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The classical left regular left quotient ring of a ring and its
semisimplicity criteria

V. V. Bavula

Abstract

Let R be aring, Cr and 'Cr be the set of regular and left regular elements of R (Cr C ’CR).
Goldie’s Theorem is a semisimplicity criterion for the classical left quotient ring @i ,«i(R) :=
CglR. Semisimplicity criteria are given for the classical left regular left quotient ring ' Qi (R) :=
'C};lR. As a corollary, two new semisimplicity criteria for Q,c;(R) are obtained (in the spirit
of Goldie).
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1 Introduction

In this paper, R is a ring with 1, R* is its group of units, module means a left module.

Semisimplicity criteria for the ring 'Q; (R). For each element r € R, let - : R — R,
z+— reand v : R - R, © — xr. The sets 'Cp := {r € Rlker(-r) = 0} and C = {r €
R|ker(r-) = 0} are called the sets of left and right regular elements of R, respectively. Their
intersection Cr = 'Cr N C} is the set of reqular elements of R. The rings Q; q(R) = C;clR and
Qrc(R) = RCIE1 are called the classical left and right quotient rings of R, respectively. Goldie’s
Theorem states that the ring @Q; . (R) is a semisimple Artinian ring iff the ring R is semiprime,
udim(gR) < oo and the ring R satisfies the a.c.c. on left annihilators (udim stands for the uniform
dimension).

In this paper, we consider/introduce the rings 'Q; i (R) = ’CglR (the classical left regular
left quotient ring of R) and 'Q, «(R) = RCj‘,{f1 (the classical right regular right quotient ring of
R) and give several semisimplicity criteria for them. In view of left-right symmetry, it suffices to
consider, say ‘left’ case.

A subset S of a ring R is called a multiplicative setif 1 € S, SS C S and 0 € S. Suppose that
S and T are multiplicative sets in R such that S C T. The multiplicative subset S of T is called
dense (or left dense) in T if for each element ¢ € T there exists an element r € R such that rt € S.
Main results of the paper are semisimplicity criteria for the ring 'Q; (R). For a left ideal I of R,
let 'Cr:={iell|-i:I— I,z xi,is an injection}. For a nonempty subset S of a ring R, let
assg(S) := {r € R|sr =0 for some s € S}.



Theorem 1.1 Let R be a ring, 'C ='Cgr and a := assg('C). The following statements are equiva-
lent.

1.'Q :="Q1,a(R) is a semisimple Artinian ring.

2. (a) ais a semiprime ideal of R,
(b) the set'C := w('C) is a dense subset of 'Cz where m: R — R:= R/a, r —T:=r+a,

(¢) udim(zR) < oo, and
(d) 'Cy # 0 for all uniform left ideals V of R.

3. a is a semiprime ideal of R, 'C is a dense subset of Ci and Q¢ (R) is a semisimple Artinian
ring.

If one of the equivalent conditions holds then 'C € Den(R,0), 'C is a dense subset of Cx and

'Q ~ TR~ Qu.cl(R). Furthermore, the ring 'Q is a simple ring iff the ideal a is a prime ideal.

Let n = ng be the prime radical of the ring R. The following theorem is an instrumental in
proving of several results of the paper including Theorem 1.1. It gives sufficient conditions for
the set 'Cr to be a left denominator set of the ring R such that the ring ’ CI;lR is a semisimple
Artinian ring,.

e (Theorem 2.3) Let R be a ring. Suppose that udim(gR) < oo and 'Cy # 0 for all uniform
left ideals U of R. Then 'Cr € Deny(R), the ring 'Qiq(R) is a semisimple Artinian ring,
'Quel(R) ~ Qe(R/a) where a:=assr('C) and ng C a.

For an arbitrary ring R, the set max.Den;(R) of maximal left denominator sets is a non-empty
set, [2]. The next semisimplicity criterion for the ring 'Q); o;(R) is given via the set ‘M of maximal
denominator sets of R that contain 'Cg.

e (Theorem 3.1) Let R be a ring, a = assg('Cr) and 'M = {S € max.Den;(R) |'Cr C S}.
The following statements are equivalent.

1. 'Que1(R) is a semisimple Artinian ring.

2. "M is a finite nonempty set, (\gernq assr(S) = a, for each S € "M, the ring S™'R is
a simple Artinian ring and the set 'C := {c+ a|c € 'Cr} is a dense subset of Cr/a in
R/a.

Theorem 3.3 below is a semisimplicity criterion for the ring 'Q; «(R) that is given via the set
Ming(a) of minimal primes of the ideal a. Theorem 3.3 describes explicitly the set ' M in Theorem
3.1, see the full version of Theorem 3.3 in Section 3.

e (Theorem 3.3) Let R be a ring, 'C ='Cr and a = assg('C). The following statements are
equivalent.

1. 'Qua(R) is a semisimple Artinian ring.
2. (a) a is semiprime ideal of R and the set Ming(a) is a finite set.
(b) For each p € Ming(a), the set Sy := {c € R|c+p € Cryp} is a left denominator
set of the ring R with assr(Sy) = p.
(¢) For each p € Ming(a), the ring S, 'R is a simple Artinian ring.
(d) The set'C ={c+alc€'C} is a dense subset of Crq.

A ring R is called left Goldie if it satisfies the a.c.c. on left annihilators and udim(gzR) < co.
Theorem 3.4 below is a semisimplicity criterion for the ring 'Q; «;(R) in terms of left Goldie rings.

e (Theorem 3.4) The following statements are equivalent.



1. 'Qe1(R) is a semisimple Artinian ring.

2. (a) a is a semiprime ideal of R and the set Ming(a) is finite.
(b) For each p € Ming(a), the ring R/p is a left Goldie ring.
(c) The set'C is a dense subset of C.

Theorem 3.5 is a useful semisimplicity criterion for the ring 'Q; «(R) as often we have plenty
of simple Artinian localizations of a ring.

e (Theorem 3.5) The following statements are equivalent.

1. 'Qu.c1(R) is a semisimple Artinian ring.

2. There are left denominator sets Si,...,Sy, of the ring R such that
(a) the rings Si_lR are simple Artinian rings,
(b) a =, assg(S;), and
(c) 'C is a dense subset of C.

Remark. Let R be a ring. If 'Cg is a right denominator set of the ring R then 'Cr = Cr and
rc(R) = Qrc(R) is the classical right quotient ring of R. Similarly, if Cj is a left denominator
set of the ring R then C = Cr and 'Q; i (R) = Qi (R) is the classical left quotient ring of R.
Semisimplicity criteria for the ring Q; (R). The next theorem shows that the a.c.c.
condition on left annihilators in Goldie’s Theorem can be replaced by the a.c.c. condition on right
annihilators (or even by a weaker condition) and adding some extra condition.

Theorem 1.2 Let R be a ring, C = Cr and 'C ='Cr. The following statements are equivalent.
1. Quc(R) is a semisimple Artinian ring.

2. R is a semiprime ring, udim(gR) < oo, the ring R satisfies the a.c.c. on right annihilators
and 'Cy # 0 for all uniform left ideals U of R.

3. The ring R is a semiprime ring, udim(gR) < oo, the set {ker(cg-)|c € 'C} satisfies the
a.c.c. and'Cy # 0 for all uniform left ideals U of R.

4. The ring R is a semiprime ring, udim(rR) < oo, the set {ker(rr-)|r € R} satisfies the
a.c.c. and'Cy # 0 for all uniform left ideals U of R.

Below is another semisimplicity criterion for the ring @ (R) via 'Cg.

Theorem 1.3 Let R be a ring. The following statements are equivalent.
1. Qua(R) is a semisimple Artinian ring.

2. R is a semiprime ring, udim(grR) < oo, 'Cr = Cg and 'Cy # 0 for all uniform left ideals U
of R.

Apart from Goldie’s Theorem, Theorem 1.2 and Theorem 1.3, there are several semisimplicity
criteria for Qo (R), [4].

The left regular left quotient ring 'Q;(R) of a ring R and its semisimplicity criteria.
Let R be a ring. In general, the classical left quotient ring @ (R) does not exists, i.e. the set
of regular elements Cr of R is not a left Ore set. The set Cr contains the largest left Ore set
denoted by S;(R) and the ring Q;(R) := S;(R)™'R is called the (largest) left quotient ring of R,
[2]. Clearly, if Cg is a left Ore set then Cg = S;(R) and Q,(R) = Q;(R). Similarly, the set
'Cr of left regular elements of the ring R is not a left denominator set, in general, and so in this
case the classical left regular left quotient ring 'Q; /(R) does not exist. The set ‘Cr contains the
largest left denominator set 'S;(R) (Lemma 4.1.(1)) and the ring 'Q;(R) := 'S;(R) 'R is called
the left reqular left quotient ring of R. If 'Cr is a left denominator set then 'Cr = 'S;(R) and
'Qict(R) ='Qi(R). Theorem 4.3 is a semisimplicity criterion for the ring 'Q;(R).



e (Theorem 4.3) Let R be a ring. Then

1. 'Qi(R) is a left Artinian ring iff 'Quq(R) is a left Artinian ring. If one of the equivalent
conditions holds then'S;(R) ='Cr and 'Qi(R) ='Q1,a(R).

2. "Qi(R) is a semisimple Artinian ring iff 'Qi q(R) is a semisimple Artinian ring. If one
of the equivalent conditions holds then 'S;(R) ='Cr and 'Q;(R) ='Qi.a(R).

So, all the semisimplicity criteria for the ring 'Q; . (R) are automatically semisimplicity criteria
for the ring 'Q;(R).
The rlngs 'Qe(l1) and Q. (7). Let K be a field of zero characteristic Ap = K{x1,...,2n,

6‘31,...7 55-) be the Weyl algebra and I, = K (z1,...,zy, le o 8z 7f1>"'7f ) be the algebra
of polynomml integro-differential operators. The ring Q(A,) = @, cl( n) is a division ring and

Ql,cl(An) = Ql(An) = /Ql,cl(An) = /Ql(An)

e (Lemma 4.8) 1. For all K-algebras A and n > 1, the rings Q. (L, ® A) and Q, (I, ® A)
do not exist.

2. For all K-algebras A and n > 1, the rings Qi(I, ® A) are not left Noetherian and the
rings Qr(I, ® A) are not right Noetherian.

As an application of some of the results of the paper the rings 'Q; «i(I1) and @, ;(I1) are found.
e (Theorem 6.5) 'Q (1) ~ Q(A1) and Q. ,(I1) ~ Q(A1) are division rings.

Explicit descriptions of the sets 'Cy, and Cﬁl are given in Theorem 6.7. This and some other results
demonstrate that on many occasions the ring 'Q; . (R) has ‘somewhat better properties’ than
Q1,ci(R) which for R =1,, even does not exist.

Conjecture. 'Q; (L) ~ Qr.c(Ay) is a division ring.

2 Preliminaries, proofs of Theorem 1.1 and Theorem 1.2

The following notation is fixed in the paper.
Notation:

e Ris aring with 1, n = ng is its prime radical and Min(R) is the set of minimal primes of R;

e C = Cg is the set of regular elements of the ring R (i.e. C is the set of non-zero-divisors of
the ring R);

e Qia(R):=C R is the classical left quotient ring (the classical left ring of fractions) of the
ring R (if it exists) and Q* is the group of units of Q;

(
e Ore(R) :={5|Sisaleft Oreset in R} and ass(S) := {r € R|sr = 0 for some s = s(r) € S};
e Deny(R) :={S|S is a left denominator set in R};

e Den(R,I) is the set of left denominator sets S of R with ass(S) = I where I is an ideal of
R;

e max.Den;(R) is the set of maximal left denominator sets of R (it is always a non-empty set,
[2]).

e 'C :='Cp is the set of left regular elements of the ring R and a := assg('C),

e 'Q:="'Qa(R) :='Cx'R is the classical left regular left quotient ring and 'Q* is the group
of units of Q;

e if ais an ideal of R then R:= R/a, 7: R— R, r — 7 :=r +a, and 'C := 7('C);



e 'S)(R) is the largest left denominator set in ‘Cr and 'Q;(R) :='S;(R) 'R is the left regular
left quotient ring of R;

o ‘a:=assp('S)(R)) and 'm: R > R =R/'a, r—>7:=r+"'a

Sufficient conditions for semisimplicity of the ring 'Q; »(R). In this section, proofs
are given of Theorem 1.1, Theorem 1.2 and Theorem 1.3. Let I be a nonzero left ideal of a ring
R. Sufficient conditions are given for a right Noetherian ring to have a semisimple left quotient
ring (Corollary 2.4). For each ideal a of a ring R, the left singular ideal (;(R,a) of R over a is
introduced that, in the case when a = 0, coincides with the (classical) left singular ideal {;(R) of
R. Tt is proved that (;(R, a) is an ideal of R.

Let 'Cr:={i €| -i:I— I, z+— xiis an injection}. A nonzero module is called a uniform
module if every two of its nonzero submodules have nonzero intersection.

Lemma 2.1 Suppose that R is a ring, U is a left uniform ideal of R, u € 'Cy and K = ker(-ug).
Then

1. U @ K is an essential left ideal of R.

2. If I is a left ideal of R such that U C I then U @® (K N1I) is an essential left R-submodule of
1.

Proof. 1. Clearly, U N K = 0 (since ker(-uy) =0 and Ku =0). So, U+ K =U @ K. Suppose
that the left ideal J := U & K of R is not essential, we seek a contradiction. Then J NV =0
for some nonzero left ideal V of R. The map uy : V — U is an injection. So, VuNUu # 0, i.e.
vu = u'u for some nonzero elements v € V and v’ € U, and so k := v — v’ € K. This means that
0£v=u+keVnJ,acontradiction.

2. The left ideal J of R is essential (statement 1) and I # 0. Then the intersection J NI =
U ® INK is an essential left R-submodule of I. O

We say that udim(gR) < oo if there are uniform left ideals Uy, ..., U, of R such that &} ,U;
is an essential left ideal of R. Then n = udim(gR) does not depend on the choice of the uniform
left ideals U; and is called the left uniform dimension of R. Similarly, the right uniform dimension
udim(Rp) of R is defined.

Let J be a nonzero ideal of a ring R. Let 'C(R,J) := {
injection}. We set 'Co(R,0) := R. For r € R, let -rg =
Y= yr.

The classical left quotient ring Qp q(R) = CglR often does not exists, i.e. the set Cgr is not
a left Ore set of R. The set Cr contains the largest left Ore set denoted S;(R) and the ring
Qi(R) := S;(R)™'R is called the (largest) left quotient ring of R, [2]. If Cg € Ore;(R) then
Cr= Sl(R) and Ql’cl(R) = Ql(R)

Theorem 2.2 [2, Theorem 2.9] The ring Q;(R) is a semisimple ring iff the ring Q. (R) is a
semisimple ring. In this case, S|(R) = Cr and Qi(R) = Qi.a(R).

reR|-r:J—=J zw— xrisan
r:R—> R,z ar,and ry:J — J,

The next theorem gives sufficient conditions for the set ‘Cr to be a left denominator set of R
such that the ring ’ CEIR is a semisimple Artinian ring.

Theorem 2.3 Let R be a ring and 'C := 'Cr. Suppose that udim(gR) < oo and 'Cy # 0 for all
uniform left ideals U of R. Then

1. 'C € Deny(R,a) and 'Q :='C~ 'R is a semisimple Artinian ring (where a := assg('C)).
2.'Q ~ Qi a(R/a), an R-isomorphism.
3. Letm=ma:R— R/a,r—=7T=r+a,ando: R—'Q, r— §. Then

(a) 'C=7"(Cr/a)N'C(R,a) = {c € R| -Crja and -cq are injections} and'C = o= *('Q*)N
'C(R,a).



(b) 'Crja = Crja = R/anN'Q".
4. For all essential left ideals I of R, IN'C # (.

5. The prime radical n = ng of R is contained in the ideal a (In general, n # a, eg R = I,
ny, =0 but a = F # 0 is the largest proper ideal of Iy, Theorem 6.5.(1)).

Proof. 4. We use the following fact repeatedly: Given R-modules K C L C M such that
K is an essential submodule of L and L is an essential submodule of M then K is an essential
submodule of M. We also use repeatedly Lemma 2.1.

Let I be an essential left ideal of R. Fix a uniform left ideal, say U;, of R such that U; C I
and fix an element u; € 'Cy,. Let K; := ker(-(u1)g) and K = I N K;. By Lemma 2.1.(2),
Uy @ K is an essential left R-submodule of I, hence U; @ K] is an essential left ideal of R such
that K{ju; = 0. Repeating the same argument for the left ideal K| we will find a uniform R-
submodule U; of K/ and an element uy € 'Cy, such that U; @ K is an essential left R-submodule
of K{ where K} = K N Ky and Ko := ker(-(u2)g). So, Uy @ Uy @ K}, is an essential left ideal
of R such that (U @ K})u; = Kjus = 0. Repeating the same process several times and using
the fact that n := udim(gzR) < oo, we will find uniform submodules Uy, ...,U, of I and elements
uy € 'Cyyy ..., un € 'Cy,, such that

(i) J := @7 U; is an essential left ideal of R, and

(ii) Jip1u; =0,i=1,...,n— 1 where Js .= @ Uy, s=1,...,n.

Claim: c=u; +---+u, €'CNI.

Clearly, ¢ € I since all u; € U; C I. We aim to show that ker(-cg) = 0, i.e. ¢ € IN’C. Since
J is an essential left ideal of R it suffices to show that ker(-c;) = 0 (where -c; : J — J,  — xc).
The map -c; respects the ascending filtration of left ideals

O=Jpp1 CJyCIp1 C---CJ1 =,

ie. Jsc = Js(us + - +uy,) C J; for all s (by (ii) and since ug + -+ + u, € Js). Moreover,
Js/Js41 =~ Ug and the map -cy /s, ., = -(us)y, is an injection (since us € 'Cy,). Hence, the map
-c; is an injection. The proof of the Claim and of statement 4 is complete.

1. (i) 'C € Orei(R): Given r € R and ¢ € 'C, we have to show that 'Cr N Rc # ). Since
¢ € 'C, udim(gRc) = udim(gR), i.e. Rc is an essential left ideal of R. Then the left ideal of R,
(Re : 1) :={a € R|ar € Rc}, is an essential left ideal. By statement 4, we can fix an element
¢ €’'CN(Rec:r),and so ¢'r = r'c for some 1’ € R.

(ii) 'C € Deny(R, a) where a := assg('C): This follows from the statement (i).

(iii) 'Q is a semisimple Artinian ring: Since udim(gR) < oo we can fix a direct sum J = @, U;
of uniform left ideals of R such that I := J @ a is an essential left ideal of R. By statement 4,
IN'C # 0. Hence, 'Q ='C7'I = & ,/C71U; (since 'C~'a = 0). It suffices to show that each
'Q-module 'C~'U; is a simple module. Suppose that, say ‘C~'U;, is not a simple 'Q-module, we
seek a contradiction. Then it contains a proper submodule, say M. Since rU; is essential in
r'C71Uj, the intersection U] = U; N M is a nonzero. The left ideal I' = U] Uy @ --- d U, ® a
of R is an essential ideal such that ‘C~1I" is a proper left ideal of 'Q (by the choice of M) but, by
statement 2, I’ N'C # 0, and so 'C~'I’ ='Q, a contradiction.

3(a) The second equality in the statement (a) is obvious. Let R be the RHS of the second
equality in the statement (a). To prove that the first equality holds it remains to show that 'C = R.

(i) 'C CR: Let c € 'C. Clearly, ¢ € 'C(R,a). If 7¢ = 0 for some elements ¥ = r + a € R/a then
7 =0 since R/a C'Q and ¢ is a unit of the ring 'Q. So, -Cr/q is an injection. Then c € R.

(ii) 'C D R: If ¢ € R then ¢ € 'C as the map -cp respects the filtration 0 C a C R.

The equality 'C = o= ('Q*) N'C(R, a) follows from the equality 'C = 7= *("Cg/q) N'C(R, a) and
the statement 3(b): 'C = 71 ('Cr/q) N'C(R,a) = 7 (R/an'Q*)N'C(R,a) = o~ ('Q*) N'C(R, a).

3(b) Since 'Q is a semisimple Artinian ring, ‘Cr/q = Cr/a and Cr/q = R/aN’'Q*.

2. By statement 1, 7('C) € Den;(R/a,0) and 7("C)~(R/a) ~'Q is a semisimple Artinian ring.
Hence, 7('C) C Si(R) and Q;(R) ~'Q is a semisimple Artinian ring. Then Q;(R) ~ Q; «(R) is a
semisimple Artinian ring (Theorem 2.2).



5. Since 'Q is a left Artinian ring, ‘C~'I is an ideal of the ring ’Q for all ideals I of R. Let m be a
maximal ideal of 'Q. Then o~!(m) is a prime ideal of the ring R: if I.J C o~ (m) for some ideals I
and J of the ring R. We may assume that a C I and a C J. Then 'C~1I'C~1J C'C~ 1o~} (m) = m,
and so one of the ideals ‘C~'I or ‘C~'.J belongs to m. Say, 'C~'I Cm. Then I C o~ *("C~1I) C
ot (m). Now, n C Nuemax(r)0 (M), and s0 'C™'n C Npemax(r)C 1o H(M) = NmeMax(mym = 0,
ie. nCa. U

Let X be a non-empty subset of a ring R. The right ideal r.ann(X) := {r € R| Xr = 0} is
called the right annihilator of X. Right ideals of this kind are called right annihilator ideals of R.

Proof of Theorem 1.2. Let Q = Q. (R). Then R C Q.

(I = 2) (i) udim(gR) < oo: Since gR is an essential submodule of @, udim(gR) =
udim(zQ) = udim(gQ) < co.

(ii) The ring R is a semiprime ring: Let I be an ideal of R. Since @ is a left Artinian ring,
C~I is an ideal of Q. If I is a nilpotent ideal then so is C~1I (since (C~11)! = C~1I* for all t > 1).
Then C~'I =0, i.e. I =0. Therefore, the ring R is a semiprime ring.

(iii) 'Cy # 0 for all uniform left ideals U of R: The left ideal M = QU = C~'U of Q is a simple
left @-submodule of @ and Q = M @ N for some left @Q-submodule N of (). Then 1 = e; + e5
where e; € M and es € N are idempotents of the ring (). Notice that M = Qe; = Me; and
etM = e1Qe; ~ Endg (M) is a division ring. So, for each nonzero element a € e; M, the nonzero
@-module homomorphism -a : M — M, x — xa, of the simple @-module M is an automorphism.
Notice that ue; = w for all elements v € U. In particular, Ue; = U. The ring R is semiprime
and U # 0. By (ii), 0 # U? = (Ue;)? = UeyUey, and so e;Ue; # 0. Fix a nonzero element
a = ejue; = eju in e;Uey where w € U. The map -ap; : M — M, m — ma, is a bijection. Hence,
the map ay : U — U, v — v'a = v'ejue; = v'u, is an injection, and so u € 'Cy.

(iv) The ring R satisfies the a.c.c. on right annihilators: Let X be a non-empty subset of R.
Then r.anng(X) = R Nr.anng(X). Since Q satisfies the a.c.c. on right annihilators, so does R.

(2 = 3) This implication is obvious.

(3 = 1) In view of Theorem 2.3.(2), it suffices to show that a = 0. By the assumption, the
set K := {ker(cg-)|c € 'C} satisfies the a.c.c.. Let b := ker(cgr-) be the maximal element in K.
Clearly, b C a. We claim that b = a. Otherwise, fix an element a € a\b and an element ¢’ € 'C
such that ¢’a = 0. Since 'C € Ore;(R) (Theorem 2.3.(1)), ¢’¢ = rc for some elements ¢’ € 'C and
r € R. Then ¢; := "¢’ € 'C and ker(c;-) 2 K + aR £ K, a contradiction. Therefore, b = a. The
left ideal ac is a nilpotent ideal (ac - ac = 0). The ring R is a semiprime ring, so ac = 0. Then
a =0 since c € 'C.

(2 = 4 = 3) These implications are obvious. [J

The next corollary gives sufficient conditions for a right Noetherian ring to have a semisimple
left quotient ring.

Corollary 2.4 Let R be a semiprime, right Noetherian ring with udim(gR) < oo and 'Cy # 0
for all uniform left ideals U of R. Then Qpc(R) is a semisimple Artinian ring.

Proof. The corollary follows from Theorem 1.2. [J

Lemma 2.5 Suppose that S,T € Den;(R) and S C T. Then the map ¢ : ST'R — S™IT,
s7ir— s7Ir, is a ring homomorphism (where s € S and r € R).

1. ¢ is a monomorphism iff assg(S) = assg(T).
2. ¢ is a epimorphism iff for eacht € T there exists an elementr € R such thatrt € S+assg(T).

3. ¢ is a isomorphism iff assg(S) = assg(T) and for each element t € T there exists an element
r € R such that rt € S.

4. If, in addition, T C 'Cg, then ¢ is a isomorphism iff assr(S) = assr(T) and for each element
t € T there exists an element r € 'Cr such that rt € S.



Proof. 1. Statement 1 is obvious.

2. ¢ is a epimorphism iff for each element ¢ € T, t~! € im(y) iff t 7! = s71r for some elements
seSandre Riff rt —s € assp(T) iff rt € S+ assr(T).

3. Statement 3 follows from statements 1 and 2 and the fact that an element a € R belongs to
assg(9) iff sa = 0 for some element s € S.

4. Statement 4 follows from statement 3 and the inclusions ker(-rt) D ker(-r) and S C T C 'Cg.
O

Proof of Theorem 1.1. (3 = 1) (i) 'C € Den;(R,0): Since 'C C Cy;, it suffices to show that
'C € Ore;(R). Given elements s € 'C and a € R. Then as™ = ¢7!b € Q; 4(R) for some elements
ccCrandbc R, and so ca = bs. The set 'C is dense in Cx- So, sice 'C for some element s; € R.
Now, syc-a = s1bs. This means that 'C € Ore;(R).

(i) T R= Q1.c1(R): The equality follows from Lemma 2.5.(4) in view of (i) and the fact that
'C is dense in Cg.

(iii) 'C € Ore;(R): Given s € 'C and r € R. By (i), s37 = r1s mod a for some elements s; € 'C
and 7y € R. Since 17 — 118 € a, we can find an element sy € 'C such that sy(syr — r1s) = 0, and
SO 8281 1" = 82711 * S

(iv) 'C € Deny(R,a): By (iii), assg('C) = a. Since every element of 'C is left regular, the
statement (iv) follows.

(v)'Q ~ T 'R (obvious).

By (ii) and (v), 'Q ~ Q. (R) is a semisimple Artinian ring.

(2=1) (i) 'CN I # 0 for all essential left ideals I of R: By the assumptions (c), (d) and
Theorem 2.3.(4), 'C; NI # 0. Fix an element ¢ € 'Cxz N 1. Since 'C is dense in 'Cx, sc € 'C N1 for
some element s € R.

(ii) 'C € Orey(R): Given elements a € R and ¢ € 'C, we have to show that 'Ca N Re # (). Since
¢ € 'C, udim(zRe) = udim(5R), the left ideal Re is an essential left ideal of R. Then the left ideal
of R, (ﬁc a) := {b € R|ba € Rc}, is an essential left ideal. By the statement (i), we can find an
element ¢/ € 'CN (Re: a), and so ¢’a = d’c for some element a’ € R.

(iii) 'C € Demy(R, 0): In view of (ii), let us show that assz('C) = 0. If & = 0 for some elements
c€’Candr € R (wherec¢=c+a€’'Cand 7 =r+a € R) then c¢r € a. Hence, c'er = 0 for
some element ¢’ € 'C, and so r € a and T = 0. Therefore, assz('C) = 0. It remains to show that if
7¢ = 0 for some elements ¢ € 'C and r € R then 7 = 0, i.e. r € a. Clearly, rc € a, hence c;rc¢ =0
for some element ¢; € 'C. Since ¢ € 'C, ¢17 = 0, and so r € a, as required.

(iv) 'C € Orey(R): Given s € 'C and r € R. By (ii), s17 = r1s mod a for some elements s; € 'C
and r; € R. Since $17 — 18 € a, we can find an element sy € 'C such that sy(s17 —r15) = 0, and
SO 8951 - T = 8971 - § Where s951 € 'C.

(v) 'C € Deny(R,a): By (iii), assg('C) = a. Since every element of 'C is left regular, the
statement (v) follows.

(vi) 'Q ~ ~C 'R (obvious).

(vii) 'Q :="'C “Risa semisimple Artinian ring: Since udim(zR) < co, we can fix an essential
direct sum I = @™ ,U; of uniform left ideals U; of the ring R. By (i), I N'C # (. Hence, the
R-module R/I is C-torsion. Therefore, 'Q ~ @ ,'C ' U;, an isomorphism of ‘Q-modules. It
suffices to show that each 'Q-module V; = ’éilUi is simple. Suppose that, say Vi is not, we seek
a contradiction. Then it contains a proper ‘Q-submodule, say M. By (iii), rU; is an essential
submodule of gVj, the intersection U] = Uy N M is nonzero and '5_1U{ = M. The left ideal
J=U @U@ - ®U, of Ris an essential left ideal such that Ty =M VL@V, is a
proper left ideal of the ring 'Q. By (i), I’ N'C # (), and so el = 'Q, a contradiction.

(2 = 3) We continue the proof of the implication (2 = 1).

(viii) 'Q = Q1. (R) is a semisimple Artinian ring: This follows from (iii) and (vii).

(ix) 'C is dense in Cz: In view of the statements (iii) and (viii), this follows from Lemma
(
(

2.5.(3).

1= 3) (a) 'C € Deny(R,0) and'Q ~'C 'R (since 'C € Deny(R, a)).



(B) 'Q ~ Qr.a(R) is a semisimple Artinian ring (by («) and the simplicity of the ring 'Q ~
T'R).

(7) a is a semiprime ideal of R (by (5)).

(6) 'C is dense in Cg: By the statements () and (), T 'R~ Q1.c.(R). Now, the statement
(0) follows from Lemma 2.5.(3).

(3 = 2) Recall that (1 < 3).

(a) a is a semiprime ideal of R (this is given).

(b) 'C is dense in 'Cx: Repeat the proof of the above statement (&) bearing in mind that the
statements (o) and (f) hold in view of the equivalence (1 < 3).

(c) udim(gR) < co: This follows from the fact that Q; «(R) is a semisimple Artinian ring.

(d) "Cv # 0 for all uniform left ideals V of R (by Theorem 1.2.(2), since Q; ;(R) is a semisimple
Artinian ring). O

Corollary 2.6 We keep the notation of Theorem 1.1. If'Q is a semisimple Artinian ring then
n C a (where n is the prime radical of R).

Proof. Repeat the proof of statement 5 of Theorem 2.3. [J

Proof of Theorem 1.3. (1 = 2) The first three conditions are obvious and the fourth holds
by Theorem 1.2.

(2 = 1) This implication follows from Theorem 1.1 and we keep its notation. Since 'Cr = Cg,
a = 0 and all the conditions (a) - (d) in Theorem 1.1.(2) hold, the ring'Q = Q; «(R) is a semisimple
Artinian ring, by Theorem 1.1. O

The left singular ideal of R over a. For a ring R, the set {;(R) := {r € R|Ir = 0 for
some essential left ideal T of R} is called the left singular ideal of R. Tt is an ideal of R. Let a be
an ideal of R. The set (;(R,a) := {r € R|Ir = 0 for some essential left ideal I of R such that
a C I} is called the left singular ideal of R over a. It is an ideal of R. Clearly, (;(R,0) = ((R)
and (R, a) is a right ideal of the ring R.

Lemma 2.7 For all ideals a of a ring R, the right ideal (;(R,a) is an ideal of the ring R.

Proof. Let r € ¢ := ((R,a) and Ir = 0 for some essential left ideal I of R such that

a CI Letr € R Themap f := o : R - R, x — zr, is an R-homomorphism. Then
f7Y(I) := {a € R|ar’ € I} is an essential left ideal of R that contains the ideal a. Moreover,
fYI) - r'r C Ir =0, and so 7'r € (. Therefore, ( is an ideal of R. [J

Proposition 2.8 Let R be a ring such that 'Qq(R) is a semisimple Artinian ring and a :=
assp('Cr). Then (R, a) C a.

Proof. We keep the notation of Theorem 1.1. Let r € ¢ := (R, a). We have to show that
r € a. Fix an essential left ideal I of R such that Ir = 0 and a C I. Consider the set S of all left
ideals J of R such that J C I and anJ = 0. By Zorn’s Lemma, let J be a maximal element in
S. Then the left ideal a+ J = a® J is an essential R-submodule of I, hence it is also an essential
left ideal of R (since I is an essential left ideal of R).

Claim: J := 7w(J) is an essential left ideal of R:

Suppose that this is not true. Then J N R¥ = 0 for some nonzero element ¥ = r' +a € R
where r’ € R. The left ideal a @ J of R is essential. So, (a® J)N Rr # 0. Let "' = a+ j be
a nonzero element in the intersection for some elements "’ € R, a € a and j € J. Then ca = 0
for some element ¢ € 'C, and so ¢’’’ = ¢j # 0 (otherwise, ¢j = 0, and so j € anJ = 0, a
contradiction). Now, c¢j € J\{0}, and so 0 # cr’'r’ = ¢j € RF NJ = 0, a contradiction. So, J is
an essential left ideal of the ring R. This finishes the proof of the Claim.

Recall that Ir = 0 and J C I. In particular, Jr = 0, and so J7 = 0 and 7 € (;(R). By
Theorem 1.1, 'Q := 'Q.«(R) is a semisimple Artinian ring. Then (;(R) = 0, by [9, Theorem
2.3.6]. Therefore, 7 = 0. This means that r € a, as required. O



3 Semisimplicity criteria for the ring 'Q); . (R)

In this section, proofs are given of several semisimplicity criteria for the ring 'Q; ;(R) (Theorem
3.1, Theorem 3.3, Theorem 3.4 and Theorem 3.5). It is shown that the left localization radical (g
of aring R is contained in the ideal a = assg('Cg) provided 'Q; ;(R) is a semisimple Artinian ring
(Corollary 3.2). Theorem 3.6 gives sufficient conditions for semisimplicity of 'Q; (R) provided
the ring R/n is left Goldie (where n is the prime radical of the ring R).

For a ring R, let 'C = 'Cr and "M := max.Deny(R,'C) := {S € max.Deny(R)|'C C S}. The
first semisimplicity criterion for 'Q ;(R) is given via the set ‘M of maximal left denominator sets
of R that contain the set ‘Cg of left regular elements of R.

Theorem 3.1 Let R be a ring, 'C = 'Cg, a = assg('C) and 'M = {S € max.Den;(R)|'C C S}.
The following statements are equivalent.

1. 'Qua(R) is a semisimple Artinian ring.

2. 'M is a finite nonempty set, (\geirqassr(S) = a, for each S € 'M, the ring STIR is a
simple Artinian ring and the set 'C is a dense subset of Cr/a in R/a.

Let R=R/aandm: R — R, r+— T =1+ a. If one of the equivalent conditions holds then
(a) the map ' M — M := max.Den;(R), S+ S := 7(S), is a bijection with inverse T +— T :=
7~ Y(T).

(b) For all S € 'M, a C assg(S) and w(assg(S)) = assg(S). For allT € M, 7~ (assg(T)) =
assp(m—1(T)).
(c) Forall S € 'M, STIR ~ S 'Risa simple Artinian ring.

1= — — .
(d) 'Que(R) ~ [lgerm S™IR ~ [lsepmS R =~ HTGHT_lR ~ Qc(R) (semisimple Ar-
tinian rings).

Proof. (1 = (a) — (d)) To prove the implication, first, we prove statements (i)-(vi) below and
from which then the statements (a)-(d) are deduced.

By Theorem 1.1, a is a semiprime ideal of the ring R, 'C € Den;(R,0) and Q.. (R) ~ T 'R~
') is a semisimple Artinian ring.

(i) 'C C T for all T € M: Recall that S;(R) is the largest left Ore set of R that consists of
regular elements of the ring R. Hence,

'C C Sl<§) cT

for all T € M, by [4, Proposmon 2.10.(1)].

(ii) For all T € M, T’ : “U(T) € Den(R), a C assg(T”") and T'""'R ~ T~'R: Since
'C € Deny(R,a) and 'C C 7w~ (C) 7~YT) =T’ (by (i)), the result follows from [6, Lemma 2.11].

(iii) Given distinct Ty, Ty € M, then T # Ty: Suppose that 7] = T4. Then, Ty = n(T]) =
m(Ty) = T, a contradiction.

(iv) For allT € M, T' € 'M: By (ii), T’ € Den;(R). Then T’ C S for some S € max.Den;(R).
Then S € ' M, since

_
‘ccr i) Ca(T)=T"C8S.

Now, T = n(T'") C w(S) = S. Since S € "M, we have 'C C S and so a C assg(S). Therefore,
Se Denl(R assp(S)/a), and so S C T; for some T1 € M. Then T C S C T, hence T' = Ty (since
T.Ty e M)and T=S. Now, T" =7 1(T) =7~ (S’) D8 D T'. Therefore, T" = S € ' M.

(v) For all S € 'M, S+a =S and S = n~1(S): For an arbitrary ring A and its maximal
left denominator set S’, S' + ass4(S’) = S’, by [6, Corollary 2.12]. Since a C assg(.5), we have
S+a=05, henceS*w L(S).
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(vi) For all S € 'M, S € M: Since a C assg(S), S € Den;(R,assg(S)/a). Therefore, S C T
for some T € M. Now,
SY @) Ca (1) =T €M,
by (iv). Therefore, S =T, and so S =T =T € M.

Now, we are ready to prove the statements (a) - (d).

(a) By (iv) and (vi), the maps 'M — M, S — S, and M — 'M, T — T' = = YT,
are well-defined. They are inverses of one another since S — S — 7 1(S) = S (by (v)); and
T—T — x(T") =T (since 7 is a surjection).

(b) Let S € M. Then 'C C S, and so a C assg(S). Therefore, S € Den;(R, assr(S)/a), and
so m(assg(S)) = assz(9).

If T € M then T” € ‘M (by the statement (a)), and so T'= w(T") € Dewn (R, assg(T")/a). It
follows that 7! (assz(T")/a) = assr(T”) (since a C assg(1")).

(c) By the statement (a), for all S € 'M, S € M and SR ~ ST'R. Since S € M, the ring
S 'Risa simple Artinian ring, by [4, Theorem 3.1] (since Q;,(R) ~'Q is a semisimple Artinian
ring).

(d)

'Q ~ Qua(R) (Theorem 1.1)
~ J[ TR (/4 Theorem 3.1])
TeM
~ H SR (the statement (a))
Se'M
~ H S™'R  (the statement (c)).
Se'M

(1 = 2) Recall that (1 = (a) — (d)) and statement 2 follows from the statements (a)-(d). In
more detail, o o

(i) 1 < 'M| < oo: By the statement (a), /M| = |[M| and M is a finite set, by [4, Theorem
3.1].

(ii) Ngerpq assr(S) = a: By the statement (b), a C assg(S) for all S € ‘M, and so a C o' :=
Ngera assr(S). We have to show that a = a’, that is a’/a = 0. Now,

a/a= ﬂ assg(S)/a = ﬂ 7(assr(S)) © ﬂ assﬁ(g)@ ﬂ assg(S) = 0,

Se'M Se'M Se'M SeM

by [4, Theorem 3.1], since Q; ;(R) is a semisimple Artinian ring (by the statement (d)).

(iii) For each S € M, S71R is a simple Artinian ring (by the statement (c)).

(iv) The set 'C is a dense subset of Cz (by Theorem 1.1).

(2 = 1) It suffices to show that the conditions of Theorem 1.1.(3) hold. Since a = (g  assr(S),
the map .

—1
Rfa— [] 'R, ras (1),
Se’'M

is an injection and the direct product is a semisimple Artinian ring. By [4, Theorem 6.2], Q; (R/a)
is a semisimple Artinian ring. In particular, the ideal a is a semiprime ideal of R. Now, by Theorem
1.1.(3), 'Q is a semisimple Artinian ring. O

For a ring R, the ideal (g := (Vgemax.pen; (r) 255R(S) is called the left localization radical of R,

[2].

Corollary 3.2 Let R be a ring such that 'Q . (R) is a semisimple Artinian ring. Then [ C a
(where I is the left localization radical of R and a = assg('Cgr)).
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Proof. Ir = N semax.Deni (r) 2SR(S) € Ngerrg assr(S) = a, by Theorem 3.1. T

Let R be a ring and I be an ideal of R. We denote by Ming (/) the set of minimal prime ideals
over I. The map Ming(I) — Min(R/I), p + p/I, is a bijection with the inverse q + 7, ' (q) where
mr:R— R/, r—r+1

The second semisimplicity criterion for 'Q; . (R) is given via the minimal primes over a =

assg('Cr). It also gives an explicit description of the elements of the set 'M (see Theorem 3.1 for
a definition of 'M).

Theorem 3.3 Let R be a ring, 'C ='Cg and a = assg('C). We keep the notation of Theorem 3.1.
1. 'Qc1(R) is a semisimple Artinian ring.

2. (a) a is semiprime ideal of R and the set Ming(a) is a finite set.

(b) For each p € Ming(a), the set Sy := {c € R|c+p € Cryp} is a left denominator set of
the ring R with assr(Sy) = p.

(¢) For each p € Ming(a), the ring S, 'R is a simple Artinian ring.
(d) The set'C:={c+alce€'C} is a dense subset of Cp/q-

Let R=R/aand 7 : R — R, r+— T =1+ a. If one of the equivalent conditions holds then
(i) "M ={S, |p € Ming(a)} and assr(Sp) = p.

(it) M = {Sg | p € Min(R)} where Sy :i{F ER|T+PE Cr/pt and assp(S5) = P.
(iii) For all p € Ming(a), S; 'R ~ SglR is a simple Artinian ring.

(v) 'Que(R) = [lyening(a) Sp 'R ~ [ ernin@) Sglﬁ ~ Q1.a(R) (semisimple Artinian rings).

Proof. (1 = 2). By the assumption, '@ is a semisimple Artinian ring. By Theorem 1.1, a is
semiprime ideal of R, the set 'C is dense in Cg (this is the condition (d)) and the ring @« (R) is
a semisimple Artinian ring.

By [4, Theorem 4.1], Min(R) is a finite set, M = {S5|p € Min(R)}, assz(S5) = p and
Sglﬁ is a simple Artinian ring for all p € Min(R). By Theorem 3.1, [Min(a)| = [Min(R)| < oo,
'M = {S,|p € Ming(a)}, assg(Sy) = p and S; 'R ~ Sglﬁ is a simple Artinian ring for all
p € Ming(a). Therefore, the properties (a)-(d) hold.

(2 = 1) It suffices to show that the conditions of statement 3 of Theorem 1.1 hold.

By the statement (a), the ideal a is a semiprime ideal of R. By the statements (a) and (c), the

map
r
Ty

R/a— H S,le, r+a'—>(1 . g),

peMin(R,a)
is a ring monomorphism. The direct product above is a semisimple Artinian ring, by the statement
(c). By [4, Theorem 6.2], the ring Q; ;(R) is a semisimple Artinian ring. By Theorem 1.1, ’Q is
a semisimple Artinian ring. So, the implication (2 = 1) holds.
Now, the statements (i)-(iv) follow from Theorem 3.1. J
A ring R is called left Goldie if it satisfies the a.c.c. on left annihilators and udim(grR) < co.

The third semisimplicity criterion for 'Q; . (R) reveals its ‘local nature’ and is given via the rings
R/p where p € Min(a).

Theorem 3.4 We keep the notation of Theorem 3.3. The following statements are equivalent.
1. 'Qq.c1(R) is a semisimple Artinian ring.

2. (a) ais a semiprime ideal of R and the set Ming(a) is finite.
(b) For each p € Ming(a), the ring R/p is a left Goldie ring.

12



(c) The set'C is a dense subset of Cx.

Proof. (1 = 2) Suppose that the ring 'Q = 'Q; (R) is a semisimple Artinian ring. By Theorem
3.3, the conditions (a) and (c) hold, and for each p € Ming(a), the rings S, ' R are simple Artinian
rings (the statement (iii) of Theorem 3.3). Let m, : R — R/p, r — r + p. Then m,(S,) €
Den;(R/p,0) (since assg(Sy) = p, the statement (i) of Theorem 3.3) and m,(S,) 1 (R/p) ~ S, 'R
is a simple Artinian ring. Then, Q4 (R/p) ~ m,(Sp) ' (R/p) is a simple Artinian ring. So, the
statement (b) holds.

(2 = 1) Suppose that the conditions (a)-(c) hold. The conditions (a) and (b) means that
the ring R = R/a is a semiprime ring with |[Min(R)| = |[Ming(a)| < co. By [4, Theorem 5.1],
Qi.ci(R/a) is a semisimple Artinian ring. By Theorem 1.1, 'Q is a semisimple Artinian ring. O

The fourth semisimplicity criterion for 'Q (R) is useful in applications as usually there are
plenty of ‘nice’ left denominator sets.

Theorem 3.5 We keep the notation of Theorem 3.4. The following statements are equivalent.
1. 'Qi.c(R) is a semisimple Artinian ring.
2. There are left denominator sets S1,...,Sy, of the ring R such that

(a) the rings S[lR are simple Artinian rings,
(b) a =, assg(S;), and
(c) 'C is a dense subset of Cz.

Proof. (1 = 2) By Theorem 3.1, it suffices to take 'M = {S1,...,5,}.
(2 = 1) Suppose that the conditions (a)-(c) hold. By the conditions (a) and (b), the map

Rfa— ]S 'R, r+aH(§,...€),

i=1

is a ring monomorphism. The direct product above is a semisimple Artinian ring, by the statement
(c). By [4, Theorem 6.2], the ring Q; «(R) is a semisimple Artinian ring. So, the conditions of
Theorem 1.1.(3) hold, and so 'Q; «(R) is a semisimple Artinian ring, by Theorem 1.1. O

Sufficient conditions for semisimplicity of 'Q; (R) when R/n is a left Goldie ring.
Let R be a ring and I be its ideal. Let Min(R,I) := {p € Min(R) |p 2 I}. An important case
for applications is the one when the ring R/n is a left Goldie ring, and therefore Q; o (R/n) is a
semisimple Artinian ring. In this case, the next theorem gives sufficient conditions for semisim-
plicity of the ring 'Q; o (R).

Theorem 3.6 Let R be a ring, 'C = 'Cr and a = assg('C). Suppose that the ring Qi .(R/n)
is a semisimple Artinian ring such that a = (\/_, p; for some p1,...,p, € Min(R). If the set
'C:={c+a|c €'Cr} is dense in Cr/q then 'Qp(R) is a semisimple Artinian ring, Ming(a) =
{p1.--opn} and Qua(R/n) ~ [, Sp.' R where S,,' R are simple Artinian rings and S,, := {c €
Rlc+p; € Cryp,} € Deny(R,p;).

Proof. It is obvious that Ming(a) = {p1,...,pn}. The ring Q; »(R/n) is a semisimple Artinian
ring. By [4, Theorem 4.1], Min(R/n) = {p;,...,p,,} for some m > n where p, = p;/n and
Min(R) = {p1,..-,pm}s Qua(R/n) ~ ", Sgil(R/n) where Sgil(R/n) are simple Artinian rings
and S5, :={c € R/n|c+pi/n € Cgr/p,}. The map

);

r
1
is a monomorphism and the direct product is a semisimple Artinian ring. Since a/n = (_, p;, the

conditions (a)-(c) of Theorem 3.5 hold (where S; = Sp,), and so 'Q;(R) is semisimple Artinian
ring (by Theorem 3.5). The rest follows from Theorem 3.3. OJ
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4 The left regular left quotient ring of a ring and its semisim-
plicity criteria

The aim of this section is to prove Theorem 4.3 and to establish some relations between the rings
Qi(R) and 'Q;(R) (Lemma 4.2, Proposition 4.4 and Corollary 4.5). In particular, to show that
the rings Q;(R) and 'Q;(R) are R-isomorphic iff S;(R) = 'S;(R) (Proposition 4.4.(4)). At the
end of the section, some applications are given for the algebras of polynomial integro-differential
operators.

The left regular left quotient ring 'Q;(R) of a ring R. Let R be a ring. Its opposite ring
R°P is a ring such that R°? = R (as additive groups) but the multiplication in RP is given by the
rule a - b = ba. Recall that 'Cr and C}, are the sets of left and right regular elements of the ring
R, respectively, and S;(R) and S,(R) are the largest left and right Ore sets of R that consists of
regular elements of R.

Lemma 4.1 Let R be a ring.

1. In the set 'Cr there exists the largest (w.r.t. inclusion) left denominator set of R, denoted
by 'Si(R). The set S.(R) is the largest (w.r.t. inclusion) right denominator set of R in'Cg.

2. In the set C}, there exists the largest (w.r.t. inclusion) right denominator set of R, denoted
by S|.(R). The set Si(R) is the largest (w.r.t. inclusion) left denominator set of R in C.

Proof. 1. If S and T are left denominator sets of the ring R such that S,T C '‘Cr. The
submonoid, denoted by ST, of ‘Cr that is generated by S and T does not contain 0. By [6,
Lemma 2.4.(2)], ST is a left denominator set of R. Hence, the set 'S;(R) exists and is the union
of all left denominator sets of R in 'Cg.

If D is a right denominator set of R in 'Cr then assg(D) = 0, and so D C Cg. Therefore,
Sr(R) is the largest right denominator set of R in 'Cg.

2. Statement 2 follows from statement 1 (by applying statement 1 to the opposite ring R of
R). O
Definition. The set 'S;(R) is called the largest left reqular left denominator set of R and the
ring 'Q;(R) :="'S;(R)"'R is called the left reqular left quotient ring of R. Similarly, the set S’.(R)
is called the largest right reqular right denominator set of R and the ring Q".(R) := RS'(R)™! is
called the right reqular right quotient ring of R.

If 'S;(R) = 'Cg then 'Q;(R) ='Qa(R). If S|.(R) = C}y then Q.(R) = Q.. ,(R).

The next lemma shows that if the ring Q;(R) is a left Artinian ring (resf)ectively, semisimple
Artinian) ring then so is the ring 'Q;(R). The reverse implication is usually wrong. For example,
in the case of the algebra I; = K (z, %, [) of the polynomial integro-differential operators over a
field K of characteristic zero, the ring @;(Iy) is neither left nor right Noetherian ring and not a
domain (see [2]) but the ring 'Q;(I;) is a division ring and 'Q;(I1) = 'Q1,c:(I1) (Theorem 6.5.(1)).

Lemma 4.2 Let R be a ring.

1. If the ring Q;(R) is a left Artinian ring then S;(R) = Cr = 'Cr = 'S;(R) and Q,;(R) =
Que(R) ='Quea(R) ="Qu(R) is a left Artinian ring.

2. If the ring Qi(R) is a semisimple Artinian ring then S;(R) = Cr = 'Cr = 'Si(R) and
Qi(R) = Qra(R) ='Qua(R) ='Qi(R) is a semisimple Artinian ring.

Proof. 1.If Q;(R) is a left Artinian ring then 'Cr C Q;(R)*. By [2, Theorem 2.8.(1)], Si(R) =
RN Q;(R)*. By intersecting with R the following inclusions of subsets of the ring Q;(R), S;(R) C
Cr C'Cr C Qi(R)* and S;(R) C'S)(R) C'Cr C Q;(R)*, we obtain the inclusions S;(R) C Cr C
/CR - Sl(R) and Sl(R) - /Sl(R) - /CR - SI(R) Therefore, Sl(R) = CR = /CR = /Sl(R) and
Qi(R) = Qra(R) ='Qua(R) ='Qi(R) is a semisimple Artinian ring.

2. Statement 2 follows from statement 1. [J
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Semisimplicity criteria for the ring 'Q;(R). In general, the question of existence of the
ring 'Qp.i(R) is a difficult one. In general, the ring 'Q; o (R) does not exits but the ring 'Q;(R)
always does. If the ring 'Q; o1(R) exists then 'Q; i (R) = 'Qi(R). The next theorem states that if
the ring ‘Q;(R) is a left Artinian ring or a semisimple Artinian ring then so is the ring 'Q . (R),
and vice versa.

Theorem 4.3 Let R be a ring. Then

1. 'Qi(R) is a left Artinian ring iff 'Qra(R) is a left Artinian ring. If one of the equivalent
conditions holds then 'S;(R) ='Cr and 'Qi(R) ='Q,a(R).

2. 'Qi(R) is a semisimple Artinian ring iff 'Qa(R) is a semisimple Artinian ring. If one of
the equivalent conditions holds then 'S;(R) ='Cr and 'Qi(R) ='Q1a(R).

Proof. 1. (=) Let 'S :="'Si(R), 'a := assg('S) and ‘7 : R = R/'a, r > 7:=7r+"a.

(i) 'm("Cr) C 'Cryra: Suppose that 7¢ = 0 for some elements r € R and ¢ € 'Cr. We have
to show that r € ‘a. The element a := rc belongs to the ideal ‘a. Then 0 = sa = src for some
element s € 'S, and so sr = 0 (since ¢ € 'Cr). Therefore, r € a.

(ii) 'Crjra = Cryra: Since 'S € Deny(R,’a), we have the inclusion '7("S) € Den;(R/'a,0) and
the ring 'Q;(R) ~ '7('S)~1(R/'a) is a left Artinian ring. Hence, 'Cryra = Cryra-

(iii) a := assg('Cgr) = 'a: The inclusion 'S C 'Cg implies the inclusion ‘a C a. Then, by the
statements (i) and (ii), ‘r('Cr) C Cg/sq, and so we must have ‘a = a.

(iv) 'Cr € Orey(R): Let c € 'Cr and r € R. By the statements (i) and (ii), ‘7('Cr) € Cgr/rq-
Hence, ¢ € Cgyrq. By the assumption, the ring 'Q;(R) ~ 'n('S)~(R/'a) is a left Artinian ring.
Hence, Qp,ci(R/'a) ~'Q;(R) is a left Artinian ring and the elements of the set Cg;/q are units in
the ring 'Q;(R). In particular, the element ¢ is so. So, 7¢ ' = 5~ '@ for some elements s € 'S and
a € R. Then sr —ac € 'a, and so s'(sr — ac) = 0 for some elements s’ € 'S. So, s's-r=s'a-c
where s's € 'S C'Cp, and the statement (iv) follows.

(v) 'Cr € Den;(R,’a): This follows from the statements (iii) and (iv).

(vi) 'S ='Cg (by the maximality of 'S) and so 'Q;(R) ='Q;«(R) is a left Artinian ring.

(«=) This implication is obvious.

2. Statement 2 follows from statement 1. [J

In view of Theorem 4.3, all the semisimplicity criteria for the ring 'Q; «(R) are also semisim-
plicity criteria for the ring 'Qi(R), and vice versa.

The canonical homomorphism ¢ : Q;(R) — 'Q;(R). The next proposition shows that
there is a canonical ring homomorphism ¢ : Q;(R) — 'Q;(R) and gives a criterion for ¢ to be an
isomorphism.

Proposition 4.4 Let R be a ring. Then
1. Si(R) C'Si(R) C'Cr, and so assr(Si(R)) C assg('Si(R)) C assg('Cr).

2. The map ¢ : Q(R) — 'Qi(R), s~'r — s7'r, is a ring R-homomorphism with kernel
Si(R)~Ya where 'a = assr("Si|(R)).

3. ¢ is an isomorphism iff 'a = 0 iff S;(R) ='S;(R).

4. The rings Q;(R) and 'Q;(R) are R-isomorphic iff one of the equivalent conditions of state-
ment 3 holds.

Proof. 1. Notice that S;(R) C Cr C'Cg. By Lemma 4.1.(1), S;(R) C'S;(R) C 'Cg.

2. Statement 2 follows from statement 1: By statement 1, the map ¢ is well-defined. If
¢(s7'r) =0 then £ =0in 'Qy(R), and so r € 'a, i.e. ker(¢) = S;(R)™a.

3. ¢ is an isomorphism iff ker(¢) = 0 and ¢ is a surjection iff 'a = 0 (since S;(R) C Cgr) and ¢
is a surjection iff S;(R) ='S;(R) and ¢ is a surjection iff S;(R) ='S;(R) iff 'a = 0.

4. We have to show that (3 < 4). The implication (3 = 4) is obvious. Conversely, suppose
that ¢ : Qi(R) — 'Qi(R) is an R-isomorphism (¢(rq) = r¢(q) for all » € R and ¢ € Q;(R)). Then
R C Q;(R) and 'a C ker(y) =0, i.e. ‘7a =0. So, statement 3 holds. O

The next corollary shows that if S;(R) # 'S;(R) then the ring Q;(R) is not left Artinian.
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Corollary 4.5 1. Let R be a ring such that S;(R) #'Si(R) or, equivalently, 'a := assg('Si(R)) #
0 (Proposition 4.4.(3)). Then Q;(R) is not a left Artinian ring. In particular, Q;(R) is not
a semisimple Artinian ring.

2. If, in addition, the ring R is a K-algebra over a field K then, for all algebras A, Q;(R® A)
is not a left Artinian ring. In particular, Q;(R ® A) is not a semisimple Artinian ring.

Proof. 1. Suppose that the ring @Q;(R) is a left Artinian ring. Then, by Lemma 4.2.(1),
'S)(R) = Cg, and so 'a = 0, a contradiction.

2. Clearly, 'Cr C 'Crga. Hence, 'S;(R) C 'Spga (by Lemma 4.1.(1)), and so 0 # ‘a =
assp(’S;) C assrga('Srea). By statement 1, @Q;(R ® A) is not a left Artinian ring. O

Applications to the algebras of polynomial integro-differential operators. Let K be

a field of characteristic zero, K|[z] be a polynomial algebra in a single variable z, 0 := % and
[+ Klz] — K[z], 2" — f::ll for all n > 0 be the integration. The following subalgebras of

Endg (K|[z]), Ay = K(z,0) and I, = K(,9, [), are called the first Weyl algebra and the algebra
of polynomial integro-differential operators, respectively. By definition, 4, := A" is called the
n’th Weyl algebra and T, := 19" is called the algebra of polynomial integro-differential operators.
The Weyl algebra A,, is a Noetherian domain, and so Q;,/(A,) is a division ring. For the algebra
I,,, neither the ring @Q; o (I,) nor the ring Q, i (I,) exists (Lemma 4.8.(1)). The rings Q;(I,,) and
Q- (L) are neither left nor right Noetherian and not domains (Lemma 4.8.(2)).

As an easy application of Corollary 4.5 we have the next result. A more strong result of that
kind is Lemma 4.8 where different arguments are used in its proof.

Corollary 4.6 For alln > 1, the rings Q;(L,,) (resp., Qr(I,)) are not left (resp., right) Artinian.
Moreover, for all algebras A, the rings Q(I, @ A) (resp., Q. (I, ® A)) are not left (resp., right)
Artinian.

Proof. The ring I, is isomorphic to its opposite ring [2]. In view of this fact and Corollary 4.5,
it suffices to show that S;(I1) # 'S;(I). The set Sp := {0%|i > 0} is a left denominator set of the
algebra Iy (see [2]) with assy, (Sp) # 0 since d-(1— [9) =0 -9 [0 =0 —1-0 = 0. Clearly,
9 €'Cy, since 0 [ = 1. Then, d € 'S;(I1)\Si(Ih), as required. O

By Proposition 4.4, the ring homomorphism ¢ is the composition of the following ring homo-
morphisms:

6:QUR) = Q= QuR)/Si(R) Va—"Q)(R) ~T"'Q (1)

where 7/(a) = a + S;(R)~"a and T € Den,(Q) is the multiplicative subset of (Q, -) generated by
the group of units Q" of the ring @ and the set 7/ ('Sy(R)).

Corollary 4.7 Let R be a ring. Suppose that P is a property of rings that is preserved by left
localizations and passing to factor ring. If the ring Qi(R) satisfies the property P then so does
the ring 'Qi(R). In particular, if the ring Qi(R) is a semisimple (respectively, left Artinian; left
Noetherian) then so is the ring 'Q(R).

Proof. The corollary follows from (1). O
The next lemma gives plenty of examples of algebras for which neither left nor right classical
quotient ring exists. This is true for the algebras I,,.

Lemma 4.8 Let A be an algebra over K.

1. The set Crypa of regular elements of the algebra I, ® A is neither a left nor right Ore set.
Therefore, the rings Qr.q(In @ A) and Qr (I, ® A) do not ewist.

2. The algebras Q;(L,, ® A) contain infinite direct sums of nonzero left ideals and so they are
not left Noetherian algebras. Similarly, the algebras Q. (I,, ® A) contain infinite direct sums
of nonzero right ideals and so they are not right Noetherian algebras.
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Proof. 1. Clearly, I, ® A =1; ® I,,_1 ® A and C, C Cr,ga. Let egp := 1 — [ 9. The element
a:=0 +f1 belongs to the set Cy,, IyegoNI1a = 0 and egoll; Nal; = 0, see the proof of [1, Theorem
9.7]. Hence, a € C1,94 and (I, ® A)ego N (I, @ A)a = ([1 @ 1,1 @ A)ego N (11 ® 1,1 ® A)a =
(Tiego NT1a) ® I,_1 ® A = 0, and similarly ego(I, ® A) N a(l, ® A) = 0. This means that
CH,,L®A ¢ Orey (Hn ® A) U Orer(]ln (9 A).

2. The algebra I,, contains infinite direct sums of nonzero left ideals [1], hence so do the
algebras [, ® A, and statement 2 follows. [J

5 Properties of 'S;(R) and 'Q; (R)

In this section, some properties of '.S;(R) and 'Q; o (R) are established (Theorem 5.3). The main
motive is to develop practical tools for finding the ring ‘Q; «/(R). A key idea is that in order to find
'Q1.c1(R) there is no need to know explicitly the set 'S;(R). It suffices to replace 'S;(R) with another
left denominator set that yields the same result, see Theorem 5.3.(5). Further developing this idea
sufficient conditions are found for the ring 'Q; . (R) to be isomorphic to Q. (R/assr('Si(R)))
(Theorem 5.4).

Lemma 5.1 Let R be a ring, S be a multiplicative subset of 'Cr such that o’ := assgr(S) is an
ideal, 7 : R —» R = R/d, r—r+d. Ifn'(S) € Orel(R/) then S € Den;(R,a’).

Proof. Since S C 'Cg, it suffices to show that S € Ore;(R). Given s € S and r € R. Then
517 = 713§ for some elements s; € S and 71 € R (since 7/(S) € Orel(ﬁl)). Then s;r —ri1s € a’ and
S0 so(s1r — r18) = 0 for some elements sy € S, and we are done (since sgs1 -7 = sor - 5). O

Proposition 5.2 Let R be a ring, S be a multiplicative subset of 'Cr such that o' := assr(S) is
an ideal of R, @' : R — R = R/a, r — r+d. We keep the notation of Theorem 3.1. Then

1. SC{ce R| ca and -cgjo are injections}. If, in addition, S ='Cg then 'Cr = {c € R| - ¢cq
and -cr/q are injections} (where a = assg('Cr) is an ideal of R, by the assumption).

2. 7'(S) C Cg. In particular, n('Cr) C Cg provided a is an ideal of R.

3. SC{ceR|7(c) € Cy,

Cg, -ca is an injection}.

-cqr 08 an injection}. If a is an ideal of R then'Cr = {c € R|n(c) €

4. S € Deny(R, o) iff ©(S) € Deny(R,0) iff «'(S) € Orey(R) iff S € Orey(R).

5. If a is an ideal of R then 'Cr € Den;(R,a) iff m('Cr) € Deny(R,0) iff 7('Cr) € Ore;(R) iff
'Cr € Ore;(R).

Proof. 1. Clearly, T := {c € R| - ca and -cg/q are injections} C ‘Cg. Given c € S. In order
to show that S C T, we have to prove that s € T. Since ¢ € S C 'Cg, the map -¢q/ is an injection.
It remains to show that -cp,q is also an injection. If 7¢ = 0 then rc € o', and so src = 0 for some
s € S. Then sr =0 (since c € S C’'Cgr), and so r € ¢, i.e. T =0. Therefore, S C T.

If S ='Cg then 'Cr =T (since T C 'Cg).

2. By statement 1, 7'(S) C 'Cz. To prove that the inclusion 7'(S) C Cz holds it remains to
show that each element 5 := s+a’ (where s € S) is a right regular element of the ring . Suppose
that 37 = 0 for some element r € R. Then sr € d/, and so tsr = 0 for some element ¢ € S. This
implies that r € a’, i.e. T =0, and so 3 is a right regular element of R.

3. Statement 3 follows from statements 1 and 2.

4. Since S C 'Cr and o' = assg(S), S € Den(R,a’) iff S € Ore;(R). By statement 2,
7'(S) C Cx. So, 7'(S) € Denl(ﬁ/,O) iff 7/(S) € Ore;(R). It remains to show that the first ‘iff’
holds.

Suppose that S € Den;(R,a’). Then 7/(S) € Den;(R,0).

Suppose that 7/(S) € Den;(R,0). By Lemma 5.1, S € Deny(R, o).
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5. Statement 5 is a particular case of statement 4 where S ='Cgr. O
For a ring R, let 'Ass;(R) := {assg(S)|S € Den(R),S C 'Cr}. The set ("Ass;(R),Q) is a
poset.

Theorem 5.3 Let R be a ring and 'a := assg('Si(R)). Then

~

ISi(R) = "Cr A (Si(R) + ).
2. 'a is the largest element in 'Ass;(R).

3. 'Si(R) is the largest element (w.r.t. inclusion) in the set {S € Deny(R)|S = 'CrN (S +
assp(9))}-

4. "Si(R) +'a € Deny(R,'a).
5. 'Qu(R) =~ ('Si(R) +'a)"'R.

Proof. 1. Let 'S ='Si(R) and T :='CrN ("S;(R) +'a). Clearly, 'S C T. In order to prove that
'S D T, it suffices to show that T € Den;(R) (since T C ‘Cr and by maximality of 'S (Lemma
4.1.(1)), 'S D T). By the very definition, T is a multiplicative set in R such that 'm(T") = '=('S)
where ‘m : R — R/'a, r = 7 :=r +'a. Since T C 'Cg, T € Dewy(R) iff T € Ore;(R). Let us
show that 7' € Ore;(R). Given elements ¢t € T and r € R. Then t € 'n(T) = 'n('S). Since
'w(’S) € Deny(R/'a,0), 57 = Tt for some elements s € 'S and r; € R. Then sr — rit € a, and
so §'(sr — rit) = 0 for some element s’ € 'S, i.e. s's-r = s'r-t where s's € 'S C T. Therefore,
T e Orel(R).

2. Statement 2 follows from the maximality of 'S (Lemma 4.1.(1)).

3. Every element S € Deny(R) such that S = 'Cr N (S + assr(S)) consists of left regular
elements, hence S C’S. Now, statement 3 follows from statement 1.

4. Let T :="S(R) +"’a. Then 'n(T") ='n('S), and so the set T” is a multiplicative set of R.

(i) T" € Ore;(R): Given elements t € 7" and r € R. Then t € '7(T") = 'w('S). Since
'w('S) € Deny(R/'a,0), 5T = 71t for some elements s € 'S and 71 € R. Then sr — rit € ‘a, and
so §'(sr — r1t) = 0 for some element s € 'S, i.e. §'s-r = s'r-t where s's € 'S C T". Therefore,
T’ € Ore(R).

(ii) assg(T") = 'a: The inclusion 'S C T” implies the inclusion ‘a C b := assg(7”). If r € b, i.e.
tr = 0 for some element ¢t = s +a € T’ where s € 'S and a € 'a. Fix an element s’ € 'S such that
s'a=0. Then 0 = s'tr = §'(s + a)r = s'sr, and so r € 'a since s's € 'a.

(iii) 77 € Deny(R): We have to show that if rt = 0 for some elements r € R and t € T’
then r € 'a. The element ¢ € T' is a sum s + a where s € 'S and a € 'a. Then the equality
0 =71t =r(s+ a) can be written as rs = —ra € 'a. Hence, s'rs = 0 for some element s’ €S, and
so s'r =0 (since s € 'S C'Cg). Therefore, 7 € 'a (as s’ €'5).

5. By statement 4, 'Q;(R) ~'n('S) Y (R/'a) ='7("S +'a) 1 (R/'a) ~ ('S +'a)"'R. O

Sufficient conditions for 'Q; . (R) ~ Q. (R/assr('Cr)). The next theorem gives sufficient
conditions for the ring 'Q; ;(R) to be isomorphic to the ring Q; . (R/assr('Cr)).

Theorem 5.4 Let R be a ring, 'C ='Cg and a = assg('C). Suppose that a is an ideal of the ring
R, the set'C :=w('C) is a dense subset of Cx in R:= R/a where m: R— R, r — T =r+a, and
CE S Orel(R). Then

1. 'C € Deny(R, a) and 'C € Deny(R,0).
2. n71(Cx) € Deny(R,a) and 'C C 7 (Cx).
3. 'Qua(R) ~'C R~ r1(Cs) 'R~ Qru(R).

Remark. If a is an ideal of the ring R then 'C C Cg, by Proposition 5.2.(2).
Proof. 1. (i) 'C € Ore;(R): Clearly, 'C is a multiplicative set of R. Given elements ¢ € 'C and
r € R. We have to find elements ¢ € 'C and ' € R such that ¢r = 7’c. By the assumption,
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Cz € Ore(R). So, let @ := @ ,a(R). Since 'C C Cg, we have 7e~ ' = 5 '7; for some elements
5 =5+ a € Cy (where s € R) and 71 € R. We can write 5,7 = 7;¢. By the assumption, the set
'C is a dense subset of C. Fix an element 7o € R (where ro € R) such that ¢, := 725 € 'C for
some element ¢; € ‘C. Then the equality 795,T = To71¢ can be written as ¢;7 = To71¢. Hence,
c1r — raric € a, and so there exists an element co € 'C such that ca(cir — ror1¢) = 0. Notice that
c :=coc1 €'C, 7" :=carory € R and c'r =r'c.

(i) 'C € Deny(R, a): The inclusion follows from Lemma 5.1 and (i).

By (ii), 'C € Deny(R,0) and 'Q; «(R) ~ TR

2. By statement 1, ’C € Den;(R,a) and'C C 7~ *('Cg). By the assumption, Cz = n(7~*(Cg)) €
Deny(R,0). Therefore, 7! (Cx) € Den(R, a).

3. By statement 2, 77(Cx) 'R ~ C%IR = @. By the assumption, the set 'C is dense in C.

By statement 1, 'C € Den;(R,0). Hence, 'Q ~ ’5_1E ~'Qa(R). O

6 The classical left regular left quotient ring of the algebra
of polynomial integro-differential operators I

The aim of this section is to find for the algebra of polynomial integro-differential operators Iy
its classical left regular left quotient ring '@ :='Qy,(I1) and classical right regular right quotient
ring Q' :='Q,«(I1), and to show that both of them are canonically isomorphic to to the classical
quotient ring of the Weyl algebra A; (Theorem 6.5). The sets ‘Cy, and Cj, are described in Theorem
6.7. The algebra A; is a Noetherian domain so Q(A41) := Qpa(A1) ~ Qr «1(A1). The key idea in
finding the rings 'Q and @’ is to use Theorem 1.1. The most difficult part is to verify that the set
'C is dense in Cp, (see, Corollary 6.4).

We start this section with collecting necessary facts about the algebra I; that are used in the
proofs (their proofs are given in [1]).

The algebra I; of polynomial integro-differential operators. Let us recall some of the
properties of the algebra I;. Let K be a field of characteristic zero, Py = K[z] and Ey = Endg (P))
be the algebra of all K-linear maps from P; to P;. Recall that the algebra I; of polynomial integro-
differential operators is the subalgebra of FE; generated by the elements x, 0 = —gﬂ and [. The
algebra I; contains the Weyl algebra A; = K(x,0). The algebra A; is a Noetherian domain
but the algebra I; is neither left nor right Noetherian domain. Moreover, it contains infinite
direct sums of nonzero left and right ideals. Neither left nor right classical quotient ring exits
(Lemma 4.8.(1)). The largest left quotient ring Q;(I;) and the largest right quotient ring @, (I;)
are neither left nor right Noetherian rings (Lemma 4.8.(2)). The algebra I; admits a single proper
ideal F = @; jenKei; where e;; = [* 97— [*71 971 and k11 Fxo) = K[[leoo K[0] =~ K[[]@ K[J].
The factor algebra I; /F is isomorphic to the algebra A; » which is a the localization of the Weyl
algebra A; at the powers of the element 0. Each element a € I; is a unique sum

a—Za 8+a0+2/ at—i-Z/\”eU (2)

>0 >0

where ar, € K[H], H := 9z and \;; € K. Since 9 [ = 1, we have the equalities de;; = e;_1 5,
€;ij0 =€ j11, [ €;j = €it1,; and e;; [ =¢; j_1 (where e_q ; := 0 and ¢; _1 := 0). The algebra I is
generated by the elements 9, H := dx and [ (since z = [ H) that satisfy the defining relations:

o[- [1= [ ma=-o nu- [o-a- [on=-1-[o

Since the algebra I /F is a domain, 'Cy, = {a € [ |ker(-ar) = 0} where -ap : F — F, f — fa.
The right I1-module F is the direct sum @®;ene;0K[0] of isomorphic right I;-modules. The right
I1-module ego K[J] is a free right K[0]-module of rank 1. When we identify the right K[0]-modules
e K [0] and P := K9], the right I;-module structure on the polynomial algebra Pj is given by
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the rule: For ¢ >0, 9*-9 = 9", 9" [ =91 (i >1)and 1- [ =0,0"-H = 9'(i + 1). So,
/C]Il = {a € ]11 |ker('ap1/) = 0}

The algebra I; admits the involution * over the field K: 9* = [, [ =0 and H* = H, i.e. it
is a K-algebra anti-isomorphism ((ab)* = b*a*) such that a** = a. Therefore, the algebra I; is
self-dual, i.e. it is isomorphic to its opposite algebra I7¥. As a result, the left and right properties
of the algebra I; are the same. Clearly, e}, = ej; for all 7, j € N, and so F* = F".

Lemma 6.1 Suppose that T € Den;(R) and S be a multiplicative set of R such that S C T,
assp(S) = assg(T) and for each element t € T there exists an element r € R such that rt €
S+ assg(T). Then S € Deny(R) and S~'R~ T 'R.

Proof. (i) S € Ore;(R): Given elements s € S and 7 € R. We have to show that s'r = r's
for some elements ' € S and ' € R. Since T € Ore;(R) and s € S C T, tr = r1s for some
elements ¢t € T and r; € R. By the assumption, rot = s; + a for some elements 7o € R, s1 € S
and a € a := assg(T). Since assg(S) = a, soa = 0 for some sy € S, and so saraot = sgs1 € S.
Now, 5981 - T = Sorot - T = Sarg - tr = SoT9 - 118 = Soro7y - 5. It suffices to take s’ = sos1 € S and
7" = sorar1 € R.

(ii) S € Den(R,a): Suppose that rs = 0 for some elements r € R and s € S. Then r € a =
assg(S) since s € T. Now, by (i), S € Den;(R, a).

(iii) ST'R ~ T71R (by Lemma 2.5.(3)). O

Let A; be the subalgebra of the Weyl algebra A; generated by the elements H and 0. The
algebra A is isomorphic to the skew Laurent polynomial ring K[H][d,0 ] where o(H) = H — 1.
Let A9 := A;\{0}, A?,a = A1,0\{0} and AY := A;\{0}.

Lemma 6.2 For each element a € I;\F, there is a natural number i such that 9'a € AY.

Proof. By (2), 8'a € AY + F for some i. Since F = szlker(ai) (where 8]%1- I — Iy,
u s Ou) and 7AJ C A, we can enlarge the natural number i such that d'a € AY. O
The next proposition is the key step in finding the rings Q; (I;) and Q. «(I1).

Proposition 6.3 Let 'C :='Cy,, 7 : 1) = 1;/F ~ A5, 7= r+F, and S = 71'_1(14(1)78) =T;\F.
Then

1. S € Deny(I4, F) and S™I; ~ Q(A;).

2. A% € Deny(Iy, F) and A% ', ~ S~11;.

3. 'A% :="C;, N AY € Deny(I, F) and 'AY'T, ~ AV
Therefore, ’A?71H1 ~ A(1)71H1 ~ ST ~ Q(A4y).

Proof. 1. Since Sy := {0"|i € N} € Den(I;, F) and Sy C S, we have the inclusion F =
ass(Sp) C ass(S). In fact, F' = ass(S) since the algebra I; /F' is a domain. Then S € Den,(Iy, F),
since 7(S) = A?,a € Deny(A1,5,0), Sp € S and Sy € Deny(Ih, F). Now, it is obvious that
5_1]11 ~ W(S)_l(]ll/F) o~ (A%a)_lAl’a ~ Q(Al)

2. The inclusion Sy C AY implies that F = ass(Ss) C ass(Af). The factor algebra I;/F
is a domain and 7|ao : AY — AY is a bijection, hence ass(A9) C F, and so ass(AY) = F. By
Lemma 6.2, the multiplicative set A? is dense in S = I;\F. By Lemma 6.1, A? € Den;(I;, F') and
(A~ ~ ST,

3. The inclusion Sy C ’AY implies that F = ass(Sy) C ass('AY). The algebra I;/F is a
domain and 7|59 : A — 'A{ is a bijection, hence ass('AY) C F, and so ass('A}) = F. The right
Aj-module P/ is a simple one. By [10], for every nonzero element a of Ay, ker(-apy) is a finite
dimensional vector space. In particular, this is the case for all elements a € AY (since A) C A?).
Since M;>1K[0]9" = 0, for each element a € A{, we have ker(-ap;) N im(&};{) = 0 for some
i =i(a) > 1, ie. ker(-(0%a)p;) = 0. Therefore, d'a € 'Cr, N A} = "A} (since Fxg) ~ K[o]™).
So, 'AY is dense in A and ass('AY) = ass(A}) = F. By Lemma 6.1, 'AY € Deny(I;, F) and
(AN ~ ('AYD L. O
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Corollary 6.4 For each element a € I;\F there is a natural number i such that 8'a € 'AY.
Proof. This was proven in the proof of Theorem 6.3.

Theorem 6.5 1. 'Q;(I1) ~ Q(A1) is a division ring and ass('Cy,) = F.
2. Q. 4(Ih) ~ Q(A1) is a division ring and ass,('Cy,) = F.

Proof. 1. By Proposition 6.3.(3), 'A} € Den;(I;, F). Since ‘A9 C 'C = 'Cy, and the algebra
I, /F is a domain, we must have ass('C) = F = ass("A}). The ideal F is a prime ideal since I;/F
is a domain. By Corollary 6.4, the set 'C := 7('C) is dense in Cy, /p = A(l))a. By Theorem 1.1.(3),

"Que(lh) ~ Qre(Ais) ~ Q(A1).

2. Applying the involution * to statement 1 and using the fact that A} ~ A; we obtain
statement 2: Q). ;(I1) ='Qra(l1)* ~ Q(A1)* =~ Q(A]) ~ Q(A1). O

Let Vy := A} = K[H][[, 0] where o(H) = H — 1 and V{ := V;\{0}. Applying the involution
* of the algebra I; to Proposition 6.3 and using the facts that Cj, = ('Cy,)*, F* = F, §* = S and
A7 ~ A; (since the Weyl algebra A; is isomorphic to its dual; in particular Q(A}) ~ Q(A;)) we
obtain the next proposition.

Proposition 6.6 Let S =1;\F. Then
1. S € Den, (I}, F) and ;S ~ Q(A;).

1

2. VY € Den, (I, F) and [; V™~ ~ 1,871

3. Vi :=¢l NVY e Den,(I1,F) and [,V " =1, V9.
Therefore, 1,V, ' ~ 1,V ~ 1,571 ~ Q(A;).

Descriptions of the sets 'C;, and Cj . We are going to give explicit descriptions of the sets
'Cr, and Cj, (Theorem 6.7). They have a sophisticated structure. Let I' := {a = ao+ 2,5, [ ai+

flao #0, all a; € K[H], f € F}. In the proof of Theorem 6.7.(1), it is shown that 'Cj, C U;>10'T
and, for each element a € T, §%a € 'Cy, for some i = i(a) > 0. Then map

d:T =N, aw d(a):=min{i € N|d'a c'Cy} (3)

is called the left regularity degree function and the natural number d(a) is called the left regularity
degree of a. For each element a € T, d(a) can be found in finitely many steps, see the proof of
Theorem 6.7.(1) where the explicit expression (4) is given for d(a).

Theorem 6.7 1. 'C;, = {9%@*q|i € N,a € T}.
2.0 ="Cr.

Before giving a proof of Theorem 6.7, we introduce some definitions. For each element a =
ao + Y 51 fl a; + f € T, the elements I(a) := ap and ap := [ are called the leading term and
the F-term of a, respectively. The size s(f) of the element f is equal to —1 if f = 0, and to
min{m € N|f € &];_oKe;;}. Then s(a) := s(ar) is called the size of a. Let R(ao) := {i €
N|ao(i+1) = 0}, the set of roots of the polynomial ag(H + 1) that are natural numbers. Let r(a)
be the maximal element in the set R(a) := {i € R(ag)|i > s(a)}. If R(a) =0 then r(a) := 0.

For each element a € Iy, let K, := ker(-apy).

Proof of Theorem 6.7. Let 'C :='Cy,, P' = P| and P, := ®’_,Ko' for all j > 0. Similarly,
the vector space P., is defined.

1. (i) 'C C U;»00'T: Let a € 'C. The element a is a unique sum (2). It suffices to show that
there is 4 < 0 such that a; # 0 (since then a = 87+ where j = min{i < 0|a; # 0} and v € T; this
follows from the equalities 9% J =1 and 9F = F for all k > 1). Suppose that a; = 0 for all
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i<0,ie a=Y,, [‘a; + f where f = ap. Fix a natural number n such that n > s(a). Then
-0 : P<y — P<y_1, p— ap, and so K, # 0, a contradiction.

Till the end of the proof let a = ag + > ;5, [ a; + f € T. For all i > s(a), aPL, C P., and
& -a=0ag(i+1) mod PL,_,. Now, the statement (ii) is obvious.

(ii) ' T:=TN'C ={a € T'|r(a) = 0 and ker(-apés(a ) = 0}. For each element 'T', we set
d(a) := 0. Clearly, 8’a C'C for all a € 'T" and i > 0.

Till the end of the proof we assume that a € I'\'T". By the statement (ii), there are two cases:

(a) r(a) #0 (ie. R(a) #0), and

(b) r(a) =0 (ie. R(a) =0) and ker(-ap_, ) # 0.

In the case (a), K, C Plgr(a)’ and so d's € 'C for all i > r(a). In the case (b), K, C Pés(a),
and so d's € 'C for all i > s(a). This proves that the function d is well-defined (see (3)) and that
'Cp, = {04 *iq i € N,a € T}, in view of the statements (i) and (ii). Then

)

) 4
min{i [0 <i < s(a)+ 1, Ko N (@YW Kd7) =0} in the case (b). )

J

d(a) = {min{i [0<i<r(a)+1, KoN (@;S}H Kd7) =0} in the case (a),

2. Statement 2 is obvious. O
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