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A Mass Transference Principle for Systems of Linear
Forms and its Applications

Demi Allen and Victor Beresnevich

Dedicated to Denise and John Allen — Nan and Grandad —
on the occasions of their 70th birthdays.

ABSTRACT

In this paper we establish a general form of the Mass Transference Principle for sys-
tems of linear forms conjectured in 2009. We also present a number of applications of
this result to problems in Diophantine Approximation. These include a general trans-
ference of Lebesgue measure Khintchine-Groshev type theorems to Hausdorff measure
statements. The statements we obtain are applicable in both the homogeneous and in-
homogeneous settings as well as allowing transference under any additional constraints
on approximating integer points. In particular, we establish Hausdorff measure counter-
parts of some Khintchine-Groshev type theorems with primitivity constraints recently
proved by Dani, Laurent and Nogueira.

1. Introduction

The main goal of this paper is to settle a problem posed in [BBDV09] regarding the Mass
Transference Principle, a technique in geometric measure theory that was originally discovered
in [BV06a] having primarily been motivated by applications in Metric Number Theory. To some
extent the present work is also driven by such applications.

To begin with, recall that the sets of interest in Metric Number Theory often arise as the
upper limit of a sequence of “elementary” sets, such as balls, and satisfy elegant zero-one laws.

Recall that if (E;);cn is a sequence of sets then the upper limit or limsup of this sequence is
defined as

limsup E; : = {z : € E; for infinitely many i € N}
1—00
neNi=n

These zero-one laws usually involve simple criteria, typically the convergence or divergence of a
certain sum, for determining whether the measure of the limsup set is zero or one. To give an
example, consider Khintchine’s classical theorem [Khi24] that deals with the set k() of x € [0, 1]
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such that

gz — p| < ¥(q) (1)
holds for infinitely many (p,q) € Z x N. Clearly, K(1) is the lim sup set of the intervals defined
by (1), which are the “elementary” sets in this setting. Khintchine proved that for any arithmetic
function ¢ : N — R := [0, +00) such that gi(q) is monotonic the Lebesgue measure of k(1)) is
ZERO if 377 | ¥(q) < oo and ONE otherwise.

Around 1930 Jarnik and Besicovitch both independently considered the size of (1)) using
Hausdorff measures and dimension, thus proving results enabling us to see the difference between
sets K(¢) indistinguishable by Khintchine’s result. For example, the Jarnik—Besicovitch Theorem

says that the Hausdorff dimension of K(q — ¢™") is % for v > 1.

Over time the findings of Khintchine, Jarnik and Besicovitch have been sharpened and gener-
alised in numerous ways, including to involve problems concerning systems of linear forms. The
theories for the ambient measure and Hausdorff measures had been evolving relatively separately
until the discovery of the so-called Mass Transference Principle [BV06a]. This is a technique that
enables one to easily obtain Hausdorff measure statements from a priori less general Lebesgue
measure statements.

Let f be a dimension function and let H/(-) denote Hausdorff f-measure (see §3.1 for defi-
nitions). Given a ball B := B(z,r) in R* of radius r centred at x, let B/ := B(x, f(r)%) When
f(x) = 2* for some s > 0 we will denote B by B*. In particular, we always have that B* = B.
The following statement is the main result of [BV06a].

Mass TRANSFERENCE PRINCIPLE. Let {B;};en be a sequence of balls in R* with r(Bj) — 0 as
j — oo. Let f be a dimension function such that =% f(z) is monotonic. Suppose that for any
ball B in R*
H*(B N limsup B] ) = H*(B) .
J]—00
Then, for any ball B in R¥
Hf(B N lim sup B]k) = H/(B) .

j—00

The original Mass Transference Principle [BV06a] stated above is a result regarding lim sup
sets which arise from sequences of balls. For the sake of completeness, we remark here that
recently some progress has been made towards extending the Mass Transference Principle to deal
with lim sup sets defined by sequences of rectangles [WWX15]. In this paper we will be dealing
with the extension of the Mass Transference Principle in the setting where we are interested in
approximation by planes. This is not a new direction of research. Indeed, such an extension has
already been obtained in [BVO6b]. However, the mass transference principle result of [BV06D]
carries some technical conditions which arise as a consequence of the “slicing” technique that
was used for the proof. These conditions were conjectured to be unnecessary and verifying that
this is indeed the case is the main purpose of this paper.

Let k,m > 1 and [ > 0 be integers such that k = m + [. Let R := (Rj)jen be a family of
planes in R¥ of common dimension I. For every j € N and § > 0, define

A(Rj,6) := {x € R* : dist(x, R;) < 6},
where dist(x, R;) = inf{||x —y|| : y € R;} and || - || is any fixed norm on R*.
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Let T : N — R : j — T; be a non-negative real-valued function on N such that T; — 0 as
j — oo. Consider

A(Y) := {x € R : x € A(R;,Y;) for infinitely many j € N}.
In [BV06b], the following was established.

THEOREM BV1. Let R and Y be as given above. Let V be a linear subspace of R¥ such that
dimV = m = codim R,

(i) VNR; #0 for all j € N, and
(ii) supjeydiam(V NA(R;,1)) < oo.

Let f and g : r — g(r) := r~'f(r) be dimension functions such that r—* f(r) is monotonic and
let © be a ball in R¥. Suppose that, for any ball B in €,

HE (B nA (g(r)%)) = H*(B).
Then, for any ball B in €,
HI (BN A(T)) = H/(B).

Remark. In the case that [ = 0 and Q = R¥, Theorem BV1 coincides with the Mass Transference
Principle stated above.

The conditions (i) and (ii) in Theorem BV1 arise as a consequence of the particular proof
strategy employed in [BV06b]. However, it was conjectured [BBDV09, Conjecture E| that The-
orem BV1 should be true without conditions (i) and (ii). By adopting a different proof strategy
— one similar to that used to prove the Mass Transference Principle in [BV06a] rather than
“slicing” — we are able to remove conditions (i) and (ii) and, consequently, prove the following.

THEOREM 1. Let R and Y be as given above. Let f and g : r — g(r) := r~'f(r) be dimension
functions such that r—% f(r) is monotonic and let Q be a ball in R*. Suppose that, for any ball
B in Q,

Pk (BmA(gm%)) — H*(B). 2)
Then, for any ball B in (),
H/ (BN A(T)) =1/ (B).

At first glance, conditions (i) and (ii) in Theorem BV1 do not seem particularly restrictive.
Indeed, there are a number of interesting consequences of this theorem — see [BBDV09, BV06b].
However, in the following section we present applications of Theorem 1 which may well be out
of reach when using Theorem BV1. In Sections 3 and 4 we establish necessary preliminaries and
some auxiliary lemmas before presenting the full proof of Theorem 1 in Section 5.

2. Some Applications of Theorem 1

In this section we highlight merely a few applications of Theorem 1 which we hope give an idea of
the breadth of its consequences. In §2.1 we show that, using Theorem 1, with relative ease we are
able to remove the last remaining monotonicity condition from a Hausdorff measure analogue
of the classical Khintchine—-Groshev Theorem. We also show how the same outcome may be
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achieved, albeit with a somewhat longer proof, by using Theorem BV1 instead of Theorem 1. In
§2.2 we obtain a Hausdorff measure analogue of the inhomogeneous version of the Khintchine—
Groshev Theorem.

In §2.3 we present Hausdorff measure analogues of some recent results of Dani, Laurent
and Nogueira [DLN15]. They have established Khintchine-Groshev type statements in which
the approximating points (p,q) are subject to certain primitivity conditions. We obtain the
corresponding Hausdorff measure results. On the way to realising some of the results outlined
above, in §2.2 and §2.3 we develop several more general statements which reformulate Theorem 1
in terms of transferring Lebesgue measure statements to Hausdorff measure statements for very
general sets of W-approximable points (see Theorems 4, 5 and 6). The recurring theme throughout
this section is that, given more-or-less any Khintchine-Groshev type statement, Theorem 1 can
be used to establish the corresponding Hausdorff measure result.

2.1 The Khintchine—Groshev Theorem for Hausdorff measures

Let n > 1 and m > 1 be integers. Denote by I the unit cube [0, 1]™ in R™". Throughout this

section we consider R™" equipped with the norm || - || : R™ — R defined as follows:
= 3
Il = v max el ®)
where x = (X1, ..., Xy,) with each x; representing a column vector in R” for 1 < ¢ < m, and |- |3

is the usual Euclidean norm on R™. The role of the norm (3) will become apparent soon, namely
through the proof of Theorem 2 below.

Given a function ¢ : N — R, let A, ,,,(¢) denote the set of x € "™ such that
lax + p| < ¥(|a])

for infinitely many (p,q) € Z™ x Z™ \ {0}. Here, | - | denotes the supremum norm, x = () is
regarded as an n X m matrix and q and p are regarded as a row vectors. Thus, gx represents a
point in R™ given by the system

QT+ T (L<L<m)

of m real linear forms in n variables. We will say that the points in A,, ,,, (1) are ¢-approximable.
That A, (1)) satisfies an elegant zero-one law in terms of nm-dimensional Lebesgue measure
when the function v is monotonic is the content of the classical Khintchine-Groshev Theorem.
We opt to state here a modern version of this result which is best possible (see [BV10]).

In what follows | X| will denote the k-dimensional Lebesgue measure of X C R*.
THEOREM BV2. Let ¢ : N — RT be an approximating function and let nm > 1. Then
0 if 302, ¢" ()™ < o0,
‘An,m(w)‘ =
L if 352, ¢ ()™ = oo
The earliest versions of this theorem were due to Khintchine and Groshev and included various
extra constraints including monotonicity of . A famous counterexample constructed by Duffin
and Schaeffer [DS41] shows that, while Theorem BV2 also holds when m = n = 1 and ¢ is

monotonic, the monotonicity condition cannot be removed when m = n = 1 and so it is natural
to exclude this situation by letting nm > 1. In the latter case, the monotonicity condition has
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been removed completely, leaving Theorem BV2. That monotonicity may be removed in the case
n =1 is due to a result of Gallagher and in the case where n > 2 it is a consequence of a result
due to Schmidt. For further details we refer the reader to [BBDV09] and references therein. The
final unnecessary monotonicity condition to be removed was the n = 2 case. Formally stated as
Conjecture A in [BBDV09], this case was resolved in [BV10].

Regarding the Hausdorff measure theory we shall show the following.

THEOREM 2. Let ¢ : N — RT be any approximating function and let nm > 1. Let f and
g:r— g(r) ;== r~™"=V (1) be dimension functions such that r—™™ f(r) is monotonic. Then,

0 if Z;il gty (@) < 00,
Hf(-An,m(w)) =

er(]Inm) if 220:1 qn+m—lg (#) — 0.

Theorem 2 is not entirely new and was in fact previously obtained in [BBDV09] via Theo-
rem BV1 subject to ¥ being monotonic in the case that n = 2. The deduction there was relying
on a theorem of Sprindzuk rather than Theorem BV2 (which is what we shall use). In fact, with
several additional assumptions imposed on v and f, the result was first obtained by Dickinson
and Velani [DV97]. Indeed, the proof of the convergence case of Theorem 2 makes use of standard
covering arguments that, with little adjustment, can be drawn from [DV97].

In what follows we shall give two proofs for the divergence case of Theorem 2, one using
Theorem BV1 and the other using Theorem 1. The reason for this is to show the advantage of
using Theorem 1 on the one hand, and to explicitly exhibit obstacles in using Theorem BV1
in other settings on the other hand. In the proofs we will use the following notation. For
(p.a) € Z" x Z"\ {0} lot

Rpq ={xeR" :qx+p =0}.
Note that, throughout the proofs of Theorem 2, (p, q) will play the role of the index j appearing
in Theorem BV1 and Theorem 1. Also note that for § > 0 we have

A(Rp q,0) = {x € R™ : dist(x, Rp q) < ¢},
where

. . Vnlgx + p
dist(x, Rpq) = _inf |[lx—z = b
P,q

We note that if ¢(r) > 1 for infinitely many r € N, then A,, ,(¢)) = I"™ and the divergence
case of Theorem 2 is trivial. Hence, without loss of generality we may assume that ¢(r) < 1 for
all r € N. First we show how

Theorem BV1 and Theorem BV2 imply the divergence case of Theorem 2. (4)

Proof. Recall that

i ¢ty (M) = oc. (5)
=1

q

To use Theorem BV1 we have to restrict the approximating integer points q in order to meet
conditions (i) and (ii) of Theorem BV1. We will use the same idea as in [BBDV(9]; namely, we will
impose the requirement that |q| = |gx| for a fixed K € {1,...,n}. Sprindzuk’s theorem that is
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used in [BBDV09] allows for the introduction of this requirement almost instantly. Unfortunately,
this is not the case when one is using Theorem BV2 and hence we will need a new argument.
For each 1 < ¢ < n define the auxiliary functions ¥; : Z™ \ {0} — RT by setting

¥(lal) if |a| = |ail,
Vi(q) =
0 otherwise.

In what follows, similarly to A, ,,, (1)), we consider sets A, ,,(¥) of points x € I such that
lax +p| < ¥(q)

for infinitely many pairs (p,q) € Z™ x Z" \ {0}, where ¥ : Z" \ {0} — R" is a multivariable
function. Since, by definition, ¥;(q) < ¥(|q|) for each 1 < i < n and each q € Z™\ {0}, it follows
that

Apn (U3) C Apm () for each 1 <i < n. (6)
By (6), to complete the proof of (4), it is sufficient to show that
H (A (T)) = H(TM™) for some 1 < K < n. (7)

Without loss of generality we will assume that K = 1. Define
S:=A{(p,q) € Z" x Z" \ {0} : |q| = [¢1] and |p| < M|ql},

where

M := max {2n,sup ing (w(r)> " } : (8)

reN r

Note that, since g is increasing and (r) < 1, the constant M is finite. Let Tp q :=

each (p,q) € S. The purpose for introducing this auxiliary set S will become apparent later.
Now, for each (p,q) € S,

v
A(Rp,qupg) NI = {X cmm . \/ﬁ‘ﬁ;+ p! < ‘1;?)}
2

lal2%1(q)
=<xel:|gx+p| < ———=
{ Vnla|

C {x el :|gx+p| < \Ill(q)},
since |ql2 < +/n|q|. It follows that A(Y) NI™ C A, ., (¥1) C I, where

A(T) =limsup A(Rp.q; Tp.q)
(p,@)es

and, in taking this limit, (p,q) € S can be arranged in any order. Therefore, (7) will follow on
showing that

H/(A(T) NI = 1 (™). 9)
Showing (9) will rely on Theorem BV1. First of all observe that conditions (i) and (ii) are met
with the m-dimensional subspace

Vi={x=(x1,%2,...,%Xm) ER" :zyy=0forall{=1,..., mandi=2,...,n}.
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Indeed, regarding condition (i), we have that Rp q NV consists of the single element

_pb1  _p2 _Pm
q1 QU q1
0 0 0
0 o ... 0

and so is non-empty. Regarding condition (ii), for (p,q) € S we have that
VNA(Rp g, 1) ={xeV :dist(x,Rpq) < 1}

:{XGV valax+p| _ }

\Qb
:{XER”m: max w<l and xig:Ofori;ﬁl}
L<t<m lal2

C<x €R™ : max
1<l<m

ml,g+m‘<1 and xig:()forisél}

since |¢1| = |q| and |q|2 < v/n|q|. Hence diam(V N A(Rpq,1)) < 2 and we are done.
Now let § : N — R™ be given by

o) = g (”’“))i

vn r
and, for each 1 <i < n, let ©; : Z™\ {0} — R™ be given by
1 0 if = lqgil,
Ou(q) = M . <\Ifz(q)>m _ (lal) la| = |qi
vn 4l

0 otherwise.

Similarly to (6), we have that A, ,(0;) C Apm(0) for each 1 < i < n. Furthermore,

0) =) Anm(©:). (10)
=1

Indeed, the “D” inclusion follows from the above. To show the converse, note that for any
x € Ay m(0) the inequality |[qx+p| < 0(|q|) is satisfied for infinitely many (p,q) € Z™ xZ"\{0}.
Clearly, for each q € Z™ \ {0} we have that 6(|q|) = ©,(q) for some 1 < ¢ < n. Therefore, there
is a fixed ¢ € {1,...,n} such that |gx + p| < 6(|q]) = ©;(q) is satisfied for infinitely many
(p,q) € Z™ x Z™ \ {0}. This means that x € A,, ,,(0;) for some i, thus verifying (10).

Next, observe that, by (5), the sum

q q

diverges. Therefore, by Theorem BV2, we have that | A, ,,(0)] = 1. Hence, by (10), there exists
some 1 < K < n such that | A, ,(©k)| > 0. By the zero-one law of [BV08, Theorem 1], we know
that [ A, m(OKk)| € {0,1}. Hence,

|Anm(OK)| = 1.
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Without loss of generality we will suppose that K = 1, the same as in (7).
Now, using the fact that |q| < |ql2, for (p,q) € S we have that

T wm  VTlax + p
A(RP7Qag(Tp,q)m) ﬂ H = {X G ]I : |q|2 ‘

wq))i

=<{xecl™:|gx+p|l < ==
{ lax + p| NG

D xe]I"m:|qx+p\<g<
{ A1
={xel" :|ax+p| < O1(a)}.

Furthermore, observe that if {x € I" :|qx+ p| < ©1(q)} #0, then |p| < M|q| and so
(p,q) € S. Therefore,

Anm(©1) € A(g(T)m) NI C TP,

In particular, |[A(g(Y)m) N I"™| = 1 and so for any ball B C I"™ we have that
H”m(A(g(T)%) N B) = H™"(B). Hence, we may apply Theorem BV1 with k = nm, l = m(n—1)
and m to conclude that, for any ball B C I"™, we have H/(B N A(Y)) = H/(B). In particular,
HI(A(T) NI™™) = HS(I™™) and the proof is thus complete. O

We now show how

Theorem 1 and Theorem BVZ2 imply the divergence case of Theorem 2. (11)

Proof. As before, we are given the divergence condition (5). For each pair (p,q) € Z™ x Z"\ {0}
with |p| < M|q|, where M is given by (8), let

y(la)

Rpgq={xecR":qx+p=0} and YTpq:= ql

For such pairs (p,q) we have that

A(Rp,q, Tp,q) NI"" = {X el vrnlax + p| < w(‘q‘)}

lal2 lal
C{x eI :|ax+p| <y(al)}
since |qle2 < v/n|q|. Therefore
A(T)NI" C Ap () C I,
where the lim sup is taken over (p,q) € Z™ x Z" \ {0} with |p| < M|q|.

Consequently, if we could show that H/(A(Y) N 1"™) = H/(I"™) the divergence part of
Theorem 2 would follow.

Define § : N — R* by
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}
)

where this penultimate inclusion follows since |q| < |q]2.

Observe that if {x € I"™ : |qx + p| < 0(|q|)} # 0, then |p| < M|q]|. It follows that

and note that

3=

1

A(Rpmg(qu Jm) NI =

xerm; YURTR| <w<|q\>>

lql2 q

_{Xeﬂnm:‘qﬁ B rqhg( <rqr>>

“H

Vn lql

x €T™ ; |qx + p| < \!qF\g< (\q\)>

={xel":|qx+p| <6(da])},

3=

D

q

Anm(0) C Alg(T)m) N T™,

Now, by Theorem BV2 and the divergence condition (5), we know that A, ,(0)| = 1 since

iqn 19(g iq””” ' < (CJ)> e

q

Hence, |A(g(T)%) NI™| =1 and so we may apply Theorem 1 with £k = nm, | = m(n — 1)
and m to conclude that, for any ball B C I"™, we have H/(B N A(Y)) = H/(B). In particular,
HI(A(T) NT7) = HT(I™™) and so the proof is complete. O

Remark 1. Note that the proof of (11) is not only shorter and simpler than that of (4) but it
also does not rely on the zero-one law [BV08, Theorem 1]. This seemingly minor point becomes
a substantial obstacle in trying to use the same line of argument as for (4) in other settings,
for example, in inhomogeneous problems. The point is that, as of now, we do not have an
inhomogeneous zero-one law similar to [BV08, Theorem 1] — see [Ram17] for partial results and
further comments. The approach based on using Theorem 1, on the other hand, works with ease
in the inhomogeneous and other settings.

2.2 Inhomogeneous systems of linear forms

In this section we will be concerned with the inhomogeneous version of the Khintchine—
Groshev Theorem presented in the previous subsection. Given an approximating function
U:7Z"\ {0} — R" and a fixed y € "™, we denote by A, ,,(¥) the set of x € "™ for which

lax+p —y| < ¥(q)

holds for infinitely many (p,q) € Z™ x Z™\{0}. In the case that ¥(q) = ¢(|q|) for some function
¥ : N — RT we write A, (1) for A, (P).

Regarding inhomogeneous Diophantine Approximation, we have the following statement
which can be deduced as a corollary of [Spr79, Chapter 1, Theorem 15]. In the case that ¢ is mono-
tonic this statement also follows as a consequence of the ubiquity technique, see [BDV06, §12.1].
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INHOMOGENEOUS KHINTCHINE-GROSHEV THEOREM. Let m,n > 1 be integers and let y € 1.
Ifv : N — R™ is an approximating function which is assumed to be monotonic if n =1 orn = 2,
then

0 if 302, ¢ (g™ < oo,
|AY o (9)] =
L if 3502, ¢ ()™ = oo,

The following is the Hausdorff measure version of the above statement.

THEOREM 3. Let m,n > 1 be integers, let y € I, and let ) : N — R be an approximating
function. Let f and g : v — g(r) := r~™"=1 f(r) be dimension functions such that r—"™ f(r) is

¥(r)

1
monotonic. In the case that n =1 or n = 2 suppose also that rg <T) ™ is monotonic. Then,

0 it 3, it (40) < o,

HI (AT (0)) =

W™ i Y0 ¢t (#) = 0.

1
Remark 2. Although the condition that rg (@) " being monotonic when n = 1 or n = 2 is the
one that we naturally arrive at upon combining Theorem 1 with the Inhomogeneous Khintchine—
Groshev Theorem, it is worth noting here that this condition may be relaxed. In the case when
n = 2, by appealing to the more general theorem of Sprindzuk [Spr79, Chapter 1, Theorem 15]

(from which the Inhomogeneous Khintchine-Groshev Theorem stated above can be deduced for
P(r)

1
n > 2), it is possible to replace monotonicity of rg <T "™ in the statement of Theorem 3 with

the more aesthetically pleasing assumption that ¢ is monotonically decreasing. When n = 1 it

should be possible to make the same assumption replacement by using ideas from ubiquity (see
[BDV06, §12.1] and references within).

The proof of the convergence case of Theorem 3 once again makes use of standard covering
arguments. The divergence case is a consequence of the Inhomogeneous Khintchine—Groshev
Theorem and Theorem 1. The proof of the divergence case is almost identical to that of (11) and
we therefore leave the details out. Furthermore, exploiting this same argument a little further, we
can use Theorem 1 to prove the following two more general statements from which both Theorems
2 and 3 follow as corollaries. In some sense Theorems 4 and 5 below are reformulations of Theorem
1 in terms of sets of W-approximable (and v-approximable) points.

THEOREM 4. Let W : Z"\ {0} — R™ be an approximating function and let y € I"™. Let f and
g:1— g(r) := r~™=Df(r) be dimension functions such that r~™" f(r) is monotonic. Let

0:7Z"\ {0} - Rt be defined by ©(q) =|d|g <\Ij|£1(i)> " .

Then
A, (©) =1 implies — HI(AY,, (V) =H/(T").

The following statement is a special case of Theorem 4 with ¥(q) := ¥(|q]).

10
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THEOREM 5. Let ¢ : N — RT be an approximating function, let y € I'"™ and let f and
g:r— g(r) :=r ™=V f(r) be dimension functions such that r—™" f(r) is monotonic. Let

1
§:N—=RT  be defined by a(r):rg<¢§f’))’".

Then
AY . (0) =1 implies  HI(AY,, () =H (IT"™).

The proof of Theorem 4 is similar to that of (11). We shall explicitly deduce it from the even
more general result of §2.3, where the approximating function will be allowed to depend on p as
well as q. Theorem 3 now trivially follows on combining the Inhomogeneous Khintchine-Groshev
Theorem with Theorem 5. Furthermore, any progress in removing the monotonicity constraint
on 1 from the Inhomogeneous Khintchine-Groshev Theorem can be instantly transferred into a
Hausdorff measure statement upon applying Theorem 5. Indeed, we suspect that a full inhomo-
geneous analogue of Theorem BV2 must be true. Recall that it is open only in the case when
n=1orn=2.

2.3 Approximation by primitive points and more

The key goal of this section is to present Hausdorff measure analogues of some recent results
obtained by Dani, Laurent and Nogueira in [DLN15]. The setup they consider assumes certain
coprimality conditions on the (m+mn)-tuple (q1,...,qn,p1,--.,Pm) of approximating integers. To
achieve our goal we will first prove a very general statement which further extends Theorems 4
and 5 and is of independent interest. In particular, we will allow for the approximating function to
depend on (p, q) and will also introduce a “distortion” parameter ® that allows certain flexibility
within our framework. This allows us, for example, to incorporate the so-called “absolute value
theory” [Dic93, HK13, HL13].

Within this section ¥ : Z™ x Z™ \ {0} — RT will be a function of (p,q), y € I"* will be a
fixed point and ® € I"™™ will be a fixed m x m square matrix. Further, define M%;‘;(\y) to be
the set of x € I"™ such that

lax +p® —y| < ¥(p,q)
holds for (p,q) € Z™ x Z™" \ {0} with arbitrarily large |q|. Based upon Theorem 1, we now state
and prove the following generalisation of Theorems 4 and 5.

THEOREM 6. Let ¥ : Z™ x Z" \ {0} — R be such that

lim  sup Yip.q) =0, (12)

laj—c0 pezm |4

and let y € I™ and ® € I™™ be fixed. Let f and g : r — g(r) := r~™ (=D (1) be dimension
functions such that r~™" f(r) is monotonic. Let

3|

©:Z™ xZ"\ {0} > R*  be defined by  O(p,q) = |alg (‘I’(ﬁ;"q))

Then
MY2(O) =1  implies — H/ (M2 (V) =H(I™).

11
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Proof. Let
30
M := max {Bn, sup M} )
(payezmxzn\fo}  Vnldl
By the monotonicity of g and condition (12), we have that M is finite. Let

S:={(p,q) € Z™ x Z"\ {0} : |p®| < M|q|}

and let Sp be any fixed subset of S such that for each (p’,q) € S there exists (p,q) € S¢ such

that

pe=p'® and  O(p',q) <26(p.q).
Furthermore, let S¢ be such that for all (p,q), (r,s) € Se we have

(p®,q) # (x®,5) if  (p,q) # (r;s).
The existence of Sy is easily seen. For each (p,q) € Sg, let

Rpq={xecR":qx+pP -y =0} and Tpq:i=

For (p,q) € Sp we have that

lql

A(Rp.q, Tpq) NI = {x eI :

C{xel":|gx+p®—y| < ¥(p,q)}

Vnlax + p® —y| - ¥(p,q) }
lal2 q

(13)

v(p.q)

since |ql2 < v/n|q|. Also note that for each q € Z™ \ {0} there are only finitely many p € Z™

such that (p,q) € S¢. Therefore
A(Y) NI € M2 (W) C T,

(14)

where, when defining A(T), the lim sup is taken over (p,q) € Sg. Hence, by (14), it would suffice

for us to show that
HI(A(T) NIV = HS (™).

Consider A(g(T)%), where the lim sup is again taken over (p,q) € S¢. Take any (p’,q) € S and

let (p,q) € S satisfy (13). Then, since |q| < |q|2, we have that

3=

A(Rp,qvg(Tp,q) ) NI = {X enmm.

|Q|2

— {xeﬂnm lax + p® —y| < ‘qbg(

NG

D{XG]I’”” lax + p® —y| < |q‘g(

NLD

= {x el :lgx+pP—y| < %L@(p,q)}

D {xeﬂnm:\qx+p'<1>—y| < 2\fG(

a)}.

\/ﬁqu+p<I>—YI< (W(p,q)>i}
9| ———
q

Also observe that if {x el |lgx+p'®—y| < 2\F@( )} # (), then |p’®| < M|q|. It follows

that

M (53=0) C Ag(T)m) 1™,

12
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Recall that ]M%S’@(@H = 1. Furthermore, in view of [BV08, Lemma 4|, we have that
‘M%g(ﬁ@” — 1. Together with (15) this implies that [A(g(Y)m) N I""| = 1. Further, note
that, by (12), Tp q — 0 as |q| — oco. Therefore, Theorem 1 is applicable with k = nm, | = m(n—1)

and m and we conclude that for any ball B C I we have that H/(B N A(Y)) = H/(B). In
particular, this means that H/(I"™ N A(Y)) = H/(I"™), as required. O

Proof of Theorem 4. Let ¥ be as in Theorem 4. First observe that if U(q) > 1 for infinitely
many q € Z", then A}, ,,(¥) = I"™ and there is nothing to prove. Otherwise we obviously have
that U(q)/|q| — 0 as |q| — oco. In this case, extending ¥ and © to be functions of (p,q) so that
U(p,q) := V¥(q) and ©(p,q) := ©(q), we immediately recover Theorem 4 from Theorem 6. [

Theorem 6 can be applied in various situations beyond what has already been discussed
above. For example, the divergence results of [HK13] can be obtained by using Theorem 6 with

I, 0O
o (1)

where I, is the identity matrix. In what follows we shall give applications of Theorem 6 in which
the dependence of ¥ on both p and q becomes particularly useful. Namely, we shall extend the
results of Dani, Laurent and Nogueira [DLN15] to Hausdorff measures.

First we establish some notation. For any d > 2 let P(Z?) be the set of points v =
(v1,...,v4) € Z% such that ged(vy,...,vq) = 1. For any subset o = {i1,...,i,} of {1,...,d}
with v > 2 let P(c) be the set of points v € Z¢ such that ged(vy,,...,v;,) = 1. Next, given a
partition m of {1,...,d} into disjoint subsets 7y of at least two elements, let P(m) be the set of
points v € Z% such that v € P(m) for all components 7, of 7.

Given an approximating function ¢ : N — R and fixed ® € I™™ and y € I', let M%;,?;(w)
be the set of x € I"™ such that
lax +p® —y| < ¥(lal) (16)

holds for (p,q) € Z™ x Z" \ {0} with arbitrarily large |q|. Also, given a partition = of
{1,...,m+n}, let MEY%®(y) denote the set of x € I"™ for which (16) is satisfied for
(p,q) € Z™ x Z™ \ {0} with arbitrarily large |q| and with (qi,...,¢n,p1,...,Pm) € P(7w). Now
specialising Theorem 6 for the approximating function
w(|Q‘) if <QI7-~-7Qn7p17---apm) EP(T{')’
¥(p.q) =
0 otherwise,

gives the following.

THEOREM 7. Let v : N — R™ be an approximating function such that @ — 0 as ¢ — oo.
Let m be any partition of {1,...,m + n} and let ® € I"" and y € I"™ be fixed. Let f and
g:r — g(r) = r~™"=Df(r) be dimension functions such that r~—™" f(r) is monotonic and let

1
§:N — RT be defined by 8(q) = q g (Wq)) ™ Then

q

IMEY2(O) =1 implies  HI(MI¥2 () = 1 (T™).

M

Now, let us turn our attention to the results of Dani, Laurent and Nogueira from [DLN15].
For the moment, we will return to the homogeneous setting. Given a partition 7 of {1,...,m+n}

13
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and an approximating function v : N — R* we will denote by Ag,m@ﬁ) the set of x € I such
that

lax +p| < ¢(|d])
holds for (p,q) € Z™ x Z"\ {0} with arbitrarily large |q| and (¢1,...,qn,P1,.-.,Pm) € P(m). We
note that in this case the inequality holds for (p, q) € Z™ xZ™\{0} with arbitrarily large |q| if and
only if the inequality holds for infinitely many (p,q) € Z™ x Z"\ {0}. The notation A,, ,,(¢) will
be used as defined in §2.1. The following statement is a consequence of [DLN15, Theorem 1.2].

THEOREM DLNI1. Let n,m € N and let m be a partition of {1,...,m + n} such that every
component of m has at least m + 1 elements. Let 1) : N — R be a function such that the
mapping x — 2" 14(x)™ is non-increasing. Then,

0 if 302, ¢" ()™ < oo,
A% (¥)] =
Lo it 3 g ()" =

The following Hausdorff measure analogue of Theorem DLN1 follows from Theorem 7.

THEOREM 8. Let n,m € N and let m be a partition of {1,...,m + n} such that every com-
ponent of m has at least m + 1 elements. Let 1) : N — R be an approximating function. Let
fand g:r — g(r) := ™=V f(r) be dimension functions such that the function r~"™f(r) is

n—+m—1 ¥(q)

monotonic and q g (T) is non-increasing. Then,

0 it ¥, g (49 < o,
HI (AL, (9)) =
Wy i Y0l ¢ty (%) =0

Proof. First note that in the light of the fact that ¢"t™ lg ((—‘1)) is non-increasing we may

(q) ((I) - 0.

— 0 as ¢ — o0. To see this, suppose that ¥
LICIIES
q

assume without loss of generality that ¥

Therefore, there must exist some £ > 0 such that > ¢ infinitely often. In turn, since g is a

dimension function, and hence non-decreasing, this means that ¢"*t™ lg (@) > ¢t lg(e)

infinitely often. However, since this expression is non-increasing, we must have that g(¢) = 0. In
particular, this means that g(r) = 0 and, hence, also f(r) = 0 for all r < e. Thus H#/(X) = 0 for
any X C I"™ and so the result is trivially true.

In view of the conditions imposed on 7w, we must have that nm > 1. Furthermore,
since A7, () C Anpm(¥), it follows from Theorem 2 that H/(AT, (1)) = 0 when
2211 gty (@) < 00. Alternatively, one can use a standard covering argument to obtain
a direct proof of the convergence part of Theorem 8.

Regarding the divergence case, observe that AT, (¢) = MZ{;?,;Im(zp), where I, repre-
sents the m x m identity matrix. Therefore if |./\/l7TOIm( 0)] = [A} . (0)] = 1 where 6 :
N — R* is defined by 6(q) = qg (w(Q)) , then it would follow from Theorem 7 that

HI (AT, () = HS (Ma™ (v)) = HI (1),

14
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Now, by Theorem DLNI1, [A7. . (0)] = 1 if ¢ — ¢" ~10(¢)™ is non-increasing and

P " 10(q¢)™ = co. We have that ¢"10(¢)™ = ¢"*™ 1g ( (g )> which is non-increasing by

assumption. By our hypotheses, we also have

S o= () -

Hence the proof is complete. O
If 9 (q) := ¢~ 7 for some 7 > 0 let us write A7, . (7) := A7, ,,(). The following result regarding
the Hausdorff dimension of A7 ,, (1) is a corollary of Theorem 8.

COROLLARY 1. Let n,m € N and let 7 be a partition of {1, ..., m+n} such that every component
of w has at least m + 1 elements. Then

m(n—l)—&—Tjr'l” when 12> -,
dlmH(An m(T)) =

nm when 7 <

e

Proof. For 7 > - the result follows on applying Theorem 8 with
m-+n
T+1

Indeed, with § sufficiently small, all the conditions of Theorem 8 are met and furthermore, as is
easily seen, we have from Theorem 8 that

fs(r) = rsotd where so=m(n—1)+

0 if 6§ >0,
HI (A (7)) =
HIs(@™) if §<0.
This means that H* (AT (7)) = 0 for § > 0 and HOTO(AT (7)) = HOT(I"™) for § < 0
Therefore, if so < nm then dimy(AJ,, (7)) = so since, in this case, H*0T(I"™) = oo whenever

0 < 0. Finally, note that so < nm if and only if 7 > -
In the case where 7 < IL observe that A7, (1) D A7, (7+) so

dimpr (A7, (7)) > dimr (A7, (=) = nm.

Combining this with the trivial upper bound gives dimpy (A7 ,,(7)) = nm when 7 < [ as

m’

required. ]

Next we consider two results of Dani, Laurent and Nogueira regarding inhomogeneous ap-
proximation. As before, for a fixed y € I we let A}, (1)) denote the set of points x € "™ for
which

lax +p —y| <¥(lq) (17)

holds for infinitely many (p,q) € Z™xZ"\{0}. Given a partition  of {1,...,m+n}, let Ap¥(¢¥)
be the set of points x € I for which (17) holds for infinitely many (p,q) € Z™ x Z" \ {0} with
(@, an,p1,- - - Pm) € P(m).

Rephrasing it in a way which is more suitable for our current purposes, a consequence of
[DLN15, Theorem 1.1] reads as follows.

15
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THEOREM DLN2. Let n,m € N and let w be a partition of {1,...,m + n} such that every
component of m has at least m + 1 elements. Let ¢ : N — R* be a function such that the
mapping x — " 11 (x)™ is non-increasing. Then,
i) if> 2 q""'4p(q)™ = oo then for almost every y € I™ we have | A (¢)| = 1.
(it) if Y2021 " 'p(q)™ < oo then for any y € I"™ we have | A% m(¥)| = 0.

The corresponding Hausdorff measure statement we obtain in this case is:

THEOREM 9. Let n,m € N and let m be a partition of {1,...,m + n} such that every com-
ponent of m has at least m + 1 elements. Let 1) : N — R be an approximating function. Let
fand g:r — g(r) .= r~™=D f(r) be dimension functions such that the function r~"™f(r) is

n—+m—1 ¥(q)

monotonic and q g (T) is non-increasing. Then,

(i) if Z;’il q”+m_lg< Ej)> = oo then for Lebesgue almost every y € 1™ we have
M (AR (v)) = HI(T™).
(i) if Yoo, gt < (g )) < oo then for any y € I™ we have HS (A} m(¢)) = 0.

Proof. This is similar to the proof of Theorem 8 with the only difference being the introduction
of y. O

Finally, let us re-introduce the parameter ® & IT™". In this case, considering the sets
Z:%{q)(l/)) (as defined on page 13), it follows from [DLN15, Theorem 1.3] that we have:

THEOREM DLN3. Let n,m € N and let w be a partition of {1,...,m + n} such that every
component of m has at least m + 1 elements. Let ¢ : N — R* be a function such that the
mapping x — 2" 14 (x)™ is non-increasing. Then, for any y € I™,

(i) if > 22, ¢ 11p(q)™ = oo then for almost every ® € I™™ we have that |ME%®(¥)] = 1.
(i) if Y2021 ¢" ()™ < oo then for any ® € ™™ we have M ()] = 0.

Combining this with Theorem 7 we obtain the following Hausdorff measure statement.

THEOREM 10. Let n,m € N and let m be a partition of {1,...,m + n} such that every com-
ponent of m has at least m + 1 elements. Let 1) : N — R be an approximating function. Let
fand g:r — g(r) :=r~"™"=D f(r) be dimension functions such that the function r—"™f(r) is

monotonic and ¢"t™ g (%‘IU is non-increasing. Then, for any y € ',

(i) if >°02, gt lg <@) = oo then for Lebesgue almost every ® € 1™ we have that

HI (MR () = w1/ (1),
(i) if 3202, g"tmTlg (@) < oo then, for any ® € ™™, we have that H (M3 m (1)) = 0.

Proof. Once again the proof is similar to that of Theorem 8. O
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3. Preliminaries to the Proof of Theorem 1

3.1 Hausdorff measures

In this section we give a brief account of Hausdorff measures and dimension. Throughout, by a
dimension function f : RT™ — R* we shall mean a left continuous, non-decreasing function such
that f(r) — 0 as r — 0. Given a ball B := B(z,r) in R¥, we define

VI(B) = f(r)

and refer to V/(B) as the f-volume of B. Note that if m is k-dimensional Lebesgue measure
and f(z) = m(B(0,1))z*, then V/ is simply the volume of B in the usual geometric sense; i.e.
VH(B) = m(B). In the case when f(z) = 2° for some s > 0, we write V* for V7.

The Hausdorff f-measure with respect to the dimension function f will be denoted through-
out by H/ and is defined as follows. Suppose F' is a subset of R*. For p > 0, a countable collection
{B;} of balls in RF with radii 7(B;) < p for each i such that F C |J, B; is called a p-cover for F.
Clearly such a cover exists for every p > 0. For a dimension function f define

%g(F) := inf {Z V/(B;) : {B;}is a p-cover for F} :

The Hausdorff f-measure, H! (F), of F with respect to the dimension function f is defined by
HF):=limHI(F) = J(F).
HE) = T, (F) = sup M (F)

A simple consequence of the definition of H7 is the following useful fact (see, for example,
[Fal03]).

LEMMA 1. If f and g are two dimension functions such that the ratio f(r)/g(r) — 0 asr — 0,
then H/ (F) = 0 whenever HI(F) < oo.
In the case that f(r) = r* (s > 0), the measure H/ is the usual s-dimensional Hausdorff
measure H® and the Hausdorff dimension dimy F' of a set F' is defined by
dimyg F = inf{s > 0: H*(F) =0}.
For subsets of R*, #* is comparable to the k-dimensional Lebesgue measure. Actually, H* is

a constant multiple of the k—dimensional Lebesgue measure (but we shall not need this stronger
statement).

Furthermore, for any ball B in R¥ we have that V*(B) is comparable to | B|. Thus there are
constants 0 < ¢; < 1 < ¢o < oo such that for any ball B in RF we have

c1 VF(B) < H¥(B) < en VF(B). (18)
A general and classical method for obtaining a lower bound for the Hausdorff f-measure of

an arbitrary set F' is the following mass distribution principle. This will play a central role in
our proof of Theorem 1 in §5.

LEMMA 2 Mass Distribution Principle. Let u be a probability measure supported on a subset F
of R¥. Suppose there are positive constants ¢ and 7, such that

u(B) < e VI (B)
for any ball B with radius v < r,. If E is a subset of F' with u(E) = X\ > 0 then H/(E) > )\/c.

17
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The above lemma is stated as it appears in [BV06a] since this version is most useful for our
current purposes. For further information in general regarding Hausdorff measures and dimension
we refer the reader to [Fal03, Mat95].

3.2 The 5r-covering Lemma
Let B := B(x,r) be a ball in R¥. For any A > 0, we denote by AB the ball B scaled by a factor
A; i.e. AB := B(z, Ar).

We conclude this section by stating a basic, but extremely useful, covering lemma which we
will use throughout [Mat95].

LEMMA 3 The 5r-covering Lemma. Every family F of balls of uniformly bounded diameter in
R* contains a disjoint subfamily G such that

B c |UsB.

BeF Beg

4. The Kg g Covering Lemma

Our strategy for proving Theorem 1 is similar to that used for proving the Mass Transference
Principle for balls in [BV06a]. There are however various technical differences that account for
the different shape of approximating sets. First of all we will require a covering lemma analogous
to the Kg p-lemma established in [BV06a, Section 4]. This appears as Lemma 4 below. The
balls obtained from Lemma 4 correspond to planes in the limsup set A(g(T)%). Furthermore,
for the proof of Theorem 1 it is necessary for us to obtain from each of these “larger” balls a
collection of balls which correspond to the “shrunk” limsup set A(Y). The desired properties of
this collection and the existence of such a collection are the contents of Lemma 5 of this section.

To save on notation, throughout let Tj =g(Y;) w. For an arbitrary ball B € R* and for each
J € N define

®;(B) :={B(x,T;) C B:x € R;}.
Analogously to Lemma 5 from [BV06a] we will require the following covering lemma.

LEMMA 4. Let R, Y, g and §2 be as in Theorem 1 and assume that (2) is satisfied. Then for any
ball B in §2 and any G € N, there exists a finite collection

Kep C{(A:1j):j > G, Ac ®;(B)}
satisfying the following properties:
(i) if(A;j) € Kg,p then 3A C B;
(ii) if (A4;7),(4’;5") € Kg p are distinct then 3AN3A" = 0; and
(iil) H* ( U A) > e HE(B).
(Asj)eKe,B

Remark 3. Essentially, Kg p is a collection of balls drawn from the families ®;(B). We write
(A;j) for a generic ball from Kg g to “remember” the index j of the family ®;(B) that the
ball A comes from. However, when we are referring only to the ball A (as opposed to the pair
(4; 7)) we will just write A. Keeping track of the associated j will be absolutely necessary in

18
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order to be able to choose the “right” collection of balls within A that at the same time lie in
an Y j-neighbourhood of the relevant R;. Indeed, for j # j' we could have A = A’ for some
A€ ®j(B)and A’ € ®;/(B).

Proof of Lemma 4. For each j € N, consider the collection of balls
®¥(B) := {B(x,3Y;) C B:x € R;}.
By (2), for any G > 1 we have that

Observe that

and that the difference of the two sets lies within 3Tj of the boundary of B. Then, since T; — 0,
and consequently T; — 0, as j — oo, we have that

U U U(A(Rﬁ?’ij)mB) =H*(B) as G — .

=G L€<1>3 (B) j=G

In particular, there exists a sufficiently large G’ € N such that for any G > G’ we have

U U )

72G Le®¥(B)

However, for any G < G’ we also have

Uy o=y uyeL

J2G Le®¥(B) j2G" Led?(B)

Thus, for any G € N we must have

TU U L] =1m). (19)

72G Le®¥(B)

In fact, using the same argument as above it is possible to show that for any G € N we have
HE (Uj>G ULECD?(B) L) > (1 — e)H¥(B) for any 0 < ¢ < 1 and hence that we must have

HF (Uj>G ULEQ?(B) L) = H¥(B). However, (19) is sufficient for our purposes here.

By Lemma 3, there exists a disjoint subcollection G C {(L;j): 7 > G, L € @?(B)} such that

OLCU U rc | 5L

(L;j)eg j>G Le®?(B) (L;j)eg

Now, let G’ consist of all the balls from G but shrunk by a factor of 3; so the balls in G’ will
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still be disjoint when scaled by the factor of 3. Formally,
={(3L:J) : (L3 ) € G}
Then, we have that
U ac U U Lc U 1 (20)
(A59)eg’ j2G Led3(B) (459)eg’

From (19) and (20) we have that

U A= Y HW

(As5)eg’ (As)eg’
1 k
(As5)eg’
k
1—5,€’H U 154
(As5)eg’
k
> | U U
J>GLe<I>5
1 k
> )
~2x 15kH (B)

Next note that, since the balls in G’ are disjoint and contained in B and Tj — 0 as j — oo, we
have that

HF U Al -0 as N — oo.

(As5)eg’
j=N

Therefore, there exists a sufficiently large Ny € N such that

H*(B).

Hl U Al <y

(A;9)eg’
Jj=No

15’“

Thus, taking K¢ p to be the subcollection of (A4;j) € G’ with G < j < Ny ensures that K¢ g is
a finite collection of balls while still satisfying the required properties (i)—(iii). O

LEMMA 5. Let R, Y, g, Q and B be as in Lemma 4 and assume that (2) is satisfied. Furthermore,
assume that r~*f(r) — oo as r — 0. Let Kg p be as in Lemma 4. Then, provided that G is
sufficiently large, for any (A;j) € Kg p there exists a collection C(A;j) of balls satisfying the
following properties:

(i) each ball in C(A;j) is of radius Y; and is centred on Rj;;
(ii) if L € C(A;j) then 3L C A;
(i) if L, M € C(A;j) are distinct then 3L N 3M = {);
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(V) = H (AR, T)NEA) < 7| | L) < HYA®R,T,)NA); and

7k
LeC(Asj)
(v) there exist some constants dj,dy > 0, independent of G and j, such that
LAY SOLAY
dy x <W> < #C(A;j) < dp x <M> : (21)
T T,

Proof. First of all note that, by the assumption that =% f(r) — oo as r — 0, we have that
.
) as j — 00.

J
In particular we can assume that G is sufficiently large so that

67, < T; for any j > G. (22)
Let x1,...,x; € R;j N %A be any collection of points such that
|xi —xi|| > 67 if i £ (23)
and t is maximal possible. The existence of such a collection follows immediately from the fact
that R; N %A is bounded and, by (23), the collection is discrete. Let
C(A;j) :={B(x1,Tj),..., B(x:,T;)}.
Thus, property (i) is trivially satisfied for this collection C(A;j). Recall that, by construction,
A € ®;(B), which means that the radius of A is 3T,. If L € C(4;j), say L := B(x;, Y;), and A is
centred at X, then for any y € 3L we have that |[y—x;| < 3T, while ||x;—xo|| < Y. Then, using
(22) and the triangle inequality, we get that ||y —xol| < [ly — ||+ [1xi —xo|| < 3Y; + 17, < T;.
Hence 3L C A whence property (ii) follows. Further, property (iii) follows immediately from
condition (23).
By the maximality of the collection x1,...,x;, for any x € R; N %A there exists an x; from
this collection such that ||x — x;|| < 67;. Hence,
A(R;, T n3A ¢ |J 7L
LeC(A;j)
Thus
HE(AR;, Y N3A) < > HNTL)
LeC(A;5)
< > AL
LeC(A;7)
=7 U L
LeC(A;))

On the other hand, by property (ii), we have that

U L C A(Rj,Tj)ﬂA,
LeC(A;5)

which together with the previous inequality establishes property (iv).
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Finally, property (v) is an immediate consequence of property (iv) upon noting that

HY(A(R;,T;) N 3A4) < HF(AR;,T;)NA) < 17T}

and
wl U L] = #eA)HMEL) < #C(4;5) 1,
LeC(4;5)
where [ is the dimension of R;, m = k — [ and L is any ball from C(A;j). O]

Remark. Throughout we use the Vinogradov notation, writing A <« B if A < ¢B for some
positive constant ¢ and A > B if A > ¢/ B for some positive constant ¢’. If A < B and A > B
we write A < B.

5. Proof of Theorem 1

As with the proof of the Mass Transference Principle given in [BV06a] and the proof of Theorem
BV1 given in [BV06b], we begin by noting that we may assume that 7= f(r) — co as 7 — 0. To
see this we first observe that, by Lemma 1, if r =¥ f(r) — 0 as 7 — 0 we have that #/(B) = 0 for
any ball B in R¥. Furthermore, since BN A(Y) C B, the result follows trivially.

Now suppose that 7% f(r) — X as r — 0 for some 0 < A < oco. In this case, #f is comparable
to H* and so it would be sufficient to show that H*(B N A(Y)) = H*(B). Since r*f(r) — X as
r — 0 we have that the ratio % is bounded between positive constants for sufficiently small r. In
turn, this implies that, in this case, the ratio of the values g(Tj)% and T; is uniformly bounded
between positive constants. It then follows from [BV08, Lemma 4] that

1 (B nA (g(T)%)) = H*(B N A(Y)).

This together with (2) then implies the required result in this case.

Thus, for the rest of the proof we may assume without loss of generality that =% f(r) — oo
as r — 0. With this assumption it is a consequence of Lemma 1 that H/ (Bp) = oo for any ball
By in €, which we fix from now on. Therefore, our goal for the rest of the proof is to show that

HT (By N A(Y)) = .

To this end, for each n > 1, we will construct a Cantor subset K,, of By N A(T) and a probability
measure 4 supported on K, satisfying the condition that for any arbitrary ball D of sufficiently
small radius (D) we have

V/(D)

w(D) < o (24)

where the implied constant does not depend on D or n. By the Mass Distribution
Principle (Lemma 2) and the fact that K, C By N A(Y), we would then have that
H (Bo N A(Y)) > H/(K,) > 1 and the proof is finished by taking 7 to be arbitrarily large.

5.1 The desired properties of K,

We will construct the Cantor set K, := (2, K(n) so that each level K(n) is a finite union of
disjoint closed balls and the levels are nested, that is K(n) D K(n+ 1) for n > 1. We will denote
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the collection of balls constituting level n by K(n). As with the Cantor set in [BV06a], the
construction of K, is inductive and each level K(n) will consist of local levels and sub-levels. So,
suppose that the (n— 1)th level K(n — 1) has been constructed. Then, for every B € K(n—1) we

construct the (n, B)-local level, K (n, B), which will consist of balls contained in B. The collection
of balls K (n) will take the form

Kmn):= |J K@B).
BeK(n—1)

Looking even more closely at the construction, each (n, B)-local level will consist of local sub-
levels and will be of the form
I
K(n,B) := | J K(n,B,i). (25)
i=1
Here, K (n, B, i) denotes the ith local sub-level and [ is the number of local sub-levels. For n > 2
each local sub-level will be defined as the union

K(n,B,i):= | U e, (26)
B’eG(n,B,i) (A;j)eKG’,B’

where B’ will lie in a suitably chosen collection of balls G(n, B,4) within B, K¢q g will arise
from Lemma 4 and C(A;7) will arise from Lemma 5. It will be apparent from the construction
that the parameter G’ becomes arbitrarily large as we construct levels. The set of all pairs (A; )
that contribute to (26) will be denoted by K (n, B,i). Thus,

K(n,B,i)= |/ Ko and  K(n,B,i) = U e,
B'e€G(n,B,i) (A;j)eK (n,B,i)

If additionally we start with K(1) := By then, in view of the definition of the sets C(A;j), the
inclusion K,, € By N A(Y) is straightforward. Hence the only real part of the proof will be to
show the validity of (24) for some suitable measure supported on K,,. This will require several
additional properties which are now stated.

The properties of levels and sub-levels of K,
(P0) K(1) consists of one ball, namely Bj.
(P1) For any n > 2 and any B € K(n — 1) the balls
{3L : Le K(n,B)}
are disjoint and contained in B.

(P2) For any n > 2, any B € K(n —1) and any i € {1,...,Ip} the local sub-level K(n, B,i) is
a finite union of some collections C(A;j) of balls satisfying properties (i)—(v) of Lemma 5,
where the balls 3A are disjoint and contained in B.

(P3) Foranyn >2, Be K(n—1)and i€ {1,...,lg} we have

Yoo VHA) = e VB
(Asj)eK (n,B,i)

2
where ¢35 := =rs—r——t (%) with ¢ and ¢y as defined in (18).

T 2k+3x Bk x 15k
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(P4) For any n > 2, B € K(n—1), any i € {1,...,lp — 1} and any L € K(n,B,i) and
M € K(n,B,i+ 1) we have
1
fFr(M)) < 5 f(r(L)) and  g(r(M)) <

(P5) The number of local sub-levels is defined by

g(r(L)).

Ca . i L
[037-[’f(B)]+1 . if B= By :=K(1),

V/(B) _ ,
[c;;Vk(B)]_{—l , if Be K(n) withn > 2,

and satisfies [p > 2 for B € K(n) with n > 2.

Properties (P1) and (P2) are imposed to make sure that the balls in the Cantor construction
are sufficiently well separated. On the other hand Properties (P3) and (P5) make sure that there
are “enough” balls in each level of the construction of the Cantor set. Property (P4) essentially
ensures that all balls involved in the construction of a level of the Cantor set are sufficiently
small compared with balls involved in the construction of the previous level. All of the Properties
(P1)-(P5) will play a crucial role in the measure estimates we obtain in §5.4 and §5.5.

5.2 The existence of K,

In this section we show that it is possible to construct a Cantor set with the properties outlined
in Section 5.1. In what follows we will use the following notation:

l l
Ki(n,B) == | JK(n,B,i) and  Kn,B) = |JK(n B,i).
i=1 =1

Level 1. The first level is defined by taking the arbitrary ball By. Thus, K(1) := By and Property
(PO) is trivially satisfied. We proceed by induction. Assume that the first (n — 1) levels K(1),
K(2), ..., K(n — 1) have been constructed. We now construct the nth level K(n).

Level n. To construct the nth level we will define local levels K (n, B) for each B € K(n — 1).
Therefore, from now on we fix some ball B € K(n — 1) and a sufficiently small constant
g:=¢(B) >0 which will be determined later. Recall that each local level K(n,B) will con-
sist of local sub-levels K (n, B, i) where 1 < ¢ < lp and [ is given by Property (P5). Let G € N
be sufficiently large so that Lemmas 4 and 5 are applicable. Furthermore, suppose that G is large
enough so that

37, < g(Tj)% whenever j=aG, (27)
1 r(B)*
. _<e whenever  j > G, (28)
f(;) " f(r(B))
and
.
f( Jk) > 1 whenever Jj =G, (29)
C3 Tj

where c3 is the constant appearing in Property (P3) above. Note that the existence of G satisfying
(27)—(29) follows from the assumptions that r =% f(r) — oo as 7 — 0 and Y; — 0 as j — .
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Sub-level 1. With B and G as above, let Kg p denote the collection of balls arising from
Lemma 4. Define the first sub-level of K(n, B) to be

Kn,B1):= ] C(4),
(Aj)€EKa, B

thus

K(n,B,1) = Kg.B and G(n,B,1) = {B}.

By the properties of C(A;j) (Lemma 5), it follows that (P1) is satisfied within this sub-level.
From the properties of K¢ p (Lemma 4) and Lemma 5 it follows that (P2) and (P3) are satisfied
for i = 1.

Higher sub-levels. To construct higher sub-levels we argue by induction. For [ < [, assume
that the sub-levels K (n, B,1),..., K(n, B,l) satisfying Properties (P1)—(P4) with Ip replaced
by [ have already been defined. We now construct the next sub-level K (n, B, + 1).

As every sub-level of the construction has to be well separated from the previous ones, we
first verify that there is enough “space” left over in B once we have removed the sub-levels
K(n,B,1),...,K(n,B,l) from B. More precisely, let

AV = 1B\ | 4L.
LGKZ(’VL,B)
We will show that
H"(AD) > L HF(1B) . (30)

First, observe that

HE U )< > #@n
LEKl(n,B) LEK[(?LB)
(18)
< ey Z V(L)
LeK;(n,B)

l
=4fe, >y Y VR

i=1 Le K (n,B,i)
l
=4k > #C(Ag) x Xh
=1 (A;5)eK(n,Bi)
(21)

l 1\ !
k g(’rj)m k
D bany Y (T 1

=1 (A;j)eK (n,B,i)

l
Y D D6 Sy b v

=1 (A;5)eK (n,B,i)
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p LT
‘4k02d22 D oW

(As5)eK (n,B,i)

l
= 4k02d22 Z g(T])%

=1 (A;5)€K (n,Bi)
Hence, by (28), we get that

l

HF U 4L ) <4Fepdpe r(B)* > > g(T;)m

B
LeK;(n,B) f(r(B)) =1 (A;)eK(n,B,i)

r(B)* :
= 4k02d2€f(§1?;)) Z Z Vk(A)

=1 (A;j)eK (n,B,i)

—~

f(T(B) =1 (4;j)eK (n,B,i)
(P2) kcl T(B)k k
S a ey
co r(B)*
<A gy e VD) ey

If B = By, set

Otherwise, if B # By, set

o n 1 e\ c3
= e(B) = <) 7t = o (5)

Then, it follows from (31) combined with (P5) that

thus verifying (30).
By construction, K;(n, B) is a finite collection of balls. Therefore, the quantity
dpin := min{r(L) : L € K;(n, B)}

is well-defined and positive. Let .A(n, B, ) be the collection of all the balls of diameter dy;, centred
at a point in AW, By the 5r—covering lemma (Lemma 3), there exists a disjoint subcollection
G(n,B,l+ 1) of A(n, B,l) such that

AW ¢ lJ B c U 5B’
B'eA(n,B,l) B’eG(n,B,l+1)
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The collection G(n, B,1 + 1) is clearly contained within B and, since the balls in this collection
are disjoint and of the same size, it is finite. Moreover, by construction

Bn |J 38L=0 forany B €G(n,B,l+1); (32)
LEK[('I‘L,B)

i.e. the balls in G(n, B,l+ 1) do not intersect any of the 3L balls from the previous sub-levels. It
follows that

(30)
H* U 58| = #4Y) > LH(iB).
B'€G(n,B,1+1)
On the other hand, since G(n, B,l + 1) is a disjoint collection of balls we have that

H* U s8)< > #EeB)
B’eG(n,B,l+1) B’eG(n,B,l+1)
(18) kC2 k/p!
<5= Y HwNB)

1
B'€G(n,B,l+1)

o

2,k /
— gk 2 B
o U
B'€G(n,B,l+1)
Hence,
k ’ / a1 k
Bl > 1B).
H U 25 GB) (33)
B'eG(n,B,l+1)

Now we are ready to construct the (I 4+ 1)th sub-level K(n,B,l + 1). Let G’ > G + 1 be
sufficiently large so that Lemmas 4 and 5 are applicable to every ball B’ € G(n, B,l+ 1) with G’
in place of G. Furthermore, ensure that G’ is sufficiently large so that for every i > G’,

; L min n ; L min .
)< i f(L)  wnd g(0) <3 min g(r(L) (34

Imposing the above assumptions on G’ is possible since there are only finitely many balls in

Ki(n,B), Y; = 0as j — oo, and f and g are dimension functions.

Now, to each ball B’ € G(n, B,l+1) we apply Lemma 4 to obtain a collection of balls K¢ pr
and define

K(n,B,l+1):= U U e,
B'€G(n,B,l+1) (Asf)EK g pr
Consequently,
K(n,B,l+1) = U Ko pr -
B'€G(n,B,I+1)
Since G’ > G, properties (27)—(29) remain valid. We now verify Properties (P1)—(P5) for this
sub-level.

Regarding (P1), we first observe that it is satisfied for balls in U(A;j)eKG/ o ULeC(A;j) L by
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the properties of C(A;j) and the fact that the balls in K¢ g/ are disjoint. Next, since any balls
in K¢ p are contained in B’ and the balls B’ € G(n, B,l + 1) are disjoint, it follows that (P1)
is satisfied for balls L in K (n, B,l + 1). Finally, combining this with (32), we see that (P1) is
satisfied for balls L in Kj.1(n, B). That (P2) is satisfied for this sub-level is a consequence of
Lemma 4 (i) and (ii) and the fact that the balls B’ € G(n, B, + 1) are disjoint.

To establish (P3) for i = [+ 1 note that

> vRA) = ) Yoo VR4

(A;j)eK (n,B,l1+1) B'€G(n,B,l+1) (Aj)€Kqr pr
> — A).
D DR DR TE)

B'€G(n,B,l+1) (A;5)€K g pr

Then, by Lemma 4 and the disjointness of the balls in G(n, B,l 4 1), we have that

1 1
k > k !
Z V(A)/CQ Z 4X15kH (B)
(A;f)EK (n,B,l+1) B'e€G(n,B,l+1)

1 k
— B
cg X 4 % 15kH U
B'€G(n,B,l+1)

(33) 1 c1 k1
> =B
02X4X15k2><62x5k% (38)

(18) 2
S ! (“) Vh(B)

2k+3 % 5k x 15F \ o

= c3V¥(B).
Finally, (P4) is trivially satisfied as a consequence of the imposed condition (34) and (P5), that
lr, > 2 for any ball L in K(n,B,l+ 1), follows from (29).

Hence, Properties (P1)—(P5) are satisfied up to the local sub-level K (n, B, + 1) thus es-
tablishing the existence of the local level K(n, B) = Kj,(n, B) for each B € K(n —1). In turn,
this establishes the existence of the nth level K(n) (and also K(n)).

5.3 The measure p on K,

In this section, we define a probability measure p supported on K,,. We will eventually show that
the measure satisfies (24). For any ball L € K(n), we attach a weight u(L) defined recursively
as follows.

For n = 1, we have that L = By := K(1) and we set p(L) := 1. For subsequent levels the
measure is defined inductively.

Let n > 2 and suppose that u(B) is defined for every B € K(n — 1). In particular, we have

that
> uB)=1.

BeK(n—1)
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Let L be a ball in K(n). By construction, there is a unique ball B € K(n — 1) such that L C B.
Recall, by (25) and (26), that

K(n,B) := U e
(Ay)eRi (n,B)

and so L is an element of one of the collections C(A’; j’) appearing in the right-hand side of the
above. We therefore define

1 g(Lj)m
wll) = #C(A ) S g(ry)m < u(B).

(Aij)eR1y, (n,B)

Thus p is inductively defined on any ball appearing in the construction of K,. Furthermore, p
can be uniquely extended in a standard way to all Borel subsets F' of R* to give a probability
measure 4 supported on K. Indeed, for any Borel subset F' of R,

WF) = p(FNK,) = inf Y (L),

where the infimum is taken over all covers C(F') of F'NK, by balls L € |J K(n). See [Fal03,

neN
Proposition 1.7] for further details.

We end this section by observing that

k
1 g T‘/ m
u(L) < o x T u(B)
P\ (Asj)eKy, (n.B)
£y
= (Xy) X w(B). (35)

k
di > g(Lj)m
(As5)EK g (n,B)

This is a consequence of (21) and the relationship between f and g. In fact, the above inequality
can be reversed if d; is replaced by ds.

5.4 The measure of a ball in the Cantor set construction

The goal of this section is to prove that

V(L)
77

for any ball L in K(n) with n > 2. We will begin with the level n = 2. Fix any ball
L € K(2) = K(2, Bo). Further, let (4';j') € K, (2, Bo) be such that L € C(A’;j'). Then, by
(35), the definition of 1 and the fact that u(Bp) = 1, we have that

p(l) < (36)

n(L) <

- (31)
dy > g(Lj)m
(Aif)ER1g, (2,B0)
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Next, by Properties (P3) and (P5) of the Cantor set construction, we get that

S pym= Y VR

(A3)€Rip (2.50) (Aj)ERip (2.50)

=Y > VF(A)

=1 (A;5)eK (2,Bo,i)

®5)  con ez
> — = By) = n. 38
Cng(BO) 027'[ ( 0) n ( )

Combining (37) and (38) gives (36) as required since f(Y;) = f(r(L)) = V/(L).

Now let n > 2 and assume that (36) holds for balls in K (n — 1). Consider an arbitrary ball
L in K(n). Then there exists a unique ball B € K(n — 1) such that L € K(n, B). Further, let
(A";4") € Kigz(n,B) be such that L € C(A’;5’). Then it follows from (35) and our induction
hypothesis that

w(L) < : — - (39)

Now, we have that

(Alj)e[?lB (n7B) i=1 (A;j)GK(TL,B,i)

(P5) v/ (B)
- 03Vk (B)

= Vv/(B). (40)

csVF(B)

Since V/(L) = f(Y), combining (39) and (40) gives (36) and thus completes the proof of this
section.
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5.5 The measure of an arbitrary ball

Set 79 := min{r(B) : B € K(2)}. Take an arbitrary ball D such that (D) < ro. We wish to
establish (24) for D, i.e. we wish to show that

u(D) < Vfém |

where the implied constant is independent of D and 7. In accomplishing this goal the following
lemma from [BV06a] will be useful.

LEMMA 6. Let A := B(xa,74) and M := B(xp,7a) be arbitrary balls such that AN M # ()
and A\ (cM) # () for some ¢ > 3. Then ry; < 74 and cM C 5A.

A good part of the subsequent argument will follow the same reasoning as given
in [BV06a, Section 5.5]. However, there will also be obvious alterations to the proofs that arise
from the different construction of a Cantor set used here. Recall that the measure p is supported
on K,;,. Without loss of generality, we will make the following two assumptions:

- DNK, #0;

— for every n large enough D intersects at least two balls in K (n).

If the first of these were false then we would have p(D) = 0 as p is supported on K, and so
(24) would trivially follow. If the second assumption were false then D would have to intersect
exactly one ball, say Ly, from levels K, with arbitrarily large n;. Then, by (36), we would have
w(D) < u(Ly,) — 0 as i — oo and so, again, (24) would be trivially true.

By the above two assumptions, we have that there exists a maximum integer n such that
D intersects at least 2 balls from K(n) (41)
and

D intersects only one ball B from K(n —1).

By our choice of rg, we have that n > 2. If B is the only ball from K(n — 1) which has
non-empty intersection with D, we may also assume that (D) < r(B). To see this, suppose the
contrary that 7(B) < (D). Then, since D NK,, C B and f is increasing, upon recalling (36) we
would have

uw(D) < p(B) < = S = )

and so we would be done.
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Now, since K (n, B) is a cover for D NK,,, we have

I
pD) <Y > (L)
1
I
B i=1

1=1 Le K(n,B,i):LND#)

> > > (L)

(A;5)€K (n,Byi) Lf%%)

5 f
RS V), )

: - . n
=1 (4;5)eK (n,B,i) LEC(A5))
(A;5)€K (n,Bi) TDAY

To estimate the right-hand side of (42) we consider the following types of sub-levels:

Case 1 : Sub-levels K(n, B, i) for which
#{Le K(n,B,i): LND #0}=1.

Case 2 : Sub-levels K(n, B, 1) for which
#{L e K(n,B,i): LND#0}>2 and

#{(A;j) € K(n,B,i) with DN L # 0 for some L € C(A4; )} > 2.

Case 3 : Sub-levels K (n, B, 1) for which
#{Le K(n,B,i): LND #0} >2 and
#{(A;j) € K(n,B,i) with DN L # 0 for some L € C(A;5)} = 1.

Strictly speaking we also need to consider the sub-levels K(n,B,i) for which
#{L € K(n,B,i): LN D # (0} = 0. However, these sub-levels do not contribute anything to the
sum on the right-hand side of (42).

Dealing with Case 1. Let K(n, B,i*) denote the first sub-level within Case 1 which has non-empty
intersection with D. Then there exists a unique ball L* in K (n, B,*) such that L* N D # (). By
(41) there is another ball M € K(n, B) such that M N D # (). By Property (P1), 3L* and 3M
are disjoint. It follows that D\ 3L* # (). Therefore, by Lemma 6, we have that r(L*) < (D) and
so, since f is increasing,

viLr) < vI(D). (43)
By Property (P4) we have, for any i € {i* +1,...,lg} and any L € K(n, B,i), that

VI(L) = f(r(L)) <2707 f(r(L7)) = 27 V(D).

Using these inequalities and (43) we see that the contribution to the right-hand side of (42) from
Case 1 is:

f v £ f
N A 7 1 1

i€Case 1 LeK(n,B,i)
LND#0
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Dealing with Case 2. Let K(n, B,i) be any sub-level subject to the conditions of Case 2. Then
there exist distinct balls (4; ) and (A’;j') in K(n, B,i) and balls L € C(4;j) and L' € C(A’;j")
such that LN D # () and L’ N D # (). Since LN D # §) and L C A we have that AN D # (.
Similarly, A’ N D # (. Furthermore, by Property (P2), the balls 34 and 3A’ are disjoint and
contained in B. Hence, D \ 34 # (). Therefore, by Lemma 6, r(A) < r(D) and A C 34 C 5D.
Similarly, A’ C 34’ C 5D. Hence, on using (21) we get that the contribution to the right-hand
side of (42) from Case 2 is estimated as follows

f )
Z Z Z V7(L) < Z Z #C(A;j)f(rj)

. = . n ) —
i€Case 2 (A;5)€K (n,Bi) LEC(A) i€Case 2 (A35)€K (n,Bi)
LND#() AC5D

1 l
(21) Tj m Tj
< Z Z <Q(Tj) )f( )
)

i€Case 2 (A;5)€K (n,Byi
AC5D

=2 X

i€Case 2 (A;5)eK (n,B,i)
AC5D

_ g(Xj)m ™
Ly oy dm

i€Case 2 (A;5)eK (n,B,i)
AC5D

_ Z Z g(Tj)

i€Case 2 (4;))eR (n,Bi)
AC5D

_ VE(4)
-y oy M

i€Case 2 (4;5)€K (n, B,i)
ACH5D

Combining this with Properties (P2) and (P5) we get

f
ooy oy EWRL sy we

: — : n c1n . po
i€Case 2 (4;5)eK(n,B,i) LEC(4:)) i€Case 2 (A:5)eK(n,B,i)
LND#( AC5D

(P2) 1 k
= o oA U A

i€Case 2 (A3j)€K (n,Bi)
AC5D
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<= S #D)

&
17 i€Case 2

1
< —5FIgH (D)
cin

(18)
< 5k VR(D)
cin

®5) ¢, (2VI(B) k
< =5 | ———= | V*(D).
can (CSVk(B)> (D)

Recalling our assumption that r(D) < r(B) and the fact that »—%f(r) is decreasing, we obtain
that

f c f
D P N T e

i€Case 2 (Asj)eK (n,B,i) LEC(A;j) K 1
LND#)

258 V(D)
c1€3 n

V(D)

<

Dealing with Case 3. First of all note that for each level ¢ of Case 3 there exists a unique
(Ai;7i) € K(n,B,i) such that D has a non-empty intersection with balls in C(A;;7;). Let
K (n, B,7**) denote the first sub-level within Case 3. Then there exists a ball L** in K (n, B, i**)
such that L** N D # (). By (41) there is another ball M € K(n, B) such that M N D # (. By
Property (P1), 3L** and 3M are disjoint. It follows that D\ 3L** # () and therefore, by Lemma
6, we have that r(L**) < r(D) and so, since g is increasing, we have that

g9(r(L™)) < g(r(D)). (46)

Furthermore, by Property (P4), for any i € {i** +1,...,lp} and any L € K(n, B,i) we have
that

g(r(L)) <2707 g(r(L™)).
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Then, the contribution to the sum (42) from Case 3 is estimated as follows

oy y¥hosy oy VO

i€Case 3 (A:5)eK(n,B,i) LEC(A;)) " i€Case 3 LeC(As;5:)
LND#) LND#)

Tji

i€Case 3 LeC(A;;5:) 7]
LND#)

< x5
1915
n

r(
i€Case 3 T
(T5,)

= > (D)

i€Case 3

(D)’ 9(jis)
i1€Case 3

Noting that Y, = r(L**) and recalling (46) we see that

f r(D) r f
oy oy v éL)<<2(D)g(T(D))_2f( (D) VD)

i€Case 3 (A;j)ef((n,B,i) LeC(Asj) 7 ! !
LND#0)

Finally, combining (44), (45) and (47) together with (42) gives u(D) < V/(D)

the proof of Theorem 1.

and thus completes
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