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1. Introduction

The Skyrme N3LO pseudo-potential [1, 2] is an extension of the standard Skyrme interac-

tion [3], obtained by including all possible combinations of momentum operators up to 6th order.

In a recent series of articles [4, 5, 6, 7, 8], we have studied the properties of the Skyrme N3LO

gauge-invariant interaction (see [1, 2]) in infinite nuclear matter. Our main result is that the inclu-

sion of higher order gradients gives an excellent flexibility, allowing us to give a fair description

of the main physical results obtained with more involved calculations such as Brueckner-Hartree-

Fock (BHF) [9, 10] based on the Argonne AV14 two-body force plus the Urbana VII three-body

force. In particular, we have shown in Ref. [5] that including higher order gradients allows to re-

produce with very high accuracy the spin-isospin decomposition of the Equation of State (EoS) for

infinite symmetric nuclear matter. It is important to point out that this result can not be achieved

by employing a standard Skyrme interaction [11] even with some extra density dependent terms.

The BHF calculations also provide the different partial waves of the EoS. We have thus performed

such a decomposition for the N3LO pseudo-potential [8] and compared to the BHF results. We

have clearly obtained a very good agreement and observed that the main contributions to the EoS

come from S,P,D and marginally from F waves: the contribution of higher order waves is neg-

ligible for values of the density close to the saturation point. As a consequence, we argued that

the N3LO pseudo-potential contains the main physical terms necessary to properly reproduce the

physics around saturation density. It is worth recalling that in his original article, Skyrme [3] al-

ready pointed out that the interaction should also include D wave terms, i.e. 4-th power in gradients.

In Ref [8], we have considered two families of finite-range interactions: the Gogny [12] and

Yukawa [13] interactions. Although a finite-range interaction contains by definition all partial

waves, a systematic analysis of the properties of the EoS [8] revealed that the only relevant contri-

butions to the EoS come from S,P,D waves and to a lesser extent from F waves. This implies that

N3LO can constitute a good approximation to any finite-range interaction. In the present article,

we want to complete our studies on the infinite matter properties of the Skyrme N3LO pseudo-

potential, by considering the extreme case of isospin asymmetry, i.e. pure neutron matter (PNM).

The article is organised as follows: in Sec. 2 we briefly present the formalism to derive the EoS

with an effective interaction and its partial wave decomposition for Skyrme N3LO in PNM. In

Sec.3, we show how to isolate the contribution of tensor terms and finally in Sec. 4 we give our

conclusions.

2. Equation of state and its decomposition

The energy per particle in PNM within the Hartree-Fock approximation is given by

E

N
=

3

5

h̄2k2
F

2m
+

1

2N
∑
i j

〈i j|VSk|i j− ji〉 (2.1)

where kF = (3π2ρn)
1/3 is the Fermi momentum and ρn is the density of the system. In the above

expression, the antisymmetric matrix elements of the Skyrme N3LO pseudo-potential VSk have to

be calculated on plane wave basis and the indices i, j span the occupied states in the Fermi sphere.
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The complete expression for VSk has been given in Ref. [8] in a Cartesian basis. The total energy

per particle then reads

E

N
=

3

5

h̄2

2m
b2ρn

2/3 +
1

4
(1− x

(0)
0 )t

(0)
0 ρn +

1

24
(1− x3)t3ρn

α+1

+
3

80
b2C(2)ρ

5/3
n +

9

280
b4C(4)ρ

7/3
n +

2

15
b6C(6)ρ3

n ,

(2.2)

where we used b = (3π2)1/3 and C(n) = 2t
(n)
1 (1− x

(n)
1 )+6t

(n)
2 (1+ x

(n)
2 ).
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Figure 1: (Color online) Equation of state in SNM and PNM for VLyB33, VLyB63 and BHF. See text for

details.

We recall briefly at this point that some parametrisations for N3LO have been obtained in Ref. [5]

by fitting the spin-isospin channels of the SNM equation of state on BHF calculations (the PNM

results can thus be considered as a prediction). The resulting parametrisations correspond to two

popular choices of the power of the density dependent term α = 1/3 for VLyB33 and α = 1/6 for

VLyB63. Such a term is needed to obtain both saturation properties and acceptable values of the

effective mass [5]. As a consequence the transformation from SNM to PNM is not straightforward

and one should pay some extra attention to this term. In Fig. 1, we compare the results of the

VLyB33 and VLyB63 parametrisations against BHF results for SNM and PNM. We see that the

trend is correct for VLyB33 but the agreement is very good for VLyB63.

2.1 Partial wave decomposition

Following the procedure highlighted in Ref. [4], it is possible to project the HF basis onto a

basis with total angular momentum ~J =~L+~S, where~L is the total angular momentum and ~S is the

total spin. The interaction part of the EoS can be thus written as

V = ∑
JLS

V
(

2S+1LJ

)

, (2.3)
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where we used the standard spectroscopic notation 2S+1LJ for a partial wave with quantum numbers

(S,L,J). At variance with the SNM case described in Refs. [4, 8], the isospin quantum number T is

no longer relevant in the case of PNM so that the selection rules are different. A close inspection

leads to the fact that only spin-singlet (S = 0) components for even values of L and spin-triplet

(S = 1) states for odd values of L can appear. We finally obtain the following expressions

V (1S0) =
1

4
t0(1− x0)ρn +

1

24
t3(1− x3)ρ

α+1
n +

3

40
t1(1− x1)ρnk2

Fn

+
3

70
t
(4)
1 (1− x

(4)
1 )ρnk4

Fn
+

2

15
t
(6)
1 (1− x

(6)
1 )ρnk6

Fn
, (2.4)

V (3P0) =
1

40
t2(1+ x2)ρnk2

Fn
+

3

140
t
(4)
2 (1+ x

(4)
2 )ρnk4

Fn
+

2

25
t
(6)
2 (1+ x

(6)
2 )ρnk6

Fn

−
1

20
toρnk2

Fn
−

3

25
t
(4)
o ρnk4

Fn
−

6

125
t
(6)
o ρnk6

Fn
+

1

30
W0ρnk2

Fn
, (2.5)

V (3P1) =
3

40
t2(1+ x2)ρnk2

Fn
+

9

140
t
(4)
2 (1+ x

(4)
2 )ρnk4

Fn
+

6

25
t
(6)
2 (1+ x

(6)
2 )ρnk6

Fn

+
3

40
toρnk2

Fn
+

9

50
t
(4)
o ρnk4

Fn
+

9

125
t
(6)
o ρnk6

Fn
+

1

20
W0ρnk2

Fn
, (2.6)

V (3P2) =
1

8
t2(1+ x2)ρnk2

Fn
+

3

28
t
(4)
2 (1+ x

(4)
2 )ρnk4

Fn
+

2

5
t
(6)
2 (1+ x

(6)
2 )ρnk6

Fn

−
1

40
toρnk2

Fn
−

3

50
t
(4)
o ρnk4

Fn
−

3

125
t
(6)
o ρnk6

Fn
−

1

12
W0ρnk2

Fn
, (2.7)

V (1D2) =
3

140
t
(4)
1 (1− x

(4)
1 )ρnk4

Fn
+

2

15
t
(6)
1 (1− x

(6)
2 )ρnk6

Fn
, (2.8)

V (3F2) =
2

105
t
(6)
2 (1+ x

(6)
2 )ρnk6

Fn
−

4

875
t
(6)
o ρnk6

Fn
, (2.9)

V (3F3) =
2

75
t
(6)
2 (1+ x

(6)
2 )ρnk6

Fn
+

1

125
t
(6)
o ρnk6

Fn
, (2.10)

V (3F4) =
6

175
t
(6)
2 (1+ x

(6)
2 )ρnk6

Fn
−

3

875
t
(6)
o ρnk6

Fn
. (2.11)

We see in the above expressions that spin-orbit and tensor terms appear explicitly in the different

partial waves but cancel exactly, as it should be, when the spin channels or the total EoS Eq.2.2 are

reconstructed. These two terms give rise to a splitting of partial waves for a given value of orbital

angular momentum L.

In Fig. 2, we compare the above partial wave decomposition of the EoS obtained using VLyB33

and VLyB63 with the BHF results. As already discussed in Ref. [6], some partial waves are cou-

pled (such as 3P2 −
3 F2 by instance) in the BHF calculation. At HF level, such a coupling do not

appear so that we simply sum the two independent contributions. The agreement is quite good for

the VLyB33 interaction, while it deteriorates for the VLyB63 one. It is worth noticing that in both

cases, we do get the correct trend and magnitude for all the partial waves.

3. Tensor properties of Skyrme N3LO in PNM

We clearly see in the partial wave expansion that, apart from a trivial J-degeneracy factor, the

central term of the two-body interaction is the same for a given value of L. As a consequence,

3
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Figure 2: (Color online) We compare the partial wave V (2S+1LJ) decomposition of the EoS: the dots repre-

sent the BHF results while the solid lines represent the results obtained with VLyB33 (panel a) and VLyB63

(panel b). See text for details

we can take ad − hoc combinations of partial waves to cancel out the contribution of the central

term and thus isolate the tensor and spin-orbit components (a similar procedure has already been

discussed in Ref. [7]). By inspecting the equations, we find that the relevant combinations are

δP =
1

3
V (3P1)−V (3P0) , (3.1)

δF =
1

7
V (3F3)−

1

9
V (3F4) . (3.2)

It is worth noticing that while this procedure is exact at HF level, this is not the case for BHF

calculations, since the ab− initio terms enter in the determination of the different components in

a more complicated way. In Fig. 3 we compare the partial wave differences given in Eqs. 3.1-

3.2 using VLyB33 only (VLyB63 and VLyB33 have the same tensor and spin-orbit terms) with

the BHF results. We observe that both channels are very well reproduced, both in magnitude and

trend. Despite such very good results, we stress again as in Ref. [5] that the values we got here for

the tensor and spin-orbit terms seem to be a factor of 2/3 stronger than the standard values usually

obtained in finite nuclei.

Finally, we have also calculated the Landau parameters and compare them with those obtained

by Chiral Effective Field Theory (χ-EFT). Following Refs. [14, 15], the Landau parameters for the

tensor terms read

N−1
0 H0 =

1

8
k2

Fn
Ln

2[h]+
1

2
k4

Fn
Ln

4[h]+
1

3
k6

Fn
Ln

6[h] (3.3)

N−1
0 H1 = −

1

2
k4

Fn
Ln

4[h]−
1

2
k6

Fn
Ln

6[h] (3.4)

N−1
0 H2 =

1

6
k6

Fn
Ln

6[h] (3.5)

where N0 = m∗
nkFn

/π2 is the density of states at the Fermi surface and Ln
(x)[h] = 4t

(x)
o . As discussed

in Ref. [16], the spin-orbit term does not contribute to the Landau parameters.
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Figure 3: (Color online) Comparing the partial wave differences as given in Eqs. 3.1-3.2 using VLyB33 and

the original BHF results. See text for details.

In Fig. 4, we show the evolution of the tensor Landau parameters Hl obtained with VLyB33

as a function of the density together with the χ-EFT results obtained with cut off regulator Λ =450

MeV [17, 18]. It is important to recall that in ab− initio methods there are extra tensor parameters

related to the center of mass motion Kl and Ll . In Ref. [19], we have examined these Landau

parameters and we have observed that they are of the same order of magnitude of Hl . On Fig.4, we

thus have to focus on trends only. The only other noticeable aspect in this figure is that we can see

that the Landau parameters of VLyB33 are much stronger than the ones obtained from χ-EFT. This

goes in the same direction as the anomaly already spotted in Ref. [5] about the excessive magnitude

of tensor parameters in infinite matter.

0.04 0.08 0.12 0.16 0.2 0.24

ρ
n
 [fm

-3
]

0

0.3

0.6

0.9

H
l

l=0

l=1

l=2

Figure 4: (Color online) Evolution of the tensor Landau parameters Hl obtained with VLyB33 as a function

of the density of the system. The dots represent the results obtained from χ-EFT [18]. See text for details.
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4. Conclusions

In this paper, we have studied the properties of the Skyrme N3LO pseudo-potential in the case

of pure neutron matter by performing a partial wave expansion of the equation of state. This al-

lowed us to isolate the tensor and spin-orbit contributions. At present time, the only few existing

parametrisations of the N3LO pseudo-potential have been derived using properties of infinite sym-

metric matter [5, 6]. We have used two sets, named VLyB33 and VLyB63, that have a different

exponent in the density dependent term. Although PNM does not appear into their fitting protocol,

they give a very fair reproduction of the total EoS and its partial wave decomposition, showing the

consistency of this approach. Concerning the tensor and spin-orbit contributions, the agreement

between VLyB and Brueckner-Hartree-Fock is very good. Finally, we have also calculated the

tensor Landau parameters and compared them with recent χ-EFT results. One indication from this

comparison is that the tensor parameters extracted with SNM and compatible with PNM are twice

as big as one should expect from a proper fit including also finite-nuclei properties. However, as al-

ready discussed in the conclusion of Ref. [5], given the large uncertainties on both the sign and the

magnitude of the Skyrme tensor term [20], our approach can be considered as a valuable starting

point for a complete fit of the interaction.
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