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FACTORISATION THEOREMS FOR GENERALISED POWER SERIES

SONIA I INNOCENTE AND VINCENZO MANTOVA

ABSTRACT. Fields of generalised power series (or Hahn fields), with coefficients in a field and
exponents in a divisible ordered abelian group, are a fundamental tool in the study of valued and
ordered fields and asymptotic expansions. The subring of the series with non-positive exponents
appear naturally when discussing exponentiation, as done in transseries, or integer parts. A notable
example is the ring of omnific integers inside the field of Conway’s surreal numbers.

In general, the elements of such subrings do not have factorisations into irreducibles. In the
context of omnific integers, Conway conjectured in 1976 that certain series are irreducible (proved
by Berarducci in 2000), and that any two factorisations of a given series share a common refinement.

Here we prove a factorisation theorem for the ring of series with non-positive real exponents:
every series is shown to be a product of irreducible series with infinite support and a factor with
finite support which is unique up to constants. From this, we shall deduce a general factorisation
theorem for series with exponents in an arbitrary divisible ordered abelian group, including omnific
integers as a special case. We also obtain new irreducibility and primality criteria.

To obtain the result, we prove that a new ordinal-valued function, which we call degree, is
a valuation on the ring of generalised power series with real exponents, and we formulate some

structure results on the associated RV monoid.

1. INTRODUCTION

1.1. Generalised power series. A generalised power series (or Hahn-Mal’cev-Neumann series)
is a formal sum ) k,t*, with coefficients k, in some given field K and exponents x in some given
ordered abelian group G = (G, +), such that its support {z € G : k, # 0} is well ordered. K ((t%)),
or K((G)) for short, denotes the set of all such series. K ((G)) has a natural ring structure, and it
is usually called Hahn field. An example is the field C((Z)) = C((t*)) = C((t)) of Laurent series.
Such fields appear when dealing with valued or ordered fields and asymptotic expansions (see e.g.
[Hah95, Kap42]). Given a subset A C G, let K((A)) = K((t*)) € K((G)) be the subset of the series
with support contained in A, such as the ring of Taylor series C((N)) = C((t)) = C[[t]] € C((Z)).
We shall prove some factorisation theorems for the ring of the series with non-positive exponents
K((G=Y)), and more generally for the rings of the form Z+ K ((G<)), where Z is some given subring

of K. Among these is Conway’s ring Oz of omnific integers, the canonical integer part of the field
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No surreal numbers, as it is of the form Oz = Z + R((No<")). These subrings appear naturally
when dealing with transseries [DMM97] and with integer parts [SheG4, MR93].

Denote by K(G) the subring of the series that are finite sums, and likewise by K (A) the subset
of those finite sums whose support is contained in A (e.g. C(N) = C(t") = C[t] is the usual ring of

polynomials over C).

1.2. Integer parts. Given an ordered field K, an integer part of K is a (discrete) subring Z C K
such that for any k € K, there exists a unique z € Z such that z < k < z 4+ 1. For any generalised
power series field of the form R((G)), the subring Z + R((G<Y)) is an integer part of R((G)), and it
is the unique one that is also “truncation closed”.

Shepherdson proved that the non-negative part of an ordered ring is a model of Open Induction
(the fragment of Peano’s Arithmetic based on the induction scheme restricted to quantifier free
formulas) if and only if the ring is the integer part of a real closed field. As corollary, Z + Q¢(Q<?)
is a model of Open Induction, where Q™ is the field real algebraic numbers [She(G4] (this was the
first example of a recursive model of a significant fragment of PA). Likewise, Z + R((G<?)) is a
model of Open Induction when R((G)) is real closed, so if and only if G is divisible. Mourgues and
Ressayre [MR93] proved conversely that all real closed fields have an integer part, and moreover,

one can choose the integer part to be truncation closed inside an appropriate R((G)).

1.3. Conway’s conjectures. Shepherdson’s ring Z + Q*(Q<Y) is a GCD domain, and no element
is irreducible except for the integer primes (see for instance ¢t=! = Tt =t ). The integer
primes of Z are clearly prime even in the ring of omnific integers Oz = Z + R((No~?)).

It is a natural question whether Oz has irreducible or prime elements outside of Z. In Oz,
Conway conjectured that 1+ > t=# (where N* := N\ {0}) is irreducible [Con76], and Gonshor

suggested that it should also be prime [Gon86]. Furthermore, even if Oz cannot be a GCD domain

neN*

(Remark 8.3.9), Conway conjectured that Oz is a common refinement domain (or pre-Schreier
domain) [Con76], namely whenever some b € Oz divide a product cd € Oz, we can write b = b1b2 so
that by divides ¢ and by divides d; equivalently, any two factorisations of the same omnific integers
should have a common refinement.

Berarducci answered affirmatively to the first conjecture [Ber(0] by showing that 147 . tw
and other similar series are irreducible in the ring K((R<C)), which then implies they are also
irreducible in Oz. Pitteloud then proved that 1+ 3, . t~7 is even prime in K((R=?)) [Pit01],
hence also in Oz by [BKIK06]. A few other irreducibility and primality results, and some cases of

uniqueness of the factorisation, appeared later [PS05, BIKIK06, LM17].

1.4. A factorisation theorem for K((R<")). In this paper, we prove a general factorisation
theorem for rings of the form Z + K ((G<°)), where Z is a subring of K and G is a divisible ordered
abelian group, including omnific integers as a special case. We first state the result in the special,
but crucial case Z = K and G' = R, namely for the ring K((R=?)).

Theorem A (6.4.1). For all non-zero b € K((R=")), there exist ci,...,c, € K((R=?)) drreducible
with infinite support and p € K(R=") such that b = p-cy -+ c,. Moreover, p is unique by
multiplication by an element of K* := K \ {0}.
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The further factorisations of the elements in K (R<") are well understood, as they form a GCD
domain (indeed, they can be seen as polynomials with fractional powers [Rit27, Poo95, EP9T7]).
Furthermore, the number of factors with infinite support is bounded (Remark 5.6.2). We remark
that Theorem A says in particular that every element in K (R<") is primal in the ring K ((R=?))
(Corollary 6.3.9), namely, if p € K(R=<") divides a product ecd € K((R=")), then we can write
p = p1p2 so that p; divides ¢ and py divides d. Therefore, K ((R<?)) is a common refinement domain,

and actually a GCD domain, if and only if every irreducible series is prime (Corollary 6.4.2).

1.5. A factorisation theorem for omnific integers. We now look at more general rings of the
form Z + K((G<Y)), where Z is a subring of K and G is a divisible ordered abelian group. For the
sake of presentation, we start with the special case of omnific integers. Note that the conclusion
t=w € Z + K((R<?)) is

divisible by all elements of Z. Similar issues appear when G # R. We thus need weaken the notion

of Theorem A fails in the general case. For instance, the series > .
of irreducibility.

Recall that the Hahn field K ((G)) has a natural valuation v : K((G))* — G (where K((G))* :=
K((G)) \ {0}) which sends each b € K((G))* to the least exponent v(b) in its support. For z € G,
write |z| for the absolute value of x, namely |z| = z if z > 0 and |z| = —z otherwise. Given x,y € G,
say that z is infinitesimal with respect to y, and write x < y, if n - |z| < |y| for all n € N, and that
x is comparable with y, and write x < y, if || < n-|y| and |y| < n - |z| for some n € N.

We say that b € Z + K((G<)) is coarsely irreducible if whenever b = cd for some ¢,d € Z +
K((G<9)), we have one of v(c) < v(b) or v(d) < v(b) (for instance, b= t—n € Z+ K((G<9))
is coarsely irreducible for any Z, G and x € G<9).

Furthermore, let b € Z + K((G<")) with b ¢ Z. Denote by supp(b) its support. For any =z € G
such that v(b) < 2 <0 (in particular, for  in supp(b)) call the standard part of x with respect to
b the real number sty () := inf{qg € Q : |z| < ¢-|v(b)|}. Note that stp(x) is contained in the interval

neN*

[0,1]. We call coarse support of b, denoted by supp(b), the set of all the real numbers of the form
sty(z) for = € supp(b). '

We can now state the theorem for the ring of omnific integers Oz. Recall that Oz = Z +
R((No<")), and also No = R((No)).

Theorem B (8.4.2). For all non-zero b € Oz, there exist

® ci,...,cy, € Oz coarsely irreducible with infinite coarse support,

e p € Oz with finite coarse support or with v(p) < v(b),

such thatb=p-cy-+--c, andv(cy) < - < v(ey) (b). Moreover, p is unique up to multiplication

= v
by a surreal number d € No such that supp(d) < v(b) (namely x < v(b) for all x € supp(b)).

Additionally, for each coarsely irreducible factor ¢;, we may further assume that either ¢; is

irreducible, or ¢; is divisible by any nonzero d € Oz with v(d) < v(¢;) (see Remark 8.3.7).

IThe coarse support will actually be defined differently in the proofs. The definition presented here is equivalent

up to multiplication by a non-zero real number, so the difference is immaterial for stating Theorems B and C.
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1.6. The general case Z + K((G<)). For full generality, we must further weaken irreducibility.
We say that b € Z + K((G<Y)) is coarsely irreducible up to monomials if whenever b = cd for
some ¢,d € Z + K((G<Y)), we have one of v(c) < v(b), |supp(c)| = 1, v(d) < v(b), |supp(d)| = 1.

One example of such series is Y tin € K((Q=Y)) where (g, : n € N) is an increasing sequence

neN*
of rational numbers converging to —v/2.

Theorem C (8.4.1). For all non-zero b € Z + K((G<")), there exist

o ci,....,cn € Z+K((G<°)) coarsely irreducible up to monomials with infinite coarse support,

e pe Z+ K((G<%) with finite coarse support or with v(p) < v(b),

such thatb=p-cy--+--cp andv(cy) < -+ < v(ep) < v(b). Moreover, p is unique up to multiplication
by an element d € K((G)) such that either supp(d) < v(b) or d € Z + K((G<°)) and |supp(d)| = 1.
If moreover sup(Supp(b)) is in the image of sty, then we may take c1, ..., ¢, coarsely irreducible,

in which case p is unique up to multiplication by an element d € K((G)) such that supp(d) < v(b).

Again, for each factor ¢;, we may further assume one of the following three options: ¢; is irre-
ducible, or ¢; is coarsely irreducible and divisible by any nonzero series d € Z + K((G<")) with
v(d) < v(e;), or ¢; is divisible by any nonzero series d € Z + K((G<?)) with either v(d) < v(¢;) or
|supp(d)| = 1 and such that v(d) > supp(c¢;) (see Remark 8.3.8).

Note that Theorem C includes Theorem B as a special case, as in Oz, the image of the map st
is the full interval [0,1] C R for any b € Oz. In fact, we shall prove Theorem C first, and deduce

the case of Oz as a corollary.

1.7. A new, finer valuation. The main ingredient in Berarducci’s proof of the existence of irre-
ducibles in K ((R=?)), and later in Pitteloud’s proofs of primality, is the ordinal-valued semi-valuation
“v;” (see [Ber00] for more details).

Here, the key ingredient is a new ordinal-valued valuation on K ((R<?)) which refines v;. Call
order type of a series b € K((R=)), denoted by ot(b), the unique ordinal number isomorphic to
its support as a (well) ordered set. Call degree of b, denoted by deg(b), the degree of its order
type ot(b), namely the maximum « such that w® < ot(b), with the convention “w=> = 07, so that

deg(0) = —oo. We shall prove that the degree is a valuation (up to reversing the ordering of On).

Theorem D (3.4.5). For all b,c € K((R=)),

e deg(b+ ¢) < max{deg(b),deg(c)} (ultrametric inequality);
o deg(b-c) = deg(b) ® deg(c) (multiplicativity);

where @ denotes Hessenberg’s natural sum.

One of the main advantages of the degree over Berarducci’s v is that deg is a valuation (namely
we also have deg(b) = —oco if and only if b = 0), whereas v is only a semi-valuation. Since v; takes
only values of the form w®, and v;(b) < ot(b), it follows at once that vs(b) < w®&®) for all series b.

For completeness, we also remark that there are other interesting valuations on K ((R<?)), and in
some cases, on K ((G=")). Firstly, the natural valuation v sending each series to the minimum of its

support. Moreover, the ‘dual’ map sup : K((R="))* — R=" sending each series to the supremum of
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its support, which can be shown to be multiplicative (Proposition 3.5.1), as it was already implicit
in [Ber00].

For an arbitrary group G, the maps vy, deg and sup are generally not multiplicative ([Pit02],
Remark 3.5.3). However, there is a suitable quotient of the map sup which is multiplicative even in
the general case. This will not be used in the paper, but it provides an alternative, simpler proof
that the ideal generated by the monomials t* for z € G<Y is prime [P’it02] (Corollary A.2.4), so it is
included in Appendix A.

1.8. New criteria for irreducibility and primality. A byproduct of the proof of Theorem A is

a strengthening of Berarducci’s criterion for irreducibility [Ber00, Thm. 10.5].

Theorem E (6.5.3). For all b € K((R=V)), if the order type of the support of b is of the form
w?" + B with B < w*”, and b is not divisible by t* for any x € R<Y, then b is irreducible.

For comparison, in [Ber00] 8 was only allowed to be 0 or 1, and 0 needed to be an accumulation
point of the support. One gets, for instance, that the series 1+ 3 . t=1=% is irreducible. Such

series is then irreducible in Oz. Likewise, we can extend the Pitteloud’s primality result [Pit01].

Theorem F (6.6.12). For allb € K((R=Y)), if the order type of the support of b is of the form w+k
with k < w, and b is not divisible by t* for any x € R<C, then b is prime.

In [Pit01] the order type could only be w or w + 1 and 0 had to be an accumulation point of
the support. A further, more technical criterion for primality for series of degree 1 is given in

Corollary 6.6.15, yielding for instance the primality of the series
b=bit=V2 £ bot™! 1 by

whenever by, by, bs have order type w, are not divisible by ¢* for any € R<?, and at least one of
by — bz, by — by has infinite support. It also follows that b+ 1 is prime in K ((R=<?)), so b=+ 1 is prime

in Oz.

1.9. Structure of the proof. At first, we shall prove Theorem D, namely that the degree on
K((R=")) is a valuation, in Section 3. The proof relies on Berarducci’s results related to the semi-
valuation v .

We shall then build an auxiliary monoid “RV”, and an auxiliary ring “f{{”, by taking an ap-
propriate quotient of K((R=Y)) via the degree in Section 4 (this mimics the construction of the RV
group of valued fields). We shall then exploit a structure result on RV and RV to prove Theorem A
and Theorems E, F in Sections 5, 6.

Once Theorem A is given, we shall prove in Section 7 a variant where R is replaced by an
Archimedean group G using only some elementary theory of polynomials. In Section 8, this will
lead to a proof of Theorem C with a reasonably straightforward argument in the style of [BIXK06],

and Theorem B will be simply a corollary.
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2. PRELIMINARIES

We first fix the notations and the basic facts we need to formulate and prove our results.

2.1. Ordinal arithmetic. The order type of a totally ordered set A = (A, <), denoted by ot(A),
is the equivalence class of A with respect to order similarity. A well ordered set is a totally ordered
set such that every nonempty subset has a least element. An ordinal number is the order type of
a well ordered set.

Given two ordinal numbers «, 3, we say that a < f3 if there are two representatives A and B such
that A C B and such that the inclusion of A in B is increasing; we say that a <  if @« < 8 and
a # 3. Let On be the (proper) class of all ordinal numbers. The class On is well ordered by <. Let
0 be the least ordinal number, which corresponds to the order type of the empty set.

Given an ordinal «, its successor S(«) is the least ordinal § such that o < 8. Given a set A
of ordinals, we let sup(A) be the least 5 such that o < g for all & € A. Ordinal arithmetic is then
defined by induction on <:

e a+0:=aand a+ f:=sup,5(S(a+7));
e a-0:=0and a-f:=sup,_g(a v+ pB);
e o:=1and af := sup, (e - ).

For the sake of notation, we also let Ongy, := On U {—oc0}, and we define —co < o, —00 + @ =
a+ (—0) = —00, —0 - = a-(—00) := —00, a > := 0 for all @ € Ony. Given an ordinal
a € On, we let the degree deg(a) of a be the maximum 3 € On,, such that w? < a.

For all & € On there is a unique finite sequence 81 > B2 > ... > 3, > 0 of ordinals such that

a:wﬁl—l—...—i—wﬁn.

Note that if @ # 0, then §; = deg(«). The expression on the right-hand side is called Cantor nor-
mal form of o. Furthermore, On also admits different commutative operations called Hessenberg’s
natural sum @ and natural product ®. These can be defined rather easily using the Cantor
normal form. Given a = w" +w” + ...+ w' and f = W't + W2 + .. 4 WPt in Cantor

normal form, the natural sum o @ § is defined as a ® § := W'~ 4+ WI*@ + ... + WI(+m)  where

7 is a permutation of the integers 1,...,n + m such that v,(1) > ... > Yr(nqm), and the natural
product is defined by a © 8 := D <;<,, D y1<j<iim W% We extend these definitions to Ona,
by letting a @ (—o00) := —00, a ® (—o0) := —oo. Note that by definition w® © w? = W*®F,

Given an ordered set A and two subsets B,C' C A, write B< Cifz <y forallxz € Band y € C.
Furthermore, if A is a subset of an ordered monoid, let B+ C :={z+y : « € B,y € C}. We have
the following.

Fact 2.1.1. Let A be a well ordered set. Then:
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e for all a, 8 € On, ot(A) = a + S if and only if there are B,C C A such that B < C,
ot(B) = a,0t(C) = g and A= BUC,

e for all B,C C A, ot(BUC) < ot(B) @ ot(C) ([Ber00, Lem. 4.1]);

e if A is a subset of an ordered group, then for all B,C C A, ot(B + C) < ot(B) ® ot(C)
([Ber00, Lem. 4.5]).

2.2. Generalised power series. Let K be a field and G be an ordered abelian group.

Definition 2.2.1. The generalised power series field, or Hahn field, K ((G)) with coefficients

in K and exponents in G is the set

K((G)) = {Z k. t® : ke € K, {x € G : ki # 0} is well-ordered by <}
zelG

where for b= kot c =3 colot" € K((G)) we define
b+ c:= Z(kzm + It bec:= Z Z kyl.t*, supp(b) :=={x € G : ky # 0}.
z€G z€G y+z=w

The group algebra K (G) is the subset
K(G):={p e K((G)) : [supp(p)| < oc}.

Notation 2.2.2. If A is a subset of G, we denote by K((A)) (or K(A)) the subset of K((G)) (resp.

K (@)) of the series whose support is contained in A.

Note that K ((A4)) and K (A) are clearly K-vector spaces. When A is a subset of G closed under
sum, then K((A)) and K(A) are closed under products, so they are (possibly nonunital) ring; if A
also contains 0, then K ((A)) and K(A) are rings. In particular, K ((G=°)) and K(G=Y) are subrings
of K((G)) (where G=0 = {x € G : = <0}).

Definition 2.2.3. The natural valuation of K ((G)) is the function v : K((G))* — G defined by
v(b) := minsupp(b) for b € K((Q))*.

Fact 2.2.4. The natural valuation is indeed a valuation, namely for all b, ¢ € K((G))* we have
e v(b+¢) > min{v(b), v(c)};
e v(be) = v(b) + v(c).

2.3. Common refinement domains. Let R be an integral domain.

Definition 2.3.1. An element b € R is primal (after [Coh68]) if for all ¢,d € R, if b divides cd,
then there are by, by € R such that b = b1by and by divides ¢, by divides d.

Definition 2.3.2. We say that R is a common refinement domain, or a pre-Schreier domain

([Zaf87)), if every element of R is primal.

Remark 2.3.3. For all irreducible b € R, b is prime if and only if b is primal.
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Definition 2.3.4. Given b,c € R, we say that d is a greatest common divisor of b and c if d
divides b and ¢, and for any other e € R dividing b and ¢, e divides d. When it exists, we denote by
GCD(b, ¢) a choice of a greatest common divisor between b and ¢, which is defined up to a unit of

R. We say that R is a GCD domain if all b,c € R have a greatest common divisor.
We recall the following facts about GCD domains.

Lemma 2.3.5. Let R be a GCD domain. For all b,c,d € R, ¢- GCD(b,d) is a greatest common

divisor of bc and cd.

Proof. Let b,c,d € R. Clearly, ¢ - GCD(b,d) divides bc and cd, so it divides GCD(be,ed). In
particular, we can write GCD(be, cd) = ¢ - e for some e € R. Tt follows at once that e divides b and
d, so it divides GCD(b,d). In turn, GCD(bc, cd) divides ¢ - GCD(b, d), as desired. O

Proposition 2.3.6. Every GCD domain is a common refinement domain.

Proof. Let R be a GCD domain. Let b,¢,d € R be such that b divides ed. Let by = GCD(b,¢),
and write b = b1bs for the appropriate bo € R. It suffices to verify that by divides d. Without loss
of generality, we may divide b and ¢ by b; and assume that by = GCD(b, ¢) is a unit. Likewise, we
may further assume that GCD(b, d) is also a unit. We then note that b divides both be and cd, so it
divides GCD(bc, cd), so it divides ¢ - GCD(b,d) by Lemma 2.3.5, so it divides ¢. Therefore, b itself

is a unit, and the conclusion follows. O

For our purposes, we shall use the fact that K(G) and K(G=") are both GCD domains, so in

particular common refinement domains.

Fact 2.3.7. For all fields K and ordered groups G, K(G=°) and K(G) are GCD domains (see for
instance [GP74, Thm. 6.4]).

3. THE DEGREE

3.1. Order type, degree and supremum of a series. Following [Ber(0], we define the order
type of a series as the order type of its support as a well ordered set. We also define the degree as
the degree of the order type, and, for G = R, the supremum as the supremum of the support. Recall
that for o € On, deg(a) is the maximum £ € On,, such that w” < a (see Subsection 2.1).

Definition 3.1.1. Given b € K((G)), we define:

e the order type of b as ot(b) := ot(supp(b)) € On;

e the degree of b as deg(b) := deg(ot(b)) = deg(ot(supp(b))) € Ony.
Given b € K((R)), we define the supremum of b as sup(b) := sup(supp(b)).

Remark 3.1.2. For G = R, the maps ot and deg take values among the countable ordinals, namely
ordinals represented by countable sets. Indeed, each well ordered subset of R is necessarily countable.
The set of countable ordinals is denoted by wy, which is itself an ordinal (the least uncountable one).

Conversely, every countable ordinal is represented by a well ordered subset of R (or even R<Y)),
so every ordinal in w; is the order type of some series in K((R)) (or K((R=?))). One can easily

check that the same is true for the degree.
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Proposition 3.1.3 ([Ber00, Remark 5.4]). For all b,c € K((G)) we have:
e ot(b+ c¢) < ot(b) ®ot(c);
e ot(b-c) <ot(b) ®ot(c);

Proof. Let b,c € K((G)). Note that supp(b+c) C supp(b)Usupp(c) and supp(be) C supp(b)+supp(c).

The inequalities then follow at once from Fact 2.1.1. O

Corollary 3.1.4. For allb,c € K((G)) we have:

e deg(b+ ¢) < max{deg(b),deg(c)};
o deg(b-c) < deg(b) @ deg(c).

Similar inequalities hold for the supremum.

Proposition 3.1.5. For all b,c € K((R)) we have:

e sup(b+ ¢) < max{sup(b),sup(c)};
e sup(b-c¢) < sup(b) + sup(c).

Proof. Immediate from the definition of sum and product. O

3.2. Truncations and principal series. Fact 2.1.1 translates naturally to the following statement

on series.

Proposition 3.2.1. For all b € K((G)) and o, € On, ot(b) = a + 3 if and only if there are
¢, d € K((G)) such that supp(c) < supp(d), ot(c) = a, ot(d) = 8 and b = c + d.

Proof. Let A = supp(b). By Fact 2.1.1, ot(A) = a + (3 if and only if there are B,C' C A such that
B < C,ot(B)=a,0t(C) = and A= BUC. Write b =} .. kst". Then clearly

b= Z kyt® = Z ko t® = Z ke t™ + Z kopt®.

zelG T€EA r€B zeC
The conclusion then follows at once on setting ¢ = Y kot™, d = > . Kk, t™: indeed, supp(c) = B,
supp(d) = C, so supp(c) < supp(d), ot(c) = a, ot(d) = S and b = ¢ + d. O

When a series b is written as a sum b = ¢ + d as in the above proposition, we shall call ¢ and d

truncations of b. We will use the following notation.

Definition 3.2.2. Given b= )__b,t* € K((G)) and y € G, we let the truncations of b at y to be:
boy =Y bat", boyi= Y bpt", b=y bet", boyi= Y bat.
<y <y x>y >y
Note that the order type of a truncation of b is always at most the order type of b itself, and the

same is true for the degree. A stronger inequality holds for the series of the following type.

Definition 3.2.3. An ordinal o € On is (additively) principal if a = w? for some 3 € On;
equivalently, if & = 8 + v implies v = « for all 5,7 € On and a # 0.

A series b € K((G)) is weakly principal if ot(b) is principal.

A series b € K((R)) is principal if it is weakly principal and sup(b) = 0 (in particular, b €
K((R0))).
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Proposition 3.2.4. If b € K((R=?)) is weakly principal and x < sup(b), then deg(b<,) < deg(b).

Proof. Let b,z be as in the hypothesis. Write b = bey + b>,. Since x < sup(b), b>, # 0, so
ot(b) = ot(b<y) + ot(b>,) implies ot(b<,) < ot(b). Since ot(b) = w® for some ordinal «, it follows
that deg(b<,) < a = deg(b), as desired. O
3.3. Normal forms. Given a series b € K((G=")), we use the Cantor Normal Form of ot(b) to give
a canonical decomposition of b as a sum of weakly principal series, or in the case G = R, as sums of

principal series multiplied by monomials. This will be useful for proving Theorem D, as well as for

the later Proposition 5.3.1.
Definition 3.3.1. Given b € K((G)), we call the sum
b=by 4+ bn

the weak normal form of b when:

e by is weakly principal for all i = 1,... n;
e ot(by) > -+ > ot(by);
e supp(by) < -+ < supp(bn).

Remark 3.3.2. Note that ot(b) = ot(by) + - - - + ot(by,); since each ot(b;) is weakly principal, this sum

is by definition the Cantor normal form of ot(b).
Proposition 3.3.3. For all series b € K((G)) there exists a unique weak normal form.

Proof. Let b € K((G)). There is a unique way of writing ot(b) = w” +. .- +wP with 8; > --- > ,.
By iterating Proposition 3.2.1, there are unique by, ..., b, such that b = by + --- + by, ot(b;) = w?,
and supp(b;) < supp(b;t+1). Conversely, for any weak normal form b = by + --- + b, the sum
ot(b) = ot(by1) + - - + ot(b,) is the Cantor normal form of ot(b). Therefore, the weak normal form

is unique. 0

Corollary 3.3.4. For all b € K((G))* there exists x € G such that b>, is non-zero and weakly

principal.

Proof. Given b € K((G))*, it suffices to write b = by +- - - +b,, in weak normal form and let = v(b,,).

Then b>, = b, is non-zero and weakly principal. O

When G = R, we can also use principal series.

Definition 3.3.5. Given b € K((R)), we call the sum
b=b1t" + - 4 bpt™

the normal form of b when:
o 1 < - <oy
e b; is principal for all : =1,...,n;
ot(by) > -+ > ot(by);
x; +supp(b;) < ;41 +supp(bipq) foralli=1,...,n— 1.
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Proposition 3.3.6. For all series b € K((R=Y)) there exists a unique normal form.

Proof. Let b € K((R=")). By Proposition 3.3.3, we can write uniquely b = b} + ...b), in weak
normal form. It now suffices to define xz; = sup(supp(b})) and b; = t~7ib,. The conclusion then

follows trivially. O

Remark 3.3.7. Proposition 3.3.6 shows that any series in K ((R=")) can be intuitively thought as a
series in “P(R=")” where P is the set of principal series plus the element 0. However, P is not a
ring, as it is not closed under sum (but it is under multiplication, as we shall see in a moment). P
can be made into a ring by taking an appropriate quotient, which is the main motivation for defining
the RV monoid in Section 4.

Note that the above proof uses not only that R is complete, but also that supp(b;) is bounded
from above for b; € K((R=")). In fact, arbitrary series in K ((R)) may not have a normal form, as

for instance

T4+t +t2 4834+ ...

3.4. Multiplicativity of the degree. By [Ber(0], the order type is multiplicative on weakly prin-

cipal series.

Theorem 3.4.1 ([Ber00, Corollary 9.9]). If b,c € K((R=°)) are weakly principal, then ot(bc) =
ot(b) ® ot(c).

In particular, be is weakly principal and deg(bc) = deg(b) @ deg(c) for weakly principal b,c. We
shall now prove that this is in fact true for all b, c € K((R=Y)).

Lemma 3.4.2. Letb,c € K((R=?)) andx € R. Ifb is principal and supp(c) > x, then deg((bc)<,) <
deg(b) ® deg(c).

Proof. Let b,c,x as in the hypothesis. Let y be such that @ < y < supp(c) and write b = d + e
in way so that supp(d) < x —y < supp(e). Then supp(ce) > y + (z —y) = =. It follows that
(bc)<q = (cd + ce)<y = (ed)<y. Therefore,

deg((be)<z) = deg((cd)<q) < deg(cd) < deg(c) ® deg(d).

Now note that z —y < 0, so sup(supp(d)) < 0. Since b is principal, we must have b # d, so e # 0,
so ot(e) > 0. Since ot(b) = ot(d) + ot(e), it follows that ot(d) < ot(b). On the other hand, ot(b) is
of the form w®, so deg(d) < deg(b). In turn, deg((bc)<s) < deg(b) @ deg(c), as desired. O

Lemma 3.4.3. Let b,c € K((R=?)) and z € R. Ifb is principal, deg(c) > 0 and supp(c) > =, then
deg((bc)<z) < deg(b) @ deg(c).

Proof. Let b, ¢,z as in the hypothesis. Write ¢ = kt* + ¢/, where k € K and supp(¢’) > 2. Then
be = bkt” 4+ bc’. By Lemma 3.4.2, deg((bc')<,) < deg(b) & deg(c’) < deg(b) ® deg(c). Moreover,
deg(bkt™) < deg(b) < deg(b) ® deg(c). Therefore, deg((bc)<,) < deg(b) & deg(c). O

Proposition 3.4.4. For all b,c € K((R=?)), deg(b- c) = deg(b) ® deg(c).
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Proof. Let b,c € K((R=Y)). We may assume that b, c are not 0, otherwise the conclusion is trivial.
By Proposition 3.3.6, we can write b = b1t® + b’ with by principal, supp(d’) > x and deg(by) =
deg(b) > deg(b’). Moreover, if deg(b) = 0, we may further assume that supp(d’) > z. Similarly, we
may write ¢ = ¢;t¥ 4 ¢’ with ¢; principal, supp(c’) > y, deg(c1) = deg(c) > deg(c’), and if deg(c) = 0,
then supp(c’) > y.

Trivially, we have
be = (b1t” +b')(c1t? + ) = biert™ Y + by t7 + et + ¢
After truncating both sides at x + y, we get
(b0) <oty = breat™ + (b1c) <yt™ + (Ver) <ot” + (V') <oy

By Theorem 3.4.1, deg(bic1t*™Y) = deg(bic1) = deg(by) @ deg(c1) = deg(b) & deg(c). We claim
that the other three summands on the right-hand side have smaller degree.

For the fourth summand, note that supp(b'c’) > = 4+ y, so (V'c')<z+y € K, which means that its
degree is at most 0. If deg(b) > 0 or deg(c) > 0, then deg(b) @ deg(c) > 0, and we are done. If
instead deg(b) = deg(c) = 0, then actually supp(b'c’) > z + y, so (b'¢')<z4y = 0, which has degree
—o00 < 0 = deg(b) @ deg(c), and we are done.

For the second and third summand, we distinguish two cases. If deg(c¢’) < deg(c), then in fact
deg((bic')<y) < deg(br) B deg(c’) < deg(b1) ® deg(c’), in which case we are done. By symmetry, the
same holds for the third summand when deg(b’) < deg(b).

Now assume deg(¢’) = deg(c). If deg(c) > 0, then by Lemma 3.4.3 we have deg((b1¢')<,) <
deg(by) @ deg(c’) = deg(b) @ deg(c), and we are done. If deg(c) = 0, then supp(c¢’) > y, so by
Lemma 3.4.2 we have deg((b1¢')<y) < deg(b1) @ deg(c’) = deg(b) & deg(c), and we are done. Again,
by symmetry the same holds for the third summand when deg(d’) = deg(b), concluding the proof of
the claim.

Therefore, by Corollary 3.1.4, deg((bc)<z+y) = deg(brc1t*TY) = deg(b) ® deg(c). Since in fact
deg((be)<gty) < deg(be) < deg(b) @ deg(c), it follows that deg(be) = deg(b) & deg(c), as desired. O

This finally implies Theorem D, which is the key tool in the proof of Theorem A.

Theorem 3.4.5 (Theorem D). For all b,c € K((R=Y)),
e deg(b+ ¢) < max{deg(b),deg(c)} (ultrametric inequality);
o deg(b-c) = deg(b) ® deg(c) (multiplicativity).

Proof. Tt suffices to combine the inequalities of Corollary 3.1.4 with the conclusion of Proposi-
tion 3.4.4. |

3.5. Multiplicativity of the supremum. Another consequence of Berarducci’s Theorem 3.4.1
is that the supremum is a valuation. This can be easily deduced from the fact that the ideal J
generated by all the monomials t* for x € R<C is prime [Ber00, Cor. 9.8]. Here we include a proof

using the results presented in this section.

Proposition 3.5.1. For all b,c € K((R=°))* we have:

e sup(b+ ¢) < max{sup(b),sup(c)};
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e sup(bc) = sup(b) + sup(c).
p p p

Proof. Let b,c € K((R="))*. Let # = sup(b), y = sup(c). Then we can write b = t°V’, ¢ = t¥¢’ for
some suitable b, ¢’ € K ((R=?)) such that sup(b’) = sup(c’) = 0. Note that sup(bc) = sup(t*T9v'c') =
x +y + sup(b'c’). Therefore, without loss of generality, we may assume that sup(b) = sup(c) = 0.
We need to prove that sup(bc) = 0.

By Corollary 3.3.4, we can write b = b +b” and ¢ = ¢’ + ¢’ such that b”, " are non-zero weakly
principal and supp(b’) < supp(d”), supp(c¢’) < supp(c¢”). In particular, sup(d”) = 0 and sup(¢”) = 0,

so they are in fact principal. Then

sup(be) = sup(d'd + ' + 0" +v"'") = sup(b”’ )
by Proposition 3.1.5. Therefore, it suffices to prove that sup(b”c¢”) = 0. Without loss of generality,
we may directly assume that b, ¢ are principal.

Fix some < 0. Then

(bc)§2z ::(ngcgz *’b>m0§m +’b§zc>m +’b>zc>m)§2z-

Since supp(bsgcsz) > 22, we have (bc)<ozy = (b<yC<y + bspC<q + b<ypCsy) <2, Therefore,
Ot((bc)ggz) < Ot(ngch =+ b>z0§m =+ bgmc>z) < Ot(szCSz) ) Ot(b>IC§I) (&) Ot(szC>m).
Since b, ¢ are principal, the latter three summands are strictly less than ot(b) @ ot(c); since the
ordinal ot(b) ® ot(c) is principal, it follows that
ot(be<ay) < ot(b) ® ot(c) = ot(be),

where the latter equality follows from Theorem 3.4.1. This implies that bc # bc<a, for all x < 0, so
in particular sup(bc) = 0, as desired. O

Corollary 3.5.2. Ifb,c € K((R=%)) are principal, then be is principal.

Proof. Let b,c € K((R=")) be principal series. By Theorem 3.4.1, be is weakly principal, and by
Proposition 3.1.5, sup(bc) = sup(b) + sup(c) = 0, so be is principal. O

Remark 3.5.3. The maps deg and sup are not multiplicative in non-Archimedean groups (where sup
is defined in some appropriate way, such as in Appendix A). Indeed, suppose that =,y € G=° are

two elements such that = < y, namely |z| < n-|y| for all n € N, where |z| = max{x, —z}. Then

b=tV Y " =1t

neN*
are both series in K((G=")), and bc = t¥. It follows that deg(bc) = 0 # deg(b) @ deg(c) = 1 and
sup(be) =y < sup(b) + sup(c) = sup(b).

4. THE RV MONOID

In this section, let R be a commutative ring, (M,+) be an ordered commutative monoid, and

w: R — M U{oo} be a semi-valuation, namely a map such that for all b,c¢ € R we have

e w(b+c) > min{w(b),w(c)} (ultrametric inequality),
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e w(bc) = w(b) +w(c) (multiplicativity),
where by convention m + oo = 0o +m = oo and m < oo for all m € M U {oo} (including co < o).
The function w is a valuation when w(b) = oo if and only if b = 0.
All of the following constructions also work for non-unital rings, provided we further assume that
w(—b) = w(b) for all b € R. In this case, the words “monoid” and “ring” should be replaced by

“semi-group” and “non-unital ring” respectively.

4.1. The RV monoid. We now construct the monoid RV of the valued ring (R, w). The definition

mimics the construction of the RV group of valued fields.
Definition 4.1.1. Given b,c € R, we write b ~ ¢ if w(b — ¢) > w(b).

It is almost immediate to verify that ~ is an equivalence relation, and that it preserves multipli-

cation and the semi-valuation w.
Proposition 4.1.2. For all b,c € R, if b ~ ¢, then w(b) = w(c).

Proof. By the ultrametric inequality, (b) w(c+ (b — ¢)) > min{w(c),w(b — ¢)}, so necessarily
w(b) > w(e). Symmetrically, w(c) = w(b + (¢ — b)) > min{w(d),w(c —b)} = w(b). Therefore,
w(b) = w(e). O

Corollary 4.1.3. The relation ~ is an equivalence relation.

Proof. Let b,c,d € R. Clearly, b ~ b, as w(b —b) = oo > w(b). Moreover, if b ~ ¢, then w(b) = w(c)
by Proposition 4.1.2, so w(c — b) = w(b — ¢) > w(c), that is ¢ ~ b. Finally, if b ~ ¢ and ¢ ~ d, then
again w(c) = w(d) = w(b), and w(b — d) > min{w(b — ¢),w(c — d)} > w(b), so b ~ d. O

Definition 4.1.4. Let RV be the quotient R, and let rv : R — RV be the natural quotient map.
Given b € R we define w(rv(b)) := w(b).

Proposition 4.1.5. For all b,c,d € R, if ¢ ~ d, then bc ~ bd.

Proof. Let b,c,d € R with ¢ ~ d. Then w(bc — bd) = w(b) + w(c — d) > w(b) + w(c) = w(be), so
bc ~ bd. O

This immediately implies that the following product is well defined.
Definition 4.1.6. Given B,C € RV, we let B - C := rv(bc), where rv(b) = B, rv(c) = C.
Proposition 4.1.7. (RV,-) is a commutative monoid.

Proof. Let B,C,D € RV. Pick some b,c,d € R such that B = rv(b),C = rv(c),D = rv(d). Tt
follows at once from the definition that B - C = rv(bc) = rv(cb) = C - B and that B - (C' - D) =
rv(b(cd)) = rv((be)d) = (B - C) - D. Moreover, B - C = rv(bc) = rv(cb) = C - B, and rv(1) is the
neutral element, as rv(b) - rv(1) =rv(b-1) = rv(d).. O

Remark 4.1.8. For all B,C' € RV we have w(B - C) = w(B) + w(C), and w(B) = oo if and only if
B =rv(0).
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4.2. Modules in RV. We shall now verify that RV also carries a natural notion of (partial) sum.

To define the sum, we first partition RV into subsets of constant valuation.
Definition 4.2.1. Given any m in the monoid M, let RV,, := {B € RV : w(B) =m} U {rv(0)}.
Remark 4.2.2. For all m,n € M, RV,,-RV,, C RV, 4n.

Proposition 4.2.3. For all b,c,d € R, if ¢ ~ d and w(b+ ¢) = w(b), then b+ ¢ ~ b+ d, and

moreover w(c) = w(b+ d) = w(b).

Proof. Let b, c,d € R, with ¢ ~ d and w(b+¢) = w(b). Note in particular that w(c) = w((b+¢)—b) >
min{w(b + ¢),w(b)} = w(b+ ¢). Then w((b+¢) — (b +d)) = w(c —d) > w(c) > wd+ ¢), so
b+c~b+d. O

This implies that the following partial sum is well defined.
Definition 4.2.4. Given m € M and B,C € RV,,, we define

rv(b+c) if w(b+ c) = w(b),
b [0 i = u0)
rv(0) otherwise,

where B = rv(b) and C = rv(c).

We shall verify that each RV,, is an abelian group with respect to the above sum, and moreover

that the product is distributive over the sum.
Lemma 4.2.5. For all m € M and all by, ...,b, € R either zero or of value m, we have

rv(by + - +0by) ifw(by+ -+ by) =m,
(((rv(by) + 1v(b2)) +1v(b3)) + ...) +1v(by) = (b1 4+ +bn) ifw(by+- +bn)

rv(0) otherwise.
Proof. We prove the conclusion by induction on n, the base case n = 2 being the definition of sum.
Suppose that n > 2 and that the conclusion true for n —1. Let b1,...,b, € R be zero or of valuation
m, and let ¢ = by + - - - + b,—1. We distinguish two cases.

Suppose w(c) # m. Then by inductive hypothesis ((rv(by) +1v(b2))+...) +1rv(bp—1) =1v(0). In
turn, ((rv(by)+rv(b2))+...)+rv(b,) = rv(b,). On the other hand, b,, ~ c+by,, sorv(b,) = rv(c+by,),
proving the desired conclusion.

Suppose now that w(c) = m. Then by inductive hypothesis (rv(b1) +rv(b2)) + -+ +1v(by—1) =
rv(c). In turn, (rv(by) +1v(b))+-- - +1v(b,) = rv(c) + rv(b,). By definition, if w(c+b,) = m, then
rv(c) +1v(by) = rv(c+ by) = 1rv(by + - - - + by), otherwise rv(c) + rv(b,) = rv(0), as desired. O

Proposition 4.2.6. For allm € M, (RV,,,+) is an abelian group.

Proof. Let m € M and B,C,D € RV,,. Choose b,¢,d € R such that B = rv(b),C = rv(c),D =
rv(d). If w(b+c) =m, then B+C = 1rv(b+c¢) = rv(c+b) = C+ B, otherwise B4+C = rv(0) = C'+ B,

so the sum is commutative. Moreover, by Lemma 4.2.5, if w(b+ ¢ + d) = m we have
B+ (C+D)=rv(b+c+d)=1v(d+b+c)=D+(B+C)=(B+C)+ D,

otherwise B+ (C+ D) =1v(0) = D+ (B + C) = (B + C) + D. Therefore, the sum is associative.
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By definition, B 4+ rv(0) = rv(0) + B = B, so rv(0) is the neutral element. Finally, rv(—b) is
the inverse of B, as w(rv(—b)) = m and B + rv(—b) = rv(0). Therefore, (RV,,,+) is an abelian
group. 0

Proposition 4.2.7. For all B€ RV, m € M and C,D € RV,,, we have B-(C+ D)= B-C+B-D.

Proof. Let C;D € RV,,, B € RV,, for some m,n € M. Note that B-C,B - D € RV,,4,. Pick
b,c,d € R such that B =rv(b),C =rv(c), D = rv(d).

Assume first that w(c + d) = w(c). Then w(be 4 bd) = w(b) + w(c + d) = w(b) ® w(c) = w(be).
Therefore, rv(bc) + rv(bd) = rv(be 4+ bd) = 1v(b) - rv(c + d). Now suppose that w(c + d) # w(c).
Then w(bc + bd) = w(b) + w(c + d) # w(b) ® w(c) = w(be). Therefore, rv(be) 4+ rv(bd) = rv(0) =
rv(b) - rv(e+ d). O

Recall that RV,, -RV,, C RV,,+,, for all m,n € M. It follows at once that RV is closed under
multiplication and that RVy - RV,, C RV,, for all m € M.

Corollary 4.2.8. (RVy,+,-) is a ring.
Corollary 4.2.9. For all m € M, RV, is an RVy-module.

In turn, the ring RV is isomorphic to what one would call the “residue ring” of (R, w), in analogy

with how one defines the residue field of a valued field.

Proposition 4.2.10. Let O = {b€ R : w(b) >0}, M ={be R : w(b) > 0}. Let 7 : O — RV,
be defined as w(b) = rv(b) if b ¢ M and w(b) = rv(0) otherwise. Then m: O — RV is a surjective

ring homomorphism with kernel M.

Proof. Let b,c € O. If b € M or ¢ € M, then clearly w(b+ ¢) = 7(b) + 7(c), so we may assume
b,c € O\ M. Suppose b+ c ¢ M. Then w(b+ ¢) = w(b) = w(c) = 0, so by definition 7(b + ¢) =
rv(b+¢) = rv(b) +rv(c) = w(b) + m(c). If otherwise b+ ¢ € M, then w(b+ ¢) = w(b) = w(c) = 0, so
by definition w(b + ¢) = rv(0) = rv(b) + rv(c) = m(b) + 7(c). Therefore, 7 is a ring homomorphism.

Clearly, 7 is surjective and its kernel is M. O
Definition 4.2.11. We call RV the residue ring of (R, w).

4.3. Embedding RV into a ring. Since the multiplication of RV is distributive over the sum
defined in each RV,,, it is possible to embed RV into a ring. In fact, there is a free ring RV
containing RV, with the universal property that any map from RV to a ring preserving sum and

product factors through RV. We construct RV explicitly as follows.

Definition 4.3.1. We let (RV,+) be the direct sum P,.cri(RVy, +). We denote its elements as
> mem Bm, where By, € RV, for all m € M, and B,, # 0 for only finitely many values of m.
For > Bm,>.,,Cm € RV, we define

(£n) (o) 22 )

m n+o=m
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Notation 4.3.2. RV embeds naturally into RV by sending B € RV into the sum ) B,, having
By, = B when m = w(B) and B,, = 0 otherwise. It is immediate from the definition that such

embedding preserves sums and products, so we shall identify RV with its isomorphic copy in RV.
Proposition 4.3.3. (ﬁ\\/, +,) is a ring.

Proof. Immediate from the definitions and from the properties of sum and product in RV. O
Remark 4.3.4. By construction, RV is a graded ring.

4.4. Some examples. If R = K is a field, then the residue ring RV is in fact the residue field by
Proposition 4.2.10. Let RV* := RV \{rv(0)}. Then the monoid RV* is a group sitting in the exact
sequence 1 — RV — RV* — M — 0, where RV( is the multiplicative group of the residue field
and M is the value group. Moreover, each RV,, is a one-dimensional RVy-vector space. RV is often
isomorphic to RV x M, in which case the ring RV is the group ring RVy(M). Many other valued
rings exhibit a similar structure (for instance, for R = Z and w = v, the p-adic valuation, RV is
the finite field F,, and RV is F,(N)).

For the sake of example, we present a list of residue rings RV, monoids RV* = RV \{rv(0)},
modules RV,,, and rings RV for various valuations in Table 4.4.1. In the table, v; is Berarducci’s
order value and J is the ideal generated by the monomials t* for 2z € R<%. The first four rows follow
immediately from the definitions. The fifth row, along with the definitions of P, P, and 13, will be

discussed and proved in Sections 5, 6. For the last row, see Remark 6.6.5.

(R,w) RV, RV* RV, RV

(Q,vp) Fp Fp xZ Fp Fp(Z)

(Z,vp) Fy FX x N Fy, F,(N)
(K((R=9)),v) K K* xR K K(R=)
(K((R=%)),sup) | K(R="),; (K(R="),)" xR K((R=%),, K((R=?)),;(R=")
(K((R=%)),deg) | K(R=%) (5.1.1) RV* P, ®xK(R<%) (53.1) P(R=") (6.1.3)
(K((R=9)),v5) K P (6.6.5) P, (for m = w®) P

TABLE 4.4.1. Rings RV arising from various valued rings.

5. EXISTENCE OF THE FACTORISATION IN K ((R=?))

During this section, we shall work with the ring K((R<?)) and with the valuation deg (so the
monoid is w; with Hessenberg’s natural sum). In particular, the constructions of Section 4 are
applied with R = K((R=?)), w = deg, M = (w1, ®), and since deg actually satisfies the inequality
deg(b + ¢) < max{deg(b),deg(c)} rather than w(b + ¢) > min{w(b), w(c)}, the constructions are
carried out with the reverse ordering on M = w;.

Therefore, the equivalence relation ~, the monoid RV and the modules RV,, (for a € M = wy)
shall always refer to the ones obtained from the ring R = K ((R=")) with the valuation w = deg (we
will not use the ring RV here).
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5.1. The residue ring of generalised power series. First, we check that the residue ring of
K((R=Y)) is in fact (an isomorphic copy of) the subring of the series with degree at most 0, namely
K(R=9),

Proposition 5.1.1. The residue ring RV is the image rv(K(R=C)), and the restriction IV} g (R<0)

K(R=%) — RV is a ring isomorphism.

Proof. Tmmediate by Proposition 4.2.10, as O = {b € K((R=?)) : deg(b) < 0} = K(R=Y) and
M= {b e K(R)) : deg(b) < 0} = {0}. 0

Notation 5.1.2. With a slight abuse of notation, we shall identify RV with K (R<"). In particular,
we shall also say that each RV, is a K (R=Y)-module.

5.2. The submonoid of principal elements. By Theorem 3.4.1, weakly principal series form a
multiplicative subset of K ((R=?)), and in fact principal series form a multiplicative subset (Corol-

lary 3.5.2). Its image through the map rv is then a submonoid of RV.

Definition 5.2.1. Given B € RV, we say that B is principal if B = rv(b) for some principal
b € K((R=")). We denote by P the subset of RV consisting of rv(0) and of all principal elements of
RV. Given a € w1, we define P, := PNRV,.

Ezample 5.2.2. Under the identification K(R<%) = RV, we have that Py = K. Indeed, a series
p € K(R=?) is principal if and only if p € K*.

Proposition 5.2.3. P is a multiplicatively closed subset of RV.

Proof. Recall that if b, c € K ((R=?)) are principal, then bc is principal by Corollary 3.5.2. Therefore,
if B,C € P, then B = rv(b),C = rv(c) for some principal b,c € K((R=?)), so B - C = rv(bc) is

principal as well. U
We shall now verify that the intersection of P with each RV, is also a K-module.

Proposition 5.2.4. For allb,c € K((R=)), if b, c are principal and deg(b+ c) = deg(b), then b+c

is principal.

Proof. Let b,c € K((R=")). If one of b, ¢ is zero, the conclusion is trivial, so we may assume that
b,c € K((R=9))*. Assume that deg(b) = deg(b+ ¢) = a for some o € w;. Note in particular that
deg(c) < a. If a =0, then b,c € K*, so bc € K*, so be is principal, as desired. Then assume a > 0.

Fix some x € R<C. Since b, ¢ are principal, we have sup(b) = sup(c) = 0, so deg(b<,), deg(c<,) <
a (Proposition 3.2.4). Therefore, deg((b + ¢)<,) = deg(b<ys + ¢<z) < a. Since deg(b + ¢) = a, it
follows that (b+c¢)<y # b+c, sosup(b+c¢) > . Since = was arbitrary, it follows that sup(b+c¢) = 0.

It remains to verify that ot(b + ¢) = w®. Note that by assumption we have ot(b + ¢) > w®.
Moreover, 0 ¢ supp(b + ¢), as 0 is neither in supp(b) nor in supp(c). Therefore, supp(b + ¢) is the
union of all sets supp((b+c) <)) for z € R<C. It follows that ot(b+c) is the supremum of ot((b+c)<,)
for z € R<%. But deg(b<s; + c<,) < a for all z € R<?, s0 ot(b + ¢) < w®, so ot(b+ ¢) = w?, as
desired. O
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Corollary 5.2.5. For all o € wy, Py is an additive subgroup of RV,,.

Proof. Let B,C € P, for some given o € wy. Pick b,c € K((R=?)) such that B = rv(b),C = rv(c).
If deg(b + ¢) = deg(b), then B + C' = rv(b+ ¢), and since b + ¢ is principal by Proposition 5.2.4,
B + C is principal and in RV,, so B + C € P,. On the other hand, if deg(b + ¢) # deg(b), then
B+ C =1v(0) € P,. Therefore, for each o € wy, P, is closed under sum. Finally, if B € P,
is of the form B = rv(b) for some principal b, then —b is also principal, so rv(—b) € P, and
B+ rv(—=b) = 1v(0). O

Corollary 5.2.6. For all o« € wy, P, is a K-module.
Proof. Recall that if b € K((R<")) is principal, then so is k-b for any k € K*, hence K -P, C P,. 0O

5.3. Decomposing the modules. We shall now verify that each RV, is in fact the scalar extension
of P, from K to K(R="). In other words, RV,, is the tensor product P, ®x K (R=Y).

Proposition 5.3.1. For all a € wy, RV, = P, ®@x K (R=0).

Proof. Let @ € wy. First, we verify that if By,..., B, are K-linearly independent elements of
P, then they are also K(R=Y)-linearly independent in RV,. Take a choice of such B;’s, and let
P15 pn € K(R=?) be such that

Let ;1 < --- < x,,, be an enumeration of the real numbers appearing in the supports of the series

pi, SO that we can write p; = Z;nzl k;;t% for some k;; € K. We then have

Bi-pi+- 4By pn= (Zszu> AT <Zsz1m> fEm ().
i=1

i=1

Pick some b; € K((R=?)) such that rv(b;) = Y7 B; - ki;. Since each B; is principal, we
may assume that b; is either 0 or principal of degree a. Moreover, we may further assume that
supp(b;) > xj_1 —x; for all j = 2,...,m. Then b = by - t** + --- + b, - t" is written in normal
form. On the other hand, by Lemma 4.2.5 we must have deg(b) # «. It follows at once that
by=---=b,=0.

Therefore, Y7 | B; - ki = rv(bj) = 0 for all j. Since Bi,..., B, are K-linearly independent,
it follows that k;; = 0 for all ¢ and j, so py = --- = p, = 0. This shows that By,..., B, are
K (R=9%)-linearly independent. This implies that P, ®x K (R<") C RV,,.

To conclude, we verify that every element in RV, is a sum of principal elements in P, multiplied by
series in K (R=?). Let B € RV,,. Pick some b € K((R=")) such that B = rv(b). By Proposition 3.3.6,
we can write b = byt™ +. .. b,t" with by, ..., b, principal. Without loss of generality, we may further
assume deg(by) = --- = deg(b,) = «, as we may simply discard the terms with lower degree. Then
by Lemma 4.2.5

B =1v(b) = rv(bit™ + ... bpt™) =rv(by) - t7 + -+ 1v(by) - 7,

proving the claim. O
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5.4. The maximal divisor of finite support for RV. Thanks to the presentation of each RV, as
a scalar extension of P, by K(R=Y), we can verify that each element of RV, has a maximal divisor
in K(R=Y).

Definition 5.4.1. Given B,C € RV, we say that B divides C, and write B | C, if C = B - D for
some D € RV.

Remark 5.4.2. For all p,q € K(R=%) = RV, p divides ¢ in the sense of Definition 5.4.1 if and only
if p divides ¢ in the ring K (R=0).

Proposition 5.4.3. For all B € RV, there exists a p € K(R=C) such that for all ¢ € K(R<"), ¢ | B
if and only if q | p.

Proof. Let B € RV and q € K(R="). If B = 0, the conclusion is trivial on taking p = 0, so assume
otherwise. Let aw = deg(B), and choose any basis {C; : i € I} of P, as a K-linear vector space. By
Proposition 5.3.1, every B’ € RV, can be written in a unique way as
B = Z q; - Ci
iel
where ¢/ € K(R=%). Moreover, the set of indices i € I such that ¢/ # 0 is finite. Say in particular
that B = Zie] q; - Cz
Suppose that ¢ | B for some g € K(R="). Then B = q - B’ for some B’ € RV, so

BZqi-Ciq-<Zq£-Ci>.

iel il
Therefore, ¢; = q-¢; for alli € I, s0 q | ¢; for all i € I. Conversely, if ¢ | ¢; for alli € I, say ¢; = q-¢.,
then clearly
B=Y (¢-4)-Ci=q- (Zqz’-@),
iel i€l
so q | B.
It now suffices to let p be the greatest common divisor of the set {¢; : ¢; # 0}, which exists since
the set is finite and non-empty and K (R=?) is a GCD-domain. O

Notation 5.4.4. For all B € RV, let p(B) be the unique element of K (R=?) satisfying the conclusion
of Proposition 5.4.3, namely ¢ | B if and only if ¢ | p(B) for all ¢ € K(R=Y), such that the coefficient
of t¥ in p(B) for x = sup(p(B)) is 1. Let also p(0) := 0. Note in particular that p(B) | B, and
moreover, when p € K(R<%) = RV, we clearly have p(p) = k - p for some k € K*.

5.5. The maximal divisor of finite support for K ((R=")). The existence of the maximal divisor
of finite support can be lifted from the quotient RV to the ring K ((R=?)).

Proposition 5.5.1. For all b € K((R=?)), there exists a p € K(R=C) such that for all ¢ € K(R=Y),
q | bif and only if q | p.

Proof. Let b € K((R=?)) and ¢ € K(R=<"). We reason by induction on deg(b). If deg(b) < 0, then

b € K(R="), so the conclusion is trivial on taking p = b.
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Suppose now that deg(b) > 0. Let B = rv(b). Write B = p(B) - B’ and B’ = rv(V’) for suitable
B’ € RV and i’ € K((R=")). Then b ~ p(B)-b', so we can write b = p(B) -V’ + ¢ with ¢ € K((R=?))
satisfying deg(c) < deg(b).

If ¢ | p(B) and ¢ | ¢, then clearly ¢ | b. Conversely, assume that ¢ | b. Note in particular that
q | rv(b) = B, so q | p(B) by definition of p(B). In turn, ¢ | (b — p(B)) -b’ = ¢. Therefore, ¢ | b if and
only if ¢ | p(B) and ¢ | ¢. By inductive hypothesis, there exists a p’ € K(R=%) such that ¢ | c if and

only if ¢ | p’. The conclusion follows on letting p be the greatest common divisor of p(B) and p’. O

Notation 5.5.2. For all b € K((R=")), let p(b) be the unique element of K (R=C) satisfying the
conclusion of Proposition 5.5.1, namely ¢ | b if and only if ¢ | p(b) for all ¢ € K(R="), such that the
coefficient of t* in p(b) for x = sup(p(b)) is 1. Let also p(0) := 0. Note that p(b) | b, and moreover,
when p € K(R=?) = RV, we clearly have p(p) = k - p for some k € K* (in fact, this new definition
of p(p) coincides with the one of Notation 5.4.4).

Proposition 5.5.3. For all b,c € K((R=")), p(b)p(c) | p(bc).

Proof. Let b,c € K((R=")). Write b = p(b) - b’ and ¢ = p(c) - ¢. Then clearly bc = (p(b)p(c)) - b'¢,
so p(c)p(c) | be, so by definition p(b)p(c) | p(be). O

5.6. The factorisation. We can now factor the series in K ((R<")) by induction on the degree.

Proposition 5.6.1. For all non-zero b € K((R=")), there exist irreducible series ci,...,cn, €
K ((R=9)) with infinite support such that

b:p(b).cl.....cn'

Proof. Let b € K((R=?))*. Write b = p(b) - b for a suitable ' € K((R=?))*. Note that p(¥’) is
necessarily 1. We work by induction on deg(b). If deg(b) = 0, then b’ € K*, and we are done.

Assume deg(b) > 0. If ¥’ is irreducible, then we are done. Otherwise, b’ = ¢ - d for some
c,d € K((R=9)) not in K. Since p(b') = 1, we have p(c) = p(d) = 1 by Proposition 5.5.3, so ¢,d
cannot be in K(R=<?), namely deg(c),deg(d) > 0. Since deg(d’) = deg(c) ® deg(d), it follows that
deg(c) < a, deg(d) < a.

By inductive hypothesis, ¢ and d can be written as products of irreducible series of positive degree.
Therefore, b’ is also a product of irreducible series of positive degree, that is to say, with infinite

support, as desired. O

Remark 5.6.2. The number of factors with infinite support of a series b € K ((R="))* can be bounded
in terms of deg(b) only. Indeed, the number of such factors cannot exceed the number of terms in
the Cantor Normal Form of deg(b).

6. UNIQUENESS OF THE FACTOR WITH FINITE SUPPORT

As in the previous section, we shall work with the ring K ((R<?)) and the valuation deg, so the
equivalence relation ~, the monoid RV, the modules RV, and the ring RV shall always refer to
the ones obtained from the ring K ((R=")) with the valuation deg, and we shall identify RV, with
K (RS0).
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6.1. The subring of principal elements. Just as the principal elements in RV form the sub-

monoid P, we can easily verify that the principal elements in RV forma subring of P.

Definition 6.1.1. An element ) B, of RV is principal if each B, is either zero or principal
(namely in P). We denote by P the set of all principal elements of RV.

Proposition 6.1.2. Pisa subring of RV.
Proof. Immediate from the fact that P is closed under sum and product. O
Proposition 6.1.3. RV =P @ K(R=%). In particular, RV = P(R<0).

Proof. Note that as a K (R<%)-module, RV is the direct sum of the K (R=°)-modules RV,. Likewise,
as a K-module, P is the direct sum of the K-modules P,. Since RV, = P, ®xK(R=%), the

conclusion follows at once. O

o~

Remark 6.1.4. The ring P~ . RV can be written as P - RV = Frac(P)(R<9). In particular, it is a
GCD domain.

6.2. Divisibility in RV. From now on, we shall talk about divisibility in the ring RV.

Definition 6.2.1. Given B,C € RV, we say that B divides C, and write B | C, if C = B - D for
some D € ﬁ\\/

Divisibility in RV is an extension of the notion of divisibility in Definition 5.4.1, so there is no

risk of ambiguity, thanks to the following observation.
Proposition 6.2.2. For all B,C € RV , if B-C € RV*, then B,C € RV*.

Proof. Givena B =) B, € RV, let deg™ (B) be the smallest a such that B, # 0, and deg™ (B)
be the largest a such that B, # 0. Clearly, deg™ (B) < deg™ (B), and deg™ (B) = deg™(B) if and
only if B € RV* (in which case they are both equal to deg(B)).

We claim that for all B,C € ﬁ/*, deg™ (B-C) = deg™ (B) ®deg™ (C), and likewise deg™ (B-C) =
deg®(B) ® deg™(C). Let B,C € RV, and write B - C = Yo Da. By definition,

Do=| Y Bs-C,
B®y=a

It follows at once that D, = 0 for all & < deg™ (B) @ deg™ (C), while D, = Bg - C, # 0 for
B =deg (B),y=deg (C) and a = S®~. Therefore, deg™ (B-C) = deg™ (B)@®deg™ (C). Likewise,
D, = 0 for all @ > deg™ (B) @ deg’(C), while D, = Bg - C, # 0 for 3 = deg”(B), v = deg™ (C)

and a = @ 7, hence deg™ (B @ C) = deg™ (B) @ deg™ (C).
Now given B, C € RV ,if B-C € RV, then deg™ (B-C) =deg (B) ®deg (C) =deg"(B-C) =
deg®(B) @ deg™ (C). Tt follows at once that deg™ (B) = deg®(B) and deg™ (C) = deg™(C), so
B,C € RV". 0

Corollary 6.2.3. For all B,C € RV, B divides C in the sense of Definition 5.4.1 if and only if B
divides C' in the ring RV. In particular, for all p,q € K(R=Y), p divides q in RV if and only if p
divides q in K(R=?).
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Remark 6.2.4. The maps deg™, deg" are valuations. More precisely, one can easily verify that
deg™ (B + C) > min{deg™ (B),deg (C)} and deg™ (B + C) < max{deg™ (B),deg" (C)}, provided
one defines deg~ (0) = 400, deg™(0) = —oo. More generally, given any semi-valued ring (R, w), one
can define similar semi-valuations w™ and w™ on the associated ring RV. However, we will not make

any further use of such valuations in the rest of the paper.
Lemma 6.2.5. For all BERV, C =3 C, € RV, B | C if and only if B | Cy, for all o € wy.

Proof. Let BERV,C =3 C, € RV. Clearly, we may assume B # 0, so let 5 = deg(B).

If B|C, then C = B-C" for some C' =}, Cy,. By definition of product, B-C" =3 > 5. _, B-
C'. Therefore, we have Cpgp = B-C), for all a, and C., = 0 for all ordinal -y that cannot be written
in the form a @ $. In turn, B | C,, for all a.

Conversely, suppose B | Cy, for all a. Then for all a we must have Cogp = B - C/, for some
C!, € RV,, and if v is an ordinal not of the form v = a @ f, then C,, = 0. It follows at once that
B-%,ClL=C,so0B|C, as desired. O

6.3. Primality of the series in K (R="). We shall now prove that the series in K (R<") are primal
in RV and in turn in K((R=9)).

Lemma 6.3.1. For allp € K(R=?), BERV, C € P*,ifp| B-C, thenp| B.

Proof. Let p € K(R=?), B € RV, C € P*. Clearly, we may assume B # 0. Let 3 = deg(B),
v = deg(C), a = B Dy = deg(B-C). Let {D; : i € I} be a K-linear basis of P,. Note that
{B-D; : i€ I} is K-linearly independent, so it can be completed to a K-linear basis of P, by
adding some further elements {E; : j € J}. By Proposition 5.3.1, B can be written uniquely as a

B:ZQi'Di

icl

sum

with ¢; € K(R="). Therefore,
B'C:Z%"(Di'c)

iel
is the unique representation of B - C' in the basis {D;} U {E;}. It follows at once that if p | B - C,
then p | ¢; for all ¢ € I, hence p | B. O

Lemma 6.3.2. For all p € K(R="), B ¢ RV,CeD,ifp | B-C, thenp| B.

Proof. Let p € K(R=Y), B ¢ ﬁ\\/, CeP. Clearly, we may assume B # 0. Write B = ) B,
C =5 ,Cs Let § and v be the maximum ordinals such that respectively Bg # 0,C, # 0. We
shall prove the conclusion by induction on f.

If B-C =3, D,, then clearly the maximum ordinal o such that D, # 0 is a = f @ 7, and
D, = Bg-C,. By Lemma 6.2.5, if p | B-C, then in particular p | Dy, so p | Bg-C,. By Lemma 6.3.1,
p| Bs.

We now replace B with B = B — Bg. If B’ = 0, we are done. Otherwise, note that p | B’ - C.
Moreover, if B = 3 By, then clearly the maximum " such that Bj, # 0 is strictly less than j.
By inductive hypothesis, p | B’, so p | B, as desired. O



24 SONIA L’INNOCENTE AND VINCENZO MANTOVA
Lemma 6.3.3. K is relatively algebraically closed in Frac(P).

Proof. Let B,C € P be such that % is algebraic over K, namely there is a polynomial p(X) =
X4 kg1 X4 4o 4 ko € K[X]* such that

B B d B d—1
p<6)=<5) +/€d—1<6) 4+ -4+ ko =0.

Assume that d is minimal with this property. In particular, p(X) is irreducible in K[X]. Now rewrite

the above equation as
B+ ky_1B*IC A+ -+ k1 BCTT! + |gC = 0.

It follows at once that deg(B) = deg(C) = f for some € w;. On writing B = ) Ba,
C =3, Ca, let byc € K((R=")) be two series such that rv(b) = Bg and rv(c) = Cs. Note in
particular that b, ¢ satisfy deg(B —rv(b)) < 8, deg(C' —rv(c)) < . This immediately implies that

rv(b)? + kg1 rv(D) 4 ev(e) + -+ kyrv(D) 1v(e) T+ ko rv(e)? = 0.
In turn, by Lemma 4.2.5 this means that
deg(b? + kg_1b% e+ -+ kibe? ™ 4 ko) < B

Now write p(X) = Hle(X — () for some ¢; € K8, Note that the definition of degree is
independent of the field of the coefficients, so it can be naturally extended from K ((R<?)) to K® .
K((R=?)) = K*8((R=")) while remaining multiplicative. Therefore, there is some i = 1,...,d such
that deg(b — ¢;c) < B.

In particular, there must exist some = € supp(b) Usupp(c) such that b — ¢;c has coefficient 0 at x.
that ¢; € K. Since p(X) is monic irreducible in K[X], we must have p(X) = X — ¢;. Therefore,
B = (C, so % € K, which means that K is relatively algebraically closed in Frac(lg), as desired. [

Therefore, ¢; = %=, where b, is the coefficient of b at x and ¢, is the coefficient of ¢ at . This implies

Lemma 6.3.4. For all p € K(R=%) and py,ps € ﬁil . ﬁ/, if p = pip2, then there is some B €
Frac(P) such that p; - B € K(RS?), py - B! € K(R<?).

Proof. Let p € K(R=%), py,ps € 1371 RV = Frac(lg)(]RSO). Clearly, we may assume that p # 0. For
the sake of notation, let L = Frac(P).

There is a finite set of negative real numbers z1,...,x, which are Z-linearly independent, and
such that p,p1,p2 € L(H), where H = Nxy + --- 4+ Nz,,. Therefore, K(H) = K[Xy,...,X,] and
Frac(lg)(H) ~ [[Xy,...,X,], with isomorphisms sending t* to the variable X;. In particular, K (H)
and L(H) are unique factorisation domains, with groups of units K* and L* respectively. Moreover,
since K is relatively algebraically closed in L by Lemma 6.3.3, each irreducible element of K(H)
remains irreducible in L(H).

Let us write p = ¢y - ... ¢m where q1,. .., gn are irreducible elements of K (H). It follows at once
that p; is a product of some of the factors ¢, ..., ¢y, and some invertible element B € L(H). But
then B € Frac(P), so in fact p; € B - K(R=?). Likewise, py € C - K(R=?) for some C € Frac(P).

To conclude, note that p € B - C - K(R=). It follows at once that B - C € K, so in particular
C e B ' K,sopy € Bl K(R="), as desired. O
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Remark 6.3.5. Lemma 6.3.4 says in particular that for all p,q € K(R=Y), p divides ¢ in the ring
1371 RV if and only if p divides ¢ in the ring K (R<?). Indeed, if ¢ = p - ¢’ for some ¢’ € §71 -ﬁ/,
then for some B € Frac(P) we have p- B € K(R<?), ¢/ - B~! € K(R<°). This immediately implics
that B € K*, so in particular ¢’ € K(R=?), hence p divides q in K(R=?).

Corollary 6.3.6. Every p € K(R=%) is primal in RV.

Proof. Let p € K(R="). Since PRV = Frac(P)(R<") is a GCD domain, we know that there are
q1,q2,B',C" € 13_1 -RV such that p=pip2 and B =p; - B, C = ps - C'. By Lemma 6.3.4, we may
further assume that p;,ps € K(R=0).

We can now write B/, C’ as fractions B’ = %, ' = % for some M,N € RV and D,E € D.
But then p1 | B- D, po | C - E. Since D, E € 13, it follows by Lemma 6.3.2 that p; | B, p2 | C, as
desired. 0

Corollary 6.3.7. For all B,C € RV*, p(BC) = p(B)p(C).

Proof. Let B,C € RV*. We know already that p(B)p(C) | p(BC). We claim that p(BC) | p(B)p(C).
Recall that by definition p(BC') | BC, so by Proposition 6.3.6 we can write p(BC') = p1ps for some
p1,p2 € K(R=?) such that p | B, p» | C. But then py | p(B), p2 | p(C), so p(BC) = pips | p(B)p(C).
Therefore, p(BC) = k - p(B)p(C) for some k € K*. By comparing the coefficients we deduce that
p(BC) = p(B)p(C), as desired. O

Proposition 6.3.8. For all b,c € K((R=°))*, p(bc) = p(b)p(c).

Proof. Let b,c € K((R=%))*. We reason by induction on deg(b) and deg(c). We already know that
p(b)p(c) | p(bc). We claim that p(be) | p(b)p(c). After dividing b and ¢ by p(b) and p(c), we may
assume that p(b) = p(c) = 1, so our claim reduces to proving that p(bc) € K*.

Let g be the greatest common divisor between p(bc) and p(rv(b)). By definition of p(rv(b)), we can
write b = p(rv(b)) - ¥’ + d where b',d € K((R=")) are such that deg(d) < deg(b). Since q | p(bc) | be
and ¢ | p(rv(b)), we must have ¢ | d-¢. By inductive hypothesis, this means that ¢ | p(d)p(c) = p(d).
Therefore, ¢ | d. In turn, ¢ | b, which means that ¢ | p(b) = 1, so ¢ € K*. Therefore, p(bc) and
p(rv(b)) are coprime.

By symmetry, p(bc) and p(rv(c)) are also coprime. On the other hand, p(bc) | p(rv(be)), and
p(rv(be)) = p(xv(b)) - p(rv(c)) by Corollary 6.3.7. Since p(be) is coprime with both p(rv(b)) and
p(rv(c)), we must have p(bc) € K*, proving the claim.

Therefore, for all b,c € K((R=%))*, p(be) = k- p(b)p(c) for some k € K*. By comparing the
coefficients we deduce that p(be) = p(b)p(c), as desired. O

Corollary 6.3.9. Every p € K(R=Y) is primal in K((R=?)).

Proof. Let p € K(R=") and b,c € K((R="))*. By Proposition 6.3.8, p | be if and only if p | p(b)p(c).
Since K(R<?) is a common refinement domain, there are p1,ps € K(R=<") such that p = pips and

p1 | p(b) | b, p2 | p(e) | ¢, as desired. .
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6.4. Uniqueness of the factor with finite support. It now follows at once that if a series
b € K((R=Y)) factors into a product of one series of finite support and other irreducible series of

infinite support, the factor of finite support is unique up to multiplication by an element of K*.

Theorem 6.4.1 (Theorem A). For all non-zero b € K((R=?)), there exist c1,...,c, € K((R=?))
irreducible with infinite support and p € K(R=") such thatb=p-cy - cn. Moreover, p is unique

up to multiplication by an element of K*.

Proof. Let b € K((R=Y)). The existence of the desired factorisation is the conclusion of Proposi-
tion 5.6.1, so we only need to check for uniqueness.

Suppose that b =p-cj -+ - ¢, for some c1,...,c, € K((R=?)) irreducible with infinite support
and p € K(R=Y). Since each ¢; is irreducible, we have p(c;) = 1. Moreover, p(p) = k - p for some
k € K*. Therefore,

p(b) =p(p) -pler) - -+ - pen) =p(p) =k - p,

and the conclusion follows. O

Corollary 6.4.2. K((R=")) is a common refinement domain (in fact, a GCD domain) if and only

if every irreducible series with infinite support is prime.

Proof. If K((R=?)) is a common refinement domain, then every irreducible series is prime. Suppose
now that every irreducible series with infinite support is prime. Then for every b € K((R=<?)) the
factorisation b = p-cy -+ - - ¢, is unique up to reordering the factors and to multiplication by elements
of K*. Tt follows that a series d € K((R=?)) divides b if and only if it is a product of some of factors
c1,...,¢c, and a factor of p. Therefore, given two series b,c € K((R=?)), their greatest common
divisor is the greatest common divisor of p(b) and p(c), multiplied by the irreducible series with

infinite support appearing in both factorisations. ]

6.5. A broader criterion for irreducibility. A byproduct of Theorem 6.4.1 is a strengthening

of Berarducci’s criterion for irreducibility [Ber00, Thm. 10.5].
Lemma 6.5.1. For all b € K((R=")), if p(rrvv—((bb))) is irreducible and p(b) = 1, then b is irreducible.

Proof. Let b € K((R=<")) as in the hypothesis, and suppose that b = cd for some c,d € K((R=Y)).
Then rv(b) = rv(c) - rv(d). By Corollary 6.3.7, we can divide both sides by p(rv(b)) = p(rv(c)) -
p(rv(d)). By the hypothesis, one of p(rrvv((cc))), p(rrvv((dj)) is a unit. Therefore, one of ¢,d € K((R=")) has
finite support. Since p(b) = 1, it follows that one of ¢, d is a unit. O

Corollary 6.5.2. For all b € K((R=")), if deg(b) is a principal ordinal and p(b) = 1, then b is

irreducible.

Proof. Let b € K((R=")) as in the hypothesis. Then any factorisation of rv(b) has a factor of degree

0, so p(rrvv((bb))) is irreducible. By Lemma 6.5.1, b is irreducible. O

Theorem 6.5.3 (Theorem E). For all b € K((R=V)), if the order type of the support of b is of the
form w*” + B with B < w®”, and b is not divisible by t* for any x € R<C, then b is irreducible.
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Proof. Let b € K((R=")), a, B as in the hypothesis. Since deg(b) = w® is additively principal, it
suffices to prove that p(b) = 1 by Corollary 6.5.2.

By Proposition 3.3.6, we can write b = b't¥ + b" with ¥ principal of order type w*” and b” of
order type 8 with supp(d”) > y. In particular, deg(b”) < w® = deg(d'). It follows that rv(b) =
rv(b'tT) =Y - 1v(b'). Since rv(d’) is principal, by Proposition 5.3.1 we get p(rv(b)) = tv.

Since p(b) | p(rv(b)) = t¥, p(b) must be of the form ¢* for some x > y. By assumption, b is not
divisible by ¢* unless 2z = 0. Therefore, x = 0, so p(b) = 1, as desired. O

6.6. A broader criterion for primality. We can also obtain some improvements on Pitteloud’s

criterion for primality in [Pit01]. First, we translate Pitteloud’s work in our language.

Definition 6.6.1 ([Ber00, Def. 5.2]). Let J be the ideal of K((R=")) generated by the monomials
t* for z € R<% (namely, the ideal of the series b € K ((R=<?)) with sup(b) < 0). Given b € K((R=")),

we define v;(b) as follows:

0 ifbe T
vy(b) =141 ifbe J+ K;
min{ot(c) : ¢ € K((R=?)) with b —c€ J+ K} otherwise.

Proposition 6.6.2. A series b € K((R="))* is principal if and only if ot(b) = v;(b).

Proof. Let b € K((R="))*. We distinguish three cases.

Case b € J. In this case, b is not principal, as sup(b) < 0, and ot(b) > 0 = v;(b).

Case b € J+ K\ J. We have 0 € supp(b). It follows that ot(b) = o + 1 for some ordinal «.
Therefore, b is principal if and only if ot(b) = 1 = v;(b).

Case b ¢ J + K. Let c € K((R=Y)). Note that b — ¢ € J + K if and only if there are x € R<°
and k € K such that ¢>, = b>, + k. Since ot(c>,) < ot(c), we conclude that v;(b) is the minimum
of ot(b>y + k) for x € R<V and k € K.

If b is principal, then ot(b>,) = ot(b) for any € R<?, and ot(b>, + k) = ot(b) + 1 for any
ke K*, so vy(b) = ot(b). If b is not principal, ot(b) = w® + 8 with 0 < § < w®. Write b = b’ + V"
with supp(b’) < supp(b”) and ot(b”) = B. By construction, sup(b — b"”) = sup(b’) < 0, so v;(b) <
ot(b") = B < ot(b). O

Definition 6.6.3 ([Pit01, p. 1209]). Given a € wi, let J,a be the K-vector space J,a 1= {b €
K(R=%) : v;(b) < w*}. Moreover, write b | ¢ mod Ja if there exists d € K((R=")) such that
c=bd mod J,a.

Lemma 6.6.4. Let b,c € K((R=)) be two principal series, with deg(c) = a. Then rv(b) = rv(c) if
and only if b — c € Jya.

Proof. Tf rv(b) = rv(c), then deg(b — ¢) < a, so deg(h) = a and v;(b — ¢) < ws=¢) < W hence
b—cé€ Jya. I rv(b) # rv(c), then b — ¢ is principal of degree max{deg(b),deg(c)}: indeed, this is
trivial if deg(b) # «, and it follows from Proposition 5.2.4 if deg(b) = a. Therefore, v;(b —¢) =
ot(b—c¢) =w®, hence b — ¢ ¢ Ja. O
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Remark 6.6.5. Every element in the space Ja+1/Jye can be represented as the class b+ J,o for some
principal series b € K((R<?)). By Lemma 6.6.4, it follows at once that the K-vector space P, can
be alternatively presented as the quotient J,a+1/Jyo. On the other hand, the quotient J ,a+1/J,a
is also the module RV,, for the semi-valuation w = v; and for m = w® (the verification is left to

the reader). In particular, P is the RV monoid of the semi-valuation v.
Lemma 6.6.6. For all B,C € RV*, if B-C € P (or P), then B,C € P (resp. P).

Proof. Recall that RV = IS(RSO) by Proposition 6.1.3. Then clearly if B,C € RV are such that
B.-C € 13, we must have B,C € P. If moreover B-C € P C RV, then by Proposition 6.2.2,
B,C € RVNP = P. O

Corollary 6.6.7. Letb,c € K((R=?)) be two principal series, with deg(c) = . Then b | ¢ mod Jya
if and only if rv(b) | rv(c).

Proof. Suppose that b | ¢ mod J,«, namely that ¢ = bd mod J,« for some d € K((R=)). Note
that for any € R<O, bd>; = bd mod J, so ¢ = bd>, mod J,o as in fact J C Jye. If z is
sufficiently close to 0, then d>, = d’ + k for some principal series d’ and k € K. We replace d with
d' + k, so that bd is principal. Then rv(c) = rv(bd) by Lemma 6.6.4, so rv(b) | rv(c).

Conversely, if 1v(b) | rv(c), then there exists d € K((R=?)) such that rv(c) = rv(bd). Then rv(d)
is principal by Lemma 6.6.6, so we may assume that d is principal. Then ¢ = bd mod J,« by
Lemma 6.6.4, so b | ¢ mod J,a. O

Thanks to the above translation, we can reinterpret the key step in Pitteloud’s proof as a statement

about primality in RV.

Proposition 6.6.8 ([Pit01, Prop. 3.2]). Let a,b,c,d € K((R=?)) be such that v;(a) = w and assume
that a*b = ¢!d mod Ju,(akv) with k1> 0. Then either a | ¢ mod J,, () ora|d mod J,, (-

Corollary 6.6.9. For all B€ Py and C,D € P, if B|C - D, then B|C or B| D.

Proof. Let B, C, D as in the hypothesis. The conclusion is trivial for B = 0, so assume B # 0. Then
B = rv(a) for some principal a € K((R=")) of degree 1, and in particular with v;(a) = w. Write
C =rv(c), D =1v(d) with ¢,d € K((R=")) principal.

Assume B | C'- D. By Corollary 6.6.7, this means that a | cd mod J,,(cq), 0 that there exists
b such that ab = c¢d mod J,,.q). Note that we must have v;(ab) = vs(cd). By Proposition 6.6.8,
a|c mod Jy, ) oral|d mod J,, (. By Corollary 6.6.7, this means that B | C or B | D. O

Corollary 6.6.10. Every B € Py is prime in P and in RV.

Proof. Let B € Py and C,D € RV as in the hypothesis. Suppose first that C, D € P. Write
C=>.,C4 D=3 D, Let =deg(C), v =deg(D). Then clearly B divides C3 - D,. By
Corollary 6.6.9, B | Cg or B | D.,. Assume we are in the first case. Then B divides (C' — C,) - D =
Za<5 Cy - D. By induction on 8 and ~, either B | D, or B | (C' — C,), hence B | C, proving the
conclusion.

For the general case of C, D € RV, it suffices to recall that RV = lg(RSO). O
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It is now easy to lift the above result to primality in K ((R<?)).

Lemma 6.6.11. For all irreducible b € K((R=?)), if p(rfv((bg)) is prime, then b is prime.

Proof. Let b as in the hypothesis, and let ¢,d € K((R=)) be such that b | cd. We shall prove that
b|corb|dby induction on deg(ed). Write rv(b) = p - B where p = p(rv(b)). By assumption, B is
prime, so in particular, B | rv(c) or B | rv(d).

Suppose that B | rv(c). Thenrv(b) =p-B | p-rv(c). Write p-c = b-e+ f so that deg(f) < deg(c).
Then b | fd. By induction, b | d, in which case we are done, or b | f, in which case, b | p-c. Assume
to be in the latter case.

Since b is irreducible, p(b) = 1, so by Theorem 6.4.1, it follows at once that b | ¢, as desired. O

Theorem 6.6.12 (Theorem F). For all b € K((R=")), if the order type of the support of b is of the
form w + k with k < w, and b is not divisible by t* for any x € R<Y, then b is prime.

Proof. Let b as in the hypothesis. By the assumption on the order type of b, rv(b) is weakly

principal, so p(rrvv((bg)) is principal. Therefore, p(rrvv((bb)) € Py, so it is prime by Corollary 6.6.10. Since b

is irreducible by Theorem 6.5.3, b is prime by Lemma 6.6.11. O
We present a further primality criterion that follows easily from Corollary 6.6.10.

Lemma 6.6.13. Let R be an integral domain and G be an Archimedean ordered abelian group. Let
b= b1t" + -+ byt® € R(G=C) (with 1 < -+ < x,,) be irreducible in R(G=Y). If b is irreducible
in Frac(R)(G="), and by is prime in R, then b is prime in R(G=°).

Proof. Suppose that b | cd for some ¢,d € R(G="). Since b is irreducible in Frac(R)(G=°), and the
latter is a GCD domain, we may assume that b | c or b | d in the ring Frac(R)(G<"). Without loss
of generality, we may assume to be in the former case. We claim that b | ¢ in the ring R(G=Y).

By assumption, b~ 'c is a series in Frac(R)(G="). Let ¢ = b;'t~%1b — 1 € Frac(R)(G), so that
b="01t"" - (1+¢) and v(e) = 29 — 21 > 0. We have

bt =by 1+rs =b 't (l—e+e?— ).

Since G is Archimedean, there exists some n € N such that v(c-t=*1 - &™) > 0. It follows at once
that the denominators in b~1c are of the form b7* with m < n.

In turn, b | b c in the ring R(G=C). Now write be = b}c with e € R(G="). Since b; is prime, and

b is irreducible, b} must divide e. Therefore, b divides ¢, as desired. O

_— ~—1 o~ ~

Corollary 6.6.14. If B € RV is irreducible in both RV and P - RV = Frac(P)(R="), then B is
prime in RV.

Proof. Let B € RV be as in the hypothesis. Then B = Bit** + --- + B,t"" for some B; € P; and
x1 < -+ < x,. By Corollary 6.6.10, By is prime, so by Lemma 6.6.13, B is prime in ﬁ\\/l. 0

Corollary 6.6.15. For all irreducible b € K ((R=?)) of degree 1, if p(rrvv—((bb))) is irreducible in RV and
PRV = Frac(P)(R<9), then b is prime.
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Proof. Write p(rrvv((bb))) = Bit™* + .-+ B, _1t"' + B, with z; < --- < x,. By Corollary 6.6.10,
rv(by) is prime. Therefore, by Corollary 6.6.14, rv(b) is prime, and by Lemma 6.6.11, b is prime as

well. O

An easy example is the following: for any principal series by, ba, b3 € K ((R=?)) of degree 1 such
that rv(by) # rv(b;) for some i = 2,3, the series

bit™V2 £ bot™! 1 by

_— PO ~
has image through rv that is irreducible in both RV and P -RV = Frac(P)(R="), so it is irreducible,
and it is prime by Corollary 6.6.15.

7. FACTORISATION IN K ((G=?)) WITH G ARCHIMEDEAN

We now assume that G be an Archimedean divisible ordered abelian group. Without loss of
generality, we may simply assume that G is some divisible subgroup of (R,+). In particular, we
may assume that K((G=°)) is a subring of K ((R=<?)).

7.1. Irreducibility up to monomials. If we apply Theorem 6.4.1 to a series in K ((G=')), the
factors appearing may not be in K ((G=°)). For instance, let (¢, € Q)nen be an increasing sequence
of rational numbers converging to —v/2, and let b = > nent®™. Theorem 6.4.1 then yields the

factorisation
b — t_\/i . Z t‘]n"l'\/i7
neN
where the exponent —+/2 is unique. Therefore, if we are working in G = Q, we cannot hope to have

a conclusion as strong as the one of Theorem 6.4.1. We can still produce a meaningful statement by

weakening the notion of irreducibility.

Definition 7.1.1. Given b € K((G="))*, we say that b is irreducible up to monomials if b = cd
for some ¢, d € K((G=")) implies ot(c) = 1 or ot(d) = 1.

Remark 7.1.2. For all b € K((G=))*, b is irreducible if and only if b is irreducible up to monomials
and sup(b) = 0. Indeed, if b is irreducible, then clearly it is irreducible up to monomials and sup(b) =
0. Conversely, suppose b is irreducible up to monomials and sup(b). Then for any factorisation b = ¢d
we have ot(c) = 1 or ot(d) = 1. But sup(b) = sup(c) + sup(d) = 0, so sup(c) = sup(d) = 0, hence
c € K* or d € K*, which means that b is irreducible.

Remark 7.1.3. For all b,c € K((G=))*, if b divides c in the ring K ((R=?)), then b divides ¢ in the
ring K((G=")). In fact, if bd = c for some d € K((R=")), then we have d = cb~! € K((G)), so
necessarily d € K ((G=)). For the same reason, for all b,c € K(G)*, b divides ¢ in K(G) if and only
if b divides ¢ in K (R).

7.2. Almost divisibility. We also introduce the following more technical notions, which are only

used in this section.

Definition 7.2.1. Given b,c € K((R=")), we say that b almost divides c if b divides t”c for some
xr € R. Given p € K(R="), we say that p is monic if 0 ¢ supp(p — 1), namely if the coefficient of p

at the exponent z = 0 is 1.
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Remark 7.2.2. For all p,q € K(R=")*, p almost divides ¢ if and only if p divides ¢ in the ring K (R).

Lemma 7.2.3. For all p € K(R="), there exists a unique monic pg € K(G=) such that for all
q € K(G=Y), q almost divides p if and only if q almost divides pg.

Proof. Let p € K(R=%), ¢ € K(G=Y). Clearly, we may assume that p # 0. Since G is divisible, we
may choose a complement H C R such that R = G & H (as non-ordered groups).

There is a finite set of real numbers z1,...,2, € G, y1,...,ym € H which are Z-linearly indepen-
dent, and such that p € K(G'® H'), where G’ = Zxy +- - -+ Zx,, and H' = Zyy +. .. Zy,. Note that
K(G'@® H') is isomorphic to the ring of Laurent polynomials K[XI!, ..., X v ... V], with
the isomorphism sending ¢** to X; and t¥ to Y;. In particular, K(G’) and K(G’ @ H') are unique
factorisation domains, with group of units generated by K* and ¢**,... t*~ Y1 ... tYm. Moreover,
every irreducible element of K (G’) is irreducible in K(G’' & H') as well.

Let us write p = w-qq - ...+ ¢n where ¢i,...,¢qn, are irreducible elements of K(G' ® H') and u
is a unit. After multiplying each ¢; by a unit, we may further assume that either ¢; is in K(G’), or
no product of ¢; by a unit falls in K(G’). Let pg be the product of the factors ¢; lying in K(G’).
Clearly, pc divides p. By construction, all irreducible divisors of p% are not in K (G’), so any divisor
of pic in K(G') is necessarily a unit. Finally, after multiplication by a unit, we may assume that
pe € K(G=°) and also that pg is monic.

Since K(G’) is a GCD-domain, we can write ¢ = ¢1¢2 for some ¢, g2 € K(G) such that ¢; divides
pe (in K(G)) and g9 is coprime with pe (in K(G)). Now suppose that ¢ almost divides p, namely
that ¢ divides p in K(G). Then ¢ almost divides 1%. Since g2 € K(G'), g2 must be a unit, so ¢
almost divides pg. Conversely, if ¢ almost divides pg, then clearly it almost divides p.

Finally, if p’ is another monic series in K (G=Y) such that q almost divides p if and only if ¢ almost
divides p’, then clearly p’ almost divides pe and pg almost divides p’. Since they are both monic,

we have pg = p’, as desired. O

Corollary 7.2.4. For all b € K((R=?)) and q € K(G=°), q almost divides b if and only if ¢ almost
divides p(b)a.

7.3. Factorisation. In turn, we can obtain a conclusion as in Theorem 6.4.1 by adapting Proposi-

tion 6.3.8 and then repeating the same argument.
Proposition 7.3.1. For all p,q € K(R=), (pq)c = paqc-

Proof. Let p,q € K(R=), and r € K(G="). We first observe that pcqg almost divides pq, so pgqc
almost divides pg. For the converse, since K(G=) is a GCD-domain, we can write (pg)g = ri7z for
some ry,r9 € K (GSO) such that ry divides p and ry divides q. Then r; divides pg and ro divides qg,
so (pq)¢ divides paqe. Since (pg)a and page are both monic, we may conclude that (pg)e = paye,
as desired. 0

Corollary 7.3.2. For all b,c € K((R=)), p(be)g = p(b)ap(c)a-

Proposition 7.3.3. For all non-zero b € K((G=")), there exist cy,...,c, € K((G=")) irreducible
over monomials and with infinite support and p € K(G=) such thatb=1p-cy----- Cn. Moreover, p

is unique up to multiplication by a series d € K((G=Y)) such that ot(d) = 1.
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If moreover sup(b) € G, then we may take ci,...,c, irreducible, in which case p is unique up to

multiplication by an element of K*.

Proof. Let b € K((R=")) be a non-zero series. For the existence of the factorisation, we proceed
as in the proof of Proposition 5.6.1. Write b = pg(b) - b’ for a suitable b’ € K((G=°))*. Note that
pa(b') is necessarily 1. We work by induction on deg(b). If deg(b) = 0, then b’ is of the form kt* for
k € K and x € G, and we are done.

Assume deg(b) > 0. If V' is irreducible over monomials, then we are done. Otherwise, b’ = ¢-d for
some ¢,d € K((G=°)) not of the form kt* and with ot(c),ot(d) > 1. Since pg(b') = 1, ¢,d are not
in K(G=Y), hence deg(c),deg(d) > 0. Since deg(d’) = deg(c) ® deg(d), it follows that deg(c) <
deg(d) < a. Note moreover that pg(c) = pa(d) = 1 by Proposition 7.3.1.

By inductive hypothesis, ¢ and d can be written as products of series irreducible over monomials

with infinite support. Therefore, b’ is also a product of series irreducible over monomials with infinite

support.

For the uniqueness of the factor p, suppose that b = p-cy - -+ - ¢, is a factorisation of b with
c1,...,¢y irreducible over monomials with infinite support and p € K(G=Y). It then suffices to note
that

pa(d) = pa(p) - pa(k) - pa(er) - - - - - pc(cn) = pc(p) = kt" - p

for some k € K, x € GG, as desired.
Finally, suppose 2 = sup(b) € G. Then we may write b = pg(b)-t*-b’ for a suitable b’ € K ((G=%))*.

Note that pg(b') = 1 and sup(b’) = 0. By the previous conclusion, we can write b’ = ¢y -+ - ¢,
with ¢1,...,¢, € K((G=?)) irreducible over monomials and with infinite support. On the other
hand, sup(d’) = sup(c1) + - -+ + sup(c,) = 0, so sup(cy) = --- = sup(c,,). Therefore, cq,..., ¢, are

irreducible (Remark 7.1.2). We then get the desired factorisation on taking p = pg(b) - t*. For
the uniqueness of p, recall that p is unique up to multiplication by a series d € K((G=")) such
that ot(d) = 1. Since sup(p) is necessarily x, p is in fact unique up to multiplication by a series
d € K((G=")) such that ot(d) = 1 and sup(d) = 0, which means that d € K*, as desired. O

8. OMNIFIC INTEGERS AND OTHER RINGS OF THE FORM Z + K ((G<?))

We shall now prove the general version of Theorem 6.4.1, namely Theorem C, from which we

shall deduce the corollary Theorem B for omnific integers.

8.1. Factorisation with arbitrary ring of constants. Let Z be a subring of K and G a divisible

subgroup of R.
Notation 8.1.1. Given b € K((R=?)), let u(b) be the coefficient of b at 0.

Remark 8.1.2. The map u : K((R=?)) — K is a ring homomorphism. For allb € K((R=")), u(b) € Z
if and only if b € Z + K((R<?)). Moreover, if u(b) # 0, then p(b) divides b, while if ;(b) = 0, then
any element of Z divides b. Indeed, in the former case, u(b)~'b € 1 + K((R<%)) C Z + K((R<)),
while in the latter case, for any z € Z*, 271b € K((R<?)) C Z + K((R<?)).
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An immediate consequence of the above remark is that if a series b € Z + K((R<")) satisfies
w(b) = 0, then b is never irreducible unless Z is a field. To account for this, we weaken the notion

of irreducibility.

Definition 8.1.3. Given b € Z + K((G<?)), we say that b is coarsely irreducible if b = cd for
some ¢,d € Z + K((G<Y)) implies c € Z or d € Z.

Remark 8.1.4. A series b € Z + K((G<")) is coarsely irreducible if and only if it is irreducible in
K((G=9)), and a coarsely irreducible b € Z + K((G<?)) is irreducible in Z + K((G<°)) if and only
if 1u(b) is a unit in Z.

Moreover, if b € Z + K((G<?)) is coarsely irreducible, we either have u(b) = 0, in which case
b is divisible by any element of Z, or u(b) # 0, in which case we may write b = p(b)b’ with
V€ Z + K((G<?%)) irreducible.

Proposition 8.1.5. For all non-zero b € Z + K((G<?)), there exist c1,...,c, € Z + K((G<?))
irreducible up to monomials with infinite support and p € Z + K(G<°) such thatb=p-cy -+ - cy.
Moreover, p is unique up to multiplication by a series d € K((G=°)) such that ot(d) = 1.

If moreover sup(b) € G, then we may take c1, ..., c, coarsely irreducible, in which case p is unique

up to multiplication by an element of K*.

Proof. Let b € Z+K((G<°)) be a non-zero series. By Proposition 7.3.3, we can write b = p-cy-----c,,
for some cy,...,c, € K((G=?)) irreducible up to monomials with infinite support and p € K(G=Y),
and p is unique up to multiplication by a series d € K ((G=")) such that ot(d) = 1. When sup(b) € G,
we may further assume that ci,. .., ¢, are irreducible in K((G=?)), in which case p is unique up to
multiplication by an element of K*. Thus, we only need to prove that we may take p,ci,..., ¢, in
Z + K((G<")). We distinguish two cases.

If sup(b) < 0, then sup(p) < 0 or sup(c¢;) < 0 for some 4. For simplicity, say that sup(p) < 0. It
then suffices to choose any z € G=° sufficiently close to 0 and replace p with t~®p and ¢; with t7¢;.
After the transformation, all factors are in K((G<?)) C Z + K((G<")), and we reach the desired
conclusion.

If sup(b) = 0, then sup(p) = sup(c1) = -+ = sup(c,) = 0. Suppose that p(c;) = 0 for some
i, for simplicity say i = 1. We then replace p with u(p)~'p and each ¢; with u(c;)'c; when
n(ci) # 0, and e1 by c1 - u(p) - I, 0 #(ci).  After this transformation, we clearly still have

b=p-cy---cp, while each ¢; is either in K((G<Y)) or in 1 + K((G<")), and likewise p is in
1+ K((G<9)), so all the factors are in Z + K ((G=<?)). If instead pu(c;) # 0 for all i, we replace each
¢; with p(c;)"te; and p with p- [, u(c;). Again, we clearly still have b=p- ¢y - -+ - ¢,, while each

ciisin 1+ K((G<)) € Z + K((G<")), and u(p) = u(b) € Z,s0 p € Z + K((G<")), as desired. [
8.2. The Archimedean valuation on G. Let Z be a subring of K and G be any divisible ordered
abelian group. As in any ordered group, we can define the Archimedean valuation.

Definition 8.2.1. Given g,h € G*, we say that

e g is dominated by h, written g < h, if |g| < n - |h| for some n € N;
e ¢ is comparable with h, written g < h, if g < h and h < g;
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e ¢ is strictly dominated by h, or infinitesimal with respect to h, written g < h, if
g = h and g Z h (equivalently, if n - |g| < |k for all n € N).

Note that < is a total quasi-order, and that =< is an equivalence relation.

Definition 8.2.2. Let ¥ = X(G) := G_ be the Archimedean value set of G. We denote by
ord : G* — ¥, and call Archimedean valuation of GG, the quotient map G — 3. We order ¥ by
saying that ord(g) < ord(h) if and only if ¢ < h. For the sake of notation, we also set ord(0) := —oo
and say that —oo < ¢ for all 0 € ¥ U {—o0}.

Remark 8.2.3. The function ord is a group valuation, in the sense that it satisfies the ultrametric

inequality ord(g + h) < max{ord(g),ord(h)} for all g, h € G.

8.3. Coarse irreducibility. We use the Archimedean valuation to further extend the notion of
coarse irreducibility and to introduce a few other coarse notions.
Notation 8.3.1. Given b =Y__k,t* € K((G=")) and ¢ € ¥(G), we write
° :u’G'(b) = Eord(z)<a’ kmtz’
o My(b):= Zord(z)SG k. t”™.
Remark 8.3.2. The maps p, and M, are ring homomorphisms.

We associate to each comparability class o € ¥ a few distinguished subgroups of G.

Notation 8.3.3. Given o € X, we shall denote by G, the subgroup G, := {g : ord(g) < o}, and
by I, the subgroup I, := {g : ord(g) < o} C G,. Moreover, we let H, be a complement of I, in
Go, and 7, : G, — H, the natural projection. Let Z, := Z + K((I:°)) and K, := K((1,)).

For all o € 3, I, is the maximal proper convex subgroup of G,,. In particular, H, is naturally an
ordered group, and G, = H, & I, as an ordered group, namely the order on G, is the lexicographic
order on H, @ I,. Moreover, H, is Archimedean, so it can be embedded into (R,+). In view of

this, for each o we shall identify H, with a subgroup of (R, +).
Proposition 8.3.4. Forallo € X, Z + K((G5%) = Z, + K, ((H;?)).

Proof. Let b = >

Therefore,

veq, kat® € Z + K((G5°)). Recall that G, = H, ® I, as an ordered group.

D okat” = >0 D agyt? | 7= ) KL

2€G, w€H, \yel, wEH,
where each coefficient £/ is in K, = K((I,)). Clearly, since b € Z + K((G5°)), we must have
k{ € Zo =Z+ K((I5%),s0 b€ Z, + Ko ((HS?)).
Conversely, let b =" klt® € Z, + K, ((HSY)). Then

rEH,
STRET= YD lagt? | =D kat”,
reH, r€H, \y€l, z€Go

where k, = [,,. for the unique y € H, and z € I, such that = y + 2, and it is immediate to verify
that indeed b € Z + K((G2)), as desired. O
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Definition 8.3.5. Given b € Z + K((G<°)) with b ¢ Z, we let the coarse support of b be
supp(b) := {m,(h) : h € supp(b)} C H,, where o = ord(v(b)). We also let supp(0) := 0, ot(0) := 0,
deg(0) := —oo.

Moreover, we say that b is coarsely irreducible if b = c¢d implies one of v(c) < v(b), v(d) < v(b)
for any ¢,d € Z + K((G<")). We say that b is coarsely irreducible up to monomials if b = cd
implies one of v(c) < v(b), |supp(c)| = 1, v(d) < v(b), |sUPp(d)| = 1 for any ¢,d € Z + K((G<Y)).

Remark 8.3.6. Let b € Z + K((G<)), with b ¢ Z, and 0 = ord(v(b)). Then the above coarse
definitions are just their non-coarse counterparts, but read in K, ((H=?)) rather than Z + K ((G5?)).
More precisely, given b € Z + K ((G<°))* and o = ord(v(b)):

e the coarse support of b is the support of b in K, ((H=?));

e the coarse order type of b is the order type of b in K,((HZ?));

e the coarse degree of b is the degree of b in K, ((HZY));

e b is coarsely irreducible if and only if b is irreducible in K, ((Hs));

e b is coarsely irreducible up to monomials if and only if b is irreducible up to monomials in

Ko ((H5")).

Note moreover that if G is Archimedean, then G = H, and K = K,, so the above definition of

coarsely irreducibility coincides with Definition 8.1.3.

Remark 8.3.7. Let b € Z+ K ((G<")) be coarsely irreducible, and let o = ord(v(b)). By Remark 8.1.4,
b is irreducible if and only if ;1 (b) is a unit. In particular, if y1,(b) # 0, then we can write b = p,(b)-b’
with ' € Z+ K((G<?)) irreducible. If otherwise ji,(b) = 0, then b is divisible by any non-zero series
c € Z+ K((G<?)) such that v(c) < v(b). In this sense, we argue coarse irreducibility is as close as

we can get to irreducibility.

Remark 8.3.8. Let b =3 b,t* € Z + K((G<")) be coarsely irreducible up to monomials, and let
o = ord(v(b)). Let r := sup(Supp(b)) € R.

If r € H,, define
A(D) = > bat".

By Proposition 8.3.4, A\(b) is the coefficient of the monomial ¢" seen in the ring K, ((H=")). Tt follows
at once that for any monomial ¢ of such ring, or equivalently, for any ¢ € Z + K((G<°)) with either
v(c) < v(b) or |supp(c)| = 1, ¢ divides b if and only if ¢ divides A(b). In particular, we can write
b=Xb) b with b/ € Z + K((G<)) coarsely irreducible.

If r ¢ H,, then the monomials dividing b in the ring Z,+ K, ((H:?)) are precisely those of the form
kot® with s < r. Such monomials are the series ¢ € Z + K ((G<?)) with v(c) < v(b) or |supp(c)| = 1
such that v(c) > supp(b). Therefore, b is divisible by any non-zero series ¢ € Z + K((G<")) with
v(c) < v(b) or |5upp(c)| = 1 and such that v(d) > supp(b). Again, we argue that coarse irreducibility

up to monomials is as close as we can get to irreducibility.

Remark 8.3.9. Oz is not a GCD domain. This is fairly easy to verify using the tools of this section.

Take the omnific integers
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By [Ber00, Thm. 10.5] (or its generalisation Theorem 6.5.3), combined with Remark 8.3.6, both b
and c are coarsely irreducible. Moreover, their coarse supports are disjoint. It follows that if d € Oz
divides both b and ¢, then v(d) < v(b) and v(d) < v(c).

On the other hand, any d € Oz such that v(d) < v(b) divides b. Since 2 - v(b) = v(c), any such d
satisfies v(d) < v(c), hence d | e¢. Therefore, d € Oz divides both b and ¢ if and only if v(d) < v(b).
This implies that there is no greatest common divisor of b and ¢: for any d that divides both b and
c and is not a unit, d? also divides both b and ¢, but d? does not divide d, so d is not a greatest

common divisor.

8.4. Factorisation theorems. With the above dictionary, it is immediate to generalise our previous

theorems.

Theorem 8.4.1 (Theorem C). For all non-zero b € Z + K((G<?)), there exist

o ci,....,cn € Z+ K((G<°)) coarsely irreducible up to monomials with infinite coarse support,
e pc Z+ K((G=<%)) with finite coarse support or v(p) < v(b),
such thatb=p-cy-- ¢, and v(cy) < - < v(ep,) < v(b). Moreover, p is unique up to multiplication
by an element d € K((G)) such that supp(d) < v(b) or d € Z + K((G<°)) and |supp(d)| = 1.
If moreover sup(Supp(b)) € Horaqupy), then we may take cq,. .., c, coarsely irreducible, in which

case p is unique up to multiplication by an element d € K((G)) such that supp(d) < v(b).

Proof. Let b € Z + K((G<°)) be a non-zero series. The conclusion is trivial for b € Z, so assume
b¢ Z. Let o = ord(v(b)), so that b € Z, + K, ((H:")). By Proposition 8.1.5, there are c1, ..., ¢, €
Zy + Ky((H:?)) irreducible up to monomials with infinite support and p € Z, + K,(H:°) such
that b=1p-¢y -+ ¢,. This implies that for all i, v(¢;) ¢ I, so in particular v(¢;) < v(b), hence
¢; has infinite coarse support in Z + K((G<")), and it is coarsely irreducible up to monomials in
Z + K((G<")). Note that if ¢; is also coarsely irreducible in Z, + K, ((H ")), then it is coarsely
irreducible in Z + K ((G<?)). As to the factor p, we note that if v(p) ¢ I, then in fact v(p) < v(b),
so p has finite coarse support, and otherwise we have v(p) < v(b).

For the uniqueness of p, let b = p-c¢y - --- - ¢, be a factorisation as in the conclusion. Since
v(b) = v(p) +v(cr) + -+ + v(ey), we have v(b) < v(p) and v(b) < wv(c;) for all . In particular,
D, Cly.-y0n € Z + K((GSY)). By Proposition 8.1.5, p is unique up to multiplication by a series
d € K,((H,)) € K((G)) of the form d = kt* with k € K* and « € H,. But for such a series
d = kt*, either = 0, so supp(d) C I,, which means that supp(d) < v(b), or < 0, in which case
d € K,((H5%) € Zy + K, ((H5®) = Z + K((G=")) and Swpp(d) = {z}.

Finally, suppose Supp(b) has supremum in Hy.q(y(3))- Then by Proposition 8.1.5 we may further
assume that ci,...,c, are coarsely irreducible in Z, + K, ((H:?)), so coarsely irreducible in Z +
K(G<%). Ifb=p-c; - -c, is a factorisation as in the conclusion, then p is unique up to
multiplication by a series d € K C K((G)). For such a series d, supp(d) C I, so supp(d) < v(b),
as desired. O

In turn, we obtain the desired factorisation theorem for the ring Oz of omnific integers. We do
not define the ring Oz here. It suffices to know that the field of surreal numbers No is of the form
R((G)) where G is itself an isomorphic copy of the additive group of No, and Oz = Z + R((G<?)).
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In particular, each group H, is complete, namely H, = R. Therefore, for all b € Oz", sup(supp(b))

is an element of Hypq(u(p)) = R.

Corollary 8.4.2 (Theorem B). For all non-zero b € Oz, there exist

® ci,...,cy, € Oz coarsely irreducible with infinite coarse support,
e p € Oz with finite coarse support or v(p) < v(b),
such thatb=p-cy-- ¢, and v(cy) < - < v(ep,) < v(b). Moreover, p is unique up to multiplication

by a surreal number d € No such that supp(d) < v(b).

APPENDIX A. COARSE MULTIPLICATIVITY OF sup

Using the tools of Section 8, we can give an alternative and simpler proof of a theorem of Pitteloud
stating that the ideal generated by the monomials t* for € G<° is prime in K((G=")) for any
abelian ordered group G [Pit01]. We obtain this by showing that the function sup of Definition 3.1.1
can be extended to K ((G=')), and that it results in a function very similar to a valuation. In what
follows, let G be an ordered abelian group (possibly a proper class to account for the case of omnific

integers).

A.1l. A completion of G. The only technical obstacle in defining sup is giving an appropriate
completion of G in which sup has a well defined meaning. We choose a definition that works well

when G is a proper class, so that the following arguments can also be applied to Oz.

Definition A.1.1. Given two nonempty subsets (not proper classes) A, B of G, we write:
o A< ¢ Bifforallz € Aand u € G with u < x there exists y € B such that u < y;
o A =cof Bif A Scof B and B Scof A.
o A< o Bif A<, Bbut B ﬁcof A.

Proposition A.1.2. The relation <ot is a total quasi-order on the class of subsets of G.

Proof. Let A, B,C be nonempty subsets of G. Clearly, A <.of A. Suppose A <o B <cor C. Pick
some x € A and u € G with v < x. Then there is y € B such that u < y, so there is z € C such
that u < z. Therefore, A < .ot C, so <.of is a quasi-order.

For totality, suppose that A %.or B. Then there exists z € A and v € G such that v < x and
y <wu for all y € B. But then for all y € B, w € G, if w <y, then w < u <z, s0 B <.t A. 0

Remark A.1.3. Clearly, if A C B, then A <.t B.

Definition A.1.4. Let Sup(G) be the class of the =c,s-equivalence classes of the nonempty subsets
of G. Given a nonempty subset A C G, denote by sup(A) € Sup(G) its =cor-equivalence class.
Given two nonempty subsets A, B C GG, we define:
e sup(A) <sup(B) if A <.or B;
e sup(A) + sup(B) :=sup(A + B).

Proposition A.1.5. (Sup(G),+, <) is an ordered commutative monoid.
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Proof. Since <.of is a quasi-order and Sup(G) is the class of the =.¢t-equivalence classes, < is a well
defined total order on Sup(G).

For the sum, let A, B,C C G be nonempty sets. Suppose that A <.,s B. Pick some z € A+ C
and some v € G with u < x. Write x = y + z with y € A and z € C. Then u — z < z, so there is
w € B such that u—z < w, hence u < w+ z. Since w+2z € B+, we have proved A+C <., B+C.
Since the sum of two sets is commutative, it also follows that C' + A <.t C' + B.

It follows at once that the sum + in Sup(G) is well defined and commutative, and that A <.t B
implies A + C <.t B+ C. Moreover, (Sup(G),+) is a monoid, as

(sup(A) + sup(B)) + sup(C) = sup(A + B) + sup(C) =sup(A+ B+ C) =
sup(A) + (sup(B + C)) = sup(A) + (sup(B) + sup(C)),
and sup(A) + sup({0}) = sup(4 + {0}) = sup(A). O
Notation A.1.6. Given z € G, let «(x) := sup({z}). Note that ¢ is clearly a group homomorphism.
Proposition A.1.7. For all non-empty A C G and x € G, sup(A) < u(x) if and only if A < z.

Proof. Let A C G be nonempty and z € G. Suppose A £cof {z}. Then there exists y € A and
u € G with u < y such that < u < y. Therefore, A £ z. Conversely, suppose A £ z. Then there
exists y € A such that « < y, while clearly for no z € {z} we have x < z, hence {z} Lcot A. O

Corollary A.1.8. The map ¢ : G — Sup(G) is an ordered group embedding.
Proposition A.1.9. For all £ < ¢ € Sup(G) there exists x € G such that £ < 1(z) < (.

Proof. Let A, B C G be such that sup(A) < sup(B). Then there is some u € G such that u < y for
some y € B, but x <w for all x € A. It follows that sup(A4) < (u) < sup(B). O

With a slight abuse of notation, we shall identify G with its isomorphic image ¢(G).
Definition A.1.10. Given b € K((G=°))*, let sup(b) := sup(supp(G)) € Sup(G).

A.2. Coarse multiplicativity. To capture the “almost” multiplicativity of sup, we use domination
from Definition 8.2.1. We remark that those notions are well defined even when G is not divisible.

In the proof, we shall use the notations of Subsection 8.2.

Definition A.2.1. Given £, € Sup(G), we say that £ is coarsely equal to ¢, denoted by £ ~ ¢,
ifforallz,y e G, if ¢ <x,y<Cor(<zx,y<E thenx—y <.

Remark A.2.2. For all £ € Sup(G)=Y, if ¢ ~ 0, then actually ¢ = 0. In fact, suppose by contradiction
that € # 0. Then there exists x € G such that £ < x < 0. This implies that z —0 < 0,s0x =0, a

contradiction.

Proposition A.2.3. For all b,c € K((G=%))* we have

e sup(b+ ¢) < max{sup(b),sup(c)} (ultrametric inequality);
e sup(be) ~ sup(b) + sup(c) (coarse multiplicativity).
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Proof. Let b,c € K((G=))*. For the sake of notation, let £ = sup(b), ¢ = sup(c) and n = sup(be).
Since supp(b + ¢) C supp(b) U supp(c), it follows at once that n < max{¢{,(}. Likewise, since
supp(be) C supp(b) + supp(c), we must have n < £ + ¢. Now take any x,y € G such that n < x <
y < &+ (. We wish to prove that © — y < z. Let o = ord(x).

Recall that M, is a ring homomorphism, so M, (bc) = M, (b)M,(c). Since x < ¢, ¢ < 0 we must
have M, (b), M,(c) # 0. The support of M, (b) is contained in the support of b, so sup(M, (b)) < &.
Conversely, since M, (b) # 0, for every z € supp(b), there is some w € supp(M, (b)) such that
z < w, so & < sup(M, (b)), hence & = sup(M,(b)). Likewise, ¢ = sup(M,(c)), and since M, (bc) =
My (b)My(c) # 0, n = sup(M,(be)).

Therefore, we may directly assume that b = M, (b), ¢ = M,(c), or in other words, b,c €
K((G=%) = Z, + K, ((HFY)). In particular, bc = M, (bc) as well. Let r, s,u € R be the supremums
of respectively b, ¢, be in the ring Z, + K, ((H:)). Since H, is archimedean, by Proposition 3.5.1
we have u =1 + s.

On the other hand, for all z € supp(bc), z < z, so u < 7, (x). Likewise, there are z € supp(d),
w € supp(c) such that y < z + w, so 7, (y) < r+ s. It follows at once that 7, (x — y) = 0, namely
ord(z — y) < o = ord(x), namely x — y < x, as desired. O

Corollary A.2.4 ([Pit02]). The ideal J generated by the monomials t* for x € G<° is prime in
K((G=9)).

Proof. Let b,c € K((G=°)) be such that bc € J. By definition bc is divisible by some #* with z < 0.
In particular, sup(bc) < 0. By Proposition A.2.3 and Remark A.2.2, sup(b) < 0 or sup(c) < 0.
Without loss of generality, assume sup(b) < 0. Then there exists y € G such that sup(b) <y < 0.
It follows that b is divisible by t¥, so b € J. Therefore, J is prime. O

Remark A.2.5. The function sup can be transformed into an actual valuation by quotienting Sup(G)<°

by ~, and the quotient is naturally an ordered monoid.

Indeed, the equivalence classes of the coarse equality ~ on Sup(G) are clearly convex. Moreover,
for £,¢,n € Sup(G)=, if ¢ ~ n, then & + ¢ ~ & + 1. To check this, say that £ +¢ < 2,y < &+ 1.
Then, after unravelling the definition of sum, z,y < u + w for some u,w € G such that u < ¢ and

w<n Inturn, ( <z —u,y—u<n,sor—y<x—u=32z

It follows at once that Sup(G)/SB is an ordered commutative monoid, and the composition sup :

K((G=%)) — Sup(G)=* — Sup(G)/SB is a valuation.
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