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The Minkowski vacuum state is expressed as an entangled state between the left and right Rindler
wedges when it is constructed on the Rindler vacuum. In this paper, we further examine the
entanglement structure and extend the expression to the future (expanding) and past (shrinking)
Kasner spacetimes. This clarifies the origin of the quantum radiation produced by an Unruh–
DeWitt detector in uniformly accelerated motion in the four-dimensional Minkowski spacetime. We
also investigate the two-dimensional massless case where the quantum radiation vanishes but the
same entanglement structure exists.

PACS numbers:

I. INTRODUCTION

It is well known that the Minkowski vacuum state of a quantum field is described by an entangled state between
the left (L) and right (R) Rindler wedges when it is constructed on the Rindler vacuum [1]:

|0,M⟩ ∝
∏

j

[

∞
∑

nj=0

e−πnjωj/a|nj⟩R ⊗ |nj⟩L
]

, (1)

where |nj⟩R(L) is the njth excited state on the R (L) Rindler vacuum with an acceleration a. Because any physical
quantity in the R Rindler wedge is not affected by the states in the left wedge, we can safely integrate them out and
obtain a mixed state of thermal equilibrium at the Unruh temperature TU = a/2π [1, 2]. Consequently, the Unruh
effect is usually considered to be a thermal phenomenon induced by quantum entanglement. The Unruh effect leads to
various interesting theoretical predictions (see [3] for a review) and plays a pivotal role in understanding phenomena
in a system with a horizon, such as Hawking radiation in the black hole geometry or particle creation in the de Sitter
universe.
To demonstrate the Unruh effect, various experiments have been proposed [4–13]. One example is the quantum

radiation emanating from a uniformly accelerated charged particle, which is called Unruh radiation [14–22]. The
question of whether a uniformly accelerated object emits quantum radiation was studied for a two-dimensional case
[23, 24]. It was soon confirmed that there is no radiation flux in a toy model of a uniformly accelerated detector
in two-dimensional spacetime [25]. Massar et al. [26] pointed out that a uniformly accelerated object generates a
polarization cloud around the object, but no radiation. The result is consistent with the intuition that the total
flux of radiation is canceled between outgoing and incoming fluxes from a thermal equilibrium system. However, the
situation is different in the four-dimensional case. Lin and Hu reported that a uniformly accelerated Unruh–DeWitt
detector in four dimensions emits a positive radiated power of quantum radiation [19, 20]. Ref. [27] showed that the
total radiation flux is not canceled out, and quantum radiation actually exists in a four-dimensional toy model, which
confirmed the result of Ref. [19, 20]. This result was further generalized to a uniformly accelerated charged particle
in four-dimensional spacetime [21, 28, 29]: Unruh radiation actually exists.
The presence of the radiation in the four-dimensional calculations seems to contradict the intuition that a system

in thermal equilibrium never emits radiation. In our previous papers [27, 30], we pointed out that the apparent
contradiction can be resolved by considering the entanglement structure of the Minkowski vacuum in the future
wedge. Namely, in the future region to which most of the flux of quantum radiation propagates, the L Rindler states
cannot be integrated out, and interference between the L and R Rindler wedge states in (1) generates quantum Unruh
radiation. Thus, Unruh radiation is interpreted as entanglement-induced quantum radiation.
In this paper, we examine the entanglement structure of the Minkowski vacuum state by extending the expression

(1) into the future (F) and past (P) degenerate Kasner universes shown in Fig. 1, expanding the work of Ref. [3].
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Equation (1) can be extended by first rewriting the mode functions in the Rindler wedges in terms of the wave functions
defined globally in the entire Minkowski spacetime and then restricting them to the F and P Kasner universes. In
Appendix A, we show that it can also be extended by using analytical continuations of the mode functions from the
L and R to the F and P regions across the horizons. By using the extension of the mode functions into the entire
Minkowski spacetime, the expression (1) is extended to

|0,M⟩ ∝
∏

j

[

∞
∑

nj=0

e−πnjωj/a|nj , I⟩ ⊗ |nj , II⟩
]

. (2)

Note that the wave functions representing the states |nj , I⟩ and |nj , II⟩ are defined in the entire spacetime, including
the future and past regions (see also [31]). Thus, the formula makes it possible to calculate the correlations between
the operators of different regions, e.g., the operator in the R Rindler region and that in the F Kasner region. It is
even possible to calculate the correlations between the operators in the P and F regions. Deriving formula (2) is the
main purpose of this paper.
Another purpose is to give the full details of the calculations in [30]. We calculate the quantum radiation produced

by a uniformly accelerated object. In previous works [19, 20], the radiation was derived using the Green function
method with reference frame coordinates. In contrast, to understand the physical origin of the radiation, we used a
formalism based on the expression (2) of the Minkowski vacuum state. It shows that quantum radiation is induced
by entanglement of the vacuum between the F region and the R Rindler region.
This paper is organized as follows. In Sec. II, we introduce the mode functions of a massless scalar field in

four-dimensional spacetime in each of the four regions, the R and L Rindler wedges and the F (expanding) and P
(shrinking) degenerate Kasner spacetimes. In Sec. III, we show how the expression (1) for the Minkowski vacuum
state is extended to the F and P regions as in (2). In Sec. IV, a similar calculation is presented for two-dimensional
spacetime for comparison to the four-dimensional case. In Sec. V, as an application of the entanglement structure
studied in Sec. III, we calculate the quantum radiation produced by a uniformly accelerated object. The section
explains the detailed calculations omitted in our previous letter [30]. In Sec. VI, we study a similar system in two-
dimensional spacetime [25]. In this case, the quantum radiation vanishes. This stems from a behavior of the mode
functions specific to the two-dimensional massless fields. In Sec. VII, a summary and conclusions are presented.
In Appendix A, we give a different derivation of the results in Sec. III using analytical continuations of the mode
functions across the horizons, expanding the work in Ref. [32]. In Appendices B and C, calculations supplementing
that in Sec. V are given.

II. MODE FUNCTIONS OF FOUR-DIMENSIONAL MASSLESS FIELDS IN THE R, L, F, P REGIONS

In this section, we first review the mode functions of a four-dimensional massless field in various coordinate systems
[3]. We consider a massless scalar field whose action is given by

S =
1

2

∫

d4x
√−ggµν∂µϕ∂νϕ (3)

and quantize it in the following coordinate systems: the R Rindler wedge (R region), the L Rindler wedge (L region),
the F (expanding) degenerate Kasner universe (F region), and the P (shrinking) degenerate Kasner universe (P region)
as well as the global Minkowski coordinates (see Fig. 1). The line element of the Minkowski spacetime is given by

ds2 = dt2 − dz2 − dx2
⊥. (4)

Note that x⊥ denotes the two-dimensional coordinates perpendicular to the (t, z) plane. The equation of motion
becomes

(

∂2

∂t2
− ∂2

∂z2
− ∂2

∂x2
⊥

)

ϕ = 0, (5)

and the quantized field is expanded as

ϕ =

∫ ∞

−∞

dkzd
2k⊥

(2π)
3/2√

2k0

(

b̂kzk⊥
e−ik0t+ikzz+ik⊥·x⊥ + h.c.

)

, (6)

where the creation and annihilation operators satisfy the commutation relations

[b̂kzk⊥
, b̂†k′

z,k
′
⊥

] = δD(kz − k′z)δ
(2)
D (k⊥ − k

′
⊥), [b̂kzk⊥

, b̂k′
z,k

′
⊥
] = [b̂†kzk⊥

, b̂†k′
z,k

′
⊥

] = 0. (7)



3

τ

z

R

F

L

t

P

τ～ξ
～

ξ

η ζ

η

ζ

～

～

FIG. 1: Four regions of Minkowski spacetime and corresponding coordinates.

Here we defined k0 =
√

k2z + k2
⊥. The Minkowski vacuum state |0,M⟩ is given by

b̂kzk⊥
|0,M⟩ = 0 (8)

for any (kz, k⊥).

A. R Rindler wedge (R region: z > |t|)

The R Rindler wedge (R region) is described by the coordinates τ and ξ,

t =
1

a
eaξ sinh aτ, z =

1

a
eaξ cosh aτ, (9)

where τ and ξ take values in the ranges −∞ < τ < ∞ and −∞ < ξ < ∞. These coordinates cover one-quarter of
Minkowski spacetime (see Fig. 1). The line element (4) and the field equation (5) reduce to

ds2 = e2aξ(dτ2 − dξ2)− dx2
⊥ (10)

and
(

∂2

∂τ2
− ∂2

∂ξ2
− e2aξ

∂2

∂x2
⊥

)

ϕ = 0, (11)

respectively. The quantized field can be expanded as

ϕ(x) =

∫ ∞

0

dω

∫ ∞

−∞

d2k⊥
(

âRω,k⊥
vRω,k⊥

(xR) + h.c.
)

, (12)

with the mode functions given by (see, e.g., [3])

vRω,k⊥
(xR) =

√

sinhπω/a

4π4a
Kiω/a

(

κeaξ

a

)

eik⊥·x⊥−iωτ . (13)

The coordinate τ is the proper time of a uniformly accelerated observer at ξ = 0, and the mode function (ω > 0)

represents a positive-frequency mode. Because the modified Bessel functionKiω/a

(

κeaξ

a

)

is approximated for ξ → −∞
as

Kiω/a

(

κeaξ

a

)

≈ 1

2

( κ

2a

)iω/a

Γ(
−iω

a
) eiωξ + c.c., (14)
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the mode function vRω,k⊥
(xR) represents a standing plane wave near the horizon, ξ → −∞. At ξ → +∞, it is

rapidly damped because of the potential like exp[−κe2aξ/a], where we defined κ =
√

|k⊥|2. The creation and

annihilation operators satisfy the commutation relations [âRω,k⊥
, âR†

ω′,k′
⊥

] = δD(ω−ω′)δ
(2)
D (k⊥−k

′
⊥), [âRω,k⊥

, âRω′,k′
⊥

] =

[âR†
ω,k⊥

, âR†
ω′,k′

⊥

] = 0. The R Rindler vacuum state is defined as

âRω,k⊥
|0,R⟩ = 0 (15)

for any (ω,k⊥), and the njth excited R Rindler state is defined as

|nj ,R⟩ =
1

√

nj !
(âR†

j )nj |0,R⟩, (16)

where j denotes the model specified by j = (ω,k⊥).
1

B. L Rindler wedge (L region: −z > |t|)

The L Rindler wedge (L region in Fig. 1) is similarly described by the coordinates τ̃ and ξ̃,

t =
1

a
eaξ̃ sinh aτ̃ , z = −1

a
eaξ̃ cosh aτ̃ , (17)

where τ̃ and ξ̃ take values in the ranges −∞ < τ̃ < ∞ and −∞ < ξ̃ < ∞. The line element (4) becomes

ds2 = e2aξ̃(dτ̃2 − dξ̃2)− dx2
⊥. (18)

The field equation is in the same form as (5), and we can expand the quantized field as

ϕ(x) =

∫ ∞

0

dω

∫ ∞

−∞

d2k⊥
(

âLω,k⊥
vLω,k⊥

(xL) + h.c.
)

(19)

with the mode function

vLω,k⊥
(xL) =

√

sinhπω/a

4π4a
Kiω/a

(

κeaξ̃

a

)

e−ik⊥·x⊥−iωτ̃ , (20)

where the creation and annihilation operators satisfy the commutation relations [âLω,k⊥
, âL†ω′,k′

⊥

] = δD(ω−ω′)δ
(2)
D (k⊥−

k
′
⊥), [âLω,k⊥

, âLω′,k′
⊥

] = [âL†ω,k⊥
, âL†ω′,k′

⊥

] = 0. The L Rindler vacuum state is defined as âLω,k⊥
|0,L⟩ = 0 for any (ω,k⊥),

and the L Rindler particle state is defined as (see footnote 1)

|nj ,L⟩ =
1

√

nj !
(âL†j )nj |0,L⟩. (21)

C. F (expanding) degenerate Kasner universe (F region: t > |z|)

In the F (expanding) degenerate Kasner universe (F region in Fig. 1), we can introduce the coordinates η and ζ as

t =
1

a
eaη cosh aζ, z =

1

a
eaη sinh aζ, (22)

where η and ζ take values in the ranges −∞ < η < ∞ and −∞ < ζ < ∞. Thus, the line element (4) and the field
equation (5) become

ds2 = e2aη(dη2 − dζ2)− dx2
⊥ (23)

1 Eq. (16) is a schematic expression, where some discretization of the modes is assumed with the normalization [âj , â
†
j ] = 1.
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and
(

∂2

∂η2
− ∂2

∂ζ2
− e2aη

∂2

∂x2
⊥

)

ϕ = 0, (24)

respectively. Because η is the time variable, the metric describes an expanding universe with the scale factor eaη. The
quantized field is expanded as

ϕ(x) =

∫ ∞

−∞

dω

∫ ∞

−∞

d2k⊥
(

âFω,k⊥
vFω,k⊥

(xF) + h.c.
)

(25)

in terms of the mode functions

vFω,k⊥
(xF) =

−ieiωζ

2π
√

4a sinh(π|ω|/a)
J−i|ω|/a

(

κeaη

a

)

eik⊥·x⊥ . (26)

Because the Bessel function J−i|ω|/a

(

κeaη

a

)

is approximated at η → −∞ (near the horizon) as

J−i|ω|/a

(

κeaη

a

)

∝ e−i|ω|η, (27)

it represents a positive-frequency mode for both positive and negative ω. Mode functions with a positive ω represent
right-moving wave modes in the ζ direction, whereas modes with a negative ω represent left-moving wave modes.

The creation and annihilation operators satisfy the commutation relations [âFω,k⊥
, âF†

ω′,k′
⊥

] = δD(ω − ω′)δ
(2)
D (k⊥ −

k
′
⊥), [âFω,k⊥

, âFω′,k′
⊥

] = [âF†
ω,k⊥

, âF†
ω′,k′

⊥

] = 0. We define the vacuum state in the F region as

âFω,k⊥
|0,F⟩ = 0 (28)

for any (ω, k⊥), and the excited particle states are also defined using âF†
ω,k⊥

.

Because a positive (negative) ω represents a right (left)-moving wave mode in the ζ direction, we can decompose
the field ϕ into

ϕ(x) = ϕF,d(x) + ϕF,s(x). (29)

Here we define the sinister (“left” in Latin) field

ϕF,s(x) =

∫ ∞

0

dω

∫ ∞

−∞

d2k⊥

(

âF,sω,k⊥
vF,sω,k⊥

(x) + h.c.
)

(30)

with the mode function

vF,sω,k⊥
(x) := vF−ω,k⊥

(x) =
−ie−iωζ

2π
√

4a sinh(πω/a)
J−iω/a

(

κeaη

a

)

eik⊥·x⊥ , (31)

which contains only the left-moving modes in the ζ direction near the horizon. In contrast, the dexter (“right” in
Latin) field,

ϕF,d(x) =

∫ ∞

0

dω

∫ ∞

−∞

d2k⊥

(

âF,dω,k⊥
vF,dω,k⊥

(x) + h.c.
)

, (32)

is defined with the mode function

vF,dω,k⊥
(x) := vFω,−k⊥

(x) =
−ieiωζ

2π
√

4a sinh(πω/a)
J−iω/a

(

κeaη

a

)

e−ik⊥·x⊥ , (33)

which contains only the right-moving modes in the ζ direction near the horizon. The annihilation operators are

defined accordingly as âF,sω,k⊥
= âF−ω,k⊥

and âF,dω,k⊥
= âFω,−k⊥

. In both expansions of the field, ω takes a positive value.
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D. P (shrinking) degenerate Kasner universe (P region: −t > |z|)

In the P (shrinking) degenerate Kasner universe (P region in Fig. 1), we introduce the coordinates η̃ and ζ̃

t = −1

a
e−aη̃ cosh aζ̃, z =

1

a
e−aη̃ sinh aζ̃. (34)

These variables, η̃ and ζ̃, take values in the ranges −∞ < η̃ < ∞ and −∞ < ζ̃ < ∞. The line element (4) and the
field equation (5) become

ds2 = e−2aη̃(dη̃2 − dζ̃2)− dx2
⊥ (35)

and
(

∂2

∂η̃2
− ∂2

∂ζ̃2
− e−2aη̃ ∂2

∂x2
⊥

)

ϕ = 0, (36)

respectively. The quantized field is expanded as

ϕ(x) =

∫ ∞

−∞

dω

∫ ∞

−∞

d2k⊥
(

âPω,k⊥
vPω,k⊥

(xP) + h.c.
)

, (37)

where the mode function is defined as

vPω,k⊥
(xP) =

ieiωζ̃

2π
√

4a sinh(π|ω|/a)
Ji|ω|/a

(

κe−aη̃

a

)

eik⊥·x⊥ . (38)

The creation and annihilation operators satisfy the commutation relations [âPω,k⊥
, âP†

ω′,k′
⊥

] = δD(ω − ω′)δ
(2)
D (k⊥ −

k
′
⊥), [âPω,k⊥

, âPω′,k′
⊥

] = [âP†
ω,k⊥

, âP†
ω′,k′

⊥

] = 0. The vacuum state |0,P⟩ in the P region is defined as

âPω,k⊥
|0,P⟩ = 0 (39)

for any (ω, k⊥), and the excited particle states are created using the operators âP†
ω,k⊥

.

The ω in (38) is the momentum in the ζ̃ direction, and a positive (negative) ω represents a right (left)-moving wave
mode. Thus, we can separate the right-moving wave modes from the left-moving wave modes by decomposing

ϕ(x) = ϕP,d(x) + ϕP,s(x), (40)

where we define

ϕP,s(x) =

∫ ∞

0

dω

∫ ∞

−∞

d2k⊥

(

âP,s
ω,k⊥

vP,s
ω,k⊥

(x) + h.c.
)

,

ϕP,d(x) =

∫ ∞

0

dω

∫ ∞

−∞

d2k⊥

(

âP,d
ω,k⊥

vP,d
ω,k⊥

(x) + h.c.
)

.

The mode functions are defined as

vP,s
ω,k⊥

(x) = vP−ω,−k⊥
(x) =

ie−iωζ̃

2π
√

4a sinh(πω/a)
Jiω/a

(

κe−aη̃

a

)

e−ik⊥·x⊥ , (41)

vP,d
ω,k⊥

(x) = vPω,k⊥
(x) =

ieiωζ̃

2π
√

4a sinh(πω/a)
Jiω/a

(

κe−aη̃

a

)

eik⊥·x⊥ , (42)

and the annihilation operators are defined accordingly as

âP,s
ω,k⊥

= âP−ω,−k⊥
, (43)

âP,d
ω,k⊥

= âPω,k⊥
. (44)
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III. DESCRIPTION OF THE MINKOWSKI VACUUM STATE

In this section, we will connect the mode functions defined in each coordinate system in the previous section and
express the Minkowski vacuum state as in (2), which is defined in the entire Minkowski spacetime.

A. Positive-frequency modes in Minkowski spacetime

First, we note that the following linear combinations of the mode functions in the R and L regions (normalized with
respect to the Klein–Gordon inner product) are positive-frequency modes in the Minkowski sense (see, e.g., Ref. [3]):2

w−ω,k⊥
=

vRω,k⊥
+ e−πω/avL∗ω,k⊥√
1− e−2πω/a

, (45)

w+ω,k⊥
=

vLω,−k⊥
+ e−πω/avR∗

ω,−k⊥√
1− e−2πω/a

. (46)

As shown in [3], these positive-frequency modes in Minkowski spacetime are written in the integral form

w±ω,k⊥
=

∫ ∞

−∞

dkz√
8aπk0

e±iθ(kz)ω/ae−ik0t+ikzz
eik⊥·x⊥

2π
, (47)

where the rapidity variable θ is defined as k0 = κ cosh θ, kz = κ sinh θ. It is thus written as

θ(kz) =
1

2
ln

(

k0 + kz
k0 − kz

)

. (48)

We introduce the (unnormalized) positive-frequency modes in Minkowski spacetime W±ω as

W±ω =

∫ ∞

−∞

dθe±iθω/ae−iκ(t cosh θ−z sinh θ) (49)

and evaluate W±ω in the L (R) Rindler and F(P) Kasner coordinates. Note that W±ω is related to w±ω,k⊥
by

w±ω,k⊥
=

eik⊥·x⊥

√
2a(2π)2

W±ω. (50)

For k⊥ = 0, we cannot write the mode functions in the above form [(49)] because of the relation k0 = |kz|. This case
is investigated separately in Sec. IV as a two-dimensional massless field. In the four-dimensional case, the modes with
k⊥ = 0 make negligible contributions to the composition of a physically relevant wave packet.
Eqs. (45) and (46) are solved to obtain the R Rindler mode vRω,k⊥

and L Rindler mode vLω,k⊥
in terms of the

positive-frequency Minkowski modes. Renaming them as vIω,k⊥
and vIIω,k⊥

for later convenience, we have

vRω,k⊥
→ vIω,k⊥

=
w−ω,k⊥

− e−πω/aw∗
+ω,−k⊥√

1− e−2πω/a
, (51)

vLω,k⊥
→ vIIω,k⊥

=
w+ω,−k⊥

− e−πω/aw∗
−ω,k⊥√

1− e−2πω/a
. (52)

These wave functions are defined in the entire Minkowski spacetime through the integral representation of (49). This
makes a striking contrast to the original definitions of vRω,k⊥

and vLω,k⊥
, which are defined only in the restricted regions,

namely, in the R and L Rindler wedges, respectively.
After briefly discussing the R and L regions for clarity, we explicitly evaluate the integral in the F and P regions

and relate vIω,k⊥
and vIIω,k⊥

with the mode functions defined there.

2 Here, vLωk⊥
in Ref. [3] is vLω,−k⊥

in the present paper.
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B. R region

In the R region, (49) reduces to

W±ω =

∫ ∞

−∞

dθe±iθω/aeiκ(e
aξ/a) sinh(θ−aτ) = e±iωτ

∫ ∞

−∞

dθe±iθω/aeiκ(e
aξ/a) sinh θ. (53)

Considering the convergence property at |θ| = ∞ on the complex plane, the integration contour of θ can be shifted
to the contour θ = x+ πi/2− iε with (ε > 0) in the range −∞ < x < ∞:

W±ω = e±iωτ∓πω/2a

∫ ∞

−∞

dxe±ixω/ae−(κeaξ/a) cosh x, (54)

where we used sinh(x+ πi/2) = i coshx. Because the integral representation of the modified Bessel function is given
by

Kiω(z) =

∫ ∞

−∞

dxe±xν−z cosh te−(κeaξ/a) cosh x, (55)

we have

vIω,k⊥
= e−iωτeik⊥·x⊥

√

sinhπω/a

4π4a
Kiω/a

(

κeaξ

a

)

= vRω,k⊥
(xR), (56)

and

vIIω,k⊥
= 0. (57)

The result in (56) just confirms (51). On the other hand, (57) shows that the wave function defined in the L Rindler
wedge (52) has no support in the R Rindler wedge.

C. L region

In the L region, (49) reduces to

W±ω =

∫ ∞

−∞

dθe±iθω/ae−iκ(eaξ̃/a) sinh(θ+aτ̃). (58)

By changing the contour on the complex plane, as in the R region, it is written as

W±ω = e∓iωτ̃±πω/2a

∫ ∞

−∞

dxe∓ixω/ae−(κeaξ̃/a) cosh x, (59)

and vI,IIω,k⊥
are evaluated in the L region as

vIω,k⊥
= 0, (60)

vIIω,k⊥
= e−iωτ̃e−ik⊥·x⊥

√

sinhπω/a

4π4a
Kiω/a

(

κeaξ̃

a

)

= vLω,k⊥
(xL). (61)

The result in (61) just confirms (52). On the other hand, (60) shows that the wave function defined in the R Rindler
wedge (51) has no support in the L Rindler wedge.

D. F region

In the F region, (49) reduces to

W±ω =

∫ ∞

−∞

dθe±iθω/ae−iκ(eaη/a) cosh(θ−aζ) = e±iωζ

∫ ∞

−∞

dθe±iθω/ae−iκ(eaη/a) cosh θ. (62)
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In this case, because the convergence property at |θ| = ∞ is different from that in the R Rindler case, the integration
contour can be shifted on the complex plane, as shown in Fig. 2. Then the integration is rewritten as

W±ω = e±iωζ

{

e∓πω/2a

∫ ∞

0

dxe∓ixω/ae−(κeaη/a) sinh x + e±πω/2a

∫ ∞

0

dxe±ixω/ae−(κeaη/a) sinh x

+

∫ −πi/2

πi/2

dθe±iθω/ae−i(κeaη/a) cosh θ

}

. (63)

The last term on the right-hand side of the above equation reduces to

−ie±iωζe±πω/2a

∫ π

0

dxe∓ωx/ae−iz sin x. (64)

By using the Bessel Schläfli integration formula

Jν(z) =
1

π

∫ π

0

cos(νt− z sin t)dt− sin νπ

π

∫ ∞

0

dte−νt−z sinh t, (65)

we find that

vIω,k⊥
=

−ie−iωζ

2π
√

4a sinh(πω/a)
J−iω/a

(

κeaη

a

)

eik⊥·x⊥ = vF,sω,k⊥
(x), (66)

vIIω,k⊥
=

−ieiωζ

2π
√

4a sinh(πω/a)
J−iω/a

(

κeaη

a

)

e−ik⊥·x⊥ = vF,dω,k⊥
(x). (67)

As shown in Fig. 3, the wave function vIω,k⊥
is originally defined in the R region and vanishes in the L region.

Consequently, in the F region, it becomes the left-moving mode vF,sω,k⊥
near the horizon between the R Rindler and

F Kasner wedges. On the other hand, the wave function vIIω,k⊥
is originally defined in the L region and vanishes in

the R region. Consequently, in the F region, it becomes the right-moving mode vF,dω,k⊥
near the horizon between the

L Rindler and F Kasner wedges.

E. P region

In the P region, (49) reduces to

W±ω =

∫ ∞

−∞

dθe±iθω/aeiκ(e
−aη̃/a) cosh(θ+aζ̃) = e∓iωζ̃

∫ ∞

−∞

dθe±iθω/aeiκ(e
−aη̃/a) cosh θ. (68)

This is obtained by taking the complex conjugate of W±ω in the F region and replacing η and ζ with −η̃ and ζ̃,
respectively, and we find

vIω,k⊥
=

ieiωζ̃

2π
√

4a sinh(πω/a)
Jiω/a

(

κe−aη̃

a

)

eik⊥·x⊥ = vP,d
ω,k⊥

(x), (69)

vIIω,k⊥
=

ie−iωζ̃

2π
√

4a sinh(πω/a)
Jiω/a

(

κe−aη̃

a

)

e−ik⊥·x⊥ = vP,s
ω,k⊥

(x). (70)

As shown in Fig. 3, the wave functions vI (vII) appear in the P region as the right (left)-moving mode vP,d (vP,s) near
the horizon between the R (L) Rindler and P Kasner wedges.

π

2
i

π

2
i-

FIG. 2: Contour of integration on the complex plane.
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ω, k⊥

v R

z

R
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t

P 

v P,dv P,s

v L

v F,d v F,s
ω, k⊥

ω, k⊥ ω, k⊥

ω, k⊥ω, k⊥

aI

ω^, k⊥

aI

ω^, k⊥

aII

ω^, k⊥
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ω^, k⊥

aII

ω^, k⊥

aI

ω^, k⊥

FIG. 3: Mode functions in each region and their relationships. The red and blue undulating modes are vIω,k⊥
and vIIω,k⊥

,

respectively, which are associated with the annihilation (creation) operators âI
ω,k⊥

(âI†
ω,k⊥

) and âII
ω,k⊥

(âII†
ω,k⊥

).

F. Entanglement of the Minkowski vacuum state

Summarizing the results in the previous subsections, we find that the functions vIω,k⊥
and vIIω,k⊥

are identified with
the functions introduced in Sec. II as follows:

vIω,k⊥
(x) =















vF,sω,k⊥
F

vRω,k⊥
R

0 L

vP,d
ω,k⊥

P

, vIIω,k⊥
(x) =















vF,dω,k⊥
F

0 R
vLω,k⊥

L

vP,s
ω,k⊥

P

. (71)

The behavior of the wave functions is drawn schematically in Fig. 3. It can also be obtained by using continuations of
the wave functions through the Minkowski positive-frequency mode functions (see Appendix A). Thus, we can obtain
globally defined annihilation operators, âIω,k⊥

and âIIω,k⊥
, by making the following identifications:

âIω,k⊥
:= âRω,k⊥

= âP,d
ω,k⊥

= âF,sω,k⊥
,

âIIω,k⊥
:= âLω,k⊥

= âP,s
ω,k⊥

= âF,dω,k⊥
.

We can now expand the quantum field in terms of the mode functions vσω,k⊥
(x) (σ = I, II) and the globally defined

operators as

ϕ(x) =
∑

σ=I,II

∫ ∞

0

dω

∫ ∞

−∞

d2k⊥
(

âσω,k⊥
vσω,k⊥

(x) + h.c.
)

. (72)

Note that the expansion is valid in the entire Minkowski region. By using these modes, the Minkowski vacuum state
is written as

|0,M⟩ =
∏

j

[

Nj

∞
∑

nj=0

e−πnjωj/a|nj , I⟩ ⊗ |nj , II⟩
]

, (73)

where Nj =
√

1− e−2πωj/a and j = (ωj ,k⊥). Notice that ωj takes only positive values.
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Eq. (73) expresses the Minkowski vacuum state in four-dimensional spacetime as an entangled state constructed
on the basis of the modes vI and vII. The entanglement structure of the Minkowski vacuum between the R and L
regions is well-known [1, 2], and (73) gives a generalization to the F and the P regions. Therefore, it is now possible
to calculate the correlations between the operators of any of the regions R, L, F, and P. For example, as discussed in
Ref. [30], the entanglement between the states in the F and R regions is important for understanding the quantum
radiation associated with the Unruh effect. This will be discussed in Sec. V. It also represents timelike entanglement
between states in the F and P regions [31].

G. Two-point Wightman function

To confirm completeness of the mode expansion in (72), we compute the two-point Wightman function using (72)
and show that it reproduces the two-point function calculated in the Minkowski basis as in Ref. [3]. The two-point
Wightman function is computed as

⟨0,M|ϕ(x)ϕ(x′)|0,M⟩ =
∫ ∞

0

dω

∫ ∞

−∞

d2k⊥

[

{

vIω,k⊥
(x)vI∗ω,k⊥

(x′) + vIIω,k⊥
(x)vII∗ω,k⊥

(x′)
} 1

1− e−2πω/a

+
{

vI∗ω,k⊥
(x)vIω,k⊥

(x′) + vII∗ω,k⊥
(x)vIIω,k⊥

(x′)
} 1

e2πω/a − 1
+
{

vIω,k⊥
(x)vIIω,k⊥

(x′) + vI∗ω,k⊥
(x)vII∗ω,k⊥

(x′)

+vIIω,k⊥
(x)vIω,k⊥

(x′) + vII∗ω,k⊥
(x)vI∗ω,k⊥

(x′)
} eπω/a

e2πω/a − 1

]

, (74)

where we used

⟨0,M|âIω,k⊥
âI†ω′,k′

⊥

|0,M⟩ = ⟨0,M|âIIω,k⊥
âII†ω′,k′

⊥

|0,M⟩ = 1

1− e−2πω/a
δD(ω − ω′)δ2D(k⊥ − k

′
⊥),

⟨0,M|âI†ω,k⊥
âII†ω′,k′

⊥

|0,M⟩ = ⟨0,M|âIω,k⊥
âIIω′,k′

⊥
|0,M⟩ = eπω/a

e2πω/a − 1
δD(ω − ω′)δ2D(k⊥ − k

′
⊥).

Using the definitions of the mode functions in (52), we find that the two-point Wightman function becomes

⟨0,M|ϕ(x)ϕ(x′)|0,M⟩ =

∫ ∞

0

dω

∫ ∞

−∞

d2k⊥
{

w−ω,k⊥
(x)w∗

−ω,k⊥
(x′) + wω,k⊥

(x)w∗
ω,k⊥

(x′)
}

. (75)

This is equivalent to the two-point function

⟨0,M|ϕ(x)ϕ(x′)|0,M⟩ =
∫

dkzd
2k⊥

(2π)32k0
e−ik0(t−t′−iε)+ikz(z−z′)+ik⊥·(x⊥−x

′
⊥), (76)

as can be demonstrated using (47). This result proves that the mode expansion in (72) correctly forms a complete
set of wave functions in the entire Minkowski spacetime.

IV. TWO-DIMENSIONAL MASSLESS FIELD

Here we study the entanglement structure of the Minkowski vacuum in a two-dimensional massless scalar field. The
modes correspond to the k⊥ = 0 modes, which may be neglected in the four-dimensional case. The analysis is much
simpler and is well-known in the literature (see, e.g., [3]), but it is instructive to show how the entanglement structure
differs from that in the four-dimensional case.
The quantized field in two dimensions is expanded as

ϕ(t, z) =

∫ ∞

−∞

dk
√

4π|k|

(

b̂ke
−i|k|t+ikz + h.c.

)

. (77)

The Minkowski vacuum state |0,M⟩ is defined by b̂k|0,M⟩ = 0, for any k.
We now describe the Minkowski vacuum state using the quantum states constructed in the R, L, F, and P regions.

For a massless scalar field in two dimensions, owing to conformal invariance, the solution for the mode function is
written in a form similar to that of the Minkowski coordinates. Then, we separate the solutions in each region into



12

ω

v R,d

z

t

v P,dv P,s
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ω
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ω
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ω

aIV

ω^aIII
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FIG. 4: Behavior of mode functions in the two-dimensional case.

the right-moving and left-moving waves, for which we use notation similar to that for the four-dimensional case. We
define the mode functions as follows:

vIω(x) = θ(−U)
1√
4πω

(−aU)iω/a =















0 F

vR,d
ω = e−iω(τ−ξ)/

√
4πω R

0 L

vP,d
ω = e−iω(η̃−ζ̃)/

√
4πω P

,

vIIω (x) = θ(−V )
1√
4πω

(−aV )iω/a =















0 F
0 R

vL,sω = e−iω(τ̃−ξ̃)/
√
4πω L

vP,s
ω = e−iω(η̃+ζ̃)/

√
4πω P

,

vIIIω (x) = θ(U)
1√
4πω

(aU)−iω/a =















vF,dω = e−iω(η−ζ)/
√
4πω F

0 R

vL,dω = e−iω(τ̃+ξ̃)/
√
4πω L

0 P

,

vIVω (x) = θ(V )
1√
4πω

(aV )−iω/a =















vF,sω = e−iω(η+ζ)/
√
4πω F

vR,s
ω = e−iω(τ+ξ)/

√
4πω R

0 L
0 P

,

where we introduced the light-cone coordinates U and V in Minkowski spacetime as U = t − z and V = t + z. The
modes are illustrated in Fig. 4. A notable difference from the four-dimensional case with k⊥ ̸= 0 is that all the modes
propagate in the light-cone directions and cover only two regions, namely, P and R (or L), or F and R (or L).

With these mode functions and the creation and annihilation operators satisfying [âσω, â
σ′†
ω′ ] = δσ,σ′δD(ω −

ω), [âσω, â
σ′

ω′ ] = 0, [âσ†ω , âσ
′†

ω′ ] = 0, where σ, σ′ = I, II, III, IV, we can expand the quantum field as

ϕ(x) =
∑

σ=I,II,III,IV

∫ ∞

0

dω (âσωv
σ
ω(x) + h.c.) . (78)
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Further, the Minkowski vacuum state is given by

|0,M⟩ =
∏

ω

[

Nω

∞
∑

nω=0

e−πnωω/a|nω, I⟩ ⊗ |nω, III⟩
]

⊗
∏

ω′

[

Nω′

∞
∑

nω′=0

e−πnω′ω′/a|nω′ , II⟩ ⊗ |nω′ , IV⟩
]

, (79)

where Nω =
√
1− e−2πω/a. Eq. (79) expresses the quantum entanglement in the Minkowski vacuum state of the mass-

less field in two-dimensional Minkowski spacetime, which also describes the modes with k⊥ = 0 in four-dimensional
Minkowski spacetime (see Fig. 4). In the two-dimensional massless case, owing to conformal invariance, the left- and
right-moving modes are decoupled, and so is the vacuum. In the four-dimensional case, a single wave function, vI ,
describes a mode propagating from the P region through the R Rindler wedge to the F region. In contrast, the P and
F regions are not connected by a single wave function in the two-dimensional case because the mode functions vIω,
vIIω , v

III
ω , and vIVω are functions of a single positive variable, ±U or ±V . This is the reason for the absence of quantum

radiation in the two-dimensional massless scalar studied in Sec. VI.
In the rest of this section, we compute the two-point Wightman function and show that the above mode expansion

forms a complete basis in two-dimensional Minkowski spacetime. The two-point Wightman function is given by

⟨0,M|ϕ(x)ϕ(x′)|0,M⟩ =
∫ ∞

0

dω

[

{

vIω(x)v
I∗
ω (x′) + vIIIω (x)vIII∗ω (x′)

} 1

1− e−2πω/a

+
{

vI∗ω (x)vIω(x
′) + vIII∗ω (x)vIIIω (x′)

} 1

e2πω/a − 1
+
{

vIω(x)v
III
ω (x′) + vI∗ω (x)vIII∗ω (x′)

+vIIIω (x)vIω(x
′) + vIII∗ω (x)vI∗ω (x′)

} eπω/a

e2πω/a − 1
+
{

vIIω (x)v
II∗
ω (x′) + vIVω (x)vIV∗

ω (x′)
} 1

1− e−2πω/a

+
{

vII∗ω (x)vIIω (x
′) + vIV∗

ω (x)vIVω (x′)
} 1

e2πω/a − 1
+
{

vIIω (x)v
IV
ω (x′) + vII∗ω (x)vIV∗

ω (x′)

+vIVω (x)vIIω (x
′) + vIV∗

ω (x)vII∗ω (x′)
} eπω/a

e2πω/a − 1

]

, (80)

where we used

⟨0,M|âIωâI†ω′ |0,M⟩ = ⟨0,M|âIIIω âIII†ω′ |0,M⟩ = 1

1− e−2πω/a
δD(ω − ω′),

⟨0,M|âI†ω âIII†ω′ |0,M⟩ = ⟨0,M|âIωâIIIω′ |0,M⟩ = eπω/a

e2πω/a − 1
δD(ω − ω′),

⟨0,M|âIIω âII†ω′ |0,M⟩ = ⟨0,M|âIVω âIV†
ω′ |0,M⟩ = 1

1− e−2πω/a
δD(ω − ω′),

⟨0,M|âII†ω âIV†
ω′ |0,M⟩ = ⟨0,M|âIIω âIVω′ |0,M⟩ = eπω/a

e2πω/a − 1
δD(ω − ω′).

(81)

The others are zero. In terms of the positive-frequency Minkowski modes defined as

Fω(U) =
√

1− e−2πω/a

∫ ∞

0

dk√
4πk

αR
ωke

−ikU , F̄ω(U) =
√

1− e−2πω/a

∫ ∞

0

dk√
4πk

αL
ωke

−ikU ,

Gω(V ) =
√

1− e−2πω/a

∫ ∞

0

dk√
4πk

αR
ωke

−ikV , Ḡω(V ) =
√

1− e−2πω/a

∫ ∞

0

dk√
4πk

αL
ωke

−ikV ,

with

αR
ωk =

ieπω/2a

2π
√
ωk

(

a

k

)−iω/a

Γ(1− iω/a), αL
ωk = − ieπω/2a

2π
√
ωk

(

a

k

)iω/a

Γ(1 + iω/a),
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FIG. 5: Schematic of the Unruh–DeWitt detector model. The hyperbolic curve is the detector’s trajectory, and the detector is
an infinitely small harmonic oscillator coupled to the massless scalar field.

the wave functions vI,II,III,IV are written as (see, e.g., Ref. [3]):

θ(−U)vIω(x) =
F̄ω(U)− e−πω/aF ∗

ω(U)√
1− e−2πω/a

, (82)

θ(−V )vIIω (x) =
Ḡω(V )− e−πω/aG∗

ω(V )√
1− e−2πω/a

, (83)

θ(U)vIIIω (x) =
Fω(U)− e−πω/aF̄ ∗

ω(U)√
1− e−2πω/a

, (84)

θ(V )vIVω (x) =
Gω(V )− e−πω/aḠ∗

ω(V )√
1− e−2πω/a

. (85)

By using these relations, the two-point Wightman function reduces to

⟨0,M|ϕ(x)ϕ(x′)|0,M⟩ =

∫ ∞

0

dω
{

Fω(x)F
∗
ω(x

′) + F̄ω(x)F̄
∗
ω(x

′) +Gω(x)G
∗
ω(x

′) + Ḡω(x)Ḡ
∗
ω(x

′)
}

. (86)

By using the relation

∫ ∞

−∞

dω(1− e−2πω/a)(αR
ωkα

R∗
ωk′ + αL

ωkα
L∗
ωk′) = δD(k − k′), (87)

(86) becomes

⟨0,M|ϕ(x)ϕ(x′)|0,M⟩ =
∫ ∞

0

dk

4πk
(e−ik(V−V ′) + e−ik(U−U ′)) =

∫ ∞

−∞

dk

4π|k|e
−i|k|(t−t′)+ik(z−z′), (88)

which is nothing but the expression obtained directly from the Minkowski mode expansion (77).

V. APPLICATION I: QUANTUM RADIATION FROM A UNIFORMLY ACCELERATING DETECTOR
IN FOUR-DIMENSIONAL SPACETIME

As an application of the entanglement structure investigated so far, we study the quantum radiation emanating
from an Unruh–DeWitt detector coupled to a massless scalar field in four-dimensional spacetime [19–21, 27, 30, 33].
The radiation is caused by the two-point correlations between the R region and the F region based on (73), which
cannot be calculated using the ordinary expression (1). A two-dimensional case is studied in the next section.
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The Unruh–DeWitt detector model contains a harmonic oscillator Q(τ) moving at uniform acceleration with the
world-line trajectory z(τ), which is coupled to the massless scalar field ϕ in four-dimensional spacetime (see Fig. 5).
The action is given by

S[Q,ϕ; z] =
m

2

∫

dτ
(

Q̇2(τ)− Ω2
0Q

2(τ)
)

+
1

2

∫

d4x∂µϕ(x)∂µϕ(x)

+λ

∫

d4xdτP [Q(τ)]ϕ(x)δ
(4)
D (x− z(τ)), (89)

where m and Ω0 are the mass and angular frequency of the harmonic oscillator Q, respectively. The dot denotes
differentiation with respect to τ . Here P [Q] is defined as

P [Q(τ)] =
∑

j

pj
djQ(τ)

dτ j
, (90)

where pi are constants [33].
The world-line trajectory of the detector is specified by xµ = zµ(τ), where τ is the proper time of the detector.

The trajectory under uniformly accelerated motion is given by

t(τ) = a−1 sinh aτ, z(τ) = a−1 cosh aτ, x⊥(τ) = 0. (91)

The equations of motion for Q(τ) and ϕ(x) are given by

Q̈(τ) + Ω2
0Q(τ) =

λ

m
P̄ [ϕ(z(τ))], (92)

∂µ∂µϕ(x) = λ

∫

dτP [Q(τ)]δ
(4)
D (x− z(τ)), (93)

where we defined P̄ [ϕ(z(τ))] =
∑

j pj(−1)j djϕ(z(τ))
dτj . These are linearly coupled equations; hence, the system can be

solved exactly [19, 20]. As we show in the following, the equation of motion (92) becomes a Langevin-type equation,
and the harmonic oscillator, after a transient phase, eventually becomes thermalized to an equilibrium state at the
Unruh temperature, TU = a/2π. Consequently, the scalar field ϕ is also stabilized to a steady state. We thus consider
such an equilibrium phase in the following investigation [21, 33]. In the presence of the harmonic oscillator, the scalar
field ϕ(x) is given by the sum of the homogeneous solution ϕh(x) and the inhomogeneous solution ϕinh(x):

ϕ(x) = ϕh(x) + ϕinh(x). (94)

The homogeneous solution ϕh(x) represents the vacuum fluctuation and always exists independent of the presence or
absence of Q(τ). In contrast, the inhomogeneous solution ϕinh(x) is generated by the harmonic oscillator Q(τ) and is
given by

ϕinh(x) = λ

∫

dτ ′P [Q(τ ′)]GR(x− z(τ ′)), (95)

where GR(x − y) is the retarded Green function. Note that the harmonic oscillator Q(τ) is considered to be in the
classical ground state and to be excited only through interaction with the quantum fluctuations of the scalar field
ϕh(x), as is shown below. Thus, Q(τ) is determined by the quantum field ϕh(z(τ)) on the trajectory of the detector
z(τ).
By inserting (94) into (92), we obtain

Q̈+Ω2
0Q− λ2

m
P̄

[
∫

dτ ′P [Q(τ ′)]GR(z(τ)− z(τ ′))

]

=
λ

m
P̄ [ϕh(z(τ))]. (96)

In the four-dimensional massless case, the retarded Green function is given by

GR(x− y) =
1

4π
δD(σ2(x− y))θ(x0 − y0), σ2(x− y) =

1

2
(xµ − yµ)(x

µ − yµ). (97)

To regularize the ultraviolet divergences in the τ ′ integral at τ ′ = τ , we introduce the regularized retarded Green
function [19],

GΛ
R(x− x′) =

1

4

√

8

π
Λ2e−2Λ4σ2(x−x′)θ(x0 − x′0), (98)
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where Λ is the regularization parameter. Then, we have

ϕinh(z(τ)) = λ

∫

dτ ′P [Q(τ ′)]GΛ
R(z(τ)− z(τ ′))

=
λ

4π

{

ΛζP [Q(τ)]− d

dτ
P [Q(τ)] +O(Λ−1)

}

, (99)

where ζ = 27/4Γ(5/4)/
√
π. In the large-Λ limit, the O(Λ−1) terms can be dropped.

When P [Q] = Q, (96) is simplified as follows. By inserting the solution (99) into (96), we find that Q(τ) satisfies
the equation of motion

Q̈+ 2γQ̇+Ω2Q =
λ

m
ϕh(z(τ)), (100)

where we introduced γ = λ2/8πm and the renormalized frequency Ω2 = Ω2
0 − λ2Λζ/4πm. This is the Langevin

equation with the dissipation term coming from the radiation reaction term, whereas the noise term on the right-hand
side comes from the quantum fluctuation ϕh(z(τ)) on the trajectory z(τ). Using the Fourier-transformed variables

Q(τ) =
1

2π

∫ ∞

−∞

dωe−iωτ Q̃(ω), (101)

ϕh(z(τ)) =
1

2π

∫ ∞

−∞

dωe−iωτφ(ω), (102)

we find the solution in the equilibrium state:

Q̃(ω) = λh(ω)φ(ω), h(ω) =
1

−mω2 +mΩ2 − i2mωγ
. (103)

For the general case P [Q] ̸= Q, the function h(ω) is replaced by

h(ω) =
f(−ω)

−mω2 +mΩ2
0 − λ2f(ω)f(−ω)G̃R(ω)

, (104)

where we defined f(ω) =
∑

j pj(−iω)j . The retarded Green function satisfies

G̃R(ω) =

∫

d(τ − τ ′)GR(τ − τ ′)eiω(τ−τ ′) = G̃∗
R(−ω); (105)

hence, the relation h(ω) = h∗(−ω) holds.
Thus, from (95), we have the expression for the inhomogeneous solution:

ϕinh(x) = λ2

∫

dτ

∫

dω

2π
e−iωτf(ω)h(ω)GR(x− z(τ))φ(ω)

=
λ2

4πρ0(x)

∫

dω

2π
e−iωτx

−f(ω)h(ω)φ(ω), (106)

where ρ0(x) is defined as

ρ0(x) =
a

2

√

(L2)
2
+

4

a2
(t2 − z2) (107)

with

L2 = −xµxµ +
1

a2
= −t2 + z2 + x

2
⊥ +

1

a2
. (108)

The factor ρ0(x) in the second equality of (106) comes from the Jacobian used to evaluate δ(σ2(x − z(τ))) in the τ
integration, and τx− is the proper time on the detector’s trajectory at which a past light cone from position x intersects
it (see Fig. 6), as defined in (116). Note that the inhomogeneous solution ϕinh(x) is determined by the quantum
fluctuation φ(ω), that is, the Fourier transform of ϕh(z(τ)) on the trajectory in the R Rindler wedge.
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FIG. 6: τx
− is the proper time τ of the point where the past light cone of xµ intersects the detector’s trajectory. When xµ

is in the R region, τx
+ is the proper time τ of the point where the future light cone of xµ intersects the detector’s trajectory

(left panel). When xµ is in the F region, τx
+ is the proper time τ of the point where the past light cone of xµ intersects the

hypothetical detector’s trajectory in the L region, and the trajectory is a mirror image of the real trajectory (right panel).

We next investigate the behavior of the two-point correlation function,

⟨ϕ(x)ϕ(y)⟩ = ⟨ϕh(x)ϕh(y)⟩+ ⟨ϕh(x)ϕinh(y)⟩+ ⟨ϕinh(x)ϕh(y)⟩+ ⟨ϕinh(x)ϕinh(y)⟩, (109)

from which one can calculate the energy–momentum tensor and study the properties of the quantum radiation. The
correlation function in (109) contains essentially three terms. The first term, ⟨ϕh(x)ϕh(y)⟩, represents the vacuum
fluctuation and always exists irrespective of the presence of Q(τ). Thus, it is irrelevant in the present discussion and
can be ignored. The last term, ⟨ϕinh(x)ϕinh(y)⟩, is the naive radiation term. When the source term Q(τ) behaves
classically, for example, for a charged particle, it is the only term that contributes to the radiation. Indeed, when
we calculate the Larmor radiation in classical electromagnetic theory, this term gives the radiation. Thus, we call it
the naive radiation term. In the present case, because the harmonic oscillator is excited by the quantum fluctuation
ϕh(z(τ)), it is not sufficient to consider only this term; it is also necessary to consider the quantum interference. The
remaining term, ⟨ϕh(x)ϕinh(y)⟩+ ⟨ϕinh(x)ϕh(y)⟩, represents this interference. Thus, the issue of the quantum Unruh
radiation is strongly affected by the structure of the interference terms.
Now we calculate the two-point functions [21, 27, 33]. Since the inhomogeneous term is written in terms of the

homogeneous term (quantum flcuatuation) on the trajectory as in Eq. (106). This means that the field ϕinh(x) is
a quantum field, and the quantity ⟨ϕinh(x)ϕinh(y)⟩ is also the vacuum expectation value of the product of the fields
ϕinh(x) and ϕinh(y). By using (106), we straightforwardly obtain the naive radiation term as

⟨ϕinh(x)ϕinh(y)⟩ =
λ4

(4π)2ρ0(x)ρ0(y)

∫ ∞

−∞

dω

2π

∫ ∞

−∞

dω′

2π
f(ω)h(ω)f(ω′)h(ω′)e−iωτx

−−iω′τy
−⟨φ(ω)φ(ω′)⟩. (110)

With the use of (102), we have

⟨φ(ω)φ(ω′)⟩ =

∫ ∞

−∞

dτ

∫ ∞

−∞

dτ ′⟨ϕh(z(τ))ϕh(z(τ
′))⟩eiωτ+iω′τ ′

=

∫ ∞

−∞

dτ

∫ ∞

−∞

dτ ′
−eiωτ+iω′τ ′

4π2[(t(τ)− t(τ ′)− iϵ)2 − (z(τ)− z(τ ′))2]

=

∫ ∞

−∞

dτ

∫ ∞

−∞

dτ ′
−eiωτ+iω′τ ′

(4π)2 sinh2 {(τ − τ ′ − iϵ)/2}
= δD(ω + ω′)

ω

1− e−2πω/a
, (111)

where we used the Wightman function of the massless scalar field in the four dimensions [35]. Using Eq. (104) and

ImG̃R(ω) = ω/4π (see, e.g., [33]), we have

h(ω)f(ω)− h(−ω)f(−ω) = 2iλ2ImG̃R(ω)|f(ω)h(ω)|2 = iλ2 ω

2π
|f(ω)h(ω)|2. (112)
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Then, Eq. (110) is written as

⟨ϕinh(x)ϕinh(y)⟩ =
−iλ2

(4π)2ρ0(x)ρ0(y)

∫ ∞

−∞

dω

2π

1

e2πω/a − 1

[

f(ω)h(ω)− f(−ω)h(−ω)
]

eiω(τx
−−τy

−
). (113)

Here we changed the integration variable from ω to −ω. This term gives rise to the radiation naively expected from
the detector in the thermally excited state.
On the other hand, the interference term is obtained by using (102) and (106) as (see Ref. [33])

⟨ϕh(x)ϕinh(y)⟩+ ⟨ϕinh(x)ϕh(y)⟩

=
−iλ2

(4π)2ρ0(x)ρ0(y)

∫ ∞

−∞

dω

2π

1

e2πω/a − 1

[

f(ω)h(ω)eiω(τx
+−τy

−
)Zx(ω)− f(−ω)h(−ω)eiω(τx

−−τy
+
)Zy(ω)

]

+
iλ2

(4π)2ρ0(x)ρ0(y)

∫ ∞

−∞

dω

2π

1

e2πω/a − 1

[

f(ω)h(ω)− f(−ω)h(−ω)
]

eiω(τx
−−τy

−
). (114)

The details of the similar calculations based on the Green function method in the reference frame coordinates are
given in Sec. VA, and calculations based on the operator formalism with (73) are given in Sec. VB.
In the above formula (114), we defined

Zx(ω) = eπω/aθ(t− z) + θ(−t+ z), (115)

and τx− is given by

τ− =
1

a
log

[

a

2(t− z)

(

−L2 +

√

L4 +
4

a2
[t2 − z2]

)]

(116)

for xµ in either the R or F region. On the other hand, τx+ is given by a different solution:

τ+ =
1

a
log

[

a

2(t− z)

(

∓L2 ∓
√

L4 +
4

a2
[t2 − z2]

)]

, (117)

for xµ in the R region (upper sign) or F region (lower sign). When xµ is in the R region, τx− (τx+) is the proper
time of the detector at the point where the detector’s trajectory intersects the past light cone (future light cone) of
xµ (see the left-hand panel of Fig. 6). On the other hand, when xµ is in the F region, τx− is the proper time of the
detector at which the detector’s trajectory intersects the past light cone of xµ as above, but τx+ is the proper time at
the intersection point of the past light cone of xµ and the hypothetical detector in the L region (see the right-hand
panel of Fig. 6), whose trajectory is defined as

t(τ) = −a−1 sinh aτ, z(τ) = −a−1 cosh aτ, x⊥(τ) = 0. (118)

Looking at (113) and (114), we see that the naive radiation term ⟨ϕinh(x)ϕinh(y)⟩ is completely canceled by the
second part of the interference term (114). Therefore, we finally find

⟨ϕ(x)ϕ(y)⟩ − ⟨ϕh(x)ϕh(y)⟩

=
−iλ2

(4π)2ρ0(x)ρ0(y)

∫ ∞

−∞

dω

2π

1

e2πω/a − 1

[

f(ω)h(ω)eiω(τx
+−τy

−
)Zx(ω)− f(−ω)h(−ω)eiω(τx

−−τy
+
)Zy(ω)

]

(119)

for x, y in the F or R region. From the two-point function, one can calculate the energy–momentum tensor:

Tµν = lim
y→x

(

∂

∂xµ

∂

∂yν
− 1

2
ηµνη

αβ ∂

∂xα

∂

∂yβ

)

[⟨ϕ(x)ϕ(y)⟩ − ⟨ϕh(x)ϕh(y)⟩]S , (120)

where the subscript S indicates symmetrization over x and y. The energy flux at a large distance is derived from
the energy–momentum tensor, and the behavior is investigated in Ref. [27]. The energy radiation rate is roughly
estimated as dE/dt = a3λ2/8π2mΩ2. The result is consistent with that found in Refs. [19, 20].
Fig. 7 shows an example of the angular distribution of the energy flux, which is estimated on the future light cone

of the point on the detector’s trajectory τ = 0, where the parameters are Ω/a = 0.2 and γ/a = 1. The behavior of
the energy flux depends on the parameters of the model.
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FIG. 7: Typical behavior of the angular distribution of the radiation flux. In general, the behavior of the radiation flux depends
on the parameters of the model. In this case (Ω/a = 0.2 and γ/a = 1), the radiation is maximum in the direction of acceleration.
The position x is chosen so that τx

− = 0.

A. Calculation of ⟨ϕh(x)ϕh(z(τ))⟩ with Green function in the reference frame coordinates

In this and the following sections, we calculate the interference term (114) by two different methods. One is the
Green function method adopted in [21, 33] and reviewed in this section. The other is the operator method based on
the entanglement structure of the Minkowski vacuum (73), which is given in the next section. This gives a physical
interpretation of the quantum radiation in the F region.
Remember that the inhomogeneous solution ϕinh(x) is determined by the vacuum fluctuation ϕh(z(τ

x
−)) on the

trajectory of the accelerated motion. Thus, the interference term ⟨ϕh(x)ϕinh(y)⟩ in (119) is essentially given by the
two-point correlation function ⟨ϕh(x)ϕh(z(τ

y
−))⟩ of the vacuum fluctuations, one component of which, ϕh(x), is in the

F region for x ∈ F, and the other, ϕh(z(τ
y
−)), is in the R region, z(τy−) ∈ R. This is the key quantity for clarifying the

origin of the quantum radiation, which we examine in the following sections.
We briefly review the calculation of this quantity using the Green function method in the reference frame coordinates

[21, 33]. The Fourier transform of ⟨ϕh(x)ϕh(z(τ))⟩ becomes

⟨ϕh(x)φ(ω)⟩ =
∫

dτeiωτ ⟨ϕh(x)ϕh(z(τ))⟩ = − 1

4π2
P (x, ω), (121)

where we defined

P (x, ω) =

∫

dτ
eiωτ

(t− z0(τ)− iϵ)2 − (x− z1(τ))2 − x2
⊥

. (122)

The poles of the denominator of (122) are obtained by solving (t− z0(τ)− iϵ)2 − (x− z1(τ))2 − x2
⊥ = 0, which yields

τ =

{

τ± − iϵ+ i2πna x in R region
τ− − iϵ+ i2πna, τ+ + iπa+ i2πna x in F region

(123)

where n takes integer values, n = 0,±1,±2 · · · . The integration in (122) yields

P (x, ω) =
πi

ρ0

(

Zx(ω)

e2πω/a − 1
eiωτx

+ − 1

e2πω/a − 1
eiωτx

−

)

(124)

for x in the R or F region, and we obtain [21, 33]

⟨ϕh(x)ϕh(z(τ))⟩ = − i

8π2ρ0(x)

∫ ∞

−∞

dωe−iωτ

(

Zx(ω)

e2πω/a − 1
eiωτx

+ − 1

e2πω/a − 1
eiωτx

−

)

. (125)

The first and second terms on the right-hand side of (125) correspond to the first and second terms on the right-hand
side of (114).3 As we saw, only the first term in (114) contributes to the quantum radiation, whereas the second term

3 Note that the interference term in (114) represents a combination of ⟨φh(x)φinh(y)⟩+ ⟨φinh(x)φh(y)⟩.
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in (114) cancels out the naive radiation term. Because the physical origins of these two terms are not clear in the
Green function method in the reference frame coordinates, we will re-derive it in the next section using the operator
formalism based on the discussions in Sec. III F.

B. Calculation of ⟨ϕh(x)ϕh(z(τ))⟩ in the operator formalism with (73)

We compute the correlation function ⟨0,M|ϕh(x)ϕh(z(τ))|0,M⟩ using the operator formalism on the Minkowski
vacuum (73). Here we focus on x in the F region, but we can show that a similar result is obtained when x is in the
R region (see Appendix B).
When x is in the F region, the correlation function becomes

⟨0,M|ϕh(x)ϕh(z(τ))|0,M⟩ = ⟨0,M|ϕF,d
h (x)ϕh(z(τ))|0,M⟩+ ⟨0,M|ϕF,s

h (x)ϕh(z(τ))|0,M⟩, (126)

where

⟨0,M|ϕF,d
h (x)ϕh(z(τ))|0,M⟩

=

∫ ∞

0

dω

∫ ∫

d2k⊥

(

vF,dω,k⊥
(x)vRω,k⊥

(z(τ))
eπω/a

e2πω/a − 1
+ vF,d∗ω,k⊥

(x)vR∗
ω,k⊥

(z(τ))
eπω/a

e2πω/a − 1

)

, (127)

⟨0,M|ϕF,s
h (x)ϕh(z(τ))|0,M⟩

=

∫ ∞

0

dω

∫ ∫

d2k⊥

(

vF,s∗ω,k⊥
(x)vRω,k⊥

(z(τ))
1

e2πω/a − 1
+ vF,sω,k⊥

(x)vR∗
ω,k⊥

(z(τ))
1

1− e−2πω/a

)

. (128)

Here we used the expression of the Minkowski vacuum in (73) and the results in Sec. IIIG.
The coordinates of x in the F region are specified as (η, ζ,x⊥). We first focus on the first term of the integration

in (127). It becomes

∫ ∞

0

dω

∫ ∫

d2k⊥v
F,d
ω,k⊥

(x)vRω,k⊥
(z(τ))

eπω/a

e2πω/a − 1

=
−i√

16a2π4

∫ ∞

0

dωeiωζ−iωτ eπω/a

e2πω/a − 1

∫ ∞

0

dκκJ−iω/a

(κ

a
eaη
)

K−iω/a

(κ

a

)

J0(κx⊥), (129)

where we used the expression J0(x) =
1
2π

∫ 2π

0
dφeix cosφ and the relation Iν(z) = e−νπi/2Jν(e

πi/2z) which holds for
−π < arg z < π/2. Then, by using the mathematical formula

∫ ∞

0

κν+1Kµ(ακ)Iµ(βκ)Jν(γκ) =
(αβ)−ν−1γνe−(ν+1/2)πi

√
2π(Θ2 − 1)ν/2+1/4

Dν+1/2
µ−1/2(Θ), (130)

which holds for ℜ α > |ℜ β|, c > 0, ℜ ν > −1, and ℜ (ν + µ) > −1, where Θ is defined as 2αβΘ = α2 + β2 + γ2, and

D1/2
ν (Θ) = i

√

π

2
(Θ2 − 1)−1/4

[

Θ+
√

Θ2 − 1
]−ν−1/2

, (131)

we can show the following equality:

∫ ∞

0

dκκJ−iω/a

(κ

a
eaη
)

K−iω/a

(κ

a

)

J0(κx⊥) =
a

2ρ0(x)
eiωτx

+−iωζ . (132)

Here we used the definitions of ρ0(x) and τx± in (107) and (116), respectively.
Then, (129) reduces to

∫ ∞

0

dω

∫ ∫

d2k⊥v
F,d
ω,k⊥

(x)vRω,k⊥
(z(τ))

eπω/a

e2πω/a − 1
=

−i

8π2ρ0(x)

∫ ∞

0

dωe−iωτ+iωτx
+

eπω/a

e2πω/a − 1
, (133)

and

⟨0,M|ϕF,d
h (x)ϕh(z(τ))|0,M⟩ = −i

8π2ρ0(x)

∫ ∞

−∞

dωe−iωτ eπω/a

e2πω/a − 1
eiωτx

+ . (134)
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This is nothing but the first term of Eq. (125) for x in the F region.
Similarly, the second term of the integration on the right-hand side of (128) is evaluated as

∫ ∞

0

dω

∫ ∫

d2k⊥v
F,s
ω,k⊥

(x)vR∗
ω,k⊥

(z(τ))
1

1− e−2πω/a

=
−i√

16a2π4

∫ ∞

0

dωe−iωζ+iωτ 1

1− e−2πω/a

∫ ∞

0

dκκJ−iω/a

(κ

a
eaη
)

Kiω/a

(κ

a

)

J0(κx⊥)

=
−i

8π2ρ0(x)

∫ ∞

0

dωeiωτ−iωτx
−

1

1− e−2πω/a
, (135)

where we used Kν(z) = K−ν(z) and the relation

a

2ρ0(x)
eiωτx

+−iωζ =
a

2ρ0(x)
e−iωτx

−+iωζ , (136)

which is obtained directly from the definition of τx± (see Appendix C). Thus, we finally obtain

⟨0,M|ϕF,s
h (x)ϕh(z(τ))|0,M⟩ = −i

8π2ρ0(x)

∫ ∞

−∞

dωe−iωτ

(

− eiωτx
−

e2πω/a − 1

)

, (137)

which is the second term in (125).

The results in this section demonstrate that ⟨0,M|ϕF,d
h (x)ϕh(z(τ))|0,M⟩ and ⟨0,M|ϕF,s

h (x)ϕh(z(τ))|0,M⟩ explain
the first and second terms in (125), which correspond to the first and second terms in the interference term (114),

respectively. Therefore, the remaining two interference terms come from ⟨0,M|ϕF,d
h (x)ϕh(z(τ))|0,M⟩. As shown in the

previous section, the right-moving wave Kasner mode and the Rindler mode, vF,dj (= vIIj ) and vRj (= vIj), respectively,
are in the entangled state; therefore, this can be understand as the origin of the quantum radiation produced by the
Unruh–DeWitt detector.

C. Physical interpretations

In this section, we consider the physical meaning of the cancellation of the naive radiation term by the interference
terms. In the equilibrium phase, the Unruh–DeWitt detector is thermalized at the Unruh temperature, and the
inhomogeneous solution, ϕinh, is given by the stationary solution. In this phase, one may expect that the total
radiation will vanish because the outgoing and incoming fluxes are balanced. However, the present situation differs
from that in an ordinary thermalized system because the harmonic oscillator is accelerated, and energy is constantly
injected. Furthermore, the thermal behavior of the system is obtained only by tracing out the states in the L Rindler
wedge, but in the F region, into which most of the radiation flux propagates, we cannot separate the L and R Rindler
modes, and the logic based on the thermal behavior of the Unruh effect is not necessary valid. In the following, we
discuss the origin of the partial cancellation of the radiation flux in terms of the Kubo–Martin–Schwinger (KMS)
relation.
As we saw in [21], if the KMS-like relation

⟨φ(ω)ϕh(x)⟩ = ρ(ω)⟨[φ(ω), ϕh(x)]⟩ (138)

is satisfied, the two-point correlation function is shown to reduce to

⟨ϕ(x)ϕ(y)⟩ − ⟨ϕh(x)ϕh(y)⟩ = − iλ2

2π2

∫

dτxdτydωe
−iω(τx−τy)ρ(ω)

× [GR(x, z(τx))GA(y, z(τy))f(ω)h(ω)−GA(x, z(τx))GR(y, z(τy))f(−ω)h(−ω)] . (139)

Here ρ(ω) is any function of ω and is typically given by ρ(ω) = 1/(1− e−ω/T ).
In the F region, because x (or y) is always in the future of the trajectory z(τ), GA(x, z(τ)) vanishes. Thus, if the

above relation holds, the two-point correlation would vanish. However, a straightforward calculation shows [21] that
the relation is slightly violated as

⟨φ(ω)ϕh(x)⟩ = ρ(ω)⟨[φ(ω), ϕh(x)]⟩ −
i

4πρ0(x)

eπω/a

e2πω/a − 1
eiωτ+(x), (140)

where ρ(ω) = 1/(1− e−2πω/a). The second term, which violates the KMS-like relation, is responsible for the quantum
Unruh radiation.
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VI. APPLICATION II: QUANTUM RADIATION FROM A UNIFORMLY ACCELERATING
DETECTOR IN TWO-DIMENSIONAL SPACETIME

As an application of the results in Sec. IV, we study the Unruh–DeWitt detector model coupled to a massless
scalar field in two-dimensional spacetime. We first review the derivation of the two-point function in this model,
following Ref. [25]. The action is given by (89) with the dimensionality replaced by d = 2. The equations of motion
for Q(τ) and ϕ(x) are essentially the same as (92) and (93), respectively. Hereafter, we adopt P [Q] = dQ/dτ and
P̄ [ϕ(z(τ))] = −dϕ(z(τ))/dτ for simplicity, as in Ref. [25]. As in the previous section, the equations can be solved
exactly, and the solution of ϕ is given as the sum of the homogeneous solution ϕh(x) and the inhomogeneous solution
ϕinh(x), i.e., ϕ(x) = ϕh(x) + ϕinh(x), where ϕh(x) carries the vacuum fluctuation, and ϕinh(x) is given in terms of
Q(τ) as

ϕinh(x) = λ

∫

dτ ′
d

dτ ′
Q(τ ′)GR(x− z(τ ′)). (141)

In the two-dimensional case, the retarded Green function for a massless scalar field is given by

GR(x− z(τ ′)) =
1

2
θ(t− z + eaτ

′

/a)θ(t+ z − eaτ
′

/a). (142)

Thus, we find that the equation of motion for Q(τ) reduces to

Q̈(τ) + 2γQ̇(τ) + Ω2
0Q(τ) = − λ

m

d

dτ
ϕh(z(τ)), (143)

where we defined γ = λ2/4m. The solution is given by

Q(τ) = − λ

m

∫ τ

−∞

dτ ′
e−γ(τ−τ ′) sin(Ω0(τ − τ ′))

Ω

dϕh(z(τ
′))

dτ ′
. (144)

We find that the two-point function is given by

⟨ϕ(x)ϕ(x′)⟩ − ⟨ϕh(x)ϕh(x
′)⟩ = ⟨ϕh(x)ϕinh(x

′)⟩+ ⟨ϕinh(x)ϕh(x
′)⟩+ ⟨ϕinh(x)ϕinh(x

′)⟩

= − γ

2π

∫ ∞

−∞

dω

ω

eπω/a

e2πω/a − 1

{

|a2UV ′|−iω/ah(ω) + |a2U ′V |iω/ah(−ω)

}

(145)

when x and x′ are in the F region Ref. [25]. The calculations are given in Sec. VIA. We defined h(ω) = iω/(ω2−Ω2
0+

2iωγ). When x and x′ are in the right-hand region of the detector’s trajectory in the R region, i.e., z2 − t2 > 1/a2

and z′2 − t′2 > 1/a2, the two-point function is

⟨ϕ(x)ϕ(x′)⟩ − ⟨ϕh(x)ϕh(x
′)⟩ = ⟨ϕh(x)ϕinh(x

′)⟩+ ⟨ϕinh(x)ϕh(x
′)⟩+ ⟨ϕinh(x)ϕinh(x

′)⟩

= − γ

2π

∫ ∞

−∞

dω

ω

1

e2πω/a − 1

{

|a2UV ′|−iω/ah(−ω) + |a2U ′V |iω/ah(ω)

}

. (146)

Note that the two-point function is a function of either UV ′ or U ′V . The two-point function with the vac-
uum contribution subtracted is nonzero, although the quantum radiation vanishes, as shown in Ref. [25]. This
can be understood as follows. The radiation flux is calculated as Ttz = Tzt = TV V − TUU with TUU =
limU ′→U ∂U∂U ′ [⟨ϕ(x)ϕ(x′)⟩ − ⟨ϕh(x)ϕh(x

′)⟩] and TV V = limV ′→V ∂V ∂V ′ [⟨ϕ(x)ϕ(x′)⟩ − ⟨ϕh(x)ϕh(x
′)⟩], but the two-

point function has no dependence on UU ′ or V V ′. Therefore, there is no quantum radiation in the two-dimensional
model. This behavior is specific to the two-dimensional case.
If the naive radiation term was not canceled by the interference term, it would give a nonvanishing flux even in the

two-dimensional case. Actually, when x and x′ are in the F region, the naive radiation term is given by (Ref. [25])

⟨ϕinh(x)ϕinh(x
′)⟩ = 2γ2

π

∫ ∞

−∞

dω

ω

1

e2πω/a − 1
(V/V ′)iω/a|h(ω)|2. (147)

Then if we use the relation h(ω) + h(−ω) = 4γ|h(ω)|2, the the naive radiation term is rewritten as

⟨ϕinh(x)ϕinh(x
′)⟩ = γ

2π

∫ ∞

−∞

dω

ω

1

e2πω/a − 1
(V/V ′)iω/a(h(ω) + h(−ω)). (148)

Thus, if this term remained, the component of the energy–momentum tensor TV V would be nonzero.
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A. Calculation of ⟨ϕh(x)ϕh(z(τ))⟩ in the reference frame coordinates

In the following, we look at the details of the calculations of the interference terms and compare the Green function
method in the reference frame coordinates with the calculation in the operator formalism with (73) to determine the
origin of the two-point function (145). In particular, we focus on the Wightman function ⟨ϕh(x)ϕh(z(τ

′))⟩ for x in
the F region.
The two-dimensional massless scalar field is described by (77). According to Ref. [25], the scalar field on the

accelerated trajectory of the detector can be written as

ϕh(z(τ
′)) =

1

2πa

∫ ∞

−∞

dk
√

4π|k|

[

b̂k

{
∫ ∞

−∞

dωe−iωτ ′

eπω/2aΓ(−iω/a) |k/a|iω/a
θ(k)

+

∫ ∞

−∞

dωe−iωτ ′

eπω/2aΓ(iω/a) |k/a|−iω/a
θ(−k)

}

+ h.c.

]

. (149)

Then, for x in the F region, we find the following formula:

⟨0,M|ϕh(x)ϕh(z(τ
′))|0,M⟩ =

1

4π

∫ ∞

−∞

dω

ω
eiωτ ′ 1

eπω/a − e−πω/a

{

(aU)iω/a + eπω/a(aV )−iω/a
}

=
1

4π

∫ ∞

−∞

dω

ω
e−iωτ ′ 1

e2πω/a − 1

{

eπω/a(aU)−iω/a + (aV )iω/a
}

, (150)

where we used

∫ ∞

0

dk

|k|e
−ikU

∣

∣

∣

∣

k

a

∣

∣

∣

∣

−iω/a

= e−πω/2a
(

aU
)iω/a

Γ(−iω/a),

∫ 0

−∞

dk

|k|e
ikV

∣

∣

∣

∣

k

a

∣

∣

∣

∣

iω/a

= eπω/2a
(

aV
)−iω/a

Γ(iω/a).

The first and second terms on the right-hand side of (150) correspond to the first and second terms on the right-hand
side of (146). The second term cancels the naive radiation term, as in the four-dimensional case. Thus, the first term
is responsible for the remaining two-point function (145). In the next subsection, we perform the same calculation
using the operator formalism with (79) to determine the physical origin of these two terms in (150).

B. Calculation of ⟨ϕh(x)ϕh(z(τ))⟩ in the operator formalism with (79)

Here, the same calculation is performed in the operator formalism with (79). Following the description in Sec. IV,
when x is in the F region, one can write the quantized field in two-dimensional spacetime as

ϕh(x) = ϕF,d
h (x) + ϕF,s

h (x), (151)

where we defined

ϕF,d
h (x) =

∫ ∞

0

dk√
4πk

(

âIIIω vIIIω (x) + h.c.
)

, (152)

ϕF,s
h (x) =

∫ ∞

0

dk√
4πk

(

âIVω vIVω (x) + h.c.
)

. (153)

The quantum field on the detector’s trajectory is given by

ϕh(z(τ
′)) = ϕR,d

h (z(τ ′)) + ϕR,s
h (z(τ ′)), (154)

where we defined

ϕR,d
h (z(τ ′)) =

∫ ∞

0

dk√
4πk

(

âIωv
I
ω(z(τ

′)) + h.c.
)

, (155)

ϕR,s
h (z(τ ′)) =

∫ ∞

0

dk√
4πk

(

âIVω vIVω (z(τ ′)) + h.c.
)

. (156)
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Thus, the two-point function is given in the following form:

⟨0,M|ϕh(x)ϕh(z(τ
′))|0,M⟩ = ⟨0,M|ϕF,d

h (x)ϕR,d
h (z(τ ′))|0,M⟩+ ⟨0,M|ϕF,s

h (x)ϕR,s
h (z(τ ′))|0,M⟩, (157)

where we defined

⟨0,M|ϕF,d
h (x)ϕR,d

h (z(τ ′))|0,M⟩ = 1

4π

∫ ∞

−∞

dω

ω

eπω/a

e2πω/a − 1
(aU)−iω/ae−iωτ ′

, (158)

⟨0,M|ϕF,s
h (x)ϕR,s

h (z(τ ′))|0,M⟩ = 1

4π

∫ ∞

−∞

dω

ω

1

e2πω/a − 1
(aV )iω/ae−iωτ ′

. (159)

Here we used the relations derived in Sec. IV. Note that these two formulas are equal to the first and second terms
on the right-hand side of (150), respectively. The detector’s trajectory is parameterized by x′ = a−1 cosh aτ ′ and

t′ = a−1 sinh aτ ′, and we can write eaτ
′

= a(x′ + t′) = aV ′ on the detector’ trajectory. Then, we may write the
two-point Wightman function as

⟨0,M|ϕF,d
h (x)ϕR,d

h (z(τ ′))|0,M⟩ = 1

4π

∫ ∞

−∞

dω

ω

eπω/a

e2πω/a − 1
(a2UV ′)−iω/a, (160)

⟨0,M|ϕF,s
h (x)ϕR,s

h (z(τ ′))|0,M⟩ = 1

4π

∫ ∞

−∞

dω

ω

1

e2πω/a − 1
(V/V ′)iω/a. (161)

As in the four-dimensional case studied in the previous section, (160), ⟨0,M|ϕF,d
h (x)ϕR,d

h (z(τ ′))|0,M⟩ is almost the
same as the first term on the right-hand side of (145). The differences between them are the coupling constant
and h(ω), which reflects the interaction between the detector and the vacuum fluctuations. Therefore, the re-

maining interference terms come from ⟨0,M|ϕF,d
h (x)ϕR,d

h (z(τ ′))|0,M⟩, whereas the contribution corresponding to

⟨0,M|ϕF,s
h (x)ϕR,s

h (z(τ ′))|0,M⟩ is canceled out by the naive radiation term (148).
In contrast to the four-dimensional case, as described in Ref. [25], the remaining two-point function does not give

rise to quantum radiation in the two-dimensional case. This property is a special characteristics of the two-dimensional
case.

VII. SUMMARY AND CONCLUSIONS

In this paper, we extended the entanglement structure of the Minkowski vacuum from the ordinary L and R
Rindler wedges into the entire Minkowski spacetime, including the Kasner expanding universe (F region) and Kasner
shrinking universe (P region). Our result clarifies the structure of the entanglement of the Minkowski vacuum state in
a unified manner and makes it possible to give an operator interpretation of the calculation of the two-point correlation
functions.
We also applied the results to discuss the physical origin of the quantum radiation produced by an Unruh–DeWitt

detector in uniformly accelerated motion. We showed that quantum entanglement between the Rindler mode in the
R region and the right-moving wave Kasner mode in the F region explains the origin of the quantum radiation. In
the two-dimensional case, a similar structure appears in the two-point function of the field; however, the energy–
momentum tensor vanishes owing to a special characteristic of two-dimensional spacetime.
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Appendix A: Analytic continuation of the mode functions

In this appendix, we show that the relations of the mode functions derived in Sec. III can also be obtained by
using the continuation through the Minkowski positive-frequency mode function. Here we first compute the purely
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positive-frequency mode in the F and P regions. Following (47), we have

w±ω,k⊥
=

eik⊥·x⊥

√
8a2π2

e±iζω

∫ ∞

−∞

dθe±iθω/ae−i(κeaη/a) cosh θ

= −i
eik⊥·x⊥

√
8a2π

e±iζωeπω/2aH
(2)
iω/a(κe

aη/a) (A1)

for the F region and

w±ω,k⊥
=

eik⊥·x⊥

√
8a2π2

e∓iζ̃ω

∫ ∞

−∞

dθe±iθω/ae+i(κe−aη̃/a) cosh θ

= +i
eik⊥·x⊥

√
8a2π

e∓iζ̃ωe−πω/2aH
(1)
iω/a(κe

−aη̃/a) (A2)

for the P region, where we used the formulas for the Hankel function

H(1)
ν (z) =

−2ie−νπi/2

π

∫ ∞

0

e+iz cosh t cosh νtdt, (A3)

H(2)
ν (z) =

+2ie+νπi/2

π

∫ ∞

0

e−iz cosh t cosh νtdt. (A4)

Note that all the positive-frequency mode functions can be constructed within the F or P region, even for the massless
field [3, 34–36]. This will be true for a d(≥ 3)-dimensional spacetime because the transverse momentum acts as an
effective mass. When the field has a mass, all the information goes to the F region or comes from the P region. Hence,
one can construct the mode function corresponding to the Minkowski positive-frequency mode in the F and P regions.

1. Continuation to the positive-frequency Minkowski mode function

Eqs. (A1) and (A2) can be analytically continued as a Minkowski positive-frequency solution to the R and L Rindler
wedges as follows. We first note that, because positive-frequency solutions behave like e−ik0t, it is implicit that upon
analytic continuation, we must treat t as t − iϵ, where ϵ > 0, so that the exponential function does not diverge as
k0 → ∞. On the other hand, for negative-frequency solutions behaving like eik0t, it is implicit that we must treat t
as t+ iϵ.
Now, letting t± z → t± z− iϵ, as t± z changes from a positive to a negative value, we have a small imaginary part.

This means that (t− z)b → e−iπb(z − t)b as t− z becomes negative (R Rindler wedge) and (t+ z)b → e−iπb(−z − t)b

as t+ z becomes negative (L Rindler wedge). Table I summarizes the continuation of
√
t2 − z2 and

√

(t+ z)/(t− z)
from the F and P regions to the R and L regions through the horizons. These continuation rules are equivalent to
the continuation of the coordinate variables shown in Table II.

2. Continuation from F region to R and L regions

From Sec. II.C, we choose the positive-frequency mode function in the F region:

vF,sω,k⊥
(x) = vF−ω,k⊥

(x) =
−ie−iωζ

2π
√

4a sinh(πω/a)
J−iω/a

(

κeaη

a

)

eik⊥·x⊥ , (A5)

vF,dω,k⊥
(x) = vFω,−k⊥

(x) =
−ieiωζ

2π
√

4a sinh(πω/a)
J−iω/a

(

κeaη

a

)

e−ik⊥·x⊥ . (A6)

Using the mathematical formulas J−ν(z) = [e−νπiH
(2)
ν (z) + eνπiH

(1)
ν (z)]/2, H

(1)
ν (z) = (H

(2)
ν∗ (z∗))∗, and H

(2)
−ν (z) =

e−νπiH
(2)
ν (z), we have

vF,sω,k⊥
=

−ieik⊥·x⊥

2π
√

4a sinh(πω/a)

1

2

[

eπω/ae−iωζH
(2)
iω/a

(

κeaη

a

)

+

{

eiωζH
(2)
iω/a

(

κeaη

a

)}∗]

=
w−ω,k⊥

− e−πω/aw∗
ω,−k⊥√

1− e−2πω/a
, (A7)
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F −→ R
√

t2 − z2 → e−πi/2
√

z2 − t2,

√

t+ z

t− z
→ e+πi/2

√

z + t

z − t

F −→ L
√

t2 − z2 → e−πi/2
√

z2 − t2,

√

t+ z

t− z
→ e−πi/2

√

z + t

z − t

P −→ R
√

t2 − z2 → e+πi/2
√

z2 − t2,

√

t+ z

t− z
→ e+πi/2

√

z + t

z − t

P −→ L
√

t2 − z2 → e+πi/2
√

z2 − t2,

√

t+ z

t− z
→ e−πi/2

√

z + t

z − t

TABLE I: Continuation of
√
t2 − z2 and

√

(t+ z)/(t− z) from F and P regions to R and L regions.

F −→ R τ = ζ − π

2a
i, ξ = η +

π

2a
i

F −→ L τ̃ = −ζ − π

2a
i, ξ̃ = η +

π

2a
i

P −→ R τ = −ζ̃ − π

2a
i, ξ = −η̃ − π

2a
i

P −→ L τ̃ = ζ̃ − π

2a
i, ξ̃ = −η̃ − π

2a
i

TABLE II: Continuation of the coordinate variables from F and P regions to R and L regions.

vF,dω,k⊥
=

−ie−ik⊥·x⊥

2π
√

4a sinh(πω/a)

1

2

[

eπω/aeiωζH
(2)
iω/a

(

κeaη

a

)

+

{

e−iωζH
(2)
iω/a

(

κeaη

a

)}∗]

=
wω,−k⊥

− e−πω/aw∗
−ω,k⊥√

1− e−2πω/a
. (A8)

Applying the continuation of the positive-frequency mode in the F region into the R region, ζ → τ +
π

2a
i,

η → ξ − π

2a
i, we have

vF,sω,k⊥
→ eix⊥·k⊥

√

sinhπω/a

4π4a
e−iωτKiω/a

(

κeaξ

a

)

= vRω,k⊥
, (A9)

vF,dω,k⊥
→ 0, (A10)

where we used Kν(z) = −(πi/2)e−νπi/2H
(2)
ν (e−πi/2z) and Kν(z) = K−ν(z).

Similarly, for the continuation of the positive-frequency mode in the F region into the L region, ζ → −τ̃ − π

2a
i,

η → ξ̃ − π

2a
i, we have

vF,sω,k⊥
→ 0, (A11)

vF,dω,k⊥
→ e−ix⊥·k⊥

√

sinhπω/a

4π4a
e−iωτ̃Kiω/a

(

κeaξ̃

a

)

= vLω,k⊥
. (A12)

This is the result described in Sec. III F (Ref. [3]).
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3. Continuation from P region to R and L regions

Using the relation Jν(z) = (H
(1)
ν (z) +H

(2)
ν (z))/2, H

(2)
ν (z) = (H

(1)
ν∗ (z∗))∗ H

(1)
−ν (z) = eνπiH

(1)
ν (z), the mode function

in the P region is written as

vP,s
ω,k⊥

(x) =
ie−ik⊥·x⊥

2π
√

4a sinh(πω/a)
e−iωζ̃Jiω/a

(

κe−aη̃

a

)

=
ie−ik⊥·x⊥

2π
√

4a sinh(πω/a)

1

2

[

e−iωζ̃H
(1)
iω/a

(

κe−aη̃

a

)

+ e−πω/a

{

eiωζ̃H
(1)
iω/a

(

κe−aη̃

a

)}∗
]

=
wω,−k⊥

− e−πω/aw∗
−ω,k⊥√

1− e−2πω/a
, (A13)

vP,d
ω,k⊥

(x) =
ieik⊥·x⊥

2π
√

4a sinh(πω/a)
eiωζ̃Jiω/a

(

κe−aη̃

a

)

=
ieik⊥·x⊥

2π
√

4a sinh(πω/a)

1

2

[

eiωζ̃H
(1)
iω/a

(

κe−aη̃

a

)

+ e−πω/a

{

e−iωζ̃H
(1)
iω/a

(

κe−aη̃

a

)}∗
]

=
w−ω,k⊥

− e−πω/aw∗
ω,−k⊥√

1− e−2πω/a
. (A14)

Applying the continuation of the positive-frequency mode in the P region into the R region, ζ̃ → −τ − π

2a
i,

η̃ → −ξ − π

2a
i, we have

vP,s
ω,k⊥

→ 0, (A15)

vP,d
ω,k⊥

→ eix⊥·k⊥

√

sinhπω/a

4π4a
e−iωτKiω/a

(

κeaξ

a

)

= vRω,k⊥
, (A16)

where we used Kν(z) = (πi/2)eνπi/2H
(1)
ν (eπi/2z).

Similarly, for the continuation of the positive-frequency mode in the P region into the L region, ζ̃ → τ̃ +
π

2a
i,

η̃ → −ξ̃ − π

2a
i, we have

vP,s
ω,k⊥

→ e−ix⊥·k⊥

√

sinhπω/a

4π4a
e−iωτ̃Kiω/a

(

κeaξ̃

a

)

= vLω,k⊥
, (A17)

vP,d
ω,k⊥

→ 0. (A18)

Appendix B: Calculation of ⟨ϕh(x)ϕh(z(τ))⟩ with Rindler state for x in the R region

Here, we consider the correlation function with x in the R region using the description in the R Rindler spacetime.
In this case, we have

⟨0,M |ϕh(x)ϕh(z(τ
′))|0,M⟩

=

∫ ∞

0

dω

∫ ∫

d2k⊥

[

vRj (x)v
R∗
j (z(τ ′))

1

1− e−2πω/a
+ vR∗

j (x)vRj (z(τ
′))

1

e2πω/a − 1

]

, (B1)

where x is specified by the coordinates (τ, ξ,x⊥). We consider the first term of the integration,
∫ ∞

0

dω

∫

d2k⊥v
R
j (x)v

R∗
j (z(τ ′)) =

∫ ∞

0

dω
sinhπω/a

2πa
e−iω(τ−τ ′)

∫ ∞

0

dκκKiω/a(κe
aξ/a)Kiω/a(κ/a)J0(κx⊥), (B2)

where we used Kν(x) = K−ν(x) and
∫ 2π

0
dφeiκx⊥ cosφ = 2πJ0(κx⊥). Using the mathematical formula [37], we have

∫ ∞

0

dκκν+1Kµ(ακ)Kµ(βκ)Jν(γκ)dκ =
1

2

√

π

2

γν

(αβ)ν+1
Γ (ν + µ+ 1)Γ (ν − µ+ 1) (Θ2 − 1)−ν/2−1/4B−ν−1/2

µ−1/2 (Θ),

(B3)



28

where Θ is defined as 2αβΘ = α2 + β2 + γ2, and B−ν−1/2
µ−1/2 (ζ) is the Legendre function, which is satisfied under the

conditions Re(ν ± µ) > −1 and Reν > −1, and the formula on page 172 of Ref. [39],

B−1/2
iω/a−1/2(Θ) =

1√
2π

1

iω/a

1

(Θ2 − 1)1/4

{

(

Θ+
√

Θ2 − 1
)iω/a

−
(

Θ+
√

Θ2 − 1
)−iω/a

}

. (B4)

Then we have
∫ ∞

0

dκκKiω/a(κe
aξ/a)Kiω/a(κ/a)J0(κx⊥)

=
πa2e−aξ

4i sinh(πω/a)

1√
Θ2 − 1

{

(

Θ+
√

Θ2 − 1
)iω/a

−
(

Θ+
√

Θ2 − 1
)−iω/a

}

, (B5)

where Θ has the expression Θ = (eaξ + e−aξ(1 + a2x2
⊥))/2. In the R region, we have

eaξ
√
Θ2 − 1

a
= ρ0(x), (B6)

eaτ (Θ +
√

Θ2 − 1)±1 = eaτ
x
± . (B7)

Then, (B2) reduces to

∫ ∞

0

dω

∫

d2k⊥v
R
j (x)v

R∗
j (z(τ ′)) =

−i

8π2ρ0(x)

∫ ∞

0

dωeiωτ ′

(e−iωτx
− − e−iωτx

+), (B8)

and finally we have

⟨0,M |ϕh(x)ϕh(z(τ))|0,M⟩ =
−i

8π2ρ0(x)

∫ ∞

−∞

dωe−iωτ (eiωτx
+ − eiωτx

−)
1

e2πω/a − 1
(B9)

for x in the R region. This is equivalent to (125) for x in the R region.

Appendix C: Derivation of (136)

Using the definition of τ−, (116), we can write

eaτ− =
a

2(t− z)

(

−L2 +

√

L4 +
4

a2
(t2 − z2)

)

=
2(t+ z)

a

1

L2 +
√

L4 + 4
a2 (t2 − z2)

. (C1)

Using the definition of τ+ for xµ in the F region, (117), we can write

eaτ− =
t+ z

t− z
e−aτ+ . (C2)

For xµ in the F region, (t+ z)/(t− z) = e2ηζ ; then, we have

eaτ−−aζ = e−aτ++aζ . (C3)
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