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Abstract. We investigate the gauge-invariant observables constructed by smearing the gravi-
ton and inflaton fields by compactly supported tensors at linear order in general single-field
inflation. These observables correspond to gauge-invariant quantities that can be measured
locally. In particular, we show that these observables are equivalent to (smeared) local gauge-
invariant observables such as the linearised Weyl tensor, which have better infrared properties
than the graviton and inflaton fields. Special cases include the equivalence between the com-
pactly supported gauge-invariant graviton observable and the smeared linearised Weyl tensor
in Minkowski and de Sitter spaces. Our results indicate that the infrared divergences in the
tensor and scalar perturbations in single-field inflation have the same status as in de Sitter
space and are both a gauge artefact, in a certain technical sense, at tree level.
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1 Introduction

Recently inflationary cosmological models [1-5] have been studied extensively since experi-
mental evidence has been accumulating to support inflation (see, e. g., the recent observations
reported in [6-8]). In these models, the graviton and inflaton fields, or tensor and scalar per-
turbations, suffer from infrared (IR) divergences [9, 10]. However, the physical significance of
those divergences has been debated for some time, and various methods to deal with them
have been proposed [11-31]. Although most researchers argue that these IR divergences are
not observable at tree level and that the problems only arise at higher order, it is recognised
that the IR divergences of the tree-level correlators of the tensor and scalar perturbations
are responsible for the IR problems at higher order. Therefore, it will be useful to thoroughly
understand the nature of the IR divergences, and the related issues of long-distance and late-
time (secular) growth of the two-point correlators for the tensor and scalar perturbations at
linear order.

An important issue in understanding IR divergences in a generally covariant theory,
such as inflationary cosmological models, is gauge invariance. Only gauge-invariant quan-
tities can be observed, and for this reason they are often called simply observables. Since



physical observations are mostly local, it is useful to discuss observables that are defined in
a compact spacetime region. Although the metric and other perturbations themselves are
not gauge invariant, one can construct compactly supported and gauge-invariant observables
by smearing them by compactly supported functions, or test functions, satisfying certain
conditions. An observable of this type has been used recently to discuss quantisation of pure
linearised gravity in spacetimes with a positive cosmological constant [32], as well as for the
quantisation of the linearised graviton-inflaton system on arbitrary backgrounds, including
those with FLRW symmetry [33].

In this paper we study similar observables in single-field inflation, obtained by smearing
the graviton and inflaton fields by test functions which satisfy a condition ensuring gauge
invariance. In particular, we show that these observables are equivalent to a collection of
smeared local gauge-invariant fields, defined at each spacetime point', such as the linearised
Weyl tensor. In other words, we show that the graviton and inflaton fields smeared in a
gauge-invariant manner contain exactly the same information as certain local gauge-invariant
fields. These local fields have better IR behaviour than the graviton and inflaton fields upon
quantisation. We find that, as a result, the compactly supported gauge-invariant graviton-
inflaton quantum correlators are IR finite, decay for large spacelike separations, and have no
secular growth at late times. For the special cases of Minkowski and de Sitter spaces, the
graviton smeared in a gauge-invariant manner is equivalent to the smeared linearised Weyl
tensor, as already shown in [34].

The rest of the paper is organised as follows: in section 2, we review linear perturbations
in single-field inflation and present some formulae useful later, referring to appendix A, which
presents some facts related to the conformal transformation. In section 3, we show that
the observables obtained by smearing the graviton and inflaton fields in a gauge-invariant
manner are equivalent to certain (smeared) local gauge-invariant fields by using two theorems
established in appendices B and D. In section 4, we express these local gauge-invariant fields
in terms of the tensor perturbation and the Sasaki-Mukhanov variable, which describes the
scalar perturbation. In section 5 we examine the IR finiteness of the gauge-invariant graviton-
inflaton quantum correlation functions, and in section 6 we give their relation to the scalar
and tensor power spectra. Finally, we conclude the paper in section 7 with a discussion of
some of our results. In appendix C we give a proof of a well-known Poincaré lemma for
compactly supported divergence-free vector fields, and appendix E presents an attempt to
express the local gauge-invariant fields mentioned above as a linear perturbation of geometric
quantities. Our metric signature is mostly plus and we use natural units with A =c¢ = 1.

2 Linearised perturbations in single-field inflation

The single-field inflationary model is described by the metric g, and the inflaton field &,
and its action is given by

5= / Ry G- / (5169, + V(@) /G d"z. (2.1)

A cosmological constant can be incorporated into the potential V' (¢). We obtain the Einstein
equations as the Euler-Lagrange equation for g,,:

B =2R,, — GuwR— kT, =0, (2.2)

'From now on we use the word “local” to mean “defined at each spacetime point” unless otherwise stated.



where the stress tensor is given by

T = 90908 — 50 (V259,04 V(9). 23)

The Euler-Lagrange equation for ¢ is the scalar field equation,

e 1

F=V'V,¢— 5V’(qb) =0. (2.4)
The background metric g, is conformally flat and, thus, takes the form,

Juv = a277u1/ ) (2.5)
where 7, is the flat metric and the scale factor a(7) depends only on conformal time 7.
Let us discuss some properties of the background fields that will be useful later. The
Hubble and deceleration parameters are defined by

H= (2.6a)

a/
? )
Hl
€= — , 2.6b
_HQQ ( )
respectively, where a prime denotes the derivative with respect to the conformal time 7. We
also use later the other slow-roll parameter defined by

6/

= . 2.7
2Hae (2.7)
The background Riemann tensor can be found using equation (A.3a) as

Ryupvo = HQ[(guugpa - guagup) + E(t,utl/gpo' —tptuGuo — tutogpy + tptag;w)] ) (2.8)

where t* = a~1(9/0n)* is the future-directed unit vector on the background spacetime. The
Ricci and scalar curvatures can readily be found from this formula as

Roo = —(n —1)(1 — €)H?a?, (2.92)

Rkl = (n —1- 6)H2a2(5k1 y (2.9b)

R=(n—1)(n—2¢)H?, (2.9¢)

where k, [, ... are space indices. Then, from the space and time components of the Einstein

equations (2.2) for the background fields one finds
K2V () =2(n—2)(n — 1 —e)H?, (2.10a)
K2(¢)? = 2(n — 2)eH?a? (2.10Db)

The background scalar field ¢ satisfies the following field equation resulting from (2.4):
1
¢" + (n —2)Had' + 5aQV’(qs) =0. (2.11)

We consider perturbations around this background, with the full metric g,, and scalar
field ¢ decomposed as

g,ul/ = Guv + gftly) > (2.12&)



é=0¢+o", (2.12b)

and linearise the field equations (2.2) and (2.4). The linear parts of the equations F =0and
E,, =0 are

1 14 1 v v
FO = <v“vu - 2v”<¢>)¢>(” - (vugg‘l) —5V g“))vm —g(VuVé =0 (213)
and

) = 29V ug0)) = V79,008 = VuVug®) — g, (VY4 — Vo9,90)

. i (2.14)
+ gé)l)(Rpaguu - gpugal/R) — kK T;(W) =0,
where the linear part of the stress tensor is given by
1
TS = 2V(u0V )8 — 290 (VP6V 0+ V (9) 215
1 o '
— 59 (20"79,6V56) = g7 V,6V06 + V' (9)6V))

In these equations the indices are raised and lowered by the background metric g,,,, and the
covariant derivative V, is compatible with it: Vg, = 0.

The linearised gauge transformation of any tensor Xag...7 with respect to the vector &+
is its Lie derivative with respect to £*, which we denote by .,%X'ag...v. Thus, to first order
we have

59;(;11/) = ng/u/ = 2v(p,£y) P (2168,)
5o\ = Zedp = E"Vad. (2.16b)

Suppose now that )N(aﬁ...v is a tensor constructed from g,,, and é. Suppose further that, upon
substitution of (2.12), it can be written as

Tag..,7 = Tag...,y + T(l)

B (2.17)

to first order in g,(},,) and ¢!, where Top..., and To%)... , are of zeroth and first order in these
fields, respectively. Then, under the gauge transformation (2.16) one has [35]

5T(1)

afey = ggTaﬂ,.q. (2.18)

Thus T (;18)_”7 is gauge invariant if Z¢T,g.., = 0, which in particular is the case if the back-

ground value vanishes: T, 3.., = 0. In particular, SF() = Z¢F and (5E,9,) = Z:E,,, and
(1)

hence the linear quantities £() and E,}V are gauge invariant if the background equations,

E,, = 0 and F' = 0, are satisfied, which we will assume from now on. Later on, a Bianchi
identity for these quantities will also be useful, which we obtain by linearising the identity

@“EW = —ﬁQ@“THV = —Kk’FV,¢ (2.19)

[following from the usual Bianchi identity VH (2]:2”” — g,w]?) = 0] and using the background
field equations £, = 0 and F' = 0. This results in

VHEQ) = k2 FIV,6, (2.20)

which is identically satisfied for arbitrary perturbations gf},,) and ¢,



3 Equivalence of the compactly supported graviton-inflaton observables
and local gauge-invariant observables

The graviton and inflaton perturbations, g,(},,) (z) and ¢ (z), become singular upon quanti-

sation. For example, their two-point correlation functions (correlators) are divergent when

the two points coincide. For this reason, it is convenient to consider the quantities obtained

by smearing them over a compact region in spacetime. Thus we define

1600 = [ (#7798 +2000) y=gd"a, (31)

where f*” and y are smooth and of compact support, and f* is symmetric. (Tensors will be
assumed to be smooth from now on unless otherwise stated.) In fact, quantities of this type are
the fundamental objects in the algebraic formulation of quantum field theory [36, 37]. These
objects have an additional advantage that they can readily be made gauge invariant (under

linear gauge transformations) without sacrificing locality, unlike the original fields gﬁ) () and
#D(z). To see this, we note that the change of I(f, x) under the gauge transformation (2.16)
is given by

SI(f,x) =2 / (V& + X'V )/ —gd
(3.2)

=2 [ 6V XV 0) g d"a,

where the surface term in the second line is absent because f*¥ is compactly supported.
Thus, the integral I(f, x) is a gauge-invariant observable whenever the following condition is
satisfied:

Vuft =xV¥¢. (3.3)
We impose this condition from now on so that I(f,x) is gauge invariant. This observable
(with x = 0) was used in [32] to discuss quantisation of linearised gravity in general Einstein
spacetimes with a positive cosmological constant. The analysis of ref. [32] on the basis of
I(f,x) was later generalised to the linearised graviton-inflaton system on arbitrary on-shell
backgrounds, including those with FLRW symmetry [33].

Although we motivated the observable I(f,x) as a regularised version of local fields,
after imposing the condition (3.3) it is impossible to take the limit where the compactly
supported functions f*” and x become local, i. e., a constant tensor multiplying a Dirac §
distribution supported at a point. If such a limit were possible, the observable I(f, x) would
Sﬁ) and ¢, which cannot be gauge invariant, contradicting

the gauge invariance of I(f,x). One might argue that a gauge-invariant graviton field 925)

can be defined by fixing the gauge completely, but in general a complete gauge fixing involves
field transformations which are not compactly supported. For example, to extract the usual
gauge-invariant Bardeen potentials @5 s from a general metric perturbation one has to solve
the equations?

reduce to a linear combination of g

1
D25 = 5 5%hoo — (9, + Ha) L0 oy + (0, + Ha), [(n — )30 by — 6" Ahkl} ,

2(n—2)

(3.4a)

2These equations can be derived from the decomposition (4.1) of the metric perturbation for general X*,
noting that § = 2P and ¥ = 2dy.



1 1
A0y = —— M A%hyy — ————— ANO*O' by + Ha AOFR
f 2(n —2) M 2(n —2) M ¢ Ok
(n—1) kaly
- —H +
2n—2) ad" 0" hy,;

(3.4b)

——  _Haé" AR,
2(n _ 2) a kl >

where 0F = 6819, A = 9%, and the field h,u is the rescaled perturbation defined by
hy = a_2glgly) , (3.5)

which is usually employed in cosmology. Therefore, unless the right-hand sides are of the
form A?f for some compactly supported function f (which will not be the case in general
even if h,, has compact support), the Bardeen potentials will be non-local. Nevertheless, we
will argue at the end of this section that a certain local limit of I(f, x) does exist, although
it is different from the naive one.

Writing the gauge invariance condition (3.3) as

1 1
+2 —
o O (a2 1) + Et” (Haf +¢'x) =0, (3.6)
where f = g, f*", we can readily find some solutions to this equation. Let u®*BY be any
compactly supported tensor which is antisymmetric in the first and last two indices, and
symmetric under the pairwise exchange (au) <+ (8v)3. Then a solution to equation (3.6) can
be given as

f,u,u = a_”_Qaaagua“ﬂy, (378,)
Ha

The main technical result of this paper is that this is actually the general solution on-shell,
i. €., any observable I(f, x) can be represented with f#” and x of the form (3.7) if the fields
g,(}l,) and ¢(1) satisfy the field equations F(1) = 0 (2.13) and E,Sly) = 0 (2.14). Moreover, the
support of the tensor u®*#” can be chosen to be close to the support of the original f*
and y in the technical sense explained in appendix B. We first explain this result and its
consequences for pure linearised gravity in Minkowski and de Sitter spaces [34].

3.1 The Minkowski case
We let y = 0 and consider

I(f) = / g dna (3.8)

(Here we have /—g = 1 in Cartesian coordinates, of course.) The condition (3.3) for the gauge
invariance of Io(f) becomes 0, f* = 0. Thus, we want to show that a compactly supported
divergence-free symmetric tensor f* can always be expressed as f** = aaaﬁuwﬁv , where the
compactly supported tensor u®*%¥ has the symmetry properties and support stated before.
This result is proved in appendix B; it is related to the so-called Calabi complex [38], and
a slightly different proof can be found in ref. [34]. It is analogous to the compact-support

3Since f*” in equation (3.7) does not depend on the part of u®*BY totally antisymmetric in the last three
indices, we may also require u®*%*] = 0. In fact, the u**#* we construct in appendix B has this property.



version of the Poincaré lemma for p-forms: on an n-dimensional Euclidean space a closed
p-form of compact support with 1 <p <n — 1 is exact. Thus, in Minkowski space we have

1
I(f) = -3 /uo‘“ﬁ”RS!zﬁy d"z, (3.9)
where " " o
_ 1
Ra,uﬁu = aaa[l/gﬁ]’u - a,ua[l/gﬁ]a (310)

is the linearised Riemann tensor. It is traceless because the linearised Ricci tensor vanishes
on-shell in linearised gravity in Minkowski space. Thus, we have on-shell

1

Io(f) = _2/ua#5”c§;ﬁy d"z, (3.11)

where Céllzﬁy is the linearised Weyl tensor, which is the traceless part of RS:BV. That is, the

graviton observable Ip(f) is equivalent to the smeared linearised Weyl tensor.

3.2 The de Sitter case

The de Sitter case is achieved by choosing V (¢) = 2k72(n — 2)(n — 1)H?, with H a positive
constant, and ¢’ = 0 [see equation (2.10)]. As in the Minkowski case, we consider the pure
graviton observable Iy(f), with V,, f*¥ = 0. A useful observation, which will be generalised in

the next subsection, is that the observable Iy(f) is invariant on-shell [i. e., when El(ﬁ,) (V) =
0] under the transformation f* — frv = pEv 4 SR with §fRY = EMWrv(y), where v is
any compactly supported tensor. This holds because

W) =) + [ B )gfl)v=gas
—nlh)+ [ (80 v=gdna (3.12)
=Io(f)-

Note also that Vuf’“’ =V, EM () = 0, as follows from the Bianchi identity (2.20) taking
into account that ¢ = 0 in de Sitter. Now, this equation can be written as [see equation (3.6)]

Oy (a”“f“”) +d"PHYHf=0. (3.13)

Hence, if the tensor f‘“’ is traceless ( f = 0), then a2 f‘“’ will be divergence free with respect
to the flat metric, and the result of appendix B can be used. We now show that it is possible
to choose 6 f*¥ so that f’“’ = fHM 4+ §fH is traceless.

We find from equation (2.14) that

E)(v) =2V (,VP0,, — VYV 0 — VY0 = g (VPV 0, — VPV 10)

m ) ) (3.14)
+ (n—=3)H guv+2H" vy, ,

where we changed the order of some derivatives using Raogys = H?(gar9ss — Jasgpy)- The
trace reads

g EQD (v) = (2 = n)(VPV 00 — VPV,0) + (n — 1)(n — 2)H?v. (3.15)



Thus by choosing
1 1
V= 7 aN170 v — — Yuv ) 1
U = )2 (f“ n_1%" f) (3.16)

and using V,f* = 0, we find §f = gWEE,)(U) = —f. Thus, we have f = f +46f = 0,
and Vuf‘“’ = 0 as shown above. From equation (3.13), we find that d, (a”“f‘“’) =0, and

hence by the results of appendix B there exists a compactly supported tensor u®*# with the
symmetries of the Riemann tensor such that

a2 = 9,05u PV (3.17)

Hence

v

1
B = 1) = =5 [0 (@0 = .0, hge) e (318)

with the rescaled perturbation h,, defined by equation (3.5).
The tensor 0,0, hg, — 0,0, g, is gauge invariant, but it is not the linearised Weyl
tensor even on-shell because its trace does not vanish. In order to express the observable

Ip(f) in terms of the linearised Weyl tensor, we first separate out the traceless part w P of
u®tBY ag

2 2
apby _ , oupy alf, i _ uiB, Ve alf vl 319
“ v +n—2n “ n—2" Y +(n—1)(n—2)77 (e (3.19)
with
ut’ = nagua“ﬁ” , u = nuut’ . (3.20)
Substitution of equation (3.19) into (3.17) yields
o 1
0" = 0005w + —— s, (3.21)
n J—
where 1
s = 9,0Pul" — 201UV + ——— (90 u — " ,0%u) . (3.22)

n—1
Here indices are raised and lowered by 7),,,. Next we show that the second term of (3.21) can
be written as Oaﬁgqaﬂﬂ”, where ¢®#8¥ has the same symmetries as w™#" and is traceless.
Since 0 = a"2f = nw,ﬁaagua“&’ = aaaﬁuaﬁ , the tensor u*” can be expressed as

ut = O, (WHY 4 WP (3.23)

where WHPY is antisymmetric in the last two indices and has support close to the support of
uM” | as shown in appendix C. Define

KO = (s — QW 0P g, (3.24)

The tensor K5 is antisymmetric in the first two and last two indices, and symmetric under
the exchange of these pairs of indices. Define ¢®*%¥ to be the traceless part of this tensor.
Then a straightforward calculation shows that

1
n—2

Do g = s (3.25)



Hence, defining a traceless tensor by

GOHBY = qomBy anBV’ (3.26)

we have from equation (3.21) that

a2 = 0,051 (3.27)
By substituting this expression into equation (3.18) we obtain
() = —+ [ @5 (0u0, hs) — Ouduhsa) A
o(f) = =5 [ @ (Badyhgy — Iudhpga) A"
1 " (3.28)
_ V&[J,ﬁl/ Dflat n
s
where C, (1 )ﬁit is the linearised Weyl tensor in flat space with metric perturbation h,,. This
(1 )ﬁat

follows from the fact that C, is the traceless part of the linearised Riemann tensor
a0, hgu — 0u0hglq, and that ua“ﬁ” is traceless.
Now, the full Weyl tensor Ca,uﬁzz for the metric §u, = a?(Nu + hyu) is related to the

Weyl tensor C’Satﬁy for the metric 1, + hyy as Coupy = aQCaﬂZtBV (see, e.g., [39]). Since they
both vanish for the background metric, the linearised Weyl tensors are also related in this
manner: " i
1 2 1)flat
Cauﬁy Ca,u,ﬁz/ . (329)
By substituting this relation into equation (3.28), we finally obtain
L[ 1
Io(f) = =3 / arBr ol =g dx, (3.30)
where 4987 = o~ (T2 gonbr gince —g = a". Thus, the compactly supported graviton

observable Iy(f) in de Sitter space is equivalent to the linearised Weyl tensor, which is gauge
invariant because the background Weyl tensor vanishes [35].
3.3 The general case

Now we study the observable I(f, x) in a general FLRW spacetime assuming ¢’ # 0. The
test functions f*” and y in the observable I(f,x) (3.1), which are compactly supported
by definition, satisfy the equation (3.6). [Recall that this condition guarantees the gauge
invariance of I(f,x).] We consider the transformation f* — fH = fH 4 §fH y — x =
X + dx with

51 = EWH (y w) (3.31a)

oy = —k2FW(v,w), (3.31b)
where EW# (p w) and F(M (v, w) are obtained by substituting gfﬁ,) — vy, and oM — w
into EMM and FO) in equations (2.14) and (2.13), respectively. The observable I(f,) is
invariant under this transformation on-shell since

I(F,%) = 1(£:) + / B, w)glyy = 2 F D (0,0)6) |y =g da

=I(f,x) + / [WE;}) (gm,(ﬁm) 9 2wFD (gu) ,¢(1)>] J—gd"z (3.32)
=1(f,x)-



From the background Bianchi identity (2.20)
1 _ _2p@
V#El(“/) (U’ U)) = —K F( )(/Uv w)V,,qb, (333)

which holds for any v*” and w, we obtain V#df,, = dxV,¢. Together with the gauge
invariance condition (3.3), this implies that V,, fr = YV* ¢, which we write in the form
1 e\ L
——50 (a"“fﬂ ) -t (Haf + ¢’X) ~0. (3.34)

In appendix D we show that if we choose

_ AQy) 2(n —1)(n —2)x + k\/2(n — 2)ef (3.350)

w=am 2k2[(n—=2)(n—1—¢€)+2(n—1)d]"’
174 v 1 v ' v
v = A(n) (f” 9" f) + 49w (3.35b)
with
a
An) = ———(ny — _
where 7 is any constant, then Haf + ¢'¥ = 0. This and equation (3.34) imply
9, (a"+2 fﬂ”) —0, (3.37a)
. Ha «

We emphasise that this is an exact result for an arbitrary potential V(¢), and that no
approximation is necessary for it to be valid. Then, by appendix B there is a tensor u®*¥
with the symmetry of the Riemann tensor such that

= a9, 9guH (3.38)

Since the tensor f‘”’ is not necessarily traceless this time, the observable I(f,x) =
1 ( f , )V() cannot be reduced to the linearised Weyl tensor alone. To identify the Weyl-tensor

component we separate out the traceless part w5 of u®#¥ as in equation (3.19). Then it

follows that on-shell, if the field equations (2.14) and (2.13) for gf},) and ¢() are satisfied, we
have, noting equation (3.37b),

" ” 2Ha n
I(f,x) = /a +2f“ (huu - gb,nuuéf)(l)) d"x
2Ha
= /uo"w”@a@g (huy - (ZS, nMV¢(1)> dnx (339)
_ _1 oz,uﬁl/c(l)ﬁat A"z — wen Qe
=5 |w oppy 4T uCy, dr,
where the flat-space linearised Weyl tensor C’S/}gﬁt is defined in the previous subsection and
where
1 1
- - ) 92 _ s a af 92
Cour = —— (200,013 = 0*hyu, = 0,01 eI (0°0° hos — 0°n)
a (3.40)
+ 20,0, <¢,¢(1>> .

~10 -



The last equality in equation (3.39) follows because w™# is traceless, and equation (3.29)
holds here as well. Hence by defining

=

o Bv

a

(A2 qenby (3.41a)
Tyt (3.41D)

a
a

we find .
I(f,x) = —2/1/3““5”022@\/—9(1%— /aﬂ”()ﬂw/—g dnz. (3.42)

The linearised Weyl tensor C(SL)ﬂV is gauge invariant as in the de Sitter case because
the background Weyl tensor vanishes. The gauge invariance of (), follows from that of
I(f,x), but can also be checked explicitly. For this, note that the gauge transformation can
be expressed as

(5th = 20(M§V) — 2Ha77w,§0 , (343a)
st = —¢'¢y. (3.43b)

Interestingly, the tensor C,,, is invariant under two separate transformations ¢; and 2, given
by S1hu = 20(,&,), 0196V = 0 and dahy = —2Hanuéo, S2011) = —¢/&, respectively. We
have attempted to express the tensor C},, as the linear perturbation of a geometric quantity,
and have succeeded in doing so except for the component Cyp, as shown in appendix E.

We have argued before that it does not make sense to consider local (Dirac d) limits of the
test tensors f#*” and x in I(f, x), because of the differential gauge-invariance constraint (3.3)
which they have to satisfy. However, given I(f, x) in the equivalent form (3.42), one may now
consider local limits of the test tensors W™ and 4*”, i.e., one can consider the limiting
case where these test tensors are given by constant tensors multiplying a Dirac ¢ distribution
supported at a point. From these @**#” and 4"¥ one can obtain the corresponding f*
and x by reversing the above construction, which will give particular derivatives of the §
distribution contracted with constant tensors for f#” and x. This statement is equivalent
to saying that the graviton and inflaton perturbations are only locally observable in the
particular differentiated form in which they appear in the linearised Weyl tensor and in C),,,
but not directly. In particular, the linearised Ricci scalar of constant-field hypersurfaces R,
given by equation (E.18), appears as the spatial trace of Cp,:

i 1 i Ha 1 2
§9Cy = L [0 — A+ hoo)] +2A<¢, <1>> = LR 3

4 Local observables in terms of tensor and scalar perturbations

In the previous section we expressed our compactly supported observable I(f, x) in terms
of the local observables CS;B,Bu and C,,. In this section we express these local observables in
terms of the tensor perturbation and Sasaki-Mukhanov variable, which describes the scalar
perturbation. We follow the notation of ref. [40].

The metric and scalar-field perturbations that allow Fourier decomposition can be given

as

hoo = S + QX(/) +2HaXy, (41&)
hok = Vi + X}, + 0k Xo, (4.1b)

- 11 -



hi = Hy + 0> + 28(le) —2Hadp Xy, (4.10)
oM =0 — X4 . (4.1d)

The vector perturbation Vj, is transverse and the tensor perturbation Hj; is transverse and
traceless. The gauge transformation (3.43) transforms X, as 60X, = ,. All other variables
on the right-hand side of equations (4.1) are gauge-invariant, even though they are in general
non-local functions of h,, and #M | unlike C&)ﬁu and Cy,. It is convenient to introduce the
Sasaki-Mukhanov variable @ as follows [41]:

Q=g 5 (4.2)
o
so that o
(1) — _
o\ = 2Ha(2 +Q —2HaX)). (4.3)

The gauge-invariant variables in (4.1) satisfy the following field equations [40], which result
from E,Sly) =0and F) = 0:

0*Hyy = (n — 2)HaHy,, (4.4a)
Vi =0, (4.4b)
AY = —Hae@', (4.4¢)
AS = —(n—3)Haeq', (4.4d)
0*°Q = (n—2+20)HaQ', (4.4e)

where A = 69,0 as before. On-shell, the linearised Weyl tensor CS:/BV is expressed in terms
of the tensor perturbation Hy; and the Sasaki-Mukhanov variable @ as [40]

o _ @ [(n— 3)HaH), — AHj)] — —— S Had eI, (4.52)
0j01 9 gl J 2(n _ 1) J )
Ciy = —a0y.Hy, (4.5b)
Ha3e

Cily = a [—aia[kHlb‘ + 90 Hy; + Ha (ni[kHl/]j - nj[kH{}i)] = 7 (Mg — Wygemns) Q'
(4.5¢)

where Ilj; is the traceless projection operator

00,

= 0y — (0 — 1)% : (4.6)

Notice that the variables Hy; and @ are differentiated either once with respect to n or twice
with respect to space coordinates in equations (4.5).

Now we find an expression analogous to (4.5) for C,,,. Substituting the expansion of
Ry (4.1) and ¢ (4.3) into equation (3.40), we find

1
C[)o = Q” - 71 A(S + E) s (4.7&)

1
Cok = Q' — —— AV, (4.7b)
n—2
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1
(n—1)(n—2)

Using the equations of motion (4.4) to simplify these expressions on-shell we obtain

1
Cr = —— (aZHkl - 2%%3) + hDQ — My A(S +X). (4.7¢)

-2
COOZAQ—<n—2—|—25—n_1e>HaQ', (4.8a)
Cor = O1Q', (4.8b)
Cu = —HaH,;l + 0,0,1Q + ﬁHMHCLGQI, (4.8C)

and we recover the well-known on-shell expression for the linearised Ricci scalar of constant-
field hypersurfaces (3.44)

RW = (n—2)a"269Cy;; = (n - 2)a 2 AQ. (4.9)

Notice that the variables Hy; and @) are again differentiated either once with respect to n or
twice with respect to space coordinates, as in the case of the linearised Weyl tensor (4.5).

This makes the IR behaviour of the correlators of C’Su)ﬁy and C,,,,, and hence of I(f, x), upon
quantisation much better than that for the variables Hy; or , as we shall see in the next

section.

5 Infrared behaviour of the compactly supported observable

To discuss the IR behaviour of the correlators of our compactly supported (quantum) ob-
servable I(f, x), or, equivalently, that of the observables CSJ , and C,,, we first review the
quantisation of single-field inflation at linear order following [40].

We first write the field equations for Hy; and @ listed in equation (4.4) as

H,’fll—l—(n—Q)HaH,'d—AHkl:O, (5,1a)
Q"+ (n—2+20)HaQ — AQ =0. (5.1b)

We then expand these fields as

- i dnfl
Haln.2) = [ el @hago o)™ 5 Ls + e (5.22)
. dnfl
Qna) = [ by G e (5.20)

where e,(;lf) (p) are the polarisation tensors satisfying pkel(;l’) (p) = nkle,(;l’) (p) = 0 and the

orthonormality condition 6/(;57) (p)e,(:l)*(p) = 267%". We have assumed rotational invariance
so that fy(n) and gp(n) depend only on p = |p| and not on the direction of p. For the
normalised commutation relations [a(p’g),azrp,p,)] = (2m)" 10,,0" ! (p — p') and [bp,bl’,] =
(2m)"~16"~1(p — p’) to hold, the functions f, and g, need to satisfy the normalisation con-
ditions [40]

Fo(f5' () = £ () f5 () = is?a® ™" | (5.3a)
iﬁ2a2_”
) () = e n) = o (5.30)
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The vacuum state |0) is defined by ap|0) = bp|0) = 0 for all p. Then the correlation function
for the tensor perturbation is given by

Al | — 2'|) = (0|Hyj(n, 2) Hu (1, ) 0)
2 o ary (54)
= [ (2P = 25 R e S8
where 5.0
kU1l
P = 01 — NE (5.5)

and the correlation function for the Sasaki—-Mukhanov variable reads

AQ(”? ‘x_w‘ 0’@(% ) ( ,,$/)|0>
. N drl 5.6
= / qp<n)q;(n’)el”(“”)(gﬂ)ﬁ~ >0

These correlators are IR divergent, 7. e., the p-integral diverges in the IR in many applications,
most notably in the slow-roll approximation in single-field inflation. That is, f,(n) and g,(n)
diverge like p~(n=1/2 op stronger as p — 0 in many applications, and thus the above Fourier
integrals are not convergent unless one introduces an IR cutoff.

For the compactly supported observable I(f, x), or equivalently for Cf()it)ﬁv and Cy,, the
fields Hy; and () occur with one time derivative or two space derivatives, as we observed
before. This implies that the IR divergence of the correlation functions are reduced at least
by a factor of p* as we now show. From the equations of motion (5.1) and the mode expan-
sion (5.2), it follows that the functions f,, and g, satisfy

[a" 2 ()] = —p*a"2(n) f(n) , (5.72)
[e(ma™2(m)d, ()] = —pe(n)a™2(n)ap(n) (5.7b)

We can solve these equations for small p?, where we can neglect the right-hand side in
comparison with the left-hand one because of the explicit factors of p?. This gives

gp(n) = iA(p)[1 + O(p*)] + B(p) [/ 607);177_2(?7) + 0(192)] : (5.8a)
) =iCW[1L+ 0] + D) [ S5 +067)] (5:8b)

where without loss of generality we choose A(p) and C(p) to be real and positive, since
an overall phase factor affects neither the normalisation conditions (5.3) nor the correlation
functions (5.4) and (5.6). The normalisation conditions then imply

AIBG) + B ) = 2+ 0?). (5.00)
C(p)[D(p) + D*(p)] = * + O(p?). (5.9b)

The choice of the quantum state determines A(p) and C(p) subject to this condition. For
the natural quantum state in many interesting applications, in particular for the Bunch—
Davies vacuum in slow-roll single-field inflationary models [42-44], A(p) and C(p) diverge
like p~(®=1)/2 or faster, leading to IR divergence of the correlators for Q and Hy; as explained
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above. This implies that the real parts of B(p) and D(p) tend to zero in this limit, and if
their imaginary parts also tend to zero (as happens for slow-roll inflationary models), they
do not cause any IR divergence. Therefore, the leading IR-divergent terms in the limit p — 0
are given by A(p) and C(p), which are annihilated by a derivative with respect to n, and
thus the leading terms in the p — 0 limit in q;,(n) and f;(n) are suppressed by a factor of p?
as compared to ¢,(n) and fp(n) themselves. The leading behaviour of the second-order space
derivatives of the mode functions qp(n)eimc and fp(n)eipm are obviously also suppressed by a
factor of p?. Since the variables @ and Hy, are differentiated once with respect to n or twice
with respect to @ in the expression for C&)ﬁu

functions in the limit p — 0 is thus suppressed by p?. This implies that the integrand of the
1

p-integration in the correlators for quantum operators Cauﬁv and C,,, and hence that for

and C),,, the leading behaviour of their mode

I(f,x), are suppressed by p*. This suppression is sufficient to make the correlator for I(f, x)
IR finite in most applications relevant to the physics of the early universe.

To make these general considerations more accessible, let us study an example. Since
at tree level there are no UV divergences, we set n = 4 in the following. In the slow-roll
approximation of single-field inflation, one has

a(n) = ao(—n) 1<, (5.10a)
1 .

H(n) = m(—n)l—é : (5.10b)

e(n) = eo(—n) "%, (5.10¢)

where ag and ¢y are positive constants, to first order in € and . We note that these relations
are exact for constant positive € (and, consequently, with 6 = 0) even if it is large. For the
mode functions, we then have [40]

foln) = Vw1~ QH) () HY) (), (5.110)
ap(1) = \/;H(l —e) HE(Z) (=2 HY) (). (5.11D)

again to first order in € and 0. (These expressions and the results that follow are exact for
constant € < 1.) The small p approximation of these functions can be found by using

J_(2) —e V™I, (2)

HV(2) = 12
v (2) isinvrw ’ (5.122)
B 1 Z\V 9
Thus, the coefficients in equation (5.8) in these models are given by
HF(% + 156 + 6) 3 € §
Ap) = — T2 T 1
(p) N : (5.13a)
B(p) = —ﬁ[l - m( < 5 5)] VIR0 atisetd (5.13b)
1—e F(%+165+5)
HF(% + 156) _§_ €
Clp) =— 27T (5.13¢)

2\/77'6L0 P
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Vmag 3

D(p) = —K,<1 — i71'1 i e> I‘(% N lie)p T—e (5.13d)

We note that these coefficients satisfy the properties mentioned before, with A(p) and C(p)
diverging as p — 0 and B(p) and D(p) vanishing in this limit. Thus, they lead to IR diver-
gences of the correlators for Q and Hy; (as long as e+ > 0 and € > 0, respectively), and one
time derivative or two space derivatives produce an extra factor of p* in the integrand for the
p-integration for the correlators, rendering them IR finite (as long as 1< +6 < 2 and € < %,
respectively). The IR-finiteness condition is always satisfied in slow-roll inflation because we
have €, < 1.

For constant € the correlators for Hy; and @ are IR divergent if ‘% +

€
1—e€

0 <e<L %, which includes the matter-dominated universe, ¢ = % On the other hand the

| = %, i. e., for % <e< % Thus, the
correlators of I(f,x) are IR finite for the matter (¢ = 2) and radiation (¢ = 2) dominated
universes. Even for % <e< %, the conclusion of IR divergence assumes a choice of the mode
functions, and hence of the vacuum state, which respects the rescaling symmetry of the
field equation n — An, @ — Ax (which we discuss below). Although this choice is generally
accepted as the right choice for slow-roll inflation, it may not be the right choice for these
values of e. Furthermore, it has been shown [10, 45] that IR-regular quantum states result if
the state during the preceding spacetime evolution did not suffer from IR divergences.* That
is, if a universe with e satisfying % <e< g was preceded by a less IR-singular era (such as in
the standard Big Bang cosmological model with an inflationary phase [42—44]), the quantum
state will not be the Bunch-Davies-type vacuum with the mode functions (5.11), but an
excited state which is less singular in the IR.

Let us now turn to the closely related problems of secular growth, i. e., divergences in
the late-time limit » — 0, a(n) — oo, and the growth of the correlators for large spatial
separations. To leading order in € and §, because of IR divergences the correlators for Hy,
and @ grow logarithmically for r = | — &’| — oo and equal time (n = 7') as

>3 de, if

correlators for I(f,x) are IR divergent only for ‘% +

H HQHQ 2
AjG(n,m,m) = 0.2 Oik0j1 + 0udjn — §5¢j5kl In(ér), (5.14a)
K2H?
A%(n,n,7) ~ = - In(ér), (5.14b)

where £ is the IR cutoff in the momentum integral. Furthermore, if the physical distance a(n)r
between the two points is fixed, then they increase like In[a(n)] as the universe expands (the
secular growth) because Inr = In[a(n)r]—In[a(n)]. The long-distance and secular growth of the
correlators appears to cause physically observable quantities to have this growth behaviour,
which has been debated in the past several years.

However, as we have seen, the integrands for the p-integration in the correlators for
the variables C&)ﬁ’u and C,, have an extra factor of p* compared to the integrand for the
correlators for Q and Hy,;. For small p, the behaviour of the integrand of the @ correlator (5.6)
is dominated by the coefficient A(p) (5.13a) in the mode functions ¢,(n), which leads to a

4This is a consequence of the mathematical fact that given a correlation function which is a well-defined
distribution in some time interval (in particular without IR divergences), and which satisfies a linear hyperbolic
equation (the equation of motion), it is a well-defined distribution for all times, see, e. g., [46].
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behaviour of the p-integral of the form [ p_l_%_% dp. Similarly, the p-integration of the
Hy, correlator (5.4) is dominated by the coefficient C(p) (5.13¢) in the mode functions fy(n),

2e
and behaves like [ p_l_ﬁ dp. Thus, the integrand for the p-integration in the correlators

2e 2e
of CS;/BV and C),, behaves like either fpg_ﬁ_% dp or fp3_§ dp. By power counting we

2e
conclude that the leading behaviour of these correlators as r — oo is either P T

r74+%. Thus, it is clear that there is no long-distance growth in the correlators for C(g}#)ﬁy
and C,,, and thus for the compactly supported observable I(f, x) for small € and ¢, and for
0§6<%ore>gwith5:0.

The lack of secular growth for these correlators can be shown using a simple scaling
argument. Namely, to first order in the slow-roll parameters ¢ and ¢ (or for constant, but

arbitrary €), we find from equations (5.10) that

T

a(An) = A" T=<a(n), (5.15a)
[1— e(Am)]H (An) = AT [1 — e(n)] H (n) , (5.15b)
e(An) = A"%e(n), (5.15¢)

where ) is a positive constant, and thus for the mode functions (5.11)

Foa) = A2FT5 £y () (5.16a)
Gpya () = AZTT g (). (5.16b)

By substituting this scaling behaviour into the correlation functions (5.6) and (5.4), we thus
find the following naive scaling properties (with r = | — &/|):

AQ (X, N, Ar) = AT AR of 1) (5.17a)
2¢
A A, Ar) = A= AT (0, 7). (5.17b)

However, the IR cutoff £ that one needs to introduce breaks these scaling properties, since
the scaling p — p/A is not accompanied by a corresponding scaling in £. Thus, the scal-
ing (5.17) will be valid whenever the IR cutoff can be removed. For definiteness, we consider
the correlator for Q) with two derivatives at each point, all in the i-th direction. The scaling
law (5.17a) can be used to find

a_4(/\7])8§$i8)2\x,iAQ()\17, A Ar) = )\%H&a_4 (77)6;83”- AQ(n, n',r). (5.18)

In de Sitter space, where ¢ = § = 0, this shows that the correlator is unchanged under the
rescaling, while in the general case there is only a mild dependence on A. However, to properly
account for secular growth in the late-time limit we should not fix the coordinate distance r,
but the physical distance rpnys between the two points, defined as

Tphys = a(n)r, (5.19)

with ' = 5. This motivates us to define

A~

AL (0 rphgs) = 0% i AP (a7 (1)) - (5.20)

phys “phys
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where 2 = a(n)z’ and 2/t = a(n)z’". Then the scaling law (5.18) leads to

phys phys

Aghys<)‘777rphys> = A1« = +25A§hys< )\ﬁrphys) . (5.21)
Let us specialise to the case 0 < € < % The late-time limit n — 0 then corresponds to
taking A — 0 in this expression. Again, in the de Sitter limit ¢ = § = 0, the correlator is
unchanged also under this rescaling that holds rppys fixed, and thus we conclude that there is
no secular growth at late times. In the general case, there is mild dependence on A. We find
that this correlator tends to a constant if 6 = 0 but to zero if 6 > 0 in the limit A\ — 0. The
same conclusions can be drawn in exactly the same way for the normalised time derivative
of A, given by a(n)*lanAQ, and all normalised derivatives of Agkl. Considering then the
correlators of C(l)a“g,, and C*, (where the indices are raised with the background metric
g = a7n"), we see from the explicit expressions (4.5) and (4.8) that all derivatives are
normalised, possibly up to factors of H or € which only show a mild dependence on A upon
rescaling (5.15). This implies that there is only mild secular growth, if any, predicted by the
scaling argument for the correlators of C()o g and C*,, and thus for the correlators of our
gauge-invariant observable I(f,x).

6 Relation of the compactly supported observables to the power spectra
To recover from our observables the well-known tensor and scalar power spectra [42—44]

|k:| k?H?

Pa(|kl,n) = 52k5]l/<0’Hz‘j(wﬂ7)Hkl(0777)|0>eikw &’z ~ R (6.1a)
9 |k| / ik g3 KOH?
Ps(|k|,m) = ) 0]Q(x,n)Q(0,7)|0)e™** d”x ~ ToaZe” (6.1b)

where the last expressions are the tree-level results for the Bunch—Davies vacuum at leading
order in slow-roll, we follow the steps presented in ref. [40] for the tensor spectrum. First we
express the tensor perturbation and the Sasaki-Mukhanov variable in terms of the linearised
Weyl tensor and the spatial trace of the tensor C,,, [see equation (4.9)] according to®

APHpy = —a72pﬁypacﬁ)pg, (6.2a)
PHPT = 25#5;;555;’ NGV — 254675567 (Aopy — Op1) ' + 2Had[ 6L 50,67 AD",  (6.2b)
AQ - 52 Z] ) (6.2C)

and then rewrite the power spectra (6.1) in terms of the right-hand sides (using the symme-
tries of the Weyl tensor):

ik ¢l — o ~(1 v —
Phillkl ) = 5 owd o™ / 0[Py Cl) s ) Pl CL) (0, 7)[0)e ™k dPx
1
gy —a? [2ﬁwmpk5 KKV kS — 4iHai® i PS5 kP Ok + H2a?6§ 067 Vo kY kP

/< ’ ozB'yS( ’n)C}(LI/)pU( )‘O> Tike dS
(6.3a)

5Note that the expression for Hy,; is different from the one given in ref. [40]. Both agree on-shell, but the
one presented here has the advantage of not requiring time derivatives.
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1

PRIk ) = o

5 5M / (0[C; (0, 1) Cra (0, m)| 0~ dP, (6.3b)

where we defined 7V = n*” + §}d4. Since the relations (6.2) are (on-shell) identities, this
gives exactly the same power spectra. This shows clearly two crucial points: a) the power
spectra are gauge-invariant observables (at linear order), since they are obtained from the
manifestly gauge invariant linearised Weyl tensor and C),,,, and b) they are non-local (because
of the integration over the full three-dimensional space) and possibly IR divergent as |k| — 0
because of the explicit inverse powers of |k|.

To make contact with our observable I(f, x), we use our result in the form (3.42)

1
I(fix)=—5 /w““ﬂ”cﬁgyv —gd'z - /a“”C,wv—g d'z, (6.4)

and take the smearing functions w**#” and @** such that the correlators of equation (6.3)
emerge. That is, for the scalar power spectrum we take

1

/82| k|

where f,‘? (1) is a real smooth function of compact support depending on a parameter ¢ such
that

(e, 7) = 7 a(n) ™" o (r)e” * gsi (a) (6.5)

lim f7(r) = 6(r = 1), (6.6)

and gy () is a real smooth function of compact support depending on a parameter ¢’ such
that for its Fourier transform gs» we have

lim 55 (p)” = (27)°0°(p). (6.7)

With this choice of @ and taking W™ = 0, it then follows that
PS(lkl,m) = lim Lim (O[T (f,x)I(f",x")I0) (6.:8)
—046'—=0

whenever this limit exists, and a similar (but more elaborate) construction of test functions is
needed for the tensor power spectrum. The right-hand side, before taking the limit d, 8" — 0,
represents a smeared version of the power spectrum, where fg (7) is a smearing in time around
the point 7 = n and gy (x) limits the spatial integration to a finite volume. While for finite
smearing scales (4. e., §,0’ > 0) this is well defined, the existence of the limit 6,0’ — 0 is
not guaranteed in general. In particular, while at tree level taking this limit we obtain the
well-known finite result (6.1), explicit calculations [47] show that once loop corrections are
fully taken into account only one of the limits can be taken, and taking both leads to a
divergent answer. Various resolutions of this problem have been proposed, re-examining the
connection between the observed power spectrum and its definition in terms of inflationary
correlation functions [48-52]. We note, however, that the smearing is unobservable as long as
it is small (for the smearing in time) or large enough (for the spatial smearing). In particu-
lar, the lowest observable mode, corresponding to the quadrupole in the Cosmic Microwave
Background, probes the power spectrum at wavelengths |p|, ., ~ 2/An, where An is the
difference in conformal time between recombination and today [42-44]. By extending the
spatial integration [i. e., the support of gs(x) in the test function (6.5)] to a large enough
region, the power spectrum is unmodified for all |p| 2 |p|

min*
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7 Discussion

In this paper we showed that the gauge-invariant and compactly supported observables,
I(f,x), in single-field inflation are equivalent to (compactly smeared) gauge-invariant local
operators, with linearised gravity in de Sitter and Minkowski spaces being special cases. One
of these local observables is the linearised Weyl tensor, while the other local observable is given
by equation (3.40), whose geometric meaning is not completely clear. One crucial ingredient
in the proof of this fact was that the test tensor f#* for the compactly supported observable
[see equation (3.1)] times a"*2 can be chosen to be divergence free with respect to the flat
metric without changing the observable I(f, x), as long as the graviton and inflaton fields
are on-shell. We find this result described in appendix D rather remarkable. For example, in
equation (D.7) the coefficient of ¢,t, f** is the n-derivative of the coefficient of Haf + ¢'x.
There seems to be no reason to expect this to happen, but it is a crucial condition one needs
because the former has to vanish, whereas the latter has to be a constant. Another seemingly
miraculous aspect in equation (D.7) is that the variable w occurs in a total divergence and
nowhere else, which is also a crucial condition. We have not found any underlying reason why
these simplifications occur. The other crucial ingredient was a lemma, proved in appendix B,
that a smooth, compactly supported and divergence-free symmetric tensor f** in flat space
can be expressed as fH* = 8a8gu°‘“f3”, where the tensor u®*#” has the symmetry of the
Riemann tensor and is also smooth and compactly supported. This lemma is analogous to the
Poincaré lemma in the de Rham cohomology with compact support and appears to be known
in the mathematics community [38], although we believe that our proof that the support of
u®*P can be chosen close to the support of f* (in the sense explained in appendix B) is
new.

We then expressed the linearised Weyl tensor and the tensor C),, whose spacetime
smearing is equivalent to I(f,x), in terms of the (gauge-invariant) tensor perturbation Hy;
and the Sasaki-Mukhanov variable (), which carries the scalar perturbation. Since the correla-
tors of Hy; and @ are IR divergent and suffer from secular and long-distance growth, it might
appear that the strong correlation of these variables at long distances could be detectable
in principle. On the other hand, derivatives of these variables are IR finite and do not show
secular or long-distance growth. Thus, because we found that these variables always occur
with derivatives in I(f,x), the correlator for the compactly supported observable I(f,x) is
also IR finite and lacks secular or long-distance growth. Since the gauge-invariant variables
Hy; and @ are non-locally related to the graviton and inflaton fields, the local values of Hy; or
() cannot be measured in a local measurement. On the other hand, the compactly supported
I(f,x) models an observable that can be measured locally. Thus, our result indicates that
observables which can be measured locally are IR finite and not correlated strongly at long
distances, unlike the variables Hy; and (). In de Sitter space this weak correlation of local
observables may be related to the fact that the IR divergences for gravitons can be gauged
away in any arbitrarily large but finite region by a gauge transformation which in this region
corresponds to a rescaling of coordinates [53]. Therefore, it is natural to speculate that the
IR divergences for the graviton and inflaton can also be gauged away in the same way in
single-field inflation. While our treatment differs from the usual one in cosmology, we have
shown that one can nevertheless recover the well-known scalar and tensor power spectra from
the correlator of the compactly supported observable I(f, x) at all observable scales.

Our analysis does not make any statement about observables which are not of compact
support, or about large gauge transformations, which are gauge transformations that do not
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fall off at spatial infinity. In fact, it has been argued [54-57] that those gauge transformations
correspond to asymptotic symmetries of the spacetime which change the physical state. Nev-
ertheless, those changes can only be measured by a meta-observer who can compare different
asymptotic regions, and are unobservable for any single observer, for whom the compactly
supported observable considered in this paper is relevant.

Finally, let us comment on the fact that the correlator for the field C),, is singular in the
de Sitter limit ¢ — 0. This is simply due to the fact that there is some freedom in the choice
of u®*8¥ and a random choice results in y that is singular in this limit. However, one is free
to choose a pair (f*,x) such that x = O(e") and f = O(e) (recall that in the de Sitter
limit, f*” can be made traceless on-shell). Also, if one chooses u®P to be traceless, then
X = 0. Thus, the singularity of C),, in the de Sitter limit is not an intrinsic property of the
compactly supported observable I(f, x).

Acknowledgments

We thank Chris Fewster for useful discussions in an early stage of this work, and Igor
Khavkine for discussions on ref. [58]. This work is part of a project that has received fund-
ing from the European Union’s Horizon 2020 research and innovation programme under the
Marie Sktodowska-Curie grant agreement No. 702750 “QLO-QG”.

A Conformal transformation
Under the conformal transformation
G = a2gw, (A1)
the Christoffel symbols transform as
Tpiy =Ty + 0 (8307 + 0567 — 9ug™)dsa, (A-2)
and the curvature tensors become

Ramg =R — 2a_25%g(;]5(Va)2 +4a"2¢07 f;gg][T [avg]vga - Z(Vﬁ}a)(vaa)] (A.3a)

Ry =Ry — (n—2)a” 'V, Vya+2(n —2)a %(V,a)(V,a)
— Guv [(n —3)a"%3(Va)? + a_IVQa]

a>R=R— (n—1) [2a_1V2a +(n— 4)a_2(Va)2] , (A.3c)

(A.3D)

where V, is the covariant derivative associated with g, V? = VH#V,, and where we used
the notation
(Va)? = (V*a)(V,a). (A.4)

B A Poincaré-type lemma

Given a smooth, symmetric and divergence-free tensor f** on R™, n > 2, with compact
support, i. e., fH = fY* 0, f*" =0, and supp f* = Qy, with Qp = ﬁf compact, there exists
a smooth tensor u®*P" with the symmetries of the Riemann tensor, i.e., u®*P’ = ybrer =
wlorllBrl gnd wolBvl = 0, such that

1 = 0a0put” (B.1)
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The support of u®*3" | denoted by
supp u* = Q, = Q. (B.2)
can be chosen to be any compact star-shaped region in which Sy is strictly contained,

Qf C Oy \ 0. (B.3)

Proof. The construction is different for n = 2 and n > 2. Let us thus first take n = 2.
Define

1 2

u1212(x1’x2) = _/x [/x fl2(yl,y2) dy2

—00 —0o0

dy1 , (B.4)

and define the other components of u***? imposing the symmetries of the Riemann tensor.
Then one can readily verify that equation (B.1) is satisfied. Next, since the second-order
partial derivatives of u'?!? are given by f*, on any straight line z(\) that does not intersect
1y we have

Eiwm@u»:o (B.5)
o . .

This implies that u!22(z(\)) = 0 on any piecewise linear curve starting from infinity (such
that #¥(\) — —o00 as A\ — —oo for k = 1,2) which does not intersect ), since as z* — —oco
the zeroth and first A derivatives of u!'2!2(x())) vanish by construction. Hence the support
Q. of u"*¥# is the smallest simply-connected closed set containing € t, and equation (B.2) is
also satisfied.

Next we take n > 3. Without loss of generality we may assume that ; is already star-
shaped, and we choose coordinates such that ) is star-like with the base point at zg = 0.
Since the result is independent of the signature of spacetime, we in fact work in n-dimensional
Euclidean space. We first construct a solution UH**# of the equation 0,03U N
which is not necessarily compactly supported. Define the tensor F*¥ to be the solution (with
vanishing boundary conditions at infinity) to

ANFH = fr7 (B.6)
which can explicitly be given as
rz-1 nv
F;w(x) = _ (2 _ ) f (y)72 d™y . (B?)
2 |z —yl”

It can readily be verified that 0,F* = 0,F*” = 0. Thus, the tensor
gorsy = gaB prv _ gov pub _ gub pov y suv paf (B.8)
has the symmetries of the Riemann tensor (including U*#%] = () and satisfies
Do DpgUHPY = v (B.9)

but is not necessarily of compact support.
For later purposes it is useful to establish the behaviour of F*, hence of U as
r — oo. We first note that 9, f*” = 0 implies f* = J,v*"” for some compactly supported
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tensor v = yploulv by the Poincaré lemma with compact support (see appendix C for a
proof). Thus we have

[ ay= [ o yay —o. (5.10)
From equation (B.10) and the definition (B.7) we immediately obtain
(% —1) 1 1
FH(g) = ——2 /[ — ]W d™y, B.11
(z) po o fr(y)dy (B.11)

where r = |z|. Since |z — y|7("72) — r=("=2) decays like 7~ (*~D as r — oo, the tensors F*
and U decay like r—("~1) at infinity, and a similar argument shows that the tensors 9, F*
(and thus 0, U*P") decay like 7™ at infinity.

Now our task is to subtract a term from U®*% in such a way that the resulting tensor
u® has compact support while still satisfying equation (B.1). We choose a star-shaped
region 2, satisfying the condition (B.3), and an auxiliary function y which is smooth and

satisfies
0 ze Qf
= B.12
x(@) {1 xe€R™\ Q,. ( )
We also define the integral operators G on any function f by
@)@ = [ e de. (B.13)
1

By letting p = tr, we can write these operators as

(Guf) () = r* / (o)) dp. (B.14)

In this form it is clear that the operators Gy are well defined for » > 0 on functions which
decay faster than =% at infinity, and map functions with star-shaped compact support to
functions with the same support. We note that, if f decays as fast as r— at infinity, . e., if
|f(r)] < er~ for r > R for some R, where c is a positive constant, then for all » > R and all
k <1 we have

Gus < [l < S (B.15)

Thus, Gi.f also decays as fast as 7! at infinity. Using the definition (B.13) and the equality
x%0q f(tx) = t0: f(tx), one readily finds that

(%00 + k)G f = —f (B.16)

and that
O0aGrf = Gr+10a.f (B.17)

if 9, f decays faster than r—*+1 at infinity.
Define now the tensors

Uorbv = G, _oUorsv (B.18a)
gonBy = G, _,0omBY (B.18b)
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These tensors are well defined for > 0 because the tensor U*** decays like 7~ (1) as

r — 00, as we have shown before, 7. ., they decay faster than r—("=2). They also inherit the
symmetries of U**#. Then we define

Warbve = perranby o yyaubre _ yruafre |y Bvanp _ yvBaup (B.19)
with

yoerbrp — = o (Upwﬂ + $Vaoﬁp(ﬁu)0 _ xﬁagﬁp(w)cr + xﬂ@gfjﬂ;ﬂfﬁ) . (B.20)

DN | =

Note that the tensor V#5¥¢ is antisymmetric under the exchange 3 <+ v by construction. It
thus follows that the tensor W*#¥? is antisymmetric under each of the exchanges o <+ p and
B <> v and symmetric under the pairwise exchange (au) <+ (Sv). We also find by an explicit
calculation that VeltA 1P = 0, and then also WelA”lP = (0. Therefore, the tensor WorA»
has the symmetry of the Riemann tensor in the first four indices. We can also organise this
tensor as follows:

werbve — glograduBy o legrBlvan _ $uxvagﬁp(aﬁ)0 + %($amvaaﬁpﬁua + xﬁm“ﬁgﬁpa””)

+ x”x[o‘&,ﬁp}“ﬁa + :v“x[ﬂaaﬁp}”aa — x%[ﬂaﬁ/’]”#“ — x%[aag(:m“”" .
(B.21)

In this form it is clear that the tensor We*5¥P is a sum of terms which are antisymmetric
under one of the exchanges a <+ p and 8 « p.

We then obtain after a long but straightforward calculation using the properties (B.16)
and (B.17) of the integral operators that

1 3 = 1 = 1 =
OpVOrI = U 4 S 9, UI 4 Za¥ 9,0 — ZaP o U — a1 G f

(B.22)
From this it follows that
3pWa#6Vp = By | gyl (gn_lgnfu][5>x1/] 7 (B.23)
and finally we define
WO = U 4, ( wenie) (B.24)

with the auxiliary function x specified by equation (B.12). Note that, although the tensor
Werbre is undefined at 7 = 0, the tensor u®*? is well defined there as well because x(z) = 0
if x € Qy, which contains the origin. The tensor u®Bv clearly has the symmetries of the
Riemann tensor. Equation (B.1) follows from equation (B.9) and the antisymmetry properties
of each term in WP manifest in equation (B.21), which imply

%%@@wwwﬂzo. (B.25)

Finally, the tensor u®*# has support in Q, because for 2 € R \ Q,,, where f* = 0 and
X = 1, we have §,W ¢ = —U*" and hence u®*# = 0. 0
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C The Poincaré lemma for vectors with compact support

Given a smooth and divergence-free vector f* on R™, n > 2, with compact support, there
exists a smooth antisymmetric tensor ut” such that f* = 0,u"”. The support of ut” can be
chosen to be any compact star-shaped region in which the support of f* is strictly contained.
Proof. The construction proceeds in close analogy to the lemma proved in appendix B,
and we again distinguish the cases n = 2 and n > 2. For n = 2, we find

W2, 2?) = / C Py dy. (1)

One can show that the support of u!? is the smallest simply-connected closed set containing
the support of f# by noting that on any piecewise smooth curve z#(\) outside the support
of f* one has du'?(z()\))/d\ = 0.

Next we let n > 3. We first construct a solution to the equation AA* = f# as

r(z—1) "W g,
A2 |z — y[”_Q

A = — (C.2)
Since 0,A" = 0, the tensor U" = 0F AY — 0¥ AH satisfies 0,U"" = f* but is not necessarily
compactly supported. It can be shown as in appendix B that U* decays like »~" at infinity.
Then the tensor u*” = U" + 30, (X zlPG, U ’“’]) can be shown to satisfy all the required
properties in the same way as in appendix B. O

Remark. If we replace f# by a compactly supported symmetric tensor f#*” satisfying 9,,0, f* =
0 in this lemma, then we can find a compactly supported tensor u”*" antisymmetric in the
first two indices such that f* = 0,u’*” + 0,u’*. This can be proved as follows: Since
gt = 0, f* is divergence free, d,g" = 0, according to the above we can find a compactly sup-
ported antisymmetric tensor ¢"¥ such that g* = d,¢*”. Then a*” = fF — ¢"" is divergence
free in the second index, 9,a*” = 0. Hence according to the above we have a*” = 20,u**",
where u*f¥ is compactly supported and antisymmetric in the last two indices. Symmetrising
this equation in p and v, we obtain the required result.

D On-shell elimination of a scalar-type linear combination of test functions

In this appendix we prove equations (3.37), which are equivalent to Hadf* + ¢'dx =
—Haf" — ¢y, which, in turn, is equivalent to

/ /
_ (1) 2.9 L _ 9
S(w,w) = ¢ B (0,0) — 2L F (0, w) = —f — £, (D.1)

where v*” and w are given by equations (3.35). Instead of simply substituting these equations
and verifying equation (D.1), we start with the following general ansatz for v*:

(@) = A ((2) = 110" 1(@)) + 9 a(o). (D2)
We also find it instructive to define
S(v,w, 2) = g B (v, w) — k22 FD (v, ), (D.3)
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and let z = ¢/ /(Ha) so that S(v,w, z) = S(v,w) in the end.
By substituting equation (D.2) into (D.3) we immediately find that, in order not to
have any second derivative of w in S(v,w, z), we need to set
2 Z

By substituting equation (D.2) with this form of « into equation (D.3) we find
S=V,|k?2V’z + n—Q—ﬁ VPplw— | (n—2)A +m2#Af VP
— Ve 2(n — 1) XS —1)

nz? nz 2V (9)

/ /<52
i —1)(n— 2)>V R T o LA

+ K? [—V"’sz + (1 + K?

+ﬁ22(nz_1)vpzvﬂ¢} w+ [~(n = 2)V, VoA + K22V, 8V, A + 22 AV, V6] f1
+ [=(n = 2)V, AV + Z2AVI GV,
G LR T
e MR e M e M

(D.5)
Note that this equation is valid in any spacetime. In FLRW spacetime, upon substitution of
z =¢'/(Ha) with
l=—(n—1—e)¢ — —=V D.
S == 1- ¢~ S2V(9), (D.6a)

1
S = (= 1= ¢+ — L HVI(6) — eV (), (D.6b)
equation (D.5) simplifies remarkably to

1 ! 2 / /
S=-5-Y [/@QHtp [22 n (n - #2(:_1)>¢ ] w— HtP$ ((n ~ Ay + KQQ(n"’_DAfﬂ

_ 2 H " H / ,
+ nHa [— <GA> tuty f* + (aA> (Haf + ¢ x)] :

(D.7)

Hence we achieve o
g _s_ 9 D.8
X (D.8)
by requiring that (HA/a)' = —1/(n — 2) and that the expression inside the brackets in the

first line vanishes. That is,
2(n —1)(n — 2)x + k22 f
k2[A(n —1)2" /¢ +2(n —2)(n — 1) — K222]’
which can be written in the form (3.35a), with A(n) given by equation (3.36).
Remark. If we let A(n) =0 and 2z = \/2(n — 1)(n — 2)/k in equation (D.5), then we have

w=A

(D.9)

w n
S = n&2V(g) +v/2(n — D(n—2)(1+ = )&V'(¢) + (n — 1)(n — 2)V" )
=g V@ + VA D=2 (14 5)RV @)+ (1= D=2V
(D.10)
Then one can choose w such that S = —f — k?zy. This means that it is possible to set

fHr22x =0if 2 = V2(n — 1)(n — 2)/k for any generic spacetime generated by a scalar field
with potential V(¢), although we have not found any application of this fact.
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E Expressing the tensor C,, as a geometric quantity

In this appendix we show that all components of the tensor C,, can be expressed as a
linear perturbation of geometric quantities, except for Cyg. It is convenient to introduce the
following expressions, where a bar over a tensor indicates its projection on each free index
onto spatial coordinates, e. g.,

0= (01, — 6368) 0y = 0 — 630y, (E.1a)
T = (35 = 0508) (67 = 020 ) oy = 1y + 080 (E.1b)
My = hyas = 260, B0 + 8,60 oo - (E.1c)

It is also useful to define an invariant four-velocity by the normalised gradient of the scalar
field

—
iy, = “¢~ — (E.2)
\/ _gpgvp¢va¢
which has the following background value:
Uy = —t, = aég. (E.3)
Its part linear in perturbations is given by
a a =
ull) = 75531100 + ga,@(l) . (E.4)
From this, we define the acceleration as
Gy, = 0"V, (E.5)
which has vanishing background value and linear perturbation
1z 1 = (Ha = (Ha
1) _ 1 1
We also define the projector )
I, =6, + a,a", (E.7)
whose background value reads B
I = 67 — 6,64 =07, (E.8)
Its part linear in perturbation is
Hf})” = —52110” + a_légn”pugl) — a_155ul(}) . (E.9)

Next we identify useful geometric quantities. The extrinsic curvature tensor of the hy-
persurfaces on which the scalar field ¢ is constant (the constant-field hypersurface) is

Ky =10V ity = Vil + 6,87V iy, . (E.10)
Its background value and linear part are

Ky = —Ha? (nu + 6))67) (E.11)
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and

Ha
1 0 1
K() = a d, ( B >> 2a6, <¢< >)

¢’ ¢’
D (o — 80,00 ) — 0 (w — 3060000 — 22 (21 hoo — 26%h
+a(,u( v)0 = 9 00)_5 77( ny uyOO)_?(Q uv + Moo — uy00)7
(E.12)
respectively. Since K, # 0, K ;(i,) is not gauge invariant. However, the combination
- - 1 ~ N
L!LV =-2 |:Kl“’ — m(gﬂy + UHUV)VQ'U/OC Vﬁuﬁ (E13)

has vanishing background value. Hence its first-order part is gauge invariant and given by

L;(}u) =2 [(n - 1)5uézx — N A] <I;,a¢(1)>

+2(n = 1)Had{,0,yhao — (n — 1)Hadyhy, — i [Hady(hoo — h) + 2Had hop)
(E.14)

We also construct the curvature tensor 7~€a575 of the constant-field hypersurfaces, which
is related to the spacetime Riemann tensor R,,g, through the Gau-Codazzi equation as

7?,0[5,\/5 = ﬁgﬁgﬁgﬁgéﬂyl)a - Rcwkﬁg + kazskﬁ'y . (E.15)

Its background value vanishes, and the part linear in perturbation, which is thus gauge
invariant, reads

= (Ha
Rég s = —a0 6[ahﬁ]5 +a (958[ hﬂh — 4a® 8[a775 ) ( py e )) _ (E.16)

We then obtain the first-order part of the Ricci tensor and Ricci scalar of the constant-field

hypersurfaces as
w ] (o) @an

CIQR(I) = éaéﬁﬁa,@ - A(h + hOO) + 2(” - 2) ( (b, d)(l > (E18)

=82 T 1- - 1 -
R = 078 huys = 50000 (h + hoo) = 5 Ay + [(n = 3),

Qi
9\

and

respectively. We also need to expand the linearised equations of motion (2.14) in the pertur-
bation using the flat-space variable h,,. We find

E() = 2R% —p,, R — 2(n — 2)Hady,h,y + (n — 2)Hah,, — (n — 2)Han, b/
+2(n — 2)Hanu,0°hop — (n — 2)H?*a*(n — 1 — €)nhoo
Ha (E.19)
- ¢(1)
¢
+ (1 +20)6)) (n = 1 = )Hag' ¢ + (n + 5,6)) V' (¢)0"

—2(n - 2)eHa (n,u,a 12600, ) <
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where 1
=0,0,h (E.20)

1
flat __ 2
let - a(uaﬁhl/)ﬁ - 58 by, — 9

and
Rilat _ U“VRﬁit _ aaaﬁhaﬁ — 9%h (E.21)

are the linearised flat-space Ricci tensor and scalar. We did not use the linearised field equa-
tion (M), but we list it for completeness:

Ha Ly _ g (H%(l)) \ Ha(n — QG)an(HCLd)(l)) NGRS <HG¢<1>>

¢ ¢ ¢ ¢ @
H 1 1 Ha?
+ - _“2 [HaV'(¢) + ¢/(n — 1 — €)]¢") + Ha (aphop - 2h’> +3 q;f V' (6)hoo -
(E.22)
We then find after a long but straightforward calculation
Cuv + tutvg”" Cpe = Chuy + 600007 Cpo = U (E.23)
where U;(L},) is the first-order part of
-1 B . 1 . = 4 =
UNV = n—3 —2u™u COCMBV + QRMV - mguyR + mumay)vau
(E.24)
~ 2 Bl - i B — " @R
n— 2 wEEt T Tty BT = 2)(n —3)

(We note that the background value of U v vanishes.) Thus, we have succeeded in expressing
the traceless parts of the tensor C), using (perturbed) local geometric tensors in the FLRW
background. However, we have been unable to do so for the trace, or, equivalently, for the 00
components.

In general, the gauge transformation of a first-order perturbation is given by (2.18)

5T(1)

af-y gﬁTaﬁm'y s (E25)

which vanishes for arbitrary £ if and only if the background value vanishes T,g..., = 0, or
is proportional to a combination of § tensors, in which case we can redefine T,4..., by sub-

gauge-invariant linearised observables expressible using (perturbed) local geometric tensors
by linearising all geometric tensors which vanish for the FLRW background. A complete set
of such tensors has been found recently [58], and it is instructive to compare g"”'C,, with
the scalars that may be constructed from this set. As C,, has been obtained using on-shell
relations, this comparison should also be done on-shell, and from equation (4.8) we infer

tracting these terms without changing the perturbation Tél) - Therefore, we can obtain all

a

—2\H
g C, = <n — 2426 — Z 1e> =qQ'. (E.26)

On the other hand, all scalar combinations stemming from the linearisation of the complete
set of geometric tensors found in ref. [58] are on-shell equivalent to a linear combination of

n—1

ﬂu@“ﬁ N n— 27%) @ n

(1) = - —2 = = -3 /. .
R (n—2)a"* AQ, ( Sva, p—" a "’ AQ (E.27)
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However, the only general relation between derivatives of @ is its equation of motion (5.1b),
which does not enable us to express @’ in terms of (derivatives of) AQ.

We can interpret this observation as a no-go result: there is no geometric local tensor

whose background value is vanishing and whose linear perturbation is equal to the trace
g"”C\y. Note that this is not at variance with the completeness result of ref. [58], because
one can construct non-local geometric tensors with invariant and local linear perturbation
but non-constant background values. Examples of such tensors are the so-called relational
observables, which in the context of inflation have been discussed in ref. [59], though we have
not succeeded in finding a relational observable whose linear perturbation is equal to g"*C,,, .
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