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We study the elastic scattering of a planar wave in the curved spacetime of a compact object such as a
neutron star, via a heuristic model: a scalar field impinging upon a spherically symmetric uniform density
star of radius R and mass M. For R < rc, there is a divergence in the deflection function at the light-ring
radius rc ¼ 3GM=c2 , which leads to spiral scattering (orbiting) and a backward glory; whereas for R > rc,
there instead arises a stationary point in the deflection function which creates a caustic and rainbow
scattering. As in nuclear rainbow scattering, there is an Airy-type oscillation on a Rutherford-like cross
section, followed by a shadow zone. We show that, for R ∼ 3.5GM=c2, the rainbow angle lies close to 180°,
and thus there arises enhanced backscattering and glory. We explore possible implications for gravitational
wave astronomy and dark matter models.
DOI: 10.1103/PhysRevD.95.124055

I. INTRODUCTION
The era of gravitational wave astronomy began in 2015
with the first direct detection of gravitational waves (GWs)
[1,2]. This era promises rich new data on the strong-field
dynamics of compact objects such as black holes and
neutron stars [3]. The “chirp” signal GW150914, observed
at Advanced LIGO, seems to be in accord with the
predictions of Einstein’s general relativity for a binary
black hole merger, as modeled through post-Newtonian
theory and numerical relativity [4,5]. The “ringdown” in
GW150914 suggests that the merger product is a Kerr black
hole [6–9]. New data promises to further constrain the
window for alternatives [10,11].
Gravitational-wave astronomy is complementary to
electromagnetic astronomy, in part, because GWs penetrate
the shrouds of dust and gas that typically obscure the most
energetic parts of the universe. Yet, GWs may still be
scattered indirectly, by the influence of matter or energy on
the curvature of spacetime. In principle, the scattering of
GWs provides information on the strong-field geometry of
compact objects (i.e. black holes, neutron stars and white
dwarfs), or hypothetical exotic alternatives (e.g. boson stars
[12,13], ‘hairy’ black holes [14,15], or wormholes [16,17]).
The time-independent scattering of planar GWs (and
other fundamental fields) by black holes has been the
subject of numerous works since 1968 [18–38]. By
comparison, the time-independent scattering of GWs by
compact bodies such as neutron stars has received little
attention (though for related work see e.g. [39–41]).
It is well established—theoretically, at least—that a
typical black hole scattering cross section dσ=dΩ exhibits
“spiral scattering” (orbiting) oscillations [24] and a
*
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backward “glory” [22] (see e.g. Fig. 10 in Ref. [28]).
These effects may be understood in terms of the properties
of the deflection function Θgeo ðbÞ for the null geodesics
(“rays”) of the spacetime. For a Schwarzschild black
hole of mass M, the deflection
function diverges at the
pﬃﬃﬃﬃﬃ
critical impact parameter bc ¼ 27GM=c2, where G is the
gravitational constant and c is the speed of light. The ray
with b ¼ bc asymptotes towards the light-ring at radius
rc ¼ 3GM=c2 . Rays with b > bc are scattered, whereas
rays with b < bc pass into the event horizon of the black
hole. Due to the divergence, there exists (in principle) a ray
scattered through any arbitrary angle. Heuristically, the
interference between rays passing through angles θ, 2π − θ,
2π þ θ, etc., gives rise to orbiting, and the interference
between rays scattered near π, 2π, 3π, etc., gives rise to
glories [42,43].
By contrast, in compact bodies of radius R > rc a lightring is not extant, and neither is an absorbing horizon.
Instead of a divergence, the deflection function Θgeo ðbÞ will
(generically) possess one or more stationary points (see
Fig. 1). A stationary point arises in any deflection function
which is sufficiently smooth, and which has the reasonable
asymptotic properties Θgeo ðbÞ ∼ −4GM=ðc2 bÞ (the Einstein
deflection angle)1 in the weak field (b ≫ GM=c2 )
and Θgeo ð0Þ ¼ 0 for head-on collisions. As illustrated in
Fig. 1(b), a stationary point typically generates a ray pattern
with a caustic and a rainbow wedge.
In scattering processes, the classical scattering cross
section,
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By convention, ΘðbÞ is negative for attractive scattering.
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FIG. 1. (a) Null geodesics (rays) scattered by the spacetime curvature of a compact body of radius R ¼ 6M (N.B. G ¼ c ¼ 1). The
solid (blue) lines show neighboring rays with impact parameter near br which are scattered through the rainbow angle θr . The dashed
(purple) lines show another pair of geodesics which are both scattered through an identical angle θ (with θ < θr ), generating an
interference effect. (b) Rays passing through a compact body of radius R ¼ 10M, generating a caustic behind the body, and a scattered
‘wedge’ within θr . (c) The geodesic deflection function Θgeo ðbÞ. By convention, the deflection is negative for attractive interactions. For
pﬃﬃﬃﬃﬃ
black holes, or for highly compact bodies with R < rc ¼ 3M, there is a divergence at bc ¼ 27M, associated with a light-ring.
Conversely, for R > rc there is a stationary point in the deflection function, Θ0geo ðbr Þ ¼ 0, leading to rainbow scattering. For the cases
R ¼ 10M, 6M and 3.5M, the rainbow angles are θr ¼ 29.1°, 59.6°, 189.4°, respectively.

is singular at the poles (θ ¼ 0, π), and it is also singular
at stationary points of the deflection function, where
Θ0 ðbr Þ ¼ 0. In semiclassical theory, starting with Airy’s
work of 1838 [42,44], the singularities are transmuted
into familiar interference effects: the former become
glories [45], and the latter lead to rainbow scattering
oscillations.
In rainbow scattering [42], the condition Θ0 ðbr Þ ¼ 0
defines a rainbow impact parameter br, a rainbow angle
2
θr ≡ jΘðbr Þj, and a second derivative Θ00r ≡ ddbΘ2 ðbr Þ. Airy’s
work [44] brought insight into two key features of the
rainbow which are familiar from everyday meteorological
experience: (1) the colors of the rainbow are separated in
angle according to wavelength, with the ‘primary’ peak
appearing at θr − 0.237½λ2 Θ00r 1=3 [see Eq. (19)], where λ is
the wavelength; and (2) on the bright side of the rainbow

the cross section has supernumerary peaks beyond the
primary, whereas on the dark side of the rainbow the
intensity falls off rapidly in the classically-forbidden
shadow region.
Herein, we shall describe an effect somewhat akin to
nuclear rainbow scattering in the collisions of ions [46].
Ion-scattering experiments [46,47] measure cross sections
in which rainbow oscillations appear in conjunction with a
Rutherford-like background arising from the long-ranged
Coulomb interaction. In fact, in the nuclear case the
quantum-mechanical deflection function possesses two
stationary points, linked to the (repulsive) Coulomb interaction and the (attractive) nuclear interaction, respectively:
see Fig. 9 in [46]. The former leads to small-angle rainbow
scattering and the latter to the wide-angle rainbow features
that were first observed in the 1970s [47,48] (see e.g.
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II. MODEL AND METHODS
A. Spacetime geometry and geodesics
We take as our gravitating source a spherically symmetric incompressible perfect fluid ball of uniform density
[3] in a coordinate system ft; r; θ; ϕg. The line element is
ds2 ¼ gab dxa dxb ¼ −fdt2 þ h−1 dr2 þ r2 dΩ2 ;

fðrÞ ¼

ð3Þ
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FIG. 2. Null geodesic potential V geo =L̂2 ¼ fðrÞ=r2 , for a black
hole and for compact bodies of radius R ¼ 2.5M, 3.5M, 6M
and 10M.

the same bound applies to any perfect fluid sphere with a
monotonically decreasing density ρðrÞ and a barotropic
equation of state. “Buchdahl’s bound,” as it is commonly
known, was strengthened to R=M > 8=3 by including the
dominant energy condition [54], and to R=M ≳ 2.74997 by
demanding a subluminal speed of sound [55]. Recent
observations of recycled pulsars suggest that neutron stars
can reach a mass of M ∼ 2 M⊙ and radius R ∼ 10 km [56],
giving a ratio of R=M ∼ 3.4.
xa ðνÞ of the action S ¼
R Geodesics are extremal paths
Ldν with Lagrangian L ¼ 12 gab x_ a x_ b , where x_ a ¼ dxa =dν
with ν an affine parameter. Without loss of generality, we
may restrict attention to motion in the equatorial plane. The
Euler-Lagrange equations give two constants of motion,
_ The impact parameter b is defined by
Ê ≡ f _t and L̂ ≡ r2 ϕ.
their ratio b ≡ L̂=Ê. The null condition L ¼ 0 yields an
‘energy equation’,
r_ 2 ¼ hf−1 ðÊ2 − V geo ðrÞÞ;

ð2Þ

where dΩ2 ¼ dθ2 þ sin2 θdϕ2 . The radial function hðrÞ is
continuous but not differentiable across the surface of the
star at r ¼ R and the radial function fðrÞ is once, but not
twice, differentiable. In the exterior r > R, we have
fðrÞ ¼ hðrÞ ¼ 12M=r, by Birkhoff’s theorem [51].
In the interior r < R, we have [3]
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2
1 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R3 − 2Mr2 − 3R R − 2M ;
3
4R
2Mr2
hðrÞ ¼ 1 − 3 :
R

Black hole
0.06

f(r) M2 /r 2

Fig. 11 in [46]). From the latter, one may seek to infer the
properties of the nuclear potential.
Our purpose here is to explore the general features of
rainbow scattering from the spacetime geometry of compact objects. We are content to study a heuristic model: a
scalar field propagating on a spherically-symmetric curved
spacetime made by a uniform-density star (or other matter
distribution). The key feature of our model is that the wave
is scattered by geometry only: the wave may pass into and
out of the compact body without significant attenuation or
absorption. This feature is shared by a gravitational wave,
and—hypothetically—by certain ultralight dark matter
candidates [49,50]. Our simple model is reviewed with a
critical eye in Sec. IV.
Henceforth, we adopt the standard convention G ¼ c ¼ 1,
so that (e.g.) R=M ¼ Rc2 =GM represents a dimensionless
‘compactness parameter’. Some characteristic values for
R=M include R=M ∼ 6 for neutron stars, ∼1.4 × 103 for a
massive white dwarf (e.g. Sirius B), ∼9.4 × 103 for a
typical white dwarf, 4.7 × 105 for the Sun, and 1.4 × 109
for Earth.
In Sec. II we describe the model and methods, addressing
the spacetime and its geodesics; the partial-wave approach;
and aspects of semiclassical theory that lead to Airy’s
rainbow formula. In Sec. III we present a selection of
numerical results for the scattering cross section dσ=dΩ in
our model, and we describe the key features. We conclude
with a discussion of physical implications and open
questions in Sec. IV.
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V geo ðrÞ ≡ f L̂2 =r2 :

ð4Þ

Figure 2 illustrates that the potential V geo ðrÞ has no
stationary points for R > rc ¼ 3M; one stationary point
for R ¼ rc ; and two for R < rc. In the latter case, the
stationary points correspond to (outer) unstable and
(inner) stable circular null orbits. We note in passing that
stable null orbits give rise to intriguing phenomena [57]
including instabilities [58].
As described in Sec. I the geodesic deflection angle
Θgeo ðbÞ provides rudimentary insight into the scattering
process. The deflection Θgeo is found by integrating
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dϕ=dr ¼ ϕ_ 2 =_r2 along a null ray, to obtain

This is known as Schwarzschild’s interior solution for an
incompressible fluid [52]. Schwarzschild showed that, for
the pressure to be finite at the origin, the bound
R=M > 9=4 must be satisfied. Buchdahl [53] showed that
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Z
Θgeo ¼ π − 2

∞

r0

L̂
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 Ê2 − V geo ðrÞ

rﬃﬃﬃ
f
dr;
h

ð5Þ

SAM R. DOLAN and TOM STRATTON

PHYSICAL REVIEW D 95, 124055 (2017)

where r0 is the turning point of radial motion, satisfying
V geo ðr0 Þ ¼ Ê2 . By convention, Θgeo is negative for attractive interactions. Furthermore, as the deflection angle
depends only on the ratio b ¼ L̂=Ê we may write
Θgeo ðbÞ without ambiguity.
In Schwarzschild spacetime, the deflection angle can be
written in terms of elliptic integrals. In the compact-body
spacetime we are content to compute Θgeo ðbÞ numerically.
This may be done by evaluating the integral (5) by
quadrature; or, one may solve the Euler-Lagrange equations
with numerical methods. In the latter case, one may start
with initial conditions ϕð0Þ ¼ 0, rð0Þ ¼ r∞ ,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

r_ ð0Þ ¼ − hf−1 ðÊ2 − V geo ðrÞÞ
;
ð6Þ

f̂ðθÞ ¼

−
Sl ¼ ð−1Þlþ1 Aþ
l =Al ;

ð12Þ

−
where Aþ
l and Al are the outgoing and ingoing coefficients
of the mode in the far-field (r → ∞),
iωr
ul ðrÞ ∼ Aþ
þ A−l e−iωr :
l e

ð13Þ

C. Semiclassical methods

and integrate the geodesic equations up to ν∞ ð> 0Þ defined
by rðν∞ Þ ¼ r∞, choosing some suitably large value for r∞.
The geodesic deflection function Θgeo ðbÞ is shown in
Fig. 1. It has one stationary point if R > 3M, and no
stationary points otherwise.
In the latter case it exhibits a
pﬃﬃﬃﬃﬃ
divergence at bc ¼ 27M.

The standard semiclassical prescription [42] involves
introducing several approximations into Eq. (11). First, a
WKB approximation for the phase shift δl . Second, large-l
asymptotics for Legendre polynomials,
(
Pl ðcosθÞ ≈

B. Waves and scattering
We consider a massless scalar field Φ governed by the
Klein-Gordon equation on the curved spacetime, viz.
1
pﬃﬃﬃﬃﬃﬃ
∇μ ∇μ Φ ¼ pﬃﬃﬃﬃﬃﬃ ∂ μ ð −ggμν ∂ ν ΦÞ ¼ 0;
−g

ð7Þ

where gμν is the inverse metric and g is the metric
determinant. Employing the separation of variables method
with the standard ansatz,
1X
a e−iωt ul ðrÞY lm ðθ; ϕÞ;
r lm lm

ð12 Lπ sinθÞ−1=2 sinðLθ þ π=4Þ; L sinθ ≳ 1;
ðcosθÞL−1=2 J0 ðLθÞ;

L sinθ ≲ 1;
ð14Þ

where L ≡ l þ 12. Third, replacing the sum over l with an
integral; and fourth (optionally) evaluating the integral with
the method of stationary phase, or other suitable method.
Let us examine the first step in more detail. In place of
the phase shift δl we may use the WKB approximation,
Z ∞ nqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
o
1
wkb

ω2 − V wkb
δl ¼ Lπ − ωr0 þ
ðrÞ
−
ω
dr ;
L
2
r0

ð8Þ

leads to the radial equation
 2

d
2
eff
þ ω − V l ðrÞ ul ðrÞ ¼ 0;
dr2
with an effective potential


lðl þ 1Þ h f 0 h0
V eff
ðrÞ
¼
f
þ
þ
l
2r f h
r2

ð11Þ

Here Pl ð·Þ are Legendre polynomials. The scattering
coefficient Sl may be expressed in terms of a phase shift,
Sl ≡ expð2iδl Þ. It is determined from

r¼r∞

Φ¼

∞
1 X
ð2l þ 1ÞðSl − 1ÞPl ðcos θÞ:
2iω l¼0

ð9Þ

:

ð15Þ
with r0 ≡ r ðr0 Þ the turning point defined by ω2 ¼
V wkb
L ðr0 Þ. Here we have made the usual ‘Langer replacement’ [62] lðl þ 1Þ → L2 to obtain V wkb
from the effective
L
potential V eff
defined
in
Eq.
(10).
The
wave-scattering
l
deflection function ΘðLÞ is defined by
ΘðLÞ ≡

ð10Þ

Here we have
pﬃﬃﬃﬃﬃﬃintroduced a tortoise coordinate defined by
dr=dr ¼ fh. The modes ul ðrÞ=r are required to be
regular at the origin of the compact body.
We use standard time-independent scattering theory, as
developed in Refs. [59,60], and as described in the black
hole context in Ref. [61]. The scattering cross section
dσ=dΩ—our primary object of interest—is the square
modulus of the scattering amplitude f̂ðθÞ, where

dð2δl Þ
:
dL

ð16Þ

In this expression, L ≡ l þ 1=2 is allowed to take real
values. Inserting the WKB expression
pﬃﬃﬃﬃﬃﬃ for the phase shift
into (16), and using dr ¼ dr= fh, yields
Z
Θwkb ðLÞ ¼ π − 2

∞

r0

L
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
r ω − V wkb
L ðrÞ

rﬃﬃﬃ
f
dr:
h

ð17Þ

Now we see that Eq. (17), for Θwkb, takes the same form as
Eq. (5), for Θgeo. Thus, in the semiclassical picture we may
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associate a partial wave with a null geodesic of impact
parameter b ¼ ðl þ 1=2Þ=ω. With this mapping, it follows
2
2
−2
that V wkb
L =ω ¼ V geo =Ê ð1 þ Oðb ÞÞ and thus we may
expect Θwkb to be approximately equal to Θgeo when
b ≫ M.
Interference effects arise when more than one ray
emerges at the same scattering angle. If two such rays
with impact parameters bj ¼ Lj =ω are sufficiently separated (jb1 − b2 jω ≫ 1) then their semi-classical contributions to the integral may be treated separately using the
method of stationary phase, leading to
dσ
≈ σ 1cl þ σ 2cl þ
dΩ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
σ 1cl σ 2cl cos½2ðδ1 − δ2 Þ þ ðL1 − L2 Þθ;
ð18Þ

where σ jcl are the classical cross sections of Eq. (1), and δj
are constant phase terms. The interference effect leads to
regular oscillations in the cross section with the angle θ.
If the rays are not well-separated, for example, if the rays
are on either side of a stationary point in ΘðbÞ as shown in
Fig. 1(a), more care is needed. In Ref. [42] it is shown that
applying the standard semiclassical prescription to the case
where Θwkb possesses a stationary point leads to Airy’s
formula [44],
dσ
2πb
≈ 2=3 r Ai2 ½ðθ − θr Þq−1=3 ;
dΩ ωq sin θ

q≡

Θ00r
;
2ω2

ð19Þ

where Aið·Þ is the Airy function of the first kind. If Mω is
sufficiently large then we may insert geodesic values for br,
θr and Θ00r into the above approximation. We shall verify
this in Sec. III C.
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by inverting the equations


We used Mathematica to calculate scattering coefficients
Sl with the following approach:
(1) start at r ¼ ϵ with initial values ul ðϵÞ and u0l ðϵÞ,
determined from the regular Frobenius series up
to Oðrlþn0 Þ;
(2) find numerical solutions for ul ðrÞ and u0l ðrÞ by
solving the radial equation, Eq. (9), with NDSolve
using the StiffnessSwitching option;
−
(3) in the far-field, extract the coefficients Aþ
l and Al by
matching the numerical solution onto the generalized series solutions
¼ expðiωr Þ

bj r−j ;

0
uþ
l ðrmax Þ

u−l 0 ðrmax Þ



Aþ
l
A−l


¼

ul ðrmax Þ

;

u0l ðrmax Þ

(4) apply Eq. (12) to obtain Sl .
Typically, we used the following choice of internal parameters: ϵ ¼ 0.1M, rmax ¼ 1500M, n0 ¼ 20 and n1 ¼ 15.
2. Geodesic phase shifts
As a consistency check on our numerical scheme, we
also computed approximate phase shifts from the geodesic
deflection function (see Sec. II A). First, we calculated
Θgeo ðbÞ numerically on a linearly-spaced grid across the
domain 0 ≤ b ≤ bmax and fitted the data with an interpolating function. Then, the phase shifts δgeo
l were obtained from
Z b
1
geo
δl ¼ ω
Θgeo ðb0 Þdb0 þ χ 0 ;
ð22Þ
2
0
where b ¼ ðl þ 1=2Þ=ω. Here χ 0 is an integration constant,
^ 2 . It can be fixed
which does not affect the cross section jfj
by matching to the numerical results in the weak-field
regime (b ≫ M) if necessary.
In the Schwarzschild spacetime, the deflection angle is
known in closed form in terms of elliptic integrals. In the
weak-field, one may use a power-series expansion (see e.g.
Eq. (33) in Ref. [63]),
−Θgeo ðbÞ ¼

4M 15πM2 128M3 3465πM 4
þ
þ
þ
b
4b2
3b3
64b4
3584M5
þ
þ Oðb−6 Þ:
5b5

ð23Þ

Upon integrating, one obtains

1. Scattering coefficients

n1
X

u−l ðrmax Þ

ð21Þ

D. Computational methods

uþ
l ðrÞ

uþ
l ðrmax Þ


u∓
l ðrÞ ¼ ul ðrÞ;

j¼0

ð20Þ

δgeo
l


15πM 32M2 1155πM 3
þ
¼ Mω −2 lnðb=MÞ þ
þ
8b
3b2
128b3
þ

448M 4
þ Oðb−5 Þ þ χ 1 ;
5b4

ð24Þ

where χ 1 is the constant of integration.
3. Series convergence
For Coulomb scattering, it is well-known that scattering
coefficients Sl do not approach unity as l → ∞, due to the
long-range nature of the field (∼1=r); thus the Coulomb
version of Eq. (11) is not strictly convergent. Since gravity
is also long-ranged (∼1=r), a similar lack of convergence is
expected, and indeed, it is manifest in the logarithmic term
in the phase in Eq. (24). The lack of convergence is related
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f̂ðθÞ ¼ ð1 − cos θÞ−n f̂ ðnÞ ðθÞ;

n ∈ N;

ð25Þ

where f̂ ðnÞ is a “reduced” series of the form
f̂ ðnÞ ðθÞ ¼

∞
X
ðnÞ
ð2l þ 1Þcl Pl ðcos θÞ;

ð26Þ

l¼0

0

ðnþ1Þ

ðnÞ

ðnÞ

ðnÞ

¼ ð2l þ 1Þcl − ðl þ 1Þclþ1 − lcl−1 ; ð27Þ

ð0Þ

with cl ¼ Sl − 1. We find that the n ¼ 2 reduced series is
sufficiently convergent for numerical evaluation.
4. Scattering cross sections
In Sec. III we present scattering cross sections dσ=dΩ ¼
jf̂ðθÞj2 labeled either “partial-wave” or “geodesic.” The
former (partial-wave) were obtained by summing the
reduced partial-wave series constructed from the first
300 scattering coefficients Sl found by solving the wave
equation (see Sec. II D 1). To improve accuracy in the
small-angle regime (θ ≲ 15°), we extended the series
beyond l ¼ 300 using the weak-field phase shifts (24) in
the regime 300 < l ≲ 600. The latter (‘geodesic’) were
found by summing the reduced series of ‘geodesic’ phase
shifts, determined numerically from Eq. (22), without
solving the wave equation directly. The ‘geodesic’ results
are included for two reasons: as a consistency check on our
principle results, and to demonstrate the utility of the
geodesic phase shifts for short-wavelength scattering
(Mω ≫ 1).
III. RESULTS
Here we present a selection of numerical results illustrating some general features of rainbow scattering by
spherically-symmetric compact objects.
A. Scattering coefficients for compact bodies
and black holes
Figure 3 shows typical scattering coefficients Sl [see
Eq. (12)] in the black hole and compact body cases.
The similarities and differences can be understood via
the semi-classical picture, in which a partial wave with
mode number l is associated with a ray with impact
parameter b ¼ ðl þ 1=2Þ=ω.pThere
ﬃﬃﬃﬃﬃ are two key values of
the impact parameter: b1 ¼ 27M for the ray that asymptotes to the photon orbit at r ¼ 3M (where it exists), and
b2 ðR; MÞ for the ray that grazes the surface of the compact
body. For b > b2 the black hole and compact body scatter

impact parameter, b / M
b1
b2

10

BH
CO

0.5
R = 6M
M =8

0

-0.5

-1

ðnÞ

whose series coefficients cl satisfy the recurrence relation
ð2l þ 1Þcl

3

1

Scattering coefficient, Re( Sl )

to the physical divergence of the cross section in the θ → 0
limit. Fortunately, there is a practical remedy, introduced in
Ref. [64] in the 1950s. We use

0

20

40
mode number, l

60

80

FIG. 3. Scattering coefficients Sl for a black hole [solid]pand
ﬃﬃﬃﬃﬃ a
compact body [blue, dashed] of the same mass. Here b1 ¼ 27M
is the impact parameter associated with the black hole photon
orbit, and b2 is the impact parameter associated with the ray that
grazes the surface of the compact body. The two x-axes are
related by the linear relation b=M ¼ ðl þ 1=2Þ=Mω.

in a similar way (SCO
≈ SBH
l
l ), as the associated rays remain
in the vacuum exterior. For b < b2, rays pass through
theﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
interior of the compact body; and for b < b1 ¼ 27M,
rays are absorbed by the black hole and hence SBH
→ 0, as
l
shown in Fig. 3.
B. Rainbow scattering: R > 3M
Figure 4 shows typical rainbow scattering cross sections
at the wave frequency ω ¼ 8 M−1, for uniform density stars
of radii R ¼ 6M and R ¼ 10M. We observe a standard
Airy-type oscillation in dσ=dΩ to the left of a rainbow
angle θr , followed by exponential suppression in the
shadow region to the right of θr . As expected, the ‘primary’
rainbow peak appears at an angle somewhat smaller than
θr . The angular width of the oscillations decreases as ω
increases. Increasing the wave frequency moves the primary peak further towards the rainbow angle. This chromatic effect is analogous to that responsible for colored
bands in the optical rainbow. There is good agreement
between the ‘partial-wave’ and ‘geodesic’ cross sections
(see Sec. II D 4).
Heuristically, the cross section can be viewed as a
regular interference effect superimposed on a classical
cross section. The two branches of the classical cross
section (blue in Fig. 4) correspond to deflection angles
from either side of the minimum in Θgeo . The branch that
is regular as θ → 0 comes from low-l waves passing into
the compact body; the branch that is divergent as θ → 0
comes from large-l waves experiencing weak-field scattering Θgeo ðbÞ ∼ −4M=b. The plot shows that the magnitude of the regular branch approximately determines the
amplitude of the interference oscillations around the
irregular branch.
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approximation (19) was derived with semiclassical methods, we should expect it to become increasingly accurate
at short wavelengths, Mω → ∞. Figure 5b shows the
primary rainbow peak for various couplings Mω in the
case R ¼ 10M. The primary peak appears at angle θpeak ≈
θr − 0.237½λ2 Θ00r 1=3 (where λ ¼ 2π=ω). Thus, the peak
approaches the rainbow angle as λ → 0. The intensity
increases in proportion to ðMωÞ1=3 .
D. Wide-angle rainbows and enhanced
glories: R ∼ 3.5M
(a)

(b)

FIG. 4. Rainbow scattering for compact bodies of radius
R ¼ 6M and R ¼ 10M, for monochromatic waves of angular
frequency ω ¼ 8 M−1. The solid lines show the partial-wave
cross section computed from wave-equation phase shifts (black)
and geodesic phase shifts (red). The dashed line (blue) shows the
classical cross section, Eq. (1), calculated from the geodesic
deflection function Θgeo ðbÞ of Fig. 1. The dotted line (purple)
shows the Rutherford cross section, sin−4 ðθ=2Þ, for comparison.
A vertical line indicates the geodesic rainbow angle at
(a) θr ¼ 59.6° and (b) θr ¼ 29.1° where Θ0geo ¼ 0.

C. The Airy approximation for rainbows
In rainbow scattering, the spectral components of an
incident wave are separated by wavelength. That is, the
scattering angle of the primary peak is a function of
wavelength. For longer wavelengths, Mω ∼ 0.1–10 we
can compute cross sections numerically. For short wavelengths, Mω ≳ 10 it is more convenient to use semiclassical
approximations, such as Eq. (19).
Figure 5a compares the Airy approximation, Eq. (19)
computed with the geodesic parameters br , θr and Θ00r ,
with numerical data. We see that, at Mω ¼ 8, the Airy
approximation captures, to a reasonable accuracy, the
angle, width and intensity of the primary peak. As
expected, it is most accurate for θ ∼ θr. As the Airy

The rainbow angle θr increases as the compactness
parameter R=M decreases. For R ¼ 3.5M, the geodesic
rainbow angle is θr ≈ 189.4°. Naively, one would expect
two consequences. Firstly, as there is no ‘shadow zone’ in
this case, one would expect significant scattering through
all angles. Secondly, one would expect an enhanced glory
effect, due to a coalescence of the two types of divergence
(sin θ ¼ 0 and Θ0 ¼ 0) in the classical cross section,
Eq. (1). Our results show that these expectations are
well-founded.
Figure 6 shows the scattering cross section for a very
compact body with R ¼ 3.5M. We note that the ‘geodesic’
cross section is a very good approximation to the ‘partialwave’ cross section in this case (Sec. II D 4). The cross
section exhibits wide and narrow orbiting oscillations. These
may be understood by examining the two branches of the
classical cross section, from b < br (interior) and b > br
(exterior). At small angles, the exterior branch is dominant,
and the interior branch—associated with rays that pass
through the body—creates interference oscillations. For
θ ≳ 105°, the interior branch becomes dominant, and the
interference oscillations arise from the exterior branch.
In comparison with the black hole case (Fig. 6, green)
the compact body cross section shows much more
pronounced orbiting oscillations, a significantly higher
flux at large angles, and a more intense glory. For
Mω ¼ 8, the intensity of the glory peak at θ ¼ 180°
exceeds the cross section at all angles beyond ∼21°.
Semiclassical theory implies that the glory intensity will
increase linearly with ω ¼ 2π=λ [22].
E. Ultracompact bodies with light rings: R < 3M
Figure 7 shows an example of scattering from an
ultracompact body whose radius R ¼ 2.5M is smaller than
the light-ring radius rc ¼ 3M. In this case,
pﬃﬃﬃﬃﬃthe deflection
function (Fig. 1) diverges at b ¼ bc ¼ 27M, as in the
black hole case. Unlike the black hole case, the deflection
function is well defined for b < bc, as waves can pass into
the body and come out again.
The compact-body cross section (Fig. 7, red) exhibits
orbiting oscillations which are much less regular in
appearance than in the black hole case. This is because
the scattering amplitude f̂ðθÞ is the sum of contributions
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(a)

(b)

FIG. 5. The Airy approximation for rainbow scattering. The dashed lines show the Airy approximation, Eq. (19), using the geodesic
rainbow parameters br , θr and Θ00r . (a) The solid lines show the numerically-determined cross sections for compact bodies of radius
R ¼ 6M (black) and R ¼ 10M (red), and the vertical lines show the rainbow angle θr for each case. (b) For shorter wavelengths, the
primary peak lies closer to θr , creating a rainbow effect.

FIG. 7. Orbiting and interference for an ultracompact body with
a light-ring, R ¼ 2.5M (red), compared with the black hole case
(blue, dashed).
FIG. 6. Enhanced glory scattering for a very compact body
R ¼ 3.5M caused by the large rainbow angle, θr ≈ 189.4°. The
‘wide’ and ‘narrow’ oscillations arise from the b < br and b > br
branches of the deflection function. The compact body (red)
scatters more flux through wide angles than a black hole (green)
of the same mass. (See also caption of Fig. 4).

from the interior (b < bc ) and exterior (b > bc ) branches of
the deflection function [Fig. 1(c)] at the angles θ, 2π − θ,
2π þ θ, etc. Waves passing inside the light-ring radius can
be scattered through arbitrarily large angles.
For R < 3M, the ‘geodesic’ phase shifts (Sec. II D 2) are
no longer good approximations for the partial-wave phase
shifts in the regime b ∼ bc . The WKB approximation
breaks down when multiple turning points are close
together, and an additional phase shift is accrued in
transitioning from b > bc to b < bc . It seems that this
phase shift cannot be straightforwardly inferred from the
geodesic analysis.

IV. DISCUSSION
In this work we have investigated the time-independent
scattering of planar waves by a spherically-symmetric
compact body. We have shown that the key features of
scattering are related to the key properties of the geodesic
deflection function Θgeo ðbÞ (see Fig. 1 and Fig. 2). For
compactness ratios R=M > 3, a caustic forms [Fig. 1(b)],
leading to rainbow scattering, i.e., regular interference
oscillations in the cross sections (Figs. 4) which have more
than a passing resemblance to those in nuclear rainbow
scattering [46,47]. In Fig. 5 we showed that the rainbow
oscillations are well modeled by Airy’s approximation (19)
using the geodesic parameters θr , br and Θ00r , in the
semiclassical regime Mω ≫ 1. The rainbow angle θr
increases as the body becomes more compact and, for
R=M ¼ 3.5, θr exceeds 180°. In Fig. 6 we showed that this
leads to an enhanced glory in the backward direction.
Finally, in Fig. 7, we showed that ultracompact bodies with

124055-8

RAINBOW SCATTERING IN THE GRAVITATIONAL FIELD …

R=M < 3 generate complex scattering patterns, due to the
interference between rays that pass close to the light-ring
and those that pass into the body itself.
We have shown here that the scattering pattern from a
compact body is rather different to that from a black hole.
In the former case, the stationary point in Θgeo ðbÞ generates
a rainbow; in the latter case, a divergence in ΘðbÞ
associated with the light-ring generates spiral scattering
and a glory. In considering more exotic compact bodies
(boson stars, wormholes, etc.), one should give thought to
which of these effects will occur. It would be particularly
interesting to investigate scenarios with multiple stationary
points of ΘðbÞ, or scenarios in which both effects occur.
This may be possible in (e.g.) the hairy black hole scenarios
recently described in Refs. [14,65,66].
Let us address some of the limitations of the model.
In this work we have considered only a scalar field. What
differences are anticipated for a gravitational wave? Firstly,
it is known that for massless fields of non-zero spin (such as
the neutrino, electromagnetic or gravitational fields) the
backward glory will resemble a ring rather than a bright
spot, as parallel-transport in a spherically symmetric
spacetime leads to perfect destructive interference at
θ ¼ 180°, i.e., f̂ðπÞ ¼ 0 [22]. (A subtlety in the gravitational-wave case is that the central mass also generates a
helicity-reversing scattering amplitude ĝðθÞ [20,23,27,28]
and ĝðθÞ ≠ 0 in the backward direction.) It is plausible that
spin-related interference effects will occur at other angles
within the rainbow; this deserves further investigation.
Secondly, gravitational-wave detectors measure amplitude,
rather than intensity. Thus, it is the scattering amplitude
f̂ðθÞ rather than the cross section dσ=dΩ ¼ jf̂ðθÞj2 that
should be the central object of interest in any study of
gravitational waves.
We have considered the simplest model available: the
spacetime of a uniform density star [52]. With a different
spherically symmetric density profile, we would expect the
rainbow effect to survive, but the key parameters br , θr and
Θ00r to be shifted. A more realistic model of a body with
mass and spin multipole moments would modify the effect
more fundamentally, for example, by reducing the regularity of the Airy oscillations. For example, a rapidly
spinning body would generate frame-dragging, distinguishing between prograde and retrograde rays. Again, this is a
subject for future investigation.
An open question is whether short-wavelength effects
such as rainbows are at all relevant for the nascent science
of gravitational-wave astronomy. Let us examine three
aspects of this question.
(1) Can the gravitational-wave wavelength ever be
sufficiently short in comparison to the dimensions
of a compact scatterer? Let us suppose the gravitational wave was generated by the l ¼ 2 quasinormal
mode frequency of a Schwarzschild black hole, with
ω ≈ 0.374M −1
bh , and that it impinged upon a neutron
star of mass M ¼ 1.4 M⊙ . In this scenario, Mω ∼
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1.52ðM bh =M⊙ Þ−1 and R=M ∼ 6; thus, in this case
the validity of the semiclassical assumption ωR ≫ 1
is somewhat questionable. However, if one replaces
the neutron star with a typical white dwarf,
R=M ∼ 9.4 × 103 , then the semiclassical assumption
is well justified.
(2) Is time-independent scattering relevant in gravitational-wave scenarios? The first observed gravitational events (black hole binary signals GW150914
and GW151226) are short-lived chirps (< 1 s). On
the other hand, a key target for (future) space-based
detectors (e.g. LISA) are long-lasting (∼1 yr),
low-frequency quasiperiodic signals from extreme
mass ratio inspirals. We take the view that timeindependent scattering is worth studying, for two
reasons. First, as GW radiation is coherent, so
interference effects are relevant in principle, and
time-independent scattering offers a “scaffold” for
understanding interference effects in time-dependent
scattering. Second, comparisons with scattering
scenarios in other parts of physics—for example,
nuclear rainbow scattering [46]—can lead to deeper
physical understanding.
(3) Are compact-body scattering scenarios sufficiently
intense to be observable with current technology?
This seems unlikely. In this work we have considered the secondary scattering of some pregenerated
wave by an isolated body; whereas, the experimental
focus is rightly on the direct observation of GWs
from the loudest, cataclysmic events such as binary
mergers and supernovae. We take the view that, even
if secondary scattering effects are not detectable in
the near future, it is still interesting to know that such
effects exist in principle, and that such effects clearly
discriminate between the black hole and compact
body scenarios. It is not beyond conception that an
advanced civilization could use gravitational-wave
rainbow scattering measurements to probe the internal structure of the neutron star in much the same
way as nuclear rainbow scattering measurements
have been used, since the 1970s, to examine the
structure of the nucleus [46].
The lensing of gravitational waves by foreground matter
distributions has received recent attention. Lensing affects
the apparent luminosity of gravitational waves [67,68], and
induces timing delays [69]. It is plausible that interference
effects, such as rainbows, may also be relevant. For
example, the GW signal from an intermediate or extreme
mass-ratio inspiral will slowly sweep across a waveband,
increasing in frequency over time as the orbit tightens. As
the frequency increases, an observer at fixed angle can
move from a n interference peak to a trough [see Fig. 5(b)].
In addition, the profile of the signal in the time-domain will
change on passage through a caustic [70–72]. Further study

124055-9

SAM R. DOLAN and TOM STRATTON

PHYSICAL REVIEW D 95, 124055 (2017)

of small-angle rainbow scattering from mass distributions
with large compactness ratios R=M seems desirable.
Is gravitational rainbow scattering from compact
objects relevant in the electromagnetic sector? Here we
should be cautious, because there are a host of electromagnetic processes in astrophysics which could inhibit or
obscure the effect. We note from Fig. 1 that the rainbow
angle is associated with a null geodesic that passes
through the outer part of the compact body. Thus, at
the very least, one should consider absorption and/or
rescattering of rays near the surface of the compact body.
However, if the compact body were instead some darkmatter distribution, then attenuation may be negligible.
One could also consider the scattering of neutrinos, or
some other weakly interacting field [49,50]. If the fields
can penetrate the outer layers of the object, and if the field
is sufficiently coherent, then we should expect a rainbow
effect along the lines described here.
Finally, to what extent could the spacetime geometry of
our nearest massive body act to focus gravitational radiation? In the geometric-optics regime, the Sun works as a
gravitational lens,
generating an ‘Einstein ring’ of angular
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
radius θring ∼ 4M=d, where d is the distance from the
observer to the solar system center (e.g. θring ∼

41 arcseconds for observers near Earth). Relatedly, a
caustic associated with the Sun’s deflection function will
lie at a distance of d ∼ b2r =4M from the solar system center
[see Fig. 1(b)]. A uniform density model with br ∼ R⊙ ≈
6.96 × 108 m leads to a very crude estimate of d ∼ 550 au
(astronomical units); whereas for a centrally-dense radial
profile, d will be somewhat smaller. However, in Ref. [73]
it was shown that the large intensity increases associated
with a caustic are reduced by diffraction effects if the wave
frequency is less that ωc ∼ ð10−1 πMÞ−1 . For the Sun, the
critical frequency of ωc ∼ 104 s−1 is higher than the typical
frequency of gravitational waves from astrophysical
sources; thus placing a GW detector near the caustic is
unlikely to bring scientific benefits.
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