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INTEGRAL SOLUTIONS TO BOUNDARY QUANTUM
KNIZHNIK-ZAMOLODCHIKOV EQUATIONS

NICOLAI RESHETIKHIN, JASPER STOKMAN, BART VLAAR

ABSTRACT. We construct integral representations of solutions to the boundary
quantum Knizhnik-Zamolodchikov equations. These are difference equations
taking values in tensor products of Verma modules of quantum affine sls,
with the K-operators acting diagonally. The integrands in question are prod-
ucts of scalar-valued elliptic weight functions with vector-valued trigonometric
weight functions (boundary Bethe vectors). These integrals give rise to a basis
of solutions of the boundary qKZ equations over the field of quasi-constant
meromorphic functions in weight subspaces of the tensor product.

1. INTRODUCTION

The boundary quantum Knizhnik-Zamolodchikov (qKZ) equations have roots
in representation theory, in the theory of solvable models in statistical mechanics
and integrable quantum field theory. They first appeared in [1] where the qKZ
equation of type A [4] was generalized to other affine Weyl types. What we call
here the boundary qKZ equation corresponds to type C. Shortly after the work [1]
the boundary qKZ equation appeared in [7] as an equation for correlation functions
in the 6-vertex model with reflecting boundary conditions [15]. The boundary
qKZ equations also appear as an equation for form-factors in such models and in
quantum integrable field theories on the half-line [5]. In [20] the precise relation
between the boundary qKZ equations and Sklyanin’s commuting transfer matrices
[15] was established.

Recall that the boundary qKZ equations related to quantum affine sl require the
following data (we refer the reader to Section 2 for more details). Fix highest weights
l1,...,0y € C of Verma modules V% ... VN of Uq(,;[Q) and a step size 7 € C.
Recall that the Yang-Baxter relation for linear operators R1%(z) : Vi @ V& —
V& @ V* is the identity

(L1) R} (@)RE" (@ + )R () = R () Ry (« + ) Riy™ (),

for linear operators in V1 @ V% @ V¥ . Here we use standard tensor leg notations,
e.g., R2(2) = RO (2) @ 1Idye,. Given RO (x) satisfying (1.1), the left and right
reflection equations are identities in V4 ® V* for two linear operators K=(z) :
V¢ — V(0 =1y,0), namely

Releg (33 _ y)Kil-,h( )Pfgél R£2Z1 (Z‘ + y)PlllQK-‘r N2 (y)
= K )R (o y) K (2) PO R (x - y) PR,
PAA RN (o — ) PAS K (@) R (4 ) Ky 2 () =

= Ky () PR (o 4+ ) PR KT () RO (1 ),
1

(1.2)
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respectively; here P42 : Vi @ V2 — Vi @ V4 is the flip of tensor factors.
The corresponding boundary qKZ equations are the compatible system of dif-
ference equations

0L, -
Uttty + 7oy ty) = ROIT (b — togs +7) - RSN (8, — tn +7)
R Lrgr br
X Kj’h (tr + g)Rf\Jer& (tN + tr) e Rr—:llr (tH‘l + t’")
Loyl R e
X erll'r' (tr—l + t’”) T Rlilre (tl + tT)Kr ok (tT’)

) (RO (8 —,)) 7 e (R (b = £)) T W (b ),

r—1r

(1.3)

with r € {1,..., N} for meromorphic V¥ @ --- ® V/¥-valued functions ¥(t) in
t = (t1,...,tny) € CN. The Yang-Baxter equation (1.1) and the reflection equa-
tions (1.2) guarantee the compatibility of the system (1.3).

Special solutions to the boundary qKZ equations are known. First results go
back to the papers [6, 7] where the Heisenberg algebra realization of g-vertex oper-
ators was used to construct a specific solution corresponding to correlation functions
in the 6-vertex model. This method was applied to other models, to obtain spe-
cial solutions to boundary qKZ for other R-matrices, see [8] for an overview of
some results in this direction. A family of solutions to the boundary qKZ equa-
tions was constructed in our earlier papers [13, 14] as Jackson integrals (bilateral
series), cf. the works [12, 19] which dealt with the same topic in type A. In [17]
Laurent-polynomial solutions were found in terms of nonsymmetric Koornwinder
polynomials associated to principal series modules of the affine Hecke algebra of
type C.

1.1. Summary of main results. This paper can be regarded as a "type C coun-
terpart” of [18] where a basis of integral solutions to the qKZ equations of type
A was constructed. From the perspective of the Heisenberg XXZ spin chains, the
present paper deals with (diagonal) integrable reflecting boundary conditions as
opposed to quasi-periodic boundary conditions in [18].

We consider the boundary qKZ equation (1.3) for the tensor product of N finite-
dimensional representations of quantum affine sl and/or Verma modules over quan-
tum sly, for K-matrices which are diagonal in the weight basis. For a fixed total
weight space in the tensor product of the representations, which is naturally labelled
by a nonnegative integer M, we construct a basis for the associated meromorphic
solutions {Wg}s of the boundary qKZ equations over the field of 7Z~-periodic
meromorphic functions admitting an explicit integral representation

(1.4) U (t) = /C " wie () B(z; £)QdM x

for t deep enough in the asymptotic sector
{t | R(t1) > R(t2) > --- > RN(tn) > 0},

where R(t) is the real part of . The index set consists of M-tuples k = (k1, ..., k)
of integers satisfying 1 < k1 < ky < ... < kp < N, in case of Verma modules.
All the elements appearing in these integrals will be precisely defined in Section
3; we only emphasize some key points here. The integration contours Cg(t) are
Cartesian products of line segments in the complex plane of length 7 parallel to
the imaginary axis, whose location depends on the variables ty,,...,%x,,. The
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weight functions wy are similar to those used in [13, 14]; more precisely, they
are solutions to the same difference equations, but differ by exponential factors
and quotients of Jacobi theta functions. The g(:c, t)Q are so-called off-shell Bethe
vectors for reflecting boundary conditions as introduced in [15]; they are, up to a
scalar factor, those used in [13, 14]. The proof of completeness and of independence
of solutions is done by a careful study of asymptotic behaviour of solutions when
R(t1) > R(t2) > --- > R(ty) > 0. It is this asymptotic analysis that relates the
integral solutions of the present paper to power series solutions of boundary qKZ
equations, as studied before in, e.g., [10] and [16].

1.2. Open problems. It would be very interesting to understand the precise re-
lation between the integral solutions and the solutions considered in [6, 7] in terms
of matrix elements of vertex operators with respect to so-called boundary states,
as well as the Jackson integral solutions from [13, 14]. See [9] for some results in
this direction for type A. Another important problem is to verify the compatibility
of these solutions Wy (t) with fusion (cf. [14, Sec. 8]) and study their classical and
rational limits.

Among other open problems it would be a natural continuation of present work
to find integral solutions for the boundary qKZ equations (1.3) for different R- and
K-matrices. It would be nice in all these cases to construct a basis of solutions, to
understand their representation-theoretical meaning and to compare with special
cases known from physics literature.

1.3. Outline. In Section 2 we review the construction of the boundary qKZ equa-
tions for tensor products of Verma modules over quantum sls. We restrict through-
out the paper to the special case that the associated solutions of the reflections
equations are diagonal with respect to the standard basis of the tensor product of
Verma modules. Section 3 is the heart of the paper: here we introduce the building
blocks necessary for our solutions, namely weight functions defined in terms of g-
shifted factorials, the boundary Bethe vectors and the integration contours. We also
define the integral solutions and state the main result of this paper, namely, that
for a fixed total weight the integral solutions form a basis of the meromorphic solu-
tions to (1.3) over the field of 7Z~-periodic meromorphic functions, taking values
in the correponding (finite-dimensional) total weight space of the tensor product of
Verma modules.

The proof of the main statement is spread out over Section 4. In Section 5
we consider the boundary qKZ equations for functions taking values in the tensor
product of finite-dimensional modules over quantum affine sl,. The appendices A
and B provide technical statements underpinning the proof of the main result.

1.4. Acknowledgements. The research of N.R. was supported by the Chern-
Simons chair and by the NSF grant DMS-1201391; he also acknowledges support
from QGM at Aarhus, where an important part of the work has been done. B.V.
is grateful to the University of California and the University of Amsterdam for
hospitality; he was supported in his work by an NWO free competition grant when
employed at the University of Amsterdam and EPSRC grant EP/L000865/1 when
employed at the University of Nottingham.
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2. REPRESENTATION THEORY AND INTEGRABLE DATA

Here we will use conventions from [14, Section 2.1] and refer to this publication
for more detail and references.

2.1. The quantum affine algebra L{n(sA[Q) and the universal R-matrix. Let
1 € C such that " is not a root of unity and write

agp a1\ _ [ 2 —2

ao ann) \-2 2 )°
We start with the unital Hopf algebra 22,7 :
e” and generators e, ey, fo, f1 and e (h €

= U, (;[2) with deformation parameter
b := Cho®Ch;) with defining relations

’ ’
ot _ ghoh

=1 e'e”

)
erlhi — efnhi

h, —h i(h hpo—h _ —aih _
et = iMe;, el fieh = e, lei fi] = 6ii——=,

for h,h/ € h and 7,5 = 0,1, and with the Serre relations

e?ej — (e +1+ e’zn)efejei + (e 4+ 1+ e*2’7)eieje2 - eje§ =0

i

S — @+ 1+ e f2fifi+ (" + 14+ e ) fifi [ — [i/2 =0

for i # j. Here the roots o; € h* are defined by «;(h;) := aij,
The coproduct A and the counit € are determined by their action on generators:
Ale") =e @ eh,
Ale)) =e;@1+e ™ e,
A(f)=fioe™ +10 f;
and
ey =1, e(e)=0, €(fi)=0

forhehandi=0,1.

Let ﬁn be the extension of Z:i,, with generators e*? (z € C) satisfying [e", e”?] = 0,
e%le; = e®i0e,e% and e f; = e~ ®%0 f;e¥ Then Z/~l,, turns into a quantized Kac-
Moody algebra in a natural way (see [3, Chpt. 9]). In particular, there is a universal
R-matrix R € an®gn [2, 3, 4], where & is suitably completed tensor product. The

universal R-matrix has the form
R=exp(nc®@d+d®c))R

where ¢ = hg + h; and R € Z;n@)LAln is the “truncated universal R-matrix”. We
denote the opposite coproduct by A°P. In the category of modules where ¢ acts by
zero (zero-level representations), R satisfies all properties of the universal R-matrix:

RA(a) = A°(a)R,
(A ® 1d>(R) = R13Ro3, (ld ® A)(R) = Ri13R12
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2.2. Evaluation representations of quantum affine sls. Z/A{n contains quantum
sly as the Hopf subalgebra U,, = (e1, f1,e™M). For £ € C, define a representation
¢ of U, on V¢ = @, Cv§ by means of

(o) uh) = %,
sinh(dn) sinh((2¢ + 1 — d)n) )
7r6(61)@51) = Sinh()? vf},l, with vfl =0,
T (f1)(vg) = Vi,

for d € Z>o. The U,-module (7, V*) is the Verma module with highest weight ¢
and highest weight vector vf.

Precisely if ¢ € 37>, the maximal U,-submodule W* is given by ®3°,,, Cv}.
We write V¢ := V¢/W* for the irreducible finite-dimensional quotient. Denote by

pr! the canonical map: V¢ — V¢, The cosets

74 = prf(vh) = v + W* for d € {0,1,...,2¢}

— - — 1
form a weight basis of V. If £ = L we write V = Vz and 74 = v; for d € {0,1}.
For each z € C there exists a unique unit-preserving algebra homomorphism
¢o : Uy — U, satisfying

bz(e0) =€ “ f1, du(e1) =e ey,
¢2(fo) = e”eq, ¢z (f1) =€" f1,
Qbm(eZhO) = 67Zh1, ¢m(eZh1) = eZhla

using which we define the evaluation representation 7% = 7 0 ¢, : ZZ, — End(V¥).

Remark 2.1. In [14] we wrote M* instead of V* and {mf{,...,mj, ,} instead of
{v§,...,v5,}. Also, V¥ in [14] corresponds to the present notation V*. The purpose
of this is to have simplified notation for infinite-dimensional objects (by placing a
bar over the symbol to denote the corresponding finite-dimensional objects) as we
will focus on these in most of this paper.

2.3. R-matrices. We now pass from the universal R-matrix to its image under
the evaluation representation. For details see e.g. [4]. Let ¢1,f2 € C and let
R (2 —y) € End(V? @ V*2) be the scalar multiple of (74 @ 7.?)(R) normalized
by the condition

R % () (v @ vg?) = vy ® v
Then R’ *2(z) satisfies the Yang-Baxter equation (1.1). Furthermore, it satisfies
unitarity,

(2.1) RO 2 (g)~1 = pl2hiRl2bi(_g)plrto
as well as P-symmetry,
(22) P€2 ZIR@ £y (QT)PAZQ _ Rhfz (,CC)

See, for example, [14, Lemma 2.1] for a proof of P-symmetry. Another important
property is the (higher-spin) ice rule according to which R‘*2(z) preserves the
total weight spaces

(VA @VE)(M) :={v e VA @V | (r" @ 7'2)(A(e"))v = e2(1H2-M)y)

(2.3) . 4
:span{vdl ® CF | dy,dy € ZZQ& di+ds = M}
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for all M € Z>y.
In the case where {1 € 1Zx, there is a unique linear operator L‘:2(z) on
Vi @ V¥ satisfying
(2.4) (prf* @ Idye, )R %2 (2) = L9 2 (2) (pr’* @ Idye,).
Furthermore, if £, ¢y € 2Z>¢, there is a unique linear operator R**(z) on V% ®
— 27z
V% satisfying
(2.5) (pr’ @ pr'2) R 2 (z) = R% 2 () (pr @ pr2).

In particular, we have the spin-half R-matrix R(x) := R %(x) satisfying, for
dy,dsy € {0, 1},

F5) — — Vd, @ Vdy, if dy = ds,
2.6) R(x)(vg, ®Uq,) = sinh(z) — B sin B _ )
( ) ( )( ' 2) { sinh(hlv("r)’ﬁ) Vd, ® Udy + sinh(hm(j-)r]) Vdy ® Vdy if dl 7é d2'

The operators R“ 2(x) can be recursively defined in terms of R(z) through what
is known as R-matrix fusion, see [14, Sections 3.2 and 3.3] and references therein.

Given ¢ € C we also have the spin-half L-operators L‘(z) := Lz ‘(z), mero-
morphically depending on z € C; from (1.1), (2.4) and (2.5) it follows that they
satisfy
(2.7) Roo (x — y) Lo (x5 8) Ly (y3 8) = Ly (y; ¢) Lo (3 8) Roo ( — ),
an identity for operators in V ® V ® V¥, with the first copy of V labelled 0 and the
second labelled 0'. They also satisfy crossing symmetry

sinh(z + (3 — £)n)

2.8 LY (z) = 2 oL (—x —n)toa?,
(28) ( sinh(z + (3 + 0)n) *° ( o

an identity for operators in V ® V¥, with V labelled 0, 0¥ = ( \/0_—1 _\gjl> and tg
transposition relative to V, cf. [14, Eq. (2.8)].

Remark 2.2. We emphasize that the notation R‘2(x) in this paper corresponds
to R%*2(x) in [14] whereas the present notation R‘+*2(x) is called R***2(z) in [14].

2.4. K-matrices. We highlight here the key points from [14, Section 4], which the
reader may consult for more details and references. Let R‘2(x) be as in Section
2.3. Because of P-symmetry (2.2), both reflection equations (1.2) simplify to

R (2 — y) K (1) RO (2 + y) Ky’ (y) =
K52 (y)R“%(z + y) KD (2) R4 (2 — v).

There is a one-parameter family K*(z;¢) € End(V?) of solutions to (2.9) which are
diagonal in the weight basis. They act on arbitrary weight vectors according to

(2.9)

4 sinh(¢ —z + (£ +

Jj=1

%—j)n) 0
1 . Vd;»
3 —J)n)

where d € Z>¢. In particular, they satisfy
K*(a;)(vg) = v
and the unitarity condition
K'(z;6) 7" = K'(—;9).
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For ¢ € 1Zs¢, the natural projection pr to the quotient representation V*
applied to K*(x;¢) gives the corresponding solution K*(z;¢) € End(V?) to (2.9);
furthermore we write K (r;¢) = K'/?(x;€) as for the R-matrix. The operators
K%(x;€) can be recursively defined in terms of R(z) and K (z;¢) through what is
known as K-matrix (bulk-boundary) fusion, see e.g. [11].

Remark 2.3. Similar to the R-matrices, the notatiorLKZ(x) in this paper corre-
sponds to K(z) in [14] whereas the present notation K*¢(z) is called K*(z) in [14].

2.5. Tensor products of evaluation representations. Let N € Z>( and fix
£=(ly,...,0y) € CN. We will be considering linear operators on

VE=Vig...@ViN

and write an arbitrary element of its natural basis as vﬁ = vf;ll ®-- -®v§1]‘\’] , where d =

(di,...,dn) € ZJZVO. Taking into account the weight decomposition V¢ = @4>oCv}

h1

with respect to the action of ™ we have the total weight decomposition

V= é VE(M)
M=0

with
VEM) :

B of

dePn (M)
N
Py(M):={d=(dy,...,dy) € ZY,| > d, = M}
s=1

(compare with (2.3), which is the special case N = 2).
The tensor product basis {v§}aepy(ar) of the weight subspaces V#(M) can be
labelled in another natural way. For M, N € Z>(, define

(2.11) Iy ={(k1, .. kn) € {1, N k) < ko < ... < ku)
The following map is a bijection between Py (M) and Ips n:

Cun: Tun = Pv(M): k= (nk(1),...,nk(N)),
where we have introduced the notation
(2.12) ne(r) =#{ie{l,... . M} |k, =r}
for ke {1,...,N}™ and r € {1,..., N}. The fact that (s n is a bijection is clear
if we write an N-tuple from Iy v as follows:

(ki,... ky)=(1,...,1,2,...,2,3,...,3,...,N,...,N).
—— e~ ——
nk (1) n(2) 1k (3) ne(N)

Note also that Zivzl ng(r) = M for all k € I n. Using (a,y we can parametrize
the tensor product basis of the weight subspace V#(M) by elements in I as:

VEM) = P C
keln, N
where

R 4 _ L 4
Qk = UCM,N(k’) = ’Unlk(l) ® e ®vnIZ(N)
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2.6. Boundary qKZ equations. Fix £ € CV and 7,£,,¢_ € C. Given the R-
and K-matrices defined in Sections 2.3 and 2.4, the spin-£ boundary qKZ equations
are the following equations for meromorphic V#-valued functions ¥(¢) in t € CV:

(2.13) U(t+ Te,) = A (t)U(t), ref{l,...,N},

with {e,}; the standard othonormal basis of CV and the transport operators
given by

Ac(®) = RS (b = tpgn +7) - RSN (8 — ty +7)
. . g1 by
X Kfr (tr + 33 §+)R§\vaf (ty +t.)--- Rr-:lr (try1 + 1)

(2.14)
X R (b A 1) o RO (0 4 6) K (6360
(R (=) (RIS (o — 1)

for r € {1,...,N}. The Yang-Baxter equation (1.1) and the reflection equation
(2.9) yield the consistency conditions

At +7es) As(t) = As(t + e, ) A, (t) forr,s e {1,...,N}.

When /¢, € %Zzo the equation projects to the corresponding quotient space V%t @
@V @V Vit @ VN see [14].

The finite-dimensional subspaces V(M) C V¢ (M > 0) are invariant subspaces
for the transport operators A,(t) (r = 1,...,N) since the R-matrices satisfy the
ice rule and since the K-matrices act diagonally with respect to the weight basis of
the Verma module. It follows that the meromorphic solutions of (2.13) are of the
form ¥ = 3,5,V with ¥y; a meromorphic V4(M)-valued solution of (2.13).
In the remainder of the paper we therefore focus on the construction of a basis of
V¥¢(M)-valued meromorphic solutions of the boundary qKZ equations (2.13) for a
fixed value of M.

We now first discuss the existence of power series solutions of the boundary qKZ
equations (2.13), for fixed value of M € Z>(. Suppose R(7) < 0 and consider the
sector

A:={(ty,...,tny) € CV[R(t1) > R(t2) > ... > R(tny) > 0}.
We will write ¢ 2 co when
R(ts —tsy1) — oo for s € {1,...,N — 1} and R(ty) — 0.
Note that if t 2 oo the real parts of the arguments of all R- and K-matrices in

(2.14) go to +o0.
In order to study the asymptotics of the bqKZ equations (2.13) and their solu-

tions as t 2 co more precisely, we rely on appendix A and [3, §9.6].
Let Q4+ C RY be the cone

(2.15) Q4 = @ Zzo(ei —ei+1) D Z>pen-.

For 8 = (B1,...,0n) € ZN we write e(#t): = Hf\il efiti. Let r € {1,...,N}. Tt
follows from [3, §9.6] and the explicit form of the diagonal K-matrices that there
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exist A, € End(V#(M)) for o € Q% such that

as linear operator on V¢(M), with the power series converging normally on compact
sets for ¢ deep enough in the sector A. Write 0 = (0,...,0) € CV. Lemma A.2
implies that Ag.. acts on V¥(M) by the formula

(216) Ao;er = QDm;er, m € IM,Na

where
M

(217) Py = ( H e2(77§+5)+4(MiZS>TZS)n> e~ 40 #{iE{L,.. . M}|mi>r}n

i=1
mi=r

Let ®;, be a nonzero meromorphic function on CV satisfying the scalar difference
equations

(218) <I>k(t+7'e,«) :Sak;rcbk(t)a re {].,,N}
Then it follows that
U (t) := Pp(t) e
satisfies the asymptotic boundary qKZ equations
U (t+7er) = Ao U (L), r=1,...,N.

So it then makes sense to look for power series solutions W (¢) of (2.13) tending to
UX(t) as t A .

It is easy to construct an explicit solution @ of (2.18) as a quotient of products

of renormalized theta functions. We first need to introduce some notations. We
write ¢ = €7 and we will assume R(7) < 0, so that 0 < |g| < 1. The g2-shifted

factorial
(2:0%) 00 = H (1—2¢*™)
m>0

is a holomorphic function of z satisfying the property (¢%2; ¢%)oo = (1—2)71(2; ¢*) 0o-
We will employ the notation
(21,22;‘12)00 = (Zl;qz)oo(ZQ;qz)oo-
The renormalized Jacobi theta function is the holomorphic function defined by
0(2) = (2,6°27 1 ¢*) oo
It satisfies the quasi-periodicity condition 6(¢?z) = —2716(z). We will use in for-
mulas the notation a(4x) to stand for a(x)a(—2). For instance, (e*7;¢?)s stands
for (e*,e™%; ¢%)no.
An explicit nonzero meromorphic solution @ of (2.18) is now given by

N g(etr
a0 =11 Tony

Any other choice differs from ®, by a nonzero 7ZN -periodic meromorphic function.
If U is a V¢(M)-valued meromorphic solution of the boundary qKZ equations
(2.13) and k € I n is fixed, then

O = ;'
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is a V4(M)-valued meromorphic solution of the rescaled boundary qKZ equations
(2.19) U(t+r1e,) = A@)U(t), re{l,.. N},
with rescaled transport operators A (t) := go,z;iA,«(t). Now the leading coefficient

Aﬁ;r of the power series expansion

Bt = 3 A0
a€Q4
is acting on V¢(M) by
VZISTQm = Mgm, m € IM,N~
’ Pre;r
Then [10, Appendix] guarantees, for generic parameters, the existence and unique-

ness of a V¢(M)-valued meromorphic solution Oy of the rescaled boundary qKZ
equations (2.19) such that

Or(t)= Y Lke (b [k evi)
a€Qy

for t deep enough in the sector A, with the V¢(M)-valued power series normally
converging on compact sets and with leading coefficient

Lk = .

Our main goal is to find an explicit integral expression of Ok deep enough in the
sector A.

3. INTEGRAL SOLUTIONS OF THE BOUNDARY QKZ EQUATIONS

We will exhibit V¢(M)-valued solutions Wy (t) of (2.13) for k = (ki,...,ky) €
Iy v admitting an integral representation of the form

Ui(t) = /C . wi(w: 8)B(; £)0dM a,
k

on some subsector A C A. We will show that, up to an explicit multiplicative
constant, ¥, equals @kék, which provides the link with the power series solutions
of the boundary qKZ equations from the previous subsection.

The Bethe vectors B(x;t)(2 are elements of V#(M) with trigonometric depen-
dence on & € CM and ¢t € CV. They will be discussed in Subsection 3.1. The
scalar weight functions wg(x;t) will be defined in Subsection 3.2. We will specify
the integration contour Ck(t) in Subsection 3.3 before stating the main theorem in
Subsection 3.4.

3.1. Bethe vectors. Like the gKZ transport operators A,.(t), the objects g(az, t)
are linear operators on V# constructed in terms of the R- and K-matrices introduced
in Section 2, but according to a different procedure, first conceived for quantum
integrable systems with reflecting boundaries by Sklyanin [15]. We first introduce
linear operators acting on V ® V¢, where the solitary tensor factor V' 22 C2 is called
auxiliary space and is labelled 0.

Recall the L-operators L‘(z) = L2‘(z) € End(V ® V*) defined through (2.4).
Fix £ = ({1,...,¢n) € CN. Define the (type A) monodromy matrix

T(x;t) = Ly (z — t1) - L% (z — ty) € End(V @ V).
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From (2.7) it follows that the T'(z;t) satisfy
(3.1) Roo (& — y)To(z; 8)To (y; t) = Tor (y; t)To(a; t) Roor (z — y),

an identity in End(V ® V ® V¥), with the first copy of V labelled 0 and the second
labelled /. Fix £_ € C and define

T(z;t) =T(—2;t) " (K(z;6-) @ Idye)T(z;t) € End(V ® V.

Given that T(x;t) satisfies (3.1) and K(x;¢_) satisfies the reflection equation in
End(V ® V), it can be straightforwardly verified that 7 (z;t) satisfies the reflection
equation in End(V @ V ® V¥):

Roo (x — y)To(z3t) Roor ( + y) Tor (y3 t) =

(3.2) Yy v
Tor (y; ) Roor (z + y) To(z; t) Roor ( — y).

We introduce an operator B(z;t) € End(V*) by means of

(33) Tty = (1 500,

* *

i.e. for all u € V* we have
T (2;t)(T1 @ u) = Tp @ B(x;t)(u) + 71 @ (some element of V¥).

In the rest of the paper we will use the shorthand notations

Grim&—1-3. L=e -1

It is convenient, as will become apparent in Appendix B.2, to use a slightly modified
version of B, namely

N . . NS
=~ sinh(ts — z + €sm) sinh(2x) sinh(- — ) .
B(x;t) := (}:[1 sinh(ts —z — Km)) sinh(2z +n)  sinh(n) Blme =30

Fix M € Z>( and define, for @ = (z1,...,20m) and ¢t = (¢1,...,tN),
B(x;t) = B(zy;t) - - - Bz t) € End(V¥)

(we do not specify the depth M in the notation of g, it will be clear from context).

The off-shell spin—€ boundary (or type C) Bethe vectors are the elements g(w, t)Q €
VE(M), where Q is the tensor product of highest weight vectors:

Q:=Qp=0v® vy eVh

One of the results of this paper is an explicit decomposition of the boundary Bethe
vectors in terms of the tensor product basis of V#(M).

Proposition 3.1. As meromorphic V¢(M)-valued functions in (x,t) € CM x CN,
we have

(34) Bla:t)a= ) Bu(@t)

keln, N
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where

e, € 1nh(ezx1 - 5_)
Br(x;t) = e ( ’ Z Z <H sinh(¢ S € — L)

meSykec{£}M
y H sinh(ts + €;2; + €57) H sinh(ts — e;x; + €sm)
S sinh(ts + €;2; — £sm) : sinh(ts — €;2; — £sm)

% ]:[Sinh(ql'i + €T + 7]) H Sil’lh(ql’i — €% — ’I]))
v sinh(ezi + €jx;5) 0 sinh(e;z; — €;x;) :

i<j m;<mj

Essentially, the result owes to the higher-spin ice rule of the R-operators and the
diagonality of K (z;¢_). The proof of the Theorem is given in appendix B.
_ Note that Proposition 3.1 implies that the off-shell boundary Bethe vectors
B(z;t)Q are m\/—1-periodic in each z;.

3.2. Weight functions. Fix 7,7,(,,¢_ € C and £ € CV. Suppose that R(7) < 0
and set ¢ = e7. For t € CV, introduce the single-variable meromorphic m+/—1-
periodic functions F'(+;t), g, h as follows:

N (872(t5iz7&77);q2)
F(xy t) = H ( —2(tstz+Len). qQ)OOa

s=

1
(2, 2edE ) )
(62 _E+_w)7 62(_57 _Z); q2)oo

iy (),
(€200

)

For i € {1,...,M} and k € I n define the single-variable meromorphic m/—1-
periodic function wug;(-;t) by

Hs>k» H(QQ(x_ts _Zs"?))
f(c2—tartm)

(3.6) Uk;i(gj; t) c— otk Q(QQ(E—tki -H/ik;z:))
HsZki

where

Ui = &4 €+ T+l +2(D b — M +i)n.
s>k;

We use these functions as building blocks to define a meromorphic weight function
wg on CM x CN by

M

(3.7)  wi(x:t) :CI)k(t)(HF(xi;t)g(zi)uk;i(zi;t)> Il Ar@ita))

i=1 1<i<j<M
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By writing out the theta-functions as products of ¢?-shifted factorials, cancellation
with ¢2-shifted factorials coming from F takes place. It leads to the expression

M 2(xi—ts+Lsn). 2
Hs .(e 34 )00
wi(@; t) = %(t){l [ ==

D o (@ ).

[, (22074 g2) ([ )

HsZki (qQQQ(tS*Ii ,an); qz)oc (e*Z(terl’mLfsTl); q2)oo

L (@PPE ) et g% o
(62(*§~+*5L’z’)’ 62(7%: *fL’i); q2)oo

M 2,—2(zita;+n). 2
% { H (1 _e—2(z7::i:fc_7’))(q e ™ itiq )oo}

(e_Q(Iii%‘ _77); q2)oo

et Q(GQ(M—tki +¢k;i))

X

S

ij=1
i<j

The poles of wg(x;t) in x; are unilateral sequences whose real parts tend to either
oo or —oo in steps of size —R(7). Also, wg(x;t) is mv/—1-periodic in each x;.

3.3. Integration contours. We fix 7 € C with R(7) < 0 and set ¢ = e7. We
furthermore fix N € Z and M € Z>¢. Write £ = (¢1,...,{n) for the N-tuple of
highest weights.

Definition 3.2. For k € Iy n we write Dﬂ)N for the set of parameters (£,7n) €
CY x C satisfying

n(r) —1

R(Lon) > maX(O, afe(n)) vre{l,...,N}.

Furthermore, set

(3.9) Dy,n = m Dir -

kcly, N

For k € Iy v we write
(3.10) ik(m;r) = an(s) +m
s<r
for r € {1,...,N} and m € {1,...,ng(r)}, so that k; = r if and only if i =
i(m;r) for some 1 < m < ng(r). We now define for k € Iy and (£,7n) € D]’fLN
the set F’XL n of base points of the integration cycle as the set of M-tuples v =
(71, ---,var) € CM satistying
- %<£kt77) < %(’yz) < %(Ekln)a
%(Vi(s+1;r)) < §]:e(’yi(s;r))a
§):E(/-Yi(s—&-l;'r')) + §R(’r’) < §R(’-}/1(.577))
for1<i<M,1<r<Nandl<s<ng(r). Note that F'X/I,N is nonempty and
path-connected if (€,7) € Df; y.
Let k € I n, (€,n) € Df; v and v € T%; . The integration cycles that will be

used in the definition of the integral solution of the boundary qKZ equations (2.13)
are of the form

CRt) := (tr, +7 + V-1[0,7]) X -+ X (ty, + 1 +V—1[0,7])
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for t = (t1,...,tn) € CV.

3.4. Main result. The set {e; — e;11}*;" U{en} is a choice of simple roots of
the standard realization of the root system of type By in RY. Let Q4 be the cone
in ZY generated by these simple roots, see (2.15). Denote

Ay = R(Lsn).
v e (€sm)

The main result of the paper can now be stated as follows.
Theorem 3.3. Fiz N € Z~o and M € Z>¢. Set ¢ =¢™ with R(7) < 0.
a. Let k € Iy n and (€,n) € Df/I,N' For~ € FIJCVI,N the integral
(3.11) Ou(t) := / W) B 1)0dM o
crey Pr(t)

defines a V¢(M)-valued holomorphic function in t € 7&, where

A= {t €A ‘ R(ts — tst1) > 2A4 +max(R(n),0) for 1 <s < N,

R(ty) > Ay + max(R(2),0,R(—€,), %(—E_))}.

The integral Ok (t) does not depend on the choice of v € F’X/I,N.

b. Let k € Inn and (£,m) € DY, . There exists a unique VE(M)-valued
meromorphic solution Wy, of the boundary ¢KZ equations (2.13) on CN
such that, on the sector Zk,

(3.12) Uy (t) = i (t)Ok(t) = / wi(z;t)B(x; 1) QdM .
Cr(®)
c. Let k€ Insy and (£,n) € D]’T/LN. The V*#(M)-valued integral O (t) has a
VE(M)-valued series expansion for t € A of the form
(3.13) Or(t)= > LEe (D LkeviM),
a€Q+

with the series converging normally for t in compact subsets of A. The
leading coefficient is given by LE = vpQp, where

Vg 1= (mﬁeﬁ)M< 11 ezz,.nk(sy,)

(3 14) 1<r<s<N
: N nr(r —2m m—1— W
< 1 £ (gRe=2mn ged((m—1—tontwn,); g2)
st ittt (q2, q2€—2177 e2(m—1—2h)n; q2)oo ’
(3.15) Wi =& + &+ T+ (G —nk(M)n 42 (L — ni(s))n.

s>r

d. Let (£,n) € Dyn. Then {Vy |k € Inrn} is a linear basis of the space of
V4(M)-valued meromorphic solutions of the boundary ¢KZ equations (2.13)
over the field of TZY -periodic meromorphic functions.

Remark 3.4. We may write

wt)= 3 ( / ” wk<m;t>ﬁm<w;t>d”fw) o

mecly N
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for t € A with the coefficients Bm as given in Theorem 3.1. It allows for a direct
comparison with the integral solutions to type A qKZ in [18]. The coefficients
Bm/(x;t) of the Bethe vectors are the boundary analogons of the “trigonometric
weight functions” appearing in [18], whereas wg (x;t) corresponds to the product of
the “short phase function” and the “elliptic weight function” and ®(t) is the direct
counterpart of the “adjusting factor” of the elliptic weight function. More precisely,
our integrand is the direct analogon of the integrand F'(¢) considered in [18, p.43,
Proof of Theorem 6.6]. Here we add that in [18] the elliptic weight function, like
the trigonometric weight function, is defined as an orbit sum. However, owing
to invariance properties under an action of the symmetric group, its terms all
contribute the same to the integral. In [9], this type A elliptic weight function was
re-defined as a single term in order to make a connection with solutions to the qKZ
equations in terms of formulae derived from free-field realizations of intertwiners of
quantum affine sls.

The version of Theorem 3.3 for solutions of the boundary qKZ equations (2.13)
taking values in the tensor product of finite dimensional modules over quantum sl
is discussed in Section 5.

4. PROOF OF THE MAIN RESULTS

Here we will prove the various statements made in Theorem 3.3. We start by a
helpful lemma listing the poles of the integrand of O(t).

Lemma 4.1. Let j € {1,...,M}. Fizz; € tg, + v +—1[0, 7] for i # j. The

poles of the integrand wy(x; t)B(x;t)Q2 as a function of x; are contained in
((P,; () = TZ50) U (P (t) + TZZO)) sy
where
Py () = {ts + Ln}on, U{mi — n}icy
P i) = {ts = lsntosn;, U{—ts — lsmts U {—&,—€_}U
U @i +m}is; U {=2i + n}izg

Proof. Since R(7) < 0, from (3.8) we see that the sequences of poles of z;
wy(x; t) whose real parts tend to +o0o are given by

({ts+€sn|1 Ssgkj}u{xi—n|i<j}) —TZzo—l—?T\/ZZ
whereas the sequences of poles whose real parts tend to —oo are given by
({ts —ln 7|k <s<NYU{~t,— |1 <s < N}U{-&,,—€ JU
U{xi+n|i>j}u{—xi+n|i7éj}> + 7750 + TV/—1Z.
From Proposition 3.1 we see that the poles of x; — B/ (x;t) are contained in
({2t = ) |1 < s < NYU (ks |i £ 5} ) + 7v/=12

Using (3.8) again, we see that all of these poles except those of the form t, — ¢, for
1 < s < k; are cancelled by zeros of wy, (z;t). We obtain the desired statement. O

In the following four subsections we prove the four parts of Theorem 3.3.
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4.1. Holomorphicity of the ©. Here and in Section 4.3 we will use the short-
hand notation

ty == (tkl, . ,tkM) ecM
for t = (t1,...,tx) € CN and k = (k1,...,kn) € Inn. We may substitute
x; = y; +tg, fori € {1,..., M} in the defining formula (3.11), so that

(4.1) Or(t) = /CW( )W@(th +y: 1) QdMy.

Note that the integration over y; is over the line segment v; + v/—1[0, 7].

From Lemma 4.1 we see that, for any j € {1,..., M}, the poles of the integrand
as a function of y; are avoided if the real part of every element of P,j; ;(t) (with
x; = y; +tg, for i # j) exceeds R(tx; + y;), and the real part of every element of
P ;(t) (Wlth T = y;+ty, fori # j) is less than R(¢, +v;). Note that R(y;) = R(v:)
for all 4 € {1,..., N}. This yields the inequalities

[R(v;)| < R(Ly;m),

R(v; —v5) > R(n), for ¢ < j and k; = kj,
R(v; %) > R(n), for i > j and k; = kj,
§R(ts —tg;) > R(y; — Lsm), for 1 < s < kj,
R(ty, —ts) > R(—y; — Lsn), for k; < s <N,
R(ts +tr,) > R(—y; — Lsn), for 1 <s <N,
R(tr, —tr;) > R(y; —vi +n), fori<jandk; <Fkj,
R(tr, —tr,) > R(vi —v; +n), for ¢ > j and k; > kj,
Rty +tr;) > R(= — v +n), fori#j,
R(te,) > R(=& — ),
§)?(lﬁkj) > R(—E- — 7).

The inequalities independent of ¢ are simple consequences of the condition v €
Fﬁ/[, n- For the inequalities involving sums and differences of the t; we also need
R(tr —trr1) > 2A4 +max(R(n),0) for 1 <r < N, R(tn) > At —|—max(§R(’27) ) and
R(tyx) > 0. The final two inequalities rely on R(tx) > A4 +max(R(—&4 ), R(—E)).

Since the integration in (4.1) is over a compact set which is independent of ¢ the
integrals define V¢(M)-valued holomorphic functions O on A

By virtue of Cauchy s integral theorem, these functions O do not depend on
~erk A7, since Ik 1, 1s path-connected and the separation of poles by the contours
is unaltered for different choices of 7. We obtain part a of Theorem 3.3.

4.2. Integral solutions of the boundary qKZ equations. It is convenient to
define Fy, to be the V*#(M)-valued meromorphic function @0 on A. Consider the
subsector

A, = {t cA \ R(ts — tsr1) > 2A4 + max(R(y),0) — R(r) for 1 < s < N,
R(tn) > Ay + max(R(F),0,R(~E,), R(-E)) — R(7)}

of A. Note that if £ € A, C A then t +Te, € A for all r € {1,..., N} so that both
sides of the boundary gKZ equations (2.13) with ¥ = Fj, as given by (3.12) are
well-defined on A,. Here we will show that they are equal on A

To show this we need to make additional assumption on the step size 7, which
we can later remove by meromorphic continuation.
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Note that the definition of the parameter set D]’fL n does not depend on 7. We

can and will therefore restrict to parameters (£,n) € ’D]"\“L yand 7€ CwithR(r) <0
satisfying the additional conditions

] . 9?((2& +1- nk(r))n)
(4.2) —R(r) <  fnin R(yn) and —R(1) <  fnin TR+ 1

(which is possible since (£,n) € ’D]’f/[}N). We also take the base point ~ in the
restricted set I"IT/L N~ consisting of the base points v € I"X/[, N satisfying

=Rl +7) < R(v) < R(lw;n +7),
%(’Yi(s+1;r)) + §R("7 - T) < %(WZ(S,T))

for 1<i<M,1<r<Nandl<s<ng(r). Note that F’X/[’N;T is nonempty as a
consequence of (£,7) € DX, v and (4.2).

We will use the proof [14, Section 7] of the analogous statement for Jackson
integral solutions of the boundary qKZ equations. These were defined as summa-
tions over © € xy + 7ZM for some base point xy. Hence each variable x; could
be replaced by x; — 7 without affecting the overall value of the sum; such shifts
provided a key step to the proof.

To mimic the proof for Jackson integrals we will shift integration variables by
—7 in the integrals using Cauchy’s theorem (recall that R(7) < 0). We use the
following standard observation. Let f(x) be a meromorphic function in & € CM
and view it, for fixed z; (¢ # j), as meromorphic function in x;. Suppose it is
mv/—1-periodic in x; and holomorphic for x; in the vertical strip
(4.3) Sr(z):={y e C| R(z) <R(x) <R(z—7)}.

Then
/ f()dz; = / f(x —e;7)dz;
z+[0,7]v/=1 z+[0,7]v/=1
by a direct application of Cauchy’s theorem. So when in [14] a summation variable
is shifted by —7 (this occurs in Lemma 7.6 in 4bid.), we replace this by the procedure
above based on the application of Cauchy’s theorem.

The only other difference with the Jackson integral case arises because in the

definition of Fy(t), the contours depend on ¢. In other words, for t € 1&7 we have

Fr(t+7e,) = / wi(x;t + Te,) Bzt + Te,)QdV x,
Cl(t+re,)

with the shift in 7 possibly appearing in one of the integration contours as well as
the integrand. If r # k; for all j € {1,..., M}, then the shift in 7 does not affect
the contour, hence

(4.4) Fr(t+Te,) = / wp(z;t + 7e,)B(x; t + re,)QdV .
Qe

We first claim that (4.4) is also true if r = k; for some j € {1,...,M}. We can
apply the above procedure involving Cauchy’s theorem (without the subsequent
variable substitution) with z = t, +7; +7. A subtlety arises if ng(r) > 1, in which
case Cauchy’s theorem needs to be successively applied for all integration variables
x; with k; = r starting with the variable z; with j = ix(1;7) and working our way
up to ig(ng(r);r). Hence, at each step we must assume that x; € tg, +7;+1[0, 7]/—1
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ifk; =k;andi < j,and x; € ty, +v +7+[0,71]v/—1if k; = k; and ¢ > j. To show
that Cauchy’s theorem indeed can be applied, we use the following lemma.
Lemma 4.2. Letk € Inrn. Let (€,n) € D]’f/LN and T € C satisfying R(7) < 0 and
(4.2). Choose v € I"X/LN;T. Let 1< j< M. Fizt € AT, x; € tg, +vi + [0, 7]v/—1
ifi <j and x; € ty, + i + On, 1, 7+ [0, W]/ =1 if i > j, then
w(x;t+71eg.) ~
——— = B(x;t 0
Op(t + Tex;) (@t +7ex)

as a function of x; is m\/—1-periodic and has no poles in Sy (ty, +v; + 7).

Proof. The periodicity condition follows immediately from the analogous properties
of wy(x; ) and B(x; £)Q. Using Lemma 4.1, the desired result on the poles holds if
the real parts of all elements of P,: ;(t+Tey;) are strictly greater than R(¢x; +v;) and
the real parts of all elements of P (t + Tey; ) are strictly less than R(ty, +v; + 7).
This imposes the inequalities

—R(y;) < Rk, m),
R(vi — ;) > R(n), for i < j and k; = kj,
R(v; — ) > R(n), for ¢ > j and k; = kj,
R(ts —tr;) > N(y; — Lsm), for 1 <s < kj,
R(tr, —ts) > R(—y; —Len —7), for k; < s <N,
R(ts +tr,) > R(—v; —€sn —7), for 1 <s <N,
R(tr, —tr;) > Ry — v + 1), for i < j and k; < kj,
R(tr, —tr,) > R(vi —vj +1—7), for i > j and k; > kj,
R(tr, +t,) > R(=vi —vj+n—7), fori#jandk; #kj,
RQ2tx;) > R(=yi —v; +n—7), fori<jandk; =k,
3%(2th) >8‘E(77,-77j+n727), for ¢ > j and ki:k]’,
R(tr,) > R(—Ey — 7 — ),

R(tr,) > R(=&- — 7 — ;).
The inequalities independent of ¢ immediately follow from ~ € Fﬁ Nir (the in-
equality R(v;) < R(fx,n + 1) is the only instance in this proof where we actually
require y € T'§; .. as opposed to v € 'y, ). For the inequalities involving ¢ we
also need the condition [J(v;)| < R(¢x;n) and in addition conditions implied by
teA,. Namely, the first three inequalities involving t follow from the conditions
Rty —tr11) > 2A1 —R(7) for 1 <r < N and R(tn) > 0. The inequalities involv-
ing tx, + 1y, are a consequence of the conditions R(t, — t, 1) > 2AL + R(n — 7),
R(tn) > Ay +R(3 —7), R(tx) > 0 (and (1) < 0), and the final two inequalities
are a consequence of R(ty) > Ay + max(ﬂ?(—g+)7 8?(—7{,)) — R(71). O

Applying Lemma 4.2 for j running through {i € {1,...,M}|k; = r} from low
to high values, we obtain (4.4) Hence the two sides of the boundary qKZ equation
(2.13) for U(¢t) = Fk(t) have the same contour C} (t) and differ in the integrands
in the same way as the summands did at the start of the proof in [14, Section
7]. Thus we follow that proof taking care to correctly use Cauchy’s theorem when
dealing with replacements x; — x; — 7. We recall that the strategy is to shift the
integration variable by 7 in appropriate terms in (4.4); these terms are essentially
due to the expansion of B(z; t) by means of (3.4). Next, we use the conditions (4.5)
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on the weight function wy, to establish that the terms on the left- and right-hand
sides of (4.4) can be matched.

We need the following functional equations

inh(t, £ — £+ 7)
Fla;t +Te,) = *rn 20T . t
(x:¢ +rer) = e sinh(t, £z + 4+ 7) (232),

N
sinh(ts —x — €sn + 7) sinh(ts + x + £4n)
Flz—7t) = Fla:
(z—75¢) (1:[1 sinh(t; — x + €sn + 7) sinh(ts + x — £sm) (z38),

gz —1) = q_2e_2(5~++5~*) sinh(z + ng) sinh(z + E,)
sinh(z — &, — 7) sinh(z — £ — 7)
_ opsinh(z —7) sinh(z —7n)
Mz —7)=e sinh(z) sinh(x +n—17) (@),

1 if r <k,
ki (258 + Ter) = upgi(a38) x { 2 EF e T oo LmMEDN g g
e~ if r >k,

Ui (1 — T3 8) = 22 E+HED AN =iy, (0 p)

where k,r € {1,...,N} and i € {1,..., M}. From these and (2.18) one derives

wi(x;t+ Te,) H sinh(¢, £ x; — Ly +7)
wg(x; t) s sinh(ty £ i + 6+ 7)

wi(x — Te;;t)
wi(z; t)

B <H sinh(ts + x; + ¢sn) sinh(ts — x; — Lsn + T))

(4.5) - sinh(ts + x5 — £on) sinh(ts — z; + L+ 7)

sinh(z; + &) sinh(z; + )
sinh(x; — §+ — 7) sinh(z; — 5_ -7)
" (H sinh(z; £ 2; —7) sinh(z; £x; — ) )

i sinh(z; + x;) sinh(z; 2; +n—7)

We emphasize that these are the same equations as those satisfied by the weight
function w(x; t) appearing in the Jackson integral in [14, Theorem 6.2]; in particular
they do not depend on k.

We denote e, t = (t1,...,tr_1, ~tp,tri1,...,tn) for t = (t1,...,ty) € CV and

re{l,...,N}yand J°={1,...,M}\J for J C {1,..., M}. Define, for € € {+}M,
JCAL,...,M},re{l,...,N} and x € C} (¢):

M .
€T (e p) #J s sinh(ts — €;2; + £sm)
t) = (-1 isinh(§- — €; -
m,. (33, ) ( ) <le[16 sin (f €T ) 1;[ smh(ts e — 6577)
% H 1 H 51nh(:&:a:l + ey + 'r])
e Sinh(tr —+ €,/ xq + Ern) Py Slnh(:l:itl —+ Gi’xi’)
i'eJge
51 h y y il 5!
% ( H bln. (€izi + €irwy +1) >’
oty sinh(e;x; + €y xy)

i,i' €J or i,i’ €JC
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which defines a my/—1-periodic function of each x; with j € J this is the same
function as in [14, Eqn. (7.8)].

We require some further notation. For d € {0,..., M} consider a subset J C
{1,..., M} of cardinality M — d. Write J = {i1,...,ip—q} with 1 < i3 < iy <

.. <ip—qg < M. Then for given k = (k1,...,km) € Iyn, © = (T1,...,2Mm) €
CY(t) and € = (e1,...,en) € {E}IM, we denote ky := (kiy,... kiy, ,)s TJ =
(XiysevyTiy,_,) and €5 := (€;,,...,€i,,_,). Note that x; € Cy, (t).

For the remainder of this subsection, we fix r € {1,...,N}, d € {0,..., M},
J C{l,..., M} such that #J = M — d and the subtuples k;, ; and €; as above.
For €. € {£}%, set

Are,c(t) := / wk(m;t)mi’J(a:;ert)dda:Jc,
Chr ye (t)

Tre,(t) = / wy (x5 t)me7 (z;t + e, )dx ge.
Ch e (t)

They are the analogons of their namesakes introduced in [14, Sec. 7.3] with the
summation over xy. € 7Z% replaced by an integral over x . € Ch, (t).

A careful inspection of the proof in [14, Section 7] shows that the only statement
which does not immediately generalize from the Jackson integral case to the integral
case is in fact in the proof of [14, Lemma 7.6] where in the Jackson integral a certain
variable x; in the summand is replaced by xz; — 7. In order to adapt that proof to
one suitable for our integral solutions, we apply the argument based on Cauchy’s
theorem again. Hence, the following lemma replaces the start of the proof of [14,
Lemma 7.6].

Lemma 4.3. Let k € I n. Let (€,m) € Dk/[,zv and T € C satisfying R(7) < 0 and
(4.2). Choose v € Tk ... Let j € J such that ; = +. For fized t € A, and
x; € tg, +vi + [0, 7]V —1 (i # j), the functions

zj = wi(z; t)mE (x5 e,t),

zj = wi(z; t)mE (x5t + Te,.)
are m\/—1-periodic and have no poles in Sy (ty, + ;).

Proof. The periodicity statement follows from the fact that both z; — wg(x;t)
and x; — m&’(z;t) are m/—1-periodic for any ¢.

Using that €; = + we see that the poles of m&7(z;e,t) as a function of z; are
contained in the set

({ts — 4|1 < s < NYU{£a;|i #j}) + v/ —1Z.
Similarly, the poles of m&”/(x;t + Te,) as a function of z; are contained in the set
({ts 1< s<N, s;«ér}u{—tr—T—Krn}u{ixiu;éj}) + o/ —1Z.

Considering (3.8), we see that all z;-dependent poles are cancelled by zeros of
wg(x;t), as well as the poles of the form t; — £,n for s < k;. It follows that all

poles of wy(x;t)me7 (x; e,t) and wy(xz;t)ms” (z;t + Te,.) are contained in

<(Q;‘;j — TZZO) U (Q,;j + TZZO)) =+ W\/jZ,
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where
Qr; () = {ts + Lsn}scn, U{zi —n}icy
Qr,;(t) = {ts — ben}asr, U{—ts — b — 7}, U{—E&, —€_}U
U @i +n}is; U{—2i +n}izs-
The conclusion of the lemma is justified if the real parts of all elements of Q,j; ; are

strictly greater than R(tx; + v; — 7) and the real parts of all elements of @ ; are
strictly less than (¢, 4 ;). This yields the inequalities

8?('yj) > _%(gkj 77)7

R(vj) < R(lg;n+7),
R(vi —v5) > R(n—71), for i < j and k; = kj,
R(y; —v) > R(np— 1), for i > j and k; = kj,
R(ts —tr;) > R(yy —Lsn —7), for 1 < s < kj,
R(tr, —ts) > R(—v; — €sn), for kj <s <N,
R(ts +tn,) > R(—y; —Len—7), for1<s<N,
R(th, —tr;) > R(y; —vi +n—7), fori<jandk; <kj,
R(ty, —tr,) > Ry — 5 +m), for i > j and k; > kj,
R(tr, +tr;) > R(—vi —v5 +n), for i # j and k; # k;j,
R(2tx,) > R(—vi —v; +n), for i # j and k; = k;,
R(t;) > R(=& — ),
R(tr;) > R(=&- —75)-

We get similar conditions as in the proof of Lemma 4.2. However, the inequality
for the differences on ~y; is stronger as R(7) < 0. All these conditions are again a

consequence of y € T§; v, R(7) <O and t € A, O

In Fig. 1 we illustrate a typical arrangement of poles with respect to the vertical
strip S;(tx, + i) as pertains to Lemma 4.3.

Let k € Ipn and (£,n) € DﬁI,N' Following [14] it follows that for 7 satisfying
R(7) < 0 and (4.2) that

(4.6) Fu(t+7e) = A (£)Fe(t), 1<r<N

as meromorphic functions in t € 1&7. N
Next we show that the V¢(M)-valued meromorphic function Fy, = ®3,0 on A,
uniquely extends to a meromorphic V¢(M)-valued meromorphic function ¥y on
CV satisfying (2.13).
Let {Ay(t)}aczy be the unique family of linear operators on V¢ depending
meromorphically on ¢ € CV satisfying

Aot + B7)Ag(t) = Aays(t), a,BezN,
Ao(t) = Idve,
Ao (8) = Ay(2), r=1,... N

with A,(t) the transport operators (2.14) of the boundary qKZ equations (the
compatibility of the transport operators guarantees the existence of the cocycle

{Aa(t)}aczy ).
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S (t1+71)
—t1—f1n
X
% ><t1+5177+‘rr\/—1
ti+y1+my/—1
ZX 1 AN ><
h—bintmy/ =1 tit+yi—7+rv/—=1 X
—t1—lim—m\/—1
X
t1+¢
% % 1+€1m
X ti+71 .\. X
b~y tityi—7 X

FIGURE 1. Integration contour t; + 71 + [0,7]v/—1 and t;-
dependent poles of z1 — wk(w;t)g(az;t)Q for k1 = 1 and ~; sat-
isfying |R(71)| < R(k,n + 7) as in the proof of Lemma 4.3. For
each pole sequence, the pole closest to the vertical strip Sy (t1 +71)
(4.3), which is the shaded area in the figure, is indicated. The poles
consist of (unilateral) sequences entirely to the left or entirely to
the right of S;(¢t1 + v1). In the vertical strip we have marked the
closed contour with respect to which Cauchy’s theorem is used in

this subsection.

Consider the cone
Po:={AeZN | A1 >Xy--- > Ay >0}

Note that ¢ — At € A, for t € A, and A € Py. It follows from (4.6) that for all
A€ Py,

(4.7) Fi(t — A1) = A_\(1)Fi(t)

as meromorphic V#(M)-valued functions in ¢ € A,
If Wy, is a V¥#(M)-valued meromorphic function on C¥V satisfying the boundary
gKZ equations and coinciding with Fy on A, then

(4.8) Ug(t) = An(t — ar)Fr(t — aT)

for t € CN and o € ZV such that t — a7 € A,. Now (4.8) can be used to prove
the existence of the meromorphic extension of Fj, to CV. For this we need to show
that the right hand side of (4.8) does not depend on the choice of a such that
t—ar e 1&7. _

Suppose 3 € ZN also satisfies t — B € A,. Let A\, u € P, such that

Ata=p+peP;.
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Then repeated application of (4.7) gives

Ap(t — BT)Fi(t — 1) = Ap(t — BT)A_u(t — 7)™ Fi(t — (n+ B)7)
= Ag(t — BT)A_,(t — BT) ANt — aT)Fx(t — aT)
= A, (t — ar)Fy(t — aT),
where the last equality follows from the cocycle property. By a similar computa-

tion one shows that the resulting V#(M)-valued meromorphic function ¥ on CV
satisfies the boundary qKZ equations (2.13).

The identity ¥y = Fj on A extends to A by meromorphic continuation. Fi-
nally, the extra assumption (4.2) on the step size can be removed by meromorphic
continuation. This completes the proof of part b of Theorem 3.3.

4.3. Asymptotics. In this subsection we prove part c of Theorem 3.3. Recall the

notation tg := (tp,,...,tx,,) € CM fort € CV, k € Iy, n. We will investigate the

asymptotics of Wy (t) as ¢ A using the formula (4.1). It is convenient to study

3, th, We(tktyit)
D (t)

first the asymptotics of e and of

e” Xithi Bty + y; £)Q2 = e i ki Z Btk + ;)
mely N
Lemma 4.4. Let k € Iy n.

a. There exists unique continuous functions AX on CY(0) (o € Q) such that

oS m T k(e 2ed
aEQ4
for (y,t) € CJ(0) x A, with the series converging normally on compact sets.
Furthermore,
M Q(QQ(yi+1/1k;z‘))

k _
Aj(y) = ll;[l (eg(yﬁzkin), q2€*2(yi+zki"7); @)oo

202y —yi—n). 42
_ o2(i—vi) (g et 14”)o
X H (1 ¢ ) (62(yj—yi+17);q2)

1<i<j<M ey
ki=k;

b. Let m € In . There exists unique continuous functions f(’j’m on C’Z(O)
(o € Q) such that

e EE by b yit) = D [ (e Y

acQy

for (y,t) € CJ(0) x 1&, with the series converging normally on compact sets.
Furthermore,

M E_+23 0 ). Lem
k,m —€ <ki

0 (y) = Okm H 1 — e 2Witli;m)

i=1
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Proof. a. This follows from the explicit expression

oM, b, Wt Y t)

Dy (t)
_ ﬁ (H (e2Witte; ts+£577).q2)oo> 0 (2 witin))
i=1 S<kv Ayt —ts—Lem), 2) (GQ(yﬁekm),q2ef2(yi+zkin);qg)oo
> (H (q2e2(ts ti; llz+fsn);q2)oo)<l—[ (e 2(ts+ti; +yi gsn);qQ)oo>
s>k; (q282(t3_tki_yi_zsn);qz)oo 1 (8_2(t5+tki+yi+es7});QZ)OO

(q 62(§+—tk‘—y7‘,) q262(g__tki_yi)§q2)oo
(e —2(E4 +tx, +ui) 72(g—+tki+yi);q2)w

2, —2((yi+tn, ) E(yj+t,)+n). 2
X H (1 . e—2((’yi+tki)i(yj+tkj))) (q (& Y k YiTlk; )TN g )oo
( —2((yit+tr, )£ (yj+te;)—n). 2)
1<i<j<M € : 14

b. We use the explicit expression from Proposition 3.1. It gives

" it B (b + yi t) =

ezi(nm(mz) Z Z {H{ €;€e - tz‘ Sinh(i‘tk + €Y; —EE)

pESymM ec{£}M sinh(tp, + €itk, + €yi — lp,1m)
% (H Sinh(ts + eitki + €:Yi + ésﬁ)) (ﬂ Sinh(ts — €Y; — eitki + 5577))
(4.9) o sinh(ts + €itw, + €y — €on) ) \ -7 sinh(ts — ey; — ety — Lsm)
% H sinh(eitki —+ Ejtkj -+ €iYi + €Y + T]))
sinh(eity, + €ty + €iyi + €5y5)

1<i<j<M
% ( H Sinh(ﬁitki — Ejtk]. + €Yi — €Y; — ’I]))}
1<i<j<M Sinh(eitki - 6jtk.7‘ + &y — ejyj)
P;<Pj

For fixed p € Syym and € € {£}M a direct computation shows that

My
H €;€ e, smh(eitk + €y — & Z dp e —(a,t)
smh(tp7 + €ty + €y — épl ol
with leading coefficient
M g
E——Llr;m
—e ;
D€l _
dO (y) - 61)7,‘:65)(_)]\/1 g 1— e—2(y'i+€ki77)

and (—)M := (—,...,—) the M-tuple of minus signs. Here the convergence is as

indicated in the lemma. For all the other factors in the right hand side of (4.9) it

is easy to compute the series expansion when ¢ A 0. Tt leads to the result that

o™ X B (b + g3 t) =D fim(y)e

aEQ+
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with

M E—Jr(MJr?Z ‘_gs)n

k, —e 2 s<kj i ’ A ii) i<

0 (y) = 6k,m<| | ST )e(#{( 33) |k <k;}—#{(i,4) | i<i}Pn
i=1

and the convergence as indicated in the lemma. Finally note that the expression of
k.m e . . . .
fo " (y) coincides with the expression as given in the lemma because

#{(6,0) [ ki <k} =30, 0) [0 <3} = =406, ) |i < 4, ki = K}

_ M — #{(ZJ) | k; = kj} _ Z 1-— nk(kz)
2 i=1 2 7
where we have used that k; < kj; if 1 < j. 0

From Lemma 4.4 we immediately deduce that there exists unique continuous
V*(M)-valued functions R¥ on C7(0) (a € Q) such that

wy(ty + y;t)

(4.10) Br (1)

Blti +y:t)2= Y Ré(y)e ™!

aEQy

for (y,t) € CZ(0) x A with the V(M )-valued series converging normally on compact
sets, and with leading coefficient given by

RE(y) = > AF@) o™ y)m

mely N

. M 423, lom
= Ag(y) (lj[1 1_ez<y+4m> *

B M _ef—+223<k7‘, ésn0<e2(yi+wk;i))
B (e2(Evi=fiim); g2)

i—1

262(y—yi—n). o2
_ o2(i—wi) (g% 147)oo
% ( H (1 ¢ ) (e2(wi—vitn); ¢2) -

1<i<j<M

ki=k;

It follows from (4.1), (4.10) and Fubini’s theorem that O (t) has a V¢(M)-valued

series expansion

Ou(t) = Y Lke (@D

aeQy

normally converging for ¢ in compact subsets of A and with the coefficients given
by

= [ Ry acqQ
Ccr(0)

By the explicit expression of R¥(y) we have in particular

LE = O
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with ug the explicit integral given by
p / ﬁ 7657"‘225@” esng(ez(yi+wk;i))
k= T
o\ (ETig)

(4.11) 2.2(yj—yi—n). 42
% < H (1762(?/]'7741‘))((] Wiyt g )OO>dMy'

(eQ(yj—yan); q2)oo

1<i<j<M
k;=F;

So to complete the proof of part c of Theorem 3.3, it suffices to prove the following
explicit evaluation formula for the integral pg.

Lemma 4.5. Let k € Iy n, (£,m) € DJ’T/LN and T € C with R(r) < 0. Let
Y E F?\/[,N' Then pg = Vg, with vk given by (3.14).

Proof. Fix k € Ip n. Recall the notation ig(m;r) from (3.10). It follows that
wk;i(m,;r) = Wgyr T % + (Qm - nk(r) - 1)777

with wy,, given by (3.15).
Let r € {1,...,N}. We introduce the meromorphic function f*¥ on C™(") by

n(r) —n(r)—
H(QQQ(an+Wk;r+(2m n(r) 1)"7))
(z) =
Tgl (QQ(izm—Krn); q2)oo
2.2(2, —2m—1). 52
_ 22(zp—2m) (q emrm 4 )OO
X ( H (1 € ) (e2(zm/—zm+7]);q2)oo

1<m<m/<ng(r)

and the cycles
Ciry = (Vi) +V=1[0,7]) X -+ X (Vi(np(r)iry + V1[0, 7]).

Define
(412) gk [ a0
Cn
e (r) 2.,—2mn 2((m—1—L4)ntwr;r). 2
k._ _ — (qe , 4€ " ’r;q>oo
(4.13) vk = Hl( mv/—1) (o 3 TR, g2
Because

Cp(0) =Cay x -+ x Cy

and the product over ¢ < j in (4.11) entails the restriction k; = k;, we note that
the integral py, factorizes into a product of ng(r)-fold integrals for r € {1,...,N}:

M N
(4.14) Uk = (H —eb- T2k, éw) H Hf.
i=1 r=1

In view of (3.14) it therefore suffices to show that u* = vk,
We prove uk = vF for the following parameter values. We fix k € In;n, r €
{1,..., N} with ng(r) > 1 and 7 € C with (7) < 0. Consider the path-connected

non-empty parameter domain

D= {(&,77) € C? | R(tym) > maX(O, %%(n))}
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For fixed (¢,,n) € D let

Yy = (it - -+ » Vitnn(ryiry) € T
be such that
- §R(£r7l) < %(77/(8,7’)) < %(érn)v
%(Vz’(s’-&-l;r)) < §R(’yi(s’;r)),
%(Vi(s’+1;r)) +R(n) < %('Yi(s/;r))
for 1 <s <ng(r) and 1 < 8" < ng(r). Note that if R(n) < 0 then vy = (0,...,0)
satisfies the conditions.

The integral p¥ (see (4.12)) does not depend on the choice of (. This follows
from the fact that the separation of the poles of fF(z) by the cycle C(,) does not
depend on the choice of 7(,), and Cauchy’s theorem. It now also follows directly
that p¥ is holomorphic in (¢,,7) € D. The same is true for v* (see (4.13)) by

a direct inspection. Hence it suffices to prove that pu® = v* for the restricted
parameter domain

{(€r.m) € D | R(n) < 0} = {(£r,m) € C* | R(Lm) > 0 & R(y) < 0}
But this is the special case of [18, Appendix D - Proof of formula (5.13)] with the
associated parameters specialized to

a=b=e 2

—2Wpe;
)

c=gqe p=q>, x = e, O

4.4. Completeness. Consider the boundary qKZ equations (2.13) as a compatible
system of difference equations for V¢(M)-valued meromorphic functions on CV.
The fact that the leading coefficients vgQs of O (t) as t A % (k € Ip ) form a
linear basis of V4(M) implies that the {¥g}ker,, , form a linear basis of the space
of V*(M)-valued meromorphic solutions of the boundary qKZ equations over the
field of 7Z~-periodic meromorphic functions on CV by the arguments of [10, §5.6].
This proves part d of Theorem 3.3.

5. INTEGRAL SOLUTIONS FOR FINITE-DIMENSIONAL REPRESENTATIONS OF
QUANTUM slo
Fix ¢, € %Z>0 for 1 <r < N and write

N

—¢ — —
pt=pri @ - @pYN  VES TV =V @@V
for the projection onto the finite-dimensional quotient. Write

0, -— et _ = —L
Qk = pr Qk = Unlk(l) Q- ®U7LIZ(N)

for k € In,n. Note that

2N, 0,
V= P V'
M=0
with
Vion = @ c
kelf,

and with index set

Iy ={ke€lyn|n(r)<20, Vr=1,... N}
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Let A.(t) : V* 5 7* be the linear operators such that
A, (t) oprt = préo A, (t),

with A, (t) : V¥ — V* the transport operators of the boundary qKZ equations
(2.13). The boundary qKZ equations for Ve—valued meromorphic functions ¥ on
CN are
(5.1) U(t+Te,) = A.(¢)¥(t), re{l,...,N}.

Let 7 € C with ®(n) > 0. Then for all k € If;  we have (€,7) € D§; . Hence
Theorem 3.3 immediately gives the following result.
Theorem 5.1. Let 7 € C with R(1) < 0. Let £, € 1Z-o (1 <r < N) andneC
with R(n) > 0. Let 0 < M < 25N L. For k € If, y let Uy, be the VE4(M)-

valued meromorphic solution of the boundary q¢KZ equations (2.13) with respect to
the parameters (£,1), as defined in Theorem 3.3.

Then {pre\llk}kelﬁl . is a basis of the VZ(M)-valued meromorphic solutions of
the boundary qKZ equations (5.1) over the field of TZN -invariant meromorphic
functions.

Remark 5.2. If {4 = ... = {y = 3 then V¥ = (C?)®V and V¢(M) is spanned by
vectors g with k € Iy, n such that ng(r) <1 forall r € {1,..., N}. For all such
k we may take v = (0,0,...,0) € F’X/[’N, since k; = k; for i # j does not occur.

APPENDIX A. ASYMPTOTICS OF THE BOUNDARY QKZ EQUATIONS
Lemma A.1. Let ¢1,05 € C. The limits
(A1) RO = lim RY%(x), K(¢):= lim K" (z;¢).

exist and for all di,dy € Z>¢ we have

0145, L1 laN 2(d1d27£1d27d1£2)77 01 2
R (v @vg) =e vy ®ug

A2
o Ke(€)(vg)) = (~1)hemtBerChmdimyf,

Proof. Let R be the truncated universal R-matrix for LAI,], see Section 2.1. After
twisting it by 22 ® f; we will have an element R(z) € LA{SOQ[[Z]] of the form R(z) =
exp(4h1 ® h1)(1 4+ O(z)). The evaluation of R(z) in the tensor product of two
irreducible representations V4 @ V2 gives the R-matrix e?1/2" R“2 (1) where z =
e”; the extra factor is due to the normalized action on the tensor product of highest
weight vectors. The limit $(z) — —oo corresponds to z — 0. Thus, for the
R-matrices in question we have:

Rhfz (ZL') - 62415277(71-£1 ® 71_@2) exp (—ghl ® hl)
as R(z) — —oo, and owing to unitarity (2.1) we obtain
RO (z) = e 2007 (28 @ 1) exp (2hy ® hy)

as R(x) — co. When applied to vSi ® vfé, this gives the desired formula.
The asymptotic formula for K*(z;&) follows immediately from (2.10). O

As a consequence of Lemma A.1 we have
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Lemma A.2. Let £ € CN and r € {1,...,N}. Then the limit A, as defined in
(2.16) exists and for all k € Inr,n and allr € {1,..., N} we have

(A.3) AOO,T(Q’@) = @k;TQkH
with Vi, given by (2.17).
Proof. According to Lemma A.1, the desired limit exists and is equal to

Aser = (RE ) o (RE™)e (KE(64)) (R g (R ),

X (R )ty (Rf;;“)lr(Kﬁg(g,))r(Rg’fr)l‘j (Rl

r—1r
= (K4 (e0)K%(€0), TT(RE™)?..
s>r

where we have used (2.2) and the diagonality of both R % and K’ (¢). Applying
(A.2), for d € Zgo we have

Ao (vg) = e~ 2 (e4+&-+(2t,—do)n) <H e4(drd5—erds—d,‘ls)n> va

s>r

dr—1
e2d'r~(”7_§+ —€-)+4d, (Zs>'r‘ ds+ 7h2

_Zs 7,55)17 _
= z (He Mrdsn)vd.

s>r

Using the bijection (ar,nv @ v,y — Pn (M) we arrive at the following formula

i (P) (-4 —E_ ) +dni(r) (zmnk(sw%—zszres)n

% (H 674&%(8)77) Qp

s>r
for k € Ip,n. We denote maxy(r) = max{i € {1,...,M}|k; = r}. Recalling the
definition of ng(s) as given by (2.12) we have ) ng(s) = M — maxg(r). From
the formula for the sum of a finite arithmetic progression we infer that

AOO7T(Q]¢) =€

M
ng(r) —1 .
nk(r)(an(s)—i—k(Z) ) = Z(M—z).
>
Formula (A.3) now readily follows. O

APPENDIX B. THE BOUNDARY BETHE VECTORS
In this section we prove Proposition 3.1

B.1. Decomposition of ordinary Bethe vectors. For generic values of £,t €
C» and z € C we write

% £ T
T¢(r;t) = L0y (2 — 1) - LNy (2 — tx) = <* glEx’; g)

with B¢(z;t), D*(z;t) € End(V*); for the case N = 0 the convention on empty
products means BQ(Z'; f) =0. For £,t € CY and = € CM, we define
Bf(x;t) = B¥(x1;t) - - - B¢(2zps;t) € End(VY)

with the convention that for M = 0 we have B*(();¢) = Idy.. From (3.1) it follows
that [B*(z;t), B*(y;t)] = 0; as a consequence we have B¢(wx;t)Q = B¢(x;t)Q for
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any permutation w € Sp;. The vectors B¢(x;t)Q are called spin-£ ordinary (or
type A) Bethe vectors. A simple induction argument with respect to N, ultimately
a consequence of the ice rule for the R-operators, establishes that

(B.1) Bf(x;t)0= > by(x;t)va

dEPN(M)
for some bf;l(:c; t) € C, depending meromorphically on & € CM and ¢t € CM.

It is the aim of this section to provide a self-contained prescription for the closed
formula for the coefficients b4(z;¢). They are the “trigonometric weight funtions”
of [18]; we refer to this work, and references therein, for other points of view on
b5(x;t) and other derivations for their explicit formulae.

Recall that J¢ := {1,...,M}\ J for any J C {1,...,M} and introduce the
notations z := (z1,...,2y_1) € CN7! for 2 = (21,...,2y) € CY and z; =
(Tiyy s @iy,_,) for &= (21,...,20) € CM and J = {iy,...,ip—q} with iy <ip <

. <ip—q. From a statement analogous to [13, Lemma 4.2] it follows that

. B sinh(ty — 2 — (3 — ¢w)n)
pae= S (II o)

JC{1,...,M} NieJ sinh(ty —x; — (3 +4n)0

< (H sjﬁfﬁé; fjxj)m) (Bf(xj;a o I B™ m;m))g.

ied 1€JC
jeJ°©

(B.2)

Cf. [14, Eq. (5.6)] we have, for £,z,t € C and d € Z>o,

1
—eHFtnginh(y)

B@ -t £ _ )
(x’ )Ud smh(t —r— (% +£)n) vd+1

Combining this with (B.2) we obtain

M
10 = S (2=t )n —Sinh( )
B ,t)Q—dX:;)e Z (H sinh 140N )))

JC{1,...,M} NigJe (tN — L5 —
#JC=
inh(ty —
(B.3) y (H sinh(ty N1 )
Zejsmh(thxz +€N n)
sinh(z; — z; + 1) ( T OB o
B 11)Q ) N
. ( E sinh(x; — x;) (z:t) ® v

jeJe
A collection of functions
{4 :CM” @ CN — C meromorphic|£ € CV, d e Pn(M)}arNezs,
is said to satisfy quantum affine sly-recursion if the initial condition

(B.4) ch(0;0) =1
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and the recurrence relation

& (x; :edN(dTN*EN)n — sinh(z)
f(ast) > (M .—<;+£N>n>>

JC{1,...,M} NeJe (tN — T

sinh(ty — z; — (3 — {n)n)
(B.5) x (H sinh(ty —z; — (5 + KN)n))

ieJ
sinh(z; —x; +1)\ 7 ~
X (21 T
< H sinh(xi — .’L‘j) cd(wJ’ )

icJ

jeJe

hold true. Our plan is now as follows. First we will show that the by implicitly
defined in (B.1) satisfy this recursion. Then we will present another collection of
meromorphic functions af;l on CM x CV, parametrized by £ € CV, d € Z>0, by
means of a closed-form expression, which can be shown to satisfy the same recursion.
Since quantum affine sly-recursion has a unique solution, we obtain b4 = a4 and an
explicit expression for the Bethe vectors in terms of the basis {vft}dezgo follows.

Lemma B.1. {04]€ € CV,d € Pn(M)}arNezs, satisfies quantum affine sla-
Tecursion.

Proof. In the case N = 0, from B?(z;0) = 6 as we obtain (B.4). Combining (B.3)
with (B.1) and using that the v§ form a basis for V¢ we obtain that the b4 also
satisfy the recurrence relation (B.5). O

Let d € Py(M) and define

I(d) ;== {m e {1,...,N}M |Vsnm,(s) = d}

e ) ) sinh(t, — z; — (5 — 0,)n)

Clpp) — ( e sinh(n s—xi—(5—Ls)n )
ad(m’ ) Z H snlh( —T; — (% —i—fmi)r]) Sg_ Sinh(tS —x; — (% +€S)7])
sinh(z; —x; +1)
. H sinh(z; — x;)

m<m

Lemma B.2. {a4|f € CV,d ¢ Pn(M)}arNezs, satisfies quantum affine sla-
TEeCUrsion.

Proof. Tt is immediately seen that the a satisfy (B.4) owing to the convention that
empty sums are zero and empty products are one. To establish (B.5) for the aﬁ
first note that if n.,(s) = ds then

3 (el >i

=1 3:1 i=

m:
/—\
fi
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Note that

Eio 3 oSN e (—r)n — sinh(n)
ad(wJ,t) e 2 Z (H sinh(ty,, — 2; — (5 + €m,)n)

me[({i) icJ

=

N-1

Sinh(ts — Ty — (% - gs) ) sinh T — Ty +
I1 " ) 11 ( n

sinh(t, — z; — (5 + £s)n) sinh(z; — x;)

i,jE€J
m;<mj

s=m;+1

Hence, the right-hand side of (B.5) for cf = a4 is given by

oSN de (%=t ) D

mel(d) "Gt

M
e
|
&.
=}
=
=
S~—"
~_

— sinh(n)
(igc sinh(ty —2; — (3 + KN)TJ)) ( S sinh(tn, —z; — (1 + ln)n)

(1 sinh(ty —a; — (3 —n)n) Y5 sinh(t, — 2 — (3 — £,)n)
bl sinh(ty —x; — (% +4n)n) et sinh(ts — z; — (% +45)n)
sinh(z; — x; + 1) sinh(z; — x; +n)
% (H sinh(z; — ;) H sinh(z; —x;) /)’
_166}76 ? J 11,_7‘<€J ? J
FASE mg<m;

We specify a map

o~

Idyx{Jc{l,.... M}|#J =M —dn} — I(d)
by inserting N’s in the (M — dy)-tuples at the places given by the elements of
Je={1,...,M}\ J, ie.
((ma,....mup—ay),J) —(ma,...,mi—1, Nomyj ... ,mjy,—o, Nymj, 1, ...,
My —dn s N My a1 SMM—dy )s
where J¢ = {j1,...,Jdy} With j1 < jo < ... < jay; this is evidently injective, and

since both sets have finite cardinality 1(—[%7—?1;)!' ( (% ) i ! I it follows that the
s=1 s g s=1 Os*

map is bijective. Hence the right-hand side of (B.5) equals

() 5
mel(d)
( ﬁ — sinh(n) ) ( ﬁ — sinh(n) )
L osinh(ty — 2 — (3 +4n)n) L sinh(tm, — 2 — (3 + o, )n)
m;=N m£N

D=
_|_
S
»
~—
3
~—

sinh(ty — ;i — (3 4+ ¢w)n) sinh(ts — z; — (

" ﬁ sinh(ty — 2 — (3 — ¢w)n) Nl—_[l sinh(t, —z; — (3 — 65)17)>

s=m;+1

" ﬁ sinh(z; — x; + 1) ﬁ sinh(z; — x; +1)
A sinh(z; — z;) s sinh(z; —z;) )’
my<m;=N miéi?ﬂm

where the remaining products recombine so as to yield aﬁ(af;; t) as required. (Il
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Combining Lemmas B.1 and B.2 we deduce

(nmémi) ) sinh(n)

kely,n meSy (k)

N . 1
sinh(ts —z; — (5 — £5)n)
(B.6) < 11 sinh(t, — z; — (i +0)n)
s=m;+1 s 4 2 s)7

M.
sinh(z; — x; + 1)
X Qm.
< H sinh(z; — x;)
my<m;
B.2. Decomposition of the boundary Bethe vectors. Having completed the

induction, we may now consider £ fixed and drop it from the notation. Because of
(2.8) we have

N . 1
T(—x;t)" ' = (H sinh(ts + 2 + (5 = 4s)
et sinh(ts + 2 + (% +45)n)

=
~—

)it - meyay
Hence, from (3.3) it follows that

N N sinh(ts +2 + (3 — £5)n)
B(z;t) = <1:[1 sinh(ts + 2 + (4 + €s)n))

(B.7) .
X (D(—x —n;t)B(a;t) — mB(—x —n;t)D(x; t)).

From (3.1) we obtain the commutation relation
D(z;t)B(y; t) =

_ sinh(z —y +7)
~ sinh(z —y)

sinh(n)

B(y;t)D(x;t) — sinh(z — g)

B(z;t)D(y; t).
Using this and a trigonometric identity we infer from (B.7) that

Ly sinh(2z) (ppsinh(t + 2+ (3 - 6)n)
B(x;t) = sinh(2z 4 1) (1:[1 sinh(ts + 2 + é + gs)"))

sinh(é- —x —n)
sinh(¢_ + x)

X (B(x; t)D(—x —n;t) — B(—z —n; t)D(x;t)).

Hence

(B.8) Blazit)= > e

ec{+}

sinh(&_ — ex)

Sinh(7) B(—ex — L;t)D(ex — ;).

27 27

(B.8) serves as the base case of an inductive argument analogous to the proof of
[13, Prop. 4.1]. Tt establishes that

= M sinh(£_ — €;3;) M sinh(e;z; + €;x; + 1)
Bla;t) = Z (H ‘i sinh(n) ) ( H sinh(e;z; + €;2;) )

ec{+IM Ni=1 1LJ<:31

(B.9)



34 NICOLAI RESHETIKHIN, JASPER STOKMAN, BART VLAAR

In [14, Eq. (5.8)] the relation

N sinh ts —x — %*es
(B.lO) D(Q?; t)Q = U sinhgt; - — E; + 63;25

is derived. Combining it with (B.9) we find the following expression for the spin-£
boundary Bethe vectors in terms of the spin-£ ordinary (type A) Bethe vectors:

Mo (E N .
Bz )0 = Z H 5 sinh(§_ — €;7;) H sinh(t, — e;x; + £4n)

cempm \idi sinh(n) o sinh(ts — €@ — £sm)

M. M
sinh(e;x; + €525 +1)
B(— ily — ﬂ;t Q.
X <H sinh(eiz; + ¢;;) 11;[1 (—€iw; — 3;1)

i,j=1
i<j

(B.11)

In this formula we can then substitute expression (B.6) to arrive at an explicit
formula for the coefficients Bk (x;t) in the decomposition (3.4), yielding Theorem
3.1.
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