) = ([p−1, ρ̌]|m1) = (ρ̌|[m1, p−1]) = (ρ̌|v0). So taking the

derivative with respect to t yields (p−1|m′
1) = (ρ̌|v′0). Next, we also have

(
p−1

∣∣[m1, [m1, p−1]
])

= −
(
[m1, p−1]|[m1, p−1]

)
= −(v0|v0).

Equation (4.12b) then implies (p−1|w1) =
1

2
(v0|v0) + (ρ̌|v′0) + (p−1|v1), as required. �

4.5. Regular points and regular singularities. We shall say that a (cyclotomic) g-connection

∇ = d+ p−1dt+ v ∈ opΓg (P
1) is regular at x ∈ C if v ∈ Ως̂(b) has no pole at x.

Proposition 4.7. Let ∇ ∈ opΓg (P
1) and x ∈ C. The following are equivalent:

(i) the canonical representative of [∇]Γ is regular at x

(ii) there exists a representative of [∇]Γ which is regular at x

(iii) there exists a representative of [∇] which is regular at x
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In this case we will say that the cyclotomic g-oper [∇]Γ itself is regular at the point x.

Proof. It is obvious that (i) implies (ii) and (iii). To see that (ii) implies (i), we have to look back

at the construction of the canonical representative (cf. Theorem 4.5).

Let d+ p−1dt+ v ∈ opΓg (P
1) be regular at x. In the inductive step of the proof of Theorem 4.5, if

the right hand side of (4.11) is regular at x then so are ci and mi+1 appearing on the left hand side.

We therefore conclude that the canonical representative of [d+ p−1dt+ v]Γ is regular at x. Now if

∇ and d+p−1dt+ v lie in the same N ς̂(M)-orbit then they share the same canonical representative,

which proves that (ii) implies (i).

Finally, we prove that (iii) implies (i). Let d+ p−1dt+ c and d+ p−1dt+ c̃ denote the canonical

representatives of [∇]Γ and [∇] respectively, which exist and are unique by Theorem 4.5. As N ς̂(M)

is a subgroup of N(M), d + p−1dt + c is also a representative of [∇] with c ∈ Ως̂(a) ⊂ Ω(a). Yet,

d+ p−1dt+ c̃ is the unique such representative of [∇], hence c̃ = c. Now, if there is a g-connection

in the N(M)-orbit of ∇ which is regular at x ∈ C, then the same argument as in the above proof

that (ii) implies (i) applies so that c̃ is regular at x, which concludes the proof since c̃ = c. �

At any point on P1 where a cyclotomic g-oper [∇]Γ ∈ OpΓg (P
1) is not regular, the mildest possible

singularity it can have is a regular singularity. In the remainder of this section we define the notion

of regular singularity at a non-zero finite point x ∈ C× and then at the origin and infinity. We shall

say that [∇]Γ has at most a regular singularity at x ∈ P1 if it is either regular at x or has a regular

singularity there.

Suppose for the moment that x ∈ C× and consider the subset of opg(P
1) given by

opg(P
1)RS
x :=

{
d+ p−1dt+

∑

i≥0

(t− x)−i−1
vi ∈ opg(P

1)

∣∣∣∣ vi ∈ Ω(gi) regular at x

}
.

Let Ox ⊂ M be the algebra of meromorphic functions on P1 which are regular at x. One checks using

the definition of the Z-grading in §3.1 that elements of opg(P
1)RS
x can equivalently be characterised

as g-connections ∇ ∈ opg(P
1) whose gauge transformation by (t− x)ρ̌ take the form

(t− x)ρ̌∇ (t− x)−ρ̌ = d+
1

t− x
(p−1 − ρ̌+ v)dt (4.13)

with v =
∑

i≥0 vi ∈ b(Ox). It is clear that the space opg(P
1)RS
x is stabilised by the gauge action of

the group (t−x)−ρ̌N(Ox)(t−x)ρ̌. We define the space Opg(P
1)RS
x of g-opers with regular singularity

at x as the corresponding quotient

Opg(P
1)RS
x := opg(P

1)RS
x

/
(t− x)−ρ̌N(Ox)(t− x)ρ̌.

Since (t− x)−ρ̌N(Ox)(t− x)ρ̌ ⊂ N(M), we obtain a well defined canonical map

Opg(P
1)RS
x −→ Opg(P

1) (4.14)

for each x ∈ C×, which sends the class in Opg(P
1)RS
x of a g-connection ∇ ∈ opg(P

1)RS
x ⊂ opg(P

1) to

its class [∇] in Opg(P
1). By virtue of the next lemma we will usually identify a class in Opg(P

1)RS
x

with its image under (4.14).
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Lemma 4.8. The map (4.14) is injective. Moreover, its image consists of g-opers whose canonical

representative d + p−1dt +
∑

i∈E ci is such that for each i ∈ E, ci ∈ Ω(ai) has a pole of order at

most i+ 1 at x.

We will say that x ∈ C× is a regular singularity of a cyclotomic g-oper [∇]Γ ∈ OpΓg (P
1) if it is not

regular there, cf. Proposition 4.7, and if the corresponding g-oper [∇] lies in the image of (4.14).

Proof. In order to prove the lemma it suffices to show that for any ∇ ∈ opg(P
1)RS
x , the canonical

representative of [∇] ∈ Opg(P
1) also lives in opg(P

1)RS
x and that the gauge transformation that

brings ∇ to its canonical representative belongs to (t− x)−ρ̌N(Ox)(t− x)ρ̌.

Let ∇ = d+ p−1dt+
∑

i≥0(t− x)−i−1 vi ∈ opg(P
1)RS
x . The canonical representative of the g-oper

[∇] is obtained by the algorithm described in the proof of Theorem 4.5. Recall that one proceeds

by induction on the degree by solving equation (4.11), where vi there is replaced by (t − x)−i−1 vi

in the present case. As the latter has a pole of order at most i+1 at x, one can check by induction

that, in this construction, mi as a pole at most of order i and ci as a pole at most of order i+1. By

definition this means that e
∑

i>0
mi ∈ (t− x)−ρ̌N(Ox)(t− x)ρ̌ and d+ p−1dt+

∑
i≥0 ci ∈ opg(P

1)RS
x ,

as required. �

Note that the gauge action by (t− x)ρ̌ on classes in Opg(P
1)RS
x induces an obvious bijection

Opg(P
1)RS
x

∼−→
{
d+

1

t− x

(
p−1 − ρ̌+ v

)
dt

∣∣∣∣ v ∈ b(Ox)

}/
N(Ox).

The representative d+ 1
t−x

(
p−1− ρ̌+v

)
dt of a class in the latter quotient has residue p−1− ρ̌+v(x).

Under the gauge action by an element g ∈ N(Ox) this residue transforms under the adjoint action

of g(x) ∈ N . This yields a notion of residue at x ∈ C× for elements of Opg(P
1)RS
x defined by

resx : Opg(P
1)RS
x −→ Opfing ,

[∇] 7−→ [p−1 − ρ̌+ v(x)]g,
(4.15)

where v ∈ b(Ox) is defined in terms of ∇ through (4.13).

We now turn to the subset {0,∞} ⊂ P1 of fixed points under the action µ : Γ → AutP1 introduced

in §4.1. For each z ∈ {0,∞} we consider the subset of cyclotomic g-connections defined by

opΓg (P
1)RS
z :=

{
d+ p−1dt+

∑

i≥0

t−i−1
vi ∈ opΓg (P

1)

∣∣∣∣ vi ∈ Ω(gi) regular at z

}
.

By definition of the Z-grading, an element of opΓg (P
1)RS
z can alternatively be seen as a cyclotomic

g-connection ∇ ∈ opΓg (P
1) whose gauge transformation by tρ̌ reads

tρ̌∇ t−ρ̌ = d+
1

t
(p−1 − ρ̌+ v)dt (4.16)

with v =
∑

i≥0 vi ∈ bν̂(Oz). The space opΓg (P
1)RS
z is stabilised by the gauge action of the subgroup

t−ρ̌N ν̂(Oz)t
ρ̌ ⊂ N ς̂(M). The corresponding quotient

OpΓg (P
1)RS
z := opΓg (P

1)RS
z

/
t−ρ̌N ν̂(Oz)t

ρ̌,

defines the space of cyclotomic g-opers with regular singularity at z.
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For each z ∈ {0,∞} we have a canonical map

OpΓg (P
1)RS
z −→ OpΓg (P

1) (4.17)

which sends the class in OpΓg (P
1)RS
z of a cyclotomic g-connection ∇ ∈ opΓg (P

1)RS
z ⊂ opΓg (P

1) to its

class [∇]Γ in OpΓg (P
1). This is well defined since t−ρ̌N ν̂(Oz)t

ρ̌ ⊂ N ς̂(M). The following lemma is

proved in exactly the same way as Lemma 4.8. Using this lemma we will usually identify a class in

OpΓg (P
1)RS
z with its image under (4.17).

Lemma 4.9. The map (4.17) is injective. Moreover, its image consists of cyclotomic g-opers whose

canonical representative d + p−1dt +
∑

i∈E ci is such that for each i ∈ E, ci ∈ Ως̂(ai) has a pole of

order at most i+ 1 at the origin (if z = 0) or a zero of order at least i− 1 at infinity (if z = ∞).

We will say that z ∈ {0,∞} is a regular singularity of a cyclotomic g-oper [∇]Γ ∈ OpΓg (P
1) if it

is not regular there, cf. Proposition 4.7, and it lies in the image of (4.17).

The gauge action by tρ̌ on classes in OpΓg (P
1)RS
z induces a bijection

OpΓg (P
1)RS
z

∼−→
{
d+

1

t
(p−1 − ρ̌+ v)dt

∣∣∣∣ v ∈ bν̂(Oz)

}/
N ν̂(Oz).

When z = 0 (resp. z = ∞), if we gauge transform the ν̂-invariant g-connection d+ 1
t (p−1− ρ̌+ v)dt

by an element g ∈ N ν̂(O0) (resp. g ∈ N ν̂(O∞)) then its residue p−1 − ρ̌ + v(0) ∈ p−1 + bν (resp.

−p−1+ ρ̌−v(∞) ∈ −p−1+bν) transforms by the adjoint action of g(0) ∈ Nν (resp. g(∞) ∈ Nν). It

is therefore natural to define the notion of residue at z on an element in OpΓg (P
1)RS
z to be (minus)

a finite gν-oper. Specifically, we define

res0 : OpΓg (P
1)RS

0 −→ Opfingν ,

[∇]Γ 7−→ [p−1 − ρ̌+ v(0)]gν ,
(4.18a)

for the origin, where v ∈ bν̂(O0) is defined by (4.16). At infinity we define instead

res∞ : OpΓg (P
1)RS

∞ −→ −Opfingν ,

[∇]Γ 7−→ −[p−1 − ρ̌+ v(∞)]gν ,
(4.18b)

where −Opfingν denotes the set (−p−1 + bν)/Nν and v ∈ bν̂(O∞) is defined also by (4.16).

Note that if a cyclotomic g-oper [∇]Γ ∈ OpΓg (P
1) is regular at x ∈ C× then the corresponding

g-oper [∇] ∈ Opg(P
1), defined using the map (4.6), belongs to Opg(P

1)RS
x (recall that we identify

this space with its image under the injection (4.14)). Likewise, if [∇]Γ ∈ OpΓg (P
1) is regular at the

origin then it belongs to OpΓg (P
1)RS

0 .

Lemma 4.10. If [∇]Γ ∈ OpΓg (P
1) is regular at x ∈ C× (resp. at the origin) then resx[∇]Γ = [0]W

(resp. res0[∇]Γ = [0]W ν ).

Proof. Let d + p−1dt+
∑

i∈E ci denote the canonical representative of [∇]Γ, so that ci ∈ Ω(ai) are

all regular at x, cf. Proposition 4.7(i). Then

(t− x)ρ̌
(
d+ p−1dt+

∑

i∈E

ci

)
(t− x)−ρ̌ = d+

1

t− x

(
(p−1 − ρ̌)dt+

∑

i∈E

(t− x)i+1
ci

)
,

from which the result follows. �
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4.6. Cyclotomic Miura g-opers. Recall the notion of a finite Miura g-oper from §3.2.

We will call Miura g-oper any g-connection of the form ∇ = d+ p−1dt+ u where u ∈ Ω(h). Let

MOpg(P
1) denote the set of all Miura g-opers. Given a Miura g-oper ∇ ∈ MOpg(P

1) we will refer

to [∇] as the underlying g-oper.

Similarly, we define a cyclotomic Miura g-oper as a g-connection of the form ∇ = d+ p−1dt+ u

with u ∈ Ως̂(h) = Ων̂(h), where the last equality follows from the definition (4.4) of ς ∈ Aut g and

the fact that h = g0 in the Z-grading of §3.1 defined by adρ̌. Denote by MOpΓg (P
1) the set of all

cyclotomic Miura g-opers. If ∇ ∈ MOpΓg (P
1) then we call [∇]Γ its underlying cyclotomic g-oper. In

§6 we shall be interested in describing the preimage of a given cyclotomic g-oper under

MOpΓg (P
1) −→ OpΓg (P

1),

∇ 7−→ [∇]Γ,
(4.19)

which is a direct analog of (3.5) in the finite case.

There is an obvious bijection between cyclotomic h-connections and cyclotomic Miura g-opers

Connν̂h(P
1)

∼−→ MOpΓg (P
1),

∇ 7−→ ∇+ p−1dt.
(4.20)

Given a cyclotomic Miura g-oper ∇ ∈ MOpΓg (P
1) we denote the associated cyclotomic h-connection

by ∇ := ∇− p−1dt ∈ Connν̂h(P
1).

In the remainder of this section we turn to the study of singularities of cyclotomic Miura g-opers.

For any x ∈ P1, we let Connν̂h(P
1)RS
x denote the subspace of cyclotomic h-connections with a simple

pole at x. Consider the composition of the above maps (4.19) and (4.20), namely

Connν̂h(P
1)

∼−→ MOpΓg (P
1) −→ OpΓg (P

1),

∇ 7−→ ∇+ p−1dt 7−→ [∇+ p−1dt]Γ.

We will call this the cyclotomic Miura transform by analogy with the non-cyclotomic case [Fre04].

Its restriction to Connν̂h(P
1)RS
x induces a map Connν̂h(P

1)RS
x → OpΓg (P

1)RS
x for each x ∈ P1. Recalling

the notation [λ̌]W for the W -linkage class of a coweight λ̌ ∈ h introduced in §3.2, we obtain the

following commutative diagram

Connν̂h(P
1)RS
x OpΓg (P

1)RS
x

h Opfing
[·]W

− resx resx

for each x ∈ C×, and for the origin and infinity we have

Connν̂h(P
1)RS

0 OpΓg (P
1)RS

0

hν Opfingν
[·]W ν

− res0 res0

Connν̂h(P
1)RS

∞ OpΓg (P
1)RS

∞

hν −Opfingν−[·]W ν

res∞ res∞
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Proposition 4.11. Let ∇ ∈ MOpΓg (P
1).

(i) The underlying cyclotomic g-oper [∇]Γ has at most a regular singularity at x ∈ C× if and

only if

∇ = d+ p−1dt−
w · λ̌
t− x

dt+ r

for some w ∈ W , r ∈ Ω(h) regular at x and λ̌ ∈ h such that resx[∇]Γ = [λ̌]W and λ̌ + ρ̌ is

dominant.

(ii) The underlying cyclotomic g-oper [∇]Γ has at most a regular singularity at 0 (resp. ∞) if

and only if

∇ = d+ p−1dt−
w · λ̌
t

dt+ r

for some w ∈ W ν , r ∈ Ων̂(h) regular at 0 (resp. ∞) and λ̌ ∈ hν such that res0[∇]Γ = [λ̌]W ν

(resp. res∞[∇]Γ = −[λ̌]W ν ) and λ̌+ ρ̌ is dominant.

Proof. Let x ∈ C×. Note that ∇ ∈ MOpΓg (P
1) lies in opg(P

1)RS
x if and only if it has the form

∇ = d+ p−1dt−
µ̌

t− x
dt+ r (4.21)

for some µ̌ ∈ h and r ∈ Ω(h) regular at x. It follows from Lemma 4.8 that [∇]Γ has at most a regular

singularity at x if and only if ∇ is of the form (4.21).

By definition of the residue at x ∈ C× in (4.15) we have resx[∇]Γ = [p−1 − ρ̌− µ̌]g = [µ̌]W , from

which it follows by Proposition 3.2 that resx[∇]Γ = [λ̌]W if and only if µ̌ = w · λ̌ for some w ∈ W ,

where λ̌ ∈ h can be chosen such that λ̌+ ρ̌ is dominant.

Similarly, for z ∈ {0,∞} we have that ∇ ∈ MOpΓg (P
1) lies in opΓg (P

1)RS
z if and only if it takes the

form

∇ = d+ p−1dt−
µ̌

t
dt+ r (4.22)

for some µ̌ ∈ hν and r ∈ Ων̂(h) regular at z. It follows from Lemma 4.9 that [∇]Γ has at most a

regular singularity at z if and only if ∇ is of the form (4.22).

In this case, from the definition of the residue at 0 (resp. ∞) in (4.18) we have res0[∇]Γ = [µ̌]W ν

(resp. res∞[∇]Γ = −[µ̌]W ν ). It then follows from Theorem 3.8 that res0[∇]Γ = [λ̌]W ν (resp.

res∞[∇]Γ = −[λ̌]W ν ) if and only if µ̌ = w · λ̌ for some w ∈ W ν , where λ̌ ∈ hν can be chosen such

that λ̌+ ρ̌ is dominant. �

As a special case of Proposition 4.11 suppose ∇ ∈ MOpΓg (P
1) is a cyclotomic Miura g-oper whose

underlying cyclotomic g-oper [∇]Γ is regular at x ∈ C×. By Lemma 4.10 we have resx[∇]Γ = [0]W ,

and so applying Proposition 4.11 we deduce that ∇ is of the form

∇ = d+ p−1dt−
w · 0
t− x

dt+ r, (4.23)

for some w ∈ W and r ∈ Ω(h) regular at x. In particular, it is possible for a cyclotomic Miura

g-oper ∇ to have a simple pole at a point x even if its underlying cyclotomic g-oper [∇]Γ is regular

there. In the next proposition we give a necessary condition for this to happen.

Proposition 4.12. Let ∇ ∈ MOpΓg (P
1) be of the form (4.23). If [∇]Γ is regular at x then

(w · 0|r(x)) = 0. (4.24)
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Proof. If [∇]Γ is regular at x then, in particular, the component c1 of its canonical representative is

regular at x. Writing ∇ = d+(p−1+u)dt and r = r dt, by Proposition 4.6 the latter is proportional

to
1

2
(u|u) + (ρ̌|u′) = (w · 0|w · 0 + 2ρ̌)

2(t− x)2
− (w · 0|r(t))

t− x
+ 1

2
(r(t)|r(t)) +

(
ρ̌
∣∣r′(t)

)
.

The double pole term vanishes identically using the identity (w · µ̌|w · µ̌ + 2ρ̌) = (µ̌|µ̌ + 2ρ̌) which

is valid for any µ̌ ∈ h, and the last two terms are both regular at x. It follows that c1 is regular at

x only if (4.24) holds. �

The above condition (4.24) on the cyclotomic Miura g-oper ∇ of the form (4.23) is, in general,

not sufficient for [∇]Γ to be regular at a point x ∈ C×. However, if the Weyl group element w is of

length one, i.e. if w is the reflection si with respect to a simple root αi (in which case w · 0 = −α̌i),
then (4.24) becomes a necessary and sufficient condition for the underlying cyclotomic g-oper [∇]Γ

to be regular at x.

Proposition 4.13. Let x ∈ C×. Suppose ∇ ∈ MOpΓg (P
1) has the form

∇ = d+ p−1dt+
α̌i
t− x

dt+ r

for some simple root αi and r ∈ Ω(h) regular at x. Then [∇]Γ is regular at x if and only if

〈αi, r(x)〉 = 0. (4.25)

Proof. We have α̌i = −si · 0 so that ∇ is of the form (4.23). Therefore, if [∇]Γ is regular at x then

applying Proposition 4.12 we deduce (α̌i|r(x)) = 0, which is equivalent to (4.25).

Conversely, suppose (4.25) holds and let us show [∇]Γ is regular at x. According to Proposition

4.7, it is enough to find a (possibly non-cyclotomic) representative of the g-oper [∇] which is regular

at x. Applying a gauge transformation by g = exp
(
− 1

t−xEαi

)
to the given Miura g-oper ∇, cf. the

proof of Lemma 5.1 below, we obtain

g∇g−1 = d+ p−1dt+ r(t) +
〈αi, r(t)〉
t− x

Eαidt.

This is regular at x by virtue of equation (4.25), hence the proposition. �

Let N ∈ Z≥1 and fix a finite subset of N + 2 points z := {0, z1, . . . , zN ,∞} ⊂ P1. We assume

these points have disjoint Γ-orbits, i.e. ωrzi 6= zj for all i 6= j and r = 0, . . . , T − 1. Let OpΓg (P
1)RS

z

denote the set of all cyclotomic g-opers with at most regular singularities at the points in Γz and

which are regular elsewhere.

Let λ̌ := {λ̌0, λ̌1, . . . , λ̌N , λ̌∞} ⊂ h be a collection of N +2 integral dominant coweights, which we

think of as being attached to the corresponding points in z. We assume that the coweights at the

origin and infinity are both ν-invariant, namely λ̌0, λ̌∞ ∈ hν . We denote by OpΓg (P
1)RS

z;λ̌
the subset

of cyclotomic g-opers [∇]Γ ∈ OpΓg (P
1)RS

z whose residues at the points of z are given by

res0[∇]Γ = [λ̌0]W ν , reszi [∇]Γ = [λ̌i]W , res∞[∇]Γ = −[λ̌∞]W ν

for i = 1, . . . , N . Let OpΓg (P
1)

z;λ̌ denote the further subset consisting of those cyclotomic g-opers

in OpΓg (P
1)RS

z;λ̌
which are also monodromy-free.
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Theorem 4.14. Let z ⊂ P1 and λ̌ ⊂ h be as above and let ∇ ∈ MOpΓg (P
1). The underlying

cyclotomic g-oper [∇]Γ lives in OpΓg (P
1)RS

z;λ̌
if and only if the following conditions hold:

(i) ∇ is of the form

∇ = d+ p−1dt−
w0 · λ̌0
t

dt−
T−1∑

r=0




N∑

i=1

νr(wi · λ̌i)
t− ωrzi

+
m∑

j=1

νryj · 0
t− ωrxj


 dt (4.26)

for some m ∈ Z≥0, w0 ∈ W ν , wi ∈ W for each i = 1, . . . , N and xj ∈ P1 \ Γz, yj ∈ W for

each j = 1, . . . ,m,

(ii) there exists w∞ ∈W ν such that

w0 · λ̌0 +
T−1∑

r=0




N∑

i=1

νr(wi · λ̌i) +
m∑

j=1

νryj · 0


 = w∞ · λ̌∞, (4.27)

(iii) [∇]Γ is regular at xj for each j = 1, . . . ,m.

Proof. Suppose that the cyclotomic g-oper [∇]Γ belongs to OpΓg (P
1)RS

z;λ̌
. Then [∇]Γ has regular

singularities at the points of Γz and is regular everywhere else. However, as we have seen above,

the cyclotomic Miura g-oper ∇ itself can have other simple poles at a set of points x̃ ⊂ P1 \Γz. By

virtue of cyclotomy, if ∇ has a pole at a point in P1, it also has a pole at each element in the orbit

of this point under the action of Γ. Thus, this set x̃ can be seen as the image Γx of some minimal

set x ⊂ P1 \ Γz. Let m ∈ Z≥0 be the size of x and write x = {x1, . . . , xm}.
According to Proposition 4.11, there exist w0 ∈W ν and wi ∈W for each i = 1, . . . , N such that

res0∇ = −w0 · λ̌0 and reszi ∇ = −wi · λ̌i. Furthermore, from the discussion around (4.23) there

exist yj ∈ W for each j = 1, . . . ,m such that resxj ∇ = −yj · 0. Moreover, since ∇ is cyclotomic,

one has resωrzi ∇ = −νr
(
wi · λ̌i

)
and resωrxj ∇ = −νr (yj · 0) = −νryj · 0 for any r = 0, . . . , T − 1,

i = 1, . . . , N and j = 1, . . . ,m. Thus ∇ is of the form (4.26).

The residue at infinity of the corresponding h-connection is then

res∞∇ = w0 · λ̌0 +
T−1∑

r=0




N∑

i=1

νr(wi · λ̌i) +
m∑

j=1

νryj · 0


 .

This is related to the residue of the cyclotomic g-oper [∇]Γ by res∞[∇]Γ = −
[
res∞∇

]
W ν . Yet, as

[∇]Γ belongs to OpΓg (P
1)RS

z;λ̌
, we have res∞[∇]Γ = −[λ̌∞]W ν , hence the existence of w∞ ∈ W ν such

that equation (4.27) holds.

Conversely, suppose that ∇ is of the form (4.26) and that we have the condition (4.27). It is then

clear that, for i = 1, . . . , N ,

res0[∇]Γ = [λ̌0]W ν , reszi [∇]Γ = [λ̌i]W , res∞[∇]Γ = −[λ̌∞]W ν .

Moreover, suppose that [∇]Γ is regular at the points xj , for j = 1, . . . ,m. Then, by virtue of the

cyclotomy, [∇]Γ is regular at all the points ωrxj , for r = 0, . . . , T − 1 and j = 1, . . . ,m. Hence [∇]Γ

belongs to OpΓg (P
1)RS

z;λ̌
. �

Remark 1. Let ∇ ∈ MOpΓg (P
1) be as in Theorem 4.14. According to Proposition 4.12, a necessary

condition for [∇]Γ to be regular at xk, k ∈ {1, . . . ,m} is the generalised cyclotomic Bethe ansatz
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equation
(
yk · 0|w0 · λ̌0

)

xk
+

T−1∑

r=0

N∑

i=1

(
yk · 0|νr(wi · λ̌i)

)

xk − ωrzi
+

T−1∑

r=0

m∑

j=1

(r,j) 6=(0,k)

(
yk · 0|νryj · 0

)

xk − ωrxj
= 0.

Moreover, Proposition 4.13 states that this condition is sufficient if yk ∈W is a simple reflection. ⊳

Remark 2. Let ∇ ∈ MOpΓg (P
1) be as in Theorem 4.14. If wi = Id for some i = 1, . . . , N (resp.

w0 = Id), then [∇]Γ has trivial monodromy at zi (resp. at the origin). Indeed, in this case a gauge

transformation of ∇ by (t− zi)
λ̌i (resp. tλ̌0) yields a g-connection regular at zi (resp. at the origin)

and hence with trivial monodromy there by Proposition 4.1. ⊳

To end this section we present two explicit examples of cyclotomic Miura g-opers, for the simple

Lie algebras g = sl3 and g = sl4, that we shall use to illustrate the various results from §5 and §6.

Example 1. Consider the simple Lie algebra g = sl3 in the fundamental representation. The two

fundamental coweights of sl3 are represented by the following diagonal matrices

ω̌1 =
1

3



2 0 0

0 −1 0

0 0 −1


 , ω̌2 =

1

3



1 0 0

0 1 0

0 0 −2


 .

Moreover, the principal nilpotent element p−1 is given by

p−1 =



0 0 0

1 0 0

0 1 0


 .

The unique non-trivial diagram automorphism ν : I → I of sl3 exchanges the labels 1 and 2. Let

us consider the simplest possible cyclotomic Miura sl3-oper ∇ with a pole only at the origin and

whose residue there is given by a ν-invariant integral dominant coweight. The general form of such

a coweight is λ̌0 = η(ω̌1 + ω̌2) with η ∈ Z≥0. Therefore the cyclotomic Miura sl3-oper in question

takes the form

∇ = d+

(
p−1 −

λ̌0
t

)
dt = d+



−η
t 0 0

1 0 0

0 1 η
t


 dt. (4.28)

Note that the residue at infinity of the associated h-connection ∇ is simply λ̌0 = η(ω̌1 + ω̌2). The

canonical representative of the associated cyclotomic sl3-oper [∇]Γ reads

g∇g−1 = d+



0 η(η+2)

2t 0

1 0 η(η+2)
2t

0 1 0


 dt, with g(t) =



1 η

t
η2

2t2

0 1 η
t

0 0 1


 .

Since we are working in the fundamental representation, the above group element g belongs to

the three dimensional representation of the special linear group SL3. However, in this article we

consider only the adjoint group G = (Aut g)◦ of the Lie algebra g, cf. §2.2. In the present example

we have g = sl3, whose adjoint group is the projective linear group PGL3 (the quotient of the linear

group GL3 by its center {λ Id, λ ∈ C×}). The adjoint group PGL3 can also be seen as the quotient
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of SL3 by its center Z = {λ Id, λ ∈ C× |λ3 = 1}. Here and in the examples 4 and 5 below, all group

elements written as 3× 3 matrices are to be understood as the class of these matrices in the three

dimensional representation of SL3 modulo multiplication by elements of Z. ⊳

Example 2. Consider the simple Lie algebra g = sl4. Denote by αi and ω̌i for i = 1, 2, 3, the simple

roots and the associated coweights.

The unique non-trivial diagram automorphism of sl4 is ν : 1 7→ 3, 2 7→ 2, 3 7→ 1, of order 2. We

choose the primitive T th-root of unity ω = e
2πi
T , with T = 2S and S ∈ Z≥1. The general ν-invariant

integral dominant coweight is of the form λ̌0 = η(ω̌1+ ω̌3)+κω̌2 with η, κ ∈ Z≥0. We shall consider

the cyclotomic Miura sl4-oper specified by the coweight λ̌0 at the origin and the coweight ω̌1 at a

point z ∈ C×, namely

∇ = d+

(
p−1 −

λ̌0
t

−
T−1∑

r=0

νrω̌1

t− ωrz

)
dt.

This can be re-expressed as

∇ = d+ p−1dt−
(
η

t
+

StS−1

tS − zS

)
ω̌1dt−

κ

t
ω̌2dt−

(
η

t
+

StS−1

tS + zS

)
ω̌3dt. (4.29)

The residues at the origin and infinity of the associated h-connection are

res0∇ = −η(ω̌1 + ω̌3)− κω̌2, res∞∇ = (η + S) (ω̌1 + ω̌3) + κω̌2. ⊳

5. Cyclotomic Miura g-opers and reproductions

Given a Miura g-oper ∇ ∈ MOpg(P
1) and any simple root αk, k ∈ I, the following lemma provides

a way of constructing a new Miura g-oper g∇g−1, where the gauge transformation parameter is of

the form g = efEk with f ∈ M. This is known as the reproduction or generation procedure in the

direction αk, see e.g. [MV05].

Lemma 5.1. Let ∇ = d + (p−1 + u)dt ∈ MOpg(P
1) and g = efEk ∈ N(M) for some f ∈ M. We

have g∇g−1 ∈ MOpg(P
1) if and only if the function f satisfies the Riccati equation

f ′(t) + f(t)2 + f(t)〈αk, u(t)〉 = 0.

In this case g∇g−1 = ∇+ fα̌k dt. Moreover, for any x ∈ C we have

resx g∇g−1 =

{
−sk · (− resx∇) if fdt ∈ Ω has a pole at x,

resx∇ otherwise.

Similarly, at infinity, we have

res∞ g∇g−1 =

{
sk · (res∞∇) if fdt ∈ Ω has a pole at ∞,

res∞∇ otherwise.

Moreover, if 〈αk, res∞∇+ ρ̌〉 ≥ 0 and f is not identically zero, then fdt has a pole at ∞.

Proof. By a direct calculation we find that

−dgg−1 = −f ′(t)Ekdt, gp−1g
−1 = p−1 + f(t)α̌k − f(t)2Ek,

gu(t)g−1 = u(t)− f(t)〈αk, u(t)〉Ek,
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from which we obtain g∇g−1 = d +
[
p−1 + u(t) + f(t)α̌k −

(
f ′(t) + f(t)2 + f(t)〈αk, u(t)〉

)
Ek
]
dt.

The latter is a Miura g-oper if and only if the coefficient of Ek vanishes, which is equivalent to the

Riccati equation. We then have g∇g−1 = ∇+ fα̌k dt and hence also g∇g−1 = ∇+ fα̌k dt.

To prove the statement about the residue, suppose first that x ∈ C and define µ̌ := − resx∇ so

that u(t) = − µ̌
t−x+r(t) for some r ∈ h(M) regular at x. By considering the Laurent series expansion

at x of the solution f ∈ M we find that it is consistent with the Riccati equation provided f has at

most a simple pole there, namely

f(t) =
a

t− x
+ O

(
(t− x)0

)

with either a = 0 or a = 〈αk, µ̌+ ρ̌〉. In the first case, fdt is regular at x so that resx fdt = 0 and

hence resx g∇g−1 = resx∇. In the second case, fdt has a simple pole at x with resx fdt = 〈αk, µ̌+ρ̌〉
so that resx g∇g−1 = −µ̌+ 〈αk, µ̌+ ρ̌〉α̌k = −sk · µ̌ = −sk · (− resx∇).

Consider now the point at infinity and define µ̌ := res∞∇ so that u(t) = − µ̌
t + O

(
1
t2

)
. It then

follows that the asymptotic behaviour of the solution f to the Riccati equation for large t reads

f(t) =
a

t
+ O

(
1

t2

)
,

with either a = 0 or a = 〈αk, µ̌ + ρ̌〉. As above, in the first case, fdt is regular at infinity and we

find res∞ g∇g−1 = res∞∇. In the second case, fdt has a simple pole at infinity and we deduce that

res∞ g∇g−1 = sk · (res∞∇), as required.

Finally, let us suppose that 〈αk, res∞∇+ ρ̌〉 is non-negative, i.e. that 〈αk, µ̌〉 ≥ −1. In order to

prove the last statement of the lemma, we shall show that if f does not have a pole at infinity (i.e.

if a = 0), then f is identically zero. Indeed, if f were different from zero, we could write

f(t) =
b

tp
+ O

(
1

tp+1

)
,

for some non-zero b ∈ C× and p ∈ Z≥2. The cancellation of the terms of order t−p−1 in the Ricatti

equation yields the condition
(
p + 〈αk, µ̌〉

)
b = 0. However, p + 〈αk, µ̌〉 ≥ 2 − 1 = 1 so that b = 0,

hence a contradiction. �

Suppose now that the Miura g-oper ∇ we start with is cyclotomic. More precisely, let us consider

∇ ∈ MOpΓg (P
1) such that the underlying cyclotomic g-oper [∇]Γ lives in OpΓg (P

1)RS
z;λ̌

, as defined in

§4.6. Then ∇ is described by Theorem 4.14 and in particular is of the form (4.26). Moreover, using

the notations of Theorem 4.14, we suppose w0 = Id so that − res0∇ = λ̌0 is a ν-invariant integral

dominant coweight. We can thus write ∇ = d+ (p−1 + u)dt with

u(t) := − λ̌0
t

−
T−1∑

r=0




N∑

i=1

νr(wi · λ̌i)
t− ωrzi

+
m∑

j=1

νryj · 0
t− ωrxj


 . (5.1)

The difficulty with applying the generation procedure in the cyclotomic setting is that the new

Miura g-oper g∇g−1 will in general no longer be cyclotomic, since the parameter g ∈ N(M) of the

gauge transformation we applied need not be ς̂-invariant. This problem was first studied in [VaY15],

when wi = Id for each i = 1, . . . , N and yj are simple reflections for each j = 1, . . . ,m, using the

language of populations of solutions to the Bethe ansatz equations (the collection of algebraic
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equations ensuring the regularity of (5.1) at the set of points {xj}mj=1, cf. Proposition 4.13). As

observed there, it is possible to move from one solution of the cyclotomic Bethe equations [ViY16a]

to another by applying instead a sequence of reproductions in the directions of the various roots

in the ν-orbit of αk. Moreover, the existence of such a cyclotomic generation procedure was shown

to require imposing certain conditions on the coweight λ̌0, cf. Theorems 5.3 and 5.5 below. Note

that for the case discussed in §5.2 below λ̌0 was only assumed half -integral dominant in [VaY15].

Although we assume throughout this section that λ̌0 is integral dominant, we shall show later in

§6.2 that the integrality condition can in fact be relaxed.

In this section we will describe cyclotomic reproduction within the framework of cyclotomic Miura

g-opers by studying the properties of Riccati-type equations. Specifically, we will prove cyclotomic

generalisations of Lemma 5.1, corresponding to reproduction in the direction of a simple root αν
I

of

the folded Lie algebra gν , in the case when the orbit I ∈ I/ν is of type A
×|I|
1 or A

×|I|/2
2 .

Recall the setting of §3.3. Let I ∈ I/ν be an orbit in I under the diagram automorphism ν : I → I.

Consider the corresponding orbit of simple roots

{αi}i∈I ⊂ Φ+.

Unless the orbit is of size one, i.e. |I| = 1, applying a single gauge transformation by an element of

the form efiEi with i ∈ I and fi ∈ M will certainly break the Γ-invariance of the cyclotomic Miura

g-oper ∇. In order to restore it, we will have to apply a series of successive gauge transformations by

efiEi , with some fi ∈ M, corresponding to the other points i in the orbit I. The specific combination

of gauge transformations required will depend on whether the orbit I is of type A
×|I|
1 or A

×|I|/2
2 , cf.

§3.3. We will treat these two cases separately.

5.1. Orbit of type A
×|I|
1 . Let I be an orbit of type A

×|I|
1 , i.e. such that ℓI = 1 in the notation of

§3.3. As mentioned above the case |I| = 1 is easy to treat, so we shall assume |I| ≥ 2.

Let i, j ∈ I be distinct. If we perform a gauge transformation of ∇ = d+(p−1+u)dt ∈ MOpΓg (P
1)

by efiEi with fi ∈ M a solution to the Riccati equation

f ′(t) + f(t)2 + f(t)〈αi, u(t)〉 = 0,

then by Lemma 5.1 we obtain the new Miura g-oper efiEi∇e−fiEi = ∇ + fiα̌i dt. If we perform a

second gauge transformation of the latter by efjEj , then by Lemma 5.1 the resulting g-connection

will again be a Miura g-oper provided fj ∈ M is chosen to satisfy the Riccati equation

f ′(t) + f(t)2 + f(t)〈αj , u(t) + fiα̌i〉 = 0.

However, since we are assuming I to be of type A
×|I|
1 , we have 〈αj , α̌i〉 = 0 and hence the Riccati

equation satisfied by fj only depends on the original Miura g-oper ∇ and not on fi.

We are therefore seeking a gauge transformation by g :=
∏
i∈I e

fiEi where the functions fi ∈ M

satisfy the Riccati equations

(Ri) : f ′i(t) + fi(t)
2 + fi(t)〈αi, u(t)〉 = 0, (5.2)



32 SYLVAIN LACROIX AND BENOÎT VICEDO

for i ∈ I. Note that the order of the factors in the expression for g doesn’t matter by the assumption

on the nature of the orbit I. By Lemma 5.1, the resulting Miura g-oper is given by

g∇g−1 = ∇+
∑

i∈I

fi(t) α̌i dt. (5.3)

The sum over the orbit I is ν̂-invariant, and hence g∇g−1 is cyclotomic, if and only if

ω−1fi(ω
−1t) = fν(i)(t), for all i ∈ I. (5.4)

Let us fix a reference point k ∈ I on the orbit so that

I =
{
k, ν(k), . . . , ν |I|−1(k)

}
.

Noting that ω−1ν
(
u(ω−1t)

)
= u(t), we have ω−1〈αi, u(ω−1t)〉 = 〈αν(i), u(t)〉, from which it follows

that ω−1fi(ω
−1t) is a solution of the Riccati equation (Rν(i)). So starting from any solution fk ∈ M

of (Rk) we may define solutions fi ∈ M of (Ri) recursively by

fi(t) := ω−1fν−1(i)(ω
−1t), (5.5)

for i ∈ I \ {k}. By construction these satisfy the relations in (5.4) for all i ∈ I \ {ν|I|−1(k)}, so we

just need to ensure that it also holds for i = ν|I|−1(k), namely

ω−1fν|I|−1(k)(ω
−1t) = fk(t).

Using the recurrence relation (5.5) to rewrite the left hand side of this relation we can express the

condition for (5.3) to be cyclotomic as the following functional relation on fk alone

ω−|I|fk(ω
−|I|t) = fk(t). (5.6)

Now since both sides are solutions of the same differential equation (Rk), to check they are equal it

suffices to compare their values at a single point. However, to avoid having to explicitly solve (Rk)

it would be preferable to evaluate them at the origin since t = 0 is a fixed point of t 7→ ω−|I|t.

If the original cyclotomic Miura g-oper ∇ happens to be regular at the origin, i.e. λ̌0 = 0, so that

u(t) is also, then the Riccati equation (Rk) is regular at 0 and therefore admits solutions regular at

the origin for any initial value fk(0) ∈ C. In particular, two solutions of (5.6) are equal if and only

if they agree at the origin. It therefore follows that the gauge transformed Miura g-oper g∇g−1 is

cyclotomic if and only if ω|I| = 1, that is to say |I| = T since ω is a primitive T th-root of unity.

In order to treat the general case of an arbitrary ν-invariant integral dominant coweight λ̌0 ∈ hν

we will make use of the following.

Lemma 5.2. Let f be a non-zero meromorphic solution of the Riccati equation

f ′(t) + f(t)2 + f(t)
(
−η
t
+ r(t)

)
= 0, (5.7)

where r ∈ M is regular at the origin. If η ∈ Z≥0 then either

(i) f is regular at the origin, in which case it reads f(t) = tηh(t) for some h ∈ M regular at 0,

with h(0) ∈ C× arbitrary, and satisfying

h′(t) + tηh(t)2 + h(t)r(t) = 0. (5.8)
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We call (5.8) the regularised Riccati equation associated with (5.7).

(ii) f is singular at the origin, in which case it takes the form f(t) = η+1
t +k(t) for some unique

k ∈ M regular at 0. �

Proof. Consider the Laurent expansion of f ∈ M at the origin. As in the proof of Lemma 5.1, for

this to be consistent with equation (5.7) we find that f can have at most a first order pole at the

origin, namely

f(t) =
a

t
+
∑

n≥0

ant
n

with either a = 0 or a = η + 1.

Let us now discuss how the Ricatti equation (5.7) constrains the coefficients an. Taylor expanding

r as r(t) =
∑

n≥0 rnt
n, we can write the Laurent expansion of the different terms appearing in this

equation as

f ′(t) = − a

t2
+
∑

n≥0

(n+ 1)an+1t
n

f(t)2 =
a2

t2
+

2aa0
t

+
∑

n≥0

(
2aan+1 +

n∑

k=0

akan−k

)
tn

f(t)
(
−η
t
+ r(t)

)
= −ηa

t2
+
ar0 − ηa0

t
+
∑

n≥0

(
arn+1 − ηan+1 +

n∑

k=0

akrn−k

)
tn.

The sum of these three terms must vanish by virtue of the Ricatti equation (5.7). The cancellation

of the double pole gives a = 0 or a = η + 1, as stated above. Those of the simple pole and of the

Taylor expansion are equivalent to




(2a− η)a0 = −ar0,

(2a+ n− η)an = −arn −
n−1∑

k=0

ak (an−1−k + rn−1−k) for n ≥ 1.

If a = 0 then f is regular at 0, corresponding to part (i). The first equation then gives a0 = 0.

For 0 < n < η, the second equation also yields an = 0 by induction, as n − η 6= 0. For n = η, the

equation is verified for arbitrary aη ∈ C. Finally, all an for n > η are fixed in terms of aη and the

coefficients in the Taylor expansion of r(t) at the origin. In particular f is of the form f(t) = tηh(t)

for some h ∈ M with h(0) = aη ∈ C arbitrary. Moreover, by direct substitution into (5.7) we find

that h satisfies (5.8).

On the other hand, if a = η + 1 then f is singular at 0, which corresponds to part (ii). In this

case the first equation reads a0 = −η+1
η+2r0. By induction on n > 0, the second one fixes uniquely the

coefficients an in terms of the coefficients rk, as for any n > 0 the coefficient 2a+ n− η = n+ η+2

is non-zero. �

5.1.1. Singular reproduction procedure. Since λ̌0 is assumed integral dominant we may apply Lemma

5.2 to the solution fk of (Rk), with η = 〈αk, λ̌0〉. If fk has a pole at the origin then so does the

function t 7→ ω−|I|fk(ω
−|I|t). However, since both are solutions to the same Riccati equation of the
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form (5.7), by the uniqueness of such a solution in Lemma 5.2(ii) it follows that they are equal, i.e.

the condition (5.6) holds.

Moreover, in this case, all the functions fi for i ∈ I have a pole at the origin. Thus, using the

explicit form g =
∏
i∈I e

fiEi of the gauge transformation parameter and applying Lemma 5.1 for

each i ∈ I, followed by Lemma 3.6, we find that

− res0 g∇g−1 =

(
∏

i∈I

si

)
· (− res0∇) = sνI · (− res0∇).

5.1.2. Regular reproduction procedure. Suppose now that fk is regular at the origin, corresponding

to case (i) of Lemma 5.2. It remains to check when the condition (5.6) holds. Introducing the

function

hk(t) := t−ηfk(t),

regular at the origin, the condition (5.6) for g∇g−1 to be cyclotomic may then be rewritten as

ω−|I|(η+1)hk(ω
−|I|t) = hk(t). (5.9)

Now since both sides of (5.9) satisfy the same regularised Riccati equation of the form (5.8), they

are equal if and only if they agree at the origin. Note that we may as well assume hk(0) 6= 0 since if

hk(0) = 0 then by the homogeneity of the regularised Riccati equation hk would be identically zero

and hence g the identity. It follows that g∇g−1 is cyclotomic if and only if ω|I|(η+1) = 1. Recalling

that ω is a primitive T th-root of unity, this condition is equivalent to |I|(η + 1) ≡ 0 mod T . Or

since the size |I| of the orbit I necessarily divides the order of ν which by definition divides T , we

can also rewrite this condition as

〈αk, λ̌0 + ρ̌〉 ≡ 0 mod
T

|I| .

Note that, in this case, all the functions fi are regular at the origin, so that res0 g∇g−1 = res0∇.

5.1.3. Residue at infinity. Finally, let us discuss the residue at infinity of the new connection g∇g−1.

We suppose that 〈αk, res∞∇+ ρ̌〉 (and thus all the 〈αi, res∞∇+ ρ̌〉 for i ∈ I) is non-negative. One

can see the gauge transformation by g as successive gauge transformations by efiEi , for each i ∈ I.

As 〈αi, α̌j〉 = 0 for any distinct i, j ∈ I, the condition on the residue at infinity of the connection

still holds after each step. Thus, applying the last part of Lemma 5.1 for each i ∈ I, followed by

Lemma 3.6, we find that

res∞ g∇g−1 =

(
∏

i∈I

si

)
· (res∞∇) = sνI · (res∞∇).

Note that this discussion holds whether fk is regular or singular at 0. We have proved the following.

Theorem 5.3. Let I ∈ I/ν be an orbit of type A
×|I|
1 . Fix a k ∈ I and let fk ∈ M be any non-zero

solution of the Riccati equation

f ′k(t) + fk(t)
2 + fk(t)〈αk, u(t)〉 = 0,
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with u(t) as in (5.1). Define fi ∈ M for all i ∈ I \ {k} recursively by fi(t) := ω−1fν−1(i)(ω
−1t) and

let g =
∏
i∈I e

fiEi ∈ N(M).

If fk is regular at the origin, then g ∈ N ς̂(M), and hence g∇g−1 ∈ MOpΓg (P
1), if and only if

〈αk, λ̌0 + ρ̌〉 ≡ 0 mod
T

|I| .

Moreover, in this case we have res0 g∇g−1 = res0∇.

If fk has a pole at the origin, then we have g∇g−1 ∈ MOpΓg (P
1) without any condition on λ̌0 and

− res0 g∇g−1 = sν
I
· (− res0∇).

Finally, if 〈αk, res∞∇+ρ̌〉 is non-negative, then res∞ g∇g−1 = sν
I
·(res∞∇) (whether the function

fk is regular or singular at the origin). �

Remark 3. It is interesting to note that, just as in the case of an ordinary reproduction, we have

here a one-parameter family of transformations (the parameter being the initial value of hk at the

origin). In other words, even though we performed |I| different successive gauge transformations,

we don’t have |I| free parameters since the Γ-equivariance imposes relations between them. ⊳

Example 3. Let us illustrate Theorem 5.3 with an example. Consider the Lie algebra g = sl4 and the

cyclotomic Miura sl4-oper ∇ described in (4.29). We use the notations and conventions introduced

in the example 2. To perform a reproduction in the direction of the orbit {α1, α3}, we use a gauge

transformation by the unipotent element g = exp
(
f3E3

)
exp
(
f1E1

)
. The functions f1 and f3 must

satisfy the Ricatti equations

(Ri) : f ′i(t) + fi(t)
2 + qi(t)fi(t) = 0,

with

q1(t) := −η
t
− StS−1

tS − zS
, q3(t) := −η

t
− StS−1

tS + zS
.

Introducing the functions

Q1(t) := e−
∫
q1(t)dt = tη(tS − zS), R1(t) :=

∫
Q1(t)dt =

1

η + S + 1
tη+S+1 − zS

η + 1
tη+1,

one can check that the most general solution of (R1) is

f1(t) =
Q1(t)

R1(t) + Ã
=

(η + 1)(S + η + 1)tη(tS − zS)

(η + 1)tS+η+1 − (S + η + 1)zStη+1 +A
,

where A := (S + η + 1)(η + 1)Ã is an arbitrary integration constant. Following Theorem 5.3, we

introduce

f3(t) := ω−1f1(ω
−1t) =

(η + 1)(S + η + 1)tη(tS + zS)

(η + 1)tS+η+1 + (S + η + 1)zStη+1 − ωη+1A
,

where in the second equality we used the fact that ω−S = −1. One can check that f3 is a solution

of the Ricatti equation (R3). The resulting unipotent element g is cyclotomic if and only if

f1(t) = ω−1f3(ω
−1t) =

(η + 1)(S + η + 1)tη(tS − zS)

(η + 1)tS+η+1 − (S + η + 1)zStη+1 + ω2(η+1)A
.
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If A = 0 then the above condition always holds. On the other hand, if A 6= 0 then this condition is

equivalent to ω2(η+1) = 1, i.e. to

〈α1, λ̌0 + ρ̌〉 ≡ η + 1 ≡ 0 mod
T

2
,

in agreement with Theorem 5.3.

Let us also determine the residues at the origin and infinity of the connection g∇g−1 obtained

after reproduction. We have seen in example 2 that res∞∇ = (η + S) (ω̌1 + ω̌3) + κω̌2. After the

reproduction procedure, we get

res∞ g∇g−1 = (η + S) (ω̌1 + ω̌3) + κω̌2 − (η + S + 1) (α̌1 + α̌3) = s1s3 ·
(
res∞∇

)
.

When f1 and f3 are both regular at the origin (i.e. when A 6= 0), the residue at the origin does not

change after the reproduction procedure: res0 g∇g−1 = res0∇ = −η(ω̌1 + ω̌3) − κω̌2. However, if

f1 and f3 are singular at the origin (i.e. A = 0), we find

− res0 g∇g−1 = η(ω̌1 + ω̌3) + κω̌2 − (η + 1)(α̌1 + α̌3) = s1s3 ·
(
− res0∇

)
. ⊳

5.2. Orbit of type A
×|I|/2
2 . Suppose now that I ∈ I/ν is an orbit of type A

×|I|/2
2 with |I| even,

corresponding to the case ℓI = 2, cf. §3.3. In the setting of simple Lie algebras of finite type, such

orbits occur only in type A2n, in which case the orbit is of size |I| = 2.

Let us fix a reference point k ∈ I and denote one half of the orbit by

I/2 = {k, ν(k), . . . , ν |I|/2−1(k)},

cf. Lemma 3.6. Recall the notation ı̄ = ν|I|/2(i). The full orbit I then consists of |I|/2 distinct pairs

{i, ı̄} for each i ∈ I/2 such that 〈αi, α̌ı̄〉 = 〈αı̄, α̌i〉 = −1 and 〈αi, α̌j〉 = 0 for any j ∈ I with j 6= i, ı̄.

For each i ∈ I/2, the subalgebra generated by Ei and Eı̄ has dimension 3 and is spanned by Ei, Eı̄

and [Ei, Eı̄].

In this case, performing two successive reproductions in the directions of αi and αı̄ is not enough to

restore the Γ-equivariance of the Miura g-oper. In order to obtain a cyclotomic Miura g-oper we will

need to perform a third reproduction in the direction of αi, so that the total gauge transformation

parameter is of the form g =
∏
i∈I/2 e

ki,3Eieki,2Eı̄eki,1Ei for some ki,1, ki,2, ki,3 ∈ M. Equivalently, we

can write the latter as

g :=
∏

i∈I/2

efi,1(Ei+Eı̄)+fi,2(Ei−Eı̄)+fi,3[Ei,Eı̄] (5.10)

for some fi,1, fi,2, fi,3 ∈ M, where we have used the combinations Ei ± Eı̄ rather than Ei and Eı̄

for later convenience. Note that the order in the above product over I/2 does not matter since the

generators Ei, Eı̄ commute with Ej , E̄ for any distinct i, j ∈ I/2. The calculation can be performed

using either of the above expressions for g. If we consider the product of exponentials of simple root

generators then we have to study three Riccati equations but, since now (αi|αı̄) 6= 0, the argument

used in §5.1 no longer applies. We will use the second form (5.10) for g.
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Let ∇ = d + (p−1 + u)dt ∈ MOpΓg (P
1). A lengthy but straightforward computation gives the

expression of the gauge transformed g-connection

g∇g−1 = ∇+
∑

i∈I/2

(
(fi,1 + fi,2)α̌i + (fi,1 − fi,2)α̌ı̄

− 1

2

(
f2i,1 + 3f2i,2 + (qi + qı̄)fi,1 + (qi − qı̄)fi,2 + 2f ′i,1

)
(Ei + Eı̄)

− 1

2

(
4fi,1fi,2 + (qi + qı̄)fi,2 + (qi − qı̄)fi,1 − 2fi,3 + 2f ′i,2

)
(Ei − Eı̄)

−
(
2fi,1fi,3 − fi,1f

′
i,2 + fi,2f

′
i,1 + fi,2(f

2
i,2 − f2i,1) + f ′i,3

+ (qi + qı̄)fi,3 − 1

2
(qi − qı̄)(f

2
i,1 − f2i,2)

)
[Ei, Eı̄]

)
dt,

where qi(t) := 〈αi, u(t)〉 and qı̄(t) := 〈αı̄, u(t)〉.
Since we want g∇g−1 to be a Miura g-oper we should impose that the coefficients of Ei±Eı̄ and

[Ei, Eı̄] all vanish. This gives rise to a set of three coupled Riccati-type differential equations, which

after some rearranging take the form

(Ri) :





2f ′i,1 + f2i,1 + 3f2i,2 + (qi + qı̄)fi,1 + (qi − qı̄)fi,2 = 0,

2f ′i,2 + 4fi,1fi,2 − 2fi,3 + (qi + qı̄)fi,2 + (qi − qı̄)fi,1 = 0,

2f ′i,3 + 2fi,1fi,3 + fi,2(f
2
i,1 − f2i,2) + 2(qi + qı̄)fi,3 = 0.

(5.11)

Noting that ω−1ν
(
u(ω−1t)

)
= u(t) since u(t)dt ∈ Ων̂(h), which also implies that for every i ∈ I/2

we have ω−1qν−1(i)(ω
−1t) = qi(t) and ω−1qν−1(ı̄)(ω

−1t) = qı̄(t), we deduce that the three functions

ω−1fi,1(ω
−1t), ω−1fi,2(ω

−1t) and ω−2fi,3(ω
−1t) satisfy the coupled system of equations (Rν(i)).

Therefore, starting with any solution fk,1, fk,2, fk,3 ∈ M for the reference point k ∈ I we can define

a solution fi,1, fi,2, fi,3 ∈ M of (Ri) recursively by

fi,1(t) := ω−1fν−1(i),1(ω
−1t), fi,2(t) := ω−1fν−1(i),2(ω

−1t), fi,3(t) := ω−2fν−1(i),3(ω
−1t).

(5.12)

for every i ∈ I/2 \ {k}. Now since ν|I|/2(k) = k̄ we have

ς
(
Eν|I|/2−1(k) ± Eν|I|/2−1(k̄)

)
= ±ω−1(Ek ± Ek̄), ς

([
Eν|I|/2−1(k), Eν|I|/2−1(k̄)

])
= −ω−2[Ek, Ek̄].

So by construction, we find that g ∈ N(M) defined in (5.10) using the functions fi,1, fi,2, fi,3 for all

i ∈ I/2 is invariant under ς̂ if and only if

fk,1(t) = ω−1fν|I|/2−1(k),1(ω
−1t), fk,2(t) = −ω−1fν|I|/2−1(k),2(ω

−1t),

fk,3(t) = −ω−2fν|I|/2−1(k),3(ω
−1t).

Equivalently, using the above recurrence relations to rewrite the right hand sides of these equations

we obtain conditions on the functions fk,1, fk,2 and fk,3 alone, namely

fk,1(t) = ω−|I|/2fk,1(ω
−|I|/2t), fk,2(t) = −ω−|I|/2fk,2(ω

−|I|/2t),

fk,3(t) = −ω−|I|fk,3(ω
−|I|/2t).

(5.13)

We now consider the issue of the regularity of the equations (5.11) at the origin. The functions

qi and qı̄ have the form qi(t) = −η
t + ri(t) and qı̄(t) = −η

t + rı̄(t), with η = 〈αi, λ̌0〉 = 〈αı̄, λ̌0〉 and

ri, rı̄ ∈ h(M) both regular at the origin. Note that η is independent of i and ı̄ by the ν-invariance of
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the coweight λ̌0 and is a non-negative integer, as λ̌0 is a dominant integral coweight. We will need

the following result, which is the analog, for an orbit of type A
×|I|/2
2 , of Lemma 5.2.

Lemma 5.4. Let f1, f2 and f3 be meromorphic solutions of the system of differential equations

2f ′1 + f21 + 3f22 + (q + q)f1 + (q − q)f2 = 0, (5.14a)

2f ′2 + 4f1f2 − 2f3 + (q + q)f2 + (q − q)f1 = 0, (5.14b)

2f ′3 + 2f1f3 + f2(f
2
1 − f22 ) + 2(q + q)f3 = 0. (5.14c)

Suppose q(t) = −η
t + r(t) and q(t) = −η

t + r(t), with r, r ∈ M regular at 0. If η ∈ Z≥0 then either

(i) the functions fi are regular at 0, in which case they read f1(t) = tηh1(t), f2(t) = tηh2(t)

and f3(t) = t2ηh3(t) for some hi ∈ M regular at 0, with hi(0) ∈ C arbitrary.

(ii) at least one of the functions fi is singular at 0, in which case they are of the form

f1(t) =
a

t
+ k1(t), f2(t) =

b

t
+ k2(t), f3(t) =

c

t2
+
d

t
+ k3(t), (5.15)

where ki ∈ M are regular at 0 and a, b, c, d ∈ C. Moreover, the coefficients a, b, c fall into

one of two possible classes

(a) (a, b, c) =
(
2(η + 1), 0, 0

)
, in which case d ∈ C and ki ∈ M are unique,

(b) (a, b, c) =
(
η+1
2 ,±η+1

2 , 0
)

or (a, b, c) =
(
3(η+1)

2 ,±η+1
2 ,±(η + 1)2

)
.

Proof. Consider the Laurent expansions of the functions fi around the origin. The consistency of

these expansions with the equations (5.14) requires f1 and f2 to have at most a simple pole at 0

and f3 at most a double pole at 0. Thus the fi’s can be written in the form of equation (5.15).

Moreover, one finds that the cancellation of the double poles in the first two equations and of the

triple pole in the third one leads to the set of conditions

a2 − 2(η + 1)a+ 3b2 = 0, 2ab− (η + 1)b− c = 0, 2ac+ b(a2 − b2)− 4(η + 1)c = 0. (5.16)

There are 6 solutions to this system of equations: (a, b, c) = (0, 0, 0), (a, b, c) =
(
2(η + 1), 0, 0

)
,

(a, b, c) =
(
η+1
2 ,±η+1

2 , 0
)

and (a, b, c) =
(
3(η+1)

2 ,±η+1
2 ,±(η + 1)2

)
.

In the case where (a, b, c) = (0, 0, 0) one finds that d is also zero. This corresponds to case (i) of

the lemma, where the functions fi are all regular at the origin. Consider then the Taylor expansions

f1(t) =
∑

n≥0 ant
n, f2(t) =

∑
n≥0 bnt

n and f3(t) =
∑

n≥0 cnt
n. Substituting these into (5.14) and

working order by order in powers of t one finds that a0 = b0 = c0 = 0 and that the coefficients an,

bn and cn for n ∈ Z≥1 must satisfy the recurrence relations




2(n+ 1− η)an+1 = −
n∑

k=0

(
ak(an−k + rn−k + rn−k) + bk(3bn−k + rn−k − rn−k)

)
,

2(n+ 1− η)bn+1 = 2cn −
n∑

k=0

(
ak(4bn−k + rn−k − rn−k) + bk(rn−k + rn−k)

)
,

2(n+ 1− 2η)cn+1 = −
n∑

k=0

ck(an−k + 2rn−k + 2rn−k) +
∑

k1+k2+k3=n

(
bk1bk2bk3 − bk1ak2ak3

)
,

where rn and rn are coefficients in the Taylor expansion of r and r.
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We have a0 = b0 = c0 = 0. For n + 1 < η, the coefficients n + 1 − η and n + 1 − 2η in the left

hand sides of these equations are non-zero, so we conclude by induction that an = bn = cn = 0 for

n < η−1. When n = η−1, the first two equations are verified for arbitrary values of an+1 = aη ∈ C

and bn+1 = bη ∈ C. Similarly, the third equation yields cn = 0 for all n < 2η − 1 and c2η ∈ C is

arbitrary. The coefficients an and bn for n > η and cn for n > 2η are then determined uniquely in

terms of the rn’s, the rn’s and the arbitrary coefficients aη, bη and c2η. This conclude the discussion

of case (i) of the lemma.

Next, we turn to the 5 other solutions of equation (5.16), corresponding to the case where at

least one of the fi’s is singular, i.e. the case (ii) of the lemma. We shall focus on case (a), with

(a, b, c) =
(
2(η+1), 0, 0

)
. Substituting the Taylor expansions of the regular functions ki into (5.14),

one finds unique expressions for the coefficients d, a0, b0 and c0. After a tedious but straightforward

computation, one finds recurrence relations similar to the ones above. In the case at hand, however,

the coefficients in front of an+1, bn+1 and cn+1 are non-zero for any n ∈ Z≥0. Thus, all the coefficients

an, bn and cn are determined uniquely by these recursion relations and the initial values a0, b0 and

c0 previously obtained. Therefore, in this case, the functions ki are unique. �

Let us now come back to the discussion of cyclotomic reproductions along the orbit I. We began

with solutions fk,1, fk,2 and fk,3 of equations (Rk). As explained above, we constructed solutions

fi,1, fi,2 and fi,3 of equations (Ri) for any i ∈ I/2 recursively using the formula (5.12). The condition

for the corresponding reproduction to be cyclotomic is then given by equation (5.13).

5.2.1. Regular reproduction procedure. Suppose that the functions fk,1, fk,2 and fk,3 (and thus also

the functions fi,1, fi,2 and fi,3 for any i ∈ I/2) are regular at the origin, so that they are described

by case (i) of Lemma 5.4. Then hi,1(t) := t−ηfi,1(t), hi,2(t) := t−ηfi,2(t) and hi,3(t) := t−2ηfi,3(t)

are regular at the origin. They obey the following regularised equations

2h′i,1 + tη(h2i,1 + 3h2i,2) + (ri + rı̄)hi,1 + (ri − rı̄)hi,2 = 0, (5.17a)

2h′i,2 + tη(4hi,1hi,2 − 2hi,3) + (ri + rı̄)hi,2 + (ri − rı̄)hi,1 = 0, (5.17b)

2h′i,3 + tη
(
2hi,1hi,3 + hi,2(h

2
i,1 − h2i,2)

)
+ 2(ri + rı̄)hi,3 = 0, (5.17c)

whose coefficients are regular at 0 since η ∈ Z≥0. The coupled system of equations (5.17) admits

a solution regular at 0 for every set of initial conditions hi,1(0), hi,2(0), hi,3(0) ∈ C. It remains to

check whether there are solutions for which the corresponding gauge transformation parameter g

defined in (5.10) is ς̂-invariant so that g∇g−1 ∈ MOpΓg (P
1).

When phrased in terms of the regularised functions hk,1, hk,2 and hk,3, the conditions (5.13) for

g ∈ N(M) to be ς̂-invariant read

hk,1(t) = ω−(1+η)|I|/2hk,1(ω
−|I|/2t), hk,2(t) = −ω−(1+η)|I|/2hk,2(ω

−|I|/2t),

hk,3(t) = −ω−(1+η)|I|hk,3(ω
−|I|/2t).

(5.18)

Now by construction, both sides of the relations (5.18) satisfy the same system of coupled equations

(5.17). Thus (5.18) hold for all t ∈ C if and only if they hold at the origin. It follows that g ∈ N ς̂(M)
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if and only if

hk,1(0) = ω−(1+η)|I|/2hk,1(0), hk,2(0) = −ω−(1+η)|I|/2hk,2(0),

hk,3(0) = −ω−(1+η)|I|hk,3(0).
(5.19)

Since the coupled equations (5.17) are homogeneous, for the set of functions hk,1, hk,2 and hk,3 to be

non-trivial, and hence g 6= Id, we should certainly have at least one of the initial conditions hk,1(0),

hk,2(0) and hk,3(0) be non-zero. However, the above conditions (5.19) are consistent only if at most

one of these initial conditions is non-zero. We therefore have three distinct possibilities:

• ω(1+η)|I|/2 = 1 if hk,2(0) = hk,3(0) = 0,

• ω(1+η)|I|/2 = −1 if hk,1(0) = hk,3(0) = 0,

• ω(1+η)|I| = −1 if hk,1(0) = hk,2(0) = 0.

In each case, the ς̂-invariance of g reduces the number of free initial conditions to one. Therefore,

we have once again a one-parameter family of cyclotomic gauge transformations. We note that the

above three cases can be combined into the single condition ω2|I|(1+η) = 1. Or since ω is a primitive

T th-root of unity this is equivalent to 2|I|(1 + η) ≡ 0 mod T . Using the definition of η we can also

rewrite this as |I|〈αk + αk̄, λ̌0 + ρ̌〉 ≡ 0 mod T and in turn, since |I| divides T , as

〈αk + αk̄, λ̌0 + ρ̌〉 ≡ 0 mod
T

|I| .

Since all the functions fi,1 and fi,2 are regular at 0, it is clear that this cyclotomic reproduction

does not change the residue at the origin, namely

res0 g∇g−1 = res0∇ = −λ̌0.

5.2.2. Singular reproduction procedure. Suppose now that at least one of the functions fk,1, fk,2 and

fk,3 is singular at 0. They are then described by case (ii) of Lemma 5.4 and are of the form (5.15).

Let us see when these solutions correspond to a cyclotomic reproduction, i.e. when they verify the

functional relation (5.13). It is clear that this relation is compatible with the form (5.15) only if

the coefficients b and c are zero. According to Lemma 5.4, this only leaves case (a) as a possibility,

where (a, b, c) = (2(η + 1), 0, 0).

By construction, the sets of functions on the left and right hand sides of (5.13) are solutions of

the same equation (Rk). Moreover, they are both of the form given in case (ii)(a) of Lemma 5.4.

By uniqueness of the solutions of this form, these two sets of functions must be equal and thus the

corresponding reproduction procedure is cyclotomic.

Finally, recall that the new g-connection is given by

g∇g−1 = ∇+
∑

i∈I/2

(
fi,1 (α̌i + α̌ı̄) + fi,2 (α̌i − α̌ı̄)

)
dt.

Using the fact that

res0 fi,1dt = 2(η + 1) = 〈αi + αı̄, λ̌0 + ρ̌〉, res0 fi,2dt = 0 and res0 fi,3dt = 0,
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and Lemma 3.6, one finds

− res0 g∇g−1 =


∏

i∈I/2

sisı̄si


 · λ̌0 = sνI · (− res0∇).

5.2.3. Residue at infinity. The following discussion applies whether the reproduction procedure is

regular or singular at the origin. In order to determine the residue of the new Miura g-oper g∇g−1 at

infinity, recall that the gauge transformation parameter can also be written in the form of a product

of exponentials of simple root generators as g =
∏
i∈I/2 e

ki,3Eieki,2Eı̄eki,1Ei , where ki,1, ki,2, ki,3 ∈ M

can be expressed in terms of the functions fi,1, fi,2, fi,3 ∈ M constructed above. In particular, if we

started with functions fk,1, fk,2 and fk,3 not all zero and verifying the cyclotomy condition (5.13),

then one checks that the functions ki,1, ki,2 and ki,3 for i ∈ I/2 are all non-zero.

Let µ̌ = res∞∇ and fix i ∈ I/2. Suppose that κ = 〈αi, µ̌ + ρ̌〉 = 〈αı̄, µ̌ + ρ̌〉 is non-negative

and consider the three successive reproductions with overall parameter gi = eki,3Eieki,2Eı̄eki,1Ei .

According to the last part of Lemma 5.1, since ki,1 is non-zero, it has a simple pole at infinity and

the first reproduction then yields a new g-connection with residue si · µ̌ at infinity. Recalling that

〈αi, α̌ı̄〉 = 〈αı̄, α̌i〉 = −1, one then finds 〈αı̄, si · µ̌+ ρ̌〉 = 2κ. Thus, the last part of Lemma 5.1 still

applies to the second reproduction and the new g-connection has residue sı̄si · µ̌ at infinity. Finally,

one has 〈αi, sı̄si · µ̌ + ρ̌〉 = κ. Applying Lemma 5.1 one last time, one finds that after the gauge

transformation by gi, the residue at infinity of the new g-connection gi∇g−1
i is sisı̄si ·

(
res∞∇

)
.

If 〈αk, µ̌+ ρ̌〉 is non-negative for some k ∈ I/2, then 〈αi, µ̌+ ρ̌〉 is non-negative for all i ∈ I/2. As

〈αi, α̌j〉 = 0 for any j 6= i, ı̄, the group elements gi, i ∈ I/2 commute with one another and

〈αi, res∞ gj∇g−1
j + ρ̌〉 = 〈αi, res∞∇+ ρ̌〉. (5.20)

Thus, we can apply successively (and in any order) the reasoning of the previous paragraph to the

gauge transformations with parameters gi, for all i ∈ I/2. We then deduce that

res∞ g∇g−1 =


∏

i∈I/2

sisı̄si


 · (res∞∇) = sνI · (res∞∇),

where we used Lemma 3.6. We have thus proved the following.

Theorem 5.5. Let I ∈ I/ν be an orbit of type A
×|I|/2
2 . Fix a k ∈ I and let fk,1, fk,2, fk,3 ∈ M be

solutions of the coupled differential equations (5.11), not all zero. Define fi,1, fi,2, fi,3 ∈ M for all

i ∈ (I/2) \ {k} recursively by

fi,1(t) := ω−1fν−1(i),1(ω
−1t), fi,2(t) := ω−1fν−1(i),2(ω

−1t), fi,3(t) := ω−2fν−1(i),3(ω
−1t).

and let g :=
∏
i∈I/2 e

fi,1(Ei+Eı̄)+fi,2(Ei−Eı̄)+fi,3[Ei,Eı̄].

If we consider functions fk,1, fk,2, fk,3 regular at the origin, then they can be chosen so that g

belongs to N ς̂(M) if and only if

〈αk + αk̄, λ̌0 + ρ̌〉 ≡ 0 mod
T

|I| .

Moreover, in this case we have g∇g−1 ∈ MOpΓg (P
1) with res0 g∇g−1 = res0∇.
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Suppose now that at least one of the functions fk,1, fk,2, fk,3 is singular at the origin, so that they

are described by case (ii) of Lemma 5.4. Then g is in N ς̂(M) if and only if the singular behaviour

of fk,1, fk,2, fk,3 is as in the subcase (a), without any conditions on the coweight λ̌0. Moreover, in

this case we have g∇g−1 ∈ MOpΓg (P
1) with − res0 g∇g−1 = sν

I
· (− res0∇).

Finally, if 〈αk, res∞∇ + ρ̌〉 is non-negative, then we have res∞ g∇g−1 = sν
I
· (res∞∇) (whether

we started with functions regular or singular at the origin). �

Remark 4. Note that the approach of this section may equally be applied to the case of an orbit of

type A
×|I|
1 for even |I|: in this case, there are no functions fi,3 and we only get the first two conditions

ω(1+η)|I|/2 = ±1 above, which are indeed equivalent to the condition 〈αk, λ̌0 + ρ̌〉 ≡ 0 mod T
|I| as

given in Theorem 5.3. ⊳

Example 4. Let us illustrate Theorem 5.5 with an example. We consider the Lie algebra g = sl3

and the cyclotomic Miura sl3-oper ∇ defined in equation (4.28) of example 1.

We consider the orbit of simple roots {α1, α2}, which is of type A2, and the unipotent element

g = ef̃1E1+f̃2E2+f̃3E12 , (5.21)

expressed in the basis E1, E2, E12 := [E1, E2]. In Theorem 5.5 and the discussion above, g is given

by g = ef1(E1+E2)+f2(E1−E2)+f3E12 , in a basis of eigenvectors of ς. The two expressions are simply

related by f̃1 = f1 + f2, f̃2 = f1 − f2 and f̃3 = f3. In the fundamental representation, we have

g =



1 f̃1 f̃3 +

1
2 f̃1f̃2

0 1 f̃2

0 0 1


 .

The gauge transformation g∇g−1 is a Miura sl3-oper if and only if the functions f̃i are solutions

of the following system of coupled differential equations

f̃ ′1(t) =
η

t
f̃1(t)− f̃1(t)

2 − 1
2 f̃1(t)f̃2(t)− f̃3(t),

f̃ ′2(t) =
η

t
f̃2(t)− f̃2(t)

2 − 1
2 f̃1(t)f̃2(t) + f̃3(t),

f̃ ′3(t) = 2
η

t
f̃3(t)−

(
f̃1(t) + f̃2(t)

)
f̃3(t) +

1
2

(
f̃1(t)

2 + f̃ ′1(t)
)
f̃2(t)− 1

2

(
f̃2(t)

2 + f̃ ′2(t)
)
f̃1(t).

The regularized functions h̃1(t) = t−ηf̃1(t), h̃2(t) = t−ηf̃2(t) and h̃3(t) = t−2ηf̃3(t) are solutions of

differential equations regular at the origin. The solution of the above differential system with initial

conditions h̃1(0) = a, h̃2(0) = b and h̃3(0) = c is

f̃1(t) = 2µ tµ−1 (ab+ 2c) tµ + 2µa

(ab+ 2c) t2µ + 4µa tµ + 4µ2
, (5.22a)

f̃2(t) = 2µ tµ−1 (ab− 2c) tµ + 2µb

(ab− 2c) t2µ + 4µb tµ + 4µ2
, (5.22b)

f̃3(t) = 4µ3 t2µ−2

(
(ab+ 2c)b− (ab− 2c)a

)
tµ + 4µc(

(ab+ 2c) t2µ + 4µa tµ + 4µ2
)(
(ab− 2c) t2µ + 4µb tµ + 4µ2

) . (5.22c)

where we defined µ = η + 1.
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To simplify the analysis of this solution, we define functions A and B such that f̃1(t) = A(t; a, b, c),

f̃2(t) = A(t; b, a,−c) and f̃3(t) = B(t; a, b, c) = −B(t; b, a,−c). One checks easily that

ω−1A(ω−1t; a, b, c) = A(t;ω−µa, ω−µb, ω−2µc),

ω−2B(ω−1t; a, b, c) = B(t;ω−µa, ω−µb, ω−2µc).

Noting that g is ς̂-invariant if and only if we have ω−1f̃1(ω
−1t) = f̃2(t), ω

−1f̃2(ω
−1t) = f̃1(t) and

ω−2f̃3(ω
−1t) = −f̃3(t), the condition for the reproduction to be cyclotomic can be re-expressed as

A(t;ω−µa, ω−µb, ω−2µc) = A(t; b, a,−c),
A(t;ω−µb, ω−µa,−ω−2µc) = A(t; a, b, c),

B(t;ω−µa, ω−µb, ω−2µc) = B(t; b, a,−c).

These conditions are equivalent to a = ωµb, b = ωµa and c = −ω2µc. As in the general discussion

above, we distinguish three possible cases where these conditions have non-trivial solutions:

• ωµ = 1, a = b ∈ C× and c = 0, i.e. h2(0) = h3(0) = 0, in which case

f1(t) =
2µa tµ−1

a tµ + 2µ
, f2(t) = 0, f3(t) = 0,

• ωµ = −1, a = −b ∈ C× and c = 0, i.e. h1(0) = h3(0) = 0, in which case

f1(t) =
2µa2 t2µ−1(a2 t2µ − 12µ2)

R(t)
, f2(t) =

4µ2a tµ−1(a2 t2µ + 4µ2)

R(t)
, f3(t) =

8µ3a3 t3µ−2

R(t)
,

where R(t) = a4 t4µ − 24µ2a2 t2µ + 16µ4,

• ω2µ = −1, a = b = 0 and c ∈ C×, i.e. h1(0) = h2(0) = 0, in which case

f1(t) =
2µc2 t4µ−1

c2 t4µ − 4µ4
, f2(t) = − 4µ3c t2µ−1

c2 t4µ − 4µ4
, f3(t) = − 4µ4c t2µ−2

c2 t4µ − 4µ4
, (5.23)

where the regularised functions h1 = 1
2(h̃1 + h̃2), h2 = 1

2(h̃1 − h̃2) and h3 = h̃3 correspond to the

basis of eigenvectors {E1 + E2, E1 − E2, [E1, E2]}. In each of these cases, the solution depends on

an arbitrary parameter in C×.

To end this example we discuss also the solutions of the differential system singular at the origin.

Starting from any of the above three types of regular solutions, a singular solution can be obtained

by considering the limit where the free parameter goes to infinity. One can check that each of the

three cases yields the same singular solution

g(t) = exp

(
2(η + 1)

t
(E1 + E2)

)
. (5.24)

Note that this solution is always cyclotomic, without imposing any restriction on ω or η. ⊳

6. Cyclotomic Miura g-opers and flag varieties

Recall the setup of §5. Throughout this section we will also consider a cyclotomic Miura g-oper of

the form ∇ = d+(p−1+u)dt with u dt ∈ Ων̂(h) as in (5.1). In particular, we still assume for the time

being that − res0∇ = λ̌0 is a ν-invariant integral dominant coweight. We will further assume here
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that ∇ is monodromy-free. In §6.2, however, we will show how to weaken the integrality assumption

on the coweight λ̌0 together with the related assumption on the trivial monodromy at the origin.

Consider the set

MOpΓg (P
1)[∇]Γ :=

{
∇̃ ∈ MOpΓg (P

1)
∣∣ [∇̃]Γ = [∇]Γ

}
(6.1)

of cyclotomic Miura g-opers with underlying cyclotomic g-oper [∇]Γ. By definition, any cyclotomic

Miura g-oper in MOpΓg (P
1)[∇]Γ is a representative of [∇]Γ and hence is of the form ∇g := g∇g−1 for

some g ∈ N ς̂(M). The goal of this section is to describe the space MOpΓg (P
1)[∇]Γ .

A finite analog of (6.1) is the set MOpfin
gν ,[λ̌0]Wν

, introduced in §3.2, consisting of all finite Miura

gν-opers which are connected to the given finite Miura gν-oper p−1 − λ̌0 − ρ̌ by the adjoint action

of Nν . We saw in Theorem 3.4 that MOpfin
gν ,[λ̌0]Wν

is in bijection with the ν-invariant subgroup W ν

of the Weyl group W . The affine counterpart of this statement is Theorem 6.5 which provides an

isomorphism between MOpΓg (P
1)[∇]Γ and the subset (G/B−)

ϑ of the flag variety G/B− consisting

of points fixed by some automorphism ϑ which we introduce in §6.1. In §6.4 we show that (G/B−)
ϑ

admits a cell decomposition where the cells are labelled by elements of W ν .

6.1. Generic cyclotomic Miura g-opers. If λ̌0 = 0 then the origin is a regular point of the

given cyclotomic Miura g-oper ∇. In this case we let Y ∈ B−(M) be the solution of ∇Y = 0 with

Y (0) = Id, which exists by Lemma 4.2. Then for any ∇g ∈ MOpΓg (P
1)[∇]Γ such that g ∈ N ς̂(M)

is also regular at 0, we will denote by Yg ∈ B−(M) the solution of ∇gYg = 0 with Yg(0) = Id. If

instead λ̌0 6= 0 then ∇ is singular at 0 so we cannot consider such a solution. In this case, we will

work with a suitable regularisation of ∇ defined as follows. Let

∇r := t−λ̌0∇tλ̌0 = d+
∑

k∈I

t〈αk,λ̌0〉Fk dt−
T−1∑

r=0




N∑

i=1

νr(wi · λ̌i)
t− ωrzi

+
m∑

j=1

νryj · 0
t− ωrxj


 dt. (6.2)

The assumption that the coweight λ̌0 is integral dominant ensures this g-connection is regular at

the origin. We shall refer to ∇r as the regularisation of ∇ at the origin. By Lemma 4.2, we can then

consider the solution Y ∈ B−(M) of ∇rY = 0 such that Y (0) = Id. For any ∇g ∈ MOpΓg (P
1)[∇]Γ we

consider its regularisation (∇g)r = (g∇g−1)r = gr∇rg
−1
r where gr := t−λ̌0gtλ̌0 ∈ N(M). Provided

the latter is regular at the origin, we can define the solution Yg of (∇g)rYg = 0 with Yg(0) = Id.

An important feature of the regularisation procedure is that all the regularised objects such as

the g-connection (6.2) are Γ-equivariant not with respect to the automorphism ς ∈ AutG but rather

with respect to the automorphism

ϑ := Ad
ω−λ̌0

◦ ς ∈ AutG. (6.3)

The following proposition describes the Γ-equivariance properties of the regularised g-connection

∇r, of the regularised gauge transformation parameter gr ∈ N(M) and of a solution Y ∈ G(M) of

the equation ∇rY = 0.
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Proposition 6.1. Define Dr : G(M) → Ω(g), Z 7→ (∇rZ)Z
−1 and reg : N(M) → N(M), g 7→ gr.

Both are Γ-equivariant in the sense that the following diagrams are commutative

G(M) Ω(g)

G(M) Ω(g)

Dr

Dr

ϑ̂ ϑ̂

N(M) N(M)

N(M) N(M)

reg

reg

ς̂ ϑ̂

Let Y ∈ G(M) be any solution of ∇rY = 0 regular at 0. Then Y ∈ Gϑ̂(M) if and only if Y (0) ∈ Gϑ.

In particular, Y ∈ Gϑ̂(M) if Y (0) = Id.

Proof. The Γ-equivariance of the map Dr is the statement that ϑ̂
(
(∇rZ)Z

−1
)
= (∇rϑ̂Z)(ϑ̂Z)

−1 for

every Z ∈ G(M). This follows from expression (6.2) for ∇r noting that ϑ̂
(
dZZ−1

)
= (dϑ̂Z)(ϑ̂Z)−1,

the action of ϑ̂ on Ως̂(h) coincides with that of ς̂ and

ϑ̂
(
t−λ̌0p−1t

λ̌0dt
)
= Ad

ω−λ̌0

(
(ω−1t)−λ̌0ςp−1(ω

−1t)λ̌0d(ω−1t)
)
= t−λ̌0p−1t

λ̌0dt

using the ς-invariance of λ̌0 and Proposition 4.3. Similarly, the Γ-equivariance of the map g 7→ gr is

seen as follows

ϑ̂gr = Ad
ω−λ̌0

◦ ς̂
(
t−λ̌0gtλ̌0

)
= Ad

ω−λ̌0

(
(ω−1t)−λ̌0 ς̂g(ω−1t)λ̌0

)
= (ς̂g)r.

For the last statement, suppose first that Y ∈ Gϑ̂(M) is a solution to ∇rY = 0 which is regular at

0. This implies ϑ̂Y = Y or in other words ϑ ◦Y ◦µ∗ω−1 = Y . Evaluating this at the origin we obtain

ϑY (0) = Y (0). Conversely, let Y ∈ G(M) be a solution of ∇rY = 0 such that ϑY (0) = Y (0). Using

the first part of the proposition, or more precisely the Γ-equivariance of Dr, we deduce that ϑ̂Y also

satisfies the same equation since (∇rϑ̂Y )(ϑ̂Y )−1 = ϑ̂
(
(∇rY )Y −1

)
= 0. However, by assumption the

two solutions Y and ϑ̂Y coincide at the origin and therefore are equal. �

Introduce the following subset of cyclotomic Miura g-opers, which we call generic at the origin,

MOpΓg (P
1)gen∇,0 := {∇g ∈ MOpΓg (P

1)[∇]Γ | gr is regular at 0}. (6.4)

The following theorem describes MOpΓg (P
1)gen[∇]Γ,0

as an Nϑ-orbit in MOpΓg (P
1)[∇]Γ through ∇.

Theorem 6.2. Let ∇ ∈ MOpΓg (P
1). If ∇g ∈ MOpΓg (P

1)gen∇,0 then Y gr(0)
−1 = g−1

r Yg and gr(0) ∈ Nϑ.

Conversely, for every g0 ∈ Nϑ there exists unique n ∈ N ϑ̂(M) and Ỹ ∈ Bϑ̂
−(M) such that

Y g−1
0 = n−1Ỹ .

Defining g := tλ̌0nt−λ̌0 so that n = gr, we have ∇g ∈ MOpΓg (P
1)gen∇,0, gr(0) = g0 and Ỹ = Yg.

Proof. Suppose that ∇g ∈ MOpΓg (P
1)gen∇,0. By definition gr is regular at the origin so gr(0) ∈ N and

clearly ∇rY gr(0)
−1 = 0. On the other hand, we have ∇rg

−1
r Yg = g−1

r (∇g)rYg = 0. It therefore

follows by the uniqueness of the solution to ∇rZ = 0 with Z(0) = gr(0)
−1 that Y gr(0)

−1 = g−1
r Yg.

It remains to show that gr(0) ∈ Nϑ. However, since ∇g ∈ MOpΓg (P
1)[∇]Γ we have g ∈ N ς̂(M), i.e.

ς̂g = g, and therefore by Proposition 6.1 we deduce that ϑ̂gr = gr. In particular, evaluating the

latter at the origin gives gr(0) ∈ Nϑ.
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Conversely, let g0 ∈ N and consider the element Y g−1
0 ∈ G(M). Let ϕ ∈ O(G) be the coordinate

function on G whose nonzero set is the open cell NB− = {x ∈ G|ϕ(x) 6= 0} in G. Let f ∈ M denote

the image of ϕ ∈ O(G) under the homomorphism Y g−1
0 : O(G) → M.Note that f is not identically

zero since f(0) = ϕ(Y (0)g−1
0 ) 6= 0, which follows from Y (0)g−1

0 = g−1
0 ∈ NB−. Since the number

of zeroes of a non-zero meromorphic function on P1 is finite, we have ϕ(Y (t)g−1
0 ) = f(t) 6= 0 for all

but finitely many t ∈ P1. In other words, Y (t)g−1
0 ∈ NB− for all but finitely many t ∈ P1. We may

therefore write Y g−1
0 = n−1Ỹ , for some n ∈ N(M) and Ỹ ∈ B−(M).

By definition of g ∈ N(M) we have n = t−λ̌0gtλ̌0 = gr so that (∇g)rỸ = gr∇rg
−1
r Ỹ = n∇rn

−1Ỹ =

n∇rY g
−1
0 = 0. Since Ỹ ∈ B−(M) it follows by the converse in Lemma 4.2 that (∇g)r ∈ Connb−(P

1)

and hence ∇g = tλ̌0(∇g)rt
−λ̌0 ∈ Connb−(P

1). But since ∇g ∈ opg(P
1) we conclude that ∇g ∈

MOpg(P
1) and hence ∇g ∈ MOpg(P

1)[∇]. Moreover, letting t = 0 we obtain n(0)−1Ỹ (0) = g−1
0 ,

or equivalently Ỹ (0) = gr(0)g
−1
0 . But N ∩ B− = {Id} from which we deduce gr(0) = g0 and

Ỹ (0) = Id. The first equality shows gr is regular at 0. The second equality implies that Ỹ = Yg by

the uniqueness of the solution to (∇g)rZ = 0 with Z(0) = Id. It just remains to show that ϑ̂n = n

and ϑ̂Ỹ = Ỹ . But from Proposition 6.1 we know that ϑ̂Y = Y . So since g0 ∈ Nϑ it follows that

ϑ̂(Y g−1
0 ) = Y g−1

0 . Hence n−1Ỹ = ϑ̂(n−1Ỹ ) = (ϑ̂n)−1ϑ̂Ỹ , or equivalently (ϑ̂n)n−1 = (ϑ̂Ỹ )Ỹ −1.

Now ϑ stabilises N and B− so that ϑ̂n ∈ N(M) and ϑ̂Ỹ ∈ B−(M). Finally, since N ∩ B− = {Id}
we deduce that ϑ̂n = n and ϑ̂Ỹ = Ỹ , as required. �

Remark 5. In Theorems 5.3 and 5.5, we found necessary and sufficient conditions on λ̌0 for the

existence of a cyclotomic gauge transformation along the Γ-orbit {αi}i∈I of some simple root αk,

k ∈ I. These results can now be seen as a particular case of Theorem 6.2: they correspond to the

conditions on λ̌0, and thus on ϑ, for the existence of a ϑ-invariant element in the subgroup of N

generated by the Gαi , i ∈ I, cf. §2.2.

Consider the concrete example of a simple root α with an orbit {α, β} of type A1×A1. Theorem

5.3 asserts that there exists a cyclotomic reproduction in the direction of this orbit if and only if

〈α, λ̌0+ρ̌〉 ≡ 0 mod T
2 . In the above language, there exists such a cyclotomic reproduction if and only

if a linear combination of Eα and Eβ lives in nϑ. Yet, we have ϑ(Eα±Eβ) = ±ω−〈α,λ̌0+ρ̌〉(Eα±Eβ),
so this condition is indeed equivalent to ω−〈α,λ̌0+ρ̌〉 = ±1, and thus to 〈α, λ̌0 + ρ̌〉 ≡ 0 mod T

2 . See

also example 5 below. ⊳

Example 5. Recall the cyclotomic Miura sl3-oper ∇ of example 1 given by (4.28), whose cyclotomic

reproduction we studied in example 4. We now return to this example in light of Theorem 6.2.

The regularised connection associated with ∇ is simply

∇r = t−λ̌0∇tλ̌0 = d+




0 0 0

tη 0 0

0 tη 0


 dt, with t−λ̌0 =



t−η 0 0

0 1 0

0 0 tη


 . (6.5)
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The solution of equation ∇rY = 0 with initial condition Y (0) = Id is (recall that µ = η + 1)

Y (t) =




1 0 0

− t
µ

µ
1 0

t2µ

2µ2
− t

µ

µ
1



. (6.6)

Let us now consider an arbitrary element g0 of N which we parametrise as

g0 = eaE1+bE2+cE12 =



1 a c+ 1

2ab

0 1 b

0 0 1


 .

Following Theorem 6.2, we perform the NB− factorisation of Y (t)g−1
0 and get Y (t)g−1

0 = n(t)−1Ỹ (t)

with n ∈ N(M) and Ỹ ∈ B−(M). In particular, we have

n(t) = eh̃1(t)E1+h̃2(t)E2+h̃3(t)E12 =



1 h̃1(t) h̃3(t) +

1
2 h̃1(t)h̃2(t)

0 1 h̃2(t)

0 0 1


 ,

with

h̃1(t) = 2µ
(ab+ 2c) tµ + 2µa

(ab+ 2c) t2µ + 4µa tµ + 4µ2
,

h̃2(t) = 2µ
(ab− 2c) tµ + 2µb

(ab− 2c) t2µ + 4µb tµ + 4µ2
,

h̃3(t) = 4µ3
(
(ab+ 2c)b− (ab− 2c)a

)
tµ + 4µc(

(ab+ 2c) t2µ + 4µa tµ + 4µ2
)(
(ab− 2c) t2µ + 4µb tµ + 4µ2

) .

Defining g = tλ̌0nt−λ̌0 we recover the element (5.21) with the functions f̃i given by (5.22). We have

thus checked that the NB−-factorisation of Y g−1
0 allows one to find the most general reproduction

(regular at the origin) of the Miura sl3-oper ∇. Moreover, one also checks that g0 = n(0) is indeed

the initial condition of the regularised transformation n = t−λ̌0gtλ̌0 .

We now discuss the condition under which this reproduction is cyclotomic, following Theorem

6.2, and compare it to the results found in example 4. A straightforward calculation gives

ϑg0 =



1 ω−µb ω−2µ

(
−c+ 1

2ab
)

0 1 ω−µa

0 0 1


 .

According to Theorem 6.2, the reproduction is cyclotomic if the initial condition g0 is ϑ-invariant.

Thus, we recover the conditions

a = ω−µb, b = ω−µa and c = −ω−2µc,

which we found in example 4. We verified on an explicit example the general statement of remark 5,

namely that the condition 〈α1+α2, λ̌0+ ρ̌〉 ≡ 0 mod T
2 given in Theorem 5.5 is simply the condition

for the ϑ-invariant subgroup Nϑ to be non-trivial. ⊳
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6.2. Non-integral coweight λ̌0. In §5 and §6.1, we studied the reproduction of a cyclotomic Miura

g-oper with a dominant integral coweight λ̌0 at the origin. By virtue of the Γ-equivariance, this

procedure can be extended to any dominant coweight λ̌0 such that for all i ∈ I,

〈αi, λ̌0〉 ∈ Q. (6.7)

We start with a cyclotomic Miura g-oper of the form

∇ = d+ p−1dt−
λ̌0
t
dt+ r, (6.8)

with λ̌0 as above and r ∈ h(M)dt regular at the origin. One can always find a q ∈ Z≥1 such that

q〈αi, λ̌0〉 ∈ Z for any i ∈ I, i.e. such that qλ̌0 is integral dominant. Let π : P1 → P1 be a q-sheeted

cover branched over the origin and infinity, given by u 7→ t = uq in terms of a global coordinate u

on C ⊂ P1. Let M̃ denote the algebra of rational functions in u. We can regard M as a subalgebra

of M̃ via the pullback π∗ : M →֒ M̃.

Let ∇ = d + A be a g-connection meromorphic in t, i.e. with A ∈ g(M)dt, and consider the

associated g-connection ∇̃ := d+π∗A on the cover, noting that π∗A ∈ g(M̃)du. Define the primitive

(qT )th-root of unity ω̃ := ω
1

q and let

Γ̃ := 〈ω̃〉 ⊂ C×

denote the corresponding copy of the cyclic group of order qT . If the g-connection ∇ is cyclotomic

then its Γ-equivariance property ς̂(A) = A translates to the Γ̃-equivariance property of ∇̃, namely

ς̃(π∗A) = π∗A, where for any automorphism υ ∈ Aut g and any X ⊗̟ ∈ g(M̃)du we define

υ̃(X ⊗̟) := υ(X)⊗ µ∗ω̃−1̟.

Here we have used the fact that π ◦ µω̃ = µω ◦ π and we note that ςqT = Id. The cyclotomic Miura

g-oper (6.8) pulls back to the following g-connection on the cover

∇̃ = d+ quq−1p−1du− qλ̌0
u
du+ π∗r,

where we note that π∗r ∈ h(M̃)du is regular at the origin on the cover.

Although we could not define tλ̌0 in G(M), since qλ̌0 is an integral coweight we can define uqλ̌0 in

G(M̃) and compute the corresponding regularisation of the g-connection ∇̃ over the cover, namely

∇̃r = u−qλ̌0∇̃uqλ̌0 = d+ q
∑

i∈I

uq−1+q〈αi,λ̌0〉Fi du+ π∗r.

This g-connection is clearly regular at the origin, so we may apply the methods developed in §6.1.

We consider the solution Y ∈ B−(M̃) of ∇̃rY = 0 such that Y (0) = Id, which will be Γ̃-equivariant

but with respect to the automorphism ϑ. Now given any g0 ∈ Nϑ, we perform the NB− factorisation

Y (u)g−1
0 = n(u)−1Ỹ (u) as in Theorem 6.2. Defining g̃ := uqλ̌0nu−qλ̌0 we have that g̃ ∈ N ς̃(M̃) and

g̃∇̃g̃−1 is a cyclotomic Miura g-oper. The Γ̃-equivariance of g̃ means that ς
(
g̃(u)

)
= g̃(ω̃u), which

implies that g̃(u) = g̃(ω̃Tu). And since ω̃T is a primitive qth-root of unity, it therefore follows that

g̃(u) = g
(
π(u)

)
= g(t) for some g ∈ N(M). Moreover, ς

(
g(t)

)
= ς
(
g̃(u)

)
= g̃(ω̃u) = g(ω̃qt) = g(ωt),

so that g ∈ N ς̂(M). The cyclotomic Miura g-oper g̃∇̃g̃−1 on the cover is therefore the pullback by

π of the cyclotomic Miura g-oper g∇g−1.
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In summary, even when the dominant coweight λ̌0 ∈ hν is not integral but satisfies the weaker

condition (6.7), we are still able to construct a new cyclotomic Miura g-oper g∇g−1 from any given

g0 ∈ Nϑ. In this case, g0 can still be interpreted as the initial condition of the regularised gauge

transformation parameter gr, but where gr has to be considered as an element in N(M̃).

Example 6. Let us illustrate this construction with the help of examples 4 and 5. We consider the

cyclotomic Miura sl3-oper ∇ defined in equation (4.28) but we relax here the condition that λ̌0 is

integral dominant, i.e. that η ∈ Z≥0. Instead, we will consider η positive and rational and thus

write η = p
q , with p, q ∈ Z≥1 coprime.

We can consider the regularisation ∇r of ∇ and its extended solution Y as in equations (6.5) and

(6.6), but over a q-sheeted cover of P1, with coordinates u = t
1

q , so that the expression tη in these

equations can be understood as up. Let us recall that the ϑ-invariant subgroup Nϑ is non-trivial if

µ = η + 1 satisfies one of the following three conditions:

• ωµ = 1: In this case, µ must be integer (a multiple of T ), hence η is integer and we recover

the usual setting.

• ωµ = −1: In this case, µ is also integer (a multiple of T
2 ).

• ω2µ = −1: This is the interesting case since µ can now be half-integer. Working with ∇r

thus requires working in the variable u =
√
t. However, in this case the transformation

parameter g is described by the functions fi as given in equation (5.23). We see that they

only depend on tµ through the expression t2µ and so are indeed meromorphic functions of t.

Finally, let us note that, whatever the value of η we consider (possibly non-integer), the singular

reproduction (5.24) is always meromorphic in t. ⊳

We end this subsection with a discussion of the monodromy around 0 of the connection ∇. As

explained above, working with the cover π : u 7→ t = uq, one can consider a solution Y ∈ B−(M̃)

of the regularised equation ∇̃rY = 0 with Y (0) = Id. And since ∇̃ = uqλ̌0∇̃ru
−qλ̌0 , it follows that

X(u) := uqλ̌0Y (u) is a solution of the equation ∇̃X = 0.

Introducing the qth-root of unity ζ := e2πi/q, we find that X̃(u) := X(ζu) is also a solution of

∇̃X̃ = 0. The monodromy of ∇ around 0 is then the unique M0 ∈ G such that X(ζu) = X(u)M0.

To work out M0 explicitly, we consider the corresponding regularised solution Ỹ (u) := u−qλ̌0X̃(u)

of ∇̃rỸ = 0 which is related to Y as Ỹ (u) = u−qλ̌0X(ζu) = ζqλ̌0(ζu)−qλ̌0X(ζu) = ζqλ̌0Y (ζu). Thus

Ỹ (0) = ζqλ̌0 and hence Ỹ = Y ζqλ̌0 , or equivalently X̃ = Xζqλ̌0 . Therefore the monodromy of ∇
around the origin is

M0 = ζqλ̌0 = e2πiλ̌0 . (6.9)

In this equation, the expression e2πiλ̌0 has to be considered as a formal notation for ζqλ̌0 , which is a

well defined element of H as qλ̌0 is an integral coweight. When λ̌0 is an integral coweight, we find

that M0 = Id as expected from remark 2.

6.3. Isomorphism with (G/B−)
ϑ. Given any ∇ ∈ MOpg(P

1), consider the set

MOpg(P
1)[∇] :=

{
∇̃ ∈ MOpg(P

1)
∣∣ [∇̃] = [∇]

}

of all Miura g-opers with underlying g-oper [∇].
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Recall the definition (6.2) of the regularisation of a cyclotomic Miura g-oper at the origin. If ∇
is any Miura g-oper with residue given by minus an integral dominant coweight −λ̌ ∈ h at some

point x ∈ C, then we can similarly introduce its regularisation ∇x
r := (t− x)−λ̌∇(t− x)λ̌ at x and

for any g ∈ N(M) we let gxr := (t−x)−λ̌g(t−x)λ̌. For any x ∈ C, we introduce the subset of Miura

g-opers which are generic at x as, cf. (6.4) in the cyclotomic setting,

MOpg(P
1)gen∇,x := {∇g ∈ MOpg(P

1)[∇] | gxr is regular at x}.

The following theorem is proved in [MV05] in the case when λ̌ = 0, i.e. when the Miura g-oper ∇
is regular at x ∈ C, but similar arguments apply also when ∇ has a regular singularity at the given

point x by working with its regularisation ∇x
r . Recall the notation of §2.3.

Theorem 6.3. Let ∇ ∈ MOpg(P
1) be monodromy-free. For any x ∈ C, the following map

Φ : MOpg(P
1)[∇] −→ G/B−

∇g 7−→ lim
t→x

gxr (t)
−1B−

is an isomorphism. Moreover, Φ
(
MOpg(P

1)gen[∇],x

)
= CId and MOpg(P

1)gen[∇],x = MOpg(P
1)[∇]. �

In this section we derive a cyclotomic analog of Theorem 6.3. Specifically, from now on we restrict

attention to the point x = 0, the fixed point of C under the action of Γ. Given a cyclotomic Miura

g-oper ∇ of the form specified at the start of this section, our aim is to describe the image of

MOpΓg (P
1)[∇]Γ ⊂ MOpg(P

1)[∇] under the isomorphism Φ.

Since the automorphism ς ∈ AutG stabilises the Borel subgroup B−, so does the automorphism

ϑ ∈ AutG defined in (6.3). Hence we obtain a well defined induced action on the quotient G/B−,

which by abuse of notation we also denote ϑ, given by

ϑ : G/B− −→ G/B−

gB− 7−→ ϑ(g)B−.

Note that the canonical projection G→ G/B− is Γ-equivariant with respect to this action, i.e. the

following diagram is commutative

G G/B−

G G/B−

ϑ ϑ

We denote by (G/B−)
ϑ the subset of fixed points of G/B− under ϑ.

Lemma 6.4. Let ∇ ∈ MOpΓg (P
1) be monodromy-free. Define γ : N(M) → MOpg(P

1)[∇], g 7→ ∇g.

The composition Φ ◦ γ : N(M) → G/B− is Γ-equivariant in the sense that the following diagram is
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commtuative

N(M) G/B−

N(M) G/B−

Φ ◦ γ

Φ ◦ γ

ς̂ ϑ

In other words, for all g ∈ N(M) we have Φ(∇ς̂g) = ϑ
(
Φ(∇g)

)
. In particular,

Φ
(
MOpΓg (P

1)[∇]Γ

)
⊂ (G/B−)

ϑ

since MOpΓg (P
1)[∇]Γ = γ

(
N ς̂(M)

)
.

Proof. Using Proposition 6.1 and the definition and continuity of ϑ, we have

Φ(∇ς̂g) = lim
t→0

(ς̂g)r(t)
−1B− = lim

t→0

(
ϑ̂gr
)
(t)−1B− = lim

t→0
ϑ
[
gr(ω

−1t)−1
]
B−

= lim
t→0

ϑ
[
gr(ω

−1t)−1B−

]
= ϑ

[
lim
t→0

gr(t)
−1B−

]
= ϑ

(
Φ(∇g)

)
. �

In general, (G/B−)
ϑ is not isomorphic to the flag variety Gϑ/Bϑ

−. However, we can always realise

Gϑ/Bϑ
− as a subset of (G/B−)

ϑ. Indeed, we have a well defined injection

Gϑ/Bϑ
− −֒→ (G/B−)

ϑ

gBϑ
− 7−→ gB−.

The main result of this section is the following cyclotomic version of Theorem 6.3.

Theorem 6.5. Let ∇ ∈ MOpΓg (P
1) be monodromy-free and of the form ∇ = d + (p−1 + u)dt with

u dt ∈ Ων̂(h) as in (5.1). The following map

Φ : MOpΓg (P
1)[∇]Γ −→ (G/B−)

ϑ

∇g 7−→ lim
t→0

gr(t)
−1B−

is an isomorphism. Moreover, we have Φ
(
MOpΓg (P

1)gen∇,0

)
= NϑB−/B−.

Proof. This map is the restriction to MOpΓg (P
1)[∇]Γ of the one of Theorem 6.3 with x = 0, and so

is injective. Moreover, we know that it is valued in (G/B−)
ϑ by Lemma 6.4. It therefore remains

to prove that it is surjective.

Let p ∈ (G/B−)
ϑ. By Theorem 6.3 there exists a ∇g ∈ MOpg(P

1)[∇] such that Φ(∇g) = p. And

according to Lemma 6.4 we have Φ(∇ς̂g) = ϑ
(
Φ(∇g)

)
= ϑ(p) = p = Φ(∇g). The injectivity of Φ

implies that ∇ς̂g = ∇g. And since the action of N(M) on opg(P
1) is free by Theorem 4.5, we deduce

that ς̂g = g. In other words g ∈ N ς̂(M) so that ∇g ∈ MOpΓg (P
1)[∇]Γ , which proves the surjectivity.

The last claim follows at once from Theorem 6.2. �

Remark 6. In general, by contrast with the non-cyclotomic case, MOpΓg (P
1)gen∇,0 6= MOpΓg (P

1)[∇]Γ .

This feature of the cyclotomic case will be illustrated below in example 7. ⊳

6.4. Cell decomposition of (G/B−)
υ. Given any cyclotomic Miura g-oper ∇ ∈ MOpΓg (P

1) of the

form considered in this section, Theorem 6.5 establishes an isomorphism between MOpΓg (P
1)[∇]Γ
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and the ϑ-invariant subvariety (G/B−)
ϑ of the flag variety G/B−. Recall the cell decomposition

(2.3) of the latter. Let υ ∈ Aut g be any automorphism of g, such that υT = Id, whose diagram part

is given by ν, and which stabilises the Cartan decomposition g = h⊕ n⊕ n−. An example of such

an automorphism is provided by ϑ. In this subsection we establish a similar cell decomposition for

the υ-invariant subvariety (G/B−)
υ. We first need the following lemma.

Lemma 6.6. The map K :W → G/B− defined by K(w) := ẇB− is Γ-equivariant, i.e. the diagram

W G/B−

W G/B−

K

K

ν υ

is commutative.

Proof. Recall from §2.3 that there is an isomorphism π : W ∼−→ NG(h)/H, given by w 7→ ẇH,

and that this isomorphism is υ-equivariant with respect to the actions of υ on W and NG(h)/H.

Moreover, the map

ι : NG(h)/H 7−→ G/B−

gH 7−→ gB−

is well defined and υ-equivariant. Therefore K = ι ◦ π is also υ-equivariant. Finally, note that the

action of υ on the Weyl group W only depends on the diagram part ν : I → I of the automorphism

υ, which coincide with that of ν ∈ Aut g, hence the lemma. �

To obtain the cell decomposition of (G/B−)
υ we begin by recalling some facts about the Schubert

cells of G/B−. Let w be an element of the Weyl group W . We define the subset of positive roots

R(w) := {α ∈ Φ+ |w−1α ∈ Φ−}. Its cardinality |R(w)| is equal to the length l(w) of the Weyl

group element w. Consider the subgroup Uw :=
∏
α∈R(w)Gα of N which does not depend on the

chosen ordering on the roots α ∈ R(w).

Let w◦ be the longest element of W (the unique element of W of maximal length). Then the cell

Cw is isomorphic to Uw◦w. More precisely, every point of Cw is of the form nẇB− = nK(w), with

n ∈ Uw◦w, and this form is unique. The following lemma describes the action of the automorphism

υ on the subgroups Uw.

Lemma 6.7. Let w ∈W . We have R(νw) = ν
(
R(w)

)
and υ(Uw) = Uνw. In particular, if w ∈W ν

then υ stabilises Uw. Moreover, νw◦ = w◦.

Proof. Let α ∈ R(w). By definition of νw, we have (νw)−1(να) = ν ◦ w−1 ◦ ν−1(να) = ν(w−1α).

Yet, α ∈ R(w), hence w−1α ∈ Φ−. Thus (νw)−1(να) = ν(w−1α) belongs to Φ−, i.e. να ∈ R(νw).

Therefore, ν
(
R(w)

)
⊂ R(νw). Applying this result to νw ∈ W and the automorphism ν−1, we get

ν−1
(
R(νw)

)
⊂ R(w), hence (applying ν to this inclusion) R(νw) ⊂ ν

(
R(w)

)
. By double inclusion,

we conclude that R(νw) = ν
(
R(w)

)
. The claim that υ(Uw) = Uνw follows directly, noting that, for

any root α ∈ Φ, Gνα = ν(Gα) = υ(Gα) (see equation (2.2)).



CYCLOTOMIC GAUDIN MODELS, MIURA OPERS AND FLAG VARIETIES 53

As R(νw) = ν
(
R(w)

)
, we have l(νw) = |R(νw)| = |R(w)| = l(w), i.e. the action of ν on the

Weyl group W preserves the length. In particular, l(νw◦) = l(w◦). As w◦ is the unique element of

W of maximal length, we deduce that νw◦ = w◦. �

We are now in a position to state and prove the sought after cell decomposition of (G/B−)
υ.

Theorem 6.8. The space (G/B−)
υ admits the following cell decompositon

(G/B−)
υ =

⊔

w∈W ν

NυẇB−/B− =:
⊔

w∈W ν

Cυw. (6.10)

Moreover, each element of the cell Cυw can be written uniquely in the form nẇB− with n ∈ Uυw◦w.

Proof. Let w ∈W ν and n ∈ Nυ. Using Lemma 6.6, we have υ
(
K(w)

)
= K(νw) = K(w) and hence

υ(nẇB−) = υ(n)υ
(
K(w)

)
= nK(w) = nẇB−. In other words, nẇB− belongs to (G/B−)

υ. This

proves the inclusion
⊔

w∈W ν

NυẇB−/B− ⊂ (G/B−)
υ.

Conversely, let us consider an element p ∈ (G/B−)
υ. As an element of G/B−, it belongs to a cell

Cw, for some w ∈ W . Thus, we can write p = nẇB− = nK(w) for some unique n ∈ Uw◦w. Using

Lemma 6.6 we get p = υ(p) = υ(n)υ
(
K(w)

)
= υ(n)K(νw). As υ stabilises N , υ(n) ∈ N and so

p ∈ Cνw. Yet, the cells Cw′ are disjoint in G/B−, hence w = νw, i.e. w ∈ W ν . Lemma 6.7 implies

that w◦w ∈ W ν and that Uw◦w is stabilised by υ. Thus, we have p = nK(w) = υ(n)K(w), with n

and υ(n) in Uw◦w. By unicity of this form, we deduce that n ∈ Uυw◦w. This provides the opposite

inclusion (G/B−)
υ ⊂

⊔

w∈W ν

NυẇB−/B− and proves also the last statement. �

Example 7. Consider the cyclotomic Miura sl3-oper ∇ studied in examples 1, 4 and 5. We will

illustrate Theorem 6.5 for ∇, with the help of Theorem 6.8. The ν-invariant Weyl group W ν is

composed of two elements: the identity and the simple reflection sν = s1s2s1 associated with the

simple folded root αν = 1
2(α1 + α2). By Theorem 6.8, the variety (G/B−)

ϑ must be composed of

two cells CϑId and Cϑsν .

In the examples 4 and 5 we described all possible cyclotomic reproductions of ∇. They are of

the following two types:

• the regular ones, characterised by a choice of initial condition g0 ∈ Nϑ,

• the (unique) singular one, given by equation (5.24).

As explained in §6.1, the regular reproductions generate the subset of generic cyclotomic Miura

sl3-opers MOpΓg (P
1)gen∇,0. Moreover, it follows from Theorem 6.5 that this subset corresponds to the

big cell CϑId = NϑB−/B− of (G/B−)
ϑ. More precisely, if g ∈ N ς̂(M) is such that gr is regular with

initial condition gr(0) = g0 ∈ Nϑ then Φ(g∇g−1) = g0B−.

The singular reproduction, with parameter g given by (5.24), gives rise to a non-generic cyclotomic

Miura g-oper g∇g−1, corresponding to the point Φ(g∇g−1) = ṡνB− in the variety (G/B−)
ϑ forming

the one-point cell Cϑsν = {ṡνB−}.
As explained in example 5, the ϑ-invariant subgroup Nϑ is non-trivial if and only if ω4(η+1) = 1.

In the case where it is non-trivial, the singular reproduction (5.24) can be obtained as a limit of

the regular ones (cf. example 4): in the flag variety, this corresponds to the density of the big cell

NϑB−/B− in the variety (G/B−)
ϑ. However, when Nϑ is trivial, the variety (G/B−)

ϑ is composed
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of only two points: B− and ṡB−. In this case, the big cell {B−} is not dense in (G/B−)
ϑ, which

illustrates the point made in remark 6 that in general MOpΓg (P
1)gen∇,0 6= MOpΓg (P

1)[∇]Γ . ⊳

7. Cyclotomic Gaudin models

In this section we use the notion of cyclotomic g-oper from §4 to formulate the conjecture relating

the (maximal) spectrum of the cyclotomic Gaudin algebra Z Γ
(zi)

(g), introduced in [ViY16a] and

whose definition was briefly recalled in the introduction, to a certain space of cyclotomic Lg-opers

for the Langlands dual Lie algebra Lg of g.

We begin recalling the Bethe ansatz solution of the cyclotomic Gaudin model obtained in [ViY16a]

when the spin chain is a tensor product of Verma modules. The joint eigenvectors of the cyclotomic

Gaudin algebra Z Γ
(zi)

(g) are characterised in this case by certain Γ-equivariant rational functions

P1 → h∗ valued in weight space h∗ with poles at the points zi, i = 1, . . . , N of the cyclotomic

Gaudin model (and their Γ-orbits), at a further collection of Bethe roots xj , j = 1, . . . ,m (and

their Γ-orbits) satisfying the cyclotomic Bethe ansatz equations, as well as an additional pole at the

origin with residue given by a special weight depending on the cyclotomic Gaudin model datum.

Noting that h∗ is canonically identified with the Cartan subalgebra of the Langlands dual Lie

algebra Lg, such a rational function P1 → h∗ can be used to define a cyclotomic Miura Lg-oper. We

conjecture in this case that the eigenvalues of the cyclotomic Gaudin Hamiltonians can be read off

from the canonical form of the underlying cyclotomic Lg-oper.

7.1. Bethe ansatz. Let g be a finite-dimensional complex semisimple Lie algebra. We follow the

notation and conventions of §2.1. As in §4 we let T ∈ Z≥1, we pick a primitive T th-root of unity ω

and let Γ := 〈ω〉 ∼= Z/TZ be a copy of the cyclic group of order T acting on P1 by multiplication.

Let σ ∈ Aut g be such that σT = Id with diagram part ν : I → I. We can always choose a Cartan

subalgebra h adapted to σ with corresponding Chevalley-Serre generators Ei, α̌i, Fi for i ∈ I such

that, see e.g. [Kac83],

σ(Ei) = ταiEν(i), σ(α̌i) = α̌ν(i), σ(Fi) = τ−1
αi
Fν(i),

for some T th-roots of unity ταi ∈ Γ.

Let N ∈ Z≥1 and fix a set of N distinct finite non-zero points zi ∈ C×, i = 1, . . . , N with disjoint

Γ-orbits. Let u ∈ C× \ {z1, . . . , zN} be any other point whose Γ-orbit is also disjoint from those of

the zi. The cyclotomic Gaudin algebra Z Γ
(zi)

(g) ⊂ U(g)⊗N is defined in [ViY16a] as the image of a

homomorphism of commutative C-algebras

ΨΓ
(zi),u

: z
(
Vcrit
0,u (g)

)
−→ U(g)⊗N , (7.1)

where z
(
Vcrit
0,u (g)

)
denotes the space of singular vectors in the vacuum Verma module Vcrit

0,u (g) over

the affine Kac-Moody algebra ĝ at the critical level. The construction of (7.1) in [ViY16a], which

generalises arguments of [FFR94] to the cyclotomic setting, makes essential use of the notion of

cyclotomic coinvariants of a tensor product of ĝ-modules introduced in [ViY16b] (see also [FS04]).

Pick a collection of weights λi ∈ h∗ for i = 1, . . . , N . Let Mλ := U(g) ⊗U(b) C vλ be the Verma

module of highest weight λ ∈ h∗. The problem of diagonalising the cyclotomic Gaudin algebra

Z Γ
(zi)

(g) on the tensor product
⊗N

i=1Mλi was addressed in [ViY16a] by using a generalisation of
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the Bethe ansatz construction of [FFR94] to the case Γ 6= {1}. The central idea of this approach is

to utilise the rich structure of modules over the affine Kac-Moody algebra ĝ at the critical level. In

particular, one has access to the so called Wakimoto modules which are parametrised by h-valued

formal Laurent series. The eigenvectors of the cyclotomic Gaudin algebra Z Γ
(zi)

(g) in
⊗N

i=1Mλi are

then obtained from cyclotomic coinvariants of tensor products of such modules. The main novelty in

the cyclotomic setting compared to the usual case is the need to also introduce a Wakimoto module

over the twisted affine Kac-Moody algebra ĝσ at the origin, i.e. the fixed point of the action of Γ

in C. Below we will only recall the end result of the construction, referring the interested reader to

[ViY16a, ViY16b] and [FFR94] for further details.

Let m ∈ Z≥0 and suppose we are given any map c : {1, . . . ,m} → I, the so called colour function.

The corresponding cyclotomic Bethe ansatz equations are a collection of m algebraic equations on

a subset of m points {xj}mj=1 ⊂ C× given by

0 =
T−1∑

r=0

N∑

i=1

(αc(j)|νrλi)
xj − ωrzi

−
T−1∑

r=0

m∑

k=1
(r,k) 6=(0,j)

(αc(j)|νrαc(k))
xj − ωrxk

+
1

xj
(αc(j)|λ0), j = 1, . . . ,m. (7.2)

Here the weight at the origin λ0 ∈ h∗ is defined in terms of the automorphism σ ∈ Aut g and the

root of unity ω as

λ0(h) :=

T−1∑

r=1

trn(σ
−r ◦ adh)

1− ωr
. (7.3)

One checks that this weight is ν-invariant using the equality adνh = σ ◦adh ◦σ−1 as endomorphisms

of the nilpotent Lie algebra n, together with the cyclicity of the trace trn over n.

To any solution of (7.2) we can associate an eigenvector ψ(xj) ∈ ⊗N
i=1Mλi of the cyclotomic

Gaudin algebra Z Γ
(zi)

(g). Such a Bethe vector can be expressed as a linear combination of vectors

of the form
⊗N

i=1 Fc(pi1)
. . . Fc(pini

)vλi , where n1 + . . . + nN = m is a composition of the integer m

and (p11, . . . , p
1
n1
; . . . ; pN1 , . . . , p

N
nN

) is a permutation of (1, 2, . . . ,m), with the coefficients depending

rationally on all the Bethe roots xj , j = 1, . . . ,m and on the points zi, i = 1, . . . , N . See [ViY16a,

Proposition 4.6] for the explicit expression of ψ(xj). The eigenvalues of the family of N quadratic

cyclotomic Gaudin Hamiltonians, cf. (1.1), on this eigenvector read

Ei =
T−1∑

r=0

N∑

j=1

(r,k) 6=(0,j)

(λi|νrλj)
zi − ωrzj

−
T−1∑

r=0

m∑

j=1

(λi|νrαc(j))
zi − ωrxj

+
1

zi
(λi|λ0), i = 1, . . . , N. (7.4)

In other words, we have Hiψ(xj) = Eiψ(xj) for all i = 1, . . . , N provided the cyclotomic Bethe ansatz

equations (7.2) hold. Note that the question of whether the Bethe vectors ψ(xj) so constructed are

non-zero was not addressed in [ViY16a]. This problem was considered recently in [VaY16] where it

was proved, at least in the case when σ ∈ Aut g is a diagram automorphism, that the Bethe vectors

ψ(xj) are indeed non-zero (see also [SV03, MV05b, CS05] in the non-cyclotomic case).

7.2. Cyclotomic Miura Lg-opers. In the non-cyclotomic case the eigenvectors ψ(xj) obtained

by the Bethe ansatz, or Wakimoto construction, are naturally parameterised by an h∗-valued con-

nection on P1 with poles at each zi, i = 1, . . . , N with residue −λi and at each Bethe root xj ,
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j = 1, . . . ,m with residue αc(j) [Fre05]. Likewise, in the cyclotomic analog of the Wakimoto con-

struction [ViY16a], each Bethe vector ψ(xj) corresponds to a Γ-equivariant h∗-valued meromorphic

differential on P1,

λ(t)dt :=
λ0
t
dt+

T−1∑

r=0




N∑

i=1

νrλi
t− ωrzi

−
m∑

j=1

νrαc(j)

t− ωrxj


 dt ∈ Ων̂(h∗). (7.5)

In particular, taking the Laurent expansion of λ(t) at xj we find

λ(t) = −
αc(j)

t− xj
+ r(t)

where r ∈ h(M) is regular at xj , and the cyclotomic Bethe ansatz equations (7.2) then simply read

(αc(j)|r(xj)) = 0. Similarly, the energies Ei of the quadratic cyclotomic Gaudin Hamiltonians Hi

are given in terms of (7.5) simply by

Ei = reszi
(
1

2
(λ(t)|λ(t))− (λ′(t)|ρ)

)
dt. (7.6)

Both of these statements can be formulated as properties of a cyclotomic Miura Lg-oper built from

(7.5), where Lg denotes the Langlands dual of g.

The set Φ∨ := {α̌ ∈ h |α ∈ Φ} of all coroots forms a root system in h. The Langlands dual of

g is defined as the finite-dimensional complex semisimple Lie algebra Lg with this root system Φ∨.

Its Cartan matrix is then the transpose of that of g. The Cartan subalgebra of Lg is canonically

identified with the dual h∗ of h. Denote by Ěi, αi, F̌i for i ∈ I the Chevalley-Serre generators of Lg.

We let ωi, i ∈ I denote the basis of fundamental weights of g, i.e. fundamental coweights of Lg.

As in §3.1, the principal sl2-triple is defined by its regular nilpotent and semisimple elements

p̌−1 :=
∑

i∈I

F̌i, ρ :=
∑

i∈I

ωi.

We denote this sl2-triple by {p̌−1, ρ, p̌1}. To define the notion of cyclotomic Lg-oper we introduce a

specific automorphism ς ∈ Aut Lg of Lg, as in §4.3, by letting

ς(Ěi) = ω−1Ěν(i), ς(αi) = αν(i), ς(F̌i) = ωF̌ν(i),

for all i ∈ I. We may use (7.5) to define a cyclotomic Miura Lg-oper as

∇ := d+ p̌−1dt− λ(t)dt ∈ MOpΓLg(P
1). (7.7)

It follows from Proposition 4.13 that the cyclotomic Bethe ansatz equations (7.2) are precisely

the conditions for the underlying cyclotomic Lg-oper [∇]Γ to be regular at all the Bethe roots xj ,

j = 1, . . . ,m, see also remark 1. We define the weight at infinity as the unique ν-invariant weight

λ∞ ∈ h∗,ν in the shifted W ν-orbit of − res∞ λ(t)dt such that λ∞ + ρ is dominant. We then have

λ0 +

T−1∑

r=0




N∑

i=1

νrλi −
m∑

j=1

νrαc(j)


 = w∞ · λ∞ (7.8)

for some w∞ ∈W ν . We deduce at once from Theorem 4.14 that the cyclotomic Lg-oper [∇]Γ lives in

the space of Lg-opers OpΓLg(P
1)RS

z;λ introduced at the end of §4, where z := {0, z1, . . . , zN ,∞} ⊂ P1

and λ := {λ0, λ1, . . . , λN , λ∞} ⊂ h∗. If, moreover, the weights λi ∈ h∗, i = 1, . . . , N and ν-invariant
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weight λ0 ∈ h∗,ν are all integral dominant, then so are all the weights νrλi ∈ h∗ for r = 0, . . . , T − 1

and i = 1, . . . , N from which it follows that ∇ is monodromy-free, cf. remark 2. In this case [∇]Γ

defines an element of the subset OpΓLg(P
1)z;λ ⊂ OpΓLg(P

1)RS
z;λ introduced at the end of §4. In fact, it

follows from §6.2 that the integrality assumption on λ0 can be relaxed to 〈α̌i, λ0〉 ∈ Q for all i ∈ I,

in which case ∇ has monodromy e2πiλ0 ∈ LG at the origin, where LG denotes the adjoint group of

the Langlands dual Lie algebra Lg. The meromorphic Lg-connection ∇ becomes a monodromy-free

when pulled back to a cover of P1.

7.3. Spectrum of Z Γ
(zi)

(g). In this final section we state two conjectures relating the spectrum of

the cyclotomic Gaudin model to cyclotomic Lg-opers. The first gives a description of the common

eigenvalues of elements of the cyclotomic Gaudin algebra Z Γ
(zi)

(g) on a joint eigenvector ψ(xj) in the

tensor product of Verma modules
⊗N

i=1Mλi , given the corresponding cyclotomic Miura Lg-oper.

The second describes the maximal spectrum of the cyclotomic Gaudin algebra Z Γ
(zi)

(g) in terms of

cyclotomic Lg-opers with regular singularities at the zi, i = 1, . . . , N , the origin and infinity.

Recall that the center Z(g) ⊂ U(g) of the enveloping algebra U(g) is isomorphic to the polynomial

algebra C[Pk]k∈E in rk g generators, where Pk has degree k + 1 in the canonical filtration on U(g).

Recall here that E denotes the multiset of exponents of the semisimple Lie algebra g. Similarly, in

the affine setting it follows from the results of Feigin and Frenkel [FF92] that, as a commutative

algebra, the subspace of singular vectors z
(
Vcrit
0,u (g)

)
⊂ Vcrit

0,u (g) in the vacuum Verma module Vcrit
0,u (g)

at critical level over ĝu is isomorphic to the polynomial algebra in infinitely many variables

z
(
Vcrit
0,u (g)

)
≃ C[DrSk]r∈Z≥0;k∈E ,

where D ∈ EndVcrit
0,u (g) is defined by the property [D, a(n)] = −na(n− 1) for all a ∈ g and n ∈ Z,

where a(n) := a⊗ (t− u)n ∈ ĝu, and Dv0 = 0. The element Sk ∈ Vcrit
0,u (g) is of degree k + 1 in the

natural filtration on the ĝu-module Vcrit
0,u (g).

Conjecture 7.1. Let ∇ ∈ MOpΓLg(P
1) correspond to an eigenvector ψ(xj) of the cyclotomic Gaudin

algebra Z Γ
(zi)

(g) on the tensor product of Verma modules
⊗N

i=1Mλi , as considered in §7.1 and §7.2.

Let d+ p̌−1dt+
∑

k∈E ck be the canonical representative of the underlying cyclotomic Lg-oper [∇]Γ.

There exists a basis1 {p̌i}i∈E of the centraliser of p̌1 in Lg, which is independent of ∇, such that

for every r ∈ Z≥0 and k ∈ E, the eigenvalue of ΨΓ
(zi),t

(DrSk) on ψ(xj) is given by ∂rt uk(t), where

ck = uk(t) p̌k dt.

To motivate the conjecture, consider the quadratic singular vector S := S1 = 1

2
Ia(−1)Ia(−1)v0

in Vcrit
0,u (g) corresponding to the exponent 1. The quadratic cyclotomic Gaudin Hamiltonians are

obtained from it as Hj = reszj Ψ
Γ
(zi),t

(S)dt for each j = 1, . . . , N . According to Proposition 4.6, the

component c1 ∈ Ως̂(a) of the canonical representative of ∇ = d + p̌−1dt − λ(t)dt ∈ MOpΓLg(P
1) is

given by c1 = u1 p̌1dt where

u1 =
1

2(ρ̌|ρ̌)
(
1

2
(λ(t)|λ(t))− (λ′(t)|ρ)

)
.

1Note that bases of the centraliser of p̌1 in Lg are naturally labelled by elements of the multiset of exponents Ě of
Lg, cf. §3.1. Here we implicitly make use of the fact that Ě coincides with the multiset E of exponents of g.
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By suitably normalising the basis element p̌1 we can remove the overall factor of 1/2(ρ̌|ρ̌) from u1.

It then follows from (7.6) that the eigenvalue of Hi on ψ(xj) is given by the residue reszi u1(t)dt, in

agreement with Conjecture 7.1 .

At the end of §4 we defined the set OpΓLg(P
1)RS

z of cyclotomic Lg-opers with regular singularities

at the points in the set z = {0, z1, . . . , zN ,∞}. Let λ0 ∈ h∗,ν be the ν-invariant weight defined in

(7.3). We shall assume that λ0 is dominant and such that 〈α̌i, λ0〉 ∈ Q for all i ∈ I, as in the setting

of §6.2. Let OpΓLg(P
1)RS

z;λ0
be the subset of cyclotomic Lg-opers in OpΓLg(P

1)RS
z whose residue at the

origin is given by the finite Lg
ν
-oper [λ0]W ν and with monodromy e2πiλ0 ∈ LG at the origin.

Conjecture 7.2. The cyclotomic Gaudin algebra Z Γ
(zi)

(g) is isomorphic to the algebra of functions

on the space OpΓLg(P
1)RS

z;λ0
. In other words,

SpecZ
Γ
(zi)

(g) ≃ OpΓLg(P
1)RS

z;λ0 .

In the non-cyclotomic case where Γ = {1}, the cyclotomic Gaudin algebra Z Γ
(zi)

(g) reduces to the

ordinary Gaudin algebra Z(zi)(g). On the other hand, since T = 1 the weight at the origin becomes

trivial, i.e. λ0 = 0. Hence OpΓLg(P
1)RS

z;λ0
consists of Lg-opers with regular singularity at the points

of z, with trivial monodromy at the origin and residue there equal to [0]W ν . It follows from [Fre04,

Lemma 2.4] that such Lg-opers are regular at the origin. Thus Conjecture 7.2 reduces in the case

Γ = {1} to [Fre05, Theorem 2.7(1)] describing the spectrum of the usual Gaudin algebra Z(zi)(g).
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