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CYCLOTOMIC GAUDIN MODELS WITH IRREGULAR SINGULARITIES

BENOIT VICEDO AND CHARLES YOUNG

ABSTRACT. Generalizing the construction of the cyclotomic Gaudin algebra from [VY16a], we
define the universal cyclotomic Gaudin algebra. It is a cyclotomic generalization of the Gaudin
models with irregular singularities defined in [FFT10].

We go on to solve, by Bethe ansatz, the special case in which the Lax matrix has simple poles

at the origin and arbitrarily many finite points, and a double pole at infinity.
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1. INTRODUCTION

Pick a primitive T'th root of unity w € C*, for some non-negative integer 7" and let " := <w> cCx
denote a copy of the cyclic group Z/TZ. Let g be a finite-dimensional semisimple Lie algebra and
0 : g — g an automorphism whose order divides T

Associated to these data is a cyclotomic Gaudin algebra [VY16a]. It is a large commutative
subalgebra of U(g®")%", depending on a choice of non-zero marked points z = {z1,..., 2y} in the
complex plane whose I'-orbits are pairwise disjoint. It is generated by a hierarchy of Hamiltonians,
among which are quadratic Hamiltonians Hy, ..., Hy that have appeared previously in [Skr06,
Skr13] — see also [CYO07] — and, in the context of cyclotomic KZ equations, in [Brol0]. It defines a
quantum integrable model generalizing the quantum Gaudin model [Gau76], to which it reduces in
the special case T' = 1.

The cyclotomic Gaudin algebra was constructed in [VY16a] using the technology of coinvari-
ants/conformal blocks of g-modules of critical level, following [FFR94]. The relevant coinvariants
in this case are I'-equivariant; see [VY16b].

Now, in fact, this approach using coinvariants naturally gives commutative subalgebras not just
of U(g®N) but of the larger algebra U (@f\il gllt — zi]]), where g[[t — z]] = g[[t]] is the half loop
algebra. Moreover, in the cyclotomic setting it is natural to include also 0 and co as marked points.

These are the fixed points of the action of I', and to them one attaches twisted half loop algebras,
1
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respectively g[[t]]" and (t7'g°P[[t~!]])" (see §2.2). The first main result of the present sequel to

[VY16a] is thus to construct, in §2, a large commutative subalgebra

Zroz0(g,0)" CU (( tgoP[[t @EBQ t— 2] 9[[t]])r> :

It is the cyclotomic generalization of the universal Gaudin algebra defined in [FFT10].
Quotients of half loop algebras of the form g[[t]]/t"g[[t]] are called (generalized) Takiff algebras.
Taking such quotients of 2%, »0(g,0)! one obtains commutative algebras 270 0" (g, o)'l In

particular, one recovers the cyclotomic Gaudin algebra of [VY16a] as the Spe01al case

7200, 0)" c U0 @ g @ 0)¢

o0,

More generally, following [FFT10] it is natural to call the integrable models defined by representing
Qg’;";g (g, o)1 on tensor products of modules over Takiff algebras, cyclotomic Gaudin models with
irreqular singularities. Among the simplest possibilities is to introduce one irregular singularity, as

mild as possible, at oco; that is, to consider

gz’(zl,)él (g,0)" C U ((_1g) @ ¢®N @ ¢7)°

o0,

Here II_1g C g denotes the w™!-eigenspace of o. It is to be regarded here as a commutative Lie
algebra: it arises as the quotient II_1g Z¢ (t7'g ) / (t~%g 1)F. Suppose we now pick a
one-dimensional representation of this commutatlve L1e algebra i.e. a linear map x : II_1g — C.

Applying this map we obtain a commutative subalgebra

AL N 8,007 € (U@@)®N @ U(g")™,

where g7 denotes the centralised of x under the coadjoint action of g” on (Il_;g)*. In the special
case of N =0 (i.e. only one marked point, at the origin) this is a cyclotomic generalization of the
quantum shift-of-argument subalgebra of [Ryb06]; see also [FFRb10].

In the remainder of the paper we go on to diagonalize the Hamiltonians generating .Aoo 20 (g, o, )"
on tensor products of Verma modules, by means of a Bethe ansatz. We assume that y, and the
highest weights A1, ..., An, Ag of these Verma modules, all belong to the dual of a single Cartan sub-
algebra, and that this Cartan subalgebra is stable under ¢. Under these assumptions one can apply
the approach to the Bethe ansatz for Gaudin models from [FFR94, Fre05], which uses coinvariants
of a particular class of g-modules at critical level called Wakimoto modules. See §3, Theorem 3.1,
for the precise statement of the result.

Finally, in the special case y = 0 we prove that the Bethe vectors are singular. See Theorem 3.2.

Let us conclude this introduction with some remarks and open questions.

As discussed in [FFT10], the origin of the term irregular singularities comes from the description
of the spectrum of Gaudin algebras in terms of opers. The notion of opers with regular singularities
was recently extended to the cyclotomic setting in [LV06], and it was conjectured that the spectrum
of the cyclotomic Gaudin algebra 27~ ! (1) o (g, o) admits a description in terms of such cyclotomic

opers, or I'-equivariant opers. It Would be interesting to extend the definition of cyclotomic opers

1 Actually, we define these Zle0 " (g, o)' first, and then the universal algebra % . o(g, o) is their inverse limit.



CYCLOTOMIC GAUDIN MODELS WITH IRREGULAR SINGULARITIES 3

to include the case of irregular singularities and relate these to the spectrum of 22" (g,0)"

defined in the present paper.
17(1)71

00,2,0

Gaudin models considered in [FMTV00], which exhibit a certain bispectrality property. It would

The quadratic Hamiltonians of the algebra A (g,0,%)" are the cyclotomic analogs of the
be interesting to investigate bispectrality in the cyclotomic setting, in the spirit of that paper.
Cyclotomic analogs of the KP hierarchy were defined recently in [CS]. This construction involves
a generalization of (the completion of) Calogero-Moser phase space, which can be seen as a quiver
variety whose underlying quiver has a single loop, to quiver varieties for cyclic quivers. Calogero-
Moser space is known to be related to Gaudin algebras (Bethe algebras) [MTV14], so it is natural

to hope for a similar relation in the cyclotomic setting.

2. THE cYCLOTOMIC GAUDIN MODEL

2.1. Rational functions and formal series. We work over C. For any formal variable ¢, we
have the ring of polynomials C[t], the ring of formal power series C[[t]], and the field of formal
Laurent series C((t)). Given a finite collection of points = {x1,...,2,} C C let Co 4(t) denote
the localization of C[t] by the multiplicative subset generated by ¢t — x1,...,t — z,. Elements of
Coo,z(t) are rational functions in ¢ with poles at most at the points z1,...,z, and at infinity.

For any z € C we have the map ¢;—, : Coo 2(t) = C((t — 2z)) which returns the Laurent expansion
ti—»f(t) of a rational function f(¢) about ¢t = 2. We have also t;-1 : Cooo(t) — C((t71)) which
returns the Laurent expansion ¢,-1f(t) of f(t) in powers of t~!. The maps ;. and ¢;-1 are both
injective homomorphisms of C-algebras.

Let res; : C((t)) — C be the map which returns the coefficient of t=1. For any f(t) € Coo »(t) we
have

p
—res;—1 t2u-1 f(t) + Z res_g, tt—a, f (1) = 0. (2.1)
i=1

(This is equivalent to the statement that the sum of the residues of a meromorphic one-form f(t)dt

on CP! vanishes.)

2.2. Opposite Lie algebras and left vs. right modules. Given a complex Lie algebra a with
Lie product [-,+] : a ® a — a we write a®P for the opposite Lie algebra, namely the vector space a
endowed with the Lie product [X,Y]°P := [V, X|. The Lie algebras a and a®P are isomorphic (by
e.g. X — —X) but it will be useful to regard them as two distinct Lie algebra structures on the
same underlying vector space. Modules over a are naturally identified with left modules over the

envelope U (a); modules over a®P are naturally identified with right modules over the envelope U(a).

2.3. Marked points and the group I'. Let w be a root of unity of order 1" € Z>;. The cyclic
group I' := (w) = Z/TZ acts on the Riemann sphere CP! = C U {oc} by multiplication. The fixed
points of this action are 0 and co. Pick N € Zq points z1,...,zy € CP!\ {0, 00} whose I'-orbits
are disjoint: I'z; NT'z; = () whenever i # j. We write z = {z1,...,2n5}.

Let g be a finite-dimensional simple Lie algebra over C and ¢ : g — g an automorphism of g

whose order divides T'. Let <-, > denote the invariant inner product on g normalised such that long
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roots have square length 2. Let Iy, k € Z/TZ, be the projectors
=
L —mk __m .
Hk.—?z:ow c"ig—g (2.2)
m=

onto the eigenspaces of 0. They obey >, yrz e = id. We write g for the subalgebra of
invariants,
g7 = log.

Denote by Qgél;oa k € Z/TZ, the Lie algebra of those g-valued rational functions f(t) of a formal
variable ¢ that have no poles outside the set of points {0,000} UT'z and that obey the equivariance
condition w* f = wko f, i.e.

flwt) = Faf(t).
Let also (g ® C((#FH))TF == {f(tF) € g @ C((tTY)) : f(wFFl) = whof(tT!)}. For brevity we
write gL, o == gaz 0 and (6 C((EF)" := (g © C((HH))", ete.

There is an injective homomorphism of C-algebras

N
890 Coz0(t) — 6P C((t ") & P o C((t - 2)) & g @ C((1)
i=1

defined by
J@&) = (1 f(8); emzy f(£), s ey £ ()5 ()

(note the op and minus sign in our conventions).

Lemma 2.1 (T-equivariant Strong residue theorem). A tuple of formal series

N
(fooi forse v foni f0) € (8P @ C(EH) @ P e @ C((t - z)) @ (g @ C((1)"

i=1
belongs to (—tp—15te—zyy .oy bizzy; Lt)(gl;fz’o), i.e. they are the Laurent expansions of some rational
function in ggc’f;o, if and only if
1 ) al 1
e e g 0) 1 (o) + e (o) =0 (23
i—

I,—k—1
for all g(t) € 9, 40 -

Proof. The proof is as in [VY16a, Lemma A.1], but including the poles at co. Compare (2.1). O

Let g, denote the extension of g @ C((t — z;)) by a one-dimensional centre CK,, defined by the
cocycle
Qs (fair 920) 1= 10812y (foi0 Or—292 ) Koy foi 92 € 9@ C((E — 22)). (2.4)
Thus, each g,,,7=1,..., N, is a copy of the (untwisted) affine Lie algebra g.
Let g§ denote the extension of (g ® C((¢)))!' by a one-dimensional centre CKj, defined by the

cocycle
Qo(fo, 90) := res; { fo, Org0) Ko, fo.90 € (@@ C((1)". (2.5)
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Let g2 denote the extension of (g% @ C((t™1)))' by a one-dimensional centre CKo, defined
by the cocycle

Qoo(fooygoo) ‘= TeSi-1 <f0078t*1.goo>Koo
= —res; 1 t2<foo, atgoo>Koo, foos oo € (%P @ C((t~H)L. (2.6)

Given any X € g, n € Z we introduce the notations
X[nl, =X @ ({t—2z)" €8s, X[nJo =X @t" € go, X[n]oo := X @t" € Goo.

Note in particular our conventions for the n*?-modes at oco.
The algebras ﬁg and gL, are both copies of an algebra g which is either a twisted affine Lie
algebra (if o is an outer automorphism) or else isomorphic to g (if o is an inner automorphism).
Let Goo,v,0 denote the extension of (g% @ C((t~))' @ BN, g @ C((t — 2)) @ (g ® C((1))', by
a one-dimensional centre CK, defined by the cocycle

N
1 1
Qf,9) = <_f res;—1 t2<foo= atgc>o> + E res;—z; <fzi7athi> + T rest <f0= at90>> K, (2.7)
i=1

where f = (foo;fzu e fzzvva) and g = (gooagzu s 7gzNﬂ90) are in ( PR (C(( - ))) ® @i\flg ®
C((t—2))®(gC((t )))F In other words, §oo,x.0 is the quotient of the direct sum g2 @Y., §.. )
by the ideal spanned by K, —TKy,i=1,...,N, and K, — Ky, leaving one central generator, say
K, , which we call K.

We have an embedding of Lie algebras
N
(=t ttmzrs ey bmzyi 1) £ Bboz0 = (8P @ C(E)) @ P o C((t— =) @ (g@ C(1)".
i=1
By Lemma 2.1 the restriction of the cocycle €2 to the image of ggq 2,0 under this embedding vanishes.
Therefore the embedding lifts to an embedding
Gh0,2.0 “— Boo,N,0- (2.8)
2.4. Induced g no-modules. Let M., be a module over g®C[[t—z]], foreach i =1,...,N. We
then make it into a module over g ® C[[t — z;]] ® CK, by declaring that K., acts by multiplication
by k € C. Then we have the induced left U(g,,)-module,
MY, = U(8:,) ®u(gac(i-=Jack.,) M- (2.9)
Let Mg be a module over (g ® C[[t]])". We make it into a module over (g ® C[[t]))'' ® CK, by
declaring that Ky acts by multiplication by k/T € C. Then we have the induced left U (g{ )-module,
k T
o/T = U@h) Qv (g Cl[])TeCkKo) Mo- (2.10)

Let M, be a module over (g°P@t~C[[t~!]])"". We make it into a module over (g°P@t*C[[t~!]])I @
CK 4 by declaring that K, acts by multiplication by k/T € C. We have the induced left U (goy’ 1“)
module,

MMT = U@PT) @ ((groi-tefi-1rack.) Moo (2.11)
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Let us write

M = Moo®é/\/(zi ® My (2.12)
and N -
8 no=@Pet ') o @PeeCllt -zl e (g CliH)" © CK. (2.13)
Then the tensor product -
M = M¥7 é} MF @ ME/T = U (§oo n0) Byt y o0cK) M (2.14)
i=1

is a module over goo n,0 on which K acts as k. Pulling back by the embedding (2.8), we have that

M becomes a module over g£o7z70 and we can form the space of coinvariants,
r r
M/goo’z’o = M/(QOO,Z,OM)

Proposition 2.2. The Lie algebras ﬁgNo and gng’o embed as a pair of complementary Lie sub-
algebras in Goo, N0, i-€-

o~ . . 1"

Joo,N,0 = Q;N,o + Yc0,2,0

as vector spaces. Therefore there is a canonical isomorphism of vector spaces

M/gk, .0 Zc M. (2.15)

Proof. As in [VY16a], Lemma 2.1 and Corollary 2.4. O

2.5. Vacuum verma module V’g. Now let u € C* be an additional non-zero marked point, whose
orbit I'u is disjoint from I'z. Then we have the algebras g£o7z7u,0, Goo,N+1,0, etc. defined as above
but with the point u included. To the point u we assign a copy of the vacuum Verma module V’g
over the local copy g, of the affine Lie algebra g. Recall that by definition Vlg is the induced module

V6 = U(8u) ®u(geci—u]eck.) Cro. (2.16)
Here Cuvg denotes the one-dimensional module over g ® Cl[t — u]] ® CK, on which g ® C[[t — u]]
acts trivially and K, acts by multiplication by k& € C.
A vector X € V& is singular if A.X =0 for all A € g® C[t]. The singular vectors form a linear
subspace of VE denoted 3(g).

Proposition 2.3. There is a canonical isomorphism of vector spaces

(M ® VS)/ggo,z,u,O =c M@ (CUO =c M. ]

It follows that, given any X € V’g, there is a linear map X (u) : M — M defined by
M—MEEMeVE— Mo VE) /g5 .0 = M (2.17)

where M < M is the natural embedding. The map X (u) depends rationally on w, with poles at
most at the points 0, w¥z; (1 <i < N and k € Z/TZ) and oc.
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2.6. Generalized Takiff algebras. For any n € Z>; there is an ideal g®t"Clt] C g®C|[t]. Define
the Lie algebra T,g to be the quotient

Tog = (9@ Clt]) / (g @ t"C[t])
eg®htlg--- DtV g,

Thus 71g = g. The Lie algebra 7,g is known as a (generalized) Takiff algebra.

The Lie algebras T,g together with the canonical projections 7,9 — Tmg, n > m, form an inverse
system, and g ® C[[t]] is the inverse limit @17}9.

Define also the twisted Takiff algebra T,g" :

Tog" = (g Clt])" /(g2 t"C[1)"
= g’ @ tlhg- - @ ", g
In particular Tig" = g°.
We use the notation X, for the class lof the element X = X @ ¢ in T,g.
For any 2z € C we have the naive isomorphism 7,g = (g ® C[[t — 2]]) / (g ® (t — 2)"C[[t — 2]])

which sends X, to the class of X ® (t — z)P. By means of this isomorphism, modules over 7,g pull
back to modules over g ® C[[t — z]].

2.7. Universal Cyclotomic Gaudin Algebra. Given any ng,n.,,...,n.y,Ne € Z>1 We write

n={n.,....,n.y}. Let I nn C U@L y,) denote the two-sided ideal in U(g’l \ |) generated

by (g°° @ t=C[[t™Y]))", g @ (t — 2)"C[[t — 2]}, i = 1,..., N, and (g ® t"C[[t]])". Define
U(ao—’:]v,o)noo,n,no = U(ag,mo)/fnoo,n,no- (2.18)

These form an inverse system whose inverse limit is U (ﬁ;" N70).

Let us now take the module M in (2.12) to be a copy of U(ﬁ;]v,o)noo,n,no, regarded as a left
module over itself. For any X € V& we have a map X (u) : U(ﬁotzv,o)noo,n,no — U(ﬁotzv,o)noo,n,no as
in (2.17). By construction this can be written in terms of the left action of U (/g\:o'r N.0) o0 ,m,m0s Which
commutes with the right action of U(ﬁ;" N.0)nee,ming- S0 X (u) commutes with the right action of
U(/Q\;F,N,o)noo,nmo' Hence for all a € U(/Q\;F,N,o)noo,n,noa X(u).a = X(u).(la) = (X(u).1)a. That
is, X(u) acts by left-multiplication by the element X (u).1 € U(ﬁ;" N.0)nee,ming- Since the latter

depends on the choice of ny, 1, ng, we will denote it by X (w)n. n,no,- When the choice of n.., n, ng

Noo,

is clear from the context we will write X (u)n_ n.n, simply as X(u). By construction, whenever

ng > ng, n, > n.; and nl, > ne then
X(“)ﬂoom,no = X(u)n6,n’,n’oo + jnoo,n,n()' (219)

In other words, the elements X (u)y,_ . nono € U(ﬁ:o" N.0)no,n,no are compatible with the above inverse
system and hence define an element of the inverse limit U (/g\;:)'r ~No)- By a slight abuse of notation

we will also call this element simply X (u) € U(GL v ¢)-



8 BENOIT VICEDO AND CHARLES YOUNG

We have the natural inclusion g° < g and hence the “diagonal” embedding
N

07— 0" PO P D" — Goono0s
i=1

X— (-X;X,...,X;X) — (—X[0]oo; X[0]2,, ..., X[0] 25 X[0]0)- (2.20)

Identifying g7 with its image under this embedding, this gives an action of g7 on U(geo, n,0) by left-
and right-multiplication. In particular, we can define the adjoint action of g7 on U(gso,n,0). Note
that the adjoint action stabilises U (ﬁ;j N70) but the actions by left- and right-multiplication do not,
because the zero-modes at co are not present in U (ﬁ;" N70). Let us write

U(ﬁ;MO)QU ={z € U(ﬁ;‘:N’O) :la,z] =0 for all a € g7} (2.21)

for the invariant subspace of the adjoint action of g on U(g! ). Define U(gf 0)%;%”0 likewise.
Now suppose X is a singular vector, X € 3(g) C V'g. Then X is in particular g?-invariant,
a.X =0 for all a € g°. Hence we have

0=[1®aX]=—-[al®X]=[X(ual®uvl = [X(u)a.l]

where we “swapped using the constant rational function a”, i.e. used [a.(1 ® X)] = 0, in the
second equality, used the definition of X (u) in the third, and finally used the isomorphism (M ®
V'g)/gng’up = M/gngﬂ. On the other hand, in the space of coinvariants M/gngp we have

0=[a.(X(u).1)] = [aX(u).1].
Taking the difference of the two equalities above, we get
0 = [fa, X (w)] 1] = [a, X ()]

where in the last equality we can use the identification M/ gl(;o’ 20 = M. (The point is that neither
aX (u) nor X (u)a need belong to M = U(ﬁ;:;N,O)noo,nynO? but the commutator [a, X (u)] does, as
we noted above.) This shows that if X is singular then X (u) € U(ﬁj.:,mo)g;,n,no-

For each X € Vlg, the element X (u) depends rationally on u with poles at most at 0,wkz, 00,
i =1,...,N. Define the algebra Q”OZC’ZBL"O (g,0)" to be the span, in U(ﬁ;]\m)%;,nm, of all the
coefficients of singular terms of Laurent expansions of the operators Z(u) as Z varies in the space
of singular vectors 3(g) C V5"

By virtue of (2.19), the algebras Q@Z";gno (g,0)F form an inverse system. Define the universal
cyclotomic Gaudin algebra % 0(9, o)!' to be the inverse limit,

goo,z,O(Q) J)F = 1£1 gnoo’nmo (97 J)F‘

00,2,0

By the argument in [VY16a], following [FFR94], we have

Theorem 2.4. Each 2,770 (9,0)" is a commutative subalgebra of U@ n o) -

Hence 2% »0(g,0)" is a commutative subalgebra of U(glt )% . O
2.8. Quadratic cyclotomic Hamiltonians. Let I, € g and I* € g, a = 1,...,dimg, be dual
bases of g with respect to <-, ->, i.e. <Ia, Ib> = 0%, Let C := %I“Ia € Z(U(g)), the quadratic Casimir
of g. Here and below we employ summation convention on the index @ = 1,...,dimg. Define an
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element F' € g% and number K € C by

T-1 T—1
1 wP[ePI%, 1,] 1 wp<0pI“, Ia>l<;
F::—g Ry K::—E —_— 2.22
2 wh—1 ° 9 gt (wP — 1)2 ( )

The quadratic Segal-Sugawara vector S is by definition

1
= I =1la[~1]u € A% (2.23)
At the critical level k = —h", the vector S is singular.
Proposition 2.5. The corresponding element S(u) € U(g o) is given by
N T-1 oo —kp+k 00 e
1 P Hip Hop
S(u) ~ ﬁK - Z Z Z (u — wFz;)ptl Z S Z uPHoop (2.24)
i=1 k=0 p=0 p=0 p=0
p=1lmodT p=—2modT
where
N T-1 o0 ( 1) [n+m]
Hip= Z Z (zi — w—lz.)n:z—i-m—i-l Lo[n + plzw™"™ (o 1%)[m],
j=1 1=0 n,m=0 J
J#i
T—-1 oo —Im rr+m p—1
w™tm (=) [T 1
{1, 1%)ml., } ~ILn —n—1],
! =1 r%;o (1 = wl)z;)rtm+L 2 { ot vl (@ " ‘2 ol n 1k

e _1nn+m 00
( )[m]l[n—l—p]zlﬂ I 0+Z(n+1 Fln+ pl,

+T )

2

T Z [“*m] (Mt Ta) =1 — m — 1o I%[p + ml.,, (2.25)
n,m=0
fori=1,...,N, and

o oo N n+p+1 [n—l-m]

Hop = T? Z Z Z n+m+1 (p—m—11a)[n + pls; (I 1) [mlo

m=0n=0 i=1

+T2ZHI Jo(TT_psn 1 I[P+ n — 1]

T2 p‘l
p _ p—1]o, (2.26)
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and where finally

N 00

m—n—1-—p [T — 1- a

Moo =230 3 7™ P ML fem = (£l
i=1 m,n=0

+T2ZHI Jo(IT_p—p—od®)[—p — n — 2
7%
+5 > (MMopaln)[—n = Hoo(Mpyn 1 I)[=p+n — oo + T(M_p 2 F)[~p — 2se.  (2:27)
n=0
Proof. The proof is given in Appendix A. O

2.9. Regular singularities and shift-of-argument/twisted boundary conditions. In the

special case when n,, =1 for 7 =1,..., N and ng = 1, we obtain commutative subalgebras

ffn‘x”( ),1 (g, ) (U((QOP ® t_l(C[t_l])F/(gOp ® t_""o(C[t_l])F) ® U(g)®N ® U(gU))gU .

00,2,0

If furthermore we set n, = 1 then we obtain the commutative subalgebra

2.0 e.0)" < (U@ @ U(g"))®

00,2,0

o

Now consider setting no, = 2. Pick any linear map
x:1_,9—C.

The Lie algebra (g ®t‘1(C[t_1])F/(g°p ®t‘2(C[t_1])F is commutative, and is canonically iso-
morphic to II_1g as a vector space. We may therefore regard y as an algebra homomorphism
x:U((g° @ t_l(C[t_l])F/ (P ® t_z(C[t_l])F) — C. Let then

1,(1 . . 2,(1),1
AL (0,007 = (2 ia®Y @ia) (2205 (@.0)7) -
This defines a commutative subalgebra

Al .00 € U@ @ U)™.
where g7 = {X € g7 : x([X,Y]) =0 for all Y € II_;g} denotes the centralizer of x under the coad-

joint action. Note that in the special case x = 0 we recover Efoo (z)O (g,0)".
For any X € gand i =1,..., N we let X(*) denote the element of U(g)®N @ U(g?) with X in
the i tensor factor and a 1 everywhere else. Similarly, for X € g% we let X(© be the element

19V @ X of U(g)®N @ U(g?). The only non-zero Hamiltonians of Proposition 2.5 above are then

N T-1 70/ _17a\(5) L1 (@) Ja(@)
Lo’ (0" 1%)Y (o' 1) 01 0 (0) (i)
= \ota) 72 77 TIZHI“ TI19O\(IT_,I,),
Hio : Z(zl—w—lzj)+z(1—w Nz + (T )™ + xX(H-114)
3;1'1:0 =1
jF#i

1
Hip = Sl )2 CION

Hoo =T — (11, YO (I ) + T2(1o1,) O (111 1),
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2
Ho1 = %(HOIQ)(O) (HOI“)(O) + TF(O),

and
T2
Hoo,(] = TX(H—IIa)X(H—IIa)-

Note that Hoo = 0 unless T'=1 and Hoo,0 = 0 unless T'=1 or 2.

Remark 2.6. The cyclotomic Gaudin algebra introduced in [VY16a] is the commutative subalgebra
ﬁ?l’(l)’o(g, o)l c (U(g)®N)¥. It is the image of ffl’(l)’l(g, o)" under id®" @¢, where € : U(g”) — C

00,2,0 00,2,0
is the counit.

Remark 2.7. The algebra Ai;(’lz)”é (g,0,x)" is a cyclotomic generalisation of the quantum shift-of-
argument subalgebra; see [Ryb06, FFT10, FFRb10].

Remark 2.8. Sometimes setting x # 0 is called adding twisted boundary conditions. The name
comes from the Heisenberg XXX spin chain of which the usual Gaudin model is a limit.

3. STATEMENT OF MAIN RESULTS

3.1. Cartan data and Verma modules. We fix a Cartan decomposition g =n_®hdn of g. Let
AT C b* be the set of positive roots of g and {«;}ier C AT the set of simple roots, where i runs
over the set I of nodes of the Dynkin diagram of g. Let E, (resp. F,) be a root vector of weight o
(resp. —a) for each root o € A* and H, = a" := [E,, F,] the corresponding coroot. Overloading
notation somewhat, we write H; := H,,, ¢ € I. Then {H;}icr U {Eq, Fo}taca+ is a Cartan-Weyl
basis of g. We shall assume the Cartan decomposition has been chosen to be compatible with the
automorphism o : g — g, in the sense that o(h) = b, o(n) =n and o(n~) = n~. (Such a choice is
always possible [Kac83].)
Let M) denote the Verma module over g with highest weight A € h*, namely

M)y == U(g) ®u(hen) Cor, (3.1)

where Cuv), is the one-dimensional module over h & n generated by a vector vy with n.vy = 0 and
hvy = A(h)vy for all h € h. Similarly, let MY denote the Verma module over g with highest
weight A € h*7,

MY :=U(g’%) QU (hoane) Cuy, (3.2)

3.2. The weight function. Let A\;,..., Ay € b* be g-weights. Let A\g € h*? be a g7-weight.

As above, let z1,...,2zx be a collection of N € Z>( non-zero points in C such that I'z; N\T'z; = ()
for all 1 <7 < j < N. In addition, let wy,...,w,, be a collection of m € Z>y non-zero points in C
such that I'w; N T'w; = () for all 1 <1i < j < m and such that T'w; N I'zj = 0 for all 1 <7 < m and
1<j<N. Let ¢(1),...,c(m) be elements of I. We call ¢(i) the colour of the variable w;.

Recall the projectors Il from (2.2), and in particular IIy. The (cyclotomic) weight function
associated to these data is the element

N N m
(NS <® MM (9 Mgo) , Wwhere Ay := Ao+ Z g — Z H(]Oéc(j), (3.3)
=1 Ao i=1 j=1
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defined recursively as follows. Define linear maps

N N

0s: QR M, @M, @n_®..0n_ — QM @M, @n_®...0n_
) ~—_—— ) ~————
=1 =1 s—1

for s =1,2,...,m, by

Os(11® .. QZN R QY1 @ ... Ys)

T1R...0...0xN ® (THyys)xo @Y1 @ ... D Ys—1)
Ws

+§: 5 T1® ... ®Ti1 @ (07Ys) 2 @ Ty 1 ® ... QIND TR YL D ... @ Ys_1)
wg — w Iz

i=1 jeZr
—1 .
+S§: Z T1Q..QINQTORY Q... ®Yi—1 D [07Ys, Yi] D Yit1 ® ... D Ys—1
Wy — wJw;

i=1 jE€Zr

Then the weight function is by definition the element

Y= (=1)"(1000n)(v) ®...0UNy ®VN ® Fu ) ® Fop ® ... ® Fo ). (3.4)
3.3. The weight Ay. Define a weight Ay € h*™7 by
T—1
Z trn o adh) (3 5)
—~ 1-u ’

where adp, : n — n; X — [h, X] is the adjoint action of h on n.

For a more explicit expression for Ay, note that [Kac83, §8.6]
0(Ea) = TaBuay,  0(Hi) = Hypy,  0(Fo) = 7, Fya)- (3.6)

Here, by overloading notation, we write o : AT — AT for the symmetry of the root system, coming

in turn from a symmetry o : I — I of the Dynkin diagram. The numbers 7., a € AT, are certain

Z

roots of unity in I' = w”. (So the “inner part” of the automorphism o : g — g is encoded in the

choice of 7,,, i € I; the remaining 7, are fixed by this choice.)

Then
T-1 1 r—1
_ —1
Ao = Z T Z Ton(a) | @ (3.7)
r=1 aEAT p=0
o (a)=a

3.4. The cyclotomic Bethe equations. Given a complex vector space A, for any linear map
n: A — C we define Lyn :=noo~'. Let x € b* be such that Lyx = wx. The cyclotomic Bethe
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equations (with twisted boundaries) are

T-1 N T—1 m
<ac(j)7 Lcr)‘l> (ac(j)7 L;ac(k)>
0= -
i
-1
1 {1 ;
+ w; <—§ Z(ac(j)vLoac(j)> + (ae(jy; Ao + A0>> + (acy, x)- (3.8)
r=1

3.5. Eigenvectors of the cyclotomic Gaudin algebra. Let x € h* be such that L,x = wy.
Extend x to an element of g* by setting x(n) = x(n—) = 0. Then a x is a linear map II_1g — C.
Suppose (w1, ..., wpy;c(l),...,c(m)) are such that cyclotomic Bethe equations (3.8) are satisfied.

Theorem 3.1. The weight function is an eigenvector of the algebra .AOO 2.0 (g, o, x)". In particular,
the eigenvalues E; of the quadratic cyclotomic Gaudin Hamiltonians H; o are given by

m T— 1 T-1
(Niy L3y 1 1
() — <<>\i7/\0+1\0 t3 E (Nis Lo A > (AisX)-
s=1

<)\Z,L)\ o0l
5_320 P D DD Dl

j=1s=
i

)

In particular, when y = 0 the weight function is an eigenvector of the algebra oni’g)o’l (g,0)".

Moreover, in that case we have the following.

Theorem 3.2. In the special case x = 0, the weight function i belongs to the space of singular
nU
vectors <®ZZ\;1 My, ® Mfo) R

Remark 3.3. We have not shown that the weight function is non-zero. When ¢ is a diagram

automorphism, this is proved in [VY].

4. PROOFS

4.1. Restricted duals and contragredient Verma modules. Given a module M over g we

write (M), for the subspace of weight p € b*,
(M), :={v € M : there exists n € Z>; such that (h — p(h)1)".v =0 for all h € bh}. (4.1)

The module M is a weight module if M = € ueh*( )u- In this paper we work with weight modules
all of whose weight subspaces are of finite dimension. If M, N are two such modules, then by

Homg (M, N) we shall always mean the restricted space of linear maps

Home (M, N) := @5 Homg (M), (N),).
nvEh*
In particular we shall write M* := Homc¢(M,C) = €, ((M),)*, i.e. our duals are restricted
duals. We have Hom¢ (M, N) = Homc(M ® N*,C) = Homc(C,M* ® N) = M*® N.
The restricted dual M3 of the Verma module M) is naturally a right U(g)-module. We may
twist by any anti-automorphism of U(g) to obtain a left module. The Cartan anti-automorphism
¢ :U(g) — U(g) is defined by

o(H;)=H;, i€l, and ¢(E,)=F, ¢(F,)=FE, acAt, (4.2)
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It obeys ¢? = id. The twist of M 1 by ¢ is the left U(g)-module called the contragredient Verma
module. Henceforth by M} we shall always mean the restricted dual equipped with this left U(g)-
module structure. That is

(x.f)(v) == f(p(x).v), feMy, xzeg, veM,.

See e.g. [Hu08, §3.3].

Let S : U(g) — U(g) be the antipode map, i.e. the extension of the map g — g; X - —X to an
anti-automorphism of U(g). We have the automorphism ¢ o S = S o ¢ of g. Let us write (M;)?°%
for the left U(g)-module obtained by twisting by this automorphism. In other words (M;)#°9 is
the dual of M) in the usual Hopf-algebraic sense. Hence we have

Homg(A, B ® M) = Homgy(A ® (M3)¥°°, B). (4.3)

Similarly, one has the notion of weight modules, contragredient Verma modules, etc., over g°.
Given a module V over a Lie algebra a, we denote by V*® the space of invariants V¢ := {z € V :
a.x =0 for all a € a}.

4.2. Heisenberg algebras at the marked points. Let zy,..., 2N, w1,...,wn, be as in §3. For
brevity we introduce p := N+m and (z1,...,2p) := (21,..., 2N, W1, ..., Wn). Let @ = {x1,..., 2, }.

Let nc (resp. n{) denote the vector space n (resp. n*) endowed with the structure of a com-
mutative Lie algebra. On the commutative Lie algebra nc @ ng there is a non-degenerate bilinear
skew-symmetric form (-,-) defined by

(X,Y) = Yo (X[n) = Xor (Y]a), (4.4)
and an action by automorphisms of the group I' given by
w.X = 0(X[n) ® Lo(X|n+). (4.5)

Let H,,, i = 1,...,p, denote the central extension of the commutative Lie algebra (nc ® ng) ®
C((t — 7)), by a one-dimensional centre C1,,, defined by the cocycle res; 4, (f,g)1,,. Let H}
denote the extension of (nc @ C((¢)))1"? @ (nt®C((¢)))""~! by a one-dimensional centre C1, defined
by the cocycle resi(f, g)1p. Let HL denote the extension of (nc @ C((t™1)))""0 & (nEta@C((t™1))H !
by a one-dimensional centre C1,, defined by the cocycle res;—1 t?(f, g)1so.

Let us give a more explicit description of these Lie algebras in terms of generators and relations.
To do so, we first construct bases of n and n* adapted to the automorphism o. Recall the projectors
Iy, k € Z/TZ, from (2.2). By the adjoint action, g is a module over itself. In particular, it is a
module over its Lie subalgebra g° = Ilyg. As a g°-module, g = EBkGZ/TZ II;g. Let A: denote the
set of g?-weights of Ilyn and for a € A: let n( o) denote the corresponding weight subspace of
IIxn. We may pick a basis of n consisting of vectors E(y, o) € 0(3,q), Where k € Z/T7Z, o € A:.z

We now have two bases of n, namely E,, o € AT, and By, k€ Z/TZ, a € A;. We write EY,
a € AT, and E@a), keZ/TZ, a € A; for their respective dual bases of n*.

2Indeed7 suppose o € A% is a root of g such that the orbit o%a has ¢ elements, where t € Z>1 divides T'. Then

0'Ey = w'™E, for some unique m € Z/TZ. Let Em-kr/t,a) = Z;;(l) w mkT/iGIR, NWom—kT/t,a) fOr k =
0,1,...,t — 1. By picking one root from each o-orbit, we construct a basis of the required form.
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Then H,, has the following explicit set of generators:
o)z, = Fa ® (t —x)", ain]e, = EL @ (t —x)" 1,
where a € At and n € Z; while explicit sets of generators for HY and H., are
(ko) [T + Ko = Egroy) @ "% € (ngc @ C((1))",
A, o) [NT + Ko 1= Efy o) @t e mp 0 C((1)" 7,
and

(ko) [T + Kloo = Eg oy @ "5 € (ne@ C((¢))"7,
a(y, o) [0 + Koo = Efy oy @ "1 € (np @ C((¢71)" 7,

respectively, where k € Z/TZ, o € A;, and n € Z.
Remark 4.1. Note our conventions for the modes at co.

These generators obey the relations:
[aa [n]mma}; I:m:lm]] = 5ij5a55n,—m1mia

* 1
[0 [1]0, a{j,5) [M]o] = 0ij8asdn,—mz 1o,

. 1
[a(i,a) [n]oo’ a(j,ﬁ) [m]oo] = 5ij5a55n,—mflooa
with all other commutators vanishing.
Each H,, is isomorphic to the Heisenberg Lie algebra H(g), while HY and HL are isomorphic
to a subalgebra H(g)". Note that the opposite Lie algebra HLP differs from H I only in the sign
of the central extension.

Let Hy p0 denote the extension of

(ne @ C((t™H))"0 @ (g @ C(( )0

® Pnc ®ng) @ C((t — 7))

i=1

® (nc ® C((1)" 7 @ (g @ C((H))" ! (4.6)

by a one-dimensional centre C1, defined by the cocycle

1 ! 1
Q(fv g) = (T resy <f07.g(]> =+ Z;rest—mi <f:Em ng> - T resg—1 752<foov goo>) 1 (47)
1=
where f = (foo; fois -+ [z, fo) and g = (gooi Ga1s - - - » 92,3 90) are elements of the Lie algebra (4.6).
Equivalently, H p 0 is the quotient of the direct sum H. 1sop o@!_, Hy, @Hg by the ideal generated
by 1,, —T1p,7=1,...,p,and 1o — 19. Then 1:=1,,.
Define also

boop0 = (H @ C(E) @ @b @ C((t - z:)) @ (h @ C((1))"*

i=1
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Let us give a set of explicit generators for this commutative Lie algebra hoopo. Let Hy ), a =
1,...,dim(IIth), be a basis of II;h for each k € Z/TZ. Then b, ~ is the commutative Lie algebra
with basis

bjlnle, == H; ® (t — ;)" € h @ C((t — z4)),
b(k,a) [HT + k]() = H(k,a) ® Tk ¢ (h ® C((t)))noa (48)
biray [T + Koo := Hi ) @ " € (h @ C((¢7 1),

forjel, keZ/TZ,a=1,...,dim(Il3h) and n € Z.

4.3. Wakimoto modules at the marked points. For each i = 1,...,p, let C|),, denote the
one-dimensional left module over U((nc @ ng) ® C[[t — x;]] ® C1,,) on which 1,, acts as 1 and
(nc @ ng) ® C[[t]] acts as zero. Define M, to be the induced module over H,,

Mz, := U(Hy;) Qu((ncanp)ec(t-z]ject,,, Cha;-

Suppose we are given an h*-valued Laurent series v; € h* @ C((t — z;)) in the local coordinate t —z;
about the point x;. Let Cuv,, denotes the one-dimensional module over h ® C((t — z;)) on which
fvy, = vy, resi_g, vi(f), for any f € h@ C((t — ;). Then the Wakimoto module W, is the module
over Hy, ® h® C((t — x;)) given by

Wy, =My, ® Cu,,.
Explicitly, W,, is the Fock module generated by a vacuum vector |);, such that

agn)))z, =0, n>0, arn]))z, =0, n>1,

«

and

bk[n]l)a; = [)e; vi,—n—1(Hg)
where v;(t — x;) =: Y oo g Vis(t —a;)° for some S € Z and v; s € h*. Here and in what follows we
use the obvious shorthand a[n]|)s, to denote aq[n]s;|) s, etc.

Similarly, let C|)o denote the one-dimensional module over (nc @ C[[t])I"P @ (nt @ C[[t])I' 1@ C1,
on which 1j acts as % and the first two summands act as zero. Define l\/lg to be the induced module
over H}:

Mg = U(Hp) Qu(esci) oamsci)r—1ac1o) Co-

Suppose we are given an element 1y € (h* @ C((¢)))">~!. That is, 1p is a h*-valued Laurent series in
t such that vg(wt) = w™loyy(t). Let Cuv,, denote the one-dimensional module over (h @ C((¢)))!"°
given by

fvuy = vy, resy vo(f), (4.9)
for any f € (h® C((¢)))"°. We may then consider the twisted Wakimoto module W}, defined as
the HY @ (h ® C((¢)))"%-module

W,E) = M{ @ Cuy,.

Explicitly, it is the Fock module generated by a vacuum vector |)g such that 1|)¢ = ]}0%,

A(k,a) [n]|>0 =0, n=>0, az(kpc) [’I’L]|>0 =0, n=>1,
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and
bk,a) [0 = )0 v0,—n—1(Hr,a))
where vo(t) =: Y o0 g 1p,st° for some S € Z and v, € h*.
Finally, define
HE = (nc@t™'Cl )0 @ (ng @t~ 'Ct ') @ Clo,

and let ML denote the right module over U(HL)) induced from the trivial one-dimensional right
module C (| over U (HCI:OJF) on which 1, acts as % and the first two summands act as zero:

MLV .= C By U(HL).

Hi)
Suppose Vs € (h* @ C((t~1)))~1. That is, ve is a h*-valued Laurent series in ¢! such that
Voo (w71 = wlowso(t71). Let Cuj_ denote the one-dimensional module over (h @ C((¢t~1)))0
given by
fai = v resya (—)vao(f), (4.10)
for f € (h® C((t~1)))"°. Then we have the right U(HL, @ (h @ C((t~1)))"?)-module
W,V =MLY ® Cuj_.

Explicitly, WEO;V is the Fock module generated by a vacuum vector (| such that

(lag,a)n]e =0, n <O, (lafy,a) e =0, n <0,
and
([b(k,a)[M]o0 = —Voo,—n—1(Hk,a)) | (4.11)
where vy (t) =: Z‘sg:_oo Voo,st® for some S € Z and v s € b*.

4.4. Free field realization. The modules W,, are smooth. That means, by definition, that for
each v € W,

0 = aq[n]z;v = al[n]e,v = bgnlg,v forall n>0,
for all & € At and k € I.3 Similarly WVI:) is smooth. The module WEO;V is co-smooth. By that we

mean that for each v € W,,FO;V,
0 =vaganleo =vaj )l =vbkalnle forall n <0,

forall k € Z/TZ, a € AZ’ and a € {1,...,dim I h}.
Let now mp >~ C[b;[n]]icr,n<—1 be the induced representation of h @ C((t)) in which b;[n] acts as
0 for all ¢ € I and all n € Z>o. Let M be the induced module over the Heisenberg Lie algebra H (g)
with generators a,[n], a’[n]. Then
Wp := M ® 7, (4.12)
is an induced representation of H(g) ® h ® C((t)). Explicitly, Wy is the Fock module generated by

a vacuum vector |) such that
a[n]]) =0, n>0,  ag[n])=0, n=1,

3That is, for each v € W,, @ € A" and k € I there exists an n € Z such that 0 = aa[m]s,v = a’[m]e,v = bi[m]s,v
for all m > n.



18 BENOIT VICEDO AND CHARLES YOUNG

and
bi[n]]) =0, n>0.
There is a Z-grading on Wy defined by deg|) = 0 and deg ay[n] = degal,[n] = deg b;i[n] = n.

Let us recall some facts about the free-field realization of g.

The H(g)®h®C((t))-module Wy is endowed with the structure of a vertezr algebra. In the notation
of [VY16b], we have the “big” Lie algebra L(Wo) := Liec(()) Wo of all formal modes of states in Wy.
For each of the marked points z;, i = 1,...,p, there is a “local” copy L(Wy),, = Liec((t—a;)) Wo
of L(Wy). It contains H,, & h ® C((t — z;)) as a subalgebra. Moreover, every smooth module over
H,, ®bh®C((t —z;)) on which 1,, acts as 1 becomes a smooth L(Wy),,-module in a canonical way.
See e.g. [VY16b, Proposition 5.9].

At the fixed-points 0 and co we have the local copies L(W)o := Liec () Wo and L(Wo)oo :=
Lieg(-1y) Wo of the big Lie algebra L(Wy). The automorphism o of H(g) ©h® C((t)) extends in a
unique way to an automorphism of Wy as a vertex algebra. So we get an action by automorphisms
of the group I on both of these local Lie algebras. Let L(Wy)5 and L(Wg)L, denote the respective
fixed-point subalgebras. We have embeddings of Lie algebras H} @ (h ® C((¢)))1'? < L(Wq)§ and
HE, @ (b @ C((t1)70 < L(Wo)L.

Every smooth module over H{ & (h®C((£)))"* on which 1y acts as 4+ becomes a smooth module
over L(Wy)§. See [VY16b, Proposition 5.8]. Every co-smooth module over HL, @ (h ® C((t~1)))"
on which 1., acts as % becomes a co-smooth module over L(W)L . See Proposition B.3.

Now, the vacuum Verma module V " also has the structure of a vertex algebra. Its “big”
Lie algebra L(Vy hv) contains g as a subalgebra, via the embedding sending K + (—hvfuo)[_l} and
Aln] + (A[~1]vg)|—q) for A € g. In this way smooth modules over L(Vghv) pull back to smooth
modules over g of level —h".

The subalgebra L(V{ hv)r contains the twisted affine algebra g’ as a subalgebra.

The Feigin-Frenkel homomorphism is a homomorphism of vertex algebras V, N Wo. It
induces homomorphisms of the big Lie algebras, L(V{ hv)mi — L(Wy)g,, for every i = 1,...,p, and
L(Vg"")E = L(Wo)§ and L(Vg"" )L — L(Wo)L,.

By means of this homomorphism, every smooth module over H;, & h ® C((t — x;)) on which
1,, acts as 1 becomes a smooth module of level —h" over the local copy g, of g at x;, for each
i =1,...,p. Every smooth module over H} & (h® C((¢)))'*° becomes a smooth module of level
—hY /T over g5. And every co-smooth module over HP @ (5@ C((t™1)))"° becomes a co-smooth
module over g2 of level —hY/T.

In particular, these statements apply to the Wakimoto modules W,,,, ¢t =1,...,p, W,,F0 and WEO’OV.
We shall need the following facts about the structure of these modules.

For each i =1,...,p, let Wyi denote the subspace of grade zero, i.e. the linear span of states of

*

the form ay, [0]... a7, [0]])s;, k € Z>o. This subspace W,,l. becomes a left module over the subalgebra

U(g) C U(gy,;) generated by zero-modes, X|[0],, with X € g. Suppose v; has at most a simple pole.
Then there is [FFR94] an isomorphism of left U(g)-modules

W,, = M},

rest U;*

(4.13)
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Let W,E) C Wl}; denote the subspace of grade zero, i.e. the linear span of states of the form
azkom)[O] e azk07ak)[0]|>07 k € Z>o, ai,...,ar € AZ. It is a left module over U(g?). Suppose 1y has
at most a simple pole. Then there is [VY16a, Proposition 4.4] an isomorphism of left U(g?)-modules

WE = Mo (4.14)

%(rest(uo)—Ao)
where for A € h*7 we denote by M ;’J the contragredient Verma module over g of highest weight
A, and where Ag is the weight given in (3.7).
Let C,, denote the one-dimensional representation of (g°® ® t~1C[[t~!]])'" defined by

(@ @ ') — @ @ ) /(0P @ 2l ) e g 25 C,

where x is defined as in §3.5.
The module W,2Y = MY @ Cv},__ is a right module over U(g") of level —h"/T'. Let us suppose
that
Uoo(t) = —x + O(1/t)
(i.e. we suppose that t?v,, has at most a double pole in ¢t~!). Then it follows from the explicit
form of the Feigin-Frenkel homomorphism and the definition of the quasi-module map Yy that the
vector (| of (4.11) obeys

((gotCt™' M =0,  (ILA[-1] = Zx(A) (-
In other words there is an isomorphism of (g°° ® t~!C[[t~!]])"-modules
C( =C,. (4.15)

4.5. The generators G,[n]. The Verma module My = U(g) @y pan) Cvn Zc U(n-) @c Cuy, §3.1,
is by definition a left module over U(g). In particular it is a left module over the subalgebra
U(n_) C U(g). But M), also admits a second left action, call it >, of this subalgebra U(n_). These
two left actions of U(n_) are mutually commuting. They are given by

X.n@vy)=Xn®vy, and Xb>(nouvy)=-nXu), Xen_,neUm_).

In particular
X.(1®vy) ==X (1l®uvy). (4.16)

Correspondingly the contragredient Verma module admits a second left action of U(n). We write
G, a € AT, for the generators of this second copy of n. So we have [G,, Eg] = 0 for all o, § € AT,
where F,, are the generators of n from §3.1.

By means of the free-field realization, the Wakimoto module W,, becomes a module not only over
g but also over a copy of n ® C((t)) whose generators we denote G4[n] := G, @ t". In particular
W, is a module over the subalgebra U(n) C U(n ® C((t))) generated by zero modes. Then (4.13)
is an isomorphism also of modules over this copy of n, i.e. G,[0] acts as G,,.

The analogous statements hold for n? too. Namely we have generators G(g), @ € Ag , of a
second copy of U(n?) which acts from the left on contragredient Verma modules M :\k’o over n?.

These generators commute with the generators E(g ) of the standard left action of U(n?). And,
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arguing for G g o) as for E(g ) in the proof of [VY16a, Proposition 4.4], one checks that (4.14) an

isomorphism of modules over this second copy of n?.*
4.6. Global Heisenberg algebra and coinvariants. Let H, go,m,O be the commutative Lie algebra
Hy, 50 = (nc ® Coora0(8))™ @ (nf ® Coorao(t)

That is, an element of H. =018 apair (f(t),g(t)) where f(t) is a rational function valued in nc with
poles at most at the points 0, z1,...,zp, 00 and obeying the equivariance condition f(wt) = o f(t),
and where g(t) is a rational function valued in nf with poles at most at the points 0,z1, ..., 2}, 00
and obeying the equivariance condition g(wt) = w™log(t). By virtue of the residue theorem there
is an embedding of Lie algebras,

H, 2,0 = Hoopo,

by taking Laurent expansions, f(t) = (=415 tt—zy, .-, ti—a,;te) f(t). CL. (2.8).
Let us write

D20 = (0® Corace(®)™ and b3 ,0:= (0" © Corae(t)
There is an embedding of commutative Lie algebras
hgo,m,o — hoo,p,O

and we have the following, which is [VY16a, Proposition 4.3] but now including the pole at oco.

Lemma 4.2. The space of coinvariants Cv,_ ® @%_; Cv,, ® (Cv,,o/hgo’m,o s one-dimensional if

and only if there exists a v(t) € f);ljwp such that
(Voo3 Vs -+ s Up3 V0) = (=15 btmy - - o s btmays 1) V(F).
Otherwise it is zero-dimensional. O

Define
HY o= MmcoCt N e mE ot !

® EB(WC ®ng) ® C[[t — 2]

® e C[HN° @ ot Cl

Then
r r
Hoopo = H:o,p,o + Hoo 20 and H:o,p,o N Hog 20 ={0}.

We may regard ML as a left module over U (H&”) and then

p
=1
4Namely, one checks that
(G- = > R (Tafo.e)[0Dag,s 0] (4.17)
peaf

which confirms that (G(o,q) [—1]|))(vg) is nothing but the (usual, untwisted) free-field realization of n{g,.
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Hence
<MFV®®M ®MF)/ 00,20 ZCC{® )2y ® ... ® |}z, ® o =c C.
i=1

Therefore for any v(t) € h;rm o the space of coinvariants

( EL:/ 11/ ® ® WLt z; V(t tl/(t)) / (Hgo,ac,o D hl;o,w,o) (419)

has dimension one. That means there is a unique (H, ;,w,o D f)go@p)—invariant linear functional, call

it Ty(t) ,
V7 r
Tu(t) - W—Ltflu(t) ® ® Wbt—xiV(t) ® WLtI/(t) —C

normalised such that 7, ((| ® [)z; @ ... @ |}z, ® |)o) =
By functoriality, i.e. [VY16b, Theorem 6.2] and [VY16b, Corollary 6.6] generalised to the sit-
uation of Appendix B for coinvariants of a tensor product of modules including one attached to

infinity, the functional 7, is also invariant under ggo&o.

4.7. Proof of Theorem 3.1. Let ¢(1),...,c(m) € I, A1,...,Axy € h*, X\ € h™7 and x be as in §3.
Recall

(@1, 2p) = (21, -, 2N, WL, - ., Wiy)-

We now fix

N
Tho+Ao _  ur
v(t) :=x+ Z Z + ; € b 2.0 (4.20)
TEZT 1 ]:
where Ay is as in (3.5).
Let V]Q be the constant term in the Laurent expansion of v(t) about wj, for j = 1,...,m. Note

that the Bethe equations (3.8) are equivalent to the statement that
(0 0y =0, j=1,....,m. (4.21)

Vi )

Under this condition the vector G (j)[—1][)w; € Wies, 0 is singular for g (i.e. X[n]G(j)[—1]])w,
0 for all n > 0 and all X € g) [FFR94]. Henceforth, suppose that the Bethe equations are indeed

satisfied. Then we get a linear functional invariant under the Lie subalgebra ggo%o - ggo%o,

F
¢V(t . —L:/ I/ ® ® Wl,t 2 I/ ® WLI;V( ) (C (422)

defined by

wu(t)(vooavla s 7UN7U0) = Tu(t) (UOO7U17 -3 UN, Gc(l)[_1]|>w17 s 7Gc(m) [_1]|>wm7U0)'
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Now we use the set-up of §2.4 and specialize by setting

Mzi = M;l = res;—z; v(t) - WLt,ZiV(t)v i=1,...,N,

*,0 ~ 1171 r
Mo = M)\o = Wrest v(t) - WLtV(t)’
My =C, =C(| C Wf;jﬁly(t). (4.23)

Here the isomorphisms are as in (4.13), (4.14), (4.15).
Recall the homogeneous gradation of g (namely deg X[n] = n).

Lemma 4.3. Let W be a graded g-module, W = D,.cz Wn. Then the subspace Wxq := D, Wi,
is a module over g ® C[[t]] ® CK C g and there is a canonical map of g-modules

U(9) Qugsc|gaeck) Weo — W;  z®@v+— z.0.

O
By virtue of this lemma there are canonical homomorphisms
Mz_ihv —>Wbt—zil/(t)’ i=1,..., N,
—h¥/T r
MO - Wbtl/(t)7
of, respectively g.,-modules, i = 1,..., N and of gj-modules. Similarly there is a canonical homo-
morphism
—hV /T T,V
Mg / — W—Ltfl v(t)
of gL.-modules. So in total we get a canonical map of 90,p,0co-modules
N B N
—hV/T —RY —hY/T I,V r
MOO / ® ® Mzz ® MO - W—Lt,lu(t) ® ® Wbt—ziV(t) ® Wbtl/(t)' (424)
i=1 i=1

In particular it is a map of ggo%o C 9507%0 C Goop,o-modules. Composing this map with the gng’o-
invariant functional v, of (4.22) we obtain a g£o7z70-invariant functional M;ohv/ T ®Z]\L1 M O
M, WIT L, . By Proposition 2.2 this is the same thing as a functional

N N

Cy 0 Q) M, @ M7 = Q) M;, @ My~ — C. (4.25)

i=1 i=1
(Indeed, the latter map is nothing but the restriction of Y1) to the subspace Cy ® ®ZJ\L1 M3 ®
My’ C M T QN M;hv ® M,y h/ ") Such functional is the same thing as a vector

N

Yoy € Q) My, @ M, (4.26)
i=1

The proof that this vector is an eigenstate of the Gaudin algebra with the given eigenvalue for the
quadratic Hamiltonians proceeds as in [VY16a, FFT10] following [FFR94].

Now let us show that this vector 1, of (4.26) is given by the recursive definition (4.22). (In
particular, that it depends on x only through the Bethe equations.)
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Let vy € M) be a highest weight vector. By the pairing M) ® M} — C we can regard vy as a
linear map My — C.

For notational convenience let us reorder tensor factors in the argument of 7, in such a way
that

FV
Tu(t) * W= aw(t) & ® Wbt 2 v(t) X Wtu(t) ® letfwjl/(t) — C (4,27)
i=1 7j=1

Letvx®v®voefwv3t ®®11 LtzV)®WF()

MV

Lemma 4.4. For any Xi,...,Xs € ngy, we have
T, (t)(vom'v U07X1[_1”>w17 s 7XS—l[_l]DwsflvXS[_l”>ws7 ‘>ws+17 R ‘>wm)

_Z Z UOO? g X )[O]ZiU7UO7X1[_1]’>w17’”7X3_1[_1”>w5717’>ws7"'7‘>wm)

k.

i=1 ke€Zr Ws =W "%

T(UOCH'Uv (THOXS)KVU()?Xl[_l]DwN s 7XS—1[_1”>1U3717 ’>ws7 R ’>w7n)

Ws

s—1 1
+ Z Z 7_]@_7—1—‘(’07)(1[_1”%017' .- ,Xj—l[_1]|>wj,17 [Jk(XS)vXj][_1]|>wj7

— ws — wFw;

]—IRGZT

Xjr1[=UDwssrs s X1 [=UDwsors Dwss -+ Duwm)-

Proof. Let us write y = X1[~1][)uw; @... @ Xs—1[~ 1w, 1 @ w, @ .. @ w,, € @, W,,_ wy () for
brevity. We have

k
0" X,[—1]])
0= "7 w. (Voo @V RV @ Y)| . (4.28)
Now
k
o Xs—1
v 2L seewey)
Wt — wy
k€Zr
1
= —TIeSy-1 tzbt—l m’UOOYW(O'kXS[—l]D, t) RV RV &® Yy
1
+ Voo ® E res;_ s, Ltz = a— YM(akXS[—l]D, t—2i), VRV @Y
- Ws

1=1

1
WYW(Usz[—l]D, thuo ® y

_ws

+ Voo ® UV Q TESt Lt

1

m
T+ Voo @V R Vg ® Zrest_wj bt—w; =y
W — wg

j=1
The res;_,,, term here is voo ® v ® vo @ X1[—1][)w; @ ... @ Xs_1[=1]ws_1 @ Xs[=1][)ws @ Nweyr @

.. ®|)w,,. (The expansion of 1/(w™*t —w,) at t = w, has a regular part but it does not contribute
because (Xs[—1][))p|) = Xs[n]|) is zero for all n > 0.)

V(0" X [=1]1),t = w))u,y. (4.29)
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Consider the first term on the right. Let WE Y c Wi denote the subspace spanned by vectors
of the form (|a(q,)[0]. - - a(0,a,)[0; k € Z>0, a1,..., a4 € Ad. We have

1
res;—1 tth*1 ﬂUOOYW(UkXS[_ 1]),t) = Z w?wk(n+1)voo(asz[_ 1”>)E/Kn—1) (4.30)
s n>0

w

and this vanishes for all v, € W52371V

involve a,a* but not b.) Consider the third term. We have

(t)> On Z-grading grounds. (The free-field generators of NG

Vi (@ X[, oo = = 3w " e X ) e (431)
n>0

and on grading grounds only the term n = 0 in this sum contributes, since vy € sz(t)- The

remaining terms are similar. O
We have 7, (Voo, v, afy (0190, D s - - [wnm) = O for any weight a« € AJ. Indeed, this follows
from the invariance of 7 under the I'-equivariant function Ef, , ® t71 € (nf ® Coreeo(t) L
Similarly, we have 7, ;) (Voo, a4[0] ()0, V0, Jwys - - +» Jwm) = 0,4 =1,..., N, for any root o € AT, as
in [VY16a, FFR94, ATY91].
It follows that, for any v, € Witv,lu(t) =5 Mg;f, the restriction of 7,4 (Voos 5+ -+ 5 %5 %5 Dwrs -+ + s )
to ®ZJ\L1 Wbtiz_,,(t) ®WLIt‘V(t) = ®ZJ\L1 M;Z_@M;(’)U is proportional to the tensor product vy, ®... vy, ®

v), of the generating vectors vy, € My,, i =1,...,N, vy, € Mg, . Now, it follows from (4.16) that
vy, (Eor) = —vy,(Go-). Because the two actions of U(n) commute, we therefore have

NG )G - Gowrr) = —A(E,)Ga@ - Gum-)

= —0A(Go - Guw Eyy) = -+ = (=) ox(Eyw - .. By Eqy-)
for any roots oM, ... a®¥) € AT. Hence, by definition of the contragredient dual,
OA(Go) Gy - - o) = (=) (o Fpeay -+ Faoowa) () (4.32)

It follows from the definition of the two left commuting actions of U(n) on My that vy, (Eq-) =

—v),(G4-).? Because these two actions commute, we therefore have

NG, 1)Ga@ .- Gumy) = —0A(E )G .. Gy )

= —U)\(Ga(z) . Ga(k)Ea(l) ) == (—1)kUA(Ea(k) . Ea(2)Ea(1) )
for any roots o, ..., a®) € A*. Hence, by definition of the contragredient dual,
’L))\(Ga(l)Ga(z) e Ga(k) ) = (—1)k(Fa(1)Fa(z) e Fa(k)’l))\)(‘)- (433)

For the module at the origin the argument is the same, with n? in place of n, by virtue of the
following lemma.

5To see this consider, equivalently, the two commuting left actions of U(n_) on the Verma module My ¢ U(n_) ®c
Cux. They are given by X.(n®@vx) = Xn®uy and X>(n®wvy) = —nX ®ux, for X € n_, n € U(n_). So in particular
X.(l ®’UA) =—-Xb (1 X 'L))\).
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Lemma 4.5. (E(O’a)[—lm)(vg) = —(G(O,a)[—lm)(vg) + ... where ... are terms containing at least
one factor azko v T E A(J)r.

Proof. We have the quasi-module map
_. W, —n—
nez
Recall Lemma 5.4 from [VY16b]. Let A be a state of definite degree deg A. Then R 1A :=
whdeg Agk A Hence

= =
Yiv(A,u) = = Y (R A, whu) = - whAeA(gk A) T (whu) (4.34)
k=0 k=0
and thus
1 A-n-1) &k N\ %
A(n) T Z (wk(dog o )U A) (n) = (Hn+1—degAA)(n) (435)
k=0
Now G,,[—1]|) is a state of degree 1. Hence
(Goi [=1IN0) = oG [-1]1)){0)- (4.36)
That is, in terms of the adapted coordinates,
(G [—1]\>)(0) =0 foralac A+ for every j € Zr \ {0}. (4.37)
Arguing as for E(y 4)[—1]|) in the proof of Proposition 4.4. of [VY16a], we have
(Goa)[— = > R(Oa (Tafy )00, [0] = a(o,a)[0] + - - (4.38)
Bead
where ... are terms containing at least one factor a( y Y E A . At the same time,
(oo [—1NE = Y. Poi(Taf, ) [0)ag,s)0] = —ag.w0] + .. (4.39)
pgeat
so that (e[~ = —(Gow=UM + - O

This establishes that the weight function v is indeed given recursively as in (4.22).

4.8. Proof of Theorem 3.2. We keep the notations of the previous section. Let us now suppose
that x = 0. Then we have from (4.20) that

N m
T 1
_Ltfll/(t) =0+ 7 ( E IIg\; — E H()Oéc(j) + Ao + Ao/T + O (t_2>

i=1 j=1

+ % (e + Ag/T) + O <tl2>

where A\ is as in (3.3).
Recall that W,,"Y € W,,"" denotes the subspace spanned by vectors of the form (la,a)[0] - - - a@,a,)[0];
k € Z>0, a1, ..., € AJ. This subspace has the structure of a right module over U ((g@C[[t~]])I)
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on which U((g @ t 'C[[t~!]])") acts as zero. In particular it is a right module over U(g”). When-
ever, 1?14 has at most a simple pole in t~!, as it does here, there is an isomorphism of right U(g”)

modules
W,V = Homc (M7 C) = M%¥ (4.40)

7 (res ;1 (t?v00) —Ao)’ 7 (res, 1 (t?vo0)—Ao)’
of. (4.14).

Now we modify the construction of §2.4 as follows. Let M, be a module over (g°° @ C[[t~!]])"
(rather than (g°P®t~'C[[t~!]])' as in §2.4). We make it into a module MET over (gPC[[t ) e
CK by declaring that K acts by multiplication by k/T € C. We have the induced right module
U(gL,) module of level k/T,

MM = MY @ueeci-reck..) U@s)- (4.41)
The tensor product
N
M = MYT @ QM oMy " (4.42)
i=1

is again a module over g n,0 on which K acts as k. Pulling back by the embedding (2.8), we have
that M becomes a module over ggo%o and we can form the space of coinvariants M/ ggo%o. Let us
write
N
Gono = (@ Ct D e PaaCllt—zlle (g ClH)" (4.43)
i=1
We have the natural inclusion g° < g and hence the embedding

97— G nos X = (= X[0]oo; X[0],, ..., X[0].y; X[0]o)- (4.44)
Pulling back by this embedding, the tensor product
N

M= Mo @ Q M., ® Mo (4.45)
i=1

is a module over g% and we have the space of coinvariants M / g°.

Proposition 4.6. There is a canonical isomorphism of vector spaces
M/ 85,20 =c M/,
Proof. We have
M = U(goo,]\w) ®U(§;,N,o) M.

Here we regard My, as a left module over U(g?°P).

There are natural embeddings of Lie algebras g7 < ﬁ; ~No and g7 < ggo%o; the first is given
in (4.44); for the second, X € g” embeds as the constant function X (¢t) = X in ng,z,o- In turn,
both ’g\:o ~No and ggo%o embed into goo, N0 — see (2.8) — and the following diagram of embeddings

commutes
o ~+
g — goo,N,O

| |

T ~
gOO,Z,O C— gOO,N,O'
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We may identify g7, g%y, and ggo%o with their images in oo n,0. Then

(o

= _ ot r -+ roo_
Joo,N,0 = 9007]\/'70 + goo,z,O and goo,N,O N 9007270 =g

Therefore [Di74, Proposition 2.2.9] there is an isomorphism

U(8o0,v0) = U(850,2.0) @uem) U@ v0)

of vector spaces and in fact of left U (ggo7z70)—modules. Hence we have an isomorphism of left
U(g5 2 0)-modules,
M = U(ghs ».0) Quige) U@L v o) DUt v M= U(g% 2.0) ®v(ge) M.

The result follows by the following elementary lemma. O

Lemma 4.7. Suppose b < a is an embedding of complex Lie algebras. Let V be a b-module and
M an a-module. Then ((U(a) @y V) © M)/a=c (V@ M)/b.
In particular (taking M to be the trivial one-dimensional module), (U(a) @y (p) V)/a=c V/b.

Proof. Consider the linecar map V @ M =¢ (U(b) @y V) @ M — (U(a) @y V) @ M —
((U(a) ®uey V) ® M) /a sending v @ m — [(1 ® v) ® m]. This map is surjective. We must show
that it has kernel b.(V ® M). And indeed, the kernel is the intersection of (U(b) @y V) ® M
with a. ((U(a) @y V) ® M), which is b. (U(b) @ue) V) @ M) =¢ b. (V @ M). O

We may now choose modules — cf. (4.23) —

Mzi = MS\Z = Wrestfzi v(t)s 1= 17 o 7N7
*,0 ~ 1170
MO == M)\O = W (t)’

rest U

0,0 ~ 1170,
Mo = MJ# = T (4.46)

—reSi—1,t)’

where the isomorphisms are now as in (4.13), (4.14), (4.40). So in total we again get a canonical

~ —_hY _pV
map of goo p,0o-modules Mooh /T®®i]i1 M;hv @M, AN /N )®®£\Ll WbtfziV(t)®W[,I;u(t) and

—t,1v(t
hence, from the gl(;o,Z,O—invariant functional ¢, of (4.22), we tobt;in a g£o7z70—invariant functional
M;Ohv/ T® ®ZJ\L1 M;ihv ® M, h/T — C. By Proposition 4.6 this is the same thing as a g?-invariant
functional
N
M @ Q) M, @ My — C. (4.47)
i=1
Note, moreover that the restriction of this functional to the subspace Cvi;f ® ®f\;1 M5, ® M ;00 =
®f\; 1 My, ® M ;00 coincides up to non-zero rescaling with the linear functional of (4.25). Indeed,
this follows from the fact that there are in both cases zero contribution from “swapping to infinity”,
cf. (4.30).

The result then follows by the following proposition.
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Proposition 4.8. Given Ao, Ag € ™7 and Aq,..., Ay € b*, there is an isomorphism of vector
spaces, and in fact of left (U(g)®N @ U(g?))?” -modules,
N n? N
(@ My, ® M§O> =~ Homge ((Mgm)ws ® Q) M, @ My, <c> (4.48)
i=1 Ao i=1

Proof. We have

N ne N
(@ ong) =Hom (cn @ o)
A

i=1 i=1

')

N
=~ Homgo (U(ga) B pren) Core, ) My, © M;’())
i=1

N
— Homyo (Mfoo Q) My, ® M§O> : (4.49)
i=1
This is the space of those maps ¢ : MY — ®f\;1 My, ® M3 such that
plzv) = (AN 2).6(v), ve M ,z€g’. (4.50)

It carries a natural left action of (U(g)®N @ U(g?))9": given one such a map ¢, the map v — X ¢(v)
is another, for any X € (U(g)*"N @ U(g”))¥" .
Then

N N V,S
Hom,o <Mj\’oo, Q) My, ® Mgo) =~ Homgo | My, ® (@ My, ® Mgo) ,C (4.51)
=1 =1

where for a finitely-weighted left U(g”)-module M we denote by MY+ its restricted dual made
into a left U(g?)-module by twisting by S. Indeed, given a map ¢ such that (4.50) holds we
Vv,S
define a map ® : M, _® (®£\L1 M, ®M§O) — C by ®(v®@ pu) = p(o(v)), v € My, 1 €
V,S
<®£\L1 M), ® Mf()) . It obeys ®(z.(v®@pu)) = 0 where z.(v@ ) := (z.0) @ pu+2® (uo(—ANz.)),
for z € g°.
v,S

Finally, we may twist the action of g° on M, _® <®Z]\L 1My, ® Mfo) by the automorphism

Soyp=poS. Since S? = id here, (M;\/’S)Sw = M,"¥ =: M;. Thus
i=1 =1

N v,§ N
Homg | M{_® ((X) My, ® M§0> ,C | = Homygo (( M) 0 (R M3, @ M, <c> (4.52)

and this is what we mean by Hom¢ ((M Ve QN M reMe > /g7, (C)_ (Recall that we embed
g7 &> g7P @ @zj\il g7, X — (=X, X,..., X) in the definition of the coinvariants here.) O

APPENDIX A. PROOF OF PROPOSITION 2.5

1 /o\"
(n) . — (2
0" n! <8x>

Let us write
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Consider the I'-equivariant rational function

T-1 T-1
kA ok A

_ g — 9P r
f(t) - Z (w—kt — u)p+1 - au Z w—kt —u S Yo0,2,u,0° (Al)
k=0 k=0
The expansion of (A.1) at u is
= whP+1)
b_uf(t) = Al—p — 1], — 0P Z Z (F I Tgntt (c*A)[n], € g @ C((t — u)). (A.2)
k=1n= 0
Its expansions at z;, ¢ =1,..., N, and at 0 are given by
T-1 oo
(0 = =00 303 (et A € g Cli - 5], (A3)
k=0 n= 0
— 1
wf(t)=-0P > —— gt (Ao € g @ C[[1]], (A.4)
n=0
where, recall, A[n|,, = A® (t — 2z;)" € g C((t — 2;)). It is regular at co and its expansion there is
given by
—1-1f(t) ZZwu" n—loo—— Zu (M1 A)[—n — 1], (A.5)

k=0n=0
where recall that for the modes at infinity we write A[n]oo = A ® t" in our conventions.

Thus we have in particular

[S(u) - z®@v] == [z ® %I“[—l][a[—l]vo] = [I%(u) -  ® $1[-1]vo)
T—1 WP T—1 WP
+ I; o T 7@ 3TN0 1Juo] + 2 -1 [ ® L(oPI) 1] La[-1]uo]
(A.6)
where, putting the expansions at 0, z1, ..., 2y, 00 together, we shall write, for any A € g,

(N oo T—1 "f”(aA)

(1T, A
>y S el oy Gl rS w4 n—um).
i=1 n=0 k= 0 n=0
(A7)
Then, defining the element F' € g and number K as in (2.22), we see after one further “swapping”
that ) ) )
S(u) = ila(u)I“(u) + EF(U) + ﬁK (A.8)

Consider first the terms in %Ia(u)la(u) acting at sites i,j € {1,..., N}, i # j. Let us write

okl m _ 1 ( 0\"
Zik (= w "z; and 8 <32m> . (A.9)
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Then W = afk’u o and we get the terms

1 0 N T-1 () ( ) 1 1
— 95" 0" — Wkt Gk 1) ), (M T m).,.
2n%jzogzjlklzo A ——— (0" 1) [n], (6 1%)[m],
JFi
fe') N T-1
1 (n)(m)( 1 1 1 1 >—k—l k l
= RN + w TN (6" ) [n) s, (0 T [m)
2;%2:%:0 e S (0" 1) ), (0 1) [,
JFi
1 00 N T-1 () () 1 1
_ = an a.m w—kn—lm{ O'kfa nl., O,lIa mz}
Zn;omzzzmz:o T w = gz — 2 (ol (2 1lmly
JFi
00 N T-1 1 1
=3 3 S el k(o )l (0T 1)), (A10)
nm=04,j—1 k,|=0 W Zik Zik — Zj
J#i

where {a,b} := ab + ba denotes the anti-commutator. Now here

(n)qm) 1 .
87,](} ajl U — Zik Zik — Z]l o Z < U — Zk) <87,k; 8]1 o — zjl>
1 - n—l—m—p] 1
=2 " p[ (AN
;I;Z:;) (u — Zik)il?-i-l( ) m (Zik _ zjl)n—p+m+1 ( )

Thus we find the following terms in $71,(u)I®(u):

o
n,m=

n

N T-1 —kn—Im

w yn—p|T +m—p 1 k lra
;1 kzl—:o;) (u— zik)p+1( Y [ } (zik — zjp)n—prmtl (0" La) )= (" T mls,
J

m
0

w—k(r’-l-p)—lm(_l)r [T’-i—m

00 1 N oo
Z W Z Z (w—kzi _ w—lzj)r-i-mn-%l-l] (O’k[a)[r + p]zi (Ul[a)[m]zj

r[r+m

[ w o o0 w(k—l)m(_l) [ b ] ko
Zm : Z 20 (2 —wk_lzj)”’m“]a[r—i_p]zi(a I*)[m]s,

N N 1y
Ml PO DD Do )t o, | (a2
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In part by a similar calculation we find the terms in %Ia(u)l ®(u) acting solely at one site i €
{1,..., N}, namely

S5t s
— kg ptl
i=1 k=0 p=0 (u—w™Fz)p
T-1 oo —Im r+m p—1
w (=D ] !
=1 r,m=0 n=0
(A.13)
where the second term is an “on-diagonal” term in $1,(u)I%(u).
The cross terms in §1,(u)I%(u) acting at sites i € {1,..., N} and 0 are given by (here we use an

obvious trick to make the calculation resemble the one above)

00 N
W) a1 1 o .
Ty SN 0o ————— | w (R L)l (L)l
n,m=0 i=1 k=0 U— Zig U — Z],—
> X 1 1 11
o $ 3 S (L )| e
00 N T-1 n n—p [n+m—p
— 1 (_1) p[ m ] —kn/ _k a
=T Z Z Z (u _ 2ik)p+1 (Zik _ Z)n—p+m+1 w (U [a)[n]zi(HmI )[m]O
n,m=0 i=1 k=0 p=0 =0
0o N T—-1 n m—p [n+m—p
1 (=1 p[ ] —kn( _k
T e (" 1,)[n),, (W, I
! n;OiZ:; k=0 p=0 (u — 2)PT1 (2 — gy )n—prmtl W )l Jmlo

z=0

T-1 n 1 (_1)n—p [n—l—m—p

m ] k(—p+m+1 k a
(u—whzptl  pnoptmel W N0 1a)[n]; (I 1) [m]o

T— n+1[n+m—
) i m P - m a
+T Z Z up-i—l Zn—p—‘,[m—i-l ] k( a +1)(0'k[a)[n]zi(nm[ )[m]O

(A.14)
Next, the cross terms in 17, (u)I%(u) acting at sites i € {1,..., N} and oo are
T-1 o0 w_k" i
T Z Z (’LL _ w‘kz-)"ﬂ um(H—m—lfa)[_m - 1]00(0 Ia)[n]Zi
k=0 n,m=0 i=1 4

B S S (et S )

W (1 L) [—m — 1])oo(0¥I%)[n].,  (A.15)
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where we used the identity

u™ m—n—1 O LMm=p
— ~P,p _
(u— z)ntl Z [ n } S Z [ } (u — z)n—p+L’

p=0 p=0

The pole term in (u — w™%z;) in (A.15) is (here r =n —p, n =7+ p)

N T-1 oo
1 _
T 0.2 ooy S ke pM(H_m_uan—m—1]oo<akf“>[r+p]zi
i=1 k=0 r=0 pom=0
N T-1 oo —kr+k ok 0 m
- TZ Z Z (’LL _ kz.)r—l—l Z sz—p[ :|(H—m—lla)[_m - 1]oola[r +p]zi
i=1 k=0 r=0 ¢ p,m=0 p
T-1 oo —krtkgk o0 n+p
SE03 3 Bivesay () o s
i=1 k=0 r=0 v n,p=0 p

—km—kH

where we use the fact that o*I1_,, | = w —m—1. The power of u in (A.15) is (here r =

m—-n—1—-p,p=m-n—1-r)

m-—1—r

N T-1 oo
|: n

[eS)
TE:UT E: E:w—km—l—k—l—krmnlr

] (1 L) [~ — oe (0" 1) [n,,. (A7)
1=1 k=0 m,n=0

The cross terms in 1 I,(u)I%(u) acting at sites 0 and co can be conveniently written as

© r )
T2 Z urt+l Z(H"[a)[n](o) (Hr—n—i-lI )[_n +r— 1]00
r=0 n=0

T2Z Z L, 1) [n)o(H—p—p_oI®)[—n — 7 — 2]0e. (A.18)

Finally the diagonal terms in %Ia(u)l ?(u) acting at sites 0 and oo respectively are

Tgoo r—1

Y ’LLT'H Z H I 7” n—lIa)[T -—n—- 1]0 (Alg)
r=1

and
9 00 T
T? S wr S (L) n = oo (g 1 L) =7 47— T)eo. (A.20)

Next we turn to the term F'(u)/u in (A.8). Noting that

1 1 R et 1 1(—=1)"
E(u— Z)ntl 2)(_ ) 2P (4 — z)nptl T ou el
p:
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we find that in F'(u)/u the terms acting at the sites i € {1,..., N} are

>

B - (2 ni,.
n—0 (w—kzi)P-i-l(u — w—kzi)n—p—i-l U (w_kzi)"‘f‘l zi

.

M= IM

—kn+k(n—r+1) 1

o0 w 1 N oo
_ k_k
Z(_l)n T(u_ wkz, )r+1 n—r+19 ;ZZ 1 w'o"Fln

i=1 k=0
N T-1 oo etk N oo o
w 1 T
= > (=" vt 0 Fln vl = =Y Z +1 II_1F[n].,. (A.21)
i=1 k=0 r=0n=0 (u ==zt 27 Lo 4

The terms acting at the sites 0 and oo in F'(u)/u are clearly

o o
1 _
Ty —pz (M F)nlo + T w1 F)[—n — 1o
n=0 n=0
Now we collect terms, and use o*II,, = w*™I1,,, ak’HLp = H;p, and the fact that IIF' = 0 for all
k € Z/TZ\ {0}, to obtain the result.

APPENDIX B. Yj-MAP

In this appendix we use the notion of a vertex Lie algebra and related concepts as defined in
[VY16b]. In particular, all our vertex Lie algebras are finitely generated as C[D]-modules, of the
form C[D] ® (L° @ Cc)/C[D] ® Cc, where L° is a finite dimensional vector space and D is the
translation operator of the vertex Lie algebra. To any such vertex Lie algebra .Z we can associate
a genuine Lie algebra, denoted L(.¢), which is isomorphic as a vector space to L° ® C((t)) @ Cc.
The element in L(.Z) corresponding to a ® t" with a € L° and n € Z is denoted a(n) € L(.Z).
We also have a vector space direct sum decomposition L(.Z) = L=(Z) + LT (Z) where L*(.Z) are
Lie subalgebras isomorphic as vector spaces to L° @ C[[t]] @ Cc and L° ® ¢t~!C[t™!] respectively.
Denote by V(%) the vacuum Verma module over L(.%), namely the L(.Z)-module induced from
the one-dimensional L (.#)-module Cvy on which c acts as 1 and L° ® C[[t]] acts trivially. Finally,
let L(.Z)" denote the subalgebra of I'-invariant elements, where the action of ' on L(.#) is defined
by letting o € T send any a(n) with a € . and n € Z to a " }(R,a)(n). Given any a € £ and
n € Z we define the corresponding twisted n'"-mode

=Y " Y(Raa)(n) € L(L)".
aecl
B.1. ‘Local’ and ‘global’ Lie algebras. Fix a set  := {x;}/_; of p € Z>( non-zero points in
the complex plane. We attach to each point in @ a local copy of the Lie algebra L(.Z), which
we denote L(.Z),,. We will also use the index z; on the formal modes a(n) when we wish to
emphasise that these belong to L(.#),,. Simiarly, to the origin we attach a local copy L(-Z){ of
the [-invariant subalgebra L(.Z)!" and to infinity we attach a local copy L(.Z°P)L. of the opposite
Lie algebra L(.Z°P)', where Z°P denotes the vertex Lie algebra defined as the C[D]-module .#

but with opposite n'®-products. Consider their direct sum L(Z°P)L, & @F_, L(L)., ® L(L)L. We
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define the ideal

Iopo = span(c{c(—l)xi — Tc(—l)oo}f:1 U {c(—l)o — c(—l)oo}, (B.1)

and the corresponding quotient Lie algebra

L(L)oom0 = L(LP)L @ @ L(Z )g/loo,p,o.

Let Coo,ra,0(t) be the algebra of global rational functions with poles at most at 0, co and the
points in I'ez. It comes equipped with the derivation d; and an action of I' defined through pullback
by the multiplication map t — a~'t for @ € I'. Consider the associated Lie algebra Liec, rq.0(t) A
defined with the help of [VY16b, Lemma 2.2] for A = C rg o) We will denote by af := p(a® f)
the class in Liec, 1z o(t) Z of an element a® f € £ ®Coo 12,0(t). The action of I on £ ®Cog 12,0(%)
defined for any o € " by

a.(a® f(t) :=a 'Rea® f(att),
gives rise to an action on Liec__ . (1) % by Lie algebra automorphisms, ¢f. [VY16b, Lemma 2.13].
Consider the ideal in Liec__ ., ) -Z defined by

besaa = spane{ 30 - SR Py BT o BT
0o,I'z,0 ‘= Spangc t— ax xewu{o}_spanc t — ax; i1 t ' ‘

acl’ ael

and denote the corresponding quotient Lie algebra by
Loo,ra,0(-Z) := Liec 1, o(t) iﬂ/foo,rm,o-

Noting that the ideal (B.2) is invariant under the action of I, i.e. T'.Joo 13,0 = Iso I'z,0, We Obtain
a well-defined action of I' on the quotient Lo re0(-Z). We denote the corresponding subalgebra of
I'-invariants by

r
Loo T 0(3) = (Loo,Fm,O(g)) . (B.3)
Proposition B.1. There is an embedding of Lie algebras
L: Loomo(.i”) — L(ZL)oo,@,0- (B.4)

Proof. Taking the Laurent expansion of an element of Liec_ .. () & at 0, oo and the points in x
yields an embedding of Lie algebras

p
v Lieg o) L > L(ZP)oo & P L(L)s, @ L(L)o (B.5)
=1
af — (_p(a@“t*lf)a pa® te—gy [y pla @ ti—g, f), (a®btf))’

Note that under the embedding (B.5) we have ¢( Y er 75=) = c(—1)z — T'e(—1) for every z € @
and L(%) = Tc(—1)o — T'c(—1)s from which we deduce that the ideal Ioore0 C Liec ., )£
defined in (B.2) is mapped to the ideal I o C L(ZLP)oe ®PL_; L(L)s, ®L(L)o defined in (B.1).
By [VY16b, Lemma 2.9] it follows that (B.5) induces an embedding of quotient Lie algebras

L: LOO7I‘;I;70($) — L .,%OP & @ L ) /[oo7p,0.
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Finally, by restricting the latter to the subalgebra of I'-invariants (B.3) we obtain the desired Lie
algebra embedding (B.4). O

By virtue of Proposition B.1, if M., i =1,...,p is a collection of left modules over L(.Z),, and
if Mo and M, are left modules over L(.Z)} and L(.Z°P)L, respectively, or alternatively Mo, is a
right module over L(-Z)L,, then the tensor product Mo @ @?_; M,, ® Mg becomes a left module
over the global Lie algebra LL 20(Z ) In particular, we may form the space of coinvariants

=1

Many of the statements and proofs of [VY16b] concerning cyclotomic coinvariants which did not

include the point at infinity can be seen to carry over with minor modifications to the present case.

B.2. Yy-map. A left module M over L(.Z) is said to be smooth if for all a € £ and v € M we
have a(n)v = 0 for all n > 0. Likewise, we will say that a right module N over L(.Z) is co-smooth
if for all @ € £ and n € N we have na(n) =0 for all n < 0.
Let My, be any right co-smooth module over L(.Z)I'. We define the quasi-module map
Yiv (u) : V(&) — Hom (Moo, Moo((u™1))),  Ar— > A u™""
nezZ

where u is a formal variable and Agg) are endomorphisms of M, for each A € V(&) and n € Z, by
direct analogy with the definition given in [VY16b] for left smooth modules over L(.Z)" as follows.
For any a € .Z we set

—1
Y (a(—1)vo, u) := Y (Raa)( T
acl’ neZ

Moreover, the map is defined recursively for any other state in V(. ) by letting

Yi(a(—1)B,u) := Yiy (a(~1L)vo, u)Yiw (B,u): + Y _ Z n+1YW((Raa)(n)B,u),
aEI‘\{l}n>0
(B.6)
for all a € £ and B € V(¥). Here :A(u)B(u): = A(u)+B(u) + B(u)A(u)— denotes the usual
normal ordering where for A(u) =, ., A(n)u™""! we define

u)y = ZA (n)u™"" ! = Z A(—m — 1)u™, (B.7a)

n<0 m>0

=> Ay (B.7b)

n>0

The following is a direct analogue of [VY16b, Proposition 3.6] for the point at infinity, providing
an alternative definition the above Yy -map on co-smooth modules using co-invariants.

Proposition B.2. Let M, be a right co-smooth module over L(ZL)". We have

1 [A @ Mae ® -] = [meYiw (A, u) @ - - -], (B.8)
+ + +

for all A € V(&) and my € Moo
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Proof. We use induction on the depth of A. When A = vy the result follows from the analogue of
[VY16b, Proposition 3.2] including the point at infinity. For the inductive step, we assume that
(B.8) holds for states of depth strictly less than that of A. Without loss of generality we can take
the state A to be of the form A = a(—1)B for some a € £ and B € V(.%).

Let M,,, i =1,...,p be any collection of p € Z>¢ modules attached to the points x; € C for
i = 1,...,p which may include the origin. We write = := {z;}}_; and let m € Q"_; M,,. By

definition of the space of coinvariants we have

a 'R,a
u o) x ael
In other words,
P
[Lt_uf(t)B R Mo ® m] — [B ® moo (Lt 1f(t) + Z B ® Moo ® Lt_wif(t)m] = 0.
1: go ;c u oo m =1 u ;o ;3

Thus the left hand side of (B.8) may be written as

—ty—1a(— )B®moo®m _LI[ZZ a)(n) B®moo®m]

n+1
ZL oo w a#l ">0 U) U go z
— Ly—1 B@mooYW( ( )U()v )+®m:| = byl [B®moo®zzz n+1m:|
u oo i=1 aGFn>O x

The states at the point u on the right hand side are of lower depth in V(.%), so that we may apply
the inductive hypothesis to obtain

DB O M o] = S nﬂ[mmyw((zz wB.0) @ m)

u oo m a#l ”>0 T

+ [mOOYW( (=1)vo, u)4 Y (B, u)®m] oty [mOOYW(B u ®Zzz(wm].

au — ;) ntl
go i=1 a€l’n>0 ) ;

Here we made use of the notation (B.7a). The first two terms on the right hand side are already

in the desired form. Taking the map ¢,-1 explicitly in the remaining term we may rewrite it as

[meW [B,u] ® Z >N Z [ ] g (Raa)(n)xi'r?]. (B.9)

i=1 ael'm>0n=0
Now consider the following identity
Z u " [ (mOOYW(B w) ®m)} =0, where gp(¢ Zoz o)™,
m>0 oo » ael
Using this we may rewrite (B.9) simply as
>~ um maoYiv (B, u) (t-19(t) ©m| = [meoYiv (B, u)¥iw (a(~1)uo,uw)- @ m.
+ +

N
m>0 00 x 00 x
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Putting the above together and using the recurrence relation (B.6) of the Yy-map we obtain

Ly-1[a(—1)B ® Mmoo @ m] = [mooYw (a(—1)B,u) @ m],
v o oo x

as required. O

Recall that the vacuum Verma module V(.Z) has the structure of a vertex algebra and so is in
particular a vertex Lie algebra. We may thus form the associated Lie algebra L(V(.Z)) as well as
its subalgebra of T-invariants L(V(.#))!. The following is an immediate generalisation of [VY16b,
Proposition 5.8].

Proposition B.3. Let My, be a co-smooth right module over L(Z)'. There is a well-defined
co-smooth right L(V(Z))' -module structure on My, given for all meo € My by

Mmoo AL (n) = mooAYZ).
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