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RATIONAL POINTS ON

CUBIC HYPERSURFACES OVER Fq(t)

T.D. BROWNING AND P. VISHE

Abstract. The Hasse principle and weak approximation is established for
non-singular cubic hypersurfaces X over the function field Fq(t), provided
that char(Fq) > 3 and X has dimension at least 6.
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1. Introduction

Let K be a global field and let X ⊂ Pn−1
K be a cubic hypersurface defined

over K. A “folklore” conjecture predicts that the set X(K) of K-rational
points on X is non-empty as soon as n > 10. When K = Fq(C) is the
function field of a smooth and projective curve C over the finite field Fq this
conjecture follows from the Lang–Tsen theorem (see [10, Thm. 3.6]), since K
has transcendence degree 1 over a C1-field. Alternatively, when K is a number
field, it follows from recent work of the authors [2] provided that X is assumed
to be non-singular. We record this observation as follows.

Theorem 1.1. Let K be a global field and let X ⊆ Pn−1
K be a non-singular

cubic hypersurface defined over K. If n > 10 then X(K) 6= ∅.
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2 T.D. BROWNING AND P. VISHE

The main goal of this paper is to improve this result in the special case
K = Fq(t). Compared to the situation over number fields, there are relatively
few results in the literature which deal with the Hasse principle and weak
approximation for cubic hypersurfaces defined over K. One notable exception
is found in work of Colliot-Thélène [3, §3], which establishes the Hasse principle
for the diagonal threefolds

a1x
3
1 + · · ·+ a5x

3
5 = 0, (a1, . . . , a5 ∈ K∗),

provided that q is odd and q ≡ 2 mod 3. Furthermore, subject to a collection of
explicit constraints on the coefficients, he is able to draw the same conclusion
for diagonal cubic surfaces in P3

K . These results are established by adapting to
K work of Swinnerton-Dyer [32] on this problem over number fields. It is worth
highlighting that Swinnerton-Dyer’s approach relies on a delicate analysis of
certain Selmer groups and this leads to a final result which is conditional on
the conjecture that the Tate–Shafarevich group of an elliptic curve is finite.
The advantage of working over the function field K is that the analagous
statements can be made unconditional — a feature that will resurface in the
present investigation.

Turning to weak approximation, in the setting n = 4 of non-singular cubic
surfaces it follows from work of Hu [19, Thm. 5] that X satisfies weak ap-
proximation at the places of good reduction, provided that char(Fq) > 3 and
q > 47. For larger values of n a suitable variant of the Hardy–Littlewood
circle method can be brought to bear on this problem. Let X ⊂ Pn−1

K be a
non-singular cubic hypersurface defined over K. Assuming that char(Fq) > 3
it follows from work of Lee (see [24] and his 2013 PhD thesis [25]) that weak
approximation holds for X over K provided that n > 14. Note that the Hasse
principle is trivial for n in this range by Theorem 1.1.

By developing an alternative version of the circle method, we shall establish
the following improvement.

Theorem 1.2. Let K = Fq(t) with char(Fq) > 3. Let X ⊂ Pn−1
K be a non-

singular cubic hypersurface defined over K, with n > 8. Then X satisfies the

Hasse principle and weak approximation over K.

The restriction on the characteristic of Fq in this result is unfortunate but
intrinsic to the method. The same restriction appears in Lee’s work [24, 25],
where it stems from the use of Weyl differencing in the analysis of certain
cubic exponential sums, which produces factors of 3! within the argument of
the resulting sums. In our case, the restriction on the characteristic comes
from the need to find an auxiliary point on the hypersurface X at which the
associated Hessian does not vanish. For diagonal forms over Fq(t), Liu and
Wooley [26] have shown how to handle arbitrary characteristic. Their approach
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uses the large sieve to act as a substitute for Weyl differencing and it would be
interesting to see whether this innovation could be adapted to general forms.

It is natural to compare Theorem 1.2 with the situation of non-singular cubic
hypersurfaces over function fields K = k(C) of a curve over an algebraically
closed field k of characteristic 0. In this setting Lang–Tsen theory confirms
that X(K) 6= ∅ for n > 4. On the other hand, Hassett and Tschinkel [12,
Thm. 1] have shown that X satisfies weak approximation over K provided
that n > 7.

Theorem 1.2 is the Fq(t) analogue of recent work by Hooley [17] about non-
singular cubic hypersurfaces X ⊂ Pn−1

Q over the rational numbers. Hooley’s
main result establishes the Hasse principle for X , provided that n > 8, condi-
tionally under a certain unproved “Hypothesis HW” about the analytic prop-
erties of Hasse–Weil L-functions associated to a family of 5-dimensional cubic
hypersurfaces. Over the last century the theory of the Hardy–Littlewood cir-
cle method has become heavily industrialised in its application to cubic forms
over Q, reaching a zenith in Hooley’s work on octonary cubic forms. The
igniting spark in his work is the smooth δ-function technology that was intro-
duced by Duke, Friedlander and Iwaniec [7]. This paves the way to getting
non-trivial averaging over the approximating fractions a/q that appear in the
associated cubic exponential sums. Note that Hooley requires non-trivial av-
eraging over both numerators and denominators to handle cubic forms in 8
variables. This is usually termed a “double Kloosterman refinement”, with
the usual “Kloosterman refinement” connoting non-trivial averaging over the
numerators only. The ordinary Kloosterman refinement is only capable of
handling cubic forms in n > 9 variables (see pioneering work of Heath-Brown
[13] and Hooley [15]), but when it works it produces completely unconditional
results. The use of a double Kloosterman refinement over Q leads to the
analysis of global L-functions associated to cubic hypersurfaces of dimension
5. Since our knowledge about such L-functions is extremely scarce in dimen-
sion > 1, any progress is dependent on Hypothesis HW, which describes the
meromorphic continuation and location of zeros of these L-functions. The sig-
nificance of Theorem 1.2 is that working over K = Fq(t) affords a completely
unconditional result.

The proof of Theorem 1.2 is long and complicated and we proceed to outline
some of the key ingredients. Our approach is based on estimating the number
N(d) of suitably weighted vectors (x1, . . . , xn) ∈ Fq[t]

n, with maxi deg xi < d,
for which [x1, . . . , xn] ∈ X(K). The principal result of this paper is The-
orem 7.1, which provides an asymptotic formula for N(d) when n = 8, as
d→ ∞. This will suffice to prove Theorem 1.2 when n = 8. For n > 9 we will
deduce the result via a fibration X → P1

K in §7.1. Theorem 7.1 is established
using the circle method.
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As one might expect, parts of the circle method machinery become greatly
simplified when transported to the function field K. The first simplification
comes in the analogue of the smooth δ-function that lies at the heart of Hoo-
ley’s work. Indeed, K is a non-archimedean local field and its absolute values
satisfy the ultrametric inequality. This allows us to cover the analogue of the
unit interval with non-overlapping arcs using nothing more sophisticated than
a version of Dirichlet’s theorem on Diophantine approximation over K (see
Remark 4.3). Thus we are immediately placed in the position of being able
to carry out a double Kloosterman refinement. This appears to be the first
attempt to extract non-trivial savings, à la Kloosterman, over function fields.

The process of non-trivial averaging leads us to consider, for 0 6 i 6 2m,
global L-functions L(H i(Y ), s) which are affiliated to the ith Weil cohomol-
ogy group H i(Y ) of a non-singular cubic hypersurface Y ⊂ Pm+1

K of dimen-
sion m. In §3 we will relate these L-functions to a very general class of
global L-functions that were associated to arbitrary lisse ℓ-adic sheaves by
Grothendieck [11]. The second major advantage of working over K is that,
thanks to Grothendieck and Deligne [6, 11], we know that these L-functions
are actually rational functions of q−s that satisfy the Riemann hypothesis.
Thus there are polynomials P0, P1, P2 ∈ Z[T ] such that

L(H i(Y ), s) =
P1(q

−s)

P0(q−s)P2(q−s)
,

in which the inverse roots of Pk(T ) have absolute value q
(i+k)/2 for k ∈ {0, 1, 2}.

In §8, for even n > 8, this information will allow us to execute an unconditional
double Kloosterman refinement by getting savings in the treatment of the
relevant cubic exponential sums with square-free modulus. This is the most
novel part of our investigation.

In order to make use of the analytic properties of L(H i(Y ), s), we will also
need to contend with an issue that represents a much greater challenge in the
function field setting than in the classical one. Over Q, partial summation
is widely used as a means of transforming the summation of products of se-
quences into easier summations, but this device is not readily available over
K. The underlying obstacle comes from the fact that there are only two ratio-
nal integers with a given absolute value, but qd+1 elements of Fq[t] with given
degree d (and all of these will have equal absolute value). We will circumvent
this difficulty by introducing Dirichlet characters on (Fq[t

−1]/t−JFq[t
−1])∗, for

a positive integer J , and then showing that the analytic properties enjoyed by
L(H i(Y ), s) continue to hold when H i(Y ) is twisted by the Galois representa-
tion induced by these characters.

There remains the not insignificant task of handling cubic exponential sums
with square-full modulus. Unfortunately, the passage to function fields doesn’t
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offer any simplification of this task and the necessary arguments are mostly
direct analogues of the corresponding treatment over Q found in [13] and [17].
Given the length of the paper we will capitalise on the inherent similarities by
not providing a complete treatment of all the estimates that are recorded in
§5 and §6. Instead we shall content ourselves with proving the function field
analogues of the key ideas that underpin the arguments over Q. One ingredient
that we require is a non-trivial bound for the number of K-rational points on
a geometrically irreducible hypersurface V ⊂ Pn−1

K which is not a hyperplane.
Let H : Pn−1

K (K) → R be the standard exponential height function. Then, as
a special case of Lemma 2.10, it follows that

#
{
x ∈ V (K) : H(x) 6 qB

}
= Oε,V

(
qB(n−3/2+ε)

)
,

for any B > 1 and any ε > 0. There are very few results of this sort in the
literature over function fields and it would be interesting to see whether the
rapid recent advances involving the “determinant method” over number fields
could be adapted to improve this upper bound.

Suppose now that X ⊂ Pn−1
Fq

is a non-singular cubic hypersurface defined

over a finite field Fq, with char(Fq) > 3. There is a correspondence between the
counting function N(d) for Fq(t)-points on X of bounded height and the car-
dinality of Fq-points on the moduli space Mord(P1

Fq
, X), which parameterises

the Fq-rational maps of degree d on X . Following an idea of Ellenberg and
Venkatesh it is possible to exploit the Lang–Weil estimate to make deductions
about the basic geometry of this moduli space via an asymptotic formula for
N(d) which is also uniform in the q-aspect. Using the present investigation as
a base, we intend to return to this topic in a different paper.

Acknowledgements. While working on this paper the first author was sup-
ported by ERC grant 306457 and the second author by EPSRC programme
grant EP/J018260/1. This work has benefitted from useful conversations with
Alexei Entin, Bruno Kahn, Emmanuel Kowalski, Daniel Loughran, Philippe
Michel and Trevor Wooley. Their input is gratefully acknowledged.

2. Auxiliary facts about function fields

2.1. Notation. In this section we collect together some notation and basic
facts concerning the function field K = Fq(t). To begin with, for any real

number R we will always write R̂ = qR.
Let O = Fq[t] be the ring of integers of K and let Ω be the set of places of

K. These correspond to either monic irreducible polynomials ̟ in O , which
we call the finite primes, or the prime at infinity t−1 which we usually denote
by ∞. The associated absolute value | · |v is either | · |̟ for some prime ̟ ∈ O
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or | · |∞, according to whether v is a finite or infinite place, respectively. These
are given by

|a/b|̟ =

(
1

qdeg̟

)ord̟(a/b)

and |a/b|∞ = qdeg a−deg b,

for any a/b ∈ K∗. We extend these definitions to K by taking |0|̟ = |0|∞ = 0.
We will usually just write | · | = | · |∞.

For v ∈ Ω we let Kv denote the completion of K at v with respect to | · |v.
We put Ov = {a ∈ Kv : |a|v 6 1} for the maximal compact subring and
O∗

v = {a ∈ Kv : |a|v = 1} for the unit group. Furthermore, we let Fv denote
its residue field. We have F∞ = Fq and F̟ = Fqdeg(̟) for any finite prime ̟.
The elements of O∞ are power series expansions in t−1.

We may identify K∞ with the set

Fq((1/t)) =

{
∑

i6N

ait
i : for ai ∈ Fq and some N ∈ Z

}

and put

T = {α ∈ K∞ : |α| < 1} =

{
∑

i6−1

ait
i : for ai ∈ Fq

}
.

Let δ ∈ T. Then T/δT is the set of cosets α + δT, of which there are |δ|.
We can extend the absolute value at the infinite place to K∞ to get a non-

archimedean absolute value | · | : K∞ → R>0 given by |α| = qordα, where ordα
is the largest i ∈ Z such that ai 6= 0 in the representation α =

∑
i6N ait

i. In
this context we adopt the convention ord 0 = −∞ and |0| = 0. We extend this
to vectors by setting |x| = max16i6n |xi|, for any x ∈ Kn

∞.
Since T is a locally compact additive subgroup of K∞ it possesses a unique

Haar measure dα, which is normalised so that
∫
T dα = 1. We can extend dα

to a (unique) translation-invariant measure on K∞ in such a way that
∫

{α∈K∞:|α|<N̂}

dα = N̂ ,

for any N ∈ Z>0. These measures also extend to Tn and Kn
∞, for any n ∈ Z>0.

For given x,b ∈ On and M ∈ O we will sometimes write x ≡ b modM to
mean that x = b+My for some y ∈ On.

2.2. Characters. There is a non-trivial additive character eq : Fq → C∗ de-
fined for each a ∈ Fq by taking eq(a) = exp(2πiTr(a)/p), where Tr : Fq → Fp

denotes the trace map. This character induces a non-trivial (unitary) additive
character ψ : K∞ → C∗ by defining ψ(α) = eq(a−1) for any α =

∑
i6N ait

i

in K∞. In particular it is clear that ψ|O is trivial. More generally, given any
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γ ∈ K∞, the map α 7→ ψ(αγ) is an additive character on K∞. We have the
basic orthogonality property

∑

b∈O

|b|<N̂

ψ(γb) =

{
N̂ , if |γ| < N̂−1,

0, otherwise.

for any γ ∈ K∞ and any integer N > 0 (see Lemma 7 of [23]).
We will also need standard characters at the finite places (we follow Ex. 7.5

of [27] for their construction). Let K̟ be the completion of K at the place
corresponding to finite prime ̟ ∈ O of degree d > 1, with corresponding
ring of integers O̟. According to [27, Ex. 7.5(c)], any element x ∈ K̟ can
be written as x = y/̟N + z for some integer N > 0 and z ∈ O̟, where
y = a1t

dN−1 + a2t
dN−2 + · · · + adN , with all coefficients ai ∈ Fq. With this

representation one defines the non-trivial additive character ψ̟ : K̟ → C∗ to
be given by

ψ̟(x) = eq(a1).

LettingAK denote the adèles over K, we may now define the standard adelic

character ψK : AK → C∗ to be

ψK(x) = ψ(x∞)
∏

̟

ψ̟(x̟),

for any x = (xv) ∈ AK . It follows from [27, Ex. 7.6] that ψK is a non-trivial
additive character of AK which is trivial on K.

2.3. Fourier analysis on non-archimedean local fields. The material we
summarise here is found in [27, §7], but has its genesis in work of Schmid and
Teichmüller [28]. (The authors are grateful to Ivan Fesenko for this reference.)
We first fix a non-trivial additive character ϕ : F → C∗ on a non-archimedean
local field F . A function f : F → C is said to be smooth if it is locally constant
(that is, f(x) = f(x0) for all x sufficiently close to x0). A Schwartz–Bruhat

function is a smooth function f : F → C with compact support. We denote
by S(F ) the set of all such functions. Then for any f ∈ S(F ) we may define
the Fourier transform of f by

f̂(y) =

∫

F

f(x)ϕ(xy)dx,

where dx is Haar measure. This function also belongs to S(F ).
Let K = Fq(t). We define S(AK) to be the space of functions given by

f(x) =
∏

ν

fν(xν),
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for x = (xν) ∈ AK . Here, fν ∈ S(Kν) for every place ν and f̟|O̟ = 1 for
almost all primes ̟. The adelic Fourier transform of any f ∈ S(AK) is given
by

f̂(y) =

∫

AK

f(x)ψK(xy)dx,

where ψK is the standard adelic character on AK and dx is Haar measure on
AK (normalised to be the self-dual measure for ψK). With this notation the
Poisson summation formula (see [27, Thm. 7.7], for example) states that

∑

x∈K

f(x) =
∑

x∈K

f̂(x),

for any f ∈ S(AK). This extends to a summation over x ∈ Kn in the obvious
way.

We will need to introduce some weight functions on Kn. For a prime ̟
define w̟ : K̟ → {0, 1} via

w̟(x) =

{
1, if |x|̟ 6 1,

0, otherwise.

This gives an indicator function for the ring of integers O̟. It is easy to check
that ŵ̟ = w̟. Next let w∞ : K∞ → {0, 1} be the indicator function for T,
defined via

w∞(x) =

{
1, if |x| < 1,

0, otherwise.

We proceed to define weight functions wf , w : Kn → {0, 1} via

wf(x) =
∏

16i6n

∏

̟

w̟(xi), w(x) =
∏

16i6n

w∞(xi). (2.1)

Let z ∈ Kn. Then |z| < P̂ if and only if w(z/tP ) = 1 and z ∈ O if and only if
wf(z) = 1.

We will use the n-dimensional Poisson summation formula to prove the
following result.

Lemma 2.1. Let f ∈ K∞[x1, . . . , xn] be a polynomial and let v ∈ S(Kn
∞).

Then we have
∑

z∈On

ψ(f(z))v(z) =
∑

c∈On

∫

Kn
∞

v(u)ψ(f(u) + c.u)du.

Proof. Recalling the definitions of the weight functions wf and w, we may
write ∑

z∈On

ψ(f(z))v(z) =
∑

z∈Kn

g(z),



CUBIC HYPERSURFACES OVER Fq(t) 9

where g(z) = ψ(f(z))wf(z)v(z). It is clear that g ∈ S(An
K) and so we are free

to apply the n-dimensional version of Poisson summation to conclude that

∑

z∈On

ψ(f(z))v(z) =
∑

c∈Kn

ŵf(c)

∫

Kn
∞

v(u)ψ(f(u) + c.u)du.

Since ŵf(c) = wf(c), the lemma follows. �

2.4. Some integral formulae. In this section we collect some basic facts
and estimates concerning multi-dimensional integrals over Kn

∞. Recall the
definition of the additive character ψ : K∞ → C∗ from §2.2. We begin by
recording the following fact (see Lemma 1(f) of [23]).

Lemma 2.2. Let Y ∈ Z and γ ∈ K∞. Then

∫

|α|<Ŷ

ψ(αγ)dα =

{
Ŷ , if |γ| < Ŷ −1,

0, otherwise.

Taking Y = 0, it follows from this result that

∫

T
ψ(αx)dα =

{
1, if x = 0,

0, if x ∈ O \ {0}.
(2.2)

We also have the following change of variables formula, which readily follows
from Igusa [20, Lemma 7.4.2].

Lemma 2.3. Let Γ ⊂ Kn
∞ be a box defined by the inequalities |xi| < R̂i, for

some real numbers R1, . . . , Rn. Let f : Γ → C be a continuous function. Then

for any M ∈ GLn(K∞) we have
∫

Γ

f(α)dα = | detM |

∫

Mβ∈Γ

f(Mβ)dβ.

It will be convenient to reserve some notation for the height of a polynomial
f ∈ K∞[x1, . . . , xn]. Assuming that f(x) =

∑
i aix

i, for coefficients ai ∈ K∞,
we define

Hf = max
i

|ai|.

We proceed to establish the following result.

Lemma 2.4. Let f ∈ K∞[x1, . . . , xn] be a polynomial and let w ∈ Kn
∞. As-

sume that |w| > 1 and |w| > Hf . Then
∫

Tn

ψ (f(x) +w.x) dx = 0.
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Proof. Suppose without loss of generality that |w| = |w1| = N̂ for some integer
N > 0. We concentrate on the one-dimensional integral

I =

∫

T
ψ (f(x, x2, . . . , xn) + w1x) dx,

for fixed x2, . . . , xn ∈ T. Write g(x) = f(x, x2, . . . , xn). We may suppose that
g(x) = c0x

d+ · · ·+ cd−1x for appropriate coefficients ci = ci(x2, . . . , xn) ∈ K∞.
Our hypothesis implies that

Hg 6 Hf < N̂. (2.3)

It is clear that ψ(g(x)+w1x) = 1 if |x| < q−N−1. But then, using the definition
of integration over T, we find that

I = lim
m→∞

q−m
∑

a−m,...,a−1∈Fq

ψ
(
h(a−mt

−m + · · ·+ a−1t
−1)
)

= q−N−1
∑

a−N−1,...,a−1∈Fq

ψ
(
h(a−N−1t

−N−1 + · · ·+ a−1t
−1)
)
,

where h(x) = g(x)+w1x. The coefficient of t−1 in w1x is a−N−1 Moreover, (2.3)
implies that |g(a−N−1t

−N−1 + y) − g(y)| < |t−1| for any y ∈ T. This implies
that the coefficient of t−1 in g(x) is a polynomial in a−N , . . . , a−1 alone, from
which it follows that I = 0, since

∑

a−N−1∈Fq

eq(a−N−1) = 0.

This completes the proof of the lemma. �

As an easy consequence of Lemma 2.4 we get the following result.

Lemma 2.5. Let f ∈ K∞[x1, . . . , xn] be a polynomial. Suppose that there

exists u ∈ Tn and λ > 1 such that |∇f(u)| > λ and |∂βf(u)| < λ, for all

|β| > 2. Then ∫

Tn

ψ(f(x))dx = 0.

Proof. Make the change of variables x = u+ y and note that

f(x) = f(u) + y.∇f(u) + 1
2
yT∇2f(u)y + . . . .

The conclusion is now a direct consequence of Lemma 2.4 withw = ∇f(u). �

Given a non-zero polynomial F ∈ K∞[x1, . . . , xn], integrals of the form

JF (γ;w) =

∫

Tn

ψ (γF (x) +w.x) dx (2.4)
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will feature prominently in our work, for given γ ∈ K∞ and w ∈ Kn
∞. On

noting that HγF = |γ|HF , the following result is a trivial consequence of
Lemma 2.4.

Lemma 2.6. We have JF (γ;w) = 0 if |w| > max{1, |γ|HF}.

The following result will be useful when |w| is not too large.

Lemma 2.7. We have

JF (γ;w) =

∫

Ω

ψ (γF (x) +w.x) dx,

where Ω =
{
x ∈ Tn : |γ∇F (x) +w| 6 HF max{1, |γ|1/2}

}
.

Proof. Let Ω0 = Tn \Ω. We break the integral over Ω0 into a sum of integrals
over smaller regions. Let δ ∈ K∞ be such that |δ| = min{1, |γ|−1/2}. Intro-
ducing a dummy sum over y ∈ (T/δT)n and then using Lemma 2.3 to make
the change of variables x = y + δz, we obtain∫

Ω0

ψ (γF (x) +w.x) dx = |δ|−n
∑

y∈(T/δT)n

∫

Ω0

ψ (γF (x) +w.x) dx

=
∑

y∈(T/δT)n

∫

{z∈Tn:y+δz∈Ω0}

ψ (f(z)) dz,

where f(z) = γF (y+δz)+w.(y+δz). We want to show that the inner integral
vanishes, to which end we claim that y + δz ∈ Ω0 if and only if y satisfies

|γ∇F (y) +w| > HF max{1, |γ|1/2}. (2.5)

Using Taylor expansion and observing that |δγ| = min{1, |γ|1/2}, we deduce
that there is a vector u depending on z, with |u| < HF min{1, |γ|1/2}, such
that γ∇F (y + δz) + w = γ∇F (y) + w + u. Put A = HF max{1, |γ|1/2}. If
y + δz ∈ Ω0 then

A < max{|γ∇F (y) +w|, |u|} < max{|γ∇F (y) +w|, A},

which implies that (2.5) holds. Conversely, if (2.5) holds then

A < |γ∇F (y) +w + u| < |γ∇F (y + δz) +w|.

This therefore establishes the claim. Hence we have∫

Ω0

ψ (γF (x) +w.x) dx =
∑

y∈(T/δT)n

|γ∇F (y)+w|>HF max{1,|γ|1/2}

∫

Tn

ψ (f(z)) dz.

Now all the partial derivatives of f(z) of order k > 2 are strictly less than
HF |γ||δ|

k 6 HF min{1, |γ|}. Moreover, our preceding argument shows that
|∇f(z)| > HF max{1, |γ|} for every z ∈ Tn. An application of Lemma 2.5
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therefore shows that the inner integral vanishes, as required to complete the
proof. �

2.5. Density of integer points on affine hypersurfaces. Let V ⊂ An
K be

an affine variety defined over O of degree d > 1 and dimension m > 1. Using
a version of the large sieve inequality over function fields due to Hsu [18], our
main goal in this section is to establish a pair of estimates for the number of
O-points on V with bounded absolute value.

Lemma 2.8. We have #{x ∈ V (O) : |x| 6 N̂} = Od,n(q
(N+1)m), where the

implied constant only depends on d and n.

This result is optimal whenever V contains a linear component of dimension
m. Alternatively, we will obtain the following improvement.

Lemma 2.9. Assume that V is absolutely irreducible and d > 2. Then we

have

#{x ∈ V (O) : |x| 6 N̂} = Od,n(q
(N+1)(m−1/2)N log q),

where the implied constant only depends on d and n.

Now let G ∈ O [X1, . . . , Xn] be a homogeneous polynomial, which is ab-
solutely irreducible over K and has degree d > 2. The following result is
now a trivial consequence of Lemma 2.9 applied to the absolutely irreducible
hypersurface g = 0, where g(X) = G(a+ kX).

Lemma 2.10. Let k ∈ O and let a ∈ On. Then for any any ε > 0 we have

#

{
x ∈ O

n :
|x| 6 N̂ , G(x) = 0,

x ≡ a mod k

}
≪d,n,ε

(
1 +

N̂

|k|

)n−3/2+ε

.

The implied constant in this estimate depends at most on n, the degree of
G and on the choice of ε. Lemma 2.10 is an extension of [13, Lemma 15] to
function fields.

We proceed with the proof of Lemmas 2.8 and 2.9, which are based on Serre’s
proof of the analogous result for number fields (see Serre [30, Chapter 13]). We
select coordinates on An

K such that the projection π : V → Am
K onto the first

m coordinates induces a finite morphism. Let Z = π(V ) be the corresponding

(thin) subset of Am
K and let Z(N) = #{x ∈ Z ∩ Om : |x| 6 N̂}. Since the

fibre of each point under π has at most d points, it will be enough to prove
the bound

Z(N) =

{
Od,n(q

(N+1)(m−1/2)N log q), if V is abs. irred. and d > 2,

Od,n(q
(N+1)m), otherwise.

(2.6)

Our key tool in proving these bounds will be the following large sieve inequality
over K due to Hsu [18, Theorem 3.2].
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Lemma 2.11. Let M,N,m ∈ Z>0 and let X be a subset of Om. For each

prime ̟ suppose that there exists a real number α̟ ∈ (0, 1] such that

#X̟ 6 α̟|̟|m,

where X̟ denotes the canonical image of X in (O/̟O)m. Then

#{x ∈ X : |x| 6 N̂} 6 qm(max{N,2M−1}+1)/L(M),

where

L(M) = 1 +
∑

b∈O monic

|b|6M̂

∏

̟|b

(
1− α̟

α̟

)
.

Taking α̟ = 1 for every ̟ and L(M) > 1 we easily arrive at the second
part of (2.6) by taking M = (N + 1)/2. For the first part, for any prime
̟ ∈ O , we let Z(N)̟ denote the canonical image of Z in (O/̟O)m. The
following result is proved in exactly the same way as the number field version
[30, Thm. 5 in Chapter 13].

Lemma 2.12. Assume that V is absolutely irreducible and has degree d > 2.
There is a finite Galois extension Kπ/K of degree at most d! and a number

cπ ∈ (0, 1− 1/d!] such that if ̟ splits completely in Kπ then

#Z(N)̟ 6 cπ|̟|m +Od,n(|̟|m−1/2).

We may now use this result to deduce the first part of (2.6). Let Kπ be
as in Lemma 2.12. Then if a prime ̟ splits completely in Kπ it follows that
Z(N)̟ 6 c̟|̟|n−1 for some constant 0 < c̟ 6 1 − 1/d!. We now apply
Lemma 2.11 with M = (N + 1)/2, invoking the prime number theorem to
deduce that

L(M) >
∑

̟∈O monic and irreducible
|̟|6M̂

̟ splits completely in Kπ

(1− c̟) >
1

d!

qM

[Kπ : K]M
+O(qM/2),

This completes the proof of (2.6), and so the proof of Lemma 2.9.

3. Global L-functions and ℓ-adic sheaves

In §3.1 we review some facts about ℓ-adic sheaves on affine curves and in §3.2
we recall the construction of their associated L-functions. In §3.3 we record the
statement of the Weil conjectures as established by Deligne. Next, in §3.4, we
recall the construction of the Hasse-Weil L-function of a smooth and projective
variety over K = Fq(t) and state some of its fundamental properties. Finally,
in §3.5, we discuss the analagous properties of a global L-function obtained
through twisting by a character of finite order.
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3.1. Review of ℓ-adic sheaves and ℓ-adic cohomology. The main refer-
ences for this section are Deligne [6] and Katz (see [21, Chapter 2] and [22]).
Let us assume that j : U →֒ C is a non-empty affine open subset of a smooth
proper geometrically connected curve C over the finite field Fq. For any prime
ℓ ∤ q, suppose that we are given a lisse Qℓ-sheaf F on U . For any integer i > 0
we have both ordinary and compact cohomology groups

H i(U,F ) and H i
c(U,F ).

These are finite dimensional Qℓ-vector spaces on which Gal(Fq/Fq) acts con-
tinuously and which vanish for i > 2. There is a natural “forget supports”
map H i

c(U,F ) → H i(U,F ), which need not be an isomorphism (since U is
not proper). We have

H0
c (U,F ) = H2(U,F ) = 0.

Let η = Spec(Fq(U)) be the generic point and η = Spec(Fq(U)) the geometric
point above it. We denote by πgeom

1 = π1(U, η) the “geometric” fundamental
group. Then

H0(U,F ) = F
πgeom
1

is the subspace of πgeom
1 -invariants in the corresponding representation, and

H2
c (U,F ) = Fπgeom

1
(−1)

is the Tate twist of the coinvariants Fπgeom
1

under πgeom
1 in F .

We will require information about the dimensions of these cohomology
groups. The Euler characteristic of U is

χc(U) = 2− 2g −
∑

x∈|C\U |

deg(x), (3.1)

where g is the genus of C and the sum is taken over the closed points x ∈ C\U ,
with deg(x) being the degree of its residue field over Fq. Next, the Swan
conductor of F takes the shape

swan(F ) =
∑

x∈|C\U |

deg(x) swanx(F ).

It measures the wild ramification of the sheaf. With this notation to hand,
the Euler–Poincaré formula (see [21, §2.3.1]) states that

2∑

i=0

(−1)i dimH i
c(U,F ) = rank(F )χc(U)− swan(F ),

whence

dimH1
c (U,F ) = dimH2

c (U,F )− rank(F )χc(U) + swan(F ).
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We may also form a constructible Qℓ-sheaf j∗F on C, where we recall that
j : U →֒ C is the inclusion map. Its cohomology groups are related to the
above groups via the identities

H i(C, j∗F ) =





H0(U,F ), if i = 0,

Im(H1
c (U,F ) → H1(U,F )), if i = 1,

H2
c (U,F ), if i = 2.

Fix an embedding ι : Qℓ →֒ C and suppose that F is ι-pure of weight w. Then,
by the fundamental work of Deligne [6, Thm. 3.2.3], it follows that H i(C, j∗F )
is ι-pure of weight w + i for each integer 0 6 i 6 2.

It follows from the facts above that

dimH i(C, j∗F ) 6 rank(F ) for i = 0, 2 (3.2)

and

dimH1(C, j∗F ) 6 rank(F )(1− χc(U)) + swan(F ). (3.3)

Now suppose that F1 and F2 are lisse Qℓ-sheaves on U , with ri = rank(Fi)
for i = 1, 2. Arguing as in the work of Fouvry, Kowalski and Michel (see the
proof of [8, Prop. 8.2(2)]), one finds that

swan(F1 ⊗ F2) 6 r1r2 (swan(F1) + swan(F2)) .

It therefore follows from (3.3) that

dimH1(C, j∗(F1⊗F2)) 6 r1r2
{
1− χc(U) + swan(F1) + swan(F2)

}
. (3.4)

3.2. Global L-functions. Let F be a ι-pure lisse Qℓ-sheaf of weight w on
an open subset j : U →֒ C. In the 1960s, Grothendieck [11] associated a
global L-function L(C, j∗F , T ) to the constructible Qℓ-sheaf j∗F . It follows
from the correspondence of 30/09/64 in [4] (see also [29, Conj. C9]), that this
L-function is a rational function, with

L(C, j∗F , T ) =
P1(T )

P0(T )P2(T )
, (3.5)

where P0, P1, P2 ∈ Z[T ] are polynomials given by

Pi(T ) = det
(
1− T Frq | H

i(C, j∗F )
)

for 0 6 i 6 2. Here Frq is the Frobenius endomorphism acting on H i(C, j∗F ).
It follows from Deligne [6] that the inverse roots of Pi have modulus q(w+i)/2.
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3.3. The Weil conjectures. Let V be a smooth and projective variety of
dimension m which is defined over a finite field Fq. Then V is also defined
over any extension Fqr of Fq and we may define the zeta function

Z(V, T ) = exp

(
∞∑

r=1

#V (Fqr)T
r

r

)
.

According to Deligne [5] and his resolution of the Weil conjectures, the zeta
function can be expressed as a rational function

Z(V, T ) =
P1(V, T )P3(V, T ) . . . P2m−1(V, T )

P0(V, T )P2(V, T ) . . . P2m(V, T )
, (3.6)

where

Pi(V, T ) = det
(
1− T Frq | H

i
ét(V ,Qℓ)

)
, (3.7)

for i ∈ {0, . . . , 2m} and any prime ℓ ∤ q. Here Frq is the Frobenius endomor-
phism acting on H i

ét(V ,Qℓ) induced by the Frobenius map on V . Note that if
one takes F = Qℓ to be the trivial sheaf in §3.2 then Z(C, T ) = L(C, j∗F , T ).

There is a factorisation

Pi(V, T ) =

bi,ℓ∏

j=1

(1− ωi,jT ), (3.8)

where bi,ℓ = dimQℓ
H i

ét(V ,Qℓ). Deligne shows that each ωi,j is an algebraic
integer with the property that |ωi,j| = qi/2, for 1 6 j 6 bi,ℓ and 0 6 i 6 2m.
A formal consequence of (3.6) and (3.8) is the identity

#V (Fqr) =
2m∑

i=0

(−1)i
bi,ℓ∑

j=1

ωr
i,j, (3.9)

to which we will return in due course.

3.4. Global L-functions once again. Let X be a smooth and projective
variety of dimension m defined over K = Fq(C) and let X = X ⊗K K. Let
S ⊂ Ω denote the set of places outside of which X has good reduction. This
implies that, for all v ∈ Ω \ S, there is a smooth and projective Ov-scheme
Xv such that Xv ⊗Ov Kv can be identified with X ⊗K Kv. We denote by
Xv = Xv ⊗Ov Fv the reduction at v. This is a smooth and projective variety
defined over the finite field Fv. For any prime ℓ ∤ q it will be convenient to put
H i

ℓ(X) = H i
ét(X,Qℓ) for the geometric ℓ-adic cohomology group.

In this section, following Serre [29], we define some global L-functions asso-
ciated to X and discuss their analytic properties. Let i ∈ {0, . . . , 2m} and let
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H i(X) denote the ith Weil cohomology group. For any v ∈ Ω and any prime
ℓ ∤ q, Serre defines the local factor

Lv(H
i(X), s) = det

(
1−#F−s

v Frv | H
i
ℓ(X)Iv

)−1
,

where Iv is the inertia group of v and Frv is the geometric Frobenius endo-
morphism at v. Let Pi,v(T ) = det

(
1− T Frv | H

i
ℓ(X)Iv

)
. When v 6∈ S this

coincides with the polynomial Pi(Xv, T ) that we met in (3.7). For arbitrary
v ∈ Ω, it follows from Terasoma [33] that Pi,v(T ) is independent of the choice
of ℓ and from Deligne [6, Thm. 1.8.4] that its inverse roots have absolute value
at most qi/2. When v 6∈ S we then have

Z(Xv,#F−s
v ) =

2m∏

i=0

Lv(H
i(X), s)(−1)i.

For any i ∈ {0, . . . , 2m}, Serre [29] defines the global L-function

L(H i(X), s) =
∏

v∈Ω

Lv(H
i(X), s).

This L-function satisfies a functional equation. In fact

L(H i(X), s) = L(C, j∗H
i
ℓ(X), q−s),

in the notation of §3.2. Hence it follows from (3.5) that

L(H i(X), s) =
P1(q

−s)

P0(q−s)P2(q−s)
, (3.10)

where for k ∈ {0, 1, 2} one has

Pk(T ) = det
(
1− T Frq | H

k(C, j∗H
i
ℓ(X))

)
∈ Z[T ], (3.11)

with inverse roots having absolute value q(i+k)/2. In particular, any poles or
zeros of L(H i(X), s) must have ℜ(s) = (i+ k)/2 for k ∈ {0, 1, 2}.

We now specialise the previous discussion to the case of a smooth hypersur-
face X ⊂ Pm+1

K of degree d. As before, let S be the set of places outside of
which X has good reduction and let Xv be the reduction of X at any v ∈ Ω\S.
The middle cohomology group Hm

ℓ (X) is the only one of interest to us, since

H i
ét(Xv,Qℓ) =

{
Qℓ(−i/2), if i is even and i 6= m,

0, if i is odd and i 6= m,

for any v ∈ Ω \ S and i ∈ {0, . . . , 2m} (see Ghorpade and Lachaud [9, §3], for
example). It then follows from (3.9) that

#Xv(Fv) = #Fm
v +#Fm−1

v + · · ·+ 1 + (−1)m
bm∑

j=1

ωm,j, (3.12)
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where bm = dimQℓ
Hm

ℓ (X) is a positive integer that depends only on d and
m (it does not depend on the choice of ℓ), and ωm,j are the eigenvalues of

the Frobenius endomorphism at v on Hm
ℓ (X), satisfying |ωm,j| = #Fm/2

v for
1 6 j 6 bm.

Taking i = m we will need to control the degrees of the polynomials Pk(T )
appearing in (3.11). The closed points x ∈ |C \ U | correspond to the prime
divisors ̟ of the discriminant ∆X of the hypersurface X ⊂ Pm+1

K . Hence (3.1)
yields

−χc(U) = 2g − 2 +Od,m(log |∆X |),

where g is the genus of C. Moreover, as implicit in work of Hooley [14, §6], we
have swan(Hm

ℓ (X)) = Od,m(log |∆X |), since swanx(H
m
ℓ (X)) can be bounded

uniformly in terms of d and m for any closed point x ∈ |C \ U |. Combining
(3.2) and (3.3), we deduce that

degP0 6 bm, degP1 = Od,m,g (1 + log |∆X |) , deg P2 6 bm.

In our work it is the reciprocal of L(Hm(X), s) that features and so the lo-
cation of its poles is dictated by the zeros of P1(q

−s) in (3.10). For suffi-
ciently general X it is possible that a monodromy argument could be used to
show that the primitive part of Hm(X) is irreducible. This would imply that
H0(C, j∗H

m
ℓ (X)) = H2(C, j∗H

m
ℓ (X)) = 0, meaning that L(Hm(X), s) is in

fact entire. The authors are grateful to Professor Kahn for this remark.

3.5. Twisting by a character. We continue to assume that X ⊂ Pm+1
K is a

smooth hypersurface of degree d and S ⊂ Ω is the set of places corresponding
to prime divisors of the discriminant ∆X of X . However, for the sake of
simplicity, in this section we shall restrict to the case K = Fq(t) (so that
C = P1 and g = 0). We need to consider the effect of twisting the middle
cohomology group Hm

ℓ (X) by a fixed character of finite order.
Let N ∈ Z>0 and let

χDir : (O∞/t
−N

O∞)∗ → C∗

be a Dirichlet character. Putting x = t−1 and A = Fq[x], we note that
(O∞/t

−NO∞)∗ ∼= (A/xNA)∗. This lifts to a character χDir : O∗
∞ → C∗. Given

any idèle y = (y̟) ∈ IK , we may suppose that y̟ = u̟̟
e̟ for u̟ ∈ O∗

̟ and
e̟ ∈ Z such that e̟ = 0 for almost all ̟. Putting a =

∏
̟̟

−e̟ ∈ K∗, we
then have a unique representation y = au where u = (u̟) ∈

∏
̟ O∗

̟ for every
prime ̟. We may now define a Hecke character χHecke : IK → C∗ via

χHecke(au) = χDir(u∞).

It is constant on K∗ and gives a character on the idèle class group IK/K
∗.
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There are two relevant multiplicative characters in our investigation. The
first is η : O → C∗, given by

η(r) = χDir(r/t
deg r)

for any r ∈ O . Note that r/tdeg r ∈ O∗
∞ for any r ∈ O . The second is a

Dirichlet character η′ : (O/MO)∗ → C∗ modulo M , for given M ∈ O which
in our application will have bounded absolute value. By class field theory one
can view η and η′ as lisse Qℓ-sheafs on U of rank 1, both of which are ι-pure
of weight 0. The character η is ramified only at infinity and η′ is ramified only
at the primes dividing M . One has swan(η) = O(N) and swan(η′) = O|M |(1).

We may now define the global L-function L(η ⊗ η′ ⊗Hm(X), s), with local
factors

Lv(η ⊗ η′ ⊗Hm(X), s) = det
(
1−#F−s

v Frv | η ⊗ η′ ⊗Hm
ℓ (X)Iv

)−1
,

for v ∈ Ω. We have L(η⊗η′⊗Hm(X), s) = L(C, j∗(η⊗η
′⊗Hm

ℓ (X)), q−s) and
the analogue of (3.10) holds true. Thus

L(η ⊗ η′ ⊗Hm(X), s) =
P1(q

−s)

P0(q−s)P2(q−s)
, (3.13)

where Pk ∈ Z[T ] for k ∈ {0, 1, 2}, with inverse roots having absolute value
q(m+k)/2. Finally, using (3.4) and noting that rank(η⊗ η′ ⊗Hm

ℓ (X)) 6 bm, we
have

degP0 6 bm, degP1 = Od,m,|M | (log |∆X |+N) , degP2 6 bm. (3.14)

4. Activation of the circle method over function fields

We suppose that we are given a form F ∈ O [x1, . . . , xn] of degree d > 2
together with a vector b ∈ On and an element M ∈ O such that M | F (b).
Let ω ∈ S(Kn

∞) be a weight function. Then, for P ∈ O we consider the
counting function

N(P ) =
∑

x∈On

F (x)=0
x≡b mod M

ω(x/P ).

We are interested in the behaviour of this as |P | → ∞, for fixed M and b.
According to (2.2) we may write

N(P ) =

∫

T
S(α)dα,

where
S(α) =

∑

x∈On

x≡b mod M

ψ(αF (x))ω(x/P ).



20 T.D. BROWNING AND P. VISHE

We would like to dissect T into a disjoint union of intervals in order to try and
use non-trivial averaging in our estimation of S(α). The starting point for this
is the following analogue of Dirichlet’s approximation theorem (as proved in
[23, Lemma 3] or [24, Lemma 5.1], for example).

Lemma 4.1. Let α ∈ K∞ and let Q > 1. Then there exists coprime a, r ∈ O,

with r monic, such that |a| < |r| 6 Q̂ and

|rα− a| < Q̂−1.

For any Q > 1 this result allows one to partition T into a union of intervals
centred at rationals a/r. The non-archimedean nature of K ensures that the
intervals are actually non-overlapping, as follows.

Lemma 4.2. For any Q > 1 we have a disjoint union

T =
⊔

r∈O

|r|6Q̂
r monic

⊔

a∈O
|a|<|r|
(a,r)=1

{
α ∈ T : |rα− a| < Q̂−1

}
.

Proof. Suppose that there exists α ∈ T belonging to two distinct intervals
associated to a/r 6= a′/r′, say. Then by the ultrametric inequality we have

∣∣∣∣
a

r
−
a′

r′

∣∣∣∣ 6 max

{∣∣∣a
r
− α

∣∣∣ ,
∣∣∣∣
a′

r′
− α

∣∣∣∣
}
<

1

Q̂min{|r|, |r′|}
.

On the other hand, since ar′ − a′r is a non-zero element of O , we have∣∣∣∣
a

r
−
a′

r′

∣∣∣∣ >
1

|rr′|
>

1

Q̂min{|r|, |r′|}
.

This is a contradiction, which thereby establishes the lemma. �

It follows from Lemma 4.2 that

N(P ) =
∑

r∈O

|r|6Q̂
r monic

∑∗

|a|<|r|

∫

|θ|<|r|−1Q̂−1

S
(a
r
+ θ
)
dθ, (4.1)

where we henceforth put ∑∗

|a|<|r|

=
∑

a∈O
|a|<|r|
(a,r)=1

.

Remark 4.3. The reader will note that there is no division into major and
minor arcs in our expression for N(P ). In the classical setting over Q this
would correspond to the opening steps of a Kloosterman refinement, a device
which is rendered essentially trivial over function fields.
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We may write

S
(a
r
+ θ
)
=

∑

y∈On

|y|<|rM |
y≡b mod M

ψ

(
aF (y)

r

) ∑

z∈On

ψ(θF (y + rMz))ω

(
y + rMz

P

)
,

where rM = rM/(r,M) is the least common multiple of r andM . We evaluate
the inner sum over z using Poisson summation. Thus Lemma 2.1 implies that

∑

z∈On

ψ(θF (y + rMz))ω

(
y + rMz

P

)

=
∑

c∈On

∫

Kn
∞

ω

(
y + rMu

P

)
ψ(θF (y + rMu) + c.u)du.

Making the change of variables x = (y + rMu)P , it follows from Lemma 2.3
(together with the fact that the measure on Kn

∞ is translation invariant) that
the right hand side is

∣∣∣∣
P

rM

∣∣∣∣
n ∑

c∈On

ψ

(
−c.y

rM

)∫

Kn
∞

ω(x)ψ

(
θP dF (x) +

Pc.x

rM

)
dx.

Putting everything together in (4.1), we may now establish the following result.

Lemma 4.4. We have

N(P ) = |P |n
∑

r∈O

|r|6Q̂
r monic

|rM |−n

∫

|θ|<|r|−1Q̂−1

∑

c∈On

Sr,M,b(c)IrM (θ; c)dθ,

where rM = rM/(r,M) and

Sr,M,b(c) =
∑∗

|a|<|r|

∑

y∈On

|y|<|rM |
y≡b mod M

ψ

(
aF (y)

r

)
ψ

(
−c.y

rM

)
,

Is(θ; c) =

∫

Kn
∞

ω(x)ψ

(
θP dF (x) +

Pc.x

s

)
dx.

The exponential integrals can be estimated using the results in §2.4 provided
that the weight function ω is chosen suitably. The exponential sums Sr,M,b(c)
satisfy the following basic multiplicativity property.

Lemma 4.5. Let r = r1r2 for coprime r1, r2 ∈ O. Let M = M1M2M3 for

M1,M2,M3 ∈ O such that M1 | r∞1 , M2 | r∞2 and (M3, r) = 1. Then there
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exists b1,b2,b3 ∈ (O/MO)n, depending on b,M and the residue of r1, r2
modulo M , such that

Sr,M,b(c) = Sr1,M1,b1(c)Sr2,M2,b2(c)ψ

(
−c.b3

M3

)
.

Proof. Let us put si = riMi/(ri,Mi) for i = 1, 2. Then s1, s2,M3 are pairwise
coprime and we have a factorisation rM = s1s2M3. As y1 ranges over vectors
modulo s1, y2 ranges modulo s2, and y3 ranges modulo M3, so the vector

y = s2M3y1 + s1M3y2 + s1s2y3

ranges over a complete set of residues modulo rM . Likewise, as a1 (resp. a2)
ranges over elements of O modulo r1 (resp. modulo r2), which are coprime to
r1 (resp. r2), so a = r2a1 + r1a2 ranges over a complete set of residues modulo
r, which are coprime to r. It is now clear that

ψ

(
aF (y)

r

)
= ψ

(
a1s

3
2M

3
3F (y1)

r1

)
ψ

(
a2s

3
1M

3
3F (y2)

r2

)

and

ψ

(
−c.y

rM

)
= ψ

(
−c.y1

s1

)
ψ

(
−c.y2

s2

)
ψ

(
−c.y3

M3

)
.

Choose t1, t2, t3 ∈ O such that t1M3s2 ≡ 1 modM1, t2M3s1 ≡ 1 modM2 and
t3s1s2 ≡ 1 modM3. Then it is clear that the statement of the lemma holds
with bi = tib modM , for 1 6 i 6 3. �

The importance of Lemma 4.5 is that it allows us to factorise the exponential
sum in which we are interested, so that it suffices to examine the sum at the
prime power moduli. When piecing these together it will be important to bear
in mind the following convention that will henceforth be adopted.

Definition 4.6. Associated to any r ∈ O and i ∈ Z>0 are the elements

bi =
∏

̟i‖r

̟i, ki =
∏

̟i‖r

̟, ri =
∏

̟e‖r
e>i

̟e,

in O . In particular, for any j ∈ Z>0 we have the factorisation

r = rj+1

j∏

i=1

bi = rj+1

j∏

i=1

kii, (with (j + 1)-full rj+1).
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5. Cubic exponential sums: basic estimates

We now specialise to the case of non-singular cubic forms F ∈ O [x1, . . . , xn]
under the hypothesis that char(Fq) > 3. We define the associated Hessian
matrix

H(x) =

(
∂2F

∂xi∂xj

)

16i,j6n

. (5.1)

Our assumption on the characteristic of Fq ensures that this matrix doesn’t
vanish identically. Of special importance to us will be the dual form

F ∗ ∈ O [x1, . . . , xn],

whose zero locus parameterises the set of hyperplanes whose intersection with
the cubic hypersurface F = 0 produce a singular variety. It is well-known that
F ∗ is absolutely irreducible and has degree 3 · 2n−2.

This section is devoted to a suite of estimates for the complete cubic expo-
nential sum

Sr,M,b(c) =
∑∗

|a|<|r|

∑

y∈On

|y|<|rM |
y≡b mod M

ψ

(
aF (y)

r

)
ψ

(
−c.y

rM

)
,

both pointwise and on average over c. We recall that r,M ∈ O and b, c ∈ On,
with M | F (b) and rM = rM/(r,M).

We begin by focusing our attention on the exponential sum S̟α,M,b(c) for
a prime ̟ and an integer α > 1. We will typically do so for large primes. In
particular we will have ̟ ∤ M for all of the primes considered in this section,
so that

S̟α,M,b(c) = S̟α,1,0(c) = S̟α(c),

say.

The cases α ∈ {1, 2}. Suppose that ̟ ∤M and α ∈ {1, 2}. Then

S̟α(c) =
∑∗

|a|<|̟α|

∑

|y|<|̟α|

ψ

(
aF (y)− c.y

̟α

)
.

When α = 1 it follows from Heath-Brown [13, Lemma 12]) and Hooley [16,
Lemma 60] that there is a constant A(n, |∆F |) > 0 depending only on n and
|∆F | such that

S̟(c) 6 A(n, |∆F |)|̟|(n+1)/2|(̟,∇F ∗(c))|1/2. (5.2)

These estimates are founded on the work of Deligne [5].
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Suppose next that α = 2. We write a = a1 + ̟a2 and y = y1 + ̟y2, for
ai,yi running modulo ̟. Then

S̟2(c) =
∑∗

|a1|<|̟|

∑

|a2|<|̟|

∑

|y1|<|̟|

ψ

(
a1F (y1)− c.y1

̟2

)

×
∑

|y2|<|̟|

ψ

(
(a1∇F (y1)− c).y2 + a2F (y1)

̟

)
.

The inner sum over y2 vanishes unless a1∇F (y1) ≡ c mod ̟. Likewise, the
sum over a2 vanishes unless ̟ | F (y1). It follows that

|S̟2,M,b(c)| 6 |̟|n+1N

where N is the number of a1,y1 mod ̟ such that a1∇F (y1) ≡ c mod ̟ and
(a1, ̟) = 1 and ̟ | F (y1). But this is now a problem about point counting
over finite fields and the argument used by Hooley [16, Lemma 11] yields N = 0
if ̟ ∤ F ∗(c) and N = O(|̟|) otherwise. This therefore shows that there is a
constant A(n, |∆F |) > 0 such that

S̟2(c) 6 A(n, |∆F |)|̟|n+1|(̟,F ∗(c))|. (5.3)

Recalling the notation in Definition 4.6, we may now combine Lemma 4.5
with (5.2) and (5.3) to deduce the following result.

Lemma 5.1. There is a constant A = A(n, |∆F |) > 0 such that

|Sb1b2,M,b(c)| 6 Aω(b1b2)|b1b2|
(n+1)/2|(b1,∇F

∗(c))|1/2|(k2, F
∗(c))|,

uniformly in b ∈ On.

The case α > 2. Suppose that ̟ ∤M and that α > 2 is an integer. Evaluat-
ing the sum over a, we begin by noting that

S̟α(c) =
∑

y∈On

|y|<|̟|α

ψ

(
−c.y

̟α

)
 ∑

|a1|<|̟|α

ψ

(
a1F (y)

̟α

)
−

∑

|a2|<|̟|α−1

ψ

(
a2F (y)

̟α−1

)


= |̟|α
∑

y∈On

|y|<|̟|α

F (y)≡0 mod ̟α

ψ
(c.y
̟α

)
− |̟|α−1

∑

y∈On

|y|<|̟|α

F (y)≡0 mod ̟α−1

ψ
(c.y
̟α

)

= |̟|αS1(̟
α, c)− |̟|α−1S2(̟

α, c),

say. Substituting y = y1 +̟α−1y2, we get

S2(̟
α, c) =

∑

y1∈On

|y1|<|̟|α−1

F (y1)≡0 mod ̟α−1

ψ
(c.y1

̟α

) ∑

y2∈On

|y2|<|̟|

ψ
(c.y2

̟

)
.
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This term clearly vanishes if ̟ ∤ c. Therefore

S̟α(c) = |̟|αS1(̟
α, c), if α > 1 and ̟ ∤ c.

For α > 1 and ̟ ∤ c, the argument in [17, §6] goes through to give

S̟α(c) =
|̟|

|̟| − 1

{
|̟|αν1(̟

α, c)− |̟|α−1ν2(̟
α, c)

}
,

where ν1(̟
α, c) denotes the number of incongruent solutions modulo ̟α of

the conditions

F (y) ≡ 0 mod ̟α, c.y ≡ 0 mod ̟α, y 6≡ 0 mod ̟,

whereas ν2(̟
α, c) is the number of solutions modulo ̟α of

F (y) ≡ 0 mod ̟α, c.y ≡ 0 mod ̟α−1, y 6≡ 0 mod ̟.

We may now conclude as follows.

Lemma 5.2. We have S̟α(c) = 0 if α > 1 and ̟ ∤MF ∗(c).

The following result is the function field analogue of the union of Lem-
mas 12–15 in [17] . The desired estimates are established in exactly the same
manner and the necessary arguments will not be repeated here.

Lemma 5.3. Let ̟ ∤ c be a prime such that |̟| ≫ 1 and ̟ | F ∗(c). Let r
denote the minimal value of the rank modulo ̟ of the Hessian H(y), where y

runs over the vectors which contribute to ν1(̟
2, c). Then we have

S̟α(c) ≪





|̟|2n+3−r/2, if α = 3,

|̟|(α−1)n+4−r, if α > 4,

|̟|(α−1)n+6−2r, if α > 6,

with r > 2. If ̟ | c, then for α = 3 or 4 we have

S̟α(c) ≪ |̟|(α−1)n+3.

The estimates in this result are true for a given value of r > 2 which depends
on the value of c. According to Hooley (see [17, Eq. (56)]), associated to each
prime ̟ is an affine algebraic variety V̟ ⊂ An

F̟
, with dimension

D(̟) 6

{
r − 1, if r = n− 1 or n,

r, if 2 6 r 6 n− 2,
(5.4)

such that the estimates in Lemma 5.3 are true for a given value of r > 2 when
the reduction of c modulo ̟ is constrained to lie in V̟.
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γj,1 γj,2 Conditions on j

2n+ 13
2

3n + 4 j = 4

4n+ 7
2

6n j = 6
j
2
(n + 7

2
)− 3

4
j
2
(2n+ 1)− n

2
+ 1

2
j odd

j
2
(n+ 7

2
)− 1 j

2
(2n+ 1)− 1 j 6∈ {4, 6} even

Table 1. Value of the exponents γj,i in (6.1)

6. Cubic exponential sums: averages

Recall Definition 4.6 and the attendant notation bi, ki, ri associated to an
element r ∈ O . Throughout this section M ∈ O will denote a generic fixed
integer and b modM such that M | F (b) will also be regarded as fixed. In
particular, the implied constant in any estimate is allowed to depend on |b|
and |M |. The purpose of this section is to estimate |Sr3,M,b(c)| on average
over c. We shall follow the strategy in [13] and [17], although several of our
arguments are closer in spirit to those found in [1, §5].

We begin by recording the trio of estimates that we shall require, before
moving onto a discussion of their proofs. The first result we need is the ana-
logue of [17, Lemma 16]

Lemma 6.1. For any C > 1 and any ε > 0 we have

∑

c∈On

|c|<Ĉ

|Sr3,M,b(c)| ≪ |r3|
n/2+1+ε

(
|r3|

n/3 + Ĉn
)

and ∑

c∈On

|c|<Ĉ

|Sb3,M,b(c)| ≪ |b3|
n/2+2/3+ε

(
|b3|

n/3 + Ĉn
)
.

Our remaining results concern averages of |Sr3,M,b(c)| over sparser sets of
c. The following result is a slight sharpening of the analogous results in [13,
Lemma 16] and [15, Lemma 12].

Lemma 6.2. For any C > 1 and any ε > 0 we have

∑

c∈On\{0}

|c|<Ĉ
F ∗(c)=0

|Sr3,M,b(c)| ≪ |r3|
εĈε

(
|b3|

5n/6+2/3|r4|
n+1/2 + Ĉn−3/2|r3|

n/2+4/3
)
.
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The final bound involves a summation over an even sparser set of vectors c.
In order to proceed we recall the definition of the functions G1(r) and G2(r)
that appear in Hooley’s work. For any r ∈ O and i = 1, 2, let

Gi(r) =
∏

̟j‖r

̟γj,i, (6.1)

where the values of γj,i are given in Table 1 and are extracted from [17, Eqs.
(83), (84)]. We are now ready to record the following result, which is the
analogue of [17, Lemma 21].

Lemma 6.3. Let n = 8. For any C > 1 and any ε > 0 we have
∑

c∈On\0

|c|<Ĉ
∇F ∗(c)=0

|Sr3,M,b(c)| ≪ |r3|
εĈε

(
|G1(r3)|Ĉ

n−5/2 + |G2(r3)|
)
.

With reference to Table 1, when n = 8 we easily deduce that

|G1(r3)|

|r3|n/2+2
6

1

|b3|1/2|b4|3/8|b5|2/5|b6|1/12|b7|5/14|r8|1/4
(6.2)

and
|G2(r3)|

|r3|n/2+2
6 |b3|

4/3|b4||b5|
9/5|b6|

2|b7|
2|b8|

19/8|r9|
5/2. (6.3)

In particular, it follows from these bounds and Lemma 6.3 that

∑

c∈On\0

|c|<Ĉ
∇F ∗(c)=0

|Sr3,M,b(c)|

|r3|n/2+2
≪ |r3|

εĈε

(
Ĉn−5/2

|b3|1/2
+ |b3|

4/3|r4|
5/2

)
, (6.4)

when n = 8.
We will provide reasonably detailed proofs of Lemma 6.1 and Lemma 6.2,

but the proof of Lemma 6.3 will not be given here. The latter is closely
based on ideas already present in the proofs of the preceding lemmas, with the
added information about the behaviour at small prime powers that is provided
by Lemma 5.3. The changes required for the function field analogue of [17,
Lemma 21] are tedious, routine and do not merit repetition here.

6.1. Proof of Lemma 6.1. We begin by establishing the second part of the
lemma. It follows from multiplicativity and Lemmas 5.2 and 5.3 that

|Sb3,M,b(c)| ≪ |b3|
ε
∏

̟|b3

|̟|2n+3−r(̟,c)/2+R(̟,c), (6.5)

where R(̟, c) = 0 if r(̟, c) > 1 and R(̟, c) = 1/2 if r(̟, c) = 1. Here we
stress that the value of r(̟, c) depends only on the value of c modulo ̟2.
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Recall from Definition 4.6 the notation b3 = k33 and note that there are at

most (Ĉ/|k3| + 1)n choices of c ∈ On for which |c| < Ĉ and c ≡ a mod k3.
But then, on invoking (5.4) and the remark after Lemma 5.3, we easily deduce
that

∑

c∈On

|c|<Ĉ

|Sb3,M,b(c)| ≪ |b3|
ε

(
Ĉ

|k3|
+ 1

)n ∑

a mod k3

∏

̟|b3

|̟|2n+3−r(̟,a)/2+R(̟,a)

≪ |k3|
2n+3|b3|

ε

(
Ĉ

|k3|
+ 1

)n ∑

26r6n

∏

̟|b3

|̟|D(̟)−r/2

≪ |k3|
5n/2+2|b3|

ε

(
Ĉ

|k3|
+ 1

)n

This completes the proof of the second part of Lemma 6.1.

We now turn to the first part of the lemma. In fact, future work will deem
it convenient to establish the following more general version, in which the
implied constant is made more explicit.

Lemma 6.4. Let r ∈ Kn
∞, let C > 1 and let ε > 0. Then there exists a

constant cn,ε > 0, depending only on n and ε, such that
∑

c∈On

|c−r|<Ĉ

|Sr3,M,b(c)| 6 cn,ε|M |n|∆F |
2nH

n/2
F |r3|

n/2+1+ε
(
|r3|

n/3 + Ĉn
)
.

The statement of Lemma 6.1 easily follows on taking r = 0 in this result.
During the proof of Lemma 6.4 we will reserve cn (resp. cn,ε) for a generic
positive constant that depends only on n (resp. n and ε). Recall the definition
(5.1) of the Hessian matrix H(x) associated to the cubic form F . For any
m ∈ O and any k ∈ On let

Nm(k) = #{y mod m : H(k)y ≡ 0 mod m}. (6.6)

We will need the following result, which is an analogue of [1, Lemma 13].

Lemma 6.5. For any m ∈ O and R > 1 there exists a constant cn > 0 such

that

∑

k∈On

|k|<R̂

Nm(k)
1/2 6 cnH

n/2
F |m|n/2

(
1 +

R̂3

|m|

)n/2

.

Proof. Let D denote the degree of m. Given K > 1, let

SK = {y ∈ O
n : |y| < D̂ −K} and S1

K = {tD−Ky : |y| < K̂}.
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For any y ∈ On such that |y| < |m|, we write y = y1 + y2, where y1 ∈ SK

and y2 ∈ S1
K . Thus

Nm(k) =
∑

y2∈S1
K

∑

y1∈SK
H(k)(y1+y2)≡0 mod m

1 6 K̂n#{y ∈ SK : H(k)y ≡ 0 mod m},

since if y1 + y2 and y′
1 + y2 are both counted by the inner sum then we have

y3 = y1 − y′
1 ∈ SK and H(k)y3 ≡ 0 mod m.

Choosing K such that K̂ = HF R̂, we find that

|H(k)y| <
HF R̂|m|

K̂
= |m|

for any y ∈ SK . Thus, for y ∈ SK we have H(k)y ≡ 0 mod m if and only if
H(k)y = 0. It follows that

Nm(k) 6 K̂n#{y ∈ SK : H(k)y = 0} = (HF R̂)
n

(
|m|

HF R̂

)n−̺(k)

,

where ̺(k) = rankH(k). Hence

∑

|k|<R̂

Nm(k)
1/2 6 H

n/2
F R̂n/2

n∑

r=0

(
|m|

R̂

)(n−r)/2

#{|k| < R̂ : ̺(k) = r}.

According to [1, Lemma 2], the condition ̺(k) 6 r forces k to lie in an affine
variety Tr ⊂ An

K of dimension at most r and degree On(1). Hence Lemma 2.8
implies that there is a positive constant cn > 0 such that

#{|k| < R̂ : ̺(k) = r} 6 #{k ∈ Tr(O) : |k| < R̂} 6 cnR̂
r.

It follows that

∑

|k|<R̂

Nm(k)
1/2 6 cnH

n/2
F R̂n/2

n∑

r=0

(
|m|

R̂

)(n−r)/2

R̂r

6 (n+ 1)cnH
n/2
F |m|n/2

(
1 +

R̂3

|m|

)n/2

.

The statement of the lemma is now clear. �

It will be convenient to relate Sr3,M,b(c) to the exponential sum

T (a, s; c) =
∑

z∈On

|z|<|s|

ψ

(
ag(z)− c.z

s

)
,

for appropriate g ∈ O [x1, . . . , xn], a, s ∈ O with (a, s) = 1 and c ∈ On. These
sums satisfy the following multiplicativity property.
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Lemma 6.6. Suppose that s1, s2 ∈ O are coprime and let s1, s2 ∈ O be chosen

so that s1s1 + s2s2 = 1. Then T (a, s1s2; c) = T (as2, s1; s2c)T (as1, s2; s1c).

Proof. As z1 ranges over vectors in On modulo s1 and z2 ranges over vectors
modulo s2, so z = s2s2z1+s1s1z2 ranges over a complete set of residues modulo
s1s2. Moreover, we clearly have

ag(z)− c.z ≡ s2s2 {ag(z1)− c.z1}+ s1s1 {ag(z2)− c.z2} mod s1s2,

since (sisi)
j ≡ sisi mod s1s2 for i ∈ {1, 2} and all j > 1. The desired result

now follows easily. �

Making the change of variables y = b+Mz we obtain

Sr3,M,b(c) = ψ

(
−c.b

r3M/(r3,M)

) ∑∗

|a|<|r3|

T

(
a,

r3
(r3,M)

; c

)
, (6.7)

with underlying polynomial

g(z) =
1

(r3,M)
F (Mz+ b). (6.8)

This is a cubic polynomial with coefficients in O since M | F (b). Moreover
it has non-singular homogeneous cubic part g0(z) = (r3,M)−1M3F (z). We
now factorise r3/(r3,M) into a cube-free part and a cube-full part. Since r3
is cube-full it follows that the cube-free part has absolute value at most |M |.
Applying Lemma 6.6 and estimating the contribution from the cube-free part
trivially it follows from (6.7) that

|Sr3,M,b(c)| 6 |M |n
∑∗

|a|<|r3|

|T (ba, s; bc)|

for some cube-full s ∈ O with s | r3, together with some element b ∈ O with
|b| 6 |M | and (b, s) = 1. To prove Lemma 6.4, it will therefore suffice to show
that there is a constant cn,ε > 0 depending only on n and ε such that

∑

c∈On

|c−r|<Ĉ

|T (a, s; c)| 6 cn,ε|∆F |
2nH

n/2
F |s|n/2+ε

(
Ĉn + |s|n/3

)
, (6.9)

for any cube-full s ∈ O , any a ∈ O which is coprime to s and any C > 1.
We henceforth write s = c2d, where d | c and

d =
∏

̟e‖s
e>3, 2∤e

̟. (6.10)
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Following the opening argument in [1, Lemma 11] more or less verbatim, we
easily conclude that

|T (a, s; c)| 6 |c2d|n/2
∑

|u|<|c|
a∇g(u)−c≡0 mod c

Md(u)
1/2,

where

Mm(u) = #{y mod m : ∇2g(u)y ≡ 0 mod m}. (6.11)

Let us denote the left hand side of (6.9) by M (C). Then our work so far
shows that

M (C) 6 |c2d|n/2
∑

|c−r|<Ĉ

∑

|u|<|c|
a∇g(u)−c≡0 mod c

Md(u)
1/2.

Let ε > 0. Then it follows from [1, Lemma 14] that there is a constant cn,ε > 0
depending only on n and ε such that

∑

|u|<|d|

Md(u) = #{u,y mod d : ∇2g(u)y ≡ 0 mod d}

6 cn,ε|∆F |
2n|d|n+ε.

(6.12)

Our argument now differs according to whether |c| < Ĉ or |c| > Ĉ. Begin-
ning with the former case, we have

M (C) 6 |c2d|n/2
∑

|u|<|c|

Md(u)
1/2#{|c− r| < Ĉ : a∇g(u)− c ≡ 0 mod c}

= |c2d|n/2

(
Ĉ

|c|

)n ∑

|u|<|c|

Md(u)
1/2

6 |c2d|n/2

(
Ĉ

|c|

)n(
|c|

|d|

)n ∑

|u|<|d|

Md(u).

This is at most cn,ε|∆F |
2n|c2d|n/2+εĈn, by (6.12).

Next, suppose that |c| > Ĉ. Starting as above we note that

#{|c− r| < Ĉ : a∇g(u)− c ≡ 0 mod c} =
∑

h∈On

w

(
a∇g(u)− r− ch

tC

)
,

where w is given by (2.1). Now it follows from Lemma 2.1 that

∑

h∈On

w

(
a∇g(u)− r− ch

tC

)
=
∑

k∈On

∫

Kn
∞

w

(
a∇g(u)− r− cx

tC

)
ψ(k.x)dx.
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But this is equal to
(
Ĉ

|c|

)n ∑

k∈On

ψ

(
ak.∇g(u)− r.k

c

)∫

Tn

ψ

(
tCk.y

c

)
dy,

whence an application of Lemma 2.2 yields

M (C) 6
|c2d|n/2Ĉn

|c|n

∑

k∈On

|k|<|c|/Ĉ

σk,

where

σk =
∑

|y|<|d|

Md(y)
1/2

∑

|u|<|c|
u≡y mod d

ψ

(
ak.∇g(u)− r.k

c

)
.

We proceed with an application of Cauchy’s inequality and (6.12), to obtain

|σk|
2 6 cn,ε|∆F |

2n|d|n+ε
∑

|y|<|d|

∣∣∣∣∣∣∣∣

∑

|u|<|c|
u≡y mod d

ψ

(
ak.∇g(u)

c

)
∣∣∣∣∣∣∣∣

2

6 cn,ε|∆F |
2n|d|n+ε

∑

|u1|,|u2|<|c|
u1≡u2 mod d

ψ

(
ak.(∇g(u1)−∇g(u2))

c

)
.

Writing u1 = u2 + dz and recalling (6.8), we see that

∇g(u1)−∇g(u2) = d(r3,M)−1M3H(z)u2

plus a term which in independent of u2. Hence there exists m ∈ O , with
|m| 6 |c/d|, such that |σk|

2 6 cn,ε|∆F |
2n|d|n+ε|c|nNm(k), in the notation of

(6.6). It now follows from Lemma 6.5 that

M (C) 6 c1/2n,ε |∆F |
n |c

2d|n/2Ĉn

|c|n

∑

k∈On

|k|<|c|/Ĉ

|d|n/2+ε|c|n/2Nm(k)
1/2

6 cnc
1/2
n,ε |∆F |

nH
n/2
F

|c2d|n/2Ĉn|d|n/2+ε|c|n/2

|c|n

(
|m|+

|c|3

Ĉ3

)n/2

6 cnc
1/2
n,ε |∆F |

2nH
n/2
F |c2d|n/2+εĈn

(
1 +

|c2d|

Ĉ3

)n/2

.

In view of our earlier work this bound is also valid when |c| < Ĉ.
Let D = deg(c2d). We therefore arrive at the desired bound (6.9) on noting

that M (C) 6 M (max{C, 1
3
D}).
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6.2. Proof of Lemma 6.2. In addition to taking into account the sparsity
of vectors c for which F ∗(c) = 0, in the proof of Lemma 6.2 we will also need
to sum non-trivially over a in the definition of Sr3,M,b(c).

To begin with we factorise r3 = b3r4 and use Lemma 4.5 to factorise the sum
Sr3,M,b(c). The sum corresponding to b3 we estimate using (6.5). For the sum
involving r4 we return to (6.7) and relate the exponential sum to T (a, s; c) for
a quartic-full s ∈ O . Abusing notation slightly, this leads to the preliminary
estimate

∑

|c|<Ĉ
F ∗(c)=0

|Sr3,M,b(c)| ≪ |r3|
ε
∑

|c|<Ĉ
F ∗(c)=0

∏

̟|b3

|̟|2n+3−r(̟,c)/2+R(̟,c)

∣∣∣∣∣∣

∑∗

|a|<|r4|

T (a, r4; c)

∣∣∣∣∣∣
.

The term involving b3 only depends on c modulo k3. Thus, arguing as in the
proof of the second part of Lemma 6.1, we break the c-sum into residue classes
modulo k3 and deduce that

∑

|c|<Ĉ
F ∗(c)=0

|Sr3,M,b(c)| ≪ |k3|
2n+3|r3|

ε
∑

a mod k3

Σ(a)
∏

̟|b3

|̟|−r(̟,a)/2+R(̟,a),

where

Σ(a) =
∑

|c|<Ĉ
F ∗(c)=0

c≡a mod k3

∣∣∣∣∣∣

∑∗

|a|<|r4|

T (a, r4; c)

∣∣∣∣∣∣
.

We will show that

Σ(a) ≪ |r4|
n+1/2+ε +

|r4|
n/2+4/3+εĈn−3/2+ε

|b3|n/3−1/2
. (6.13)

Recollecting (5.4), we can insert this into the above estimate in order to con-
clude the proof of Lemma 6.2.

In order to prove (6.13), we write r4 = c2d as before, with d given by (6.10).
The argument in [13, §7] now goes through more or less verbatim, leading to
the bound

∑∗

|a|<|r4|

T (a, r4; c) ≪ |c|n+1|d|n/2+1
∑∗

|a1|<|c|

∑

|u|<|c|
a1∇g(u)−c≡0 mod c

g(u)≡0 mod c

Md(u)
1/2,

in the notation of (6.11). Making the change of variables h = Mu + b, we
deduce that there are elements c′, d′ with d′ | c′ and |c′| (resp. |d′|) of order |c|
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(resp. |d|), such that
∑

|u|<|c|
a1∇g(u)−c≡0 mod c

g(u)≡0 mod c

Md(u)
1/2 =

∑

|h|<|c′|
a1∇F (h)−c≡0 mod c′

F (h)≡0 mod c′

Nd′(h)
1/2.

Summing trivially over a1, we now find that

∑

|c|<Ĉ
F ∗(c)=0

c≡a mod k3

∣∣∣∣∣∣

∑∗

|a|<|r4|

T (a, r4; c)

∣∣∣∣∣∣
≪ |c|n+2|d|n/2+1

N
∑

|h|<|c′|
F (h)≡0 mod c′

Nd′(h)
1/2, (6.14)

where

N = max
|r|<|k3c′|

#
{
c ∈ O

n : |c| < Ĉ, F ∗(c) = 0, c ≡ r mod k3c
′
}
.

The equation F ∗(c) = 0 cuts out an absolutely irreducible hypersurface in An

of dimension n− 1. Hence it follows from Lemma 2.10 that

N ≪

(
Ĉ

|k3c|
+ 1

)n−3/2

. (6.15)

It remains to analyse the sum

S(c, d) =
∑

|h|<|c|
F (h)≡0 mod c

Nd(h)
1/2,

for given c, d ∈ O such that d is square-free and d | c. We will show that

S(c, d) ≪ |c|n−1+ε|d|1/2.

Once combined with (6.15) in (6.14), this gives the desired bound (6.13) on not-
ing that |d| 6 |c2d|1/3 = |r4|

1/3. The sum in question satisfies S(c1c2, d1d2) =
S(c1, d1)S(c2, d2) for any ci, di ∈ O such that (c1d1, c2d2) = 1 and di | ci. Hence
it will suffice to show that

S1 = S(̟e, 1) ≪ |̟|e(n−1) and S2 = S(̟e, ̟) ≪ |̟|e(n−1)+1/2,

for any e ∈ Z>0 and any prime ̟. This is achieved by closely following the
argument of Heath-Brown [13, page 245]. The estimation of S1 uses exponen-
tial sums and an application of Lemma 6.1 with C = 1. The main ingredient
in the estimation of S2 is (6.12). Given that the arguments of [13, page 245]
carry over verbatim to the function field setting, they will not be repeated
here.
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7. Return to the main counting function

Recall our standing assumption that char(Fq) > 3, together with the defi-
nition (5.1) of the Hessian matrix associated to our non-singular cubic form
F ∈ O [x1, . . . , xn]. The proof of [15, Lemma 1] shows that there exists a point
x0 ∈ Kn

∞ satisfying

F (x0) = 0, detH(x0) 6= 0, |x0| < 1/HF . (7.1)

An inspection of the proof reveals that the result is false in characteristic 2 or
3 when F is cubic. Such a point will automatically satisfy ∇F (x0) 6= 0, since
F is non-singular.

Next, let L > 1 be an integer. We define the weight function ω : Kn
∞ → R>0

via

ω(x) = w
(
tL(x− x0)

)
, (7.2)

where w is given by (2.1). Ultimately, L will be taken to be a large but fixed
integer. For L large enough, it is clear that

|x| < 1/HF and | detH(x)| = | detH(x0)|, (7.3)

for any x ∈ Kn
∞ such that ω(x) 6= 0.

Let b ∈ On and let M ∈ O such that M | F (b). It is clear that ω ∈ S(Kn
∞)

and we are interested in the asymptotic behaviour of the counting function

N(P ) =
∑

x∈On

F (x)=0
x≡b mod M

ω(x/P ), (7.4)

as |P | → ∞. The quantities x0,b,M, L are to be considered fixed once and
for all. Consequently, all our implied constants are allowed to depend on these
quantities as well as on the height HF of F .

Our main result concerning the behaviour of N(P ) is as follows.

Theorem 7.1. Suppose that n = 8. Then there exists constants c > 0 and

δ > 0 such that

N(P ) = c|P |n−3 +O(|P |n−3−δ).

The constant c is a Hardy–Littlewood product of local densities, with c > 0
if for every finite prime ̟ there exists x ∈ On

̟ such that F (x) = 0 and

|x− b|̟ < |M |̟.

In §7.1 we show how this result implies the statement of Theorem 1.2. Next,
in §7.2, we initiate our analysis of N(P ) along the lines of §4. The outcome of
this first phase of the argument is recorded in Lemma 7.2. The main contri-
bution to N(P ) comes from the trivial characters, which is what we analyse
in §7.3. It is here that the explicit value of the leading constant c is recorded.



36 T.D. BROWNING AND P. VISHE

Finally, §7.4 is devoted to a preliminary analysis of the contribution from the
non-trivial characters.

7.1. Deduction of Theorem 1.2. This section shows how Theorem 7.1 im-
plies Theorem 1.2. Let X ⊂ Pn−1

K be a non-singular cubic hypersurface defined
by a cubic form F over K with n > 8 variables. Assume that X(Kv) 6= ∅ for
every place v ∈ Ω. In order to establish the Hasse principle and weak approx-
imation, we need to show that X(K) 6= ∅ and X(K) is dense in X(AK) under
the product topology.

Using a familiar fibration argument, we use induction on the number of
variables n > 8, supposing for the moment that it is has been verified when
n = 8. Thus let n > 9 and let H1, H2 be generic hyperplanes in Pn−1

K defined
over K. We consider the fibration π : X → P1

K with fibres Xλ,µ = X ∩ Hλ,µ,
where Hλ,µ = λH1 + µH2. By the Lefschetz hyperplane theorem Pic(X) is a
free abelian group of rank 1 generated by the class of a hyperplane section Y .
All fibres of π are therefore geometrically integral. Indeed if a fibre Xλ,µ were
reducible, say Xλ,µ = Y1 + Y2, then Y1, Y2 would give independent elements
of the Picard group of X which are not multiples of Y , which is impossible.
Moreover P1

K satisfies the Hasse principle and weak approximation, as do the
smooth fibres by the inductive hypothesis. A standard argument (see Sko-
robogatov [31], for example) therefore yields the desired conclusion subject to
a satisfactory treatment of the case n = 8.

Henceforth suppose that n = 8. Let S be a finite set of primes of K.
Suppose that we are given points x∞ ∈ X(K∞) and x̟ ∈ X(K̟) for each
̟ ∈ S. We wish to prove that there exists a rational point x ∈ X(K) which is
simultaneously close to these local points in their respective topologies. Since
the Hessian does not vanish identically on X , there is no loss of generality in
assuming that x∞ doesn’t lie on the Hessian variety.

Let N∞, N be positive integers. We choose representative coordinates so
that x∞ = [x∞] for x∞ ∈ Tn such that |x∞| < 1/HF and x̟ = [x̟] for
x̟ ∈ On

̟, for each ̟ ∈ S. We need to show that there exists a non-zero
vector z ∈ Kn such that F (z) = 0, with

|z− x∞| < N̂−1
∞ and |z− x̟|̟ < |̟|−N

̟ , for all ̟ ∈ S. (7.5)

Combining weak approximation for On with the Chinese remainder theorem,
we can find a vector b ∈ On such that b ≡ x̟ mod ̟N for every ̟ ∈ S. Let
M =

∏
̟∈S̟

N and let B run through elements of O for which B ≡ 1 modM .
For |B| suitably large we will show that there is a vector x ∈ On such that
F (x) = 0, with

|x− Bx∞| < N̂−1
∞ |B| and x ≡ b modM.
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We claim that the vector z = x/B ∈ Kn will satisfy the conditions required
to draw the desired conclusion. Now it is clear that F (z) = 0 and that the
restriction at the infinite place in (7.5) is satisfied. Moreover, for any ̟ ∈ S
we will have |z − x̟|̟ < |̟|−N

̟ if and only if |x − x̟|̟ < |̟|−N
̟ , since

B ≡ 1 mod ̟N . But this follows from the fact that

|x− x̟|̟ 6 max {|x− b|̟, |b− x̟|̟} < |̟|−N
̟ .

It will therefore suffice to study the counting function N(P ) in (7.4), with
x0 = x∞ and L = N∞. Indeed, our arguments so far show that the Hasse
principle and weak approximation hold when n = 8, if we are able to show
that

N(P ) > 0,

for P ∈ O such that |P | → ∞. But this follows directly from the statement
of Theorem 7.1.

7.2. Preliminary analysis of N(P ). Our starting point is Lemma 4.4, which
gives

N(P ) = |P |n
∑

r∈O

|r|6Q̂
r monic

|rM |−n

∫

|θ|<|r|−1Q̂−1

∑

c∈On

Sr,M,b(c)IrM (θ; c)dθ, (7.6)

where rM = rM/(r,M) and Sr,M,b(c), IrM (θ; c) are as in the statement of
lemma. We proceed to use the results of §2.4 to study Ir(θ; c) for given r ∈ O .
In view of (7.2) and Lemma 2.3, we have

Ir(θ; c) =

∫

Kn
∞

w
(
tL(x− x0)

)
ψ

(
θP 3F (x) +

Pc.x

r

)
dx

=
1

L̂n
ψ

(
Pc.x0

r

)∫

Kn
∞

w (y)ψ

(
θP 3F (x0 + t−Ly) +

Pt−Lc.y

r

)
dy

=
1

L̂n
ψ

(
Pc.x0

r

)
JG

(
θP 3;

Pt−Lc

r

)
, (7.7)

in the notation of (2.4), where G(y) = F (x0 + t−Ly). It is clear that G is a
polynomial with coefficients in K∞ and height HG 6 HF .

According to Lemma 2.6 we have JG(θP
3;Pt−Lc/r) = 0 if

|P ||c|

|r|
> L̂max{1, |P |3|θ|HF}.

Hence we may truncate the sum over c in (7.6) to arrive at the following result.



38 T.D. BROWNING AND P. VISHE

Lemma 7.2. We have

N(P ) = |P |n
∑

r∈O

|r|6Q̂
r monic

|rM |−n

∫

|θ|<|r|−1Q̂−1

∑

c∈On

|c|6Ĉ

Sr,M,b(c)IrM (θ; c)dθ,

where Ĉ = L̂HF |rM ||P |−1max{1, |θ||P |3}.

We will need a good upper bound for IrM (θ; c), for r, θ, c appearing in the
expression for N(P ) in this lemma. This need is met by the following result.

Lemma 7.3. We have

|IrM (θ; c)| ≪ Hn
F max{1, |θ||P |3}−n/2.

Proof. When |c| 6 Ĉ we put γ = θP 3 and w = Pt−Lc/rM , for convenience.
In particular we have

|w| 6 HF max{1, |γ|}.

It then follows from Lemma 2.7 that

|IrM (θ; c)| 6
1

L̂n
|JG(γ;w)|

6
1

L̂n
meas

{
y ∈ Tn : |γ∇G(y) +w| 6 HG max{1, |γ|1/2}

}

6 meas(R),

where

R =
{
x ∈ Tn : |x− x0| < L̂−1, |γ∇F (x) +w| 6 HF max{1, |γ|1/2}

}
.

We would like to estimate the measure of this region. Recall that x0 satisfies
(7.1). The parameter L > 0 is chosen large enough that (7.3) holds for all

x ∈ Kn
∞ such that |x− x0| < L̂−1.

To begin with, if |γ| 6 1 then we take the trivial bound meas(R) 6 1. Let
us suppose instead that |γ| > 1. If x and x+ x′ are both in R then

|∇F (x+ x′)−∇F (x)| 6 HF |γ|
−1/2.

But
|∇F (x+ x′)−∇F (x)−H(x)x′| 6 HF |x

′|2.

Using the inverse of H(x), whose entries each have absolute value O(1), we
find that

|x′| ≪ HF max
{
|γ|−1/2, |x′|2

}
.

This implies that |x′| ≪ HF |γ|
−1/2, since |x′| < 1/HF . We have therefore

shown that
meas(R) ≪ Hn

F min{1, |γ|−n/2}, (7.8)

which concludes the proof of the lemma. �
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7.3. The main term. In this section we investigate the contribution to N(P )
in Lemma 7.2 coming from c = 0. Let us denote this term by M(P ). We
will always assume that n > 8. Recalling the definition of IrM (θ; 0) from
Lemma 4.4, we find that

M(P ) = |P |n
∑

r∈O

|r|6Q̂
r monic

|rM |−nSr,M,b(0)Kr,

where

Kr =

∫

|θ|<|r|−1Q̂−1

∫

Kn
∞

ω(x)ψ
(
θP 3F (x)

)
dx dθ.

It follows from Lemma 7.3 that Kr = O(|P |−3) for any r. Moreover, we recall
from (7.2) that ω(x) = w(tL(x− x0)) in Kr, where w is given by (2.1), L is a
large fixed integer and x0 satisfies (7.1). In particular ∇F (x0) 6= 0 and we let
ξ ∈ Z be such that

ξ̂ = |∇F (x0)|.

In particular |ξ| < 1.
We begin with the following basic result.

Lemma 7.4. For any Y > 1 and any ε > 0, we have
∑

r∈O

|r|=Ŷ
r monic

|rM |−n|Sr,M,b(0)| ≪ Ŷ 5/4−n/6+ε.

Proof. We factorise any r in the summation as r = b1b2b3r4 and use the multi-
plicativity property Lemma 4.5 that is enjoyed by Sr,M,b(0). For the modulus
b1b2 we apply Lemma 5.1. For the modulus b3 (resp. r4) we use the second
(resp. first) part of Lemma 6.1 with C = 1. This leads to the conclusion that

Sr,M,b(0) ≪ |r|ε|b1b2|
n/2+1|b3|

5n/6+2/3|r4|
5n/6+1

≪ |r|n/2+1+ε|b3|
n/3−1/3|r4|

n/3.

Hence
∑

r∈O

|r|=Ŷ
r monic

|rM |−n|Sr,M,b(0)| ≪ Ŷ 1−n/6+ε
∑

|b3r4|6Ŷ

|b3|
−1/3

∑

|b1b2|=Ŷ /|b3r4|

1

|b1b2|n/3
.

The inner sum is absolutely convergent and there are O(R̂1/j) elements rj ∈ O

such that |rj| 6 R̂. Summing first over r4 we see that the resulting sum
over b3 is absolutely convergent, which therefore completes the proof of the
lemma. �



40 T.D. BROWNING AND P. VISHE

Let us put C = L̂− ξ. Since Kr = O(|P |−3) and 5/4 − n/6 < 0 for n > 8,
Lemma 7.4 implies that there exists δ > 0 such that the overall contribution

to M(P ) from r satisfying C−1Q̂ 6 |r| 6 Q̂ is O(|P |n−3−δ). On the remaining
range for r we will actually show that Kr is independent of r. Let

Jθ =

∫

Kn
∞

ω(x)ψ
(
θP 3F (x)

)
dx.

We then have

Kr =

∫

|θ|<C|P |−3

Jθ dθ +

∫

C|P |−36|θ|<|r|−1Q̂−1

Jθ dθ.

The first integral is independent of r and the second integral is over a non-

empty interval if and only if |r| < C−1Q̂−1|P |3 = C−1Q̂.
Recalling (7.2), we obtain

Jθ =

∫

Kn
∞

w
(
tL(x− x0)

)
ψ
(
θP 3F (x)

)
dx

=
1

L̂n

∫

Tn

ψ
(
θP 3F (x0 + t−Ly)

)
dy.

Let f(y) = θP 3F (x0 + t−Ly). Then, provided L is sufficiently large, we will
have

|∇f(y)| = |θP 3t−L∇F (x0 + t−Ly)| =
|θ||P |3ξ̂

L̂
= λ,

say, for all y ∈ Tn. Likewise, we have |∂βf(y)| < λ, for all |β| > 2 and all
y ∈ Tn. Hence Lemma 2.5 implies that Jθ = 0 if λ > 1. It therefore follows
that

Kr =

∫

|θ|<C|P |−3

∫

Kn
∞

ω(x)ψ
(
θP 3F (x)

)
dxdθ,

when |r| < C−1Q̂, which is now independent of r.
Making the change of variables ϕ = θP 3, we conclude that

M(P ) = |P |n−3
S(Q)I+O(|P |n−3−δ),

for n > 8, where

S(Q) =
∑

r∈O

|r|6Q̂
r monic

|rM |−nSr,M,b(0)

and

I =

∫

|ϕ|<L̂−ξ

∫

Kn
∞

ω(x)ψ (ϕF (x)) dxdϕ.

The latter quantity is (essentially) the “singular integral” for the problem and
can be evaluated explicitly as follows.
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Lemma 7.5. We have

I =
1

|∇F (x0)|L̂n−1
≫ 1.

Proof. Opening up ω and making a change of variables as before, we see that

I =
1

L̂n

∫

|ϕ|<L̂−ξ

∫

Tn

ψ
(
ϕF (x0 + t−Ly)

)
dydϕ

=
L̂− ξ

L̂n
meas

{
y ∈ Tn : |F (x0 + t−Ly)| <

ξ̂

L̂

}
,

by Lemma 2.2. Put f(y) = F (x0 + t−Ly). Then Taylor’s theorem yields

f(y) = t−Ly.∇F (x0) +
1
2
t−2LyT∇2F (x0)y + t−3LF (y),

since F (x0) = 0 by (7.1). Now the second and third terms here have absolute

value O(|y|2/L̂2), whereas the first term has absolute value at most |y|ξ̂/L̂.
Assuming that L is large enough, it therefore follows from the ultrametric

inequality that |f(y)| < ξ̂/L̂ for any y ∈ Tn. Hence the region in which we
are interested has measure 1, which finally leads to the desired conclusion. �

In view of Lemma 7.4 we can extend the summation over r in S(Q) to
infinity with acceptable error. Thus, for n > 8, there exists δ > 0 such that

M(P ) = |P |n−3
SI+O(|P |n−3−δ),

where I is given by Lemma 7.5 and

S =
∑

r∈O
r monic

|rM |−nSr,M,b(0)

is the (absolutely convergent) “singular series”. The analysis of S is standard
and will not be repeated here. It runs exactly as in Lee [24, 25], with the
outcome that S > 0 if for every finite prime ̟ there exists x ∈ On

̟ such that
F (x) = 0 and |x− b|̟ < |M |̟.

7.4. Preparations for the error term. It remains to show that overall
contribution to N(P ) in Lemma 7.2 from c 6= 0 is O(|P |n−3−δ) for some δ > 0
if n = 8. The purpose of this section is to lay some groundwork furthering this
aim. Now it is clear from (4.1) that there is a satisfactory overall contribution

to N(P ) from values of θ such that |θ| < Q̂−5. This allows us to henceforth

focus on the contribution from |θ| > Q̂−5.
Let Y,Θ ∈ Z be such that

0 6 Y 6 Q, −5Q 6 Θ < −(Y +Q). (7.9)
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The last inequality is equivalent to Q̂−5 6 Θ̂ < (Ŷ Q̂)−1 and one sees that there
are at most 4Q = O(log |P |) choices for Y,Θ. We will content ourselves with
focusing on the overall contribution to N(P ) from c 6= 0 and r, θ such that

|r| = Ŷ and |θ| = Θ̂. Let us denote this contribution by E(P ) = E(P ; Y,Θ).
Suppose that we are able to prove the existence of a positive constant η > 0
such that

E(P ) = O(|P |n−3−η) (7.10)

for any Y,Θ ∈ Z satisfying (7.9). Then this will lead to an asymptotic formula
for N(P ), as |P | → ∞, for the range of n that (7.10) is valid for.

In what follows it will be convenient to introduce the notation

J(Θ) = max{1, Θ̂|P |3}. (7.11)

The constraint on c imposed in Lemma 7.2 now becomes |c| ≪ Ŷ |P |−1J(Θ),
for a suitable implied constant. In particular, since c 6= 0, we must have

Ŷ ≫
|P |

J(Θ)
. (7.12)

Switching the order of summation we obtain

E(P ) = |P |n
∑

c∈On

c6=0

|c|≪Ŷ |P |−1J(Θ)

∑

r∈O

|r|=Ŷ
r monic

|rM |−n

∫

|θ|=Θ̂

Sr,M,b(c)IrM (θ; c)dθ, (7.13)

where IrM (θ; c) ≪ J(Θ)−n/2. Let S be a set of finite primes to be decided
upon in due course, but which contains all prime divisors of M . Any r ∈ O

can be written r = b′1b1r2 where b′1 is square-free such that ̟ | b′1 ⇒ ̟ ∈ S
and b1 is square-free and coprime to S. According to Lemma 4.5 there is
a factorisation M = M1M2M3 for M1,M2,M3 ∈ O such that M1 | (b′1)

∞,
M2 | r

∞
2 and (M3, r) = 1, together with b1,b2,b3 ∈ (O/MO)n such that

Sr,M,b(c) = Sb1,1,0(c)Sb′1,M1,b1
(c)Sr2,M2,b2(c)ψ

(
−c.b3

M3

)
. (7.14)

The vectors b1,b2 and b3 depend only on the value of b1 modM . In §8 we
will consider the effect of Sb1,1,0(c) on E(P ). Later, in §9, we will consider the
contribution from Sr2,M2,b2(c).

8. Contribution from square-free moduli

It will be convenient to define

O
♯ = {b ∈ O : b is monic and square-free} .
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Recalling the expression (7.13) and the subsequent factorisation (7.14) of the
exponential sum involved, it follows that there exists b1,b2 ∈ (O/MO)n and
b0 ∈ (O/MO)∗ such that

E(P ) ≪
|P |n

Ŷ (n−1)/2

∑

c∈On

c6=0

|c|≪Ŷ |P |−1J(Θ)

∑

b′1∈O♯

̟|b′1⇒̟∈S

×
∑

r2∈O

|b′1r2|6Ŷ

|Sb′1,M1,b1
(c)Sr2,M2,b2(c)|

|b′1r2|
(n+1)/2

∫

|θ|=Θ̂

|Σ(Y, θ)|dθ,

(8.1)

where

Σ(Y, θ) =
∑

b1∈O♯

(b1,S)=1

|b′1b1r2|=Ŷ
b1≡b0 mod M

Sb1,1,0(c)Ib1(b′1r2)M (θ; c)

|b1|(n+1)/2
. (8.2)

Here we have observed that (b′1b1r2)M = b1(b
′
1r2)M since (b1,M) = 1. Our

main job in this section is to estimate Σ(Y, θ) whenever c is suitably generic.
In what follows we will put b = b1 and redefine b′1r2 to be d, for simplicity.

Putting Sb(c) = Sb,1,0(c), we have

Sb(c) =
∑∗

|a|<|b|

∑

y∈On

|y|<|b|

ψ

(
aF (y)− c.y

r

)
.

Let ∆F ∈ O denote the non-zero discriminant of F . Assuming that F ∗(c) 6= 0
we shall take S to be the set of primes dividing ∆FMF ∗(c). Alternatively,
if F ∗(c) = 0 but ∇F ∗(c) 6= 0, then we will take S to be the set of primes
dividing ∆FM∇F ∗(c). Lemma 4.5 shows that the sum Sb(c) is a multi-
plicative function of b. When b = ̟ for a prime ̟, the sum is a com-
plete exponential sum over the finite field F̟. It then follows from (5.2)
that S̟(c) ≪ |̟|(n+1)/2|(̟,∇F ∗(c))|1/2. Hence

∑

b∈O♯

(b,S)=1

|bd|=Ŷ
b≡b0 mod M

|Sb(c)|

|b|(n+1)/2
≪ Ŷ ε

∑

b∈O♯

(b,S)=1

|bd|=Ŷ

|(b,∇F ∗(c))|1/2

in (8.2). According to our definition of S this is O(|d|−1Ŷ 1+ε) if ∇F ∗(c) 6= 0

and O(|d|−3/2Ŷ 3/2+ε) if ∇F ∗(c) = 0. Recalling the bound in Lemma 7.3 for
IbdM (θ; c) and the definition (7.11) of J(Θ), this leads to the following “easy”
estimate for Σ(Y, θ).
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Lemma 8.1. Let ε > 0. If ∇F ∗(c) 6= 0 and S is the set of primes dividing

∆FM∇F ∗(c), then

Σ(Y, θ) ≪
Ŷ 1+ε

|d|J(Θ)n/2
.

If ∇F ∗(c) = 0 and S is the set of primes dividing ∆FM , then

Σ(Y, θ) ≪
Ŷ 3/2+ε

|d|3/2J(Θ)n/2
.

The implied constants in these estimates are allowed to depend on the choice
of ε, a convention that we shall henceforth adhere to. Lemma 8.1 does not
take advantage of any cancellation in the sum over b ∈ O ♯ coming from sign
changes in the exponential sum Sb(c). The following “hard” estimate does so
under suitable hypotheses. Its proof will occupy the rest of this section.

Lemma 8.2. Assume that n is even and that F ∗(c) 6= 0. Let S be the set

of primes dividing ∆FMF ∗(c). Assume, furthermore, that Ŷ >
√
q|d||P ||c|.

Then for any ε > 0 we have

Σ(Y, θ) ≪
(|c|Ŷ )ε

|d|1/2
Ŷ 1/2

J(Θ)n/2−1/2
.

At this stage it might be useful to compare Lemmas 8.1 and 8.2 for typical

values of Y,Θ, c satisfying (7.9), by which we mean that Y ∼ Q, Θ̂ ∼ (Ŷ Q̂)−1

and |c| ∼ |P |1/2. But then J(Θ) ∼ 1 and the bound in Lemma 8.2 is roughly

of order (Q̂/|d|)1/2, while that in Lemma 8.1 is of order Q̂/|d|.
We begin the proof of Lemma 8.2 by writing

Σ(Y, θ) =

∫

Kn
∞

w
(
tL(x− x0)

)
ψ
(
θP 3F (x)

)
Σ(Y ;x)dx,

where

Σ(Y ;x) =
∑

b∈O♯

(b,S)=1

|b|=Ŷ /|d|
b≡b0 mod M

Sb(c)

|b|(n+1)/2
ψ

(
Pc.x/dM

b

)
.

Here we recall that |x| < 1 for x ∈ Kn
∞ such that w(tL(x−x0)) 6= 0. We detect

the condition b ≡ b0 modM by summing over Dirichlet characters η1 modM .
Letting D1 = (O/MO)∗, this gives

Σ(Y ;x) =
1

#D1

∑

η1 mod M

η1(b0)
∑

b∈O♯

(b,S)=1

|b|=Ŷ /|d|

η1(b)Sb(c)

|b|(n+1)/2
ψ

(
Pc.x/dM

b

)
.
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Next, we let J ∈ Z be such that

Ĵ = qJ = max

{
1,
q|P ||c|

Ŷ

}
.

In particular J > 0. Typically we expect Ĵ to be rather small. For any b
arising in Σ(Y ;x) let us put K = deg(b), so that

K̂ = qK =
Ŷ

|d|
.

Lemma 8.2 is stated under the assumption that Ŷ >
√
q|d||P ||c|, which is

equivalent to J 6 K. Let us put x = t−1 for the prime at infinity and
A = Fq[x] ⊂ O∞. Then, since b is monic, there exist c1, . . . , cK ∈ Fq such that

b = tK + c1t
K−1 + · · ·+ cJ−1t

K−J+1

︸ ︷︷ ︸
=tKa

+ cJt
K−J + · · ·+ cK︸ ︷︷ ︸

=tK−J b′

,

where a ∈ (A/xJA)∗ and b′ ∈ A. Thus b = tK(a + xJb′) with |b′| 6 1 and
|a| = 1. But then it follows that

ψ

(
Pc.x/dM

b

)
= ψ

(
Pc.x

dM

{
1

tK(a+ xJb′)
−

1

tKa

})
ψ

(
Pc.x/dM
tKa

)

= ψ

(
Pc.x/dM
tKa

)
,

since
∣∣∣∣
Pc.x

dM

{
1

tK(a+ xJb′)
−

1

tKa

}∣∣∣∣ <
|P ||c|

|tKadM |

∣∣∣∣−
xJb′

a
+ . . .

∣∣∣∣

6
|P ||c|

ĴK̂|d|

6 q−1.

The conclusion of this is that the character ψ in Σ(Y ;x) only depends on the
value of b/tK mod xJ .

Putting D2 = (A/xJA)∗, it follows that

Σ(Y ;x) =
1

#D1

∑

η1 mod M

η1(b0)
∑

a∈D2

ψ

(
Pc.x/dM
tKa

) ∑

b∈O♯

(b,S)=1

|b|=Ŷ /|d|
t−Kb≡a mod xJ

η1(b)Sb(c)

|b|(n+1)/2
.
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Introducing Dirichlet characters χ : D2 → C∗ to detect the congruence condi-
tion in the inner sum, we deduce that

Σ(Y ;x) =
1

#D1#D2

∑

η1 mod M

∑

χ mod xJ

×
∑

a∈D2

ψ

(
Pc.x/dM
tKa

)
η1(b0)χ(a)Σ0(η1, χ; Y ),

where

Σ0(η1, χ; Y ) =
∑

b∈O♯

(b,S)=1

|b|=Ŷ /|d|

η1(b)χ(t
−Kb)Sb(c)

|b|(n+1)/2
.

In conclusion, we have therefore established the identity

Σ(Y, θ) =
1

#D1#D2

∑

η1 mod M

η1(b0)
∑

χ mod xJ

Σ0(η1, χ; Y )

×
∑

a∈D2

χ(a)ItKadM (θ; c).
(8.3)

Our first concern is an estimate for the inner sum over a. It is easy to see
that

1

#D2

∑

χ mod xJ

∣∣∣∣∣
∑

a∈D2

χ(a)ItKadM (θ; c)

∣∣∣∣∣≪ ĴJ(Θ)−n/2 ≪ J(Θ)1−n/2, (8.4)

since the size constraint on c in (8.1) gives Ĵ = max{1, |P ||c|/Ŷ } ≪ J(Θ).
It turns out that this bound does not suffice for (7.10) when n = 8 and it is
necessary to produce a bound which takes advantage of non-trivial averaging
over a. This is achieved in the following result.

Lemma 8.3. We have

1

#D2

∑

χ mod xJ

∣∣∣∣∣
∑

a∈D2

χ(a)ItKadM (θ; c)

∣∣∣∣∣≪ J(Θ)1/2−n/2.

Proof. Let χ mod xJ be a Dirichlet character. Opening up ItKadM (θ; c), we
deduce from (7.7) that

∑

a∈D2

χ(a)ItKadM (θ; c) =
1

L̂n

∑

a∈D2

χ(a)ψ

(
Pc.x0

tKadM

)
JG

(
θP 3,

P t−Lc

tKadM

)
,
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in the notation of (2.4), where G(x) = F (x0 + t−Lx). Lemma 2.7 implies that

JG

(
θP 3,

P t−Lc

tKadM

)
=

∫

Ωa

ψ

(
θP 3G(x) +

Pt−Lc.x

tKadM

)
dx,

where

Ωa =

{
x ∈ Tn :

∣∣∣∣θP
3∇G(x) +

Pt−Lc

tKadM

∣∣∣∣≪ J(Θ)1/2
}
.

It follows from (7.8) that meas(Ωa) ≪ J(Θ)−n/2.

Let ε > 0 and choose J0 ∈ Z such that Ĵ0 has order of magnitude J(Θ)1/2+ε.
If J0 > J then Lemma 8.3 follows from (8.4). Alternatively, we may proceed
under the assumption that J/2 6 J0 6 J . Recall that x = t−1 and suppose
that a ≡ a′ mod xJ0 , for a, a′ ∈ D2. Then

∣∣∣∣
Pt−Lc

tKadM
−

Pt−Lc

tKa′dM

∣∣∣∣ 6 Ĵ

∣∣∣∣
a− a′

aa′

∣∣∣∣ 6
Ĵ

Ĵ0
≪ J(Θ)1/2−ε.

Hence the set Ωa only depends on the value of a mod xJ0 .
Let us write a = a0 + xJ0a1, where a0 ∈ (A/xJ0A)∗ and a1 ∈ A/xJ−J0A.

Then
∑

a∈D2

χ(a)ItKadM (θ; c) =
∑

a0∈(A/xJ0A)∗

∑

a1∈A/xJ−J0A

χ(a0 + xJ0a1)

×
1

L̂n

∫

Ωa0

ψ
(
θP 3G(x)

)
ψ

(
Pc.(x0 + t−Lx)

tK(a0 + xJ0a1)dM

)
dx.

For fixed a0 ∈ (A/xJ0A)∗ and x ∈ Ωa0 we proceed to examine the sum

S(x) =
∑

a1∈A/xJ−J0A

ψ

(
Pc.y

tK(a0 + xJ0a1)dM

)
χ(1 + xJ0a1a0),

where y = x0+t
−Lx and a0 denotes the multiplicative inverse of a0 mod xJ−J0.

Let ϕχ be the additive character defined on A/xJ−J0A via

ϕχ(a) = χ(1 + xJ0a).

This must be a twist of the standard additive character. Thus there exists an
element aχ ∈ A/xJ−J0A such that

ϕχ(a) = ψ
( aχa

xJ−J0

)
,

for any a ∈ A/xJ−J0A. This gives a surjective homomorphism

ϕ : Hom
(
(A/xJA)∗,C∗

)
→ A/xJ−J0A,
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defined by ϕ(χ) = aχ, with kernel isomorphic to Hom((A/xJ0A)∗,C∗). We
conclude that

S(x) =
∑

a1∈A/xJ−J0A

ψ

(
Pc.y

tK(a0 + xJ0a1)dM

)
ψ

(
aχa1a0
xJ−J0

)
. (8.5)

Observe that |Pc.y/(tKdM)| 6 Ĵ . Hence

ψ

(
Pc.y

tK(a0 + xJ0a1)dM

)
= ψ

(
Pc.y

tKa0(1 + xJ0a1a0)dM

)

= ψ

(
Pc.y(1− a1a0x

J0)

tKa0dM

)

= ψ

(
Pc.y

tKa0dM

)
ψ

(
−Pc.ya1a0x

J0

tKa0dM

)

and

ψ

(
−Pc.ya1a0x

J0

tKa0dM

)
= ψ

(
a′′a1a0

2

xJ−J0

)
,

for some a′′ ∈ A. Applying this reasoning in (8.5), we are led to the identity

S(x) = ψ

(
Pc.y

tKa0dM

) ∑

a1∈A/xJ−J0A

ψ

(
a1a0(aχ + a′′a0)

xJ−J0

)
,

where aχ and a′′ are independent of the choices of a0 and a1.
For fixed a0 we deduce that S(x) = 0 unless aχ ≡ a′′′ mod xJ−J0, where

a′′′ = −a′′a0 mod xJ−J0, in which case |S(x)| 6 Ĵ/Ĵ0. However, for fixed

a′′′ ∈ A/xJ−J0A we have #{χ ∈ ϕ−1(a′′′)} 6 #{χ ∈ ϕ−1(0)} 6 Ĵ0, since ϕ is
a homomorphism. Thus

1

#D2

∑

χ mod xJ

∣∣∣∣∣
∑

a∈D2

χ(a)ItKadM (θ; c)

∣∣∣∣∣≪
1

Ĵ

∑

χ mod xJ

∑

a0∈(A/xJ0A)∗

×

∣∣∣∣∣

∫

Ωa0

ψ
(
θP 3G(x)

)
S(x)dx

∣∣∣∣∣

≪
∑

a0∈(A/xJ0A)∗

meas(Ωa0)

≪ Ĵ0J(Θ)−n/2.

This completes the proof of the lemma, since Ĵ0 has order J(Θ)1/2+ε. �

It is now time to start analysing the sum Σ0(η1, χ; Y ) for fixed Dirichlet
characters η1 : D1 → C∗ and χ : D2 → C∗. Let us define a further character
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η2 : O → C∗, given by η2(r) = χ(r/tdeg r) for any r ∈ O . This a multiplicative

character of order at most Ĵ . We proceed to bound the sum
∑

b∈O♯

(b,S)=1

|b|6Ẑ

η1(b)η2(b)Sb(c)

|b|(n+1)/2

for any Z > 1, where S is the set of primes dividing ∆FMF ∗(c).
Let X ⊂ Pn−1

K denote the smooth and projective hypersurface F = 0 defined
over K and let Xc ⊂ Pn−2

K denote the projective hypersurface cut out from
X by the hyperplane c.x = 0. Since F ∗(c) 6= 0 it follows that Xc is smooth.
Moreover, we have dim(X) = n − 2 and dim(Xc) = n − 3. We begin our
analysis of S̟(c) with an application of Hooley [17, Lemma 7 and Eq. (86)].
This shows that

S̟(c) = |̟| {|̟|#Xc,̟(F̟)−#X̟(F̟) + 1} , (8.6)

for any prime ̟. It now follows from (3.12) that

S̟(c) = (−1)n−3|̟|2
bn−3∑

j=1

ωn−3,j +O(|̟|n/2),

for any finite prime ̟ 6∈ S, where for any prime ℓ ∤ q the number bn−3 is
the dimension of the middle cohomology group Hn−3

ℓ (Xc) = Hn−3
ét (Xc,Qℓ)

(as a vector space over Qℓ) and ωn−3,j are the eigenvalues of the Frobenius
endomorphism acting on it. The dimension bn−3 is independent of the choice
of ℓ and is bounded in terms of n. Moreover, |ωn−3,j| = |̟|(n−3)/2 for each
index 1 6 j 6 bn−3.

We proceed to study the Dirichlet series

F (s) =
∑

b∈O♯

(b,S)=1

η1(b)η2(b)Sb(c)

|b|s
=
∏

̟ 6∈S

(
1 +

η1(̟)η2(̟)S̟(c)

|̟|s

)
, (8.7)

which is defined for σ = ℜ(s) > (n+3)/2. Let ̟ 6∈ S and σ > n/2+1. Then,
with §§3.3–3.5 to hand, (8.6) implies that

1 +
η1(̟)η2(̟)S̟(c)

|̟|s
=

(
1 + η1(̟)η2(̟)

(−1)n−3

|̟|s−2

bn−3∑

j=1

ωn−3,j

)

×
(
1 +O(|̟|n/2−σ + |̟|n+1−2σ)

)

= L̟(η ⊗Hn−3(Xc), s− 2)(−1)n−3

×
(
1 +O(|̟|n/2−σ)

)
,

(8.8)

where we view η = η1 ⊗ η2 as a Galois representation by class field theory.
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We may now appeal to the contents of §3.5 where some of the analytic
properties of the global L-function L(η⊗Hn−3(Xc), s−2) are recorded. When
̟ ∈ S it follows from our discussion in §3.4 that

L̟(η ⊗Hn−3(Xc), s− 2) = 1 +O(|̟|(n+1)/2−σ),

since the inverse roots have modulus at most |̟|(n−3)/2. Hence, on recalling
the definition of the associated global L-function, we finally obtain

F (s) = L(η ⊗Hn−3(Xc), s− 2)(−1)n−3

E(s), (σ > n/2 + 1), (8.9)

where

E(s) =
∏

̟ 6∈S

(
1 +O(|̟|n/2−σ)

) ∏

̟∈S

(
1 +O(|̟|(n+1)/2−σ)

)
. (8.10)

Note that E(s) is holomorphic and bounded for σ > n/2 + 1.
We will need a decent bound for the absolute value of the function F (s) well

inside its domain of analytic continuation. This is achieved in the following
result.

Lemma 8.4. Assume that n is even and let ε > 0. Then for σ > 1/2 + ε we

have |F (s+ (n+ 1)/2)| ≪ε |c|
ε.

Proof. Recalling (8.9), the fact that n is even implies that F (s+ (n+1)/2) =
G(s)E(s+ (n+ 1)/2) for σ > 1/2, with

G(s) = L
(
η ⊗Hn−3(Xc), s+

n−3
2

)−1
,

where η = η1 ⊗ η2. It follows from (3.13) that

G(s) =
P0(q

−s−(n−3)/2)P2(q
−s−(n−3)/2)

P1(q−s−(n−3)/2)
,

with P0, P1, P2 ∈ Z[T ] as in §3.5. Let ek = deg Pk for 0 6 k 6 2. Then
e0, e2 = O(1) and

e1 ≪ 1 + log |F ∗(c)| ≪ 1 + log |c|, (8.11)

by (3.14). Moreover, the inverse roots of Pk have absolute value q(n−3+k)/2.
It is now clear that G(s) is holomorphic in the half-plane σ > 1/2 and that
in this region its only zeros come from the zeros of P2(q

−s−(n−3)/2), which are
located on the line σ = 1. We have

F
(
s+ n+1

2

)
= P2(q

−s−(n−3)/2)H(s),

with

H(s) = E
(
s+ n+1

2

) P0(q
−s−(n−3)/2)

P1(q−s−(n−3)/2)
.

Now it is obvious that |P2(q
−s−(n−3)/2)| 6 (1 + q−σ+1)e2 ≪ 1, for σ > 1/2.

Hence it suffices to establish the bound in the lemma for H(s).
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We will produce a good bound when σ > 1 together with a weaker bound
which is valid for σ > 1/2. In the familiar way (cf. Titchmarsh [34, Chap-
ter XIV]), we will then use the Hadamard three circle theorem to establish
the final bound recorded in the statement of the lemma. Our trivial bound is
based on (8.7). Thus it follows from (8.8) that there is a constant c > 0 such
that

∣∣logF
(
s+ n+1

2

)∣∣ 6
bn−3∑

j=1

∑

̟

∑

α>1

1

α|̟|ασ
+
∑

̟

∑

α>1

1

α

(
c

|̟|σ+1/2

)α

≪ logZ(σ),

for σ > 1, where Z(s) is the ordinary zeta function of K = Fq(t). It easily
follows that

| logH(s)| ≪ logZ(σ), (σ > 1). (8.12)

Next, for σ > 1/2, it follows from (8.10) that E(s+(n+1)/2) ≪ Z(σ+1/2)c

for some absolute constant c > 0. Hence we obtain

|H(s)| ≪ Z
(
σ + 1

2

)c
(1− q1/2−σ)−e1

for σ > 1/2, whence

ℜ logH(s) = log |H(s)| ≪ logZ
(
σ + 1

2

)
+ e1

in this region. Note that logH(s) is analytic in the half-plane σ > 1/2.
We apply the Borel–Carathéodory theorem to logH(s) with circles of centre
3/2 + it0 and radii 1− ε/2 and 1− ε. This leads to the conclusion that

| logH(s)| ≪
1

ε

{
logZ

(
σ + 1

2

)
+ e1

}
, (σ > 1

2
+ ε). (8.13)

We now refine this bound by applying the Hadamard three circle theorem
to logH(s). Let σ0 = σ0(ε) and let s = σ+ it with 1/2+ ε 6 σ 6 1+ ε/2. We
take circles with centre σ0 + it and radii r1 = σ0 − 1 − ε/2, r2 = σ0 − σ and
r3 = σ0 − 1/2− ε/2. Combining (8.12) and (8.13), we deduce the existence of
constants c1(ε), c2(ε) > 0 such that

| logH(s)| 6 c1(ε)
1−β (c2(ε)e1)

β ,

where

β =
log r2/r1
log r3/r1

= 2− 2σ + ε+O

(
1

σ0

)
6 1− ε+O

(
1

σ0

)
.

We take σ0 sufficiently large to ensure that β 6 1 − ε/2 < 1. Recalling the
bound (8.11) for e1, all of this is now seen to give

|H(s)| 6 c(ε)1+(log |c|)β , (σ > 1
2
+ ε),
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for an appropriate constant c(ε) > 0. The statement of the lemma easily
follows. �

We are now ready to establish the following estimate, which once combined
with (8.3) and Lemma 8.3, clearly completes the proof of Lemma 8.2.

Lemma 8.5. Assume that n is even and F ∗(c) 6= 0. Then for any ε > 0 we

have ∑

b∈O♯

(b,∆FMF ∗(c))=1

|b|6Ẑ

η1(b)η2(b)Sb(c)

|b|(n+1)/2
≪ (|c|Ĵ)εẐ1/2+ε.

Proof. It follows from Perron’s formula that the sum to be estimated is equal
to

∑

k6Ẑ

ak
k(n+1)/2

=
1

2πi

∫ 2+i∞

2−i∞

F

(
s+

n + 1

2

)
Ẑsds

s
,

where
ak =

∑

b∈O♯, |b|=k
(b,∆FMF ∗(c))=1

η1(b)η2(b)Sb(c)

and F (s) is the Dirichlet series (8.7). The latter is absolutely convergent and
bounded for σ > (n+ 3)/2. Noting that

1

2πi

∫ 2±i∞

2±iT

usds

s
= O

(
u2

T | logu|

)
,

this may clearly be rewritten as

1

2πi

∫ 2+iT

2−iT

F

(
s +

n+ 1

2

)
Ẑsds

s
+O

(
Ẑ3

T

)
.

Let ε > 0. According to (8.9), the function F (s+(n+1)/2) has an analytic
continuation to the half-plane σ > 1/2 + ε on which it is holomorphic. We
change the contour of integration so that it consists of the remaining three
sides of the rectangle R with vertices 2 − iT, 1/2 + ε − iT, 1/2 + ε + iT and
2+ iT . We will use Lemma 8.4 to estimate the contributions from the various
contours. Thus, to begin with, the horizontal contours are seen to contribute

≪
(|c|Ĵ)ε

T

∫ 2

1
2
+ε

Ẑσdσ ≪
(|c|Ĵ)εẐ2

T
.

The remaining contour makes the overall contribution

≪ |c|εẐ1/2+ε

∫ 1
2
+ε+iT

1
2
+ε−iT

dt

1 + |t|
≪ |c|εẐ1/2+εT ε.
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Combining our estimates and taking T = Ẑ3, we therefore arrive at the state-
ment of the lemma. �

Remark 8.6. If n is odd then we cannot (obviously) rule out the possibility
that F (s+ (n+ 1)/2) has a pole at s = 1. This prevents us from establishing
a version of Theorem 7.1 when n = 9 using the methods of this paper.

9. Contribution from square-full moduli

In what follows we will adhere to the notation introduced in Definition 4.6
regarding j-full numbers. Thus any r ∈ O admits a unique factorisation

r = rj+1

j∏

i=1

bi = rj+1

j∏

i=1

kii,

for any integer j > 1, with rj being j-full. In particular it is easy to prove that
∑

|rj |<X̂

1 = O(X̂1/j) and
∑

|rj |>X̂

|rj|
−ℓ = O(X̂1/j−ℓ)

for any X > 1 and ℓ > 1/j. We will make frequent use of these bounds without
further comment.

In this section we complete our estimation of E(P ), which was initiated in
(8.1), by using the bounds for Σ(Y, θ) derived in the preceding section together
with the estimates for averages of complete exponential sums in §6. We begin
by recalling (8.1), in which it follows from (5.2) that

Sb′1,M1,b1
(c) ≪ |b′1|

(n+1)/2+ε|(b′1, F
∗(c))|1/2.

Hence there exists b1,b2 ∈ (O/MO)n and b0 ∈ (O/MO)∗ such that

E(P ) ≪
|P |n+ε

Ŷ (n−1)/2

∑

c∈On

c6=0

|c|≪Ŷ |P |−1J(Θ)

∑

b′1∈O♯

̟|b′1⇒̟∈S

|(b′1, F
∗(c))|1/2

×
∑

r2∈O

|b′1r2|6Ŷ

|Sr2,M2,b2(c)|

|r2|(n+1)/2

∫

|θ|=Θ̂

|Σ(Y, θ)|dθ,

(9.1)

for suitable M2 | M , where Σ(Y, θ) is given by (8.2). Our treatment of this
sum differs according to the value of c in the outer sum. It will be convenient
to differentiate these contributions by writing

• E1(P ) for the part coming from c such that F ∗(c) 6= 0,
• E2(P ) for the part coming from c such that∇F ∗(c) 6= 0 but F ∗(c) = 0,
• E3(P ) for the part coming from c 6= 0 such that ∇F ∗(c) = 0.
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In our estimation of these quantities we will follow common convention and
take ε > 0 to be a positive quantity whose value may change from one appear-
ance to the next. Finally, it will be convenient to set

Ĉ = Ŷ |P |−1J(Θ), (9.2)

to ease notation. In particular we must have Ĉ ≫ 1 in (9.1), which recovers

the bound Ŷ ≫ |P |/J(Θ) that we recorded in (7.12). Throughout this section
we will make frequent use of the inequalities (7.9) satisfied by Y and Θ.

9.1. Treatment of E1(P ). In this section we will assume that n > 8 is even
and we will take S to be the set of primes dividing ∆FMF ∗(c). In particular,
it is worth emphasising that |b′1| can potentially be rather large.

Let Y1 > 0 be such that

Ŷ1 =
Ŷ

J(Θ)
. (9.3)

Our argument will differ according to the size of |b′1r2|. Let E1,a(P ) be the

contribution to E1(P ) from |b′1r2| 6 Ŷ1 and write E1,b(P ) for the corresponding

contribution from |b′1r2| > max{1, Ŷ1}. In the first scenario it will be more
efficient to apply Lemma 8.2, whereas Lemma 8.1 is sharper in the second
scenario.

The contribution from |b′1r2| 6 Ŷ1. We may suppose that Ŷ1 > 1 since oth-

erwise there is nothing to prove. Note that |b′1r2||P ||c| ≪ Ŷ 2 for any c con-
tributing to E1,a(P ). Since F ∗(c) 6= 0, it therefore follows from Lemma 8.2
that

Σ(Y, θ) ≪
|P |ε

|b′1r2|
1/2

Ŷ 1/2

J(Θ)n/2−1/2
,

for any ε > 0. There are O(|P |ε) choices of b′1 ∈ O ♯ such that ̟ | b′1 ⇒ ̟ ∈ S.
Employing our bound for Σ(Y, θ) in (9.1) we therefore obtain

E1,a(P ) ≪
|P |n+εŶ 1−n/2Θ̂

J(Θ)n/2−1/2

∑

c∈On

F ∗(c)6=0

|c|≪Ĉ

∑

r2∈O

|r2|6Ŷ1

|Sr2,M2,b2(c)|

|r2|n/2+1
.

Decomposing r2 as b2r3 it follows from Lemma 4.5 and (5.3) that

∑

b26Ŷ1

|Sb2,M2,b2(c)|

|b2|n/2+1
≪ |P |ε

∑

|k2|6Ŷ
1/2
1

|(k2, F
∗(c))|

|k2|
≪ |P |ε. (9.4)
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Hence

E1,a(P ) ≪
|P |n+εŶ 1−n/2Θ̂

J(Θ)n/2−1/2

∑

c∈On

F ∗(c)6=0

|c|≪Ĉ

∑

r3∈O

|r3|6Ŷ1

|Sr3,M3,b3(c)|

|r3|n/2+1
,

for appropriate M3 | M and b3 modM . The following result is devoted to
estimating the inner sums over c and r3.

Lemma 9.1. Let R > 1. There exists a constant δ > 0 depending only on n
such that

∑

c∈On

|c|≪Ĉ

∑

r3∈O

|r3|=R̂

|Sr3,M3,b3(c)| ≪ |P |εR̂n/2+4/3−δ
(
R̂n/3 + Ĉn

)
.

Proof. To estimate this we write r3 = b3r4 and we will need to argue differently
according to the size of |r4|. For a parameter 0 < Z 6 R, to be defined in due

course, the contribution to the inner sum from r4 such that |r4| = Ẑ is at most

∑

r3=b3r4∈O

|r3|=R̂

|r4|=Ẑ

∑

c∈On

|c|≪Ĉ

|Sr3,M3,b3(c)| ≪ |P |ε
∑

r3=b3r4∈O

|r3|=R̂

|r4|=Ẑ

|r3|
n/2+1

(
|r3|

n/3 + Ĉn
)

≪
|P |εR̂n/2+4/3

Ẑ1/12

(
R̂n/3 + Ĉn

)
,

(9.5)

by Lemma 6.1. Alternatively, for appropriate M ′
3,b

′
3, the second part of this

same result gives

∑

r3=b3r4∈O

|r3|=R̂

|r4|=Ẑ

∑

c∈On

|c|≪Ĉ

|Sr3,M3,b3(c)| ≪
∑

r3=b3r4∈O

|r3|=R̂

|r4|=Ẑ

|r4|
n+1

∑

c∈On

|c|≪Ĉ

|Sb3,M ′

3,b
′

3
(c)|

≪ |P |εẐn+1
∑

r3=b3r4∈O

|r3|=R̂

|r4|=Ẑ

|b3|
n/2+2/3

(
|b3|

n/3 + Ĉn
)

≪ |P |εR̂n/2+1Ẑn/2+1/4
(
R̂n/3 + Ĉn

)
.

Taking the minimum of these two estimates and summing over q-adic intervals
for Z, we readily arrive at the statement of the lemma. �
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Recalling the definitions (9.2), (9.3) of Ĉ and Ŷ1, and applying Lemma 9.1

with q-adic ranges for R̂≪ Ŷ1, our work so far shows that

E1,a(P ) ≪
|P |n+εŶ 4/3−n/2−δΘ̂

J(Θ)n/2−1/6−δ





(
Ŷ

J(Θ)

)n/3

+
(
Ŷ |P |−1J(Θ)

)n




≪ |P |ε

{
|P |n−3Ŷ 4/3−n/6−δΘ̂|P |3

J(Θ)5n/6−1/6−δ
+ Ŷ n/2+4/3−δΘ̂J(Θ)n/2+1/6+δ

}
,

for a constant δ > 0 depending only on n. Note that 4/3 − n/6 − δ < 0 for
n > 8. Hence, in view of (7.12), there exists δ′ > 0 such that the first term is

≪ |P |n−3−δ′ Θ̂|P |3

J(Θ)
≪ |P |n−3−δ′. (9.6)

This is clearly satisfactory. Applying (7.9), the second term is seen to be

≪ |P |εΘ̂Ŷ n/2+4/3−δ + |P |3n/2+1/2+3δ+εΘ̂n/2+7/6+δŶ n/2+4/3−δ

≪ |P |εQ̂n/2−2/3−δ +
|P |3n/2+1/2+3δ+εŶ 1/6−2δ

Q̂n/2+7/6+δ

≪ |P |3n/4−1−δ′ ,

(9.7)

for an appropriate constant δ′ > 0 depending on δ and ε. This is satisfactory
for n > 8.

The contribution from |b′1r2| > max{1, Ŷ1}. Let us put Ŷ2 = max{1, Ŷ1} to
ease notation. In this case we deduce from Lemma 8.1 that

Σ(Y, θ) ≪
|P |ε

|b′1r2|

Ŷ

J(Θ)n/2
,

since ∇F ∗(c) 6= 0. Applying this bound in (9.1) we obtain

E1,b(P ) ≪
|P |n+εŶ (3−n)/2Θ̂

J(Θ)n/2

∑

c∈On

F ∗(c)6=0

|c|≪Ĉ

∑

b′1∈O♯

̟|b′1⇒̟∈S

∑

r2∈O

Ŷ2<|b′1r2|6Ŷ

|Sr2,M2,b2(c)|

|b′1|
1/2|r2|(n+3)/2

.

Decomposing r2 as b2r3, we find that

∑

r2∈O

Ŷ2<|b′1r2|6Ŷ

|Sr2,M2,b2(c)|

|r2|(n+3)/2
=

∑

r2=b2r3∈O

Ŷ2<|b′1b2r3|6Ŷ

|Sb2,M ′

2,b
′

2
(c)Sr3,M3,b3(c)|

|b2r3|(n+3)/2
,
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for appropriateM ′
2,M3,b

′
2,b3, Summing this over the relevant c, we now apply

Lemma 9.1 for q-adic values of R̂ in the interval Ŷ2/|b
′
1b2| < R̂ 6 Ŷ /|b′1b2| to

conclude that

∑

c∈On

F ∗(c)6=0

|c|≪Ĉ

∑

r3∈O

Ŷ2<|b′1b2r3|6Ŷ

|Sr3,M3,b3(c)|

|r3|(n+3)/2
≪ |P |ε

(
Ŷ n/3−1/6−δ +

Ĉn

(Ŷ2/|b′1b2|)
1/6+δ

)
.

The sums over b′1 and b2 are now easily estimated (with recourse to (9.4) for
the latter). Hence, recalling (9.2), we obtain

E1,b(P ) ≪
|P |n+εŶ (3−n)/2Θ̂

J(Θ)n/2

(
Ŷ n/3−1/6−δ +

(Ŷ |P |−1J(Θ))n

Ŷ
1/6+δ
2

)

≪ |P |εΘ̂

{
|P |nŶ 4/3−n/6−δ

J(Θ)n/2
+
Ŷ n/2+3/2J(Θ)n/2

Ŷ
1/6+δ
2

} (9.8)

for some δ > 0. Note that 4/3 − n/6 − δ < 0 for n > 8, as before. Hence,
in view of (7.12), there exists δ′ > 0 such that the first term is bounded by

(9.6), which is satisfactory. On the other hand, taking Ŷ2 > Ŷ1 = Ŷ /J(Θ), the
second term is seen to be

≪ |P |εΘ̂Ŷ n/2+4/3−δ + |P |3n/2+1/2+3δ+εΘ̂n/2+7/6+δŶ n/2+4/3−δ.

But this is satisfactory for n > 8, by (9.7).

9.2. Treatment of E2(P ). In this section we will assume that n > 8 (without
any assumption on the parity) and we will take S to be the set of primes
dividing ∆FM∇F ∗(c). There are O(|P |ε) choices for b′1 in (9.1). Applying
Lemma 8.1, we therefore obtain the bound

E2(P ) ≪
|P |n+εΘ̂

Ŷ (n−3)/2J(Θ)n/2

∑

c∈On

F ∗(c)=0
∇F ∗(c)6=0

|c|≪Ĉ

∑

r2∈O

|r2|6Ŷ

|Sr2,M2,b2(c)|

|r2|(n+3)/2
.

The argument used in (9.4) allows us to replace r2 by r3 in the inner sum,
after adjusting the value of the parameter ε in the exponent of |P |. We will
need the following analogue of Lemma 9.1.
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Lemma 9.2. Let R > 1 and put δ = 1
2(n−1)

. Then

∑

c∈On

F ∗(c)=0

|c|≪Ĉ

∑

r3∈O

|r3|=R̂

|Sr3,M3,b3(c)|

|r3|(n+3)/2
≪ |P |ε

(
R̂n/3

R̂1/6+δ/3
+ Ĉn−1/2−δ + R̂1/6Ĉn−3/2

)
,

Proof. To estimate this we write r3 = b3r4 and we start by considering the

contribution to the inner sum from r4 such that |r4| = Ẑ, for a parameter
0 < Z 6 R to be defined in due course. The estimate (9.5) gives

∑

r3=b3r4∈O

|r3|=R̂

|r4|=Ẑ

∑

c∈On

F ∗(c)=0

|c|≪Ĉ

|Sr3,M3,b3(c)| ≪
|P |εR̂n/2+4/3

Ẑ1/12

(
R̂n/3 + Ĉn

)
.

Alternatively, we invoke Lemma 6.2, which gives
∑

c∈On

F ∗(c)=0

|c|≪Ĉ

|Sr3,M3,b3(c)| ≪ R̂n/2+4/3+ε
(
|b3|

n/3−2/3Ẑn/2−5/6 + Ĉn−3/2
)

= R̂n/2+4/3+ε
(
R̂n/3−2/3Ẑn/6−1/6 + Ĉn−3/2

)
,

for any r3 = b3r4 ∈ O such that |r3| = R̂ and |r4| = Ẑ. There are clearly

O(R̂1/3Ẑ−1/12) such choices for r3. This therefore gives

∑

r3=b3r4∈O

|r3|=R̂

|r4|=Ẑ

∑

c∈On

F ∗(c)=0

|c|≪Ĉ

|Sr3,M3,b3(c)| ≪
R̂n/2+5/3+ε

Ẑ1/12

(
R̂n/3−2/3Ẑn/6−1/6 + Ĉn−3/2

)

≪ R̂n/2+4/3+ε
(
R̂n/3−1/3Ẑn/6−1/4 + R̂1/3Ĉn−3/2

)
.

Taking the minimum of these two estimates gives
∑

r3=b3r4∈O

|r3|=R̂

|r4|=Ẑ

∑

c∈On

F ∗(c)=0

|c|≪Ĉ

|Sr3,M3,b3(c)| ≪ |P |εR̂n/2+4/3
(
A+B + R̂1/3Ĉn−3/2

)
,

where

A = min{R̂n/3−1/3Ẑn/6−1/4, Ẑ−1/12R̂n/3},

B = min{R̂n/3−1/3Ẑn/6−1/4, Ẑ−1/12Ĉn}.
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We take min{X, Y } 6 XδY 1−δ in both of these, with δ = 1
2(n−1)

, to find that

A 6 R̂n/3−δ/3 and B 6 R̂1/6Ĉn−1/2−δ. Summing over q-adic intervals for Ẑ, we
quickly arrive at the statement of the lemma. �

Applying Lemma 9.2 in our earlier bound for E2(P ), with 1 6 R̂ 6 Ŷ , we
are led to the conclusion that

E2(P ) ≪
|P |n+εΘ̂

Ŷ (n−3)/2J(Θ)n/2

(
Ŷ n/3−1/6−δ/3 + Ĉn−1/2−δ + Ŷ 1/6Ĉn−3/2

)
,

where δ = 1
2(n−1)

The first term here is equal to the first term in the estimate

(9.8) for E1,b(P ), with a different value of δ, and so makes a satisfactory overall

contribution for n > 8. Recalling the definition (9.2) of Ĉ, the second term
contributes

≪
|P |n+εΘ̂(Ŷ |P |−1J(Θ))n−1/2−δ

Ŷ (n−3)/2J(Θ)n/2

= |P |1/2+δ+εΘ̂Ŷ n/2+1−δJ(Θ)n/2−1/2−δ

≪ |P |1/2+δ+εQ̂n/2−1−δ + |P |3n/2−1−2δ+εŶ n/2+1−δΘn/2+1/2−δ

≪ |P |3n/4−1−δ/2+ε,

which is satisfactory for n > 8. Similarly, the contribution from the third term
is seen to be

≪
|P |n+εΘ̂(Ŷ |P |−1J(Θ))n−3/2

Ŷ n/2−5/3J(Θ)n/2

= |P |3/2+εΘ̂Ŷ n/2+1/6J(Θ)n/2−3/2

≪ |P |3/2+εQ̂n/2−11/6 + |P |3n/2−3+εŶ n/2+1/6Θn/2−1/2

≪ |P |3n/4−5/4+ε,

which is also satisfactory for n > 8.

9.3. Treatment of E3(P ). In this section we will assume that n = 8 and we
take S to be the set of primes dividing ∆FM . We combine the second part of
Lemma 8.1 with the argument used in (9.4) to replace r2 by r3, to get

E3(P ) ≪
|P |n+εΘ̂

Ŷ n/2−2J(Θ)n/2

∑

r3∈O

|r3|6Ŷ

∑

c∈On

∇F ∗(c)=0

0<|c|≪Ĉ

|Sr3,M3,b3(c)|

|r3|n/2+2
,
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for appropriate M3 |M and b3 modM3. Our main tools to estimate the inner
sum over c will be Lemma 6.3 and its corollary (6.4), together with Lemma 6.1.
We begin with the following result.

Lemma 9.3. Let n = 8 and let ∆ > 0. Then

|P |n+εΘ̂Ĉ6−∆

Ŷ n/2−2J(Θ)n/2
≪ |P |5−∆/2+ε = |P |n−3−∆/2+ε

Proof. Recalling the notation (9.2) for Ĉ, we take n = 8 and see that the left
hand side is

≪ |P |2+∆+εΘ̂Ŷ 4−∆J(Θ)2−∆

≪ |P |2+∆+εΘ̂Ŷ 4−∆ + |P |8−2∆+εΘ̂3−∆Ŷ 4−∆

≪ |P |5−∆/2+ε,

as claimed. �

To begin with we dispatch the contribution from r3 for which |b3| > Ŷ 1−δ,
for some small value of δ > 0 to be determined below. In particular we must

have |r4| < Ŷ δ in the decomposition r3 = b3r4. In this setting (6.4) gives the
contribution

≪
|P |n+εΘ̂

Ŷ n/2−2J(Θ)n/2

∑

r3∈O

|r3|6Ŷ

|b3|>Ŷ 1−δ

(
Ĉn−5/2

|b3|1/2
+ |b3|

4/3|r4|
5/2

)

≪
|P |n+εΘ̂Ŷ O(δ)

Ŷ n/2−2J(Θ)n/2

(
Ĉn−5/2

Ŷ 1/6
+ Ŷ 5/3

)
,

since there are O(Ŷ 1/3) available choices of r3. Assuming that δ is sufficiently
small, the first term makes a satisfactory contribution, by Lemma 9.3. On the
other hand, taking n = 8, the second term contributes

≪
|P |n+εΘ̂Ŷ −1/3+O(δ)

J(Θ)n/2
= |P |n−3+ε

(
Θ̂|P |3Ŷ −1/3+O(δ)

J(Θ)n/2

)
.

This too is satisfactory, if δ is small enough, since Ŷ ≫ |P |/J(Θ).

We now turn to the contribution from |r3| 6 Ŷ such that |b3| 6 Ŷ 1−δ.

There are clearly at most O(Ŷ 1/3−δ/12) choices for r3. In fact the only place we
will need to use this inequality is when dealing with the term |r3|

5n/6+1 that
appears in Lemma 6.1. Summing over the available r3 the effect of this term
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is seen to be

≪
|P |n+εΘ̂

Ŷ n/2−2J(Θ)n/2

∑

r3∈O

|r3|6Ŷ

|b3|6Ŷ 1−δ

|r3|
n/3−1 ≪

|P |n+εΘ̂

Ŷ n/6−4/3+δ/12J(Θ)n/2
.

The exponent of Ŷ is strictly positive for n = 8, which is enough to conclude
that this term makes a satisfactory overall contribution.

Applying Lemmas 6.3 and 6.1, the remaining contribution is found to be at
most

≪
|P |n+εΘ̂

Ŷ n/2−2J(Θ)n/2
(H1 +H2) ,

where

H1 =
∑

r3∈O

|r3|6Ŷ

min

{
Ĉn

|r3|
,
|G1(r3)|Ĉ

n−5/2

|r3|n/2+2

}
, H2 =

∑

r3∈O

|r3|6Ŷ

min

{
Ĉn

|r3|
,
|G2(r3)|

|r3|n/2+2

}
.

In the light of Lemma 9.3 it suffices to show the existence of positive constants
∆1,∆2 > 0 such that Hi ≪ Ĉ6−∆i , for i = 1, 2. Beginning with H1, we take
min{X, Y } 6 X1/5−2δ/5Y 4/5+2δ/5 for a very small value of δ > 0. Recalling
that n = 8 and then appealing to (6.2), we therefore find that

H1 6 Ĉ6−δ
∑

r3∈O

|r3|6Ŷ

|r3|
O(δ)

|r3|1/5 (|b3|1/2|b4|3/8|b5|2/5|b6|1/12|b7|5/14|r8|1/4)
4/5
.

This therefore gives H1 ≪ Ĉ6−δ, as required, since the sum over r3 is absolutely
convergent if δ is small enough. Turning to H2, for a very small value of δ > 0,
we take min{X, Y } 6 X3/4−δ/8Y 1/4+δ/8. This time we appeal to (6.3), giving

H2 6 Ĉ6−δ
∑

r3∈O

|r3|6Ŷ

|r3|
O(δ)

(
|b3|

4/3|b4||b5|
9/5|b6|

2|b7|
2|b8|

19/8|r9|
5/2
)1/4

|r3|3/4
.

This therefore gives H2 ≪ Ĉ6−δ, as required, since the sum over r3 is absolutely
convergent if δ is small enough.
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[7] W. Duke, J.B. Friedlander and H. Iwaniec, Bounds for automorphic L-functions. In-

vent. Math. 112 (1993), 1–8.
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