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Very few topological systems with long-range couplings have been considered so far due to our lack of
analytic approaches. Here we extend the Kitaev chain, a 1D quantum liquid, to infinite-range couplings and
study its topological properties. We demonstrate that, even though topological phases are intimately linked
to the notion of locality, the infinite-range couplings give rise to topological zero and nonzero energy
Majorana end modes depending on the boundary conditions of the system. We show that the analytically
derived properties are to a large degree stable against modifications to decaying long-range couplings. Our
work opens new frontiers for topological states of matter that are relevant to current experiments, where
systems with interactions of variable range can be designed.
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Introduction.—Traditionally, physical systems are mod-
eled by Hamiltonians that are local. This condition is linked
to several quantum properties, such as the entropic area law
behavior or the existence of local order parameters.
Nevertheless, models with nonlocal couplings become
increasingly relevant in describing experiments, with
Rydberg atoms [1], trapped ions [2], or atoms in optical
cavities [3], that naturally host long range interactions.
Moreover, variational Ansätze employed to model interact-
ing systems have so far been local.While theseAnsätze have
been successful in explaining important effects of interact-
ing fermions [4,5], our limitation in understanding the
majority of strongly correlated electron systems may be
due to the intrinsic nonlocal nature of Coulomb interactions.
Recognizing this gap in our knowledge, an increasing

number of studies have recently been focused on nonlocal
models [6–9], including Dirac [10–19] and Majorana
[20–29] fermion chains. In these cases, nonlocality is defined
as there being no integer n such that couplings and inter-
actions have support over n sites in the thermodynamic limit.
Because of the complexity of nonlocal systems, these studies
mainly rely on numerical investigations. However, concep-
tual understanding often requires analytical solutions. Here
we address the question, how can a system with nonlocal
couplings be characterized topologically? Indeed, infinite-
range couplings cause a meltdown of the concepts of locality
and dimensionality that seem to be necessary for identifying
a topological phase.Moreover, a recent study of the nonlocal
Kitaev chain [24] showed that localized end states may

acquire nonzero energy, and that the topological invariant of
the short-ranged model may change or completely lose its
quantization when long-range couplings are added.
To conclusively address this problem we analytically

investigate Kitaev’s chain [30] decorated with infinite-range
tunneling and pairing couplings. To understand the properties
of the endmodeswe need to consider two distinct geometries,
a semi-infinite chain and a finite chain. Via a generating
function method, we analytically demonstrate that the semi-
infinitechainexhibits a single localizedzeroenergyendmode.
This Majorana zero mode is topologically stable in the same
way as the edgemodes of the localKitaev chain.Moreover, its
presence is in agreement with the nontrivial value of the
Pfaffian topological invariant of themodel, that is generalized
here to open chains, thus demonstrating the persistence of
topological properties in the presence of infinite-range
couplings. For the physically relevant case of a finite chain
both end states hybridize due to the nonlocal couplings and
acquire nonzero energy. Analytical expressions for the
energy eigenvalues are found along with the exact form
of the end modes, providing a theoretical framework for
investigating localization properties of other long-range
models. Still, Majorana zero modes can be identified in the
entanglement spectra encoded in the quantum correlations
of an appropriately partitioned finite chain. Finally, we
demonstrate the stability of our findings when the infinite-
range couplings are allowed to decay. Thus, the infinite-
range model shares the same topological properties as the
short-range one. Note that, in the infinite range limit any
attempt to close the chain results in cancellations of long-
range terms. To overcome this problemwe choose to restrict
ourselves to an open chain, and aim to derive all of the
topological properties that are present.
The nonlocal Majorana model.—We start from Kitaev’s

superconducting chain [30] with N sites, where we take the
tunneling and pairing terms to act between all pairs of
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fermions. The nonlocal superconducting Hamiltonian with
open boundary conditions reads

H¼
XN

j¼1

�XN−j

l¼1

�
J
lα
a†jajþlþ

Δ
lα
ajajþl

�
þμ

2
a†jaj

�
þH:c:; ð1Þ

where aj and a
†
j , with j ¼ 1;…; N, are fermionic operators,

J is a positive tunneling coupling, Δ ¼ jΔjeiθ is the super-
conducting coupling, and μ is the local chemical potential.
The parameter α controls the range of couplings. The case
α → ∞ corresponds to the well-known local Kitaev chain.
The α ¼ 0 case corresponds to the nondecaying chain with
infinite-range couplings, as shown in Fig. 1 (top). We
initially consider the α ¼ 0 case, before we turn to the
power law behavior with α ≠ 0. The infinite-range model
can be written, via the Jordan-Wigner transformation, as a
spin chainwith infinite-range cluster interactions [19,31,32].
To gain an insight to the behavior of the system we

decompose the Dirac fermions into Majorana operators, as
aj ¼ e−iðθ=2Þðγ2j−1 þ iγ2jÞ. This transforms Hamiltonian
Eq. (1) into a Majorana chain with infinite-range couplings,
as shown in Fig. 1 (bottom). For the choice of couplings
μ ¼ 0 and J ¼ �jΔj, zero energy modes emerge, localized
at the end sites of the chain, much in the same way as the
local Majorana Hamiltonian [30].
To analytically determine the energy and localization

properties of the Majorana end states for general values of
the couplings μ, J, andΔ, we need to construct a systematic
method. Our approach is based on the generating function
that is routinely used to probe edge characteristics of local
models [33–35]. Assume the state jψi ¼ P

N
j¼1 χ

†
jψ jj0i is

an eigenstate of Hamiltonian (1) with energy E, where

χ†j ¼ ð a†j aj Þ, ψ j ¼ ðψA
j

ψB
j
Þ is the amplitude of the state at

site j and j0i is the superconducting vacuum. The equation
Hjψi ¼ Ejψi leads to the recursion relation

XN

l¼1

½Γ2ψ jþl þ Γ†
2ψ j−l� þ ðΓ1 − 2EÞψ j ¼ 0; ð2Þ

where Γ1 and Γ2 contain the coupling constants J,Δ, and μ.
By defining Ψj ¼

P
N
k¼j ψk, Eq. (2) takes the simpler form

MΨj þ KΨjþ1 þ Γ†
2Ψ1 ¼ 0, whereM ¼ Γ1 − Γ†

2 − 2E and
K ¼ Γ2 − Γ1 þ 2E. Multiplying this by zj for z ∈ C,
summing over all j, and defining the generating function as

GðzÞ ¼
XN

j¼1

zj−1Ψj; ð3Þ

we obtain an equation for GðzÞ that can be directly solved
to give

GðzÞ ¼ ðK þ zMÞ−1
�
K − Γ†

2

zð1 − zNÞ
1 − z

�
Ψ1: ð4Þ

For concreteness, we take Ψ1 ¼ ðϕ1

ϕ2
Þ, where ϕ1 and ϕ2 are

to be determined.
From the definition of GðzÞ given in Eq. (3) we see that

the properties of its poles depend on the distribution of the
amplitudes ψ j of the modes along the chain. The closed
form, Eq. (4), allows us to study the poles of GðzÞ. Apart
from the explicit z ¼ 1 pole, the rest can be produced
by the inverse matrix ðK þ zMÞ−1. For that we consider the
zeros fz1; z2g of detðKþzMÞ¼½4E2−ðJ−μÞ2�ð1−zÞ2þ
jΔj2ð1þzÞ2 that are not canceled from the rest of
the expression. Vieta’s formula relates the zeros of
detðK þ zMÞ with the ratio of the coefficients of z0 and
of z2, giving z1z2 ¼ 1 [36]. As zeros of the determinant
with zi ¼ 1 correspond to bulk modes, we are interested in
the zeros fz1; z2g that have amplitudes larger or smaller
than one (for more details see Supplemental Material [37]).
Zero energy Majorana end modes in a semi-infinite

chain.—We first consider the case of a semi-infinite chain
extending to þ∞ with a single boundary at j ¼ 1. The
definition, Eq. (3), of the generating function gives that in
the case of an end state, GðzÞ only diverges exponentially
as z approaches the singular points zi that satisfy jzij > 1.
Hence, all zeros zi of detðK þ zMÞ in the denominator of
Eq. (4) with jzij < 1 or jzij ¼ 1 need to be canceled, along
with the explicit z ¼ 1 pole in Eq. (4). Applying these
conditions to the generating function for μ < J gives a
Majorana end state localized at j ¼ 1 with energy E ¼ 0
and wave function

ψ j ∝ z−j1

�
e−iθ

1

�
; ð5Þ

where θ is the phase of the superconducting coupling Δ
and z1 ¼ 1 − ð2J=μÞ.
Finding zero energy modes is a manifestation of the

system being in a topological phase. This is a surprising
result given that the presence of the nonlocal couplings
dramatically alters the notion of locality and dimensionality.

FIG. 1. (Top) Kitaev’s chain of size N ¼ 4 with infinite-range
couplings. While tunneling couplings create a fully connected
graph, the pairing couplings encode direction that preserves the
one-dimensional character of the model. (Bottom) The infinite-
range Kitaev chain in terms of Majorana operators, γ2j−1 (blue)
and γ2j (red). The Majoranas are coupled with strengths J þ jΔj
(green), J − jΔj (orange), and μ (purple).
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Wewill later connect the presence of the zero modes with the
nontrivial value of a topological invariant that characterizes
the topological phase of the nonlocal chain.
The zero energy Majorana end state, Eq. (5), of the semi-

infinite chain is the unique, spectrally isolated state, which
is both an eigenstate of the Hamiltonian and of the particle-
hole operator P ¼ Kσ2, where K is complex conjugation
and σ2 the second Pauli matrix. This property pins the
Majorana end state to E ¼ 0. If the system is deformed
away from the exactly solvable point by a series of unitary
operations (local or not) that commute with particle-hole
symmetry, this property is preserved as long as the energy
gap does not close. Hence, the end mode, Eq. (5), is
topologically stable in the same way as the end modes of
the local Kitaev chain [30].
Gapped end modes in a finite chain.—Wenow turn to the

case of a finite chain of N sites with two boundaries, as
shown in Fig. 1 (top). From this fully connected graph it is
possible to distinguish its two ends through the pairing terms
ofHamiltonian (1), that naturally encodes a direction. This is
apparent when we rewrite the Hamiltonian using Majorana
operators, as shown in Fig. 1 (bottom). In addition to the
exponential singularities at zi for jzij > 1 that we met in the
semi-infinite case, the end state generating function of a
finite chain also diverges linearly with the number of sitesN
at z ¼ 1 (see Supplemental Material [37]).
To proceed, we first consider the symmetries of

Hamiltonian (1) with two boundaries that are absent on a
semi-infinite chain. These symmetries, present also in a local
chain, impose additional conditions that are useful to ana-
lytically determine the nonzero energy of the end modes.
We observe that a reflection of the chain about its center,
j → N − jþ 1 with l → −l, together with a substitution of
aj→−aj, a

†
j→a†j transforms the Hamiltonian as H→−H,

that give ψA
j ¼ −ψA

N−jþ1 and ψ
B
j ¼ ψB

N−jþ1. A second set of
possible transformations, including a reflection along with
aj→aj anda

†
j → −a†j , that also transform theHamiltonian as

H → −H, gives ψA
j ¼ ψA

N−jþ1 and ψB
j ¼ −ψB

N−jþ1. These
conditions impose eitherϕ1¼

P
N
j ψ

A
j ¼0 orϕ2¼

P
N
j ψ

B
j ¼0,

respectively.
We first set ϕ2 ¼ 0 in Eq. (4). As we have seen above,

demanding that the generating function describes an
exponentially localized mode imposes conditions on its
divergence properties. These conditions determine that, for
μ < J, the energy of the mode is given by

Eþ ¼ J − μ

2

J2 − jΔj2
J2 þ jΔj2 ; ð6Þ

and the amplitudes of the corresponding state are given by

ψþ
j ∝ z−j1

�
1
J
Δ�

�
þ zj−N−1

1

�
1

− J
Δ�

�
; ð7Þ

where z1 ¼ ð2Eþ þ 2J − μÞ=ð2Eþ − μÞ is the inverse of the
canceled pole. When we set ϕ1 ¼ 0, we obtain the second
energy, E− ¼ −Eþ, with the mode given by ψ−

j ∝ ½σ1ψþ
j ��.

Hence, the localized Majorana end modes of a finite chain
have in general nonzero energies E� determined by Eq. (6)
that are independent of the system size N.
The nonzero value of the energies E� is due to the

nonlocal coupling between the end modes at the two edges
regardless of their distance. These couplings hybridize the
two Majorana end modes making them have support
simultaneously at both ends, as it is apparent from
Eq. (7). This is equivalent to the hybridization of over-
lapping end modes in local Hamiltonians, though now this
effect cannot be removed by increasing the size N of the
system. Note that the special case with J ¼ �jΔj and μ ¼ 0
gives rise to end Majorana modes with E� ¼ 0 and
amplitudes ψ�

j that are ultralocalized at the ends of the
chain, as expected from the Majorana description given in
Fig. 1 (bottom).
The presence of end modes can also be diagnosed by a

topological index characterizing the phase of the system.
Hamiltonian (1) belongs to symmetry class D in the
classification of [38,39]. Both in d ¼ 1 and d ¼ 0, this
symmetry class has a Z2 topological classification. In both
cases the topological invariant is a parity, M, that can be
evaluated for nondegenerate open or closed chains in terms
of the Pfaffian of the corresponding Hamiltonian matrix.
Hence, it can be used directly for the case of the infinite-
range Hamiltonian with α ¼ 0 [40]. By varying the
chemical potential μ we observe that the parity becomes
nontrivial, M ¼ −1, for μ < J, as shown in Fig. 2. In that
regime the end states, while they have nonzero energy, are
energetically distinct from the bulk states. This is in
contrast to the nontopological regime, M ¼ þ1, where
the end states cease to exist.

FIG. 2. The topological behavior of the open chain as a function
of the chemical potential μ for J ¼ 1, Δ ¼ 0.7, and N ¼ 100. The
system undergoes a topological phase transition at μ ¼ J. For
μ < J the end states (blue) are energetically distinct from the
lowest bulk states (orange), while they coincide for μ > J. The
bulk gap closes as N → ∞ at μ ¼ J. The sign,M, of the Pfaffian
(green) identifies the topological M ¼ −1 from the nontopo-
logical M ¼ þ1 regimes of the open chain.
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The topological phase of the nonlocal model is robust to
weak disorder in the chemical potential. In this case, the
Majorana end modes remain exponentially localized and
the Majorana number,M, remains nontrivial, as in the case
with no disorder.
Power law behavior.—We now show that the character-

istics of the infinite-range model are robust when the
couplings, in Eq. (1), take the more physical power law
form. To demonstrate this we perform a numerical treat-
ment of a finite chain for various α. Even though a real
spectrum of the semi-infinite chain cannot be obtained
numerically, we show that, rather surprisingly, its properties
are manifested in the entanglement spectrum [41]. This
spectrum is the set of eigenvalues of the entanglement
Hamiltonian HE ¼ − ln ρA, defined through the reduced
density matrix ρA ¼ trBjΨihΨj for a chain bipartitioned
into region A and its complement B, where jΨi is the many-
body ground state of the system [42]. Unlike the real
spectrum of a finite chain, that has necessarily two ends, a
choice of region A can give rise to a single virtual boundary.
In this case the entanglement spectrum hosts degenerate
zero modes, indicating the presence of Majorana end
modes in the same way as a local chain. Figure 3 shows
that this holds for any α. Thus, the topological phase can be
diagnosed with the same tools and criteria as a local chain.
The zero energy entanglement mode is in agreement with

the analytical solution of the semi-infinite case with α ¼ 0
derived in the previous section, thus demonstrating the
robustness of the E ¼ 0 states to finite range couplings. It
also demonstrates the physical relevance of the semi-
infinite chain as its spectrum is manifested in the correla-
tions of the ground state of a finite system. Interestingly, the
entanglement eigenstate has a power-law decay, instead of

the exponential decay which we obtained in Eq. (5). This is
a manifestation of the nonlocal couplings on the correla-
tions across the partition (see Supplemental Material [37]).
For a bipartition in which the two regions interface at two
separated points, the system is described by an open finite
entanglement Hamiltonian. In this case, the spectral degen-
eracy is lifted due to the long-range coupling between the
edge states.
The energy splitting of the Majorana end states due to the

infinite-range interactions remains present even if we
employ decaying couplings with α ≠ 0. As α varies, there
is a continuous interpolation between the finite energy Eþ
given in Eq. (6) at α ¼ 0 and the zero energy at α → ∞. As
one would expect from the argument of hybridization, the
energy will decay with 1=Nβ, where β ≈ α and depends on
the coupling parameters as well as α. This property is
shown in Fig. 3 for both the real and the entanglement
spectra. Similar robustness in the values of α is exhibited by
the topological index M. As α increases, the topological
index preserves its nontrivial valueM ¼ −1 for all α when
μ < J. As can be seen in Fig. 3 (right top), the limiting
cases of α ¼ 0 and α → ∞ are adiabatically connected in
the topological sector.
When α ≠ 0 the interaction between the end modes

decays as their distance increases due to the power law
dependence of the couplings. This causes the energy of
the modes to tend to zero for increasing N, as shown in
Fig. 3 (right bottom). Nevertheless, for small enough α and
N the characteristic of nonzero energy will be present as the
couplings will effectively have infinite range. These results
remain qualitatively the same when the tunneling couplings
are assigned a shorter range interaction compared to the
pairing ones.
Conclusions.—Our analytical treatment demonstrates

that the infinite-range Kitaev chain is topological. It
supports Majorana zero modes and it has a nontrivial
topological index. The zero modes are exact in semi-
infinite chains; a finite chain, regardless of its size, gives
hybridized Majorana end modes with nonzero energy. This
result is derived exactly, presenting a theoretical framework
for solving other long range problems. Importantly, the
Majorana zero modes are identified in the entanglement
spectrum of finite systems, for an appropriate partition.
Thus, it presents a diagnostic tool for numerical simulations
or experimental implementations of nonlocal models. The
infinite range 1D Majorana chain is an archetype model
against which other models can now be compared
analytically.
Notably, long-range interactions become increasingly

relevant in current theoretical and experimental investi-
gations. On the experimental front, Rydberg atoms,
trapped ions, and atoms in optical cavities can be designed
with interactions of arbitrary range. Many of these systems
are engineered as spin chains, which can be mapped
to long range fermionic chains [2,15]. Alternatively,

FIG. 3. With J ¼ 1, Δ ¼ 0.7, μ ¼ 0.2, and N ¼ 400. (Left)
Energies of the Majorana end modes for a chain with power law
couplings parametrized by α, corresponding to the physical
spectrum (green), the entanglement spectrum with two cuts
(blue) and the entanglement spectrum with one cut (red) for A
of size NA ¼ 204. The relevant chains with their partitions for the
entanglement spectra are also depicted. (Right top) Ground state
(blue) and first excited state (orange) for various α. (Right
bottom) The end state energy, linearized with 1=β, as a function
of system size for α ¼ 0.1, β ¼ 0.137.
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Shiba chains provide a solid-state system that naturally
supports nonlocal interactions [25–29]. Here, magnetic
impurities placed on an s-wave superconductor have an
effective Hamiltonian that contains long range hopping
and pairing couplings. On the theoretical front, we
envision that the unique properties of nonlocal models
can help us understand exotic effects of strongly corre-
lated systems [43,44].
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