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KP hierarchy for the cyclic quiver

Oleg Chalykh® and Alexey Silantyev®)
School of Mathematics, University of Leeds, Leeds LS2 9JT, United Kingdom

(Received 31 March 2017; accepted 18 June 2017; published online 12 July 2017)

We introduce a generalisation of the KP hierarchy, closely related to the cyclic quiver
and the Cherednik algebra Hy(Z,,). This hierarchy depends on m parameters (one of
which can be eliminated), with the usual KP hierarchy corresponding to the m = 1
case. Generalising the result of Wilson [Invent. Math. 133(1), 1-41 (1998)], we show
that our hierarchy admits solutions parameterised by suitable quiver varieties. The
pole dynamics for these solutions is shown to be governed by the classical Calogero—
Moser system for the wreath-product Z,, ¢ S,, and its new spin version. These results
are further extended to the case of the multi-component hierarchy. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4991031]

I. INTRODUCTION

It is a remarkable fact, first observed in Ref. 1, that integrable non-linear PDEs admit solu-
tions whose poles move as classical-mechanical particles in a completely integrable fashion. One
of the best-known examples is the KP hierarchy, in which case the classical integrable system
in question is the Calogero—Moser system, see Refs. 37 and 15. Since the Calogero—Moser sys-
tem can be generalised to all root systems and Coxeter groups,*** there is a natural question
whether these generalisations can be similarly linked to integrable non-linear equations. For the
infinite series of classical root systems, a partial answer can be obtained by folding,'**® which
relates the Calogero—Moser systems in types A and B. However, what can be obtained in type B
by folding constitutes only a very special case, while for the most general coupling parameters, the
answer, to the best of our knowledge, remained unknown. The present paper gives an answer to
this question for all classical root systems and much more: as we will explain, there is a natural
generalisation of the KP hierarchy that admits rational solutions whose pole dynamics is gov-
erned by the Calogero—Moser system for the complex reflection group Z,, ¢ S,. The case m = 1
is the usual, type A Calogero—Moser problem, and the case m = 2 covers the remaining classical
types.

Our approach to this problem is inspired by a result of G. Wilson, who has shown in Ref. 51
that rational solutions of the KP hierarchy can be parametrised by (the points of) certain affine
varieties, the Calogero—Moser spaces. The nth Calogero—Moser space C,, can be viewed as a completed
phase space of the n-particle Calogero—Moser system (hence their name). On the other hand, C, is a
particular example of a quiver variety, with the underlying quiver consisting of just one loop. From
that perspective, the present work is a generalisation of that of Wilson, with the one-loop quiver
replaced by the cyclic quiver on m vertices. It is worth mentioning that the spaces C, have also
appeared in the context of non-commutative projective geometry and classification of ideals of the
first Weyl algebra.’”-®3¢ The results of Ref. 7 prompted Crawley-Boevey and Holland to conjecture
a similar link in the case of affine Dynkin quivers (see Ref. 17, p. 45). Their conjecture was later
generalised and proved by Baranovsky, Ginzburg, and Kuznetsov in Refs. 4 and 5. In the case of the
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cyclic quiver, this is related to the problem of classifying ideals of the Cherednik spherical subalgebra
eH e for the cyclic group. In Ref. 26, this problem was tackled differently to Refs. 4 and 5 by using
the approach of Ref. 11. In fact, some of our formulas and calculations closely resemble those in
Refs. 11 and 26.

While the moduli spaces parametrising solutions to our hierarchy are known from the above
works, the hierarchy itself seems new. We construct it in a Lax form in the same spirit as the usual
KP hierarchy, but replacing the operator d = d/dx with the one-variable Dunkl operator for I' = Z,,,.
Solutions to the hierarchy for given quiver data are described by an explicit formula, so checking that
they satisfy the equations of the hierarchy amounts to a direct algebraic calculation. Note that we do
not require a passage to an adelic Grassmannian Gr*® as in Ref. 51 (for the details of how to define
the appropriate notion in the present context, see Refs. 3 and 5).

It is worth mentioning that our initial motivation for the present work was to understand the
moduli space of bispectral rings of differential operators constructed by Bakalov, Horozov, and
Yakimov in Ref. 3. An attempt in that direction, also inspired by Ref. 51, was made by Rothstein
in Ref. 46, but the proofs in loc. cit. were omitted. Moreover, as our work shows, the answer to that
question turns out to be simpler and more natural than it might be suggested by Ref. 46. Our results
also provide an answer to a question raised by Ref. 31. Namely, in Ref. 31 they study algebraically
integrable operators with Z,,-symmetry and ask for a nonlinear hierarchy governing these opera-
tors (see Ref. 31, Remark 4.8). The answer (in the case of operators with rational coefficients) is
given by the hierarchy constructed in the present paper. Apart from brief remarks in the concluding
section, however, we do not discuss these two problems in detail here, leaving them to a separate
publication.

Our generalisation of the KP hierarchy is naturally related not just to a cyclic quiver but to a
suitable framing of it, obtained by adding a vertex and a number of arrows. Different choices of
the framing lead to different hierarchies and to different integrable multi-particle systems govern-
ing the pole dynamics. In the simplest case of one added arrow, the classical-mechanical system
in question can be identified with the rational Calogero—Moser system with the symmetry group
G=7Zy ! Sy, while the other cases naturally lead to spin versions of that system. In the case m
= 1, one recovers the Gibbons—Hermsen system,>> while in general the systems we obtain this
way seem new. Note that there exist various versions of the spin Calogero—Moser system associ-
ated with simple complex Lie algebras, see Ref. 39 and references therein. However, to the best
of our knowledge, spin versions of the Calogero-Moser system for G =7, ! S, and m>2 did
not appear in the literature previously. Because we define these systems as a commutative family
of Hamiltonian flows on suitable Calogero—Moser spaces, the fact that the flows are complete is
obvious from the start. As another by-product, we also find a Lax matrix for the (spin) Calogero—
Moser system for G =Z,, ¢ S,. Note that G is not a Coxeter group for m > 2, so the corresponding
Calogero—Moser system and its Lax matrix cannot be obtained within the general framework of
Ref. 9.

The plan of the paper is as follows. In Sec. II, we recall the definition of the Cherednik algebra
for I' =7Z,,, use its microlocalisation to construct our version of the KP hierarchy in a Lax form, and
introduce its spherical sub-hierarchy. In Sec. III, we recall the definition of deformed preprojective
algebras for an arbitrary quiver Q due to Ref. 16 and define quiver varieties associated with a framing
of 0. We spell this out in detail for a cyclic quiver Qp. By analogy with Ref. 51, one calls these
varieties as Calogero—Moser spaces. In Sec. IV, we obtain our main results: we introduce a natural
Hamiltonian dynamical system on a Calogero—Moser space and construct rational solutions of our
hierarchy starting from any point of this space. A similar result is obtained in Sec. IV C for the
spherical sub-hierarchy. The integrable systems governing the pole dynamics for the constructed
solutions are considered in more detail in Sec. V. For that we first recall a link, due to Etingof and
Ginzburg,?’ between the Calogero-Moser spaces and Cherednik algebras for G = Z,, ¢ S,,. We use
this link to identify the flows of the spherical sub-hierarchy with the Calogero—Moser system for the
wreath-product Z,, ¢ S,,. The particle system related to the full hierarchy is considered in Sec. V C; it
can be viewed as a spin version of the Calogero—Moser system for Z,, ¢ S,,, where the spin variables
belong to the group algebra CZ,,. Section VI describes the multi-component version of our hierarchy;
this extends the results of the previous two sections and leads to a construction of the general spin



071702-3 O. Chalykh and A. Silantyev J. Math. Phys. 58, 071702 (2017)

version of the Calogero—Moser system for G = Zj, ¢ S,. The concluding section discusses some open
questions, further directions, and links.

Il. CHEREDNIK ALGEBRA FOR THE CYCLIC GROUP AND GENERALISED
KP HIERARCHY

A. The Cherednik algebra of ' =7,

Let I'={e,s,...,s" '} be the multiplicative cyclic group of order m with generator s. Iden-
tifying I with the group Z,, of roots of unity, we have an action of I' on C, with s acting as the
multiplication by a fixed primitive mth root of unity, . This induces an action of I' on the ring C(x)
of rational functions and differential operators of one complex variable. Explicitly, s(f)(x) =f(u"'x)
for f € C(x), and s(9) = ud, 0 := j—x. Therefore, we can form the crossed product D(x, 9) = I', where
D(x, d) denotes the ring of differential operators in x with rational coefficients. Recall that for a group
G acting on an algebra A, the crossed product A * G is spanned by the pairs (a, g) witha €A, g€ G,
with the multiplication defined by (a, g)(b, h) = (ag(b), gh). Abbreviating (a, g) as ag, the multipli-
cation consists of moving the group elements to the right using the rule ga = g(a)g so that (ag)(bh)
= ag(b)gh. For instance, in our situation, we have

sx=p s and §0 = uos. 2.1

The differential filtration on the ring D(x, d) extends to a filtration on D(x, d) = I, by placing the
elements of I in degree 0.
The group algebra CI” has a natural basis given by the idempotents

m—1
1 )
E,'=—Z,u_lrsr€(C[F] (i=0,....m—1). 2.2)
mn r=0

Given k = (ko, . . ., km—1) € C™ and 7 # 0, one defines the Cherednik algebra H; ;(I') as the subalgebra
of D(x, d) = I, generated by s, x, and the following element, called Dunkl operator:

1 m—1
y=10 - - Z(; mk;e; . 2.3)

It is clear from (2.1) that sy = pys and that
€iX = X€j1] , €Y =YEi-1 . 24

(Here and in similar situations below, the indices are always taken modulo m.) Also, the following
relation between x and y is easy to check:

m—1
Xy — yx = Z hei,  with N=mlk_ —k)—7. 2.5)
i=0

It follows that the algebra H; ; can be described by generators and relations as

m—1

Heg =(C(x,y) + D)/y =yx=1), k= hieeCT, (2.6)
i=0
where C(x,y) denotes the free algebra on x, y and the action of T is given by s(x)=u~'x and
s(y) = py.

The algebra H; x is a particular example of a rational Cherednik algebra, which can be associated
with any complex reflection group (see Ref. 27). It has a Poincaré-Birkhoff-Witt (PBW) property,
namely, a vector space isomorphism H ; ~ C[x] ® CI" ® C[y], which means that every element can
be uniquely presented as a linear combination of the terms x'yy/ with i, j > 0 and y € T'. The inclusion
H; r € D(x, 0)*I' induces a filtration on H; i, called differential filtration, withdeg y = 1,deg x = 0, and
degy =0.

Algebra (2.6) has also appeared in the context of non-commutative deformations of Kleinian
singularities,'®** and it is isomorphic to the deformed preprojective algebra of a cyclic quiver as
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defined in Ref. 16 (we will recall that definition and isomorphism in Sec. III below). Note that if
we rescale T and k; simultaneously, the resulting Cherednik algebra will not change. For 7 =0, one
defines Hy ; by replacing the Dunkl embedding with its quasi-classical counterpart, see Ref. 27; this
agrees with the isomorphism (2.6).

B. Microlocalisation of H

The well-known construction of the KP hierarchy uses the ring of pseudo-differential operators
D(x, 3)((8~")). Our generalisation is based instead on a microlocalisation (D(x, ) * I)((y~!)), where
y is the Dunkl operator (2.3). To construct such a microlocalisation explicitly, we will first consider
the Ore localisation of H; ; at y and then pass to a completion.

We begin by introducing the parameters c¢,, v € I' determined from

m—1
Z mkie; = Z CyY. 2.7
i=0 yel

Explicitly, ¢, =Zl’.161 wk; for y=s'. The following relation in H,; is immediate from (2.3)
and (2.7):

ya—ay=T1d(a) — Z cyx_l(ya —ay) for any a = a(x) € C[x].
yel'\{e}

A similar commutation relation holds for any f € C[x] % I'. Namely, let us define an algebra
automorphism 6 of C[x] = I" by 6(s) = us and 6(x) = x. In other words,

m—1 m—1

9( Z ai(x)si) = Z ai(x)/,tisi .
i=0 i=0
Clearly, 8™ = 1. With this notation, one has
M =0 Fy=Ta) ~ D e 'f —fy) forany feClx]«T. 2.8)
yel'\{e}

Here 0 acts on C[x] * " by the formula d( 3; a;(x)s’) = 3; da;(x)s’. Note that for a = ¥, a;(x)s’, we
have

x N(sa-as)= Zx’l (ai(u7x) — a;j(x))s™ ,

therefore, the denominators in (2.8) cancel, as expected. The right-hand side of (2.8) defines a linear
map D: C[x] « ' - C[x] = T, that is,

DH)=7dF) = Y, e nfl. (2.9)

yel\{e}

From (2.8) we have yf = 7! (f)y + D(f). By induction, for any n € N,

Vif = Z Z g~ 0De~ . DO (f)y" P . (2.10)

p=0ig--ip>0

o +Hp=n—p
Note that an application of D to a polynomial in C[x] * I lowers its degree, therefore the right-hand
side of (2.10) will terminate at p = deg(f). This implies that the set {y* |k € N} is (right and left)
Ore, so let H,;[y~'] be the corresponding right localisation. By the PBW property of H. 4, every
element of H, ;[y~'] has a unique presentation as a finite sum u = ¥ ;7 u;y' with u; € C[x] * T'. The
explicit form of the multiplication in H, ;[y~!] can be derived from (2.10). Namely, one first finds

that

Y=Y (1P@py oy @.11)
p=0
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From that, using induction, we get

Y= (1P Y eDTeD® Doy (2.12)
p=0

ElttEpyp1=P
£;€{0,1}
Note that if f is not polynomial but, say, rational, f € C(x) = I', then the sum in (2.11) and (2.12)
is no longer finite. Therefore, in analogy with the notion of formal pseudo-differential operators, let
us introduce

Pz{ZﬁyN‘j |Jf,e<C(x)*r,NeZ}. (2.13)
i>0
Addition in P is obvious, while the multiplication is determined by rules (2.10)—(2.12). The fact
that the multiplication is associative follows from its associativity in HT,k[y‘l]. Indeed, checking the
associativity in every degree in y requires checking an algebraic relation involving a finite num-
ber of the coefficients fj € C(x) * I and operations 6 and D. Since we know that this relations
hold for arbitrary polynomial coefficients f;, they must hold identically. Hence, the multiplica-
tion in P is associative; note that it depends on the parameters 7,k entering into the definition
of D.

Fixing N in the definition of P, one gets a subspace Py C P and an increasing chain ... C Py
CPn+1 C. .., which makes P into a filtered ring. For any S = ¥,;50 f;y" 7 in P, we have S = S_ + S_
where

N
S_ = Z iV, S, = Z i (2.14)
Jj>N Jj=0

(In the case N <0, we put S_ =S and S; = 0.) This defines a direct sum decomposition P="P_ & P,

with
N
P=P1={ijy‘j} and 73+={ij>/| N>O}.
=0

i1

From the formula for y, it easily follows that P, =D(x,d) = I'. The following properties of the
multiplication in the ring P should be clear:

Sf)e=S:-f YSeP,¥feCkx)=T.

Remark 2.1. An alternative construction of the ring P is by applying microlocalisation in the
sense of Ref. 2. Indeed, P is isomorphic to the microlocalisation Q’S’ of R=D(x,0) = I' at the multi-
plicatively closed set S = { yk | k € Np}. This can be checked either at the level of the associated graded
rings, using Propositions 3.5 and 3.10 of loc. cit., or by direct comparison.

Remark 2.2. In the definition of P, one can set the coefficients f; to be from any ring F * I,
closed under the action of D. For instance, we may replace F = C(x) by C[[x]], C((x)), or by the rings
of functions, analytic (respectively, meromorphic) near x = 0. We may further replace any such F by
a ring of matrices Mat(n, F).

Remark 2.3. Formulas (2.10) and (2.12) can be rewritten using the operations D; := 071 pgt.
Then for any n € N, one has

YOH= > DDy (2.15)

£ls..,€1€{0,1}

Y=Y D)D) D) )y (2.16)
p=0

[oeeadn >0
I+ +p=p
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C. Generalised KP hierarchy

Let P be as in Remark 2.2 above, i.e., we allow arbitrary coefficients f; € F = I', where F is
either the ring C(x) of rational functions or one of its variants. Consider an element L € P of the
form

L=y+ Y fo, @.17)
i>0
where the coefficients f; € 7 * I depend on an infinite number of additional variables #{, 12, . . ., called
times. Our generalisation of the KP hierarchy is the following system of equations:
9L _ [(LY,,L], k=1,2,.... (2.18)
oty

Here (L¥), denotes the positive part of L¥ according to notation (2.14), and [-, -] is the commuta-
tor bracket, [A, B] = AB — BA. System (2.18) is viewed as a hierarchy of non-linear equations on
the infinite number of dependent variables fi(x) =f;(x;t1,t2,...)€ F * [. When m = 1, we have
I'={e} and y=4, in which case system (2.18) turns into the standard presentation of the KP
hierarchy.

Since L € y + Py, each equation in (2.18) can be viewed as a flow on Py. The following results
are analogous to the similar standard facts about the KP hierarchy.

Proposition 2.4. (1) Equation (2.18) implies the zero-curvature equations

Y N
— LYy, —-@L),| =0, VkIleN. 2.19
[ ~ s 57— 4] (2.19)

(2) System (2.18) is consistent, that is, the equations of the hierarchy define commuting flows
onP.

Proofs of both statements are the same as for the usual KP hierarchy, see, e.g., (Ref. 23,
Sec. 1.6). O

For the usual KP hierarchy, itis customary to assume thatfy =0in (2.17). The analogous condition
in our case is as follows. For any f € F * I', denoted by f,, € F, the coefficient in the decomposition
f = 2yerfyy; in particular, f, denotes the coefficient at the identity element. Then our assumption on
the coefficient f in (2.17) will be as follows:

(f0).=0. (2.20)
To see that this is preserved by the flows of the hierarchy, rewrite Eq. (2.18) as
L
9L __[ahy.1). (2.21)
oty

Writing (L¥)_ as hy™' + - - -, we obtain that g—ﬁ =6~(h) — h, from which %23" =@ '(h) - h),=0, as
needed.

Let us recall that for the KP hierarchy (m = 1), assuming fo = 0, one has L, =9 and so the
first equation in (2.18) gives simply that g—tL] =0d(L), which means that one can set #; = x. Since
in our case f is nonzero, the first equation becomes more complicated and we can no longer
identify x with one of the time variables. Still, the zero-curvature Eq. (2.19) for all k, [ less than
some given n leads to a closed set of nonlinear equations on a finite number of coefficients of L.
For example, to get an analogue of the usual KP equation, one can take the zero-curvature equa-
tions for all k,/€{1,2,3}. However, the calculations become too cumbersome to be carried out
explicitly.

Our main goal will be to construct some explicit solutions to this hierarchy. The solutions will
be constructed in the form

L=MyM™", where Mel+P_. (2.22)

Writing M as M =1 + Y;5; wi(x)y™, we can calculate M~!, term by term, from the equation
MM =1,
M'=1- wly_1 + (w160(wy) — wg)y_2 +e
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Substituting these into (2.22) gives
L=y— @' (w) = w)+ (D) +wy =6 (w2) —wi + 6~ (pw)y ™ +--- .
We therefore can view (2.22) as a non-linear transformation between the variables f; and w;, so that
fo==0""w)+wi, fi=-Dw)+w -0 (w)—wi+6 (w)w,
and so on. It is clear from the first formula that (2.20) is automatically satisfied.
Remark 2.5. The above M~! is the left inverse to M. In the same manner, one can construct the

right inverse. By a standard argument, they coincide so M~ is the two-sided inverse.
The following result is straightforward.

Proposition 2.6. Suppose M € 1 + P_ satisfies the equation
oM

—=—(MHM
a1, (L")
for some k, then L = MyM~" satisfies the equation
oL k
—=—((L")_,L]|.
=l L]

D. Spherical sub-hierarchy

Now suppose that L is as above and in addition it satisfies the following property with respect to
the action of the group I':
GiL = LE,'_l . (223)

Then it is easy to see that such condition is only compatible with Eq. (2.18) when k is divisible by
m. Therefore, in this case, we have a sub-hierarchy consisting of the equations
oL

e (", L], jeN. (2.24)

It is convenient to rewrite this as equations on L=L". Tt follows from (2.24) that

oL  ~ ~
= [(L))+9L] i je N . (225)
6tmj
We have _ L
L=y"+ Z gay" 17, eL=Le;, gu€F=*T. (2.26)

a>0
[The fact that gg = 0 is an easy corollary of (2.20).]
We will call the hierarchies (2.25) and (2.26) the spherical sub-hierarchy. It can be further
decoupled into m independent hierarchies. Namely, decompose L as

3

ZZ Z(, Zg 26[226526[.
0

S
I

Then system (2.25) splits into m independent systems for each of Le,

e  ~i

Fr [(L{)+,Zg] , Le=ey"er + Z ergay" ey . (2.27)
Ij

a>0
In fact, systems (2.27) with different ¢ are all equivalent to each other, up to a change of parameters,
and if Ly, ..., L,_1 are solutions to each of these hierarchies then L :=Ly + - -- + L,,_; is a solution
to (2.25).

Remark 2.7. Although the cyclic quiver did not appear explicitly above, the Cherednik algebra
H; 1 (Zy,) can be in fact interpreted as a deformed preprojective algebra associated with the cyclic
quiver with m vertices, see Sec. III B below. The role of quivers will become more apparent when
we turn to constructing rational solutions of the hierarchy in Sec. IV.
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lll. DEFORMED PREPROJECTIVE ALGEBRAS AND CALOGERO-MOSER SPACES

We begin by defining the deformed preprojective algebras due to Crawley-Boevey and Holland
and by recalling some facts about their representations; the interested reader should consult Refs. 16
and 18 for details. Consider a quiver Q, an oriented graph with the set of vertices I and arrows Q. For
an arrow a : i — j, we use the notation #(a), h(a) to denote the tail i and the head j of a. Consider the
double quiver Q, obtained by adjoining a reverse arrow a* :j — i for every arrow a:i—j in Q. Let
CQ be the path algebra of Q; it has as basis the paths in Q, including a trivial paths ¢; (i € I), with
multiplication given by concatenation of paths. We use the convention that fora:i—jand b:j—k,
the product ba represents the path i — j — k and that ba = 0 if h(a) # t(D).

Given A € C!, the deformed preprojective algebra IT"(Q) is defined as the quotient of CQ by the

following relation:
Z(aa* —a‘a)= Z ;.
acQ iel
Multiplying this relation by e;, we obtain an equivalent set of relations, one for each vertex

Zaa*—Za*azkiei, iel. (3.1

Mo s
For simplicity, we will simply write IT* for IT*(Q).

Representations of Q of dimension @ € N{) are given by attaching vector spaces V; = C% to each
vertex i € I, with the arrows of the quiver represented by linear maps X, : Vy(q) — Vi(q) (With each trivial
path ¢; represented by the identity map on V;). The set of all representations of a given dimension is,
therefore, o

Rep((CQ, )= @ Mat(ah(a) X Ay(a)s (O R Mat(a,(a) X Un(a)» C).

acQ
Isomorphism classes of representations correspond to orbits under the group
G =([]euen0)icx, (32)

i€l
acting by conjugation. Here C* denotes the diagonal subgroup of scalar matrices, acting trivially on

Rep(CQ, a). Semi-simple representations correspond to closed orbits.
We have naturally Rep(IT", @) c Rep(CQ, @) as a subvariety cut out by relations (3.1),

Z X, X, — Z XoXo=Nily, iel. (3.3)
acQ acQ
ha)=i ta)=i

By adding these and taking trace, we obtain

x-a=Zx,-a,-=0. (3.4)
i€l
Consider the quotient Rep(IT", @)/ /G(a), whose points correspond to semi-simple representations of
II1* of dimension z. We will be mostly interested in the situation where A and « are such that general
representations in Rep(Hx, a) are simple. In this case, the following result is known by Ref. 18,
Corollary 1.4 and Lemma 6.5.

Proposition 3.1. Let p(@) =1 + 3 ,c0 Xa)@h@@) — @ - @, where a - @ =Y ¢; aiz. If a general
representation in Rep(IT", @) is simple, then Rep(IT*, @)/ /G(a) is a reduced and irreducible scheme
of dimension 2p(a), smooth at the points corresponding to (the isomorphism classes of) simple
representations. In particular, if all representations in Rep(Hk, a) are simple, then Rep(H)‘, a)//G(a)
is a smooth connected affine variety of dimension 2p(«a).

Let us remark that the varieties Rep(IT", @)//G(a) can be obtained by Hamiltonian reduction.*’

Indeed, the space Rep(CQ, @) has a natural complex symplectic structure

w= Z tr(dX, A dX,), (3.5)
acQ
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invariant under G(«). The left-hand side of (3.3) can then be viewed as a component p; of a moment
map u, for the action of G(a) on Rep((C@, ). Therefore, we can view Rep(l'[k, «) as a fibre u;l \)
of the moment map at A=} ;¢; Aily,,

Rep(IT", @)/ /G(a) = pg' W/ /G(@) . (3.6)

As a consequence, in the situation when G(«a) acts freely, quotient (3.6) carries a natural symplectic
structure.

A. Quiver varieties

Let Q¢ be an arbitrary quiver with the vertex set I. A framing of Qp is a quiver Q that has
one additional vertex, denoted oo, and a number of arrows i — oo from the vertices of Q¢ (multiple
arrows are allowed). Given a € N(I) and L € C!, we extend them from Qy to Q by putting @, = 1 and
Ao =—A - @. Thus, we put

a=(1,a), A=(-h-a,)N). 3.7

This choice ensures that A - @ = 0. Consider the space Rep(IT*, @) of representations of the deformed
preprojective algebra of Q of dimension @. The quotients

Mg :(Q) = Rep(IT*, @)/ /G(a) (3.8)

are closely related to Nakajima quiver varieties, see Ref. 18, pp. 261-262. Note that since @ =1,
we have
G(a)= ( [T cuen (C)) /O~ GL(@) = [ | L@, ©), 3.9)
ielUfeo) iel

where the group on the right-hand side acts on P il Vie

Recall that Kac defines in Ref. 35 the root system A(Q) for an arbitrary quiver Q. Let us say that
LeC! is regular if A - @ #0 for any @ € A(Qp). Then the following result is a corollary of Ref. 18,
Theorem 1.2 (cf. Ref. 12, Proposition 3):

Proposition 3.2. Let @ and ) be as in (3.7), with \ regular. Choose a framing Q of Qo and let
1* = ITM(Q). Then there is a TT*-module of dimension « if and only if @ € A(Q), where A,(Q) is the
set of positive roots of Q. Moreover, every such module is simple.

Combining this with Proposition 3.1, we conclude that for (1, @) € A,(Q) and regular A € cl,
the variety M, 5(Q) is smooth, of dimension 2p(«). Note that for imaginary roots &, one has p(a@)
> 0, while for real roots p(a)=0. Furthermore, if « is a real positive root, then there is a unique
representation of IT* of dimension @ up to isomorphism (Ref. 19, Proposition 1.2). This means that
in this case, M, 1. (Q) consists of one point.

B. Case of a cyclic quiver

Now let Q¢ be a cyclic oriented quiver with the set of vertices [ =Z/mZ={0,1,...,m — 1} and
m arrows a; : i + 1 — i. The double quiver Qy, is obtained by adding the reverse arrows a; :i —>i+ 1.

For A€ C/, the deformed preprojective algebra IT" is the quotient of CQ, by the relations
aia; —a;_jai_1 = hie;, iel. (3.10)

L

If m = 1, then we have a one-loop quiver Qy, so IT* in this case is isomorphic to C{a, a*)/{aa* —a*a = 1}.
For m > 1, there is an isomorphism between I1* and Cherednik algebra H; 4(Z,,), given by

ai v €x, ai - ye;, e €, (3.11)

with the parameters A; and 7, k related by (2.5).

C. Calogero—Moser spaces

Let Qg be a cyclic oriented quiver with the set of vertices I = Z/mZ as above. Calogero—-Moser
spaces are the varieties (3.8) associated with certain framings of Q. We will consider one of the
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following framings:

Q=QyUlbig:i—ooliel, a=1,...,d}, deN, (3.12)
Q=00 U {brg {’—)oo|a=1...,d}, tel, deN, (3.13)
Q=0 {bi:i->o|iel}, (3.14)
Q=0Qo U {by:t— oo}, tel. (3.15)

Quivers (3.12) and (3.13) have md and d added arrows, respectively; they will only be needed in
Sec. VI. The other two quivers correspond to d = 1.

For A=\, ..., Mu—1) €C™ and @ = (o, . .., @y-1) €N, we put @ =(1,@) and A=(=\ - @, )
and consider representations of IT* of dimension a@. Each representation consists of a vector
space

Vo ®Vo® - ® Vs where Vo, =C, Vi=C%, iel, (3.16)
together with a collection of linear maps representing the arrows of Q, which should satisfy relations
(3.3). It is more convenient to consider representations of (TTM)oPP je., right IT*-modules (this is in
agreement with the conventions in Ref. 12). Therefore, analogously to (3.8) and (3.9), we define the
Calogero—Moser space associated with a framing Q of Qg as

Car(Q)=Rep((TMP, @) //GL(a),  aeNI,  LeC". (3.17)

Since representations of (IT*)°PP can be realised as dual to those of IT*, all the properties of Rep(IT*, @)
discussed earlier remain valid in this setting. In particular, for regular A, the varieties C, 3 are smooth.
Recall that, for a cyclic quiver Qy, the root system A(Qg) € Z™ is isomorphic to the affine root system
of type Am 1. Under this isomorphism, the roots in A(Qg) are obtained by writing the roots of A,,—1 in

the basis of simple roots €, . . ., &,,—1. In particular, imaginary roots né = n(go+- - -+&p,-1) correspond
toa=(n,...,n)€A(Qp). The real roots are of the form nd = (g;+---+gi_) with I <i<j<m - 1.
Therefore, A € C™ is regular iff

Mo+ -+ o1 70, nho+ - +hpt) FNi+ -+ A, (3.18)

forallneZ and 1 <i<j<m — 1. Assuming that A; are the same as in (2.5), we conclude that the
parameters (7, k) € C™*! are regular iff 7 # 0 and
ki—ki j—i L.
—— ¢ —+7Z for O0<i#j<m-1. (3.19)
T m
Below we will assume that the parameters are regular, unless specified otherwise.
Let us describe the varieties C, ) more concretely. We start by taking Q as in (3.14). A right
action of IT* on a vector space (3.16) consists of a collection of maps

X Vio Vi, Xg:Vii—-Vi, Xp:CoVi, Xp:Vi-C.

Note that the maps go in the opposite direction to arrows because we are considering representations
of the opposite algebra. To simplify the notation, put

Xi=Xo, Yi=Xg, vi=Xp, wi=Xp. (3.20)
Relations (3.1) then read as follows:
YiXi — Xio1Yio) —vjw; =M1y, (i€ Z/mZ), (3.21)
Z Wi = heo . (3.22)
iel

Note that since we are assuming that Ao, = —\ - @, the last relation follows from (3.21) automatically
by adding up and taking traces. Recall that the points of C,  are the equivalence classes of the above
data X;, Y;, v;, w; under the action of GL(«).

It will be convenient to put V=P ;¢; Vi and denote the projection onto the ith direct summand
inV ase;, so ei|‘/j =0;jly,. Letus extend maps (3.20)upto X;, ¥;: V-V, 0;:C—V,and w; : V- C
in an obvious way (e.g., Yi|v, =0forj#i+1)and put

X:ZXi, Y:ZYi, v:Zvi, w:Zwi. (3.23)

iel iel iel iel



071702-11 O. Chalykh and A. Silantyev J. Math. Phys. 58, 071702 (2017)

Then (3.21) is equivalent to

YX—XY—ZU,'UJI':Z)\.I'C‘,‘, (324)
il il
and we have
e,~+1X=Xe,~=X,~ einYe,u,l =Yl' e =v;, we; =w; . (325)
In this notation, the action of g € GL(@) C End(V) sends X, Y, v, w to
eXg ', g¥g', g, wg. (3.26)

This action is free when A is regular, and its orbits are identified with the points of the Calogero—-Moser
space C, 3, whose dimension of which is given by Proposition 3.1. In our case, the set of vertices of
Qis I U {oo} and the dimension vector is @ = (1, ). We have

p(a)=1+zaiai+1+zai—l—Zaiz:Zai—%Z(ai—am)z.

iel iel i€l iel iel
Therefore,
dim Cop =2 @i = > (@i — @) (3.27)
iel iel
In the case of quiver (3.15), everything looks similar except that we only have one pair ve, we;
therefore, we may just put v; = w; = 0 for i # £. This turns Egs. (3.21) and (3.22) into

YiXi — Xi1Yi1 — 0ievewe = Nily, (i€ Z/mZ), (3.28)
Welp = 7\00 . (3.29)
Relation (3.24) becomes
YX = XY = vpwe = ) hiei (3.30)
iel

and (3.25) and (3.26) remain the same but with v; = w; = 0 for i # £. Since in this case, Q has only one
arrow going to co, we find that

dim Cop =20 = ) (@i = @)’ (3.31)
iel

assuming that (1, @) is a positive root for Q and A is regular.

IV. RATIONAL SOLUTIONS VIA CALOGERO-MOSER SPACES

In this section, we construct rational solutions of the hierarchy, parametrised by points of the
suitable Calogero—Moser spaces. We start by setting up the notation and doing some preliminary
calculations.

A. Preliminary calculations

Let Q be quiver (3.14) and C, be space (3.17). Take a point of C,; it is represented by
(isomorphism class of) data X, Y, v, w satisfying (3.24) and (3.25). Put

M=1- Zeiwi(X—xlv)_l(Y—ylv)_lqiei. 4.1
ijel

Here we regard (X — x1y) land (Y - vl v)~! as elements of the tensor product P®End V by expanding
ly - Y)~! into k=0 ka‘k_l. Similarly, e; and €; are identified with the elements 1 ® ¢; and €; ® 1y
so that e;€; = €;e; = €; ® ¢;, while v; and w; become maps between P ® V and P. Therefore M is an
element of P. It is clear that M is invariant under transformations (3.26). Thus, (4.1) defines a map
CQ’;\ —>1+P_.

Lemma 4.1. The inverse of M is given by

M'=1+ Z ewi(Y — yly) (X = x1y)vje; . 4.2)
ijel
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Proof. We need to check that M~'M = 1. Introduce the following shorthand notation:
g:X—xlv, ?:Y—ylv.
It easily follows from (2.5) and (3.24) that
Zviw,:?)? —)A(?+Z7»i(e,' -¢). 4.3)

i€l i€l

Next, note the following identities:

eaebjf\_l?_lecedzo, ifa—c#b-d, “4.4)
euea)?_l?_lecec = eaea)?_l?_lec s ececk\_l?_leuea = ec)?_l?_leaeu s 4.5)
ea€aX 'Y e —e) =0, (€c —e)X 'Y eqea=0. (4.6)

Here a,b,c,d € I = Z/mZ. To prove (4.4), note that

eaeb)?fl?fleced = Z eaebX"Y"xfl”'yflfjeced
ij>0
= Z ea€peerioj€ario X VX~ TIy T
ij>0
which is obviously zero if a — ¢ # b — d [here we used (2.4) and (3.25)]. Formula (4.5) follows from
(4.4) by substituting e, = Y ;¢ e.€; to the right hand side of (4.5). Finally, to derive (4.6), one replaces
€. —ec by Yicileie. — ec€;) and uses (4.4).
Below we will repeatedly use the following corollary of (4.5):
Ekwkf_l?_lvjej = wkk\_l?_lvjej = ekwkk\_l?_lvj . 4.7
In other words, one can remove either €, or ¢; in this expression.
Now, using the formulas for M and M -1 we get
M_IM =1- Z Eiwl’)?_l/y\_ll)jéj + Z eiwi?_li_lvjej
i i
— Z eiwi’f_lf_lvkekwk;{_l?_lvjej . 4.8)
ik
We can use (4.7) and replace the last sum by
Zeiwi?_l)?_l(zvkwk))?_l?_lvjej. 4.9)
i k
Replacing Y ; vxwy by (4.3) and substituting back in (4.8), we obtain

M_IMZ 1- Z kkeiwi?_li_l(ek - ek))?_ly_lvjej .

ijkel
By (4.6), R
(ex — ek)X_lY_lvjej =(er — ek)X_lY_lejejvj =0.
We conclude that M~'M = 1, as needed. m]

Lemma 4.2. Let L=MyM~'. For k € N, we have

(Lk)_ = Z Eiwi_kYk?_l)?_ll)jEj - Z Eiwi)?_l?_lkaj+kej

ij ij
— Z eiwi)?_l?_l kagwg_k?_l)?_l Uj€j
il
k-1
+ ZZEiwiX_lYavgwg_kYk_l_aY_IX_lvjEj. (410)

ij.l a=0
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Proof. Write M, M1 as

iy i
where
,ul-jze,»wiX*lY*lvjej, ﬂij»zeiin*lX*'vjej.
Therefore,
Lr= My M =y Y = > iy = Y i ey (4.11)
7 7 iy
Taking into account that €;y* = y*€;_¢, one gets
D= e Y X e, 4.12)
i i
_Zﬂijyk:_zEiwi)?_l?_lykvﬂkfj, (4.13)
i i
— VK Ty = — X 1y-! k Y IX e 4.14
Mijy Hirj = €iWj €cley We—k Vj€j . (4.14)
iy it

By (4.7), we can remove €, in the last formula to get
k ~ v-lp-1 k v-1p-1
- Z My Hirjr = — Z €w X Yy vewe YT X vje; .
IR ij.l
-1

From an elementary formula Y* — %1, = (¥ — yly) 25:0 y*=1=ay4 we obtain

k=1

yk’Y\—l — ?—lyk — ?—IY]( _ Z Yayk—l—tl , (yk?—l)_ — Yk?—l . (415)
a=0

Similarly,

Y_lykl)[w[_kY_1 =y~! Ykl)[wg_kY_] — Z Yavgwg_kyk_l_aY_] S

a=0
and by applying formula (4.15), we obtain
T Yovwe ¥ =Y Yo orwe Y1 - Z Yvpwe Y10y
a=0

Using these facts, we compute the negative part of (4.12)—(4.14) which results in (4.10). O

B. Solutions for the hierarchy

Let O be quiver (3.14) and @ =(1,a) with aeN{). Consider Rep((C@Opp,a); a point of
—opp . .
Rep(CQ ", @) is a collection of maps
Xi:Vi=»Via, YiiVia-V, v:C-V, w:V;—C.
Thus, this is an affine space of dimension 2} (a;@i+1 + @;). It has a natural symplectic
structure (3.5),
w= Z (tr(dY; A dX;) + dw; A dyy) (4.16)
iel
The corresponding Poisson bracket is given by

{XDap (¥ .y} = 6ij6adBe » {W)gs (W), } = 6j0ap - (4.17)

(All remaining brackets are zero.)
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As before, we will combine X;, Y}, v;, w;into X,Y € EndVandv:C—V,w:C— V, see (3.23).
For k € N, define a flow on Rep((C@oPp, @) by the formulas

k=1
XZ—ZZY‘ZU[w[_kYkiaJ R Y=0, (4.18)
£el a=0
o=-Y, w=wYk, (4.19)
where the dot denotes the derivative with respect to the time variable #;. Equivalently,
k=1
Xi=- Z YirtYio - - YivaVisas1 Wivar 1=k YVivar1-k - - Yio1, (4.20)
a=0
Y;=0, 4.21)
0= =YX08 ==Y Yier - Yipko1Vink » (4.22)
Wi = wi Y = wi Yicg Yicgar -+ Yiey - (4.23)
It is easy to check that this is a Hamiltonian flow, with the Hamiltonian
sz—wykuz—zw,-y,-...Y,-+k,1u,-+k. (4.24)
i€l

The Hamiltonian Hy is invariant under the action (3.26) of G(a); therefore, the moment map is a first
integral, thus the flow descends to a Hamiltonian flow on a symplectic quotient C, 3. [This can also
be checked directly by differentiating relations (3.21) and (3.22).]

Proposition 4.3. Let L = MyM~" where M and M~ are as in (4.1) and (4.2). If X, Y, v, w satisfy
Eqs. (4.18) and (4.19), then L satisfies L = [(L¥),, L).

Proof. According to Proposition 2.6, it suffices to check that

M=—(L"_M. (4.25)

Let us start by calculating the right-hand side. Note that the second and third sum in (4.10) are
nothing but

( - Z Eiwi)?il’);il Ykl)j+k6j)M71 .

i
Therefore, substituting them in the right-hand side of (4.25) results in
Z ewiX Y Vr v (4.26)
if
Multiplying the remaining terms in (4.10) by M gives
k=1
( Z eiwi_kYk?_l)?_l vj€j + Z Z eiw,-}?_] Y“vgwg_kYk_l_”?_]}?_] vjej)M
i iyt a=0
= Z e,-wi_kYkY_lX_lujej + Z Z E,‘wl‘X_lYal)gLU[_kYk_l_aY_IX_ll)jEj
ij ij,l a=0

= e VY IX o, XY e

ij,r
k-1
- Z Z eiwiX_lY“vgw,g,kYk_l_“Y_lX_lvrer_lY_lvjej . “4.27)
ij,l,r a=0

Replacing )}, v,w, in the last two terms by (4.3) and applying (4.6) and (4.7), we are left after
cancellations with the following terms:

k—1
Z Eiwi_kYkX\_rY\_lvjEj + Z Z E,‘w,‘)?_lYavgwg_kyk_l_a)?_l?_lyjéj . (428)

ij ij.t a=0
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Now, the right-hand side of (4.25) is obtained by subtracting (4.28) from (4.26), so
—(Lk)_M = Z Eiwii_l?_lykvj_,_kq - Z eiwi,kka_l?_llgigi
if i
k-1
_ Z Z . '}?—lyu Yk—l—u?—l?—l .
€;W; VeWe_ Vj€j . (4.29)
ij,t a=0

On the other hand, from the formula for M, we get that
M =— Z éiwi}?_]?_]vjej' - Z E,‘U'),')?_]’Y:_]Ujfj + Z e,-w,-)?_lX)A(_]?_]vjej .
i i i

Now a quick look at (4.29), (4.18), (4.22) and (4.23) confirms that M =—(L¥)_M, as needed. m|

With flow (4.18) and (4.19) on C, ), corresponding to the kth flow of the hierarchy, we obtain a
commuting family of Hamiltonian flows on C, 3 labelled by k. In fact, one can confirm by a direct
calculation that the Hamiltonians (4.24) commute, that is,

{Hj,H}=0 for all j, k. (4.30)

Thus, we arrive at the following result.

Theorem 4.4. Under the map C,) — P which sends (X, Y, v, w) to L = MyM_], the com-
muting flows with the Hamiltonians Hy, k=1,2, ..., get identified with the flows of the hierarchy
(2.18). O

Let us integrate flows (4.18) and (4.19) simultaneously for all k. First we integrate (4.19) to find
that
v=e T B00), W= w(0)eX Y |y = e Zetkady @Ow(0)), (4.31)
where Y = Y(0) is constant and we use the standard notation for adqsB = AB — BA. Next, note that
(4.18) can be written as

k=1

ox - Z €irl ( Z Y”vakil’”)ei =- Z ei+1(ady)’1adyk(vw)ei .

Ot iel a=0 iel
Substituting the expression for vw and integrating, we find that
X=X(0)+ ) ent {(ady)™ (724 — 1) (0Ow(0) | €. (432)
i€l

Note that (ady)_1 (e” L teadye _ 1) is well defined: after expanding the exponential into a series, each
term contains a well-defined factor (ady)~ady*.
Let us remark on the flows with k = mj, j € N. In this case

Hyj=-wY"y=- Z w;Y"v; = —tr (Y™ Z Viw;) .
il i

On C, ) (3.24) holds, so H,,; can be replaced by

~ . , A .
H,,j= tr(Y’”f (xy —yx+ > x,-ei)) = S har(er ey = W gy, (4.33)
icl icl n
where |A|:=);¢; M. According to (2.5), || =—m7t #0. Therefore, flow (4.18) and (4.19) can be
replaced by
X =jny™-t, Y=0, (4.34)
=0, w=0. (4.35)

As aresult, the mj-th flow is linear: X(z,,;) = X(0) +j|k|tmime_1.



071702-16 O. Chalykh and A. Silantyev J. Math. Phys. 58, 071702 (2017)

C. Solutions for the spherical sub-hierarchy

Given ¢ €1, consider quiver (3.15) and let C, ) be a Calogero—Moser space (3.17). Recall that
the description of C, 3 is almost the same as for quiver (3.14), see (3.28)—(3.30), the only difference
being that v; = w; = 0 for i # £. Therefore, in this case v =vy, w = wy and we simply need to make
appropriate changes in the previous formulas.

Hence, given a point (X, Y, v, w) of Cy ), we put

M=1-eweX —xly) 'Y —yly) oeer. (4.36)
This defines a map C, ) — 1 + P-. By Lemma 4.1, the inverse of M is given by
M =1+ ewe(Y —yly) "X = x1y) oser . (4.37)

It is obvious from these formulas that €;M =Me; and ;M ~' =M™'¢; for i €I. Hence, L = MyM™!
and L=L" = My"M~" will satisfy

e.L=Le;_q, eiz = Zei .

Now, using (X, Y, v, w) as the initial data, we can construct a solution to the spherical sub-hierarchy.
As explained above, when restricting to the flows with k = myj, the dependence of (X, ¥, v, w) on
t = (ty, tay, . . .) reduces to

X()=X(0) + |\l ijmjy'"f—l, Y=Y(0), v=00), w=w). (4.38)

>

Clearly, the condition v; = w; = 0 for i # { remains valid for all times. As a result, the corresponding
L(1), L(t) and L(¢) = e,L(t) will satisfy Egs. (2.24), (2.25), and (2.27).

Remark 4.5. Up to a change of notation, the element M defined in (4.36) is the same as « in
Ref. 26, Theorem 2.6; interpreting it as a “pseudo-differential operator” in a suitable sense was the
starting point in our work.

Remark 4.6. The Calogero—Moser spaces (3.17) associated with quivers (3.14) and (3.15) are
isomorphic to particular cases of the varieties from Refs. 4 and 5. Namely, they correspond to setting
the [-module W in Ref. 5, (2.16) as W =CTI and W =Cey, respectively, where Ce, is viewed as
a one-dimensional I'-module. Similarly, the Calogero—Moser spaces for quivers (3.12) and (3.13)
correspond to W = CT'®? and W = (Ce,)®?.

Remark 4.7. Above we assumed that A is regular, which puts restrictions (3.19) on parameters
ko, . .., kn—1 for the Cherednik algebra H; ;. Let us remark on the situation in general, for arbitrary
k; and 7 #0. In this case, one may have reducible representations in Rep(IT*, @). Non semi-simple
representations are irrelevant because they are indistinguishable from semi-simple ones under the map
(X,Y,v,w)— M. On the other hand, if (X, Y, v, w) describes a semi-simple reducible IT*-module,
then it is a direct sum of simples, exactly one of which must contain V, = C. Formula (4.1) makes it
clear that M is fully determined by this simple summand. Let @’ = (1, @”) be the dimension vector of
this summand, so it corresponds to some point (X', Y’,v’,w’) € Rep(Hl, a’). Then the two solutions
of the hierarchy built from (X, Y, v, w) and (X', Y’,v’,w’) coincide. Therefore, the solutions of the
hierarchy are parametrised by the locus of simple representations

|_| Trr(I*, @)//GL(a).

a=(l,a)

For a description of the set ) c A,(Q) of all @ such that Irr(II*, @) #0, see Theorem 1.2 of
Ref. 18.

Remark 4.8. The family of commuting Hamiltonians (4.24) can be generalised to any quiver
Qo with a vertex set I. Namely, suppose Q is obtained from Qg by adding a vertex co and one
arrow v;:o0— i for every i€l. For k€N, let hy=3%;¢; vj*ak ...aq; E(C[é], where the sum is
taken over all paths ay . ..a; length k in Qp. It is a pleasant exercise to check that [h, h]n, =0,
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where [-,-]y. denotes the necklace Lie bracket.'* According to the general principle,”**° the
functions Hy = tr(h) Poisson-commute both on Rep(CQ, @) and on the symplectic quotients

Rep(ITh, @)/ /G(a).

V. LINK TO INTEGRABLE PARTICLE DYNAMICS

In this section, we explain how the dynamics (4.18) and (4.19) is related to the classical Calogero—
Moser system for the wreath-product Z,, ¢ S,,. For this purpose, we will make the special choice
a =(1,nd) where § =(1,...,1). Consider the varieties Cys; which will be abbreviated to C, for
simplicity. Everything still depends on the choice of framing, so we have two versions of C,,
corresponding to quivers (3.14) and (3.15). We will deal first with the case (3.15).

A. Darboux coordinates on C,

Consider quiver (3.15), where we set £ =0 for simplicity. From formula (3.31), we find that
dim C,,, =2n. Points of C,, are represented by linear maps

Xi:Vi—> Vi, Yi: Vi1 - Vi, w:C—>Vo, wo:Vp—C,

where dim V; = n. These maps should satisfy relation (3.28)

YiX; — Xi—1Yi-1 — diovowo = A1y, (i€Z/mZ). (5.1
To construct local coordinates on C,;, we look at the subset C 5, CCuy where the transfor-
mation X, ...X1Xo eEnd(VU) is diagonalisable and invertible. Suppose that this transforma-
tion has elgenvalues )c1 ,...,xy, then one can choose bases in each of V; so that all X; look
identical
X; =diag(xy,...,x,). 5.2)
Then from (5.1), we obtain that
(Yn)jix; — xi(Yi-1)j; — 6io(vowo);; = Ai (5.3)
Yijexk = x;(YimDj — Sio(vowo)xg =0 (G#k). (5.4
Summing (5.3) over i, we find that for any j,
(vowo);; =—IM, where |X|:Z7\i¢0.

i€l
Therefore, by rescaling the bases in each of V;, we may assume that
(vo);=1, (wo)j=—IAl, and therefore (vowo); =—[Alforall j,k. (5.5)

The matrices Y; are then easily determined from relations (5.3) and (5.4). Namely, we must have
x}” #x," for j # k, and the matrices ¥; may be chosen in the following form:

xzxm i-1

1< _
Wg=pi+— D e p=ll i (%), (5.6)
xj r=1 J xk
where i=0,1,...,m—1.
We, therefore, can view x = (x1, ..., x,) andp = (p1, . . ., pn) as local coordinates on C' . Note that
the set of eigenvalues {x{", ..., x;'} determines xi, .. ., x, only up to permutations and multlphcatlon

by the mth roots of unity. As a result, the coordinates {xi, pi} on CM are defined up to an action
of the generalised symmetric group W =7Z,, 2 S,,. As a subgroup of GL(n, C), W is generated by the
premutation matrices o €S, and by transformations s: (xi, . ..,x,) — (L1X1, U2X2, . . ., UuX,) With
uf"=1. Embed W into GL(@) = GL(n, C)™ in the following way:

o (0,...,0), s (1s, ..., 5" . (5.7)

When viewed as a subgroup of GL(a), W = Z,, 1 S,, acts on the representation space Rep ((H")Opp ),

thus on the above X;, Y;, vy, wo. It is easy to see that this corresponds to the “diagonal” action on (x,
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p): the action of o € S, permutes {x;} and {p;} simutaneously, while the action of s changes x;, p; to
MiXi, ,ul.‘1 pi. If we regard x, p as coordinates on ) := C”" and its dual, h*, then C;z,x becomes isomorphic
t0 Dreg X b*/W, where Do := {x € | xI" #x}" +0 forall i #/}.
Recall that C,; inherits a symplectic structure from the standard symplectic structure on the
space Rep(CO™, ),
w= )" tr(d¥; A dX;) + dwo A dug. (5.8)
iel

Denote this symplectic structure as w¢

nh*

Proposition 5.1. The above coordinates {x;, p;} are Darboux coordinates in the sense that

n
we,, =m Z dp; A dx;.
i=1

Proof. Recall that C,), is obtained from Rep(CQ°?, @) by Hamiltonian reduction, see (3.6).
Using the coordinates {x, p}, we identify C;M locally with an open subset in by, X h*. Consider

the mapping ¢ : b X h* — Rep((C@Opp, ), defined by formulas (5.2), (5.5), and (5.6). Locally,

this represents a transversal slice for the action of GL(n, C)™ on Rep((l’[")opp a)C Rep((C@Opp ).
Therefore, the symplectic structure on C’ 5. 18 the pullback ¢*w of the form (5.8). To calculate it, we
substitute the expressions for X, Y, vg, wo into (4.16). With vy and wg being constant and 0X;/dp; =

we get
. oY, 0X;  9Y; dX; 8Y; 0X;
= tr{——-— dx; A dx, dpj A dxy .

Since each X; is a diagonal matrix, the off-diagonal part of Y; does not play any role and can be
ignored. Then it is easy to see that the only non-zero terms are those with j = k, where we have

tr (g; ‘;f ) = 1. This leads to the result of the proposition. O

Corollary 5.2. Let Y=Yy + -+ + Y,,_1, viewed as a linear endomorphism of C™ =&,V;,
with Y;: Vg1 — V; given by (5.6). Then H; = %tr(ij), j €N are Poisson-commuting functions on
breg X b*

B. Relation to the Cherednik algebra and Calogero—Moser system

For any finite complex reflection group W c GL(b), Etingof and Ginzburg?’ define the Cherednik
algebra H; . = H; .(W), depending on parameters ¢, c. For ¢ = 0, the algebra H . has a large center,
denoted Zj .. The Calogero—Moser space associated with W and c is defined as SpecZ . (Ref. 27,
Definition 4.14); this is an algebraic Poisson variety.

Let W=27Z,,:S, acton h =C" as before. This is the group G(m, 1, n) in Shephard—Todd’s classi-
fication of complex reflection groups*® [G(2, 1, n) is the Coxeter group of type B,]. The Cherednik
algebra H, . in this case depends on parameters 7 € C and ¢ € C". Recall that above we considered
the varieties C, 5 depending on k€ C"™.

Theorem 5.3 (Ref. 27, Theorem 1.13). Let H, . be the Cherednik algebra of W =7y, ¢ S,.
For generic ¢ € C" and suitable ).=\c), the algebraic Poisson varieties Spec(Zy,.) and Cy, are
isomorphic.

Remark 5.4. According to Ref. 41, Theorem 7.4, the genericity assumption on the parameters
can be removed, i.e., the varieties C,,; and Max Spec(Zy ) are isomorphic for any ¢ and A = A(c).

Recall the construction of the Calogero—Moser Hamiltonians associated with W =Z,, ¢ S,,, see
Refs. 33, 28, and 29. The Cherednik algebra H . has a commutative subalgebra that, in the Dunkl
representation of H ., is generated by n Dunkl operators T;, i=1,...,n (Ref. 25, Definition 3.2).
These operators depend on parameters k = (kg, K1, - . . , Km—1) and they act on polynomials C[h] as
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differential-reflection operators. The elements T{m +ot Tf,m, j €N, when restricted on W-invariant
polynomials, become commuting partial differential operators on §), which we denote as L;. These
are the quantum Hamiltonains of the Calogero—Moser system of type Z,, ¢ S,. A similar procedure
exists for constructing their classical counterparts, which are Poisson-commuting functions L;(x, p)
€ Clbreg X b*], see Refs. 28 and 29. We have the following.

Proposition 5.5. Let H; = Etr(Yj’") be the Poisson-commuting functions as in Corollary 5.2. Let
L; be the classical Hamlltomans of the Calogero—Moser system for W =Z,, 1 S,. Then, we have
H i(x, p) = Lj(x, p) for certain k =k(\). Therefore, the competely integrable Hamiltonian system
given by H; on the space C,) in x, p coordinates is equivalent to the Calogero—-Moser system for
Y/

By Theorem 5.3, this result can be expected, so we only briefly indicate the steps in the proof.
First, we recall that the isomorphism of Theorem 5.3 is constructed by associating with a point
z € Spec(Zy,) a pair of matrices X, Y. These X, Y arise from the action of x|, T} € Hy on a certain
invariant subspace E’ C E of the representation of Hy ., associated with z, see Ref. 27, Sec. 11. Next,
on a dense open subset U C Spec(Zy,.), the action of x; in a suitable basis of E’ is diagonal. By the
same method as in Ref. 28, Sec. 10.7, one then calculates the action of 7'; in this basis, using the
explicit form of 7'; (Ref. 25, Definition 3.2). This gives an explicit formula for ¥ and one observes
directly that this coincides with Y calculated in (5.6). Flnally, one needs to check that t7(¥/™) coincides
with the (classical version of the) Hamiltonian T’m -+ TV". This is derived in the same way as
Ref. 27, (11.30) and (11.31). O

It follows that the matrix Y is a Lax matrix for the Calogero-Moser system for W =Z,, ¢ S, in
the sense that it deforms isospectrally under any of the commuting flows defined by the Hamiltonians
L;(x, p), and the traces of powers of Y produce a full set of first integrals in involution. The sym-
plectic quotient C,, , may, therefore, be regarded as a completed phase space for this Calogero—-Moser
system.

Example 5.6. Consider the case m = 2. In this case, A = (Ag, A1), and Y is a 2n X 2n matrix of the
form (0 n ), with

Yo O
(Yo)i[ :pi ] (YO)U |)\‘| PN
l xj
M Xi
(Y1)55=Pi+x—i, (Yl)ijleP

J
It is equivalent to the well-known Lax matrix for the rational Calogero-Moser system in type B,,*
cf. Ref. 9, Eq. (4.48). We have

Ly Zp, e ) -

o (7 -

MNP +x7)

22
xj)

After a canonical transformation p; - p; — 2)‘71 this takes the conventional form

n 20,2 2
Z 2 M [\l (xl-+xj)'
bogy?

h Z 2
izl T - sz)

Note that setting A; =0 leads to the D,-case.

C. Spin particle dynamics

For the full hierarchy (2.18), the solutions are parameterised by the varieties (3.17) for the quiver
Qasin (3.14). Asin Sec. V A, let us consider the special choice of the dimension vector « = (1, nd)
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where § = (1, ..., 1). Let us again abbreviate the varieties C,s,(Q) to C,, 5, for simplicity. From formula
(3.27), we find that dim C,, = 2mn. Points of C,, are represented by linear maps

Xi:Vi-»Via, YiiViaa-V, v::C-V, w:V,-»C,

satisfying relations (3.21),

YiXi — Xi-1Yiq —l)l'w,'Z)\.,'lvl. (iel). 5.9
Similarly to the previous case, we look at the subset C’;ﬂ\ CCpy. where X1 ... X Xo has dis-
tinct non-zero eigenvalues x”",...,x,". Then by choosing suitable bases in each of V;, we will
have

X; =diag(xy,...,x,), (5.10)

implying that
(Yi)xi — xi(Yim1)j; — (iwi)ji = hi, (5.11)
(Yo —x(Yic)jx — (iwi)jx =0 (G#k). (5.12)

Summing (5.11) over i, we obtain that for any j,
D i)y =—Inl.
iel

The matrices Y; are then found to be as follows:

m—1

1 i 1 r—m
Fg=pi+— Y O+ @awp)y) + — > —— (0 + (0,);). (5.13)
Xj =0 Xj =0 m
e (mwis)pxgag !
Fp==, T G#K), (5.14)
1=0 YT A
where i=0,1,...,m — 1 (the index i — [ in the second formula is taken modulo m).

Remark 5.7. The second sum in the right hand side of (5.13) is added to have the relation
2ier (Yi);; = mp;. This choice is important for Proposition 5.8 below.

It seems convenient to organise the column and row vectors v;, w; into matrices v and w of size
n X m and m X n, respectively, and then divide them into rows and columns, each of length m. This
way we get n rows ¢; and n columns ¢, with (vi)j =(¢;); and (wi); =W));- The formulas for Y; then
become as follows:

m—1

1 < 1 r—m
Yy =pi+— D O+ Wyg),,) + = D —— (b + W), - (5.15)
7 r=0 7 r=0
o W)y
Wj== ), —— (G #h). (5.16)
=0 J

with the constraint ¢;i; =—|A| for all j. Note that acting on each V; by a diagonal matrix with
diagonal entries dj, . . ., d,, in accordance with (3.26), leaves x;, p; unchanged and replaces ¢; and
W by djp; and dj"wj. By analogy with Ref. 32 (cf. Ref. 52), the quantities ¢;,y; can be thought
of as spin variables attached to the jth particle of an n-particle system of the Calogero—Moser type.
With each pair (¢;,¥;), we can therefore associate a point g; of the symplectic variety O, (cf.
Ref. 52)

On={(g. ) €(C™)" & C" | oy =—|M|}/C*.
The above formulas then give a local parameterisation of C/ , by {x;, p;, g}
By an elementary residue calculation,

I m—I-1 m—1 _
xjxk B 1 U Ir
xjf" —xg  m HXj = X
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As a result, formula (5.16) can be replaced with

'u_ir (ijrlﬂk r . r r -Dr
(Y,-)jkzz g E" =diag(1, 1/, i, ..., im0y, (5.17)

—_ Fy.
= m(xg = prx;)

Recall that the symplectic structure (4.16) induces a symplectic structure on C, .

Proposition 5.8. In terms of xj,p;,q; = (¢j,¥;), the symplectic structure on Cy, ), has the form
n
we,, = Z(m dpj A d)Cj - dgoj A dd/j) .
j=1
Here, by abuse of notation, we do not make distinction between the form dp; Adyr; = Z;”:_Ol dg;  Ady;

on T*C™ and the corresponding symplectic form on Q,,.

Proof. The symplectic form on Rep((C@Opp, «) in this case is

w= " (tr(dY; A dX;) + dw; A dvy)
icl
Let us view formulas (5.10), (5.15), and (5.16) as describing a map
¢: T*Dreg X (T*C™Y' - Rep(CO™, @) .

Similarly to the proof of Proposition 5.1, we need to calculate ¢*w. In the same way, only the diagonal
entries of Y; will contribute to ¢*w. We have

1, < " m 0(Yy);;

¥ =dp+—( Y d(Wie), + ) ——d(we), ) + ——Ldy.
Y r=0 r=0 mn %

The last term will vanish after taking the wedge product with d(X;);; = dx;. A simple calculation then

shows that 375! d(Y;); A d(X;);; = mdp; A dx;. O

The Hamiltonians Hy (4.24) after substituting (5.15) and (5.16) produce Poisson commuting
functions on the phase space by, X b* x (Q,,)" equipped with the symplectic form wc,, . They define
a system which can be interpreted as a spin version of the n-particle Calogero-Moser system for
W =Z, ¢ Sy, with the spin variables (¢}, ;) € Q. It is a special case of a more general system with
spin variables, see Subsection VI C.

Note that the choice of coordinates on C’"M is only unique up to the action of G, coming from
embedding (5.7). Explicitly in coordinates this action permutes {x;}, {p;}, {gj = (¢;,¥;)} simul-
taneously and replaces x;, p;, ¢;, and ¢; by x"x;, u”"p;, ¢;E", and E™"y;, respectively, where
E" is the same as in (5.17). It follows that C;M = Do X b X (Qn)"/W. We obtain the following
result.

Proposition 5.9. Let Hy = Hy(x, p, q) be the functions of (x,p, q) € breg X* X(Q)", obtained by
substituting (5.15) and (5.16) into (4.24). Then Hy with k=1, ..., mn are functionally independent,
Poisson commuting functions and hence define a completely integrable system. The Hamiltonian flows
defined by Hy extend from Breg X H* X (Qi)" /W to produce complete flows on the Calogero—-Moser
space Cy, 5 = Cys . for quiver (3.14).

The number of integrals, mn, is clearly the half of the dimension of the phase space
Breg X b* X (Q)n)", so the only thing to prove is that H; with k=1,...,mn is independent. This is
shown in a more general case in Sec. VI (Proposition 6.7). O

Example 5.10. Consider the case m = 2. Let us write down the first two Hamiltonians in
the coordinates x;, p;, g;. In this case, we have two-component spin variables ¢; = (¢jo0, ;1) and
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¥j=Wjo,¥j1)". Denote E = ((1) _(1)) and F, = ((1) i(l)) Then we have

1
Z w;Yivis = Z (s + 2_)9-(%1:_%)@0 + gjovo))

i=0,1
Z (s0jF+¢/k)(90k¢/j) N (SDjF—l//k)(sﬂkE!I/j))
P 2(xj — xx) 2(x; + xx)
A
= Doy =y Z (7\0 +gup)?)

D Z (<P/lﬁk)(</’klﬁ, N (<PjElﬁk)(<PkElﬁj) N i1k erodio — ook ) ’

A -’ 405 + ) 2057 = xp)

where (Ao + pjojo) = —(M1 + @j11)-

In the case m = 2, when W is of B,-type, some spin versions of Calogero-Moser problem
can be constructed in the framework of Lie algebras, see Ref. 39 and references therein. How-
ever they look somewhat different to our system. To the best of our knowledge, for m > 2 spin
generalizations of the Calogero—Moser system for W =7Z,, ¢ S, have not been considered in the
literature.

VI. MULTICOMPONENT GENERALISATION

The KP hierarchy admits a multicomponent (matrix) generalisation,”>*’ see also Ref. 23. In
the same spirit, one can generalise the hierarchy (2.18). Below we introduce such a hierarchy and
construct its solutions by using a quiver

A. Definition of the hierarchy

We will follow closely the notation of Ref. 23.

We will work with the ring Mat(d, C) ® P of matrices over the ring P (2.13). The operations (-),
and (-)_ on P induce similar operations on this ring.

Let Ey (@=1,...,d) be the diagonal matrices with the diagonal entries (Eq)gg = 0qp- We have
EQE[g =6aﬁEa and Ei+--- +Ed =1.

Now consider the elements of Mat(d, C) ® P of the following form:

L=y+ ) fiy™, (6.1)

Ra=Eo+ Y ray”  (@=1,....d), (6.2)

where f;, i, € Mat(d, C) ® (C(x) = T).
We impose the following relations on L and R,

d
[L,Re]=0,  RuRg=04pRa, Z Ro=1. 6.3)

The matrix generalisation of the hierarchy (2.18) is the following system of equations on {L, R, }:

dL

T = [(L*Rp),. L], (6.4)
AR,

T = [(L*Rp),.Ra] » (6.5)

where fig (B=1,...,d, k=0,1,...) are the time variables. Note that it follows from (6.3) that
d J  _
Zs=1 iy ~
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The following proposition and its proof are parallel to Proposition 2.4.
Proposition 6.1. (1) Equations (6.4) and (6.5) imply the zero-curvature equations
4 k 0 I
— —(L"Ry);, — — (L'R =0 k,1>0). 6.6
[ Gy~ LR g 5). | (k,1>0) (6.6)
(2) Flows (6.4) and (6.5) pairwise commute and preserve relations (6.3).

We will also impose the following constraint analogous to (2.20):

(fo.aa), =0 (@=1,....d), (6.7)

where fp oo € C(x) * I are the diagonal entries of the coefficient f in (6.1). These conditions (6.7)
are preserved by flows (6.4) and (6.5).
For M € 1 + Mat(d, C) ® P-, define L and R,, by the following formulas:

L=MyM™, Ry =ME M™". (6.8)

It is clear that these elements have the form (6.1) and (6.2) and satisfy (6.3) and (6.7). Note that
LRy =My*E,M™".

Proposition 6.2. (cf. Proposition 2.6). Suppose M € 1 + Mat(d,C) ® P_ depends on tig and
satisfies the equation

om
62‘]{5
then L and R, defined by (6.8) satisfy Egs. (6.4) and (6.5).

=—(My"EgM™") - M, (6.9)

Remark 6.3. A more general hierarchy can be constructed by allowing in (6.3)—(6.5) L of the
form

L=Ay+ ) fiy™, (6.10)
=0
where A =diag(ay, ..., ay) with non-zero a, € C (cf. Ref. 23). Solutions to this hierarchy can then

be constructed as follows. Let M be an element satisfying the assumptions of Proposition 6.2. Then
Ly = MAYM ~land Ry =ME,M™! satisfy Egs. (6.3)—(6.5) after rescaling the time variables by ;g

- a[;k k-

B. Constructions of solutions

We are going to construct solutions of the hierarchy (6.3)—(6.5), parametrised by Calogero—Moser
spaces associated with quivers (3.12) and (3.13).
Let Q be quiver (3.12) and C, 3 = Co2.(Q) be the Calogero—Moser space (3.17)
Caa(Q) =Rep((MTH™, @)//GL(a). (6.11)

Recall that here @ € Nij, e C" and @ =(1,@), A=(-A - @, ). A point of C, ) represented by a
collection of maps

Xi:Vi—=> Vi, Yi: Vi >V,
U,',QZC—>V,', wm:Vi—>(C, (a:l,...,d),

corresponding to arrows a;, a;, biq, and b; ,, respectively. These maps should satisfy the relations
[cf. (3.21) and (3.22)].

d
YiXi - Xi1Yioy — Z ViaWia =M1y, (6.12)
a=1
d
D2 wiatia=he- (6.13)
iel a=1

[As before, (6.13) follows from (6.12).]
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Let us define maps

v CLS Vv, w;:V;—>Ce,
by v; =(vi1,...,0iq) and w; = (w; 1, ..., w;q). Then relations (6.12) take the form
YiXi — Xi1 Y1 — viw; =M1y, , (6.14)

looking similar to (3.21).
Introducing V=Vy ®...® V,_1; and X, Y € End(V) as in (3.23), relation (3.24) still holds true.
We will be assuming that X is regular in the sense of (3.18). Then using Proposition 3.1 we find,
similarly to (3.27), that

dim Cyp =2 Z(a,»a,-ﬂ +da; —a?)=2d Z @i — Z (@i — @) (6.15)

i€l i€l i€l

Recall that the space C, 3 is a symplectic quotient [see (3.6)]. The symplectic structure on it is
induced by the symplectic structure on Rep ((CQ)°P, @) which has the form

w= )" (tr(dY; A dX;) + tr(dw; A dvy)). (6.16)

i€l
The Poisson brackets corresponding to (6.16) are
{XDap» X)) g} = 6ii0adbpe s {(Via)g» Wip),} = 0ij0apdap - (6.17)

Following the idea of Ref. 32, consider the following functions on C :
I(A) = Z tr(Aw; Y*vir), A e Mat(d, C).
i€l

The functions I;(A) withk =0, 1, . .. and A € Mat(d, C) form a vector space, closed under the Poisson
bracket

{I(A), I(B)} = Ii1([B, A)).

Choosing A=-Eg (B=1,...,d), we get Poisson-commuting functions Hyg:=—I(Eg). The
Hamiltonian flow on C, ) looks as follows:

m—1 k-1

X:—Z Z YouEgw (Yo', ¥=0, (6.18)
=0 a=0

li),' = Eﬁwi,kYk s l), = —Ykl)j+kEﬁ . (619)

Note that these equations can be integrated explicitly similarly to (4.31) and (4.32).
To construct solutions of the hierarchy (6.4) and (6.5), let us introduce an element M € Mat(d, C)
® P by the same formula (4.1)

M=1- Z ewi(X = x1y) 'Y —y1y) e . (6.20)
ijel

Proposition 6.4. Let L = MyM_l and Ry =MEM™" with M given by (6.20). If X, Y, v;, w;

satisfy Eqs. (6.18) and (6.19), then L and R, (@ =1,...,d) satisfy the equations L= [(LkR5)+,L]
and Ry =[(L*Rp),, Ro].

Proof. Proof essentially repeats the arguments from Sec. IV.



071702-25 O. Chalykh and A. Silantyev J. Math. Phys. 58, 071702 (2017)

First, since the relations for X, Y, v;, w; have the same form, the identities (4.4)—(4.7) and Lemma
4.1 carry through. Furthermore, LRg = My*EgM~! and therefore LR can be found from the right
hand side of (4.11) by substituting y* — ykE/;. After that, repeating the same steps as in the proof of
Lemma 4.2, we obtain that

(MykEBM_l)_ = (LkRﬁ)_ = Z E,’Eﬁwi_kyk?_lg_lvjeli
ij
_Z X1 y-lyk,, _ . X1 y-lyk y-ly-1, .
€w; XY Y'viEge; €w; XY Y'veEgwe Y X vj€;
ij ig.l

k-1
+ Z; Z(:) éiw,‘X_lYaUgEﬁwg,kYk_l_aY_IX_lUJ'EJ' . (6.21)
ij,t a=

Note that the right-hand side of this expression is obtained from (4.10) by replacing
wi—x — Egw;_, Visk = Ui+ Ep vewe— = VeEgwe i . (6.22)

It is then easy to check that the proof of Proposition 4.3 can be repeated by making the replacements
(6.22) throughout. |

Now varying 8 and k in (6.18) and (6.19), we have a family of commuting Hamiltonian flows
on C, ), so by the above Proposition, we obtain solutions of the hierarchy.

Theorem 6.5. The map C, ) — (Mat(d, O P)dH, which assigns to (X, Y, v;, w;) the elements
L and R, given by (6.8) and (6.20), sends the Hamiltonian flows (6.18) and (6.19) to the flows of the
matrix hierarchy (6.4) and (6.5). Therefore solutions of the hierarchy can be found by integrating
Sflows (6.18) and (6.19) with an arbitrary initial point in C ..

C. Darboux coordinates and integrable dynamics

For the full hierarchy, the solutions are parameterised by the varieties (3.17) for the quiver Q as
in (3.14). Asin Sec. V C, let us consider the Calogero—Moser space C, 3 for the special choice of the
dimension vector & =nd where 6 = (1,. .., 1). Let C,, denote this space; formula (6.15) gives us that
dim C,,, = 2mnd. The construction of Darboux coordinates on C, 3 will be done entirely analogously
to Sec. V C.

Consider a point of C,, ;, represented by a collection of linear maps X;, Y}, v; o, and w; o, assuming
the operator X,,_; . . . X1 Xo € End(Vp) has distinct non-zero eigenvalues x7", . . ., x'". Such points form
a dense subset C;M C Cp.- As in the case d = 1, there exist bases in each of V; diagonalizing the
matrices X; as follows:

X; =diag(xy, ..., x,). (6.23)
Substituting this into relations (6.12), we obtain the following formulas:

m—1

1 < 1 r—m
(Yo =pj+ — Z (hr + Wje),,) + — Z — (M + W), (6.24)
X r=0 X r=0 m
o )iy le'xlrcn_l_l .
SOTEEDY o G #k), (6.25)
XM —x
=0 J k
(Vi) =(@))g; » (Wia); = W) (@=1,...,d), (6.26)
where i=0,...,m—1, and ¢; and y; are the matrices of size d X m and m X d, respectively, satisfying
the constraint tr(¢;yy;) = —|M (j=1, ..., n). As above, with each pair (¢}, §/;), we can associate a point

g; of the symplectic variety
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Oma = {(, ) € Hom(C™, C?) & Hom(C?, C™) | tr(gy) = — |} /C*,

where the group C* acts by (¢, %) — (k¢, k"'). Thus we obtain a local parameterisation of C, by

{xj. pj. q;}-
Again, in the case j # k, we can rewrite the formula as

#_irtr 901 Er lﬁk r : r r m—1)r
(Y»;wZQ, E" =diag(1, p", p*, ..., u" ). (6.27)

— Fy.
Z4 i - 1)

The symplectic structure (6.16) induces a symplectic structure on C,;, which we denote
by we,; -

Proposition 6.6. The coordinates x;j, pj, q; = (¢;, ¥;) are local Darboux coordinates on C;M, that
is, the symplectic form wc,, can be written as

(mdpj A dx; + tr(dy; A dgy)) (6.28)
1

n
O‘)Cn,k =
j=

m—1 d
where tr(dy; A dej)= 3, 3. d((j/j)rﬁ A d(goj)ﬁr is understood as the corresponding form on Q,, 4.
r=0 B=1

The derivation of (6.28) is completely analogous to the proof of Proposition 5.8.

Let us consider the variety by, X b* X (Qim.4)" equipped with the symplectic form (6.28). Sub-
stituting (6.24)—(6.26) into the Hamiltonians Hy g, we get Poisson commuting functions on this
symplectic variety. As in the case d = 1, we obtain an integrable system in this way.

Proposition 6.7. Let Hyg=Hyg(x,p,q) be the functions of the variables (x,p,q) € bree X b*
X (Qm,a)", obtained by substituting formulas (6.24)—(6.26) into Hy g =— ;s tr(Egw;Y kvivk). Then
Hygwithk=1,...,mnand B=1,...,d are functionally independent, Poisson commuting functions
and hence define a completely integrable system. The Hamiltonian flows defined by Hy g extend from
C;l’}\ = Dreg X" X(Qm,a)" | (Zy2S,) to produce complete flows on the Calogero—Moser space Cp 3, = Cps ),
for quiver (3.12).

Proof. The number of integrals is mnd. It is the half of the dimension of the phase space by,
X b* X (Qmq)". Thus it suffices to show their independence.
Note that there is an isomorphism C, ) — C, 5/, Wwhere A’ = (=Ay—1, . . ., —ho), defined by

Xi—=>Y i1, Yi=>X_i, Via = U-ia > Wi = ~W-iq -
Under this isomorphism, the Hamiltonians Hy g take the form
n
Hip= Z wisk pX v g = Z Z (‘Pj)ﬁy,-('#j),}k,ﬁxf .
iel iel j=1

Therefore, it is enough to proof the independence of the functions Iflk,ﬁ in the neighbourhood of a
point of breg X b* X (Qm,d)n-

— d
Consider Hy := ), Hygfork=mp,p=1,...,n,
B=1

n n
Hyp =" trlgp!” = =0 ) 2.
j=1 Jj=1

Since x;" ;tx;” # 0 for i # j on by, the variables xi, . . ., x, can be expressed locally via Flmp. Now let
k=mp—-gq,wherep=1,...,nand ¢=0,...,m — 1. Then

n
H — mp=q _
Hup-gp= ) pa%" 0 Where Zipg= D ()5, 4
=

i€l
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Fixing § and ¢, we obtain a system of linear equations with a Vandermonde matrix. It fol-
lows that locally zj g, are functions of Hyg, k <mn. Thus it suffices to show that there are mnd

independent functions on by, X b* X (Qpq)" among x; and zjg,, j=1,...,n, f=1,...,d, and
q=0,...,m—1.

For any fixed j, the functions z; g o satisfy the constraint Zé: 1 %80 = —|Al. Clearly, we only need
to prove that among zjg, with B=1,...,d,q=0,...,m — 1 there exist md — 1 functions which are

independent as functions on Q,, 4.
Let us first consider z; g, as functions on a lager space Q,, 4 = Hom(C", C%) @ Hom(C%,C™).
Choose the point P € Q,, 4 with the following coordinates:

(@) =—IM/d, W) 5= bi0 -

9%jp.q
@) g,
linearly independent elements of 7,0, 4. Note that P belongs to the hypersurface H C O, 4 defined

Since

= 0qp0,4 at the point P, the differentials dzjg, (8=1,...,dandg=0,...,m—1) are

by the equation Zgzl zj,0 = —|Al. Therefore, when restricted to T pH, these differentials will span a
subspace in T,H of dimension (md — 1). It is clear that the same will be true in a neighbourhood of
P in H. This means that among z; g, there are md — 1 elements which are independent as functions
on H. It follows that they are also independent as functions on Q,, 4 = H/C*. O

It is convenient to consider the Hamiltonians

m-}}mﬁ—ZmMYmu

i€l
They are polynomials of the order k in the momentum variables p;. For k = mp, their leading
terms are H,, = |A| Z;’Zl p;."p . Note that H,,, are functions of p;, x;, and (Y¢;),;, where i €I and
Jk=1,...,n

Example 6.8. In the case m = 1, the first two Hamiltonians have the form

Hi=I ) pr. m—mzn+mzwﬁmw. (6.29)
i=1

2
i+ (x;i — x;)

This is the spin Calogero—Moser system from Ref. 32. Its relation with the matrix KP hierarchy and
the spaces C,,, has been considered in Refs. 38, 52, 6, and 13. Note that even in the m = 1 case, our
Theorem 6.5 gives more than, Ref. 6, Theorem 3.5 since we consider the full multicomponent KP
hierarchy, while in Ref. 6, only the flows corresponding to J;, = Zg: 1 G,k_ﬁ are considered.

D. Spherical case

For the multicomponent hierarchy (6.4) and (6.5), we can consider a sub-hierarchy consisting of
the equations

oL . OR, )
=[(L"Rp),.L], =[(L"Rg),.Ra] (6.30)
(9tmjﬁ + Gtmj,ﬁ +
(jeNy, B=1,...,d) where the elements L and R, are assumed to have the following symmetry:
6,’L=L6i,1 ) EiRa ZRQEZ'. (631)

These are analogous to the conditions (2.23), and we will call this the multicomponent spherical
sub-hierarchy.

Once again, solutions of this sub-hierarchy will be constructed by using representations of
quivers.

In Sec. VI B, we constructed the Calogero—Moser space C,  associated with quiver 3.12. Let
us now consider quiver (3.13) and write CW " for the corresponding Calogero—Moser space. For
simplicity, we restrict to the case £ =0, so We have d arrows bg 1, ..., bo 4, all going from O to oco.
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In this case, the variety C sph ) Can be viewed as a symplectic subvariety of C, ; by setting v; = w; =0
(i #0) in formulas (6.12)— (6 14). By Proposition 3.1
dim Cif?\ =2dag — Z (@ — @)’ .
iel

Now for (X, Y, vg, wo) € C‘Z’ : consider the element

M=1-ewoX —x)" (Y —y) wpep . (6.32)
Since it commutes with each of ¢;, the operators
L=MyM™", Ry =ME M™! (6.33)

will have symmetry (6.31).

Theorem 6.9. Let X, Y, wy, and vy satisfy Egs. (6.18) and (6.19) with k =mj (where v; = w; = 0 for
i #0). Then the elements L, R, given by (6.32) and (6.33) satisfy the equations of the multicomponent
spherical sub-hierarchy (6.30). Therefore solutions of the hierarchy can be found by integrating flows
(6.18) and (6.19) with an arbitrary initial point in C"".

Proof Flows (6.18) and (6.19) preserve the subspace C sph , C Cq ) defined by the conditions v;
0, w; = 0 (i #0). Therefore the proof reduces to the apphcatlon of Proposition 6.4 in the case

k mj. O

The restriction of flows (6.18) and (6.19) with k = mj onto C;pit is given by the Hamiltonians
hjyﬁ =Hn‘lj’ﬁ|cspl)1 = —w(),ngij(),B (] S N(), ﬁ = 1, ey d).

Consider the principal Hamiltonians hji=2f;:1hj,ﬁ- Note that hiz%terj =|)\|tr?j, where
Y=YoY1 Yy
Let us now consider the special case @o=aj="-=a,_ =n, writing C }f’ for C’ ‘;hk. This
is a 2nd-dimensional symplectic variety with coordinates {x;, pj, ¢;}, where g;=(¢;,¥;) € Q14
with
Qra={(p.¥)e(CH® (C) |t(py)=yp=-[}/C*,  dimQ1a=2d - 2.

A generic point of C;p {’ in these coordinates is described by the formulas

XDjk = X0k » (6.34)
1 i m=1 m—r

Yoy =pj + ;j(; M= ZO — ). (6.35)

xixm—i—l

ik .

Vi == s - G#h), (6.36)

Xj - Xk
(vou)j (QDj)a s (w0a)] (wj)a > (637)
wherei=0,...,m—1. A calculation similar to the proof of Proposition 5.8 shows that the symplectic

form on C”Z it looks as wgp;, = Z]’.'zl (mdp; A dx; +diy; A dg;). By substituting formulas (6.34)—(6.37)
into the above A g, we obtain Poisson commuting functions 4 g(x, p, q) on b X H* X (Q1,4)". By
repeating the proof of Proposition 6.7 with ¢ =0, one proves that h; g withj=1,...,nand =1, ...,d
are functionally independent. Thereby we obtain the analogous result.

Proposition 6.10. The functions hjg(x,p, q) define a completely integrable system on bree X b*
X (Q1.4)". The Hamiltonian flows defined by hj g extend from b.e X h* X (01.0)" [(Z 2 Sy) 10 produce

sph
complete flows on C;lp )
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Example 6.11. Consider the case m = 2. The Hamiltonians /4, g describe a systems of n parti-

cles with coordinates x; momenta p; and spin variables ¢; = (¢;j1, ..., 9jq)" and ¥ =1, ..., Yja)
satisfying v;¢; = —|A|. The first principal Hamiltonian of the system has the form

. DA S 1 1 1
=i -t 55 ) * Wi W)
i=1 17

2 2
5 (i—x)” (n+x)

i=

This is a B,,-variant of the Gibbons—Hermsen Hamiltonian (6.29), cf. Ref. 39.

VIl. FURTHER DIRECTIONS AND LINKS

Our results raise a number of questions; below we mention some of them and indicate further

connections.

1.

There are many aspects of the integrability for the usual KP hierarchy: 7-function formalism,
W-symmetries, (bi-)Hamiltonian approach, free-field realisation, and so on. Therefore it is a
natural problem to find analogous notions for our hierarchy and to interpret the constructed
solutions from that point of view.

The Calogero—Moser system for G =Z,, ! S, admits trigonometric and elliptic versions for
m=2andm=2, 3,4, 6, respectively, see Ref. 30. In such cases, we expect these systems to be
related to certain generalisations of the KP hierarchy. There is also a natural g-analogue related
to multiplicative preprojective algebras of Crawley-Boevey and Shaw.?! These questions will
be a subject of future work.

There is a link between the Calogero—Moser spaces for the cyclic quiver and the families of
bispectral differential operators of Bessel type from Refs. 24 and 3. The key to that link is
the fact that €,y™ e, can be interpreted as a generalised Bessel operator (the classical Bessel
operator corresponds to m = 2). Then one can use the operator (4.36) as a dressing and construct
bispectral differential operators in the form e,Mp(y"™)M €, for suitable polynomials p. The
details will appear elsewhere.

Note that Rothstein suggested in Ref. 46 a description of bispectral operators of Bessel
type in terms of Wilson’s Calogero—Moser spaces C,. However, it can be shown that the
formulas in Ref. 46 correspond only to an open dense subset CI'M C Cp.- Also, the link with
the Calogero—Moser problem for Z,, ! S,, was not observed there.

Our results can be used to prove a conjecture of Etingof and Rains. Namely, in Ref. 31, the
authors study algebraically integrable operators with Z,,-symmetry. For the case of rational
coefficients, they conjecture that the poles of such operators should be equilibrium points
of the Calogero—Moser system for Z,, ¢ S, (see Ref. 31, Conjecture 4.10). This is related
to our results as follows. Let C,; be the Calogero-Moser space for quiver (3.15) with £=0
and let (X, Y, vp, wp) € C, be an equilibrium point for the Hamiltonian H,,. Then we have
0,,M =0, where M is (4.36), implying (L™)- = 0. Thus D =¢€0L™ep gives a purely dif-
ferential operator. One has to restrict to the case k; € Z7 to ensure that the operator D is
algebraically integrable. Let us assume that the matrix X has distinct non-zero eigenvalues
{x},j=1,...,n,r=0,...,m -1, and so (x1,...,x,) € C" is an equilibrium point of the
Calogero—Moser problem for Z,, ¢ S, by our assumption about (X, Y, vy, wg). One can check
that the resulting operator D satisfies all the assumptions of (Ref. 31, Conjecture 4.10). This
way we construct an algebraically integrable operator with Z,,-symmetry starting from any
equilibrium point of the Calogero-Moser problem. The full proof of the conjecture requires
showing that the above construction produces all such operators. We will return to this problem
elsewhere.

In the case, m = 1 the Calogero—Moser spaces C, are known to be related to the Bethe algebra of
the quantum Gaudin model, see Ref. 42. It would therefore be interesting to relate the Calogero—
Moser spaces C,, ), with some generalisation of the Gaudin model. Note that a cyclotomic version
of the Gaudin model has been proposed recently in Ref. 50.

Finally, it would be interesting to understand which of our results can be generalised to other
quivers (see in particular Remark 4.8 above).
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